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RESUME

Stability Nous établissons des inégalités discretes de type Korn pour des systéemes de
particules appartenant a la classe générale des structures objectives, qui constituent
une généralisation étendue des structures cristallines. Pour des configurations
remplissant I’espace dont le groupe de symétrie est un groupe d’espace général, nous
obtenons une inégalité discrete de Korn compléte. Pour des systémes a codimension
non triviale, nos résultats fournissent une estimation de rigidité intrinseque dans
les dimensions étendues de la structure. A I'instar de leurs équivalents continus en
théorie de I’élasticité, ces estimations sont au coeur des estimations d’énergie et, par
conséquent, de ’analyse de stabilité pour une large classe de systémes de particules
atomistiques.

© 2025 The Authors. Published by Elsevier Masson SAS. This is an open access
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1. Introduction

The classical Korn inequality provides a quantitative rigidity estimate for H' functions in terms of their
symmetrized gradient: If @ C R? is bounded, connected and sufficiently regular (e.g., Lipschitz), then for
all u € HY(Q,RY)

min{||Vu — Allz2(a) | A € Skew(d)} < C|(Vu)" + V|20,

cf., e.g., [9]. This inequality is of paramount importance in linear elasticity theory since the elastic energy of
an infinitesimal displacement u: Q — R? dominates the L? norm of the symmetrized gradient 1 ((Vu)T+Vu)
but not the full gradient Vu. As a consequence, the elastic energy controls the deviation of Vu from a single
skew symmetric matrix A and hence the deviation of u from an infinitesimal rigid motion of the form
x — Az 4 c¢. An immediate corollary is the corresponding qualitative rigidity result which states that
(Vu)T + Vu = 0 a.e. on Q implies that u(z) = Az + ¢ for some A € Skew(d), c € R%.

For our purposes it turns out to be useful to re-write Korn’s inequality in terms of projection-induced
seminorms as follows. Denoting by 7ot : R¥*% — R¥X4 7 M = %(MT + M) the orthogonal projection of
d x d matrices onto their symmetric part (whose kernel is the set of infinitesimal rotations Skew(d)) and by
Mot : L2(Q,R4) — L2(Q, R¥*?) F s I, F the orthogonal projection whose kernel is the set of constant
linearized rotations {x — A| A € Skew(d)}, Korn’s inequality reads

Mot Vul| 2 g < Cllrvoe Vel 2

In terms of Ilig,: L2(Q,R%) — L2(2,R?), u + Ilis,u, the orthogonal projection whose kernel is the set of
linearized isometries {z — Ax + c| A € Skew(d), ¢ € R?}, it can also be rephrased as

||VHisou||L2(Q) < CHWrotquL?(Q)

(see (A.1) below). In particular, on Hj(Q) or H],,.(Q) (in case 2 is a cuboid) one even has

IVull 2 ) < Climrot Vul 2 (-

The reverse estimates being trivial, an equivalent form is to say that the seminorms ||[VIis - || r2() and
70tV + [ 2y, Tespectively, [V - || 12q) and [|TotV - [| 12y are equivalent.

In fact, numerous generalizations of Korn’s basic inequality have been established, in particular, over the
last years, including settings in more general function spaces (Orlicz spaces, functions of bounded variation),
estimates for incompatible fields (that cannot be written as a gradient), and nonlinear rigidity inequalities.
For a comprehensive summary, we refer the reader to the recent paper [26] and the references cited therein.

In more direct connection with the subject of the present contribution are discretized versions of the
continuum Korn inequality that, motivated by the analysis of numerical approximation schemes, have been
obtained in various settings. By way of example we mention [6,29,12,8,27,3,28]. More recently, discrete
versions of the Korn inequality have been developed that apply to systems of interacting particles and
provide rigidity estimates for crystals in terms of their configurational energy. Such estimates are at the
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basis of the stability analysis of lattice systems: If a configuration is a critical point of the configurational
energy, i.e., the forces within the particle system are in balance, one is interested in criteria that guarantee
that such a configuration is stable, see, e.g., [14,23,33,5]. It bears emphasis that, in comparison to pure
continuum models, such atomistic systems are considerably more delicate as not only continuum (and
hence long wave length) perturbations but also possible disorder at the atomistic scale has to be taken
into account. From a technical point of view this amounts to additional degrees of freedom in possibly high
dimensional discrete gradients (cp. [19,10,34,35]) that need to be controlled in terms of energy estimates so
that eventually (a suitable version of) a Cauchy-Born rule can be established.

There are two principal features that are at the core of a discrete Korn inequality for a lattice system (cf.
[23,5]): 1. Periodicity: The periodic arrangement of particles allows for the application of Fourier transform
methods to establish ‘phonon stability’; and 2. Exhaustion of the full space: In bulk systems there are no
soft modes due to buckling type deformations.

The central aim of the present contribution is to investigate the validity of Korn type inequalities beyond
the periodic setting and, to some extend, also beyond the bulk regime. It lies at the heart our endeavor
to examine the stability behavior of such generalized structures, cf. [37,36,38]. The main motivation for
such an analysis are possible applications to objective structures. These particle systems, introduced by
James in [24], constitute a far reaching generalization of lattice systems and have been successfully applied
to a remarkable number of important structures, ranging from biology (to describe parts of viruses) to
nanoscience (to model carbon nanotubes), see, e.g., [16,13,11,17]. They are characterized by the fact that,
up to rigid motions of the surrounding space, any two points “see” an identical environment of other points.
(In a lattice this would be true even up to translations.) As a consequence, objective structures correspond
to orbits of a single point under the action of a general discrete group of Euclidean isometries, cf. [24,25]. As
the symmetry of these objects in general is considerably more complex than that of a lattice, the adaption
of methods and results on lattices has only been achieved in a few cases so far. As notable examples we
mention an algorithm for solving the Kohn-Sham equations for clusters [1] and the X-ray analysis of helical
structures set forth in [18].

Within an appropriate coordinate system for an objective structure, such a group might be assumed to
embed into a subgroup of O(d;) @ S for a crystallographic spacegroup S acting on R, where d; + ds = d,
with surjective projection onto S. In particular, for bulk structures with do = d the particles invade the
whole space R?, whereas lower dimensional structures invade a tubular neighborhood of {0} x R%.

A major difficulty in obtaining Korn type inequalities then results from the general structure and the non-
commutativity of these groups. Whereas in principle a Fourier transform is defined on their dual spaces,
the consideration of periodic mappings with significant “long wave-length” contributions turns out non-
trivial. Yet, uniform estimates on such quantities that are stable in the limit of infinitely large periodicity
(corresponding to infinitely many particles, respectively, vanishing interparticle distances in a rescaled set-
up) are essential for a discrete Korn inequality to hold. However, as objective structures need not be periodic,
even the definition of quantities that can serve the role of a wave vector is not obvious.

In [37], by exploiting the special structure of discrete subgroups of the group of Euclidean isometries on R?,
we provided an efficient and extensive description of the dual space of a general discrete group of Euclidean
isometries. In particular, we identified a finite union of convex ‘wave vector domains’ reflecting the existence
of an underlying part of translational type of finite index. This structure is indeed tailor-made for our
investigations on Korn inequalities. Due to the discrete nature of the underlying particle system, we consider
finite difference stencils of (finite) interaction range and associate to them suitable seminorms measuring
the (local) distances to the set of infinitesimal rigid motions and certain subsets thereof, respectively, in
terms of 2 norms of projections onto these sets. Qur main results are then formulated in terms of such
seminorms and state generic conditions for their equivalence, the main result being Theorem 3.32. At the
core of our proof lies the technical Lemma 3.20 in which we utilize a classical minimax theorem of Turan on
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generalized power sums in order to obtain control on a general skew symmetric matrix in terms of certain
oscillatory perturbations.

In more detail, for a given interaction range R we consider the three seminorms || - [lg, || - [lg o+ [I - Iz ,0.0-
For bulk systems there is a direct connection to the above mentioned continuum setting, for then || - || is
a discrete version of the continuum seminorm |76tV - || 2 (o) discussed above, whereas in this special case
| llgo = Il - llg,0,0 is @ discrete version of ||V || 2. For general structures the interpretation is more
subtle as their continuum counterpart might correspond to a subspace {0} x R which is of strictly lower
dimension than the discrete system. We are thus led to estimate how close the local patches of the structure
are to rigid motions in the larger space R?. Here the variants | - [, || - g0 and [| - [z o, allow to trace the
different d;- and dz-dimensional components of such rigid motions. More precisely, || - || measures the local
distances from the set of all infinitesimal rigid motions, characterized by generic skew symmetric matrices

S, S
S<—§2T si) € Skew(d),

where S; € Skew(d;), Sz € R4*42 Ss € Skew(dg). ||- g o measures the local distances to those rigid motions
that fix {0} x R% intrinsically, corresponding to S € Skew(d) as above with S3 = 0, and || - %00 measures
the local distances to those rigid motions that fix {0} x R9 in R? corresponding to S € Skew(d) with
Sy =0 and S3 = 0. In particular, |- [l < |- lxo < I - llz0.0-

In Theorems 3.13 and 4.3 we observe that each of these seminorms does — up to equivalence — not depend
on the particular choice of R as long as R is rich enough. Our main Theorem 3.22 then states that indeed
|- llg and || [lg o are equivalent. In particular, for bulk structures with di = 0 we thereby obtain a full Korn
inequality for objective structures generated by a general space group. For d; > 1 it can be interpreted
as an ‘intrinsic rigidity’ estimate within the extended dimensions of the structure. We summarize these
findings in Theorem 3.32. In Propositions 5.1 and 5.2 we will also see that in general || - [|g ; and || - [|g ¢
are not equivalent. In view of possible buckling modes, this is in fact not to be expected and indeed long
wave-length modulations of the extended dimensions within the surrounding space impede a strong Korn
type inequality.

In fact, in applications to the stability analysis of objective structures both seminorms ||- || (equivalently,
| llg,0) and [| - |z 0o Will be of relevance. There the question is addressed if an objective structure is a stable
configuration when the particles at different sites are assumed to interact. Despite its importance, little
appears to be known beyond bulk lattice systems. (See, e.g., [23,5] for lattice systems subject to very generic
interaction potentials.) Indeed, stability estimates for homogeneous structures are not only of intrinsic value
but may also serve as a fundamental step towards a quantitative description of the effect of a dislocation in
such structures, cp. [15,30,31,4]. In [36] we provide a stability analysis in the general framework of objective
structures and, in particular, establish characterizations of stability constants for objective structures in
terms of the seminorms | - | and || - ||z o.o- Here || - [[g oo applies to bulk systems and might also be used
in lower dimensional tensile regimes in which pre-stresses have a stabilizing effect. The weaker seminorm
|| - ||g appropriately describes lower dimensional systems in their ground state even at the onset of (buckling
type) instabilities. Based on these results, we will be able to provide a numerical algorithm for determining
the stability of a given structure. By way of example we will also show that indeed novel stability results
for nanotubes can be obtained.

Outline
In Section 2 we discuss the kinematics of objective structures. We begin by collecting some fundamental

results on discrete subgroups of the Euclidean group in Subsection 2.1 including a characterization up to
conjugacy and basic notions of Fourier analysis on periodic mappings for such structures. In the following
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Subsection 2.2 we draw some conclusions on the geometry of objective structures which are orbits of a point
under such discrete Euclidean groups.

Section 3 is the core section of our paper featuring our main Korn type Theorems 3.22 and 3.32. In
Subsection 3.1 we first define seminorms || - || on deformations in terms of local finite differences with
interaction range R. The following Subsection 3.2 serves to prove that these seminorms are essentially
independent of the particular choice of R. In Subsection 3.3 we then define the above-mentioned seminorms
| - llg,o- Having successfully established our main technical Lemma 3.20, we prove our main Theorem 3.22

stating that | - [l and || - [|¢ ; are equivalent. In the last Subsection 3.4 of the present section we explicitly
describe the kernels of the previously defined seminorms.

In Section 4 we briefly discuss two naturally arising seminorms including the above-mentioned || - ”R,o,o
which turn out to be stronger than [| - ||z and || - [ o-

The final Section 5 discusses two basic examples which allow for amenable descriptions of the above
studied seminorms, both in real and in Fourier space. They also serve as an explicit example showing that

[ - ||7e,0,0 and || -

& are not equivalent.
Notation

We denote by e; the i*" standard coordinate vector in R? and by I; € R?*? the identity matrix of size d
and by id the identity function R — R% 2 +— z. If z € C™, y € C™ we write 2@y’ = zy? = (z,;y,;) € C™*".
C™*™ is equipped with the usual Frobenius inner product (-, -} and induced norm || - ||. For a group G
and A, A, Ay C G, g € G and n € Z we denote by

A1 Ay :={a1az|a; € Ar,as € A} C G and gA:={ga|a € A} C G,
the product of subsets, respectively, an element and a subset of a group, while we reserve
A :={a"|lae A} C G

for the set of n-th powers of elements of A. Finally, (A) is the subgroup generated by A.

Acknowledgments

This work was partially supported by project 285722765 of the Deutsche Forschungsgemeinschaft (DFG,
German Research Foundation).

2. Objective structures

Objective structures are orbits of a point under the action of a discrete subgroup of the Euclidean group.
For an efficient description, in Subsection 2.1 we first describe the structure of these groups in some detail.
We then present a number of basic results on the Fourier analysis of such groups. In Subsection 2.2 we
introduce the atomic reference configurations and study their geometry in the ambient space.

2.1. Discrete subgroups of the Fuclidean group

We collect some basic material on discrete subgroups of the Euclidean group acting on R? from [37]. For
proofs of the results in this subsection we refer to [37].

The FEuclidean group E(d) in dimension d € N is the set of all Euclidean distance preserving trans-
formations of R? into itself, their elements are called FEuclidean isometries. It may be described as
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E(d) = O(d) x R?, the (outer semidirect) product of R? and the orthogonal group O(d) in dimension
d with group operation given by
(A1,01)(Az2,b2) = (A1A2,b1 + A1b2)
for (Al, bl), (Al, bz) € E(d) We set
L: E(d) = O(d), (Ab)— A  and
7: E(d) = RY, (A,b) b

and for (A4,b) € E(d) we call L((A,b)) the linear component and 7((4,b)) the translation component of
(A,b) so that
9= (Ia,7(9))(L(9),0)

for each g € E(d). An Euclidean isometry (A,b) is called a translation if A = I;. The set Trans(d) :=
{I;} x RY of translations forms an abelian subgroup of E(d). E(d) acts on R? via

(A,b) -z := Az +b  forall (A,b) € E(d) and z € R%.
For a group G < E(d) the orbit of a point x € R? under the action of the group is

G-z:={g-z|gcG}

and the stabilizer subgroup of G with respect to x € R? is

G ={9€Glg-x=x}.

In the following we will consider discrete subgroups of the Euclidean group, which are those G < E(d) for
which every orbit G -z, x € R?, is discrete.

Particular examples of discrete subgroups of E(d) are the so-called space groups. These are those discrete
groups G < E(d) that contain d translations whose translation components form a basis of R. Their
subgroup of translations is generated by d such linearly independent translations and forms a normal
subgroup of G which is isomorphic to Z¢9.

In general, discrete subgroups of E(d) can be characterized as follows. (Also cp. [7, A.4 Theorem 2].)
Recall that two subgroups Gi1,G2 < E(d) are conjugate in E(d) if there exists some g € E(d) such that
9 'G19 = G2. (This corresponds to a rigid coordinate transformation in R?.)

Theorem 2.1. Let G < E(d) be discrete, d € N. There exist dy,ds € Ny such that d = dy + da, a da-
dimensional space group S and a discrete group G < O(dy) ® S such that G is conjugate under E(d) to G’
and ©(G') = S, where w is the natural epimorphism O(dy) ® E(d2) — E(dz), A® g — g.

Here @ is the group homomorphism

©: O(dy) x B(ds) — E(dy + d)
(A1, (A2, b)) > Ay & (Ag, by) 1= <(“(1)1 ,22) , (b(l))

and O(dy) @ S is understood to be O(d) if d; = d and to be S if d; = 0. The theorem allows us to assume
that G from now on is of the form G’ with no loss of generality.
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Such a discrete group G < E(d) can be efficiently described in terms of the range S, the kernel F of
7|g and a section 7 C G of the translation group 7s of S, i.e., a set 7 C G such that the map 7 — T,
g — 7(g) is bijective. We remark that the quantities d, dy, do, F, S and T are uniquely defined by G.
However, in general there is no canonical choice for 77, it might not a be group and the elements of 7~ might
not commute. Yet, a main result of [37] states that there is an mo € N such that 7V = {tV [t € T} is a
normal subgroup of G if and only if N is a multiple of mq:

TN 4G < N € My := mgN.

For each N € My, 7V is isomorphic to Z% and of finite index in G. In this sense, G is a finite extension of
the lattice 770 = 7,92,

This observation allows us to introduce a notion of periodicity for functions defined on G as those functions
which are invariant under 7V for some multiple N of mg. More precisely, for a set S and N € M we say
that a function u: G — S is TN -periodic if

u(g) = u(gt) forall g€ Gand t € TV,
It is called periodic if there exists some N € M such that u is 7V-periodic. We also set
Lo (G, €™ ) = {u: G — C™" |u is periodic}.

(Recall that C™*" is equipped with the usual Frobenius inner product and induced norm.) We notice that
the above definition of periodicity is independent of the choice of 7 and that L2 (G, C™*™) is a vector

per
space. In fact, one has

L® (G, C™¥") = {g S C™ g u(gTN) | N € Mo,u: /TN men}.

per

For each N € M, we now fix a representation set Cy of G/7 and we equip L (G, C™*") with the inner

per

product (-, -) given by

(u,v) ' = —— Z (u(g),v(g)) if u and v are 7¥-periodic

for all u,v € L35, (G, C™*"). The induced norm is denoted by || - |,
We denote by 7m0 the dual space of the abelian group 7°, which consists of all homomorphisms from
7™ to the complex unit circle. Observe that a homomorphism x € 7m0 is 7N-periodic, N € My, if and

only if x|q~ = 1. Let € be the set {x € Fmo | x is periodic}.

Remark 2.2. Suppose 7™ = 742 is generated by {t1,...,t4,}. Then we have Tmo = {xx |k € [0,1)4},
where xi: 7" — C is given by

Xk(ﬂl“ . .tZdQ) _ e27ri(n,k)
2

for all n € Z%. (Here k; is determined by the condition x(t;) = e*™*i  j = 1,...,ds.) Such xj is periodic
if and only if k € Q?2, whence & = {x; | k € [0,1)92 N Q%}.

Note that 7™° NCy is a representation set of 70 /T for all N € My. We define the Fourier transform
as follows.
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Definition 2.3. If uw € L2 (7™, C™*") and x € &, we set

per

1
ay) = —— u(g) € CXm
W = macy 2 Mol

where N € My is such that u and x are 7V -periodic.
Proposition 2.4 (The Plancherel formula). The Fourier transformation

. ngzr(Tmo,(Can) N @men’ U = (a(X))XEG
XEE

1s well-defined and bijective. Moreover, the Plancherel formula

(u,v) = Z(ﬁ(x),@(x)) for all u,v € Lyg (T™°,C™*")

holds true.
We remark that for all u: 70 — C™*" and N € My such that u is 7~ -periodic, one gets
{x € €|a(x) #0} C {x € &|x is TV-periodic}.
The following lemma provides the Fourier transform of a translated function.

Lemma 2.5. Let f € L2 (T, C™*™), g € G and T,f denote the translated function f(-g). Then we have

per
Tof € Lg‘ér(’i'mﬂ,(cmx”) and

7o F () = x(g7 ) ()
for all x € €.

2.2. Orbits of discrete subgroups of the Euclidean group

As a far reaching generalization of a lattice, James [24] defines an objective (atomic) structure as a discrete
point set S in R? such that for any 1,29 € S there is an Euclidean isometry g € E(d) with g-S = S and
g - x1 = x9. Equivalently, S is an orbit of a point under the action of a discrete subgroup of E(d), see, e.g.,
[25, Proposition 3.14]:

Definition 2.6. A subset S of R? is called an objective structure if there exist a discrete group G < E(d) and
a point x € R? such that S = G - x.

For a wealth of examples, we refer to the original contribution [24]. Here we limit ourselves to two simple
concrete examples that will serve to illustrate the results to be discussed below.

Example 2.7. Elementary illustrative examples are given by atomic chains such as

(i) G1 = (t1) < E(2), where t; = (I3, e2) € E(2), and with z; 9 = 0 € R2,

(ii) Go = <t2> < E(Q), where t; = ((Bl (1)) ,62) S E(Q), and with T2 =€1 € RQ,
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Fig. 1. G1 - 21,0 (left) and G2 - z2,0 (right).

cf. Fig. 1. Here we have d; = d2 = 1 in both cases.

We proceed with a couple of lemmas implying that without loss of generality objective structures lie
in {0g_q,5} x R%# where d,g is their affine dimension and, moreover, the associated discrete group of
isometries acts trivially on R9=% x {0, _}.

Lemma 2.8. Let S C R be an objective structure. Then for every a € E(d) the set {a-z|x € S} is also an
objective structure.

Proof. This follows directly from the observation that, if for a subgroup G < E(d) and zo € R the map
G — S, g g xg is surjective, then, for every a € E(d) the map aGa™* — {a-x|x € S}, g— g (a-xo) is
surjective. 0O

We denote the affine hull of a set A C R? by aff(A) and write dim(A) := dim(aff(4)) for its affine
dimension. Recall that this is the dimension of the vector space span({x — x|z € A}) for any x¢ € A.

Lemma 2.9. Let G < E(d) be discrete and xg € R%. Let dog = dim(G - o). Then there exists some a € E(d)
such that for the discrete group G' = aGa™' and xhH = a- o it holds

aff(G - 2() = {0a—d,e } X R%7
and G' -z =a- (G- xo).

Proof. There exists some d,g-dimensional vector space V' such that aff(G-x) = xo+ V. Choosing A € O(d)
such that {Az |z € V} = {04—a,, } x R%" and setting a = (A, —Axzg) € E(d) implies the assertion. 0O

Note that in Example 2.7 G1 - 1,0 has dug = 1 and G2 - 2 ¢ has d.g = 2.

Lemma 2.10. Let G < E(d) be discrete and xo € R? such that aff(G - 2¢) = {04_d,5} X R%T, where
dogg = dim(G - x0). Then we have G < O(d — dag) ® E(dag).

Proof. Set V = {0g_g,,} X R = aff(G - x). For given g € G we define the map ¢: R? — R, z+— L(g).
First we show that V is invariant under . Let & € V. Since V = aff(G - z¢) — xo, there exist some n € N,
T1,...,Tn €G- o and aq,...,q, € R such that x = Y"1, ayz; and > ; a; = 0. It holds

L(g)z = Z%‘L(Q)ﬂfi = Zaz‘(g -xi) € V.

Thus we have {L(g)Z |& € V} C V. Since L(g) is invertible, it holds {L(g)z |z € V} = V.
Since L(g) is orthogonal, also the complement V1 = R9=% x {0, .} is invariant under ¢. This implies
L(g) € O(d — dagr) © O(dagr)- It holds 7(g) = g - w9 — L(g)zo € V and thus, g € O(d — dag) ® E(dag). O

Lemma 2.11. Let G < E(d) be discrete and xo € R? such that aff(G - 2¢) = {04_d,5} X R%T, where
dogg = dim(G - x0). Let G = {lg—a.s D g|g € E(dagr),FTA € O(d — dogr) : AD g € G} and
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0 G—G

A®g—Ig_q,Dg if A€ O(d — dagr), g € E(dat) and AD g € G.

Then G' is a discrete subgroup of E(d), ¢ is an epimorphism and G -9 = G’ - xg.

Proof. By Lemma 2.10 we have G < O(d—dag) BE(dagr). It is clear that ¢ is an epimorphism. If x = x1 + 2
with 7y € R4~ x {04 .} and 22 € {04_4,,} ¥ R%" then it holds ¢(g) -z = 71 + g - 22 for all g € G and
thus G’ - = x1 + G- x2. This shows that G’ is discrete and, for © = x in particular, that G -xg = G-29. O

Remark 2.12.

()
(i)

Let G < E(d) be discrete, 7o € R? and A = aff(G - 7). For all g € G it holds {g -z |z € A} = A.
Let G < E(d) be discrete and zg € R?. Let V' be the vector space such that aff(G-x) = zo + V. Then
for all g € G it holds {L(g)z |z € V} =V.

We close this section with some general remarks on the representation of objective structures.

Remark 2.13.

(i)

The representation of an objective structure by a discrete subgroup of E(d) and a point in R? is not
unique. Indeed, let S = {4e1,+es} C R2. Denote by R be the rotation matrix by the angle 7/2 and
by P the reflection with Pe; = e and Pey = e3. The cyclic group G1 = <(R, 0)> < E(2) and the Klein
four-group G2 = ((P,0), (—P,0)) < E(2) are not isomorphic. Yet, S = G1-e1 = G2 -e1. And both maps
G1— S, g—g-xand Go — S, g — g-x are even bijective.

Generically, an objective structure S can be faithfully represented as the orbit of a point z € R? under
the action of a discrete subgroup of G of E(d), i.e., such that G — S, g — g - « is bijective, see the
following point. However, there are counterexamples:

Let be given a regular icosahedron centered at the origin. Let S be the set of the 30 centers of the
edges of the icosahedron (i.e. S is the set of the vertices of the rectified icosahedron and moreover, S
is the set of the vertices of an icosidodecahedron). The rotation group I < SO(3) of the icosahedron
has order 60, see, e.g., [20, Section 2.4] and we have S = (I x {03}) - zg for every point z¢ € S. Now
we suppose that there exist a discrete group G < E(3) and a point z € R? such that the map G — S,
g — g -z is injective. Then we have |G| = |S| = 30. Moreover, the group G is isomorphic to a finite
subgroup of O(3), see, e.g., [32, Section 4.12]. The finite subgroups of O(3) are classified, see, e.g., [20,
Theorem 2.5.2], and since every discrete subgroup of O(3) of order 30 contains an element of order 15,
the group G contains an element g of order 15. Since the order of g is odd, we have L(g) € SO(3), i.e.
g is a rotation. Thus, the set S contains 15 points which lie in the same plane. This implies that S
cannot be the orbit of G, and we have a contradiction.

For each discrete group G < E(d), a.e. * € R? is such that the map G — R%, g + g - x is injective.
Indeed, if g, h € G, g # h, then the affine space {z € R?|g-z = h-z} has codimension at least 1. Since
G is at most countable, the claim follows.

For each discrete group G < E(d) and all z € R? the stabilizer group G, = {g € G| g - = z} is finite.
To see this, one may use the previous point to choose 2’ € R? with ||z — 2’| < 1 such that G — R,
g — g -7 is injective. Then the discrete set G, - ' lies in the ball of radius 1 centered at x so that
G. - ' and hence G, is finite.
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3. A discrete Korn type inequality

This is the core section of our contribution. In particular, for a given interaction range R we introduce
the two seminorms || - [l and [ - [|¢ ;- They measure the distance of a deformation of an objective structure
to the set of (infinitesimally) rigid motions locally and, respectively, (intrinsically) globally. Our main result
will be that — under suitable conditions — || - [|lg and || - [|lg o are equivalent.

We begin by introducing the seminorms || - |l in Subsection 3.1 and show in Subsection 3.2 that they
are essentially independent of the particular choice of R. In Subsection 3.3 we first define the seminorms
I| - ||,R70. We then provide the main preparatory technical step by proving the analytical Lemma 3.20 and
finally establish our main Theorem 3.22. We close this section by explicitly computing the kernel of the
relevant seminorms in Subsection 3.4.

More precisely, given a finite interaction range R, one considers finite patches of a configuration by
restricting to suitable neighborhoods of particles and averages the deviations from the set of rigid body
motions (or a subclass thereof) over all such patches. The first seminorm | - || is local in the sense that
the full set of rigid motions is considered and so different finite patches can be close to completely different

rigid motions, see Definition 3.1. The second seminorm || -

R0 18 ‘intrinsically global’ as the set of rigid
motions is restricted to those that vanish when both preimage and target space are projected to the subspace
that is invaded by the objective structure, see Definition 3.16 for a precise statement. (For bulk structures
defined in terms of a space group this is the whole space and the kernel of the resulting seminorm consists
of translations only.)

Our main result is Theorem 3.22 (see also Theorem 3.32) which states that these two seminorms are
equivalent as long as the interaction range is sufficiently rich. We thus establish a Korn-type estimate
for objective structures. For bulk structures we indeed obtain a full discrete Korn inequality. For lower
dimensional structures this is in fact not to be expected as the structure might show buckling exploring the
ambient space. Still, Theorem 3.22 shows that intrinsically also such structures are rigid.

8.1. Deformations and local rigidity seminorms

Let G < E(d) be a discrete group of Euclidean isometries and 2o € R?. The set G - x¢ is an objective
structure and G, is the stabilizer subgroup. Recalling the discussion directly after Theorem 2.1, without
loss of generality we assume in the following that G < O(dy) ® S, d = dy + da, that 7 C G and Cy (for
N € Mp) have been chosen and that G - z9 C {0g—q4,;} X R%™ and G acts trivially on R4~ x {04 .},
daﬂ‘ = dlm(g . :L‘()).

We consider deformation mappings y: G - o — R%. One can describe such a mapping by the induced
‘deformation’ v: G/G., — R on left cosets which is given by v(g) = y(g-z0). In order to describe the action
of a deformation at g - x¢ in relation to its position within the whole structure G - zy in its environment
(cf. (4) below), it turns out useful, see, e.g., Remark 3.2(iii), to define an associated ‘group displacement
mapping’ u: G — R? such that

Z g - (zo +u(g")) for all g € G/Ga,,

g'€g

1
v(g) = m

e.g. by choosing u(g’) = L(¢")T (v(¢'Gz,) — ¢’ - 20). More generally, for any mapping u: R — R% on R =
RG., C G we define the averaged mapping @: R — R? by

1

u(g) = o > L(hu(g'h)  forall g’ € R, (1)

hEGa,
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So L(¢')u(g") = v(¢'Gs,) — ¢’ - o only depends on g = ¢'G., € R/G., and we may write this expression as
L(g)u(g) with no ambiguity. In particular, v is the translation v(g) = ¢ - 29 + a for all g € G/G., and an
a € R if and only if L(g)i(g) = a for all g € G and v is the rotation v(g) = R(g - x¢) for all g € G/G., and
an R € SO(d) if and only if L(g)u(g) = (R — I4)(g - xo) for all g € G. In case G, = {id} we simply have
U= U.

As G - xg is typically infinite and we want to allow for deformations of long wave-length, we consider
deformations v corresponding to a periodic displacement u. A crucial point in the following is then to provide
estimates that do not depend on the characteristics of the periodicity.

Let R be a finite subset of G such that RG,, = R. Suppose u: G — R< is 7N -periodic for some N € M.
A natural quantity to measure the size of the associated deformation v locally ‘modulo isometries’ is

<|CN| 2. ( hegﬂ/g’ﬂ’{(a'(h‘%))heng/gwo a eE(d)})f’ (2)

geCnN

where dist is the induced metric of the Euclidean norm on (R?)9%/9z0. With the aim to consider small
displacements u =~ 0, for every g € Cy we linearize by observing that, for U C E(d) a sufficiently small open
neighborhood of id, the set

{(a~ (h- xO))hEQR/gwo a€ U}

is a manifold whose tangent space at the point (h - xo)neqn /Gup 1S

Viso(gR) = { (b4 S(h 20)) oy |0 € RY S € Skew(d) }.

(This follows from the fact that the tangent space of E(d) at id is given by Skew(d) x R%.) A Taylor expansion
shows that, in terms of u as defined in (1),

dist ((0()negr/g. { (@ (h- 20)hegra, | @ € B(@)})
= dist ((L(D)a(h) e g/,  Viso(9R))
= dist ((L(W)(gh)her/g+ Vio(R)) )

where in the second step we have used that b+ S(h - z0) = L(g)(b + S(h - 0)) for b = L(g)"(b+ S7(g)),
S =L(9)TSL(g) and h = g~'h. Similar to Vis(R) we define

Useo(R) = {u: R - RY ‘ IbeR?3S € Skew(d) Vg € R : L(g)a(g) = b+ S(g- 330)}

and with (3) it follows that

dist ((0(h))negr/6.y s { (@~ (h- 20)negrsg., |0 € B(d)})

1

S min{ Z IL(h)a(gh) — (b+ S(h - x0))|? ‘ beRY S ¢ Skew(d)}2
heR/Ga,

1

mln{ > IL(h — LW Yuiso (W) | tiso € UiSO(R)}z

% |g$o h'eR
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1

VG|

Here we have used that the optimal uis, satisfies

dist(u(g - )|z, Uiso(R))- (4)

L(h')u(gh') = L(W )uiso(h') = L(h")u(gh”) = L(h" Juiso (h")
for each h € R/G., and b/, " € h. By (4) and dividing (2) by |Gz, |, we are led to introduce the seminorm

I llz by

||U||R = (% Z dist2 (u(g . )|'R7 UiSO(R))) 5.

geCN

More precisely and in agreement with these definitions we have the following general definition. Recall the
definition of L2 (G, C™*™) from Section 2.1.

per
Definition 3.1. We define the vector spaces
Uper,C i= ngr(g,cd“) = {u: G — C?¢|u is periodic}
and
Uper :=={u: G — R? | u is periodic} C Uper,c-
For all R C G such that RG,, = R we define the vector spaces
Uirans(R) = {u: R — R? ‘ JaeRiVgeR: L(g)u(g) = a},

Urot(R) 1= {u: R — R4 ‘ 35 € Skew(d) Vg € R: L(g)u(g) = S(g - xo — xo)}

with @ as defined in (1) and
Uiso(R) := Utrans(R) + Urot (R).

For all finite sets R C G such that RG,, = R we define the norm

=

I {us RS RY 5 0.00), urs (Zu<g>||2)

geER
and the seminorm
|- [lg: Uper — [0,00),

1 1
w (o= 3 I (g DlR)I®) " i wis T-periodic,
Cnl 22,

where 7y, (%) is the orthogonal projection on {u: R — R4} with respect to the scalar product induced by
the norm || - || with kernel Ujso(R).
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Remark 3.2.

(i) The definition of || - || is independent of the choice of Cy.
(ii) Instead of Uyot(R) one could alternatively consider the vector space

{u: R - RY ‘ 35 € Skew(d) Vg € R : L(g)a(g)} = S(g - z0),

whose sum with Upans(R) is also Uiso(R). We prefer Uyt (R) in view of Definition 3.5.
(ili) The seminorm | - ||, is left-translation invariant. Thus it can also be represented by means of a convo-
lution operator, see, e.g., [36, Lemma 5.4].

It is worth noticing that, in view of the discrete nature of the underlying objective structure, the seminorm
|| |lg is equivalent to a seminorm acting on a ‘discrete derivative’ in form of a suitable finite difference stencil
of w.

Definition 3.3. For all u € U, and finite sets R C G such that RG,, = R we define the discrete derivative

Vgu: G — {v: R — R}
g— (Vgu(g): R — R B u(gh) — L(h)Tﬁ(g)).

Remark 3.4. Let R C G be finite such that RG,, = R and assume that u € Uy, is induced by an associated
deformation mapping such that v: G/G., — R%, g+ g-x0+ L(g9)u(g). Then Vgu encodes finite differences
of v via the relation

v(9hGao) — v(9Ga,) = (gh) - 20 — g - zo + L(gh)((Vru(g))(h))
for all g € G and h € R.

If u € Uper is 7 N_periodic for some N € My and R C G is finite, then also the discrete derivative Vgu is
7 N-periodic.

Definition 3.5. For each finite set R C G we define the seminorm

[ llgv: Uper = [0,00)

1 1
ws (e 3 I (Veu(@)IP) it uis T-periodic,
Cn|
9€CN

where 7y, (g) is the orthogonal projection on {u: R — R%} with respect to the norm || - || with kernel
Urot (R).

Remark 3.6.

(1) We have |- [lgv = || - lr\g,,.v for all finite sets R C G such that RG,, = R.

(ii) Let t; = (lg,e;) fori =1,...,d. If G = (t1,...,tq) and R = {t1,...,tq}, then |7y, ®)(Vru(9))|| =
[(Vgu(g) + (Veu(g))T) /2| for all u € Uper and g € G.

Proposition 3.7. Let R C G be finite such that RGy, = R and G, C R. Then the seminorms | - || and
Il - lr,v are equivalent.
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Proof. Let R C G be finite such that RG,, = R and G,, C R. Let u € Uper and N € My such that v is
7 N_periodic.
We have

1
lullZ v = WZC 70 ) (Vru(9)) |
N

1
= ien] 2 I om(u(g)le)|’,

9geCN

where the mapping 7: {v: R — R} = {v: R — R}, v = Vgo(id) is a projection with kernel Usyans(R).
Thus we have

1 2
lull v = ol S [futg ;. (5)

geCn

where
-1l {v: R— Rd} —R, v~ H7TUM(R) ) 7r(v)||

is a seminorm with the kernel U0t (R) + Utrans(R) = Uiso(R). Moreover, we have

1 2
2
lullg = 75— Z 700 ) (ulg lR)||- (6)
Cn|
geCn
By (5), (6) and since the two seminorms || - [, and ||7y, (%) ( - )| have the same kernel Ui, (R) and are thus
equivalent, the seminorms || - [|g,v and | - || are equivalent. O

3.2. Equivalence of local rigidity seminorms

Our aim is to show that, up to equivalence, || - ||z does not depend on the particular choice of R as long
as R is rich enough. We begin with some elementary preliminaries.

Definition 3.8. R C G is an admissible neighborhood range of id if R is finite, RG,, = R and there exist two
sets R',R" C G with R'R"” C R such that id € R' N R", R’ generates G and

aff(R" - zo) = aff (G - o).

Admissibility of a neighborhood range R of id can be interpreted as a second order property of the stencil
R: it contains a product of two subsets which themselves are rich enough so that the orbit of the first one
spans the same affine space as G - x¢ and the second one generates G. This will be crucial in Lemma 3.12
below.

Example 3.9. For the atomic chains introduced in Example 2.7 in terms of the groups G; = (t;) and
G2 = (t2) admissible neighborhood ranges of id are given by, e.g., {id,t1,t2} C G and {id, t2,t3, 13} C G,

respectively.

Lemma 3.10. Suppose that R C G is finite and such that id € R and aff (R - xg) = aff(G - xp). Then there
exists some A € R&<IR of rank d.g such that in (R)R = R* IR

04—
(9 2o —20)ger = ( d ij‘f’m)
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Proof. Since G- xo C {04_q,;}+ X R% there exists some A € R%7*IRl such that

(90— T0)ger = (g)
It holds
dim(span({g - zo — zo| g € R})) = dim(aff (R 20)) = dim(aff(G - 20)) = dass
and thus, rank(A) = dag. O

Below we will estimate || - || by summing over local contributions. To this end, we introduce two auxiliary
seminorms that will be needed only in Lemma 3.12 and the proof of Theorem 3.13.

Definition 3.11. For all finite sets R C G such that RG,, = R we define the seminorm
pr: {us R=RY = [0,00), w7y, @) (W)

on (RY)R whose kernel is Uis,(R) (see Definition 3.1). Moreover, for all finite sets Ry, R C @ such that
RoGz, = R2 we define the seminorm

=

g, 3yt {u: RiRe — R} — [0, 00), (Z P, (u |R2)>

geERL
n (RY)RiRe.
We remark that g, &, itself is defined by summing the local contributions p% (u(g - )lg,) over g € R;.

Lemma 3.12. Suppose that Ry C G is finite and Re C G is an admissible neighborhood range of id. Then
there exists a finite set Ry C G such that Ry C R3Re and the seminorms PRyR, and dry R, OTE equivalent.

This lemma is crucial: Any admissible neighborhood range Ry can be modified to a set R3Ro which is
rich enough to cover R; and such that pg g, is still controlled by gg_ &, and hence ultimately in terms of
local contributions with respect to the original pg, .

Proof. Since (R9)%sR2 is finite dimensional, it suffices to show that there exists a finite set R3 C G with
R1 C R3Ro and

ker (QRB Ra ) = Uiso (R3R2 ) .

First we show that Uyso(R3R2) C ker(qfksjb) for all finite sets Ry C G with Ry C R3Ra: Let u € Usso(R3R2).
As there are a € R? and S € Skew(d) such that for all h € Ry and g € R3

L(h)u(gh) = L(g)"a+ L(g)"S((gh) - zo — m0)
=L(g)"a+ L(g)"S(g - w0 — w0) + L(9)" SL(g)(h - z0 — x0),

we see that u(g - )|, € Uiso(Rz2) for every g € R3. Since pg, vanishes on Uiso(Rz), it follows

QR'g ,Rg E PRZ |R2 =0.
gER3
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Hence, we have U (R3R2) C ker(qﬂ_g’%).

Now we show that there exists some finite set Rs C G such that ker(q,RS__’,RQ) C Uiso(R3R2). By admissibility
of Ry there exist finite sets Ry, Ry C G such that id € R, NRY, R, generates G, RY is such that aff (RY - z¢) =
aff(G - x) and

RLRY C Ro.

Without loss of generality we may assume that Ry G, = R}. Since R}, generates G, there exists some ng € N
such that

no

Ry C {id} U U{gl...gk)gl,...,gk ER'QU(RIQ)A}.
k=1
Let
Rgz{M}uLj{m.”mﬁgh”wgkeﬂgu@gyﬂ}
k=1

Let u € ker(gg, g,)- By Definition 3.11 and Definition 3.1 for all g € R3 there exist some a(g) € R and
S(g) € Skew(d) such that

L(h)u(gh) = a(g) + S(g)(h - xo — x0) for all h € Rs. (7)

Since G- 2o C {04—d,q} X R%#  we have h-x9 — g € {0d—d.} X R9%# for all h € Ry. Hence, for all g € R3
we may assume

Slo) = <—510(9)T gi%)

for some S (g) € R4=dam)xdat and Sy(g) € Skew(dag). We prove inductively that for n = 0,1,...,ng for
ﬂgeﬁ@UUﬁ&m”gkmWW%ER%M%f%thB

L(g)a(g) = a(id) + S(id)(g - zo — o) and S(g) = L(g)" S(id)L(g). (8)

For n = 0 the induction hypothesis is true.
We assume the induction hypothesis holds for arbitrary but fixed 0 < n < ng. Let g € {id} U

Uisi{or o 91,90 € R U (RY) ™} and r e Ry U (RY) .

Case 1: 1 € Rj.
Since g € R3 and rRY C Rq, by (7) we have

L(rh)u(grh) = a(g) + S(g)((rh) - xo — x0) for all h € RY. 9)
Since gr € R3 and Ry C Rq, by (7) we have

L(h)u(grh) = a(gr) + S(gr)(h - zo — x0) for all h € RY. (10)
By (9) and (10) we have

L(r)a(gr) + L(r)S(gr)(h - zo — o) = a(g) + S(g)((rh) - zo — z0) (11)
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for all h € RY. Since id € RY, by (11) we have

L(r)a(gr) = a(g) + S(g)(r - xo — o) (12)

and with the induction hypothesis follows

L(gr)a(gr) = a(id) + S(id)(g - x0 — zo) + S(id) L(g)(r - z¢g — x0)

= a(id) + S(id)((gr) - x0 — o).
By (11) and (12) we have

L(r)S(gr)(h - a0 — xo) = S(g)((rh) -0 — 7 - 20)
= S(g)L(r)(h - 20 — x0) (13)

for all h € RY. By Lemma 3.10 there exists some A € Rdat xRS | of rank dag such that

0 17
(h-zo— xO)hER’zl = < dafj4|R2 | )

By (13) and the induction hypothesis we have

(star) - Lan) st ( ) =0 (14)

By Lemma 2.10 there exist some By, € O(d — dag) and Cy € O(dag) such that L(gr) = Bgr @ Cy,.
Equation (14) is equivalent to

(S1(gr) — BL S (id)Cyr) A
((Sl(gr) - CES;(M)OW)A> =0

Since the rank of A is equal to the number of its rows, we have Si(gr) = B].S1(id)Cy, and Sa(gr) =
C1,.52(id)Cyy which is equivalent to S(gr) = L(gr)"S(id)L(gr).

Case 2: v~ € R,
Since g € R3 and Ry C Ry, by (7) we have

L(h)u(gh) = a(g) + S(g)(h - zo — z0) for all h € RY. (15)
Since gr € Rz and r~!RY C Ro, by (7) we have
L(r~*h)u(gh) = a(gr) + S(gr)((r~'h) - 2o — x0) for all h € RY. (16)
By (15) and (16) we have
a(gr) + S(gr)((r~*h) - wo — x0) = L(r)"alg) + L(r)"S(g)(h - zo — o) (17)
for all h € RY. Since id € R, by (17) we have
a(gr) + S(gr)(r—" - xo — o) = L(r)"a(g). (18)

By (17) and (18) we have
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S(gr)((r~*h) - xo — x0) = S(gr)(r™" - 2o — @) + L(r)"S(g)(h - w9 — o)
for all h € RY. This is equivalent to
S(gr)L(r)" (h - wo — x0) = L(r)"S(g)(h - xo — o) (19)

for all h € RY. By Lemma 3.10 there exists some A € R xIRS| of rank dag such that

O 77
(h-xo — 20)hery = < daf;im?).

By (19) and the induction hypothesis we have

(Star) ~ Lan) S L)L () =0 (20)

By Lemma 2.10 there exist B,, By, € O(d — dag) and C, Cyr € O(dag) such that L(r) = B, & C, and
L(gr) = Bgr @ Cy,. Equation (20) is equivalent to
((

S1(gr) — BT $1(id)Cyr)CTAY
(S5 )‘0

(gr) — . Sy(id)Cyr)CT A

Since C, is invertible and the rank of A is equal to the number of its rows, we have Si(gr) =
Bl .51(id)Cy, and Sy(gr) = CF.S5(id)Cy. which is equivalent to S(gr) = L(gr)"S(id)L(gr). Since
S(gr) = L(gr)TS(id)L(gr), we have by (18) and the induction hypothesis that

L(gr)a(gr) = L(g)a(g) — L(gr)S(gr)(r™" - xo — x0)
= a(id) + S(id)(g - w0 — x0) — S(id)L(gr)(r~* - zo — x0)
= a(id) + S(id)((gr) - x0 — o).

L(g)u(g) = L(g)a(g) = a(id) + S(id)(g - xo — z9) for all g € R3R>
and thus, u € Ujso(R3R2). O

Theorem 3.13. Suppose that Ry, Re C G are admissible neighborhood ranges of id. Then the two seminorms
|- llg, and || - |z, are equivalent.

Proof. It is sufficient to show that there exists a constant C' > 0 such that |||l < C||-||g,. Since Ry is finite,
by Lemma 3.12 there exists a finite set R3 C G such that Ry C R3Rs and some C' > 0 with Progy < C’q,R&,RZ).
Let u € Uper. There exists some N € M such that u is gN -periodic. We have

2 2
[ullg, < |IUqu37e2

Z pR(jRQ ‘RSRQ )

geCn

Z ‘JR3 ,R2 “)rs®s )

QEC
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_ % D D P (u(97 )ik,

gECN GERs

Cﬂ
:m Z Z P?zz(u(g')m)

geR3 geCN g

2
= C?IRs|[[ullg,

where we used that Cyg is a representation set of G/7~ for all § € R3 in the last step. Hence, we have
1
I e, <CIRs[*] - [lg,- O

Remark 3.14. In Theorem 3.13 the premise that R; and Ry are admissible neighborhood ranges of id cannot
be weakened to the premise that for both ¢ = 1 and ¢ = 2 one has R;G., = R;, aff (R; - zo) = aff (G- x¢) and
R; is a generating set of G, see Example 3.31.

3.8. Intrinsic seminorms and their equivalence to local seminorms
We now define the seminorm || - ||g,0 which measures the local distance of a deformation to the subset

of those isometries that vanish if both the preimage and target space are projected to R%. Thus ||ullz.o
controls the size of the corresponding part of the discrete gradient of the displacement u globally.

Definition 3.15. For all R C G such that RG,, = R we define the vector spaces

Urot,0(R) := {u: R — R?

35 € Skewg q,(d) Vg € R: L(g)u(g) = S(g - zo — xo)}
C Ut (R)
and
Uiso,O(R) = Utrans(R) + Urot,O(R) C Uiso(R)7

where

Skewo.q, (d) := {(—%{ %) ‘Sl € Skew(dy), Sy € Rdlxdz} C Skew(d).

Definition 3.16. For all finite sets R C G such that RG,, = R we define the seminorms

[ - H’R,OZ Uper — [0, o0)
1

41 2\ 2 . . N . .
= ( U, ulg - ) if w is 7" -periodic,
|CN|geZcN” U o) (9 1) b

and
[+ lr,v,0: Uper — [0, 00)

1 1
wes (o 3 Wi o (Vru(@)IP) i s TV-periodic,
Cnl S5 ’

where 7y, () and 7y, ,(%) are the orthogonal projections on {u: R — R%} with respect to the norm | - ||
with kernels Ujgo,0(R) and Usot,0(R), respectively.
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Remark 3.17. We have || - | v,0 = || - [|r\g,,.v.0 for all finite sets R C G.
Proposition 3.18. Let R C G be finite and id € R. Then the seminorms || - |go and || - ||z, v,0 are equivalent.
Proof. The proof is analogous to the proof of Proposition 3.7. O

As a final preparation we state the following elementary lemma, which is well-known, and include its
short proof.

Lemma 3.19. There exists a constant ¢ > 0 such that for every n € N it holds
||:r @y’ + A|| > c(||:c ® yTH + ||AH) for all z,y € C™, A € Skew(n,C).

Proof. Let z,y € C™ and A € Skew(n, C). Since C™"*"™ = Sym(n, C) & Skew(n, C) we have

|z @y + A

%

1 2
H§(a§®yT+y®mT)H

n
E TiYi
i=1

1 iz 1 g
=sllzey"[|"+3

%

1 T2
e oy
1 4] < 2 @ 7], then

lr@y" + A Iz s ey +141).

Lew 1
RV = 3

If |A]| = 2]z ® y ]|, then
1
lz@y" + Al > Al = [l= @ y"]| > 3 (e @y" [ +114])- D

The following lemma provides a technical core estimate on which the proof of our main Theorem 3.22
hinges.

Lemma 3.20. Let n € N, ¢ € Ny and f1,..., 8, € R. Then there exists an integer N € N such that

q
a ® (sin(may),...,sin(may,)) + Z sin(mp)Br + mSH > |IS]I
k=1

forallae C™, aq,...,a, €R, By,...,B, € C™*" and S € Skew(n,C).
Remark 3.21. If ¢ = 0, then the term > {_, sin(m/;)By is the empty sum.

Proof. It suffices to prove that there exists a constant ¢ > 0 such that for alln € N, ¢ € Ng and 34,...,84 €
R there exists an integer N € N such that

max

q
i yonny S n i B S| > ¢||S
A a ® (sin(may) sin(may,)) + Z sin(mf) By, +m H c|| S|

k=1
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for all a € C", ay,...,a € R, By,...,B; € C"™ and S € Skew(n, C). Indeed, applying this inequality
with N, (1 lal)1<l<n, ([118k)1<k<q and f%]S and setting N = [1]N we obtain the original claim from

a ® (sin(may),...,sin(may,)) + Z sin(mpy) By, + mSH
k=1

>  max _ Ha® (sin(m([1]ar)),...,sin(m([1]an)))

+Zbln Br)) By + m([1 ]S)H

Since

1 Mi; Mij
Il == > |G|
i,7€{1,...,n}
i<j
for all M = (m;;) € C™*™, it suffices to prove the assertion for n = 2.
Let ¢ € Ng and Sy, ..., 3, € R. Without loss of generality we assume f,...,5, € R\ (7Q): Let ng € N be
such that ngfy € 7Z for all k € {1,...,q} with 8; € 7Q. Then we have

max
me{l,....,noN}

a ® (sin(maq),sin(mas)) + Zsm mpy)B + mSH
k=1

max

q
e (sin(m(noa1)), sin(m(noaz)) Z sin(m(noBk))Bi + m(no )H

ﬁ Q

forall N € N, a € C?, aj,a2 € R, By,...,B; € C?*2? and S € Skew(2, C).
For all a > 0 we define the function

|-],: R = [0,00), x +— dist(z, aZ).
Moreover, without loss of generality we may assume |8, — fi|,, > 0 for all k # [ and since
sin(mp) = —sin(m(27 — 3))

also |Bi + Bil,, # 0 for all k # [. For the definition of a suitable integer N € N and the following proof we
define some positive constants. By Lemma 3.19 there exists a constant ¢y, > 0 such that

lz @ y" + Sl = collzll(lya| + ly2]) + ccl S|l

for all z,y € C% and S € Skew(2, C). In particular, this inequality implies the assertion for ¢ = 0. Hence we
may assume q # 0, i.e. ¢ € N. Let

5 | | oy
= min — , ,
b Y1,72€{£B1,--,£B4} NP2l 1= 2 2
Y1#Y2
42 +1) 6q

Cir=——=, (=
M1 M1

and C3 = max

{4q+2 327TC2}
M1 ’ 01 .
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By Kronecker’s approximation Theorem A.3, for all k& € {1,...,q} there exists an integer g; such that
2C3 4+ 2 < g and

1
1~ 3nCq’

Br 1

\‘M'?*i\

Let

2 1
N, —max{ [Cl-‘,Qq,lJr ’76”02-‘,(]1,...,%} €N.
CL, 61

For all & € R we define ()2 € R by {(a)2-} = [-7,7) N (a + 27Z). We have |(a)2x| = |a|,, . By Taylor’s
Theorem we have for all o, 3 € R and n € N

sin(na) = sin(n(f + (@ — B)ax)) = sin(nf) + n(a — B)ar cos(nf) + R(n, , B)
where R(n,a, ) is the remainder term. Let d3 > 0 be so small that
[R(n, @, B)| < gnla— Bly,[cos(nf)] (21)

forall n € {1,..., N1}, a € R with |oo — |, < d2 and B € {0, 7, B1,..., 04} Let

1 /8372041 2 +3
83 = min{6, 85}, po = (7) d ¢y = .
3 = min{dy,d2}, o 5012 \2r an 1 s

Let

N =max{Ny,1+[C4]} € N.

RORIO)
Now, let a = (a1,a2)” € C?, aj,a0 € R, By, = (béé) béé’) € C?*2forall k € {1,...,q} and S = (5 OS) €

Skew (2, C). We denote

LHS = max
me{l,...,N}

a ® (sin(may),sin(mas)) + Zbln mpBr)By + mSH
k=1

Case 1: Vi€ {1,2} : ((Jauily, < 02) V (laz — 7|y, < 02)).
Case 1.1: 3744 [1Bkll = Ci(lla]|(leal + e2]) + [IS]])-
Let i,j € {1,2} with Zzzl\bz(-f)\ > 15 IIBkl|. By the definition of &, we have

. i i . 1 =772 51

min |el’Yl _ eW2| > min w > =,

Y1,v2€{E£PB1,...,£Bq} Y1,72€{£P1,...,£Bq} ™ ™
Y172 T1#V2

By Turdn’s Minimax Theorem A.4 there exist an integer v € {1,...,2q} such that

& sin(vy)

q
Z sin(v ) By
k=1
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@i —ipth)
= Z(%e_wﬁk + QU ewﬁk>

k=1
q "
>y by
k=1
H1 .
> S B.
k=1
We have

— lla @ (sin(vay),sin(vas))|| — [[vS]

Z sin(vB) By

k=1

LHS >

q
M1
2 > 1Bkl = 2gllall(jaal, + |eal,) — 24]S||
k=1

151

v

Case 1.2: 35, | Bxll < Ci(llall(Janl, + |ez],) + [[S]])-
We have

LHS > |la ® (sin(Nyay ), sin(Nyas)) + N1.S|| —

> " sin(NyBy) By
k=1

q
> cglall(sin(Nra1)| + sin(Niaz)[) + ez | NoS|| =D IIBx|
k=1

21) ¢p Ny g
> = lall(jenl, +loal,) + e Nu | S] =l Bl
k=1
cr N1 CL !
> L2 (Jall (el + laal,) + 1S1) + ZIIS| = D I8l
k=1
cr
> —||S|I.
> L3

Case 2: 3ie€ {1,2}, Fk e {1,...,q} : ((Joi = Brlo, < 02) V (Jai + Brls, < 2)).
Without loss of generality let i = 1 and k = 1. Without loss of generality we may assume |a; — f1],, < 02

since
a ® (sin(may),sin(mas)) = (—a) ® (sin(m(—a1)),sin(m(—az))) for all m € N.
Let éx be equal to 1 if £k = 0 and equal to 0 otherwise.

Case 2.1: 37 asdp_1 +b)| > Colas||or — Bily, and max{|as||as — Bilyns S0 |asbs—1 45|} > Cyls).
Since Cy > 1 the condition is equivalent to

q q
Z|a26k,1 + bgi)‘ > CQ|CL2HO[1 — 51|27r and Z|a25k,1 + bgi)l > C3|8|
k=1 k=1

By Turdn’s minimax theorem (analogously to Case 1.1) there exists an integer v € {1,...,2q} such that
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q
Z(a25k_1 + bé’;)) sin(vS)

k=1

i i(asd—1 +b3y) Civp, , —i(a20k—1 + b5 0B
2 et 2 ¢

k=1

q
Z M1 Z|a25k_1 + bgi) .

k=1
We have
(21) | < N 3
LHS > Z(agdk_l + by ) sin(vfy)| — §|a2|u|a1 — Bl |cos(vBr)| — v]s]
k=1
U1 M1 ! k
> (3 + 7) Z‘GZ(Sk—l + bél)’ — 3qlas||ar — Bily, — 2q|$]
k=1
> |s]
1
=—|9|
\/§H |

k
Case 2.2: 30_ |agbp_1 + b | < Colas|jar — By, and max{|as|jar — Bilors S50 Jasde_1 + b |} > Cs]s.
By Turdn’s minimax theorem there exists an integer v € {N7 — 1, N1} such that

iv —iv 61
|cos(vp1)| = ’%e Py lemivhi] > e
We have
(21) 1 J (k) -
LHS > §|a2||cos(uﬁl)|y|a1 — Biloy — Z(agék_l + by, ) sin(vfi)| — v|s|
k=1

(N1 —1) G g (t)
> (T + Tor las||ar — Bily, — kZ:l‘a25k—1 + byy ’ —v|s]
> vls|

1
> —||9]l.
> \/§H |

Case 2.3: max{|az||ar — Bilon, D_pyla2dr_1 + bgi)|} < Csls].
By Definition of ¢; we have

[cos(q11)] = [sin(q1B1 + 5)| < g1 + 51, = 7| 224 + 5|, < 55

So we have

(21)
LHS > q|s| — 3|(12HCOS(Q1[31)|C11|C¥1 — Bilor —

q
Z(az5k—1 + béﬁ)) sin(q1Bk)
=1

q
Q1 Q1 (k)
> (1 + o + 03) |s| — E‘GQHOQ - 51'2# - k§:1|a25k,1 + by }

1
> —|5|-
> 5lIs)
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Case 3: i€ {1,2} : (Joy — By, =02 VB e€{0,7m,£51,...,£04}).
Without loss of generality let i = 1.
Case 3.1: |as] + >} 1|b | > Cyls|.
By Definition of 3 we have

min |ei'“ — ei72| > mi Ll — V2lon
Y1 v2€{xa1,£B1,.... £Bq} mv2€{Fa1,£B81,..., 184} ™
NFV2 T1FV2
> min{dy, 02}
™
=
By Turén’s minimax theorem there exists an integer v € {1,...,2q + 2} such that

as sin(vay) + g b21 sin(vfy)
k=1

(k) (k)
1&2 711/0(1_1_ —iag 11/(11_'_2( b21 71uﬁk+ b 1Uﬂk)‘
2

2 2 Pt 2
LR
> M2<|a2| + Z‘bé1)’)-
k=1
‘We have
q
LHS > |agsin(vay) + Zbé’i) sin(vfk)| — v|s|
k=1
>,u2(|a2+2’b ) (2q + 2)|s|
> |s]
1
7||5||
Case 3.2: |a2|+2q 1|b |<C4‘ |
We have
q
LHS > N|s| — |agzsin(Naq)| — Zbé’i) sin(N B)
k=1
)
> — (|a2 +) |bsy >
k=1
> ||

1
= —|SI.
75181

Since Case 2 and Case 3 include the case that

Fi e {1,2}: ((Jeulgy 2 02) A (lai = 7]y > 62)),
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the assertion is proven. 0O

Theorem 3.22 (A discrete Korn inequality). Suppose that R C G is an admissible neighborhood range of id.
Then the two seminorms || - ||l and || - ||z0 are equivalent.

Proof. First we show the trivial inequality || - ||z < || - [|=,0:
Let u € Uper- Let N € My be such that u is 7V-periodic. Since Uiso.0(R) C Uiso(R), We have

1
lullg = == > Imt.w (ulg )R

Cn| 25

_1 2

< . X

= Cy]| Z 170 00 ) (u(g - ) [R)
geCn

= |lullzo-

Now we show with the aid of the Plancherel formula that there exists a constant ¢ > 0 such that [ - || >
el - Iro:

We choose m = myg such that My = mN and the group 7™ is isomorphic to Z%, see Section 2.1. In
particular, there exist t1,...,tq, € 7™ such that {¢1,...,tq,} generates 7™. Since L(7 ™) is a subgroup
of {Ij—g,z} ® O(dagr — d2) ® {I4,} and the elements ¢y, ...,tq, commute, by Theorem A.1 we may without
loss of generality (by a coordinate transformation) assume that for all ¢ € {1,...,dy} there exist an integer
¢ €{0,..., [ (dagt — d2)/2]}, a vector v; € {£1}47=92=24i and angles 0; 1,...,0; 4 € [0,27) such that

L(ti) = la-d,; ® diag(vi) © R(biq,) & -+ & R(0i1) ® La,.
By Lemma 3.20 there exists an integer Ny € N such that
d> i

a® (sin(nay),...,sin(nag,)) — Z Z sin(nb; ;j)B; ; —nS

i=1 j=1

‘ > |18 (22)

for all a € C%, ay,...,aq, € [0,27), By 1,.. -+ By g4, € Cd2xd2 and S € Skew(ds,C). Let Ry = {t?|i €
{1,...,da},n € {£1,...,£No}} C T™. Since || - [[gury6,,,0 = || - [#,0 and by Theorem 3.13, we may without
loss of generality assume that RoG., C R. For all finite sets R" C G we define the map

gr: Skew(d,C) — CH¥IR'l
S = (L(h)"S(h - 2o — x0)) her-

Recall the definition of the dual space 7m from Section 2.1. Now we show that there exists a constant
co > 0 such that

[ (x(h) ™ v = L(h) ") e, — 970 (S)]| = collS5]] (23)

for all y € ‘7/'E, veEC%and S = (g; _SS';T) € Skew(dy + do, C).

Writing v = (g;) € C%h+dz we have

LHS := H (X(h)*lu - L(h)Tv) - gRo(S)H

heRo
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v

’( vy —vg — (52753)(h'$0_m0))

heRo

%(H( (t; " )v2 — va — (Sa, S3) (7 xO_mO))

\
)

0))i€{1,..‘,d2}

i€{1,...,d2}

—i—H( (t: )v2—U2—(527S3)(ti_n'$0_x0)>

ie{l,...,d2}

x(t7) — x(t;™))va + (S2, S3) (7 - 2o — t;

1
. 2 I
> (¢ (24)
for all n € {1,...,Np}. For all j € {1,...,d2} we define a; € [0,27) by el% = x(t;). Let x9;1 € R%

and 292 € R% be such that zy = (ig;) For all j € {1,...,max{q1,...,qq,}} we define n; = d; — 2j

)

m; = 2j — 2 and

bj = 52(0%‘»”.7‘ & (g _02) ® Om_j,m_i)ﬁog eC®.

Let 72: 7™ — R be uniquely defined by the condition 7(t) = (Tgc(ll)) for all t € 7. Then for all

ie€{l,...,d2} and n € {1,...,Nog} we have

(82, 83)(t; - wo — t; ™ - o)
= 5(0d, 2,41 -2, ® (R(10yq,) = R(—nb;q,)) @ -+ @ (R(nbi,1) — R(=nb;1)))wo,1
+ 27’L53T2(t1')
qi

= Z Sin(nﬁi,j)Sg (Onj,nj ® (g 702> @D Omj,mj)acm + 2nS37a(t;)
j=1

i
= Z sin(nb; ;)b; + 2nSs1a(t;).
j=1

For all i € {l,...,de} and j € {1,...,¢;} we define B;; = —b;j ® e € C%X% Let T =
2(72(t1), ..., 72(ta,)) € GL(dz). By equation (24) for all n € {1,..., No} we have

d2 qi
LHS > —‘ 2ivy ® (sin(nay), . .., sin(nag,)) Z Zsm (nb;;)Bi; + nSgTH
=1 j=1
da  qi
> H(2iTTv2) ® (sin(nay), ..., sin(nag,)) Z Z sin(nd; ;)" B;
=1 j=1

where ¢; = omin(T~T)/V2 > 0, omin(M) denotes the minimum singular value of a matrix M and we used
Theorem A.2 in the last step. With equation (22) it follows

LHS > ¢1|=T7 85T > ol Ss]),

where ¢y = omin(T)%c1 > 0.

By Propositions 3.7 and 3.18 it suffices to show that there exists a constant ¢ > 0 such that || - [|gv >
cll - lgv,o- Let w € Uper. Let N € My be such that u is 7 N_periodic. In particular, m divides N. Let
v: G — Skew(d) be 7V -periodic such that 7y, , ) (Vau(g)) = Vzu(g) — gr o v(g) for all g € G. Let
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v: G — {(_SSEQT %2> ’51 € Skew(dy), S € Rdlxdz}
and
ve: G — {04,,4, B S| S € Skew(dz)}
such that v = v; 4+ vo. For all g € C,,, we define the functions

ug:Tm—>(Cd, t — u(gt)

u
vg: T — Skew(d, C), t — v(gt)
v1g: T — Skew(d,C)
v gt T — Skew(d, C),

, t— v1(gt) and
t — va(gt).

Let € = {x € T | x is periodic}. For all g € C,, and x € € it holds
B5(x) = T19(X) + T2,4(X),

T1,4(x) € {(i}T 5(;2) S, € Skew(d;,C), S, € (Cdlxdz}
2

and
U2.4(x) € {04,.4, © S| S € Skew(dz,C)}.
‘We have
2 1 2
[ullz,y = 75— > (170,00 (®) (VU (g8)) ||

Cnl (9,8)ECm X (T™NCx)

|C|Z > |IVeulgt) — gr o v(gt)|®

gECm teET™NCN

1 2
>— DT> IVRG, ulgt) = grog., 0 v(gt)ll

C gECm teT™NCN

CL Z Z ug (th) L(h)Tug(t))hE% — ggr, © vg(t)H2

ge€Cm teT™NCnN

| V

= ion 2 I nes Tl )= LY TG00 e, =
g€Cm xX€eE€
7™ NCN| ) [[T24(
wge% Z 9

o 2 2 les®

QGC teT™NCN
2

s 2
= V! t

(g,t)ECH X (T™NCN)

2
= cpllvall>.

29
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In the first and last step we used that the set U, cc, x@mncy)19t} is a representation set of G/TN.
In the fifth and seventh step we used Proposition 2.4 for the group 7™ and 7 V-periodic functions and
Lemma 2.5. Note that 7™ N Cy is a representation set of 77 /7. In the sixth step we used (23). Let
C = |R|max{||h - xg — zo|| | h € R}. We have

1
ul|2 o = — Vgu(g) — grov 2
ks = G 3 I 9u(a) — g5 v(0)]

geCnN

1 1 , ,
= ICn| Z QHVQU(Q)—gﬂovl(g)H — |lgr o va(g)|l

N gelCn

1 1 ) ,
> 7 22 (5o (Truto) I = Clleao)

N geCN

1 9 9

= 5 lullz w0 = Cllvall, o

where in the second step we used that (a — b)? > a?/2 — b? for all a,b > 0. Let c; = min{1/2,c%/(2C)}. By
(25) and (26) we have

luliks > 3lluliks +eallulihe
> D unll + ol .0 — Clal)
> Zllullz v o
Thus, we have || - |gv > \/c2/2| - lrv.o. O
8.4. Seminorm kernels

It is interesting to explicitly describe the kernel of the seminorms that measure the rigidity of deformations
as this entails a characterization of fully rigid deformations.

Recall from Definition 3.1 that Ui,ans is the vector space of displacements corresponding to translations.
We now introduce the vector space Urot,0,0 Which corresponds to infinitesimal rotations of G - xy about the
affine subspace xg + {04, } x R%.

Definition 3.23. For all R C G such that RG,, = R we define the vector spaces

Usot,0,0(R)
= {u: R s R ‘ 35 € Skew(dy) Vg € R : L(g)a(g) = (S @ Ogy.a,)(g - 20 — x0>}

C Uror,0(R) N L= (G, RN x {04, })
and
Uiso70,0(R) = Utrans(R) + Urot7O,O(R) - UiSO,O(R) nL>® (g7 Rd)

with Uprans(R) as in Definition 3.1. In case R = G we suppress the argument R for brevity and simply write
Utrans, Urot,O,O and Uiso,O,Oa FeSPeCtiVely
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Remark 3.24. We have Usot,00 C Urot,0(G). If d1 > 1 and dy > 1, then we have Urot.00 & Urot,0(G)-

=

Moreover, in general we have Uyans ¢ Uper and Urot.0,0 ¢ Uper- For example let o € R\ (27Q), R(«) be the
rotation matrix by the angle a, G = (R(a) @ (I1,1)) < E(3) and xp = e;. Then we have dim(Uso,0(G)) = 3,
dim(Uyot,0,0) = 1 and dim(Uyot,0,0NUper) = 0. Moreover, we have dim(Uipans) = 3 and dim(UyransNUper) = 1.

Example 3.25. Suppose that G,, is trivial. If d; = 1 or dug = da, then we have Uyot 0,0 = {0}. In particular,
if G is a space group, then we have Uyot 00 = {0}.

The following proposition characterizes the vector spaces Ugpans(R), Urot(R), Urot,0(R), Urot,0,0(R),
Uiso(R), Uliso,0(R) and Uise,0,0(R) for appropriate R C G. In particular, the proposition characterizes Ugrans,
Utot,0,0 and Uiso,0,0-

In the following two results we write 7: {u: R — R} — {u: R — R}, 7(u) = u for the projection
defined by (1). Note that, by construction, all the sets Ugans(R), Urot(R), Urot,0(R)s Urot,0,0(R), Uiso(R),
Uiso,0(R) and Uigo 0,0(R) are invariant under 7.

Proposition 3.26. Suppose that R C G is such that RGy, = R, id € R and aff(R- x¢) = aff (G - xo). Then the
maps

Y1 Rd — 7T<UtranS(R>)
ar (R—=R% g L(g)"a),
0o Rd3><daﬁ' X Skew(dag) — 7T(Ur0t (R))
d T 0 Al
(A1, Az) (R—> RY, g~ L(g) (fAlT Az)(g'm _$0)>’

31 R4 R%%%2  Skew(dy) x RM*% — 7(Uyer 0(R))

0 Al A2
(A1, Ay, A3, Ay) = (R — R, g L(Q)T<_A1T As A ) (g-wo— 370)),
—-AT —AT o

and
@41 R%*4 5 Skew(dy) — 7(Uror,0,0(R))

(A1, Ag) = (‘R —R% g L(Q)T(<,ZIT 2;) & 0d2,d2>(g "Xy — 330))

are tsomorphisms, where ds = d — dag, dg = dag — do. In particular, we have

dim (7 (Usrans (R))) = d
dim(7(Urot (R))) = dagr(d — 3dagr — 3),
dim(7 (Urot,0(R))) = dadasr + 2da(dagr +do — 1) and
dim (7 (Urot,0,0(R))) = da(ds + d1 —1)/2.

Moreover we have

T(Uiso(R)) = 7 (Utrans (R)) © 7(Urot (R)),
7 (Uiso,0(R)) = T(Utrans(R)) & 7(Urot,0(R)) and
TI'(Uiso,O,O(ﬂ)) = 7(Utrans(R)) ® W(Urot,o,o(R))~

We include the elementary proof for the sake of completeness.
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Proof. Since L(id) = I, the map ¢ is injective and thus, an isomorphism.
Now we prove that o3 is an isomorphism. The map ¢3 is well-defined and linear. First we show that 3
is surjective. Let u € m(Uyot,0(R)). There exist some A; € Skew(d;) and As € R4 %42 gych that

L(g)u(g) = (_f:;‘r ?)2 ) (9-29—x0) forallgeg.

Let A3 € Skew(ds), Ay € R%>d Ay € Skew(dy), Ag € R%*92 and A; € R%*4 be such that

Az A
Al = (—ASZ A:) and A2 = (:2?)
Since G- 2o C {04,} x R%# we have p3(Ay4, Ag, A5, A7) = u.
Now we show that 3 is injective. Let Ay, B; € R%*d1 A, By € R%*4 A3 Bs € Skew(ds) and

Ay, By € R%%42 he such that ¢3(Ay, Ao, Az, Ay) = p3(Bi1, Ba, B3, By). Let R C R be finite with id € R’
and aff (R’ - 2) = aff (G - 2). By Lemma 3.10 there exists some C € R%# %I of rank d.g such that

(g'ﬂ?o —xo)geR' = (g)

The identity p3(A1, A2, A3, As) = p3(B1, Ba, Bs, By) implies

0 Ay As 0 By B
(AF{ As A4>(g-(]jo —1‘0) = (BlT Bs B4)(g.1~0 _:I/.O)
AT —aT o -BT —BT o

for all g € R and in particular, we have
((A1 Az)c) _ ((31 Bz)c)
(As A4)C )~ \ (B3 B4)C )"
Since the rank of C' is equal to the number of its rows, we have A; = B; for all i € {1,...,4}.

The proofs that s and ¢4 are isomorphisms are analogous.

For all u € m(Uyot(R)) we have u(id) = 0 and for all u € m(Usrans(R)) and g € R we have L(g)u(g) = u(id).
This implies 7 (Usrans(R)) N7 (Urot (R)) = {0} and thus 7(Uiso(R)) = m(Utrans(R)) @ m(Urot (R)). Analogously,
we have m(Uis,0(R)) = T(Uprans(R)) @ 7(Urot,0(R)) and 7 (Uiso,0,0(R)) = T(Uirans(R)) & 7(Urot,0,0(R)). O
Lemma 3.27. If the group L(G) is finite, then we have 7(Uiso,0,0) C Uper-

Proof. Suppose that L(G) is finite. Let n = |L(G)|. For all g € G we have
L(g)" = Ia. (27)
Choose N = mgn. Let u € m(Uiso,0,0). By definition there exist some a € R? and S € Skew(d;) such that

L(g)u(g) =a+ (S®0)(g-zo — o) for all g € G.

For all g € G and t € 7 we have

u(gt) = L(gt™)~! (a+ (S 0)((gt™) - o — 20))
)N L(g) " (a+ (S @ 0)(g - (L(t)wo) — w0) + (S & 0)L(g)7(t"))
(9) M (a+ (S®0)(g-zo— x0))

(9)s

L
L

Il
e
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where we used (27), that L(G) < O(dy) @ O(ds) and that 7(G) C {04, } x R?% in the second to last step.
Thus, u is 7V -periodic and we have u € Uper- O

The following theorem characterizes the kernel of the seminorm | - [/4-
Theorem 3.28. Suppose that R C G is an admissible neighborhood range of id. Then we have
ker(|| ' ||1g) = Uiso,O,O N Uper~

Proof. First we show that Uis,0,0 N Uper C ker(]| - [|):
Let © € Uiso,0,0 N Uper- There exist some a € R? and S € Skew(d) such that

L(g)u(g) =a+ S(g-xo — x0) forallgeg.
Let g € G. For all h € R it holds

L(h)u(gh) = L(g)"a+ L(g)"S((gh) - zo — m0)
= L(g)"a+ L(g)"S(g - w0 — x0) + L(g)"SL(g)(h - z0 — x0).

Since L(g)TSL(g) € Skew(d), we have u(g - )| € Uiso(R).
Let N € My be such that u is 7V -periodic. Since g € G was arbitrary, we have

2.

1
||U||?e =157 HWUiSO(R)(U(g')|R)|
ICn|

geECN

Thus, we have u € ker(|| - [|)-

Now we show that ker(|| - [|z) C Uiso,0,0 N Uper:
Let u € ker(|| - ||g). By definition of || - || we have u € Uper. Let g € G. By Theorem 3.13 we have
u € ker(]| - ”RUggzo) and thus ulgugg,, € Uiso(RU gGa,). There exist some a € R? and S € Skew(d) such
that

L(h)u(h) =a+ S(h-xo — x0) for all h € RU gGq, - (28)

Since R is admissible, it holds G, C R and thus, a = u(id). In particular, the vector a is independent of g.
By Lemma 3.10 there exists some A € R%#*Rl of rank d,g such that

04—
(h- 20 — Zo)ner/G., = ( ¢ ‘:lfl“’m').

Since G- 2o C {04—d,4} X R%7 without loss of generality we may assume that

(0 S
= (5 %)

for some S € R(@—dam)¥dai and Sy € Skew(daq). By equation (28) we have

<L<h)a(h> - a> o (_ng g;) (g) - (g;j). (20)

Since the rank of A is equal to the number of its rows, by (29) the matrix S is independent of g.
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Since g € G was arbitrary, we have
L(g)u(g) =a+ S(g-xo — x0) forall g € G. (30)

Let C = sup{||lu(g)|| | g € G}. Since u is periodic, we have C' < co. Let t € 7. By (30) for all n € N we have

mwwwn=L%ﬁ%|=HL@%ww>—a—suﬂnm+Sm < 20 + 250

and thus, S7(t) = 0. Since t € 7 was arbitrary, we have
Sz =0 forall z€span({r(t)|t € T}) = {04} x R%,
and thus, S € Skew(d1) @ {04,.4, }- By (30) we have u € Uigo00. O

Corollary 3.29. Suppose that L(G) is finite, G, is trivial, and R C G is an admissible neighborhood range
of id. Then we have

ker(|| - [lg) = Uiso,0,0-

Moreover, the map

R% x R%*4 ¢ Skew(dy) — ker(|| - [|I)

(a, A1, Ag) — (g —R% g~ L(g)" (a + (( _ZIT 2;) P Odz’dz) (920 — xo))>
is an isomorphism and in particular we have

dim(ker(]| - ) = d+ da(ds + dy — 1)/2,

where d3 = d — dg and dy = dag — ds.
Proof. The assertion is clear by Theorem 3.28, Lemma 3.27 and Proposition 3.26. O

Corollary 3.30. Suppose that G is a space group, Gz, is trivial, and R C G is an admissible neighborhood
range of id. Then we have

ker(|[ - [|g) = Utrans-
Proof. This is clear by Corollary 3.29 and Example 3.25. O

Example 3.31. We present an example which shows that in Theorem 3.13 the premise that R; and R, are
admissible neighborhood ranges of id cannot be weakened to the premise that for both ¢ € {1,2} one has
RiGz, = Ri, aff(R; - zp) = aff (G - z¢) and R; is a generating set of G.

We consider the simple atomic chain from Example 2.7(i) with d = 2, d; = 1, dy = 1, t = (I2,e2),
G = (t) and z¢o = 0. The set Ry = {id, t} generates G and satisfies aff(R; - xg) = aff(G - xo) but is not an
admissible neighborhood range of id. The set Ry = {id, t,¢*} is admissible. Using that the seminorms || - |5
and | - ||lg\{iqy,v are equivalent by Proposition 3.7, it follows

ker([| - [lg,) = {u € Uper |[Fa € RV g € G : ua(g) = a}.
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By Corollary 3.29 and Example 3.25 we have
ker(|| : ||(R2) = Uiso,o,o = Utrans-
Since the kernels of || - [z, and || - ||, are not equal, the seminorms || - ||, and || - [, are not equivalent.
The following theorem summarizes the main results of this section.

Theorem 3.32. Suppose that Ri,Ros C G are admissible neighborhood ranges of id. Then the seminorms

Il I llys - Hl=105 1= lia,05 11 Nl - llRo w5 (- llRa, w0 @nd ([ - Iz, 9,0 are equivalent and their kernel
is Uiso70,0 N Uper-

Proof. This is clear by Theorem 3.13, Proposition 3.7, Proposition 3.18, Theorem 3.22 and Theo-
rem 3.28. 0O

4. Stronger seminorms

In this section we introduce two stronger seminorms. First we consider || - ||g,0,0 and its variant || - ||z v,0,0
that are defined as the averaged local distance to the spaces Uiso,0,0, respectively, Usot,0,0, introduced in
Definition 3.23. They thus measure rigidity up to local rotations about {04, } x R9. Then we define the
even stronger seminorm | Vg - ||, as a discrete H! norm. Again we show that these seminorms are essentially
independent of R if R is rich enough. In Corollary 4.7 we observe that for bulk structures all seminorms
(and in particular the weakest || - || and strongest ||V - [|,) are equivalent.

Definition 4.1. For all finite sets R C G such that RG,, = R we define the seminorms
I [lr0,0: Uper = [0, 00)

U — (ﬁ Z ||7rUiso,0,0(‘R)(u(g ’ )‘R)”2>

geCn

1
2, . T
if u is 7N-periodic,

and
[ - I®v,00: Uper = [0,00)

1 1
W (o D T to (Vru(@)I?)* if wis T-periodic,
|CN| geCnN -

where 7y, oo (®) and Ty, , o (®) are the orthogonal projections on {u: R — R?} with respect to the norm
I - || with kernels Uiso 0,0(R) and Uyot,0,0(R), respectively.

Remark 4.2. For all finite sets R C G such that RG,, = R we have || - [l < | - |
|- [lg and || - ||g,0,0 need not be equivalent, see Proposition 5.1.

®,0,0, but the seminorms

Theorem 4.3. Suppose that R1,Ry C G are admissible neighborhood ranges of id. Then the seminorms
Il l=e,0.05 1| - 100,05 1| - ll1,9,0,05 and || - [|®y,v,0,0 are equivalent and their kernel is Uiso,0,0 N Uper-

Proof. The proof that the seminorms || - ||g, 0,0 and | - [|g,,0,0 are equivalent is analogous to the proof of
Theorem 3.13: For all finite sets R C G such that RG,, = R we define the seminorm

pog: {u: R—= R} = [0,00), w70, 0000 (W]
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on (R%)®R whose kernel is Uiso,0,0(R). Moreover, for all finite sets Ry, R C G such that RG,, = R we define
the seminorm

1
3
Qo ®, " 1u: RiRe — ]Rd} — [0, 00) U < g po ,RQ |R2)>
gERL

on (RH)RR2 Analogously to Lemma 3.12 for all R;,Rs C G such that Ry is finite and R, is an admissible
neighborhood range of id there exists a finite set R3 C G such that Ry C R3Ry and the seminorms Do RsRs
and ¢ g, , are equivalent. As in the proof of Theorem 3.13 this implies that the seminorms || - [|g, 0,0 and
Il - l=s,0,0 are equivalent.

Analogously to the proof of Proposition 3.7, the seminorms || - |g,0,0 and || - ||,v,0,0 are equivalent for all
finite sets R C G such that RG,, = R and G,, C R. In particular, if R C G is admissible, then || - ||z 0,0 and
Il - I, v,0,0 are equivalent.

Finally, suppose that R C G is an admissible neighborhood range of id. Analogously to the proof of
Theorem 3.28, we have Uiso,0,0 N Uper C ker(]| - [|g,0,0)- Since || - ||g < || - [|r,0,0, by Theorem 3.28 we have
ker (|| - [|#,0,0) € Uiso,0,0 N Uper- O

For the second seminorm to be discussed in this section we first slightly extend our notion of the #2 norm

[RPS
Definition 4.4. For all finite sets R C G we define the norm
[Nyt {u: @ — {v: R— R} | u is periodic} — [0, 00)

1 N e N
— (— u ) if w is 7 -periodic.
o 2 o) p
geCn

Theorem 4.5. Let R1,Re C G be finite generating sets of G such that R1Gy, = R1 and ReGs, = Ra. Then
the seminorms ||[Vg, - || and ||Vg, - || on Uper are equivalent and their kernel is Ugans N Uper-

Proof. First we show that the seminorms ||[Vg, - ||, and ||Vg, - ||, are equivalent. It suffices to show that
there exists a constant C' > 0 such that | Vg, - ||, < C||Vg, - [|5. Since Ry generates G, for every r € R; there
exist some n, € N and s;.1,...,8.,, € RoU Rz_l such that 7 = s,1...5.p,. Let u € Uper. Let N € My be
such that u is 7N -periodic. Then we have

[Vryull; = ‘C D V= ulg

geCn
2
o] 2 2 ILalgn) —a(a)l
gGCN reRy
2
|C | Z Z ZL (Sr1 - Sric1) (L(sr)U(g8r1 - Sri) — W(gSr1 - Spiz1))
N1 gecn rer, li=1
1 2
S C— Z Z <ZL 57‘1 gsr 1- Sr,i) - a(gsr,l s 5T7i—1)||>
geECN r€ER,
1 _
< Exl > HTZIIL S0 )U(gSr1 - - Sr0) — W(gSr1 - Srio1)||”

geECN reERy =1
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C . 2
< Cul >N IL(s)u(gs) — u(@)ll

geCN seER2

2
= C[[Vg,ully;

where C' =" o n2. In the fifth step we used that the arithmetic mean is lower or equal than the root mean
square. In the sixth step, if s, ; € Ro, we substituted gs,1...s,,-1 by g, and if s, ; € R;l, we substituted
gSr,1 .- Srji by g

Let R = R;. Now we show that ker(||Vg - [|5) = Usrans N Uper. It is clear that Usrans NUper C ker (|| Vg - ||5).
If u € ker(||Vg - ||5), then for all g € G we have

0= [[Vrugg., ully = |1L(g)u(g) — u(id)]l, (31)

where we used that the seminorms ||V - ||, and [|[Vrugg,, - ||, are equivalent. By (31) we have L(g)u(g) =
u(id) for all g € G and thus u € Ugpans. O

Remark 4.6. For all finite sets R C G such that RG,, = R we have || - |lgo0,0 < [V - ||y, but the semi-

norms | - ||g0,0 and ||V - || need not be equivalent since their kernels are not equal, see Theorem 4.3 and
Theorem 4.5.

Theorem 3.22 yields the following corollary.

Corollary 4.7. (A discrete Korn inequality for space groups) Suppose that G is a space group and R C G is
an admissible neighborhood range of id. Then the seminorms || - ||, || - [|r,0,0 and ||Vg - ||y are equivalent.

Proof. Under the assumptions made we have Uiot,0(R) = Uot,0,0(R) C Upans(R) and |- |lgv,o =
Il lr,v,00 =1|IVg - ||l5- With Theorem 3.32 and Theorem 4.3 the assertion follows. O

5. Two basic examples in real and Fourier space

We finally work out explicitly equivalent descriptions of the seminorms || - ||z and ||Vg - ||, (respectively,
Il - lr0,0) in terms of their Fourier transform for the two basic examples of atomic chains introduced in
Example 2.7: the simple one-dimensional atomic chain in R2? with dug = ds = di = 1 is considered in
Proposition 5.1, the atomic chain with non-trivial bond angles and d.g = 2, do = d; = 1 in Proposition 5.2.
While the seminorms || - ||g,0,0 and [|[Vg - ||, will be equivalent as d; = 1, in both examples we will see that
| - [lg and || - ||g,0,0 are not equivalent.

Proposition 5.1. Suppose that t = (Is,e2) € E(2), G = (t) < E(2), 70 =0 € R? and R C G is an admissible
neighborhood range of id, e.g. R = {id,t,t*}. Then the seminorms || - ||g0,0 and ||Vg - ||, are equivalent and
there exist constants C,c > 0 such that for all u € Upey we have

2 21~ 2 2
olIVrull; < D7 K IE0W)IT < Ol Vrull;
ke[0,1)NQ

and

2 4~ 2 PAPN 2 2
dulis ¥ (|k|1|u1<xk>| R[] ) < Cflull3
ke€[0,1)NQ

where |- |;: R — [0,00), k — dist(k,Z) is the distance to nearest integer function.
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Proof. As noted in Example 3.9, the set {id,¢,t?} is an admissible neighborhood range of id and by Theo-
rem 4.5 and Theorem 3.32 without loss of generality we let R = {id, ¢,t*}. Since Uyot,0,0(R) = {0}, we have
|l - ll®,v,0,0 = |V - ||, and thus the seminorms || - [|g,0,0 and ||Vg - ||, are equivalent by Theorem 4.3.
Remark 2.2 shows that G = {xx | k € [0,1)}, where x: G — C is given by y&(t") = 2™"* for all n € Z
with &k such that x(¢) = >™* and that & = {y, |k € [0,1) N Q}.
There is a constant ey € (0, 1) such that for all k € [0,1) and n € {1,2} we have

erlkl, < [e™?™* 1], (32)
crle” ™ — 1] < |k, (33)

and
er|e™ ™R 1 4 2mink| < |k[3. (34)

Indeed, this is clear on compact subintervals of (0,1) since [e=2™* — 1], k|, > 0 for k € (0,1) and it follows
from a Taylor expansion of k — e~2™"* in a neighborhood of {0,1}. For all u € Upe, we have

]

XEE

= 0wt 0w ~ ) x|

k€[0,1)NQ

ST Nl 1P [t (35)

k€[0,1)NQ n=1

2
IVrull

where we used Proposition 2.4 in the first step and Lemma 2.5 in the second step. Equations (32), (33) and
(35) imply the first assertion.

Now we show the second assertion. Let R' = {¢,#*}. By Proposition 3.7 the seminorms || - ||z and || - [z, v
are equivalent, i.e. there exist some constants C,c > 0 such that

el llg <l llxv < Cll - llg- (36)
We define the linear map

gr: Skew(2,C) — C2¥ /X

S — (S(h X — IO))hER"

For all u € Uper we have
ke 5 = i { || Vrr — grr o vll3 | v € Lys, (G, Skew(2,€)) }

¥ € P Skew(2, (C)}

XEE

= inf{ZHV/@(X) —gr 0 5(x)|”

XEE

3 inf{||%\u(x) — g (9)| ] Se Skew(Q,C)}

X€EE

= Z inf{” (Xk(h)flﬁ(xlg) —u(xk) — (2 _os)(h " To — IO))he'R’

ke[0,1)NQ

| 2

5€(C}
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2
S inf{zu(e—%ink_1>a(Xk>+nsely|2

k€[0,1)NQ n=1

seC}, (37)

where we used Proposition 2.4 in the second step and Lemma 2.5 in the fourth step.
It holds

gafs (im)zmia? (38)

i=1 i=1

forallm € N and ay,...,a, > 0.
We define the functions

2
f1:[0,1) x C?* x C = [0,00), (k,v,8) ZH(e_Q”ink —1)v+nsey| and
n=1

f2:[0,1) x C2 = [0, 00), (k,v) = K] + [K] va]-

By (36), (37) and (38) it suffices so show that there exist some constants C, ¢ > 0 such that for all (k,v) €
[0,1) x C? we have

cinf fi(k,v,s) < fa(k,v) < Cinf fi(k,v,s). (39)
seC seC
First we show the left inequality of (39). By (33) and (34) for all (k,v) € [0,1) x C? we have

inf fl(kava S) S fl(k,’l),27rik’t}1)
seC

<

B

<|e—27rink 14 27rink|\v1| 4 ’e_Qwink _ 1{|v2|>
1

fg(k,’l}).

o i

<

C

S

Now we show the right inequality of (39). Let (k,v,s) € [0,1) x C% x C. By (32) we have

filk,v,s) > ‘e_%ikvl — v + 8’ + %‘e_“ikvl — v + 28’
> %|2(e*2’rikv1 —v1+s)— (e*4”ikv1 — vy + 25)|
= Le=2mk 1%y
> S [Rf o] (40)
and
filk,v,8) > |e_2”ik — 1“1)2| > crlkl|y|val. (41)

By (40) and (41) we have

fl(k;U,S)Z %fQ(k,'U). O

Proposition 5.2. Suppose that t = ((701 2) e2) € E(2), G = (t) <E(2), z0=e1 € R and R C G is an

admissible neighborhood range of id, e.g. R = {t', ..., t*}. Then the seminorms || - |g0,0 and ||V - |, are
equivalent and there exist constants C,c > 0 such that for all u € Uper we have
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2 2|~ 2 21~ 2 2
Availis 3 (k= 40 + W0 ) < ClIVrl?
k€[0,1)NQ

and

2 4y~ 2 2 . ~ ~ 2 2
duli< Y (k—%1|u1<><k>| +|k1|2m<k—%>u1<xk>—u2<xk>\)scmnﬂ,
k€[0,1)NQ

where |- |;: R = [0,00), k > dist(k,Z) is the distance to nearest integer function.

Proof. As noted in Example 3.9, the set {t°,...,#3} is an admissible neighborhood range of id and by
Theorem 4.5 and Theorem 3.32 without loss of generality we let R = {t°,...,¢3}. Since Uyot,0,0(R) = {0},
we have || - ||z, v,0,0 = ||V - ||, and thus the seminorms || - || 0,0 and ||Vg - ||, are equivalent by Theorem 4.3.
As in the previous example we have € = {x |k € [0,1) N Q}, where x € G is given by Y (t") = e?mink
for all n € Z, cf. Remark 2.2. Since {k € [0,1) e~ "% =1} = {0}, {k € [0,1)|e™?"* = —1} = {1} and by
Taylor’s theorem, there exists a constant cr € (0,1) such that for all £ € [0,1) and n € {1,2,3} we have

crli < e 1. ()
erli = 4], < e 41, (4
CT|6727Tink _ 1| < |k|17 (44)
erle® — (-1)| < [k~ 4., 9)

and
eple ™M — (1) 4 (=1)"2xin(k — §)| < |k — 3] (46)

For all u € Uper we have

2
IVrull

S| Vzat0)|)?

xee

= 3 (0w ) — L0850 e’

ke[0,1)NQ

>3 - (58 a0

k€[0,1)NQ n=1

3
> (e = P [+ e = 1P ()|, (47)

ke€[0,1)NQ n=1

where we used Proposition 2.4 in the first step and Lemma 2.5 in the second step. Equations (42), (43),
(44), (45) and (47) imply the first assertion.

Now we show the second assertion. Let R’ = {t',¢?,t*}. By Proposition 3.7 the seminorms || - ||, and
|| - ll=,v are equivalent, i.e. there exist some constants C,c¢ > 0 such that

cll-llg <l llew < Cll - llg- (48)

We define the linear map
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g ¢ Skew(2,C) — C2¥ X

S (L(h)TS(h- 20— 20)), e

For all u € Uper we have

lulle 5 = i {]|Vr — grr o vll3 | v € Lz, (G, Skew(2,€)) }

e P Skew(2,(C)}

xX€eE

= inf{ZHV/@(x) —gr 0 5(x)|”

X€EE

> int{ [ Vet - gx (S)[|*| € Skew(2,C) |

xee
= > b ]| (e a0a) — L a0w) ~ LT (L) (o = 20)) e ||
k€[0,1)NQ €
3 ; n —1)"tlns 2
= Z inf{ZHeankﬁ(Xk) — (7)1 (i)) U(xw) — ((((711))n11)5> H s € (C}, (49)
k€[0,1)NQ n=1

where we used Proposition 2.4 in the second step and Lemma 2.5 in the fourth step.
It holds

ia?< (iai>2<nia? (50)

foralln € N and ay,...,a, > 0.
We define the functions

f1:[0,1) x C? x C — [0, 00)
3
—27ink —10\n (=1)"tins
(kv 8) = ZHQ v= (o) v (((—1)”—1>S)H
n=1
and

f2:0,1) x C? = [0, 00)

(k,v) = [k — 32 01| + |K]y 271k — $)v1 — val.

By (48), (49) and (50) it suffices so show that there exist some constants C,c > 0 such that for all (k,v) €
[0,1) x C? we have
cinf fi(k,v,s) < fa(k,v) < Cinf fi(k,v,s). (51)
seC seC

C.

First we show the right inequality of (51). Let ¢g > 0 be small enough, e.g. cg = %. Let (k,v,s) €
[0,1) x C2 x C. By (42) and (43) we have
filk,v,8) > |e_2”ikv1 + v — s‘ + %’e_‘mkvl — v, + 25‘
> %|2(e*2“ikvl +uv —8)+ e 4ky — oy + 25|
—27i 2
= %|e 2 k+1‘ |'U1|

c2 2
Flk = 3070l (52)

Y
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and
fl(k7 v, S) 2 Z |e_2ﬂink7}2 — V2 + 28|
ne{l1,3}
> ’efzﬂkvg — vy + 25 — (676“”"1}2 — U9 + 2$)|
— |e—27'rik + 1||e—27'rik: _ 1||U2|
> Gkl Ik — 2] val.
Case 1: k€ [0,1]U[2,1).
Since k € [0, 2] U [2,1), we have [k — 3|, > 1. By (52) and (53)

we have

fi(k,v,8) > crlk — %|?|U1| + merlvi| + crlk| |v2| > crfa(k,v),

where in the last step we used the triangle inequality.
Case 2: k € (,3).
Since k € (4, 3), we have |k|, > 1. By (42) and (46) we have

filk,v,8) > ’(e‘“ik — 1)vy +2s| + ‘(6_2”“€ — 1)vg + 25|
> ’(674’”]g — 1oy + 25 — ((e72™F — 1)uy + 23)’

_ |6727Tik _ 1||(6727‘rik¢ 4 1),01 o 'U2|

CTTKe—ZTrik + 1)1}1 o 7}2|

V

Y%

Y

By (52) and (54) we have fi(k,v,s) > crfa(k,v).

Now we show the left inequality of (51). Let C, > 0 be large enough, e.g. Cp, =

We have

ez 2mi(k — $)or — va| = L[k = .

L [2mi(k — §)or — vg| = Fle”>* 41— 2mi(k — §)|Jvi]

(54)

20, Let (k,v) € [0,1)xC2.

Falky0) > k| |k = 3], 271k — Dor —va| > [k| |k — L], lva] = 7|k — L [Z]on . (55)

By (55) and the definition of f5, we have

fa(k,v) > k| |k — 3], va.

inf f1(k,v,s) < f1(k,v,0)
seC

3

< 6|’l)1| + |’UQ| Z’e—Qﬂ'ink . 1’

n=1

3
= 6lvy| + |e*2”ik - 1“02\ Z
n=1

< 6Jor| + 2|k, Jvg]
< CLfQ(k>U)7

n—1
E 6727Timk
m=0
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where we used (44) in the second to last step and (56) in the last step.
Case 2: k € (1,3).
Since k € (1, 3), we have |k|, > 1. By (46) and (45) we have

inf fi(k,v,s) < fi(k,v,v2)
seC

NE

(I — (=1)")ur + (=) v + [e™27" — (=1)"us])

3
Il
-

M

( —2mink _ (=)™ + (=1)"2xin(k ||v1| + n|27r1 2)111 - 1)2|

+ Il
o

2k (1) Joy)
< & (k= 43 or] + 2mith — Syor — va] + [ = & o) (57)
By (56) and (57) we have
inf fi(k,v,5) < CLfa(k;v). O
Appendix A. Selected auxiliary results

For easy reference we collect a couple of auxiliary results in this appendix. It is well-known that commut-

ing orthogonal matrices are simultaneously quasidiagonalisable, see e.g. [22, Corollary 2.5.11(c), Theorem
2.5.15]:

Theorem A.1. Let S C O(n) be a nonempty commuting family of real orthogonal matrices. Then there
exist a real orthogonal matriz Q and a nonnegative integer q such that, for each A € S, QT AQ is a real
quasidiagonal matriz of the form

A(A)® R(O1(A)) @ -+ @ R(0,(4))

in which each A(A) = diag(£1,...,+1) € RO—20x(n=20) - R(g) = (9 —sinb)y 4o ype rotation matriz and
sinf cos@
each 0;(A) € [0,2m).

Let omin(M) and ||M|| denote the minimum singular value and the Frobenius norm of a matrix M,
respectively. We have the following singular value inequality, see Corollary 9.6.7 in [2].

Theorem A.2. Suppose A, B € C4*¢. Then
IAB|| 2 omin(A)[|B]| - and  [|AB|| = [|Allowmin (B).
Kronecker’s approximation theorem, see e.g. Corollary 2 on page 20 in [21], reads:

Theorem A.3. For each irrational number « the set of numbers {an reduced modulo 1|n € N} is dense in
the whole interval [0,1).

We also need the following minimax theorem of Turan on generalized power sums, see Theorem 11.1 on
page 126 in [39].
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Theorem A.4. Let by,..., by, 21,...,2, € C. If m is a nonnegative integer and the z; are restricted by

e Y

max;|z;|

then the inequality

Y= biz| 1(5)"‘1

v=m Lt S b g7 n\2
holds.

Finally, we include a short argument showing that the two seminorms ||tV - || L2(o) and IVILiso - ||L2(Q)
considered in the introduction are equivalent:

||Hrotvu||L2(Q) < | VHisoull 2 < C”Hrotvu”L?(Q) (A1)

for all u € H' (Q,Rd). The first inequality is clear. For the second, if Ilisou = u — A+ — ¢ and II,otVu =
Vu — A’, then Poincaré’s inequality gives |u — A- —¢| ;. < |lu—A"- =], < C||Vu — A’||,. for some
¢ € R% and hence ||(A'—A) - +¢' —¢|| ;2 < C||Vu—A'|;2, which implies |4’ — A|| < C||Vu— A’||;». Thus,
[Vu— Al 2 < [|A" = All 2 + [|[Vu = A| 2 < O Vu = A" ..
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