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Abstract

We consider the homogenisation of a coupled Stokes flow and advection-reaction—diffusion problem
in a perforated domain with an evolving microstructure of size €. Reactions at the boundaries of
the microscopic interfaces lead to the formation of a solid layer, which is assumed to be radially
symmetric with a variable, a priori unknown thickness. This results in a growth or shrinkage of the
solid phase and, thus, the domain evolution is not known a priori but induced by the advection—
reaction—diffusion process. The achievements of this work are the existence and uniqueness of a
weak microscopic solution and the rigorous derivation of an effective model for ¢ — 0, based on
e-uniform a priori estimates. As a result of the passage to the limit, the processes on the macroscale
are described by an advection—reaction—diffusion problem coupled to Darcy’s equation with effective
coefficients (porosity, diffusivity and permeability) depending on local cell problems. These local
problems are formulated on cells that depend on the macroscopic position and evolve in time. In
particular, the evolution of these cells depends on the macroscopic concentration. Thus, the cell
problems (respectively the effective coefficients) are coupled to the macroscopic unknowns and vice
versa, leading to a strongly coupled micro—macro model. Homogenisation results have been obtained
recently for the case of reactive—diffusive transport coupled with microscopic domain evolution, but
in the absence of advective transport. We extend these models by including the advective transport,
which is driven by the Stokes equations in the a priori unknown evolving pore domain.

Keywords: Homogenisation; free boundary; evolving microstructure; advection—reaction—diffusion pro-
cess; Stokes flow; two-scale convergence.

AMS Subject Classification: 35B27, 35K57, 35R35, 76M50, 76505, 80A19.

1 Introduction

Reaction—diffusion problems, coupled with adsorption—desorption effects and possibly with flow, are en-
countered as mathematical models for numerous real-world processes. With respect to the processes like
adsorption—desorption, which take place at the boundary of the domain and not inside, such problems
can be divided into two categories. Whenever adsorption—desorption effects have no or minimal impact
on the local geometry, the adsorbed species is modelled by an unknown defined at the boundary. This
leads to so-called fixed-domain models. Alternatively, the adsorption—desorption effects may lead to the
formation of a layer having a non-negligible thickness. This thickness is not known a priori, but depends
on the other unknowns of the model. Therefore, it may vary in time in an a priori unknown manner, and
the fluid—solid interface is a free boundary. In this case, one deals with evolving domains.

Additional challenges are encountered whenever these processes take place in a complex domain.
From an application point of view, one may consider a porous medium, consisting of many solid grains
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surrounded by voids (the pores). The flow, advective transport, reaction and diffusion take place inside the
pores, and adsorption and desorption at the grain boundaries/pore walls. At this scale, the (microscopic)
mathematical model is a coupled system with fluid flow and reaction—diffusion taking place in a complex,
perforated domain (the pore space) and ordinary differential equations defined at the grain surface.
Examples in this sense are related to mineral precipitation and dissolution[10, 65, 61], biofilm growth[59],
colloid deposition[22] and water diffusion into absorbent particles[25, 63].

An illustrative example of this phenomenon is precipitation and dissolution taking place in a porous
medium, where the void space is filled with a fluid, e.g. water. The dissolved chemical species can
be diffusively and advectively transported. These chemical species may react at the grain boundaries,
yielding a solid layer of e.g. salt, this being the precipitation process. Conversely, the reverse process of
dissolution is also possible, reducing the salt layer and releasing chemical species into the fluid.

The complexity of the domain limits the practical usage of the microscopic models. A natural step
is to approximate such models by homogenised ones, which provides the macroscopic behaviour of the
system. Extending the idea mentioned above to the case of complex media, two different types of models
can be identified: the microscopic domain is either fixed or evolving. In the former case, the adsorbed
species (e.g. the salt) is modelled by an unknown concentration defined at the (complex) boundary. In
the latter, the adsorbed species forms a (time-dependent) layer at the fluid—solid interface, leading to
microscopic free boundaries.

In this work, we address the latter case of a free boundary under the assumption that the (microscopic)
pore space is modelled by spherical obstacles, which are e-periodically distributed in the macroscopic
domain, with time-dependent local radii. The reactive transport and flow in the locally evolving pore
space is modelled by an advection—reaction—diffusion equation, where the advective transport velocity is
modelled by the Stokes equations. The radii of the obstacles grow or shrink according to a concentration-
dependent reaction rate at their interfaces.

Whereas the literature on the analysis and homogenisation for fixed-domain models is extremely
vast, the one devoted to evolving domains is rather limited and the rigorous upscaling of fully coupled
reactive transport in evolving porous media is still a challenging task. The locally different evolution of
the microstructure requires a transformation-based homogenisation approach, which reduces the problem
to an — albeit complex — fixed-domain problem. This approach is visualised for the geometry under
consideration in Figure 1. As the evolution occurs on the microscale, this introduces terms in the
(transformed) advection-reaction—diffusion equation and Stokes system to be upscaled with only weak
convergence properties, similar as with slow diffusion terms, which have been studied extensively for
fixed-domain problems.

Restricting the model to a radially symmetric growth or shrinkage of the microstructure in each pore
makes this detail of the problem one-dimensional, which gives just enough regularity to enhance the
convergence based on the a priori estimates and to allow the passage to the limit in the transformed
terms. Additionally, we restrict the reaction rate at the interface in a way avoiding clogging or complete
disappearance of the precipitate layer. While the latter is justified by physical assumptions (for example,
precipitation and dissolution take place at surfaces of solids), the assumption of no clogging is motivated
from a mathematical point of view, since otherwise we can only expect local-in-time solutions for the
model. After passing to the limit ¢ — 0 in the fixed configuration, the limit problem can be transformed
back to the original evolving situation leading to an advection—reaction—diffusion problem coupled to
Darcy’s equation with effective coefficients (porosity, diffusivity and permeability) depending on local
cell problems.

The highlights of the paper are as follows:

e Existence and uniqueness of a global-in-time weak solution for a coupled Stokes and advection—
reaction—diffusion system in an evolving microdomain

e Essential bounds for the concentration uniformly with respect to e

e General (strong) two-scale compactness results based on e-uniform a priori estimates associated to
problems in evolving microdomains

e Coupled Darcy and advection—reaction—diffusion system as the homogenised limit, with effective
coeflicients depending on cell solutions on evolving micro-cells
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Figure 1: Transformation-based homogenisation approach. The non-periodic microproblem is trans-
formed to a periodic substitute problem, for which the homogenisation limit can be taken. The resulting
substitute macroproblem is then transformed back. This approach is equivalent to the direct homogeni-
sation of the original non-periodic problem[70] but is simplified by the periodic geometry.

Literature overview After transformation we are dealing with reaction—diffusion-advection and Stokes
equations in fixed domains. Of course, the coefficients in these equations depend on the unknown of the
system which makes the problem highly nonlinear. However, several results from periodic homogenisa-
tion theory can be transferred to our problem so, in what follows, we mention some of them related to
our problem. In the case of a fixed domain, rigorous homogenisation results for reactive transport with
nonlinear interface and bulk terms are presented in Ref. [29, 27] and in Ref. [35, 20, 13, 47] for differ-
ent scalings of the interface terms. The homogenisation of non-linear models involving slowly diffusing
quantities (diffusion of order £2) are for instance considered in Ref. [7, 38, 55] and with (fast) diffusion
on internal boundaries in Ref. [32, 33, 34]. In Ref. [39], a precipitation—dissolution model involving a
multi-valued dissolution rate is homogenised. For the case of a fixed domain, rigorous homogenisation
results for Stokes flow are presented in Ref. [64, 2, 75, 4, 8], see also Ref. [73] for a more detailed overview.
Related (advection—) diffusion problems were homogenised rigorously in Ref. [19, 47, 46].

For the case of an evolving geometry, the moving boundaries are modelled in Ref. [65, 10, 58, 11, 61, 36,
12] (for dissolution and precipitation processes), Ref. [59, 60] (for biofilm formation), Ref. [57] (for colloid
dynamics) and Ref. [56] (for a general framework) by means of a level-set function or approximated by
phase-field approaches. However, the models are only upscaled formally by asymptotic two-scale expan-
sions. A convergence proof for a given evolving level-set function has recently been presented in Ref. [26].
On the other hand, the mathematically rigorous homogenisation of microscopic models defined in an
evolving geometry is extremely challenging and the literature on the subject is very scarce. In particular,
reactive transport and flow fully coupled to an evolving microstructure have not been considered before.
To cope with the evolving microstructure rigorously, one possibility is to transform the equations to a
fixed, periodic substitute domain and to pass to the limit there, as illustrated in Figure 1. This approach,
which we follow also in this article, was presented in Ref. [51] and applied for (advection—)reaction—
diffusion processes in Ref. [30, 52, 53, 54] and for an elasticity problem in Ref. [21]. The transformation
approach was used for the homogenisation of quasi-stationary Stokes flow in Ref. [72] and for instation-
ary Stokes flow in Ref. [73]. In the latter two works, a given generic microscopic domain evolution was
considered and the fluid velocity at the moving interface was given. In Ref. [70], the transformation
approach was justified by showing that the homogenisation process commutes with the transformation,
i.e. transforming the problem on a periodic reference domain, performing the homogenisation there and
transforming the problem back actually gives the homogenisation result for the original equation. More-
over, two-scale transformation rules for the homogenisation correctors are presented in Ref. [70] enabling
a two-scale back-transformation, which provides a completely transformation-independent homogenisa-
tion result. The transformation rules are extended for the Stokes problem in Ref. [72]. These results
on the homogenisation of problems with evolving microstructure by means of the transformation-based
approach are summarised and presented in more detail in Ref. [69].

In Ref. [31, 71], the homogenisation of reactive transport for a priori not given evolving microstruc-
ture, which depends on the unknowns itself, was considered. The geometrical setting is the same as



in the present work. More precisely, we assume that, around each grain, the microstructure evolution
is radially symmetric and the free boundary can be described locally by the (uniform) thickness of the
layer. However, we consider here additional advective transport, where the fluid velocity is modelled by
the Stokes equations. This requires not only the inclusion of the Stokes equations in a non-linear manner,
but we also have to deal with the new advective term in the advection—reaction—diffusion equation. Since
the coefficents of this advective term arise as solution of the Stokes equations, it provides low regularity
and complicates the homogenisation.

Content of the paper In what follows, let the time interval (0,7) be given by T > 0. The het-
erogeneous medium 2 < R™ (for n € {2,3,4}) consists of the e-scaled pore space €. which is obtained
by removing the solid grains from ). The centres of the grains are distributed periodically, where the
distance between two neighbouring centres is of order e and, thus, the pore space Q. (¢) depends on € and
the time ¢ for ¢ € [0,7]. In the pore space . (t), we consider an advection—reaction—diffusion equation
for the solute species u. and the Stokes equations for the fluid velocity v. and the fluid pressure p.. We
assume that the periodically distributed solid grains are spheres with different radii R. of the order of
the microscopic length scale e, which do not intersect. The grains evolve independently of each other and
we assume that the evolution is radially symmetric and, thus, well-described by the radii. The radii are
given as a solution of ordinary differential equations (ODEs), which depend on the solute concentration
on the surface of the grains and, therefore, on the unknowns of the system.

To establish existence of a microscopic solution and for deriving the macroscopic model, we transform
the problem onto a substitute domain which is periodic and constant with respect to time. Since the
evolution of the domain is coupled with the solution of the system, the transformation mapping depends
on the unknowns of the model and, thus, the resulting transformed equations become highly non-linear
with coefficients depending on the transformation. To show the existence and uniqueness of a weak
solution of the microscopic model (on the fixed domain Q.) we use Schéfer’s fixed-point theorem, where
we construct the fixed-point operator as the composition of the following three operators. The first
provides the domain evolution for given concentration (solves the ODE for R.), the second provides a
solution of the Stokes equation for given domain evolution, and the third operator gives the solution of
the nonlinear advection—reaction—diffusion equation for given fluid flow and domain evolution. In order
to obtain the continuity of these operators, a very subtle choice for the corresponding spaces is required.
Moreover, the uniqueness of the solution for the full microscopic problem is obtained by energy methods,
which require additional Lipschitz continuity for the operators.

To pass to the limit € — 0 and derive the macroscopic model, we use the concept of two-scale conver-
gence, respectively the unfolding method. In order to deal with the nonlinear terms, we need the strong
two-scale convergence. In particular, we require such strong compactness results for the concentration
ue and the nonlinear coefficients arising from the domain transformation. These coefficients depend on
the transformation mapping, and since the evolution of the microscopic domain can be described by the
radii R, the strong two-scale convergence of the coefficients can be reduced to the strong (two-scale)
convergence of R.. Let us point out a crucial difficulty in the derivation of the strong two-scale conver-
gence of u.. Due to the nonlinear structure of the problem, we are not able to obtain e-uniform a priori
bounds for the time derivative diu., which together with an L?-energy bound for u. and its gradient
would guarantee the strong two-scale convergence of u., see Ref. [28, 46]. In our case, we only obtain an
e-uniform bound for 0;(J.u.), where J. denotes the Jacobi-determinant of the transformation mapping.
Now, for the strong convergence of u., the idea is to use a Kolmogorov—Simon-type compactness result,
for which we have to control shifts with respect to space and time, and for the latter we use the bound
on 0¢(Jeue). Such a result was already obtained in Ref. [31]. In this paper, we present a similar strong
two-scale compactness result with a simplified proof and under weaker a priori bounds. We point out
that in Ref. [71] the strong convergence of . for the pure reaction—diffusion was obtained by showing an
estimate for the time-shifts directly from the weak variational equation. We emphasise that, in contrast
to the results in Ref. [31, 71], due to the additional advective term in our microscopic problem, we need
an e-uniform essential bound for the concentration u. in order to control the time derivative d;(Jeu.). In
view of the application, this essential boundedness is natural.

For the strong convergence of the radii R., the standard Kolmogorov compactness theorem is applied.
For this, we use the e-uniform energy bounds for u. and its gradient, and that R. depends Lipschitz-
continuously on u.. Such a result (for the same a priori estimates) was also obtained in Ref. [31], but



under slightly stronger assumptions on the initial value for R.. In Ref. [71], the strong convergence was
obtained by comparing the microscopic ODE for R, with the (expected) macroscopic ODE. For this, the
strong convergence of u. was necessary. We emphasise that, in our approach, this strong convergence
is necessary only to identify the limit problem for the macroscopic radii, and not to obtain the strong
convergence of R.. With the strong two-scale convergence of the coefficients and of the concentration
ue, and the weak two-scale convergence of the fluid velocity v., we are able to pass to the limit in the
microscopic reaction—advection—diffusion equation. Finally, to obtain the full macromodel, we have to
derive Darcy’s law for the Stokes system with the pulled-back coefficients. For the latter, again using the
strong convergence of R., we obtain the strong two-scale convergence, and therefore we can pass to the
limit ¢ — 0. We mention that a similar homogenisation result was obtained in Ref. [72], but for an a priori
known evolving microstructure. However, in the present paper, we use a slightly different technique. In
fact, for the derivation of the so-called two-pressure Stokes problem (with pulled-back coefficients), we
use a two-pressure decomposition as in Ref. [5]. Further, we first formulate the Darcy law with its cell
problems on the fixed reference elements, and finally transform it back to the evolving reference element.

The resulting effective equations consist of a homogenised advection—reaction—diffusion equation de-
scribing the species transport, an ODE (depending on the macroscopic variable in the sense of a pa-
rameter) describing the local reference cell evolution and a Darcy law for evolving microstructure. The
porosity as well as the effective diffusivity and permeability can be obtained by means of the solutions
of cell problems, which take the local microstructure into account. Since we perform the homogenisation
on the fixed microscopic domain 2. with the pulled-back coefficients depending on the chosen transfor-
mation, we obtain, in a first step, cell problems on a fixed reference cell with coefficients depending on
a local transformation. By transforming these equations to the actual local space- and time-dependent
cell domain, we obtain a completely transformation-independent homogenisation result. In particular,
the cell problems and the effective coefficients depend on the macroscopic quantities via the local cell
geometry. This leads to a strongly coupled micro—macro system.

The paper is organised as follows: In Section 2, we present the microscopic model on the evolving
domain €. (t) and transform it onto the fixed substitute domain .. In Section 3, we formulate the
macroscopic model and state the main results of the paper. The proof of existence and uniqueness of
a microscopic solution are given in Section 4. Afterwards, we derive in Section 5 the e-uniform a pri-
ori estimates, which form the basis for the compactness results necessary to pass to the limit ¢ — 0.
These compactness results are given in Section 6, where we also derive the macroscopic model with the
effective coefficients depending on cell problems formulated on fixed reference elements and with coeffi-
cients depending on the transformation. Moreover, we transform the effective diffusivity, Darcy velocity
and permeability on the space- and time-dependent cells, which yields a transformation-independent
homogenisation result. In A, we discuss the properties of the transformation and, in B, we state some
further technical auxiliary results. In C, we give a brief introduction to two-scale convergence and to the
unfolding operator, and state some basic properties.

Basic notations Let < R” be open and f : Q — R™*! for n,m,l € N. We denote the derivative
of f by df. Specifically for I = 1 (f: Q — R™), we identify df with its Jacobian matrix given by
(0f(%))ij = Ou, fi(x) = 0;fi(x) for i = 1,...,n, and j = 1,...,m. Further, we define the gradient
of f: Q@ — R™ as the transpose of the Jacobian matrix, Vf = df'". For a matrix-valued function
A: Q — R™"™ we define its divergence V- A: Q - R" fori =1,...,n by

[V . A]z = Z 8jAji.
j=1

Thus, the operator V- applies to the columns of A. In particular, for a vector field v : Q@ — R™, we
define the Laplace operator by Av =V - (Vv) = (V- (Vu;))P ;. With ¢ : Q@ — R, we have the following
identities which will be used frequently throughout the paper:
V- (Av) =[V-A]l-v+ A: Vo, (1)
V. (¢pA) = ¢V A+ ATV, (2)

with the Frobenius product B : C := tr(BTC) = > ._, B;;C;; for B,C € R™*™.

i,j=1



Now, let ¢ : (0,T) x © — < R™ such that ¢(¢,-) is a diffcomorphism from Q to €. We define
its Jacobian determinant J := det(V4)) and write A(z) == J(z) (d¢(x))"" for x € Q. Then, the Piola
identity (see Ref. [44])

V-A=0 (3)

holds. Together with the Jacobi formula, ¢; det B = tr(adj(B)d;B) for the derivative of the determinant
of a matrix-valued function ¢t — B(t), we get for V = Ad)

o J =V -V. (4)

Let n,d € N, then for @ < R" a bounded Lipschitz domain, we denote by LP(Q)¢, WP(Q)? the
standard Lebesgue and Sobolev spaces with p € [1,00]. In particular, for p = 2, we write H'(Q)? :=
Wh2(Q)?. With S a subset of 09, we let HL(2) denote the H'(£2) functions vanishing on S (in the sense
of traces). For the norms, we omit the upper index d, for example we write || - | .»(q) instead of |- | L»(q)a-
For a separable Banach space X and p € [1,0], we denote the usual Bochner spaces by LP(£2, X) or
L?((0,T),X) when time is involved. For the dual space of X, we use the notation X’. Further, we
consider the following periodic function spaces. Let Y := (0,1)™ be the unit cell in R™, then C2 (V) is

per

the space of smooth functions on R", which are Y-periodic, and W 2(Y) is the closure of C3%,(Y) with
respect to the norm on W'?(Y). Again, we use the notation H}. (Y) := W22(Y). Finally, for a subset

Y* c Y with 0Y < 0Y*, we denote by H!. (Y*) the space of functions from H} (V) restricted to Y*.

per per

2 The microscopic model

In this section, we introduce the microscopic model, which is at first formulated on a time-dependent
evolving microscopic domain €. (t). More precisely, the transport and fluid equations are formulated
in the current configuration (Eulerian coordinates) 2.(t). The heterogeneous domain €.(t) is given
as a rectangle periodically perforated by solid grains of spherical shape, where the radii of the solids
differ and change in time, and are described by R.(t,z). The evolution of the radii depends on the
(local) concentration at the surface of the grains. As a first step of our approach, we then transform
the model to a fixed (time-independent) domain with periodically distributed solid grains of identical
radii (Lagrangian coordinates), which corresponds to the microscopic transformation illustrated on the
left-hand side of Figure 1.

2.1 The microscopic model in the evolving domain

Let T > 0 and, for n € {2, 3,4}, we consider a rectangle Q = (a,b) c R" with a,b € Z™ and a; < b; for all
i€ {l1,...,n} and we write [z] for the (component-wise) integer part of z € Q and {z} := = — [z]. Further,
let € > 0 be a sequence tending to zero such that =1 € N. We denote the unit cube by Y := (0,1)" and
we define

K.:={keZ" : e(k+Y)cQ}.

We describe by R, the radii of the solid grains in the evolving microdomain, where the evolution of R,
is given by the ordinary differential equation (6e) below. More precisely, let Rpyin and Ryax be constants
such that 0 < Ruyin < Rmax < 0.5 and let R, : (0,7) x Q — [ Rmin, € Rmax| be constant on every microcell
e(Y + k) with k € K.. We define the evolving microdomain Q.(t) by

Q(t) = O\ | Br.x(b),
keK.

where

BRE,k(t) = BRE(t,z) (E(m + k))

with x € e(k +Y) and m the center of the cube Y. Further, we denote the evolving surface of the solid
grains by

T (t) :== 0Q(t)\oN, T, (t,z) := 0Bg, x(t) forzee(k+Y).
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Figure 2: Visualisation of the e-scaled geometry €. (t) for some fixed time ¢. Note that the domain € is
not a rectangle in this illustration; in the analysis, this assumption is only made to avoid further technical
notations in the definition of the microscopic geometry and can be relaxed. The essential assumption is
that the whole domain 2 is covered by micro-cells of the form (Y + k).

A schematic visualization of () is given in Fig. 2. The non-cylindrical domains are now given by
QF == |J Wx2@ and HI'= (] {t} xT(0). (5)
te(0,T) te(0,T)

Finally, we let v, denote the unit normal of I'c(¢) pointing out of Q. (¢).
We consider the following microscopic problem:

Problem P.. Find u., R, p: : QET — R and v, : QET — R"™ such that u. solves the transport equation

drue — V- (DVue —veue) = f(ue) in Q7 (6a)
—(DVue —voue) - ve = =0y Reue + peg(ue, e~ Re) on H, (6b)

ue =0 on (0,T) x 09, (6¢)

u.(0) = u™ in ©2:(0), (6d)

the radii R, of the balls in the microcells solve the ODE

e

= ue(t, 2 Ls(t,z) o in QT e
atRE—e]i(t’E[g]y)g( ) )d ) Qr, (6¢)
R.(0) = R™™ in Q.(0), (6f)

and the fluid velocity v. and the fluid pressure p. are solutions of the Stokes problem

eV (e(v2)) + Ve = he in Q7 (62)
Vv =0 in Q7 (6h)

Ve = —0rReVe on HET (61)

(—e?e(ve) + pI) v = pyv on (0,7) x 09, (6)

with the symmetric part of the gradient
1 T
e(ve) = 3 (Vo + Vo?).

This system describes advection, reaction and diffusion of the concentration wu. in the pore fluid having
velocity ve and pressure p., where f describes bulk reaction rate and g the adsorption/desorption rate
at the mineral layer surface. The evolution of the microstructure is encoded in the evolution of the solid
grain radii R.. Moreover, initial data are denoted by a superscript “in” and py, is the exterior pressure.
Details on the data, the corresponding assumptions and their implications are discussed at the end of
Section 2.3, in Assumptions (Al) — (A7) in particular. E.g. Assumption (Al) on g ensures that clogging
of the pores cannot occur.



Observe that the speed |v.| in (6i) equals |d¢R.|, which is analogous to assuming that the molar
density of the solid mineral layer is negligible when dissolved in the fluid phase. In particular, the free
boundary and the fluid move with the same velocity. We refer to Ref. [50, 66] for details. Further, by
assuming that the growth is radially symmetric, mass conservation only holds in an averaged sense. More
precisely, the mass is conserved at the level of every cell but not pointwisely, as 0;R. is defined in (6e)
as the average of the total effect of the surface reaction over the grain. Therefore, (6b) and (6e) can be
interpreted as a cell-averaged Rankine-Hugoniot condition.

Furthermore, note that we have chosen the viscosity in the Stokes problem equal to % for sake of shorter
notation. Since the model considered here is dimensionless, this is not a restriction but the result of the
choice of the scaling. We emphasise that the physically relevant cases are n = 2 and n = 3. However,
since our results are also valid for n = 4, we also include this case. In fact, from a mathematical point
of view, the advective term in the weak formulation turns out to be well-defined owing the continuous
embedding from H' into L* for n < 4.

2.2 Microscopic problem on the fixed domain

We reformulate Problem P, on an in-time cylindrical and e-periodic domain by transforming (6) via a
family of diffeomorphisms ¥.(t,-) : Q. — Q.(t) for a periodic reference domain .. The domain . is
given by a reference radius, which we choose to be equal Ry, via

QO = O\ | Beppu (e(m+E). (7)
keK.

We construct 1. explicitly by the corresponding displacement mapping 1\/;5 (t,z) = ¥ (t,x) —x. Therefore,
we construct the following generic displacement in the reference cell similarly to Ref. [31]: let x €
C*([0,00);[0,1]) be monotonically decreasing with x(s) = 1 for s < Rmax and x(s) = 0 for s >
(Rmax + 0.5)/2, then

(R y) = (R = Ran) 222y — ).
Then, the mapping
y = P(Riy) =y +9(Riy) =y + (R — Runax) Py X(ly — m]), 8)

is a diffeomorphism from Yz onto Y7 for every R € [Rmin, Rmax], where Y7 := (0,1)"\Bg,,,, (m) for
R € [Rumin, Rmax] and Y* := Yj{max.
By e-scaling the generic displacement, we obtain

Gelt, ) = e (e Re(t, ); {£}) 9)

for R.(t,-) constant on £(k + Y*). We note that v is zero in a neighbourhood of the boundary of Y

and, thus, ¥ is also smooth at the cell interfaces e(k + YY) for k € K., even though R.(t,x) and {Z}
contain jumps at the interface of the cells. From the e-scaled displacements, we obtain the e-scaled
diffeomorphisms

Ve(t,x) =z + e (67 Re(t,2); {£}) . (10)

We use the following notation for the Jacobians of 1., its adjugate and the transformed diffusion
coefficient:

F. = 0. = Vi, (11)
J. = det(F.), (12)
As = JaFgl) (13)
D.=J.F-'DFET. (14)



Having such a well-posed mapping between the radii R, and the domain transformation . at hand,
the microscopic model in the fixed domain reads as follows:
Reaction—diffusion—advection equation:

O¢(Jeue) — V- (DeVue — ucAc(ve — Optbe)) = Je f (ue) in (0,7) x Q.,
—(D.Vu, —ucA:(ve — 0tpe)) - v = eJepg(ue,e *R.)  on (0,T) x T, (15a)
ue. =0 on (0,T) x 09, °
u:(0) = ul” in Q..
Evolution of the radii:
O:R. = 5][ g (us(t,z), Rg(t,z)> do, in (0,7) x Q, (15b)
re(s[£],) ¢
R.(0) = R in Q, (15¢)
with T'; (2) := eI’ + z for z € R™.
Stokes equations:
—e2V-(Acec(v.)) + Al Vp. = J.h. in (0,7) x Q,
V- (Awv:) =0 in (0,7) x Qc,
(15d)
ve = —0iRv on (0,7) x I,
(—e%ec(ve) +pI) Alv =prbAlv on (0,T) x 09,
where
ee(v) i % (F~TVo + VoTEY). (16)
Remark 2.1.

(i) With the Piola identity (3), the divergence equation for the Stokes system can be written as

A : V. =V - (Av.) =0.

(ii) The boundary condition for the fluid velocity v. on T can be expressed as

—0iR.v = 041), on (0,T) x T..

(iii) Since 1 (t,x) = x in a neighbourhood of S, we obtain for the stress boundary condition for the
fluid
(—526(1)5) +p€I) V= pyv on 0€).

However, in what follows, we also use the transformed stress boundary condition including .,
which also covers more general geometries. For example, in Ref. [72] an a priori known evolving
microscopic domain was considered with perforations intersecting the outer boundary 0. In this
case, one has to consider py, o ..

(iv) From (4), we obtain

V- (Asws) =-V- (Asatwg) = *ath.

In order to formulate the Stokes equations as a problem with a no-slip condition on I'z, we subtract
the Dirichlet boundary values —0; R.v = 041, from the solution v.. More precisely, we consider w, :=



Ve — 04, and further subtract the normal stress boundary values from the pressure p.. With g. := p. —pyp,
we get the following Stokes system (we use again 1. (¢,z) = x in a neighborhood of 0Q):

—2V-(Acec(we)) + Al Vg = Johe + €2 V-(Ace(000.)) — Al Vp,  in (0,T) x Q,
V- (Acwe) = =V - (Ac0n)e) in (0,7) x Qe, 17
we =0 on (0,7) x I',, (17)

(—2ec(we) +q.I) Alv =0 on (0,T) x 0.

2.3 The weak formulation

The following weak form of (15) with subtracted Dirichlet boundary values for the velocity is derived
classically by multiplication with test functions and integration (by parts):

Definition 2.2. We call (uc, R, we, q:) a weak solution of the micromodel (15a)—(15¢) and (17) if
us € L*((0,T), Hio(Q:))  with &y(Joue) € L*((0,T), Hyo(2)"),
R. e WH((0,T), L*(Q.)) n L®((0,T) x Q.)  with ;R € L°((0,T) x ),
we € L*((0,T), Hy, (Q2:)"),
¢- € L*((0,T), L*(2:)),
such that, for every ¢. € H)o (), there holds almost everywhere in (0,T)

<at(¢]€u5)7 ¢E>H{%Q(QE)/7H{%Q(QE) + f [DEVUE - uEAswg] . VQSE dx
Qe
(18a)
= f Jsf(u€)¢6dx - pf JEEg(uaa5_1R6)¢e do
Qe T

and there holds almost everywhere in (0,T) that
R.(t, ‘
atRe = 5f g (ue(tvz)a (Z)> daz m (OaT) x Qs- (].gb)
FE(E[%]Y) <

Moreover, for all n. € H%E (Q.)™, there holds almost everywhere in (0,T)

EQJ Jses(wa) €e(ﬁs)d$—f ( 5775)
0 (18c¢)
= —€2J Jeec(0phe) : ec(ne) dx—i—J. Jehe -1 dx—f ATVpb 7. do,
Qe

and, almost everywhere in (0,T) x Q., we have

V- (Acwe) = —0¢Je. (18d)
Further, we require the initial condition (u., R.)(0) = (ul®, RI®).
Remark 2.3.

(i) The initial condition for u. makes sense since the regularity of uc, J., and 0:(J-ue) imply u. €
CY([0,T], L*(Q2)). In fact, as a consequence of the product rule, we obtain dyu. € L*((0,T), H3(Q:)),
which implies the continuity of u. as a mapping from [0,T] to L*(Q.). However, in the context of
homogenisation, it is typically not appropriate to work with dyu. since this function usually does
not fulfill a uniform a priori bound with respect to €.

(i) From the transformation of surface integrals, see for example Theorem 1.7-1 in Ref. [15], we first
obtain a boundary term of the form

—pf J€5|V1/J;Tu|g(u€, e 'R.)odo
Ie

n (18a). Howewver, in our case, we have |Vy=Tv| =1 owing to the choice of the transformation in
(10). For more details, we refer to Appendiz A of Ref. [31].
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(iii)

(i)

(v)

For the derivation of a priori estimates for the microscopic solutions, it might be helpful to consider
a time-integrated version of the transport equation (18a) and choose time-dependent test functions
@< (t,z). However, under the reqularity assumptions in Definition 2.2, u. is not an admissible test
function since the advective term is not well-defined. In fact, the Hélder inequality is not applicable
owing to low reqularity with respect to the time variable. In the existence proof, where we work
with the Galerkin method and, therefore, with more regular approximations, this causes no problems
since the advective term cancels out after an integration by parts (where we have to use the boundary
and divergence conditions for ue and we ), see equation (46) in the proof of the a priori estimates.

To keep the notation of the weak solution simpler, we only require enough reqularity such that the
variational equations are well-defined (pointwisely in time). We will show, see Lemma 5.1 and 5.3,
that the microscopic solution is in fact more reqular. More precisely, we additionally have

ue € L*((0,T) x Q),
we € L*((0,T), Hy (Q)"),

(
¢= € L*((0,7), L*(Q)).

Note that the transformation of Problem P. would yield h.(t,x) = h(t,¥.(t,x)). For sake of sim-
plicity, we assume that he is a given sequence and we neglect its dependence on the transformation
Ye. We also assume that f. does not depend explicitly on t and x. In this, way we can keep
the notation simpler and the focus on the relevant aspects of the paper. Of course, more general
assumptions are possible and the following analysis also holds for h.(t,x) = h(t,¢¥(t,x)), where
he L*((0,T),C%(8)). Thereby, the Lipschitz reqularity with respect to §2 is only necessary for the
proof of Lemma 4.4. The two-scale convergence of h(t,v.(t,x)) — h(t,z) was shown in Theorem
3.8 of Ref. [70]. One can argue analogously for f.

In what follows, we summarise the assumptions on the data, for which we use the notion of two-scale
convergence, the definition of which can be found in C.
Assumptions on the data:

(A1)

(A3)

We assume that g € C%!(R?) is bounded. More precisely, there exists a constant Cy > 0 such that
9] < Cy, (19)

and a constant L, € R such that for every ui,u2,r1,72 € R the Lipschitz estimate
|lg(u1,m1) — g(u2,m2)| < Lg(Jur — ua| + |r1 —72) (20)

holds. Moreover, we assume that

for u € R in order to ensure that the radii do not become too small or too large, i.e. the obstacles
do not vanish or touch each other (or the boundary of Y).

For the microscopic initial data ul € L°(€.), a C > 0 exists such that
[u ooy < C
uniformly with respect to . Further, there exists u'™ € L?(Q2) such that ui® n 220

The initial radii RI* € L* () are constant on every cell (Y +k), k € K. Furthermore, there exist
Ruin, Rmax € R, 0 < Rjin < Rmax < %, such that almost everywhere in 2

ERmin < R,lgn < ERmax-
We also assume that

e!RM 5 RN in L2(Q).

11



(A4) For the reaction rate in the transport equation, we assume f € C%!(R). In particular, there holds
the following growth condition:

|fu)] < C(1+ [ul) (23)
for a constant C > 0 and for all u € R.

(A5) For the force term in the Stokes equations, we assume h. € L*((0,T), L?(2.))" and h. 222, p,
with hg € L*((0,T), L?(2))" for all p € [1, ).

(A6) For the external pressure, we assume p, € L©((0,7), Hz(02)). In particular, there exists an
extension (for which we use the same symbol) py, € L*((0,7T), H(9)).

(A7) The diffusion coefficient D € R™*" is symmetric and positive definite.

Typically, the rates used in the modelling of adsorption/desorption processes are Lipschitz continuous
and bounded, which is motivated by (multi-) enzyme kinetics like the Michaelis—Menten kinetics. The
assumption in (21) is natural when considering salt dissolution and precipitation or biofilm growth in
a porous medium. For example, in the former case (21) is analogous to saying that dissolution cannot
happen in the absence of a salt layer along the grains (see e.g. Ref. [65, 66]). Furthermore, (22) can
be justified if additional effects are taken into account. Referring to the same application, if the salt
layers along two neighbouring grains grow too close to each other, this narrowing of the space occupied
by the fluid typically gives rise to very high velocities and, consequently, to high shearing stresses at the
salt boundaries, as well as to an increased local fluid pressure. The former can lead to salt detachment,
while the latter to increased dissolution effects. However, such effects are not included explicitly in our
model but are implicitly taken into account by (22), which, from a mathematical point of view, we use
to guarantee the global existence in time. Geometrically, (21) and (22) allow the microscopic geometry
to evolve locally without changing its topology.

3 Main results and macroscopic model

Let us summarise the main results of the paper in two theorems, which will be proved in the subsequent
sections. The first is the existence and uniqueness of a weak microscopic solution of the problem (15)
with subtracted Dirichlet boundary values for the velocity:

Theorem 3.1. There exists a unique weak solution of the microscopic problem (15a)—(15¢) and (17) in
the sense of Definition 2.2.

In a second step, we show suitable compactness results for the microscopic solutions and pass to
the limit ¢ — 0. We show that the limit functions are a weak solution of a macroscopic model with
homogenised coefficients defined as follows. The triple (ug, Ro,po) with the macroscopic concentration
up : (0,T) xQ — R, the macroscopic function of local radii Rg : (0,7) x Q — [Rmin, Rmax], and the Darcy
pressure po : (0,7) x Q@ — R solves the following problem: We define the evolving reference element and
surface

Y*(tvx) = Ylgo(f,,x) = Y\BRo(t,w) (m)v F(tvx) = aBRo(t,J;) (m)a (24)
which allows to define the porosity 6 via
O(t,x) == |Y*(t,x)|. (25)

Between the porosity 6 and the specific surface I'(¢, z), we have the relation 0;0(¢, z) = |I'(¢, z)|0; Ro. The
transport equation describing the evolution of ug is given by

0t(Oug) — V - (D*Vug — ugv™) = 0f (ug) + 0:0p in (0,7) x Q, (26a)
ug =0 on (0,T) x 09, (26D)
(Bup) (0) = o™ in Q, (26¢)
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with the homogenised diffusion coefficient D* : (0,7) x Q — R™*™ defined in (84) respectively (88),
and the Darcy velocity v* : (0,T) x  — R™ given in (26h). The evolution of the local radii in every
macroscopic point, Ry, satisfies

Ot Ry = g(uo, Ro) in (0,T) x Q, (26d)
Ro(0) = R™ in Q, (26e)
and the Darcy pressure pg : (0,7) x Q — R is given by
—V - (K*(ho — Vpp)) = —0,0 in (0,7) x Q, (26f)
Po = Db o1 (OaT) X aQa (26g)

with the permeability tensor K* : (0,7) x @ — R™*"™ defined in (80) respectively (86). We emphasise
that the following relation between the Darcy velocity v* and the Darcy pressure pg holds:

’U>X< =K* (ho — vpo). (26h)

We note that, in our special situation where the evolving reference elements are perforated with balls,
the homogenised diffusion coefficient D* and the permeability tensor K* are in fact scalar-valued, see
Lemma B.2 in the appendix.

A weak solution of the macroscopic model (26) is defined as follows:

Definition 3.2. We call (ug, Ro,po) a weak solution of the macroscopic model (26) if
ug € L2((0,T), H3(Q))  with 8,(6uo) € L*((0,T), Hy ()",
Ro e Wh((0,T), L*(Q)) n L*((0,T) x Q)  with 6;Ry € L*((0,T) x Q),
po—py € L*((0,7), Hy (2)),

with (Oug)(0) = 0™ui™ (see Remark 3.8) for 6 given by (25) such that the following variational equations
are fulfilled almost everywhere in (0,T): For all ¢ € H} (), we have
(OuBua), iz ey myen + [ [D* V0 — e Voda = [ (65 +a8p)0 (27)
Q Q

while for all € € H}(Q), we have

J K*(h—Vpo) - V&dr = J —0,0¢ dx.
Q Q
Furthermore,
drRo = g(uo, Ro) (28)

almost everywhere in (0,T).

Remark 3.3. We immediately obtain that a weak solution in the sense of Definition 3.2 fulfills Qugy €
C°([0,T], L3(Q)) and, therefore, the initial condition (0ug)(0) = 0u'™ makes sense. For R € H(Q),
the spatial reqularity of ug and R can be transfered onto the ODE (15b) and we obtain Ry € C([0,T]; H*(Q)n
L*®(2)) and, thus, 6,01 € C([0,T]; H*(2) n L¥()). Moreover, the uniform L*((0,T) x Q)-bound of

ue yields ug € L2((0,T) x Q) and, thus, V(0ug) = VOug+0Vug € L*((0,T) x ). Then, we can conclude
Oug € C([0,T]; L2(2)) and, thus, ug = 0~ 0ug € C([0,T]; L*(?)). Then, the initial condition (26¢) can

be replaced by up(0) = u'™.

The second main result of the paper is the convergence of the microscopic solutions to solutions of
the macroscopic model just introduced.

Theorem 3.4. Let (uc, we,pe, Re) be the unique weak solution of the microscopic problem (15). Then, up
to a subsequence, these sequences converge to the limit functions (ug, wo, po, Ro) in the sense of Proposition
6.3, which is a weak solution of the macroscopic model (26) in the sense of Definition 3.2.
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4 Existence and uniqueness of the microscopic model

In this section, we show the existence and uniqueness of the weak solution (ue, we, pe, Re) of the micro-
scopic model (18a)—(18c). For the existence result, we employ a fixed-point argument. Thereby, we show
not only the continuity of the operator, which is necessary for the existence of a solution, but also its
Lipschitz continuity. Thus, we can conclude the uniqueness of the fixed point and, thereby, the uniqueness
of the solution of (18a)—(18c). To control the coordinate transformation, we use results from A and to
derive the Lipschitz continuity of the solution of the Stokes equations, we use an abstract result on the
continuity of saddle-point problems given in B.

4.1 Construction of the fixed-point operator and its properties

In order to show the existence of a weak solution of the microscopic model (15) in the sense of Def-
inition 2.2, we apply a fixed-point argument as follows. For (§ € (%7 1), we define the operator Fi :
L2((0,7), H?(Q:)) — L((0,T) x Q.) n H((0,T), L*(Q:)) by Fi(i.) :== R., where R. solves the prob-

lem
OiR. = ¢ g U z 78(75’ ) do in (0,7) x Q 29a
tdle ][E(E[:] ) ( E(t7 )7 > z ( ’ ) ) ( )

R.(0) = R in Q.. (29b)
In Lemma 4.1, we will see that the operator is well-defined. In particular, R. is constant on every
microcell e(Y* + k) for k € K. and the assumptions on g ensure that the values of R, are in [Rmin, Rmax]
and its time derivative is essentially bounded.
For the linearisation of the Stokes problem, we first introduce the set
Ye = {R. € L*((0,T) x Q) n H'((0,T),L*()) :
|0t Re || oo 0,1y x2.) < €Cyy Re|e(y# 1) constant for every k e K., (30)
e 'R.(t,z) € [Rumin, Rmax] for almost every (¢, z) € (0,T) x Q. }.
Note that solutions of (29) are actually elements of Y. as shown in Lemma 4.1 below. Now, we define
Fy:Ye — L*((0,T); Hp_(Q:)™) as the solution of the linearised Stokes problem, i.e. F»(R.) := we, where
(we,qe) € L2((0,T); HE_(2)™) x L*((0,T); L*(€2)) is the unique weak solution of

—e2 V(A (w.)) + ATVq. = Johe + 2 V-(6-(0be)) — AT Vpy,  in (0,T) x Q.,
V- (Aewe) = =V - (A0ude) in (0,7) x 0, (31)

we =0 on (0,7) x T,

(—e?Ec(we) + q=1) Alv=0 on (0,7) x 09,

where €., ﬁe, 1?’5, jg and iAzE are defined in the same way as e, A, F.,J. and h. but with ﬁ’,g instead of R,.
We emphasise that the operator is well-defined since R. is constant on every micro-cell and, therefore,
the trace of 0;R. on I'. exists and is an element of L*((0,T) x I';). Moreover, we note that the velocity
fields which solve (31) are elements of Z., where

Z, = {’LUs € Lz((O,T), H%E (Qs)")) : V- (As(wg + (Mbs)) =0, HWEHLW((O,T);H%E Qo)) S Oh}, (32)

where C}, depends on Cy and h.. The existence of such an upper bound Cj, is given by Lemma 4.3 below.
Finally, we define the operator

F3:Ye x Zo % L2((OvT)7Hﬂ(QE)) - L2((OvT)7Hﬁ(Q€))

via .7-'3(}A%€, We, Ue) = u., where u. is a weak solution of the linearised transport problem

0 (Jous) — V- (ﬁgvus - ueﬁs@) = J.f(@.) in (0,7) x Q.,
—(DoVue — ucA L) v = pJeeg(fic,e 'R.)  on (0,T) x T, (33)
u. =0 on (0,T) x 09,
u.(0) = ul" in Q,
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which is analogously defined as in (18a). Here, the data f57 D. and . are again defined in the same
way as J., D, and w. with R, instead of R.. Now, we are able to define the fixed-point operator for the
whole system:

F:L2((0,7), H () — L*((0,T), H* (), F(@e) = Fs (Fu(@e), Fz (F1(ie)) , Ue)
which can be visualised as follows:
Y.
/
/LT \ F
L2((0,7); HA (Q.)) ™ Z ﬁLQ((()?T);Hﬁ(QE))'
" e, We,Ueg ) Ug
\ L? ((O,T),HB(QE))

In what follows, we show that the operators F;, i = 1,2,3, are well-defined (Lemma 4.1, 4.3 and
4.5, respectively), and, thus, also the fixed-point operator F. Moreover, the Lipschitz continuity of 7,
t =1,2,3, is addressed in Lemma 4.2, 4.4 and Remark 4.6, respectively, which allows us to deduce the
uniqueness of a fixed point of F and, thus, the assertion of Proposition 4.8.

Lemma 4.1. The operator Fi is well-defined and the range of F1 is in Yz.

Proof. Let i, € L?((0,T); H?(€.)). Due to the trace embedding H”(f.) < L?(T.), the right-hand side
of (29a) is well-defined. Then, for every = € e(k +Y) (with k € K.), the mapping

(t,r) — 6]{“5(5[1]‘/)9 (Uc(t,2),e'r) do

is constant with respect to z, globally Lipschitz continuous with respect to r and measurable with
respect to t. Hence, Carathéodory’s existence theorem[18, Theorem 1.1 of Chapter 2] yields the existence
and uniqueness of a solution R.(-,x) € WH1(0,T) of (29a)—(29b) for every z € Q., and R.(+,z) is
constant with respect to x on every microcell €(k + Y) (here, we also used that R is constant on
every microcell). Then, we immediately obtain together with the essential boundedness of g that R, €
L*((0,T) x Q) n HY((0,T), L*(Q.)) and also ¢; R. € L((0,T) x Q). More precisely, we have for almost

every (t,z) € (0,T) x Q.
|0 Re(t, )| < €]lgllronre) < €Cy. (34)

Moreover, (21)—(22) ensure e 'R (t,z) € [ Ruin, Rmax] for every ¢t € (0,7) and almost every x € Q.. Note
also that, for every t € (0,7), the range R.(t,-) lies in a finite-dimensional subspace of L*(Q.) and,
therefore, R, is measurable as a function from (0,T) to L*(£2.). O

The following Lemma provides a Lipschitz-type estimate for the operator F.
Lemma 4.2. Let ul € L?>((0,T) x ), j = 1,2, and RI be given by (29a) (resp. (15b)) for Gi. = ul (not
necessarily with identical initial conditions).
Then, if RL(0) = R%(0) it holds for almost every t € (0,T) that
IR = RZ|| 1o ((0,6yx02) < Cellud — u2| 1 (0,0)xT.)s
[0iR: — 0 R2| 12 ((0,0), 1 (0)) < Celluz — uZ|r2(0,0),11(r0))

for a constant C.. (depending on €). In particular, for ul € L*>((0,T), H'(Q.)), we obtain for every p > 0
the existence of a constant C(u) > 0 such that the right-hand sides in the inequalities above can be further
estimated by

lul — u2|r2(0,0),00(r.)) < lu = w2l 20,0y x 00y + #IVUE = VUZ| 2((0,)x0.)-

)
9

We also have the e-uniform Lipschitz estimate (for different initial conditions)

e YRE — RZ| L= (0.1, L2@))
C (Velul —vu2] L2o.r)xr.y + € IRL(0) — R2(0)| L2 (e))

for a constant C' > 0 independent of €, which implies that F1 is Lipschitz continuous.
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Proof. A proof for the first two estimates can be found in Lemma 14 of Ref. [31] and inequality (35)
follows by similar arguments as in Proposition 4 of Ref. [31]. However for the sake of completeness, we
sketch the proof. We use the notation §R. := R! — R? and du. := ul —u?. Using (29a), we obtain with
the Lipschitz continuity of g almost everywhere in (0, T) x

+0,6R. < C (62—nH6uE\\Ll(ps(s[f]y)) —+ |5R5\) . (36)

Integrating with respect to time and using the Gronwall inequality, the first two inequalities in the
statement follow. For (35), we integrate (36) with respect to time. After squaring and integrating over
Q, we get for almost every ¢ € (0,7T)

t
L |6R(t,2)|* dz < CL L (53“||5u5|2LQ(FE(E[Z]Y)> + |5R5|2> dzds + C[6R-(0)[72 o

t t
-c ¥ {f |G L dmds} +C | 1Rl (0 ds + CIORO) 30
keK. e(Y+k) 0

<C (€3H5Ue||2L2((o,T)er) + [6Re 720, x02) + \|5Rs(0)”2L2(Q)) :

Now, the desired result follows from Gronwall’s inequality.

Next, we analyse the operator F5 and show that it is, in particular, Lipschitz continuous.
Lemma 4.3. The operator Fo is well-defined and the range of Fo(R.) is in Z..
Proof. In Theorem 3.1 of Ref. [72], the existence of a unique solution (we(t), ¢=(t)) € Hp_(Q)™ x L*(Q)
of (31) for a.e. t € (0,7") was shown under the assumptions (93)-(96) on &E(t) and the assumptions
he (t) € L?2(Q)™ and 0y (t) € HY(Q2.)™. Moreover, this pointwise argumentation was transferred to the
existence and uniqueness of a solution (w, ¢.) € L*((0,t); Hp_(Q)™) x L®((0,T); L*(Q)) of (31), where

the L*(0,T)-boundedness of the solution arises from the L*(0,T)-boundedness of he (see (Ab)) and
0¢e, which is given by Lemma A.2.

To conclude F»(R.) € Z., we note that the divergence condition is obviously fulfilled. The existence
of an upper bound C}, such that H]-"Q(RE)HLOC((QT);H%E @.ymy < Oy for all R, € Y, is shown in Theorem 3.1

of Ref. [72] as well. O

In what follows, for two given functions ¢' and ¢?, we denote its difference by
8¢ = ¢t — @2,

Lemma 4.4. The operator Fs is locally Lipschitz continuous. More precisely, for every ball B < Y,
there exists a constant L. > 0 such that

| Fa(RL) — Fal

Rl HL2 (0,6)xQ.) Hv(}—2(§i) _]:2(1%))

L2((0,t)xQe) (37)

< LBﬁ ()ﬁ; — A2

for all R, R% € B and every t € (0,T).

Proof. We prove this lemma by applying Lemma B.4, which states that the solution of saddle-point
problems depends Lipschitz-continuously on the right-hand side and the operators of the saddle-point
problem. Within this proof, we use the shorthand notation V' = Hp (Q.) with the norm [v, =
IVolp2(q.) and @ = L?(€.). Then, we define almost everywhere in (0,7) the following bilinear and

H(?tRl 0,2

“llLeo((0,6),L2(0 LQ((O,t)XQE)>

linear forms related to the linearised Stokes problem for given radii ]%E
ap (v,w) = 1e?(E.(v), Al Vw)q = 12 (F) Vo + (F) Vo) T, Al Vu)q,
b (v,q) = —(g,V-(A:v))g = —(g, Ac : Vv)q.
Fa (0) = (Jehe,v)q — ag_(9)e,v) — (A-Vpn, v)q,
)

95.(q) = b(0te,q) = (¢, V-(Ad))q = (0, 002)q
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for v,w € V and q € Q. We note that I?E;, }A%E € Y. and, thus, we obtain with the Holder inequality the
bounds for F. and A. from Lemma A.2 and the Lipschitz estimates of Lemma A.3

|a g (v, 0) — a g (v,w)] =2e2(GF.Vo + (F. V)T, ALVw)g

+ %82(1?1€2TVU + (F2Tvo)T, 5A2Vw)Q
A ()
i+ 02 o) el ol

<C. ((6ﬁ

L (Qe)

<C.|0R.| 120y

By employing the boundedness of //1\5 and 0A. from Lemma A.2 and the Lipschitz estimates of Lemma
A3,

b1 (v,4) = bpe (v, 0)| = (0, 04c : V)l < |04c] 0.y lalelviv (39)
< Ce[0R: L= o) ldllllvllv

for allv e V and g € Q. R A
Taking into account the Holder inequality, the Lipschitz continuity of he, the boundedness of A., F.
and hl, (38), the Poincaré inequality for Hlli (Q.) and Lemma A.2, we obtain

£ (0) = Fa (0] <10 Tehe, 0) 20,0y x| + @y (50,202, 0)]
+ lag (02, v) — ags (2, 0)]| + [(6A-Vpu, v)g]

<cloif,, . Wlo+c s

v
Mol

+ CerS}A%sHm(QE) o2 SA.

by +Ceod g
<C.[(1+ 10B2 a0 ) [8Re oy + 190 Rel| ol
From Lemma A.3, we get
1971 (a) = 972 (@)] = 1(g,68:12) 0l < lall@l60:T: | @ < C(|60:Re ] + [Re]@) dlo-
Altogether, it holds that

R! - R?

€

< C;
Bil

ap —ap +|bp — bp
H ke TRZgy H L

Hfﬁ; — fre

L2(Q.)’

<CM Hz%; ~R? 10

(R — R?)

V,+Hg§;—g§g )+C6

Q L2(Q. L2(Q.)

for M =1+ ”atﬁiéHL2(QE) + Hat§5”L2(QE) with the norms defined in Lemma B.4. By similar estimates, it
can be easily observed that

for R!, R? € B. Moreover, (98) and (99) yield constants ayg, 8y > 0 such that

R. €9

al’%s

fa.

<
Bil
<C.M

+|
Bil

|

VI g}/:"\’E Q/

2
ag_(v,0) = ag o]y

for all v e V and

bs (v,q
inf sup L) = fo.
9€Q yeV ||U||v ||QHQ
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Thus, a ﬁg,bﬁg, fﬁg and gp fulfill the assumptions of Lemma B.4 and we can transfer the Lipschitz
continuity of the data (see (40)) onto the solution which yields almost everywhere in (0,7

|Fo(RY) = Fo(RD)| e, + | V(F2(BE) = Fa(RL)

)HLQ(QE LZ(QE)

d(RL - R?) :

< LC.M Hfz; _R?
L2(9:)

+ C:
<)

L2(Q

Integrating with respect to time from 0 to ¢ € (0,7") and employing the Holder inequality yields

1F2(RE) = Fa(RDl 2. x0) + | V(FARL) — Fo(RD))

L2((O,T)><QE)
+C. |0 (R! — R?)

< Cc [ M| 20,7y HR; —R? Lo (.12 (50.)

L2((0,T)xQe)
and, thus, (37). O
Lemma 4.5. The operator Fs is well-defined and continuous.

Proof. For the reaction—diffusion—advection equation in (33), existence of a weak solution can be estab-
lished for example by using the Galerkin method, see Chapter 23 of Ref. [74], which is based on standard
energy estimates. Similar estimates will be shown with explicit dependence on € in Section 5, so we skip
the details. R

For the continuity of the operator, we consider sequences (RF, @F) € Y. x Z., see (30) and (32), and
ak e L2((0,T), H?(Q.)), such that for k — oo

RF - R, in L*((0,T) x Q.) n H'((0,T), L*(Q)),
oF — W, in L*((0,7), HE_(Q:)™),
at — a. in L2((0,T), H?(Q.)).

From Lemma A.3, we also get the strong convergence of jgk, D¥, and ﬁ’g in L*((0,T) x ) to J., De,

58
and A.. From the a priori estimates in Lemmata 5.1 and 5.3 below, we obtain for u* := F3(RF, @) and
a constant C. > 0 (depending on ¢) the estimate

|0 20,1y, 113, 900 yy + N6l L2 (0.7, 11 (20)) < Ce-

Hence, there exists u. € L2((0,7), H3o,(Q:)) n HY((0,T), HA,(Q.)") such that, up to a subsequence, u”

g
converges weakly to u. in L2((0,T), H*(Q.)) and strongly in L?((0,T), H?(£2.)) by the Aubin-Lions
lemma and, by continuity of the trace operator, also in the space L?((0,7) x I'.). Further, 6tu’§ converges
weakly to drue in L2((0,T), Hio(Q:)"). Testing the weak formulation of the linearised problem (33) with
(x)y(t) with ¢ € Hio () and ¢ € CF([0,T)), we get

T T
- | Tt oo pdedes || DRV~ k226 Vo dra
T - T . .
=[] Fr@bovdsdr—p [ | Teg (ake RE) oudoar
0 Ja. 0 Jre
+ ] T v () da.

2e

Passing to the limit &k — oo, we obtain

T T
_J <J€’LL5, ¢>H}Q(QE)/_H}Q(QE)'(/)/ dx dt + f f [DEVUE - usAe@g] . v¢w dx dt
0 ¢ - 0 Ja.
T ~ T ~ ~
- f f T f (@) dar di — pf f Jeeg (i R ) g dor s
0 JQ. 0 JI.

+ f J.(0)u ¢(0) da.
Q.
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in

A density argument shows F3(R., @., @) = ue. The initial condition u.(0) = ui® can be obtained by a
similar argument as above and integrating by parts in time. This implies the continuity of F3. O

Remark 4.6. The operator Fs is even Lipschitz continuous. This can be shown by similar arguments as
in the proof of Theorem 3 of Ref. [31] and the proof of Proposition 4.8 below. In both proofs, the difference
of two fized points of F are estimated. However, it is straightforward to generalise these arguments to
show the Lipschitz continuity. Here, we restrict ourselves to the continuity of Fs, which is enough to
guarantee the existence of a solution. For uniqueness of the weak solution, we can use the results from
the proof of Theorem 3 of Ref. [31] and, therefore, avoid repeating the same arguments, which shortens
the uniqueness proof.

4.2 Existence of a solution for the micoscopic model

Proposition 4.7. There exists a weak solution (uec, Re,we,qe) of the microscopic problem (15a)—(15c¢)
and (17) in the sense of Definition 2.2.

Proof. We apply Schéfer’s fixed-point theorem (see e.g. Ref. [23]) to the operator F. For this, we have
to show that F is compact and continuous and that the set

X = {u. € L*((0,T), H*(2.)) : u. = AF(u.) for some 0 <\ <1}

is bounded. Let (4¥)reny = L2((0,7), H?(9.)) be bounded and u* := F(4¥). Standard energy estimates
for parabolic equations provide

HatufHLz((o,T),H;Q(QE)/) + HU];”LQ((&T),H%QE)) <C.

for a constant C; > 0 independent of k (but depending on ¢). For more details on this estimate, we
refer to the proof of Lemma 5.1 in Section 5 below, where we show uniform a priori estimates with
respect to €. The Aubin—Lions lemma, see Ref. [41], implies the existence of a convergent subsequence
in L2((0,T), H?(2.)) and, therefore, F is compact.

The continuity of the operator F follows from the continuity of the operators F;, i = 1,2,3, see
Lemmata 4.1, 4.4, and 4.5.

It remains to show the boundedness of X. We only have to consider u. = AF(u.) for u. €
L%((0,7),H?(Q.)) and A € (0,1]. Hence, we have to replace u. in the microscopic model (15) with
5. The associated weak formulation of this equation is obtained by multiplying the right-hand side of
(18a) by A. Then, the boundedness of u. (uniform with respect to A) can be obtained again by standard
energy estimates. Now, Schéfer’s fixed-point theorem implies the existence of a fixed point and, therefore,
the existence of a microscopic solution. O

4.3 Uniqueness of a solution for the microscopic model

Now, we show the uniqueness of the weak microscopic solution. In Theorem 3 of Ref. [31], the uniqueness
was established for the problem without convection. Hence, here we generalise this result, where the
crucial new ingredient is the Lipschitz estimate from Lemma 4.4.

Proposition 4.8. The weak solution (u, Re,we,q:) of the microscopic problem (15) obtained by Propo-
sition 4.7 1is unique.

Proof. Consider two microscopic solutions (uf, RI,wi,¢?) for j = 1,2. Since every problem associated to
the operators F;, i = 1,2, 3, admits a unique solution, it follows that u are fixed points of F. Hence, we
have u! = F(ul), Rl = Fi(ul) and wl = F(RZ). The triple (ue,we, Re) fulfills the a priori estimates
of Section 5. This can be shown by the same arguments as in the proofs of Lemmata 5.1 and 5.3. In
particular, the estimates from Lemmata A.2; A.3 and 4.2 are valid, as well as the inequality (37).

Now, as in the proof of Theorem 3 of Ref. [31] (see the last inequality in the proof in particular) with
only slight modifications for the nonlinear right-hand sides with f and g in the transport equation, we
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subtract the weak equations for u! and u? and test with du. to obtain for almost every t € (0,7) and a
constant ¢ > 0 the estimate

|6us(t)] 200y + el Vue|L2(0,6)x.)

(41)
< CEH(SU/EHLQ((O,IE)XQE) + ((5(UEAEUJ5), V(Sug)(o’t)xﬂi ,

where C. > 0 is a constant depending on € (C: is a generic constant in what follows) and A7 is defined
as in (13). It remains to estimate the convective term on the right-hand side:

(5(Ua Aew&‘)’ V(SUE) (0,t) x Q.

= (u;AééwE,VéuE)(O,t)XQE + (uiéAEwg,V(SuE)(oyt)XQE + (6u€A§w§,V(5u€)(O7t)XQE

I+ I + I3,

In what follows, we use the essential bound for A!, see Lemma A.2, and the essential bound for u. from
Lemma 5.3 in Section 5. Note that these bounds do not require a uniqueness result. We estimate I; by

I < Cellul| oo (0,0 x00)) [0We | 22((0,6)x 00y [ VOte | 2 (0,0 x 022

<
< Cc|0well 2 (0,6 x ) [ VOue| L2((0,4) x 020 ) -

Using estimate (37) from Lemma 4.4, as well as Lemma 4.2, we obtain for arbitrary u > 0 the existence
of C¢ () such that

1 < Ce (I6Rel e 0.y + 100 R a0y ) 900 220,500
< C [ 0ue HL2((0,t),L1(FE)) HV6U6”L2((O¢)><QE)

< Ce(W)[0ue72((0,0x 00y + HIOVUT 20,y x 20 -

Next, using again Lemma A.3 and 4.2 and the a priori bounds for u} and w?, we get with the Hélder
inequality

I

lubllze (0.6 x 0o 164 | L2 ((0,6) x2) | W2 ]| 22 ((0,8), £2(02)) | VOUe | £2((0,6)x 2.

< C.
< Ce|0ue| £ (0,0 xr0) | VOue | 220, x00)
< Ce(H)H(SUeHzB((o,t)xQE) + /J‘H(squH%%(O,t)XQE)'

Finally, for I3, we use integration by parts, the zero boundary condition of u. on 02 resp. w. on I'; as
well as 0;Jc = V- (A.w.) and Lemma A.2 to obtain

1
Is = 5(5u56tJ3,5u5)(o,t)x95 < Cel0uc| 20,4y x 0.

Altogether, we obtain (perhaps after some redefinition of p)
(6(ueAcwe), Vdu&)(o,t)xm)
< C:(w) <||5ue”%2((o,t)xsz€) + ||5ﬁs”2L2((o,t),H6(Qg))) + N\|5Vu5Hi2((o,t)xszE)-

Plugging this estimate into (41) and choosing p small enough, such that we can absorb the gradient term
on the right-hand side by the left-hand side, we deduce

[6ue ()] L2y + cl0Vue] L2(0,0)x0.) < Celduc]L2((0,6)x02.)-

Application of the Gronwall inequality leads to the desired result. O
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5 A priori estimates for the microscopic solution

In this section, we show uniform a priori estimates for the weak solution (ue,w., Re) of the microscopic
problem (15). These estimates are the basis for the two-scale compactness results stated in Proposition 6.1
and Proposition 6.3 of Section 6.1 below, which allow us to pass to the limit € — 0 in the weak formulation
(18). The proof follows the following scheme: The uniform bound for R. is a direct consequence of the
essential boundedness of g. Therefore, R, and ¢; R. can be estimated independently of w.. The bounds for
R, allow to control the velocity w. and the pressure p.. Finally, we are able to estimate the concentration
Ue-

Lemma 5.1. The weak solution (ue, Re,we,q:) of the microscopic problem (15) fulfills the following a
priort estimates

42
43
44
45

o™

IRl 0.1y x20) + 06 Re || Lo (0,7 x2.)

lwellLe(0,7),2(00)) + ElVwellLe0,m),2(00)) + lgel L= (0,7),L2(00))

ellosuc L2 (0,r), 51 (2.)) + [uelLeo,1),L20.)) + Vel 20,7y x00)
10 (Je Us)”L2 ((0,7),H,

—_ L D =

(
(
(
(

NN CIN N
Q Qo q

1@ F [ Jeuell e o,1),22(00)) +elV(Jeue) 20,1 x0.)

Proof. Bound for R.: We start with the bounds for the radii R.. This follows immediately from the
essential boundedness of g: For almost every (¢,z) € (0,T) x £, we have

|0: R (t, )| < €| glleme) < eCy.

This also implies the L*-bound for R. (which was already shown in Lemma 4.1).

Bound for w. and g.: Due to the bound (42) for R. shown above, we can apply Lemma A.2. Now, the
results follow directly from Theorem 3.1 of Ref. [72], where the existence and uniqueness of a solution as
well as a priori estimates for the Stokes problem for given evolving microstructure are shown.

Bound for u.: Here, we use similar arguments as in the proof of Lemma 6 Ref. [71], so we skip some
details. The main new part is the convective term. We divide the proof into two steps, showing the
estimate for |[uc| o ((0,7),2(0.)) and [Vue|z2(0,r)xq.) first (which then directly also implies the estimate

for ]|V (Jeue)| 20,1y x0.)):
Step A: We begin by testing the weak equation for u. (18a) with u. to obtain almost everywhere in (0,7)

<(9t(J€u5), uE>H1(QE)’,H1(QE) + f D.Vu, -Vu.dx =
Qe

J ugs Acwe - Vue do + J Je f (ue)ue do — pJ €g (us, RE) Jou, do.
Q. Q.

€

Using the uniform coercivity of D, see (97), we get for almost every ¢ € (0,T")

2
i [V el

< _,J 8th|us|2dx+J usAcw, - Vu, dx
2 Jo. Q.
+ J Je f (ue)ue do — pj £g (us, RE) J-u. do.
Qe e

Using the uniform bounds for R, J. (see Lemma A.2), the growth condition on f from assumption (A4)
and the boundedness of g from assumption (19) together with the trace inequality, we obtain for arbitrary
i > 0 a constant C), > 0 such that

J Je feue do — pJ €g (ug, RE) Joue do
Qe

€

< Cu (14 luelaga,y) + eI Ve o, .
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For the convective term, we use integration by parts and V - (A.w.) = —d;J. (see Remark 2.1) to obtain
1 1
—*J O |uc|? dw + f U Acw, - Vue do = *J lue|*Acw, - vdo = 0. (46)
2 Ja, Q. 2 Joa.

For the last equality, we used w. = 0 on I'; and u. = 0 on 0. Choosing p > 0 small enough, integration
by parts and Gronwall’s inequality imply

HUEHL“?((O,T),L%QE)) + HVUEHLQ((O,T)XQE) <C.

Now, from the properties of J. and V.J; in Lemma A.2, we get
EHV(JEUE)HL2((O,T)><QE) < C.

Step B: Now, we show the estimate for 0;(J.u.). For this, we use the uniform bound for u. in L*((0,T") x
Q.), which is shown in Lemma 5.3 below, for the proof of which we only need the regularity of the weak
solution but no e-uniform a priori bounds. However, we emphasise that for the proof of the existence
of a weak microscopic solution we used the Galerkin method, see Lemma 4.5, and for the Galerkin
approximation we have no (uniform) L*-bound (the proof of Lemma 5.3 is not valid for the Galerkin
approximation). We also obtain the regularity for 0;(J.ue) without the L®-bound for u,., see Remark 5.2
below for more details.

We test (18a) with ¢ € H'(€.) such that |¢]| g1 (q.) < 1. We only estimate the convective term. The
estimates for the other terms follow straightforwardly. The L*-bound for u. is obtained from Lemma 5.3
using the essential bound for A, (see Lemma A.2) and the Holder inequality for almost every ¢ € (0,7).
More concretely, we obtain u.(t) € L*(£.) and

lue (@) L= (@) < luelLeom)x0.) < C

for almost every ¢ € (0,7'). We emphasise that, in general, the mapping t ~— |uc(t)] 1 (q.), in other words
ue 2 (0,T) — L*(£;), is not measurable. Furthermore, we obtain for almost every t € (0,7T)

L (ueAcwe - Vo) (1, 2) dr < Cluc(t) |2 o) |lwe (B 222 [Vl L2(0.) < C.

Here, we also used the L*-bound with respect to time of w.. Hence, we obtain for almost every t € (0,7
that

[0 (Jeue)(t), ¢l < C (1 + | Vue(t) ] 12(0.))
and, therefore,
Hé’t(Jeua)(t)HHU}Q(QE), <C (1 + HVUE(t)HLZ(QE)) .
Using the a priori bound for Vu,, we further obtain

0eCTewe)ll L2 (0,19, 13 2.y < €

Now, the estimate for d;u. follows from the product rule and the bound for eVJ. in Lemma A.1. A
similar argument is valid for J.u. and V(J.uc). Thus, the proof is complete except for the verification
of Lemma 5.3 which is undertaken below. O

Remark 5.2. As indicated in Step B in the proof above, to obtain the e-uniform bound for oy(Jeoue) in
Lemma 5.1, we need the uniform L*-bound for u. from Lemma 5.8 below. However, in the Galerkin
method in the proof of Lemma 4.5 (where we are not allowed to use Lemma 5.3), we can argue in the
following way to obtain a bound for 0y(J.uc) (not uniformly with respect to €): From the a priori bounds
already obtained for w. and u. in Step A of the proof above, we get

L weAcws -V da| < Cellue| gy lwe | oy [Vl 22

< Celluel oo we | o0

for a constant C. depending on €. Now, arquing as in the proof above, we obtain with the
L*((0,T), H*(Q:)")-bound for w. and the L*((0,T), H'(2.))-bound for u. the estimate

10u(Jeue)l| L2 ((0.1), 12, (2.)) < Ce-
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We now show the essential bound for w., which holds uniformly with respect to the homogenisa-
tion parameter €. Further, under some additional assumptions on the data, the non-negativity of the
concentration u. also follows.

Lemma 5.3. The solution u. is uniformly essentially bounded. More precisely, there exists a constant
C > 0 (independent of €) such that

luel 20,7y x0.) < C. (47)
Under the additional assumptions on the data
f@@™ <@ % guR)(w)” >0, ul>0 (48)
for every R,u € R, where ()~ = min{-,0}, the solution u. is non-negative.
Proof. Following the classic strategy for proving such results, we define for w > 0 the function W =
e @'y, and for k > 1 the functions Wy == W — k and W,/ == (W — k)*, where (:)* = max(-,0).
Choosing e™“'W," as a test function in (18a), we obtain
¢
| @ e Wi ds 4 DV IW .10,
0
= (Aewsueaeiwsvwg)m,t)xﬂs + (Jsf(us)veiwswlj)(o,t)xﬂg
+p (Jafg(ua67135)767MSW;€+)(0¢)XF5 )
Using the identity
e 0 (Jeue) = 0y [Je (e ue — k)| + we™ Joue + ko Je

in L2((0,7); Hi(92:)") and similar arguments as in Lemma 3.2 of Ref. [68], we get (for k large enough)
¢ ¢
f (Or(Jos), e W ds = J (&0, (Jous), W ds
0 0
t
= f O [T Wil Wi ds + (we ™ Jeue, W) (v, + (ROT W) (0,
0

svamrel, . -3 lvawro

=0
+ (we_wngue,Wij)(o,t)xQE + (katJa’W’:)(O,t)XQs '

2

2 1t
+7J f (?tJEWkW,:r dzds
L2(Q:) 2 Jo Ja.

L2(.

For the second term in (49), we obtain with the e-uniform coercivity of D, from (97)

(Davueve_wsvwlj)(o,t)xﬂs = (DEVWkaVW]j)(O,t)ng = (DEVW;7VW];F)(OJ)><SZE

> | VW, ||2L2((0,t)><QE)‘

Hence, we obtain

[Vawio)|,

L2(9.)
(Agwgug,ef“’SVW,j)(O}t)XQE + (Jofue), e ™ Wi ) (0,6 x0.

+ o VW 172 0.0y x00)

1
2
<
-1 —wsTy7+ 1 ' + (50)

+p (Jeeg(ue, e ' R.), e "W )(O,t)xI‘E — §L L O J- Wi W,H dz ds

6
— (WIW W) e, — ROT W) (0 a, = D0 It
=1
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For the convective term 151, we have

I = (Acw:W, vW/j—)(O,t)xQE
(Acw W5, VIV,F)
= Al + A2

k (Aewe, VIV,

(0,t)x Qe + 0,t) x Q.

For the first term, we use V- (Acw,) = 0y J. almost everywhere in €. and A.w, -v = 0 almost everywhere
on I'.. Moreover, we use the zero boundary condition of u. on 0f2, which is then also valid for W,:“ , to
obtain with integration by parts

1

A = L (e v L9 e 7 2)

(0,4)xQ (0,8)x Qe

1 12 4
=9 (Cede, (W) )(O,t)xQE =1L
For the term A2, we obtain with similar arguments

A2 = k(0 Je, Wi )0,y x0. = —I2.

Now, we note that f(u) < C(1+u) < C(1+ We“*) for u > 0 and W, = 0 for u < 0 almost everywhere.
Thus, we obtain

|f(we W < C(1+We*®)e W <Cle™* + W, + k)W <C1+W,F + k)W, . (51)

Using additionally the essential boundedness of J. as well as the Holder and Young inequalities, we obtain
for 12

|I2] < J C1+ W, + k)W, deds
(0,t) x Qe
<CA+R)IW Iz omxay) + CIWEHIZ20.0x0.)

t
<C“+Hﬁff dzds + CIWy 1220 x 00
0 J{W(t)>k}

For the boundary term I2, we obtain with the essential boundedness of J. and g as well as the scaled

trace inequality for p > 0 (with e < 1)
[I2] < eCCylle™* W10,y xrey < CIWi L (0,.0)x2.) + el VW L1 (0,0 x 020
t
< C(/i)f f dzds + C() Wi [ 220,0xa0) + HIVWE 20,0 x00 ) -
0 Jgwysk)

For 12, we get

12 = —w(J.WE W) 0.)xa. + k(Je, W) 0.0 x0.

i
< Tl Wi ooy + C (k? JO f{ dads + Wy |%z<<o,t>ms>> :

W (t)>k}

Combining all the results, we obtain
}H\/JEWJF(t)‘r + co| VW |2
2 k L2 k IL2((0,6)x0Q.)

t
<cwﬁfj A ds + [C(1) — wumin] Wi 12 0.0y + IV IV (2200 -
0 Jw)>k}
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For p small enough, the term including the gradient on the right-hand side can be absorbed by the

left hand side. Hence, choosing w > 3( 4 in the inequality above (for fixed §), we obtain for almost every

€(0,7)
I 0+ 190 oy <O [ [ azds (52)
{W(t)>k}
Now, the result follows from II Theorem 6.1 of Ref. [40] implying
u, < C
for a constant C' > 0 independent of €. Repeating these arguments with —u. instead of u., we obtain
—u. < C,

which gives the essential boundedness of u. uniformly with respect to €.
It remains to show the non-negativity. For this, we choose (u.)~ := min(ue,0) as a test function in
(18a) and obtain (by a similar calculation as above for W,")

1d _
2 sl e + ol V() [aqa)
< f Jo f(ue)(ue)™ dz — pf Jeeg (ua,a_lRa) (ug)” do
Qe T
< Cfl(ue) ™ I2q.)-
Now, the Gronwall inequality implies the non-negativity of the microscopic concentration wu.. O

6 Derivation of the macroscopic model

In this section, we show that the microscopic solution (ue,we, pe, Re) converges in a suitable sense to the
solution of the macroscopic model (26) formulated in Section 3 for ¢ — 0. In a first step, we establish
compactness results obtained from the a priori estimates in Section 5 and, in a second step, we pass to
the limit € — 0 in the weak formulation of the microscopic problem in Definition 2.2, which corresponds
to the passage to the limit illustrated on the bottom of Figure 1.

6.1 Compactness results for the microscopic solutions

Based on the a priori estimates from Section 5, we derive compactness results for the microscopic solutions.
As a suitable convergence concept for the treatment of problems including oscillating coefficients and
domains, we use the two-scale convergence, see Appendix C.1. Since we are dealing with functions on
perforated domains, we have to extend these functions to the whole domain. While for the fluid velocity
we it is natural to use the zero extension, the situation is more complicated for the pressure p. and the
concentration u.. For the pressure, we use an extension from Tartar given in Ref. [64], see also Ref. [42].
For the concentration, we would lose spatial regularity for the zero extension and, therefore, we use an
extension operator from Ref. [17], see also Ref. [1] for more general domains. Namely, there exists an
extension operator E. : H(2.) — H'(Q) such that

|Eetelr2o) < Cldelrz(a.)s
| Ee el 1 () < Cll el 1 (022

for all ¢. € H'(Q.) with a constant C' > 0 independent of €. For time dependent functions, we apply this
operator pointwisely in . We write in short

) <
) S

U == Eou. € L*((0,7), H'(Q)) (53)
and we obtain

|e | 20,7y, 51 () + |Ue Lo (0,1, 22(02)) < C. (54)
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However, we emphasise that this extension operator in general does not preserve the regularity for the
time derivative and, therefore, we lose control for the time variable of the microscopic sequence ., which
is important to obtain strong two-scale compactness results. The strong two-scale convergence of u. was
shown for the same a priori estimates in Proposition 5 of Ref. [31] and with additional estimates for the
differences of shifts with respect to time in Ref. [71]. Here, we simplify the proof of Ref. [31] by showing
the following general strong two-scale compactness result. The Proposition will then be applied to J.
and ue, so we keep the same notation, but we slightly generalise the assumptions for the sake of the
proposition. For the sake of readability, and in view of the context in which the proposition is applied,
we state the result in terms of functions J. and u., but the assumptions are slightly more general than
needed here.

Proposition 6.1. Let n > 2 and V. = H*(Q.) dense in L?(Q.). Let u. € L*((0,T),V.) and J. €
L*®((0,T) x Q) with 0y(J-ue) € L*((0,T), V) with respect to the usual Gelfand triple V. = L*(Q.) < V..
Further, let J. = cg > 0 for a constant ¢y > 0 independent of € and

10t (Jeue) | 20,1y, v2) + luel L2(0,7), 11 (02.)) < C-
Moreover, assume there exists k(h) with k(h) — 0 for h — 0 and h > 0 such that
[Je(- + ) = Jell oo (0,7- ), Lo (00)) < K(R) (55)

with s > 1 arbitrary for n = 2 and s = § for n > 3. Then, there exists ko(h) with ko(h) — 0 for h — 0
such that

|ue(- + h) — ucll2(0,7—n),22(2.)) < Ko(h).

In particular, there exists ug € L*((0,T) x Q) (even in L*((0,T), H'(Q))) such that, up to a subsequence,
Xq.Us converges strongly in the two-scale sense to xy=ug.

Proof. For a function ¢ : (0,7) x U — R with U < R", we define the shift with respect to time for
0<h«landte (0,T—h) by

Ong(t) = 0nd(t, z) = ot + h) — &(t).

Since J; = ¢g > 0 almost everywhere in (0,7) x €, it holds for almost every ¢ € (0,7 — h) that

colldnue(8)]22(q. < L Jo(t + 1) (Ghue(t))? dz.

€

By an elementary calculation, we get
Jo(t + h)(6puc(t)? = 0 (Jeue) (8)Onue (t) — opJe (t)ue (t)Spus(t),
from which we obtain
T—h
oldnc o myeny < [ [ O ()8e(0) do
0 Q.
T—h
- J J OpJe(t)ue(t)opue(t) da dt
0 Q.
=. A}?,h + A&2‘,h‘
Let us estimate the two terms separately. We start with the second term and restrict ourselves to the case
n > 3 (the case n = 2 follows by similar arguments). Using the Sobolev embedding H'(.) — L2*(9.)

with 2% := 2% we obtain u. € L?((0,T), L2*(9.)) such that

luell 20,y 0% 0y S Cllttel L2 0.1y, 7020y < C
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with a constant C' > 0 independent of . More precisely, this constant is independent of £ owing to the
existence of the extension operator E. defined at the beginning of Section 6.1. Now, the Holder inequality
implies

T—h
A2, < L H(;h‘]f‘:(t)”L%(QE)||u5(t)”L2*(QE) <||Us(t + )| pox ) + ”Us(t)”m*(ﬂg)) dt

2
< 2““6 ”L2((O,T),L2* (Q2)) H(Sh']E HLCO((O,T),L% Q)
< Ck(h).

For the first term A, , we have (using the natural embedding in the Gelfand triple V. < L?(Q.) < V)

T—h
AL, = f (B (et ) (1), e (£))v v,
0

< |6n(Jeue) | 20,7 n), vy 10nue (D)l L2 ((0,7), 57 (22.))

shlov(Jeue)l L2 o,1), vz

< Ch.
Altogether, we obtain
|6nue L2 (0, 7—nyx0.) < O\ b+ K(h) =: Ko(h)

and, obviously, kg(h) — 0 for h — 0.
It remains to show the strong two-scale convergence of u.. The proof follows similar ideas as in Lemma
10 of Ref. [28]. Using the extension %, of u. defined in (53), we obtain with (54)

to
f i dtH < Otz 2o,y < C.
t1 H'(Q)

Then, noting the compact embedding H'(Q) — L?*(Q), we have that S:f U, dt is relatively compact in
L?(Q). Further, it holds that (the extension operator is pointwisely defined in time)

~ h—
1687 | 22 (0.0—ny.L2@)) < Clontie] 2((0.0—n). L2y < Cro(R) =3 0.

Therefore, by the Kolmogorov—Simon compactness theorem, see Theorem 1 of Ref. [62], @, converges
strongly in L2((0,T) x ). This gives the desired result. O

Remark 6.2.

(i) Proposition 6.1 is not restricted to the case of radially symmetric perforations and remains valid for

arbitrarily perforated domains Qe as long as there exists a linear extension operator E*: H'(.) —
HY(Q) such that

|EXuc|| gy < Clue|gia.y  for all uc € HY(9Q.).

Such an operator exists for example for periodically perforated connected Lipschitz domains, see
Ref. [1] for more details. In particular, the result is valid for Q. = Q and gives (besides the strong
two-scale convergence) the strong convergence in L?((0,T) x Q) in this case.

(ii) Under the additional assumption u. € L*((0,T), L*(2.)) with

e e 0,7y, 22(00)) < C

for a constant C > 0 independent of £, we can replace (55) with

[Je(- + h) = JelL2(0,7-n), 2 (02.)) < K(R)

and obtain the same result (using slightly different arguments for the term Ag’h in the proof).
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In the following proposition, we give the compactness results for the microscopic solutions. The results
for (ue, R.) have already been established in Ref. [31] for the same a priori estimates as in Lemma 5.1
and the Lipschitz estimate for R, from Lemma 4.2 (with slightly stronger regularity assumptions on
R.(0)). Similar compactness results were also obtained in Ref. [71], where an additional estimate for
the differences of the shifts of u. with respect to time was shown for the strong convergence of u., and
the strong convergence of R, was shown by a direct comparison with the macroscopic radii Ry using the
microscopic and macroscopic ODE.

For u., we use the extension from (53). Further, since w. € L*((0,T); Hf_()), we can extend it
by zero to a function w. € L*((0,T); H'(Q)) in order to state the convergence. Moreover, to obtain not
only a weak but also strong convergence result for the pressure, we extend it as follows (see Ref. [42]):

qe(t, ) if z € Q,
Qe(t,a) =19 1_ § q(t,2)dz ifzek+e(Y\Y*) forkeK.. (56)

Note that this extension coincides with the extension from Tartar in Ref. [64].

Proposition 6.3. The microscopic solutions (ue, we, pe, Re) fulfill the following convergence results up
to a subsequence:

(i) There exist ug € L*((0,T), Hj(Q)) n L®((0,T), L*(2)) and uy € L*((0,T) x Q, H},.(Y*)/R) such
that

U —ug in L2((0,T) x Q),
2,2
x0. Ve = xy* (Vug + Vyui),
2,2
XQ.Ue — Xy#*Uo,

2,2
Uelr, = ug  onT..

(ii) There exists Ro € HY((0,T),L?(Q)) n L*((0,T) x Q) with d;Ry € L*((0,T) x Q) such that for all
p € [1,00)

e 'R. - Ry in LP((0,T) x Q), (57)

e '0;R. — 0 Ry in LP((0,T) x Q). (58)

These convergences are also valid in the strong two-scale sense in Q and Tz. Further, it holds almost
everywhere in (0,T) x  that

0tRo = g(uo, Ro).

(ii) There exists wo € L*((0,T); L*(Q; HL(Y))) with

wy =0 in (0,T) x Q x (Y\Y™), (59)
Vy - (Aowo) =0 in (0,T) x Q xY, (60)
V- f Agwgy | = —0:0 in (0,T) x QxY, (61)

Y ¥

such that for the zero extension of we to it holds for every p € [1,00) that

We M Wo, (62)
eVw, 222, Vwo, (63)
2,p,2

ces(we) eo(wo), (64)

where eg(wo) = 1(Fy "Vywo + Vyw] Fy'') and Fy is defined in (68) below.
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Moreover, there exists Qo € L*((0,T); L?>(Q)) such that for every p € [1,0)

Qe — Qo in LP((0,T); L*(%)), (65)
Qe +pp = P. = po:= Qo+ pp m Lp((O’T)’LQ(Q))' (66)

Proof. We start with (i). The existence of uy and u; and the weak two-scale convergence results follow
from the a priori estimates in Lemma 5.1 and the two-scale compactness results from Lemma C.3 in the
appendix. Using again the a priori estimates from Lemma 5.1, the strong convergence of u. follows from
Proposition 6.1 provided that (55) holds true. However, this is a direct consequence of Lemma A.3 (with
R! = R. and R? := R.(-; + h,-;)) and the Lipschitz continuity of R. with respect to time (¢710;R. is
essentially bounded, see (42)).

Next, we consider the convergence results in (ii) for R.. The first result (57) was shown in Proposition 4
of Ref. [31], and in the strong two-scale sense on the surface I'; in Corollary 7 Ref. [31] but with slightly
stronger regularity assumptions on the initial values R and RI®. In particular, it was assumed that
RI" e H(Q). Here, we dropped this assumption and only assume (as in Ref. [71]) the strong convergence
of e7'RI™ in L2(Q2). However, since the proof still follows the same lines as in Proposition 4 Ref. [31],
we only sketch the main ideas. We use the standard Kolmogorov compactness result, see for example
Ref. [9], and since R, is bounded in L?(2) it is enough to control the shifts in time and space. In what
follows, we extend R, and u. by zero outside €2, which is possible due to the zero boundary condition
of u. on 0. (It is also possible to consider shifts within 2 but then the argumentation becomes more
technical.) The essential bound of J; R, implies for all h > 0 and t € (0,7 — h)

e M Re(¢ + hy2) — Rellpoe((0,7—nyx) < Ch.

For the spatial variable, it is enough to consider shifts with el for [ € Z™ (see also (42) in Ref. [31]).
From the Lipschitz estimate (35) in Lemma 4.2, we obtain, using the trace inequality (see Lemma B.3
in the appendix), the strong convergence of e 1R in L?(Q) (which guarantees a bound for the shifts),
the mean value theorem (u. is extended via @, to the whole domain ) and the a priori bound for Vu,
already obtained above,

e Y Re(t, 2 +€l) — Re|l Lo ((o,1),22(0)) < C (€ + K([el]))

with k(Jel|) — 0 for |el| — 0. Hence, the Kolmogorov compactness result implies the desired result.

The convergence of the time derivative 0y R. was shown in Proposition 6 of Ref. [31] and Theorem 17
of Ref. [71], but here we give a much simpler compactness argument using the unfolding operator. More
precisely, on page 27 of Ref. [71], the strong two-scale convergence of the radii and their time derivatives
was shown by considering the difference between the microscopic and macroscopic radii R. and Ry and
using their respective equations (the equation for Ry can be obtained a priori by using formal arguments
without using compactness of the radii R.). Using the unfolding operator 7. (see Appendix C.2), we
obtain from the ODE (18b)

e 'OR.(t,x) = % Lg (’Ts(us)(t, z,2), Te(e 'R (t, z, z)) do,

for almost every (t,z) € (0,T) x . Using the strong two-scale convergence of u. and e *R. on I'., we
obtain

T-(e"'R.) = Ro in LP((0,T) x Q x T,
T=(ue) — uo in L2((0,T) x Q x T).

Hence, up to a subsequence, these convergences also hold pointwise almost everywhere in (0,77) x  x I".
Then, for almost every (t,z) € (0,7) x Q x I', we get

e 'O R.(t,x) — ‘?1| Lg(uo(t,x),Ro(t,x)) do, = g(uo(t,x), Ro(t, x)). (67)

Lebesgue’s dominated-convergence theorem now implies the convergence in LP((0,7) x Q). It remains to
show the convergence of the traces of 0; R.. Since 0; R, is constant on every microscopic cell, we also have
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that 7:(0:R:)(t,x,-y) is constant for almost every (¢,z). Hence, using the trace inequality, we obtain

(with V, (Tz(e 7' : R.) — g(uo, Ro)) = 0)
I72(c~ 0, R.) — 9(uo, Ro)| Lo (0.1 xaxT) < C|Te(e 0 R.) — 9(uo, Ro)| rr(0,1)xaxy*) — 0.

Last, we consider the convergence results in (iii). The compactness results (62) and (63) with the
properties (59), (60), (61) for the limit function wq are shown in Lemma 4.9 of Ref. [72] and Corollary
5.2 of Ref. [72]. Moreover, (64) can be concluded from (63) and the strong two-scale convergence of
F= 1, which is given by Lemma 6.5 below, by a standard argument. (Use the unfolding operator and
the fact that a product of a weakly L2-convergent and a strongly L2-convergent sequence, which is
additionally uniformly essentially bounded, converges weakly in L?-sense.) The strong convergence of
Q:(t) in L?(Q) to Qo(t) was shown in Lemma 4.8 of Ref. [72] for almost every t € (0,7) similarly as
in Ref. [2] (where different boundary conditions were considered). The uniform pointwise upper bound
for [g(t)] r2(q.) for almost every ¢ € (0,T) leads to a uniform pointwise upper bound for the extension
|Qc(t)] 2 () for almost every ¢ € (0,7). Thus, Lebesgue’s dominated convergence theorem provides the
strong convergence Q. — Qo in LP((0,7T); L?(2)) for every p € [1,00). We note that the a priori estimates
and the compactness results of Ref. [72] are formulated pointwisely with respect to time but can easily be
adapted to the time-dependent two-scale convergence, since the time variable only acts as a parameter,
see also Ref. [16] for results on the parameter-dependent unfolding operator. O

As an immediate consequence of the strong convergence results for R. and 0;R., we obtain strong
two-scale compactness for the coefficients in the transformed equations. Therefore, we define the limit
transformation 1y and its Jacobians with respect to the microscopic variable by (see also (8) for the
definition of v)

¢0(t,a:,y) = &(Ro(t,x),y) = (RO(t7x) - RmaX)WX(Hy m“)
¢0(ta m,y) =y + io(ﬁ,ﬂ?,y) =Y+ (Ro(t, 3?) - Rmax)WX(Hy - m”)

Thus Yo(t,z,-) is a diffeomorphism from Y* onto Y*(t,z) for ae. (t,z) € (0,7) x Q with inverse
(t z,y) =Y (Ro(t,x),y) for y € Y*(t,z). Moreover, we define analogously to the e-scaled setting

Fy =V, 9, Jo == det(Fyp), Ay = JoFyt, Dy == JoFy 'DE;T. (68)

In the following lemma, we show the strong two-scale convergence for the derivatives of .. Since the
coefficients F;, A, D, and J; in the weak form (18) can be expressed as rational functions of the derivatives
of ¥, we can conclude the strong two-scale convergence for them in Lemma 6.5 afterwards.

Lemma 6.4. Let R. be the subsequence from Proposition 6.3 and . be given by (10) and 1\/)/5 be given
by (9). Then, it holds

elol=10, 4. 22> 8, 9o,
elolg, Vipe 2B 8,V o,
elol=10,0, 1. = £191710,0, P 2> 0,0, 0 = 8,0y, Yo
for all o e Njj.

Proof. We follow the argumentation of Ref. [71]. We note that R, 2P, Ry and 0 R. 22, 0t Ry yield the
pointwise convergences T. R (t,2) — Ro(t,z) and d;T-Rc(t,z) — 0t Ro(t, ) for a.e. (t,z) € (0,T) x Q for
a subsequence. By employing the continuity of r — 9, %(r,y) and r — 0, 0b(r,y) for a € Nj , we
obtain

N0, ety 2,y) = €710y, Tee(t,y) = 0y (P(TeRe(t, 2), {[2] + ey}))
= 0y V(TeRe(t,2),y) — Oy, Y (Ro(t, ), y) = Oy, Yo(t, 2,y)
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and

el 0,0, Do (t, 2, y) = e710,, Teowbo(t, 2, y) = 0y, 04 (D(TR.(t, ), {[x] + ey}))
=0y, 0, (V(TeR:(t, 3),y)) = 0. OrY(TeR:(t, 2),y) 0, TeRe (L, )
- aya aquZ](RO(t? ZL’), y)(}tRO(t, ZL’) = ay(, (}tl[)o (ta z, y)

for a.e. (t,x,y) € (0,T) x Q2 xY. Then, we obtain 5‘0“_17'56%1&5 — (3%1/30 and E‘O“_lﬁagﬂaaﬂﬁg — (?ya&t@z}o

by Lebesgue’s convergence theorem, which yields /110, _1). 22, 8ya1ﬁ0 and el*1=10, 0,1, 22, Oya do.

Since this argumentation holds for every arbitrary subsequence, it holds for the whole sequence. Since
F, = 0v. + ¥ and Fy = 0y3pp + W, we can transfer the convergence to F,. Moreover, it can be easily

observed that 0. = 6t1\p/5 as well as 0y = atz\/fo. O

Lemma 6.5. Let R. be the subsequence from Proposition 6.3. Then, it holds for every p € [1,00) that

R I e
D. 2% Dy, AL 2D Ay, ATN 2D ATV 20, Al 2B 0, A, (69)
c0, ATV 20 0 AGY 0. 20 00Ty, 0n0ite 2B 0,010

The convergence of J. is also valid on the surface T';.

Proof. The convergences of F., J. and D, were shown in Corollary 8 of Ref. [31] using the structure of 1.
and the strong convergence of R.. In Lemma 3.3 of Ref. [70], Lemma 10 of Ref. [71] and Lemma 4.6 of
Ref. [72], a more abstract argumentation was used in order to provide additionally the strong convergences
for J71, F71 A, AL, €0, A and €0, AZ! from the first two convergences of Lemma 6.4. The strong
two-scale convergence of J. follows with the two-scale convergence of 0;0,1. by the same argumentation.
For sake of completeness, we recap this argumentation briefly. First, we note that the convergence of
F. = V¢! is given by Lemma 6.4. Since J. = det(F.) is a polynomial with respect to the entries of F.,
the strong two-scale convergence can be transferred on J.. Having the bound for J. > ¢; from below, we
can transfer the strong two-scale convergence of J. to J 1.

In the next step, we notice that all other terms on the left-hand side in (69) can be represented as
polynomials with respect to the entries of V)., €0,0,1e, 0; Ve, €010, 020 and J1. Their convergences
are provided by Lemma 6.4 and, thus, can be transferred to these polynomials, which yields (69).

The strong two-scale convergence of J. on the surface I'; follows with the same argumentation and
using the unfolding operator for periodic surfaces in the proof of Lemma 6.4.

O

Finally, we have the following weak compactness result for the time derivative of J.u.:

Corollary 6.5.1. Let Zu\a denote the zero extension of J.u.. Then, it holds up to a subsequence that
o (Jeuz) — au(6uo)  weakly in L2((0,7), H(%), (70)

where the porosity 6 is defined in (25).

Proof. This proof was shown on p. 133-134 in Ref. [31] for slightly different boundary conditions and can
be easily adapted to our setting. We emphasise that in our notations we have

O(t,z) = |Y*(t,z)| = f dy = Jo(t, z,y) dy.

Y#(t,z) v
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6.2 Proof of Theorem 3.4

Now, we are able to prove our main result Theorem 3.4, i.e. pass to the limit ¢ — 0 in the weak
formulation of the microscopic model. The ODE for Ry in (26d) — (26¢) follows directly from Proposition
6.3(ii). The Darcy law in (26f) — (26g) was derived in Ref. [72] for a given evolution of the microscopic
domain (with the same properties of ¢.). Hence, the results are also valid in our setting. However, for
the sake of completeness, we will sketch here the essential steps and also use a slightly different proof with
an orthogonality argument, see Lemma B.1 in the appendix, to obtain the two-pressure Stokes model,
which was also used by Allaire in Ref. [37]. This alternative proof is of interest in itself and provides a
method for dealing with Stokes problems in evolving domains. Further, throughout the proof, we work
on the fixed reference element and additionally formulate the cell problems and the Darcy velocity on
the fixed reference cell Y*. Finally, the derivation of the macroscopic transport equation (26a) — (26¢)
follows similar lines as for pure diffusion without convection in Section 5.2 of Ref. [31] and, therefore, we
will focus only on the convective term in our proof below.

We start with the derivation of Darcy’s law, where we mainly follow the ideas of Allaire in Ref. [37],
and first obtain a generalised two-pressure Stokes model for evolving microdomains. For this, we introduce
the space

V= {77 ELQ(Q,HI%GLO(Y*)") :
(71)
Vy n=0inQxY* V,- *ndy—OinQ}
Y
with HY., o(Y*) = {ve Hl  (Y*) : v=0o0nT}. We also define the subspace
VP =V A CP(Q,HL,, ,(Y*)™).

per,0

The space V* is a dense subspace of V. For n € V* and ¢ € C{°(0,T'), we choose

ne(t,w) = A7 (e (2, %) (72)

as a test function in (18c) to obtain after integration with respect to time and using A. : Vi, =
(PAVAS (17 (~m, f)) =yYV,;-n (~I, f), where the notation is used to clarify that we insert the same variable
in both arguments,

T T "
2 f f Jeee(we) 1 ec(ne) de dt — f f @GV m (w, 7> ¥ dx dt
0o Ja. 0o Ja. €

T T (73)
_ _gzL L Jeee(On)e) : ec(n.) dz dt +L L [J.AZTh. —Vpp] -7 (33 g) o da dt.

From the strong two-scale convergence results in Lemma 6.5 and the strong two-scale convergence of
n (~, g), which follows from the oscillation lemma Lemma 1.3 of Ref. [3], we obtain that the unfolded
sequence 7 (ge (1)) converges strongly in L*((0,T) x Q x Y*) to eq(Ay 'n) for s € [1,2) and, therefore,
(up to a subsequence) also pointwise almost everywhere in (0,7") x  x Y*. Further, it holds due to the
essential bounds for F.-! and AZ! (and its derivative) almost everywhere in (0,7) x  x Y*

Te(eectr)l < € (|eTe (Var (= 2)) |+ |72 (9o (= 2))]) -

€
Since the right-hand side converges strongly in L2((0,7) x  x Y*), Lebesgue’s dominated-convergence

theorem implies ee.(n.) 22, eo(Ag'n)y. Further, Lemma A.2 implies that

le<(Peve) | L2¢0,1)x0) < C

for a constant C' > 0 independent of €. Hence, the first term on the right-hand side in (73) is of order
€ and vanishes for ¢ — 0. Using the compactness results from Proposition 6.3 and Lemma 6.5, we can
pass to the limit ¢ — 0 in (73) and obtain almost everywhere in (0,7")

J f Joeo(wo) : eo(Aaln) dydx — J J [JoAaTho — Vpb] -ndydx = 0.
QJy= o Jy=
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By density this result is valid for all 7 € V. The left-hand side defines a functional on L*(Q, H}, ,(Y*)").
Due to Lemma B.1 in the appendix, there exist Py € L((0,T), H}(Q)) and ¢ € L®((0,T) x 2 x Y*)/R

such that for all n e L*(Q, H),, o(Y*)™) it holds almost everywhere in (0,T) that

JJ Joeo(wo):eo(Agln)dydm—i-JJ VPo-ndyda:—Jf a1 Vy - ndydz
Q Jy#* QJy= QJy#

=JJ J0h0~AglndydszJ Vpp - ndydz.
QJYy* QJY*

Repeating the arguments above, where we choose as the test function in (72) the function 1 as n €

C5°(Q, Coy o(Y*)™) with V,, - = 0, and subtracting the resulting equation from (74), we obtain by a

density argument for all n e L*(Q, H},, o(Y*)™) with V,, - = 0 almost everywhere in (0,7)

(74)

J VPo-nderfJ QoVy -ndydx = 0.
QJY* QJy*

Using Lemma 2.10 of Ref. [3], we obtain Py = Qo = po — p» (where pg is the limit of P., see also
Proposition 6.3) and, in particular, pg € L?((0,T), H'(Q2)). Altogether, replacing n with Agn (which is
still an admissible test function) in (74), we get almost everywhere in (0,7")

ff Joeo(wo):eo(n)dydwrjf Agvpo-ndydw—ff @1Vy - (Agn) dy dx
Q Jy* QJY* QJY*

(75)
= f .[ Joho - ndy dzx.
QJyx
In other words, the triple (wg, po, ¢1) is the unique weak solution of the two-pressure Stokes model
—V, - (Ageo(wo)) + Ag Vaepo + AgVyqr = Johg  in (0,T) x Q x Y*,
—Vy - (Aowp) =0 in (0,7) x Q x Y*
wo =0 on (0,T) x Q2 x T,
(76)
—Va J Aowody = —0:0  in (0,T) x £,
v *
Do = Db on (0,T) x 09,

wop, q1 is Y-periodic.
An elementary calculation shows that for all £ € R™ it holds almost everywhere in (0,7) x  x Y* that
o€ = AJ [V (o —y) - )] + ATE. (77)
Hence, we can write the first equation in (76) as
—Vy - (Aoeo(wo)) + Ag Vy [a1 — (Yo — y) - ho] = Ag [ho — Vo] -

We emphasise that this substitution holds also for the weak formulation, where we note that (1 —y) - ho,
Al and the test functions are Y-periodic and that the test functions are zero on I'. This leads to the
following cell problems on the fixed reference element Y*: We denote for ¢ = 1,...,n by (w;,m;) €
LO((0,T) x Q,H. o(Y*)") x L®((0,T) x Q; L>(Y*)/R) the unique weak solutions of the cell problems

per,0

—Vy . (Aoeo(’wi)) + Agvym = AOTeZ in (O,T) x ) x Y*,
Y, - (Agw;) = 0 in (0,T) x Q x Y*, (78)

w;, ; are Y -periodic.

Since the two-pressure Stokes problem (76) admits a unique weak solution, we obtain from the linearity
of the problem the following result:
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Corollary 6.5.2. It holds that

n

wo = Y (ho = Vapo)iwi,
i-1

a1 = (o —y) - ho + Y, (ho — Vapo)im;
izl

and the Darcy-velocity v* is given for almost every (t,z) € (0,T) x £ by
o*(t,7) = f Agwody = K*(ho — Vpo) (79)
Y *

with the permeability tensor K* € L*((0,T) x Q)"*™ defined by (fori,j=1,...,n)

Ki*j = f Joeo(w;) : eg(w;) dy = f Ale; wj dy. (80)
Y * Yo%

In particular, it holds that V - v* = —0,0 with the porosity 0 defined in (25) and, therefore, py satisfies
the Darcy law (26f) — (26g).

Next, we consider the transport equation and derive (27). As a test function in the variational equation
(18a) we choose ¢(t,x) = ¢o(t,x) + ed1 (t,z, f) with ¢g € C(2) and ¢1 € CF((0,T), CF (£, C’g%r( )))
to obtain after integration with respect to time:

JT (e go <o (1 7)), M@0 (00
J o [D:Vu: —usAcwe] - [V% + eVt (t x, ) + Vyé1 (t x, )] dxdt (81)

JJ JoF |60+ eo1 (t, 2 )| dodt— J J Jeeg (uese 7 R) |00 + 201 (12, 2) | doat.

Using the convergence results from Proposition 6.3, Lemma 6.5 and Corollary 6.5.1, we can pass to the
limit ¢ — 0. For more details on the treatment of the non-convective terms, we refer to Section 5.2 of
Ref. [31] and Theorem 17 of Ref. [71], in particular for the boundary term.

Using integration by parts with respect to the microscopic variable y and using V,, - (Agwg) = 0 (see
Proposition 6.3(iii)), we have

LT JQE Ue Acwe - [V¢o + eV (75,;1:7 f) + V61 (t,:r, f)] de dt
HOJ f L* (t,2) Ao (t, 2, y)wo(t, 7, y) - Voo (t, 2) + Vyon (t, 2,y)] dy da dt
J f up(t, x)v* (t, z)Veo(t, ) dxdt—f J ug(t,z) V (A0w0)¢1(ta?y)dydmdt
v

=J f ugv* Vo da dt.
0 Jo

Hence, for € — 0, we obtain from (81) the limit equation (neglecting the arguments of the functions for
a simpler notation)

T T
f (0¢(Ouo), do)m-1(0),H1 () *j J ugv* o da dt
0 0 Q

T T
+ J J Do [Vuuo + Vyur] - [Vo + V] dy dar dt = f f 0 b0 — p|T(t, 2|0 Rodo dar it
Y * 0 Q (8 )
2
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with the porosity 6 defined in (25). In the last term, we can replace 0;0 = —|T'(¢,2)|0:Ro. By density,
this equation is valid for all ¢g € L*((0,T), Hy(2)) and ¢1 € L*((0,T) x Q, H},(Y*)). We emphasise
that we also used the L*((0,T) x ©)-bound for uy here. By standard arguments from homogenisation
theory, see for example Ref. [3], we obtain by choosing ¢y = 0 that u; admits a representation of the

form
U1<t,l’,y> = 2 awLUO(t7m)X'L(taxay)
i=1

for almost every (t,z,y) € (0,T) x Q x Y*, where x; € L*((0,T) x Q, H},(Y*)/R) are the unique weak
solutions of the cell problems

—Vy - (Do(Vyxi +€i)) =0 in (0,T) x Q x Y*,
—Do(Vyxi+e€;) - v=0 on (0,T) x Q x T, (83)
Xi is Y-periodic, J xidy = 0.
Yy *

We define the homogenised diffusion coefficient D* € L®((0,T) x Q)"*™ for 4,j = 1,...,n and almost
every (t,z) € (0,T) x Q) by

Dj(t,x) = e Dy(t, z)[Vyxi(t,z,y) + €] - [Vyx;(t, z,y) + e;] dy. (84)

Note that the right-hand side depends on the transformation ¥y and, therefore, on the radii Ry.

6.3 Transformation of the cell problems back to the evolving domain

Instead of the cell problems (78), we can consider the cell problems in the evolving domain, which
corresponds to the two-scale back-transformation illustrated on the right-hand side of Figure 1. This
relation was already obtained in Ref. [72] and this cell problem on the evolving micro-cell was already
derived by formal methods in Ref. [65]. We have the following formulation: Find (w;,7;) € L*((0,T) x

Q; HL . o(Y*(t,2))) x L*((0,T) x Q; L*(Y*(t,2))/R) such that
=V - (e(wy)) + V7 = e in  Y*(, ),
Vy-w; =0 in  Y*(t,x),

(85)

w;, 7; are Y-periodic, J w(t,z,y)dy =0
Y*(t,7)

for almost every (¢,2) € (0,T) x Q. (The Bochner spaces of vector-valued functions with range depending
on the domain of definition are defined via restriction, see for example Ref. [45]). Using (77), we observe

that w; (¢, z,y) = w;(t, x, ¢51(t, x,y)), Tt z,y) = m;i(t, x, wgl(t, x, y))—(wal(t, Z,y)—Yy) up to a constant
depending on ¢ and x, where (w;, 7;) is the solution of (78). Having this relation, the permeability tensor
(80) can be transformed accordingly, which yields

K*(t,z);; = J e(w;) : e(w;)dy = J e; - w; dy, (36)
Y * (t,x) Y *(t,z)

where the second equality is obtained with (85). With the periodicity and the divergence property, it can
be shown that for p € H!, o(Y*) with V-¢ = 0 it holds that

per,0
(V)" : Vepdy = 0.
Y (t,7)
Thus, in (85), the symmetric gradients eg(w;) can be replaced by %V@i, and therefore K* is given by

K*(t7$)ij = % J V’LZ),L : V’LD] dy

Y (t,2)

(87)
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By the same argumentation, the symmetric gradient can be replaced in (76), (78) and (80).

Following Ref. [70], we obtain that the representation of D* is independent of the transformation g
included in the diffusion coefficient Dy as an integral over the evolving reference element Y* (¢, z). More
precisely, we have

Dy = [ Dt el [t an) el (59)
t,x

where y; € L®((0,T) x Q, H, (Y*(t,x))/R) are the solutions of the following cell problems on the

per
evolving reference element Y*(¢, x) for almost every (t,z) € (0,7) x

-V - (D(Vyf(l +e;))=0 in Y*(t,z),
—D(VyXi+e) v=0 on I'(t, x), (89)

X; is Y-periodic, J Xi(t,z,y)dy = 0.
v

Between y; and y;, the following relation holds for almost every (t,z,y) € (0,7) x Q@ x Y* (up to a
constant depending on ¢ and x):

)Zi (t7$a¢0(t7$7?})) = Xl(t7w7y) + (y - ¢0(ta$,y)) " €.

Now, we proceed with the macroscopic equation. Choosing ¢; = 0 in (82) and using the definition of
D* we obtain by a standard calculation

T T
f (0u(Ouo), oy r-1(0), 11 () —J J ugv™ o dz dt
0 0 Ja (90)

T T
+ J J D*VUO . V¢0 drdt = J J ofd)o + P(?tegbo dx dt
0 JQ 0 JQ

for all ¢ € L2((0,T), H}(9)), which is precisely the variational equation for ug in the weak formulation
of the macroscopic model in Definition 3.2. It remains to establish the initial condition uo(0) = u'®, see
also Remark 3.3, where it suffices to show (ug)(0) = #™u™™. This follows by integration by parts with
respect to time in (81), choosing ¢; = 0 and passing to the limit & — 0 and comparing the resulting
equation with (90). For more details, we refer again to Section 5.2 of Ref. [31]. Note that the homogenised
equations in Ref. [31] contain additional terms on the right- and left-hand side which cancel each other.
In fact, the origins of these terms in the e-scaled model already cancel each other, see also Ref. [71], and
they do not appear in the homogenisation process and the e-scaled weak form here. Consequently, the
homogenised equations of Ref. [31] and Ref. [71], in which advection is not considered, coincide, whereas
(90) contains the additional advective transport term. This completes the proof of Theorem 3.4.

7 Conclusions and outlook

Developing a rigorous homogenisation approach, we derived an effective reactive transport and flow model
consisting of an advection—reaction—diffusion problem coupled to Darcy’s equation with effective coeffi-
cients (porosity, diffusivity and permeability) defined via cell problems, which depend on the macroscopic
position and evolve in time. In particular, the evolution of these cells depends on the macroscopic con-
centration. Thus, the cell problems (respectively the effective coefficients) are coupled to the macroscopic
unknowns and vice versa, leading to a strongly coupled micro—macro model. This limit system is obtained
by upscaling a coupled Stokes flow and advection—reaction—diffusion problem in a perforated domain with
an evolving microstructure of size €, in which reactions at the boundaries of the microscopic interfaces
lead to the formation of a solid layer, which is modelled to be radially symmetric with a variable a priori
unknown thickness induced by the advection—reaction—diffusion process.

The approach strongly relies on the regularisation induced by the restriction to a radially symmetric
solid layer. While the recovery of well-posed limit problems seems to be out of reach for a fully general
evolution of the microstructure, slightly more general models might still be manageable within this

36



framework and this is a subject of further investigation. E.g. if the growth/shrinkage of the solid layer is
restricted to occur in normal direction only, this can be handled by the same methods in principle at the
price of having to restrict to local results with respect to time. A critical aspect is that the local-in-time
existence interval remains independent of e. However, this can be obtained from a uniform bound on the
growth function g in Assumption (Al).

A Properties of the domain transformation

In this section, we summarise some technical details on the transformation .. Most of the following
results were shown in Ref. [71] or Ref. [31] for a similar transformation. For the sake of completeness, we
sketch the proofs.

More precisely, we show several e-scaled a priori estimates for the transformation 1., which was defined
in (10), as well as its Lipschitz-continuous dependence on the radii. We employ these properties for proving
the existence and uniqueness of a microscopic solution of (18) and for the derivation of e-independent
a priori estimates of the solution. Moreover, in Lemma 6.5, we show that several two-scale convergence
results for the transformation 1. follow if R. converges. We will use this convergence in order to pass
to the two-scale homogenisation limit. The direct two-scale limit problem as well as the homogenised
problem contain coefficients which depend on the limit of 1. for € — 0. Nevertheless, we show in the
Subsection 6.3 how the cell problems and effective tensors can be transformed back on reference cells, the
domains of which depend on their macroscopic position and time. Thus, the homogenised problem and
the cell problems become independent of the transformations 1. and its limit. Having this in mind, the
transformation ). is reduced to a tool for proving existence and uniqueness of the microscopic problem,
as well as the homogenisation.

In order to enhance the understanding of the e-scaled diffeomorphisms 1., we note that (10) and (8)
yield

ve(t,w) = o + ey (67 Re(t, @)1 {2}) — {£}

=e[Z] + e (e Re(t, 2); {£}) . (91)

Thus, 1. is nothing but a union of diffeomorphisms (sflRE(t, x); ) for every e-scaled cell. Hence, the
bijectivity of ¥ (5’11’%6 (t,z); ) from Y* onto Y*, can be transfered into the bijectivity of ¥.(t,-)
from Q. onto Q(¢).

Moreover, the e-scaled estimates for 1. are obtained from corresponding results for (&:flRE(t, x); )
which are independent of R..

s(tvx)

Lemma A.1 (Cell transformation). Let x € C®([0,0);[0,1]) be monotonically decreasing with x(\) = 1
for A < Rpax and x(A) =0 for A = (Rmax + 0.5)/2. Then, ¥(R, ) as defined in (8) is a diffeomorphism
from Y* onto Y5 for every R € [Rumin, Rmax| such that

V(R Y*) =Y for every R € [Rumin, Rmax),
W(Riz) =2 for every R € [Rumin, Rmax], T € Y\Y(ﬂ;zmax+0.5)/2’
I (R; ')H(ﬂ(?) <C for every R € [Rumin, Rmax|,
det (0,0 (r;x)) = ¢y for every R € [ Ruin, Rmax], T € Y,
R ¥(R;-) € C°([Rumin, Rinax], C2(Y*)™).
Proof. After translation, we can assume without loss of generality that m = 0 and Y* = (—%, %)n \m

(and, similarly, we redefine Y}¥). First, we consider ¢ as a function from R™\{0} into R™. With
a(A) = A+ (R — Rumax)x(N), for A = 0, we can write ¢ in the following way for y € R™\{0}

— a(lyD-L.
Y(y) = (|y|)|y| (92)

Since x is decreasing and R — Ryax < 0, we obtain that « is strictly increasing. Hence, with a(Rpax) =
R and limy_,o a(A) = o0, we get that a : [Rpax,©) — [R,0) is bijective. This implies that ¢ :
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R™\Bg,,..(0) = R™"\Bg(0) is bijective. In fact, for z € R™ with |z| > R, there exists A\, = Rmax such
that a(A,) = |z|. For y = = Az73, we get from (92) that ¥ (y) = 2 and, therefore, ¢ is surjective. For
y1,Y2 € R™\Bpg,.. (0) with ¢(y1) = ¥(y2), we obtain (taking the absolute values), using again (92),
that a(|y1]) = a(|yz]), and the bijectivity of o gives |y1]| = |y2|. In particular, this implies y; = o, so
¥ : R™\Bg,,... (0) = R™\Bg(0) is injective. Finally, since ¢(y) = y for y > (Rumax + 0.5), we obtain that
Y Y* — Y7 is bijective.

Moreover, since 1 is smooth with respect to both arguments, [/ (R; )|z is uniformly bounded
with respect to the parameter R in the compact set [Rmax, Rmin]- The essential uniform boundedness of
det (0,1 (r; z)) away from 0 follows from the continuity of det(d,) on the compact set [ Rmin, Rmax] X Y *
and the pointwise positivity in one point, which can be shown by an explicit calculation. O

We note that the construction of (R;-) by (8) does in fact not give a diffeomorphism from Y onto
Y. In Ref. [71], a diffeomorphism with the same properties from Y onto Y was constructed. Further,
the corresponding cell displacement J(R,y) vanishes at JY and, thus, J(R; ) € CR.(Y*;R") for all
R € [Rumin, Rmax]- Next, we transfer the radius-independent estimates of Lemma A.1 into e-uniform

estimates for 1. with the following lemma.

Lemma A.2. Let R. € WH°((0,7T),L*(Q:)) n L*((0,T) x ) be constant on every micro cell with
[0:Re | oo 0,1y x02) < Cy and e Re € [Ruin, Rmax]- Let 1. be defined via (10) with its Jacobian matriz
F. = 0¢. = V! and Jacobian determinant J = det(F.). Moreover, let D, A. be given by (14), (13).
Then, there exists constants C,a > 0 such that almost everwhere in (0,T)

et [¥e —ida. | e,y + 1 Fell ooy + 14cl Lo,y < C (93)

EnawFEHLoo +€HD J||L°0Q)'~‘5Ha Ac HLOCQ)gca (94)

e 0stell oo g,y + 10208l Loy + 196 Tel ooy < Cs (95)

Je(t,x) = ¢y, (96)

¢"D( = (" LF'DF.T¢ = o|¢)* for all ¢ e R™ (97)

Moreover, we obtain for every v € Hlls (Q)

(e%e<(v), ATV0) = & |Voliaq, (98)

inf sup (¢, V-(4:v)a, = f. (99)

9€L2(Qe) ver}_(0.) € HVUHL2(Q ||qHL2(Q )

Proof. The estimates (93)—(96) are proven in Ref. [31, 71]. They follow by elementary calculations via
scaling the estimates of Lemma A.1, which we carry out for (96) as an example,

Je(2) = det(0,¢.(t, x))) = det (€0, (5*1R5(t, 2);{2})) = det (0t (Re(t, x); {%})) =>c

The coercivity (97) is shown as part of the proof of Proposition 4.1 in Ref. [70]. It follows from (93)
and (96). The uniform coercivity (98) is shown in Lemma 3.6 of Ref. [72] using a uniform Korn-type
inequality for two-scale transformations. The inf-sup condition (99) is shown in the Proof of Theorem
3.1 of Ref. [72] by means of an e-scaled right-inverse of the divergence operator, which is based on the
extension operator developed in Ref. [64, 2]. O

As already mentioned above, these estimates and particularly the explicit dependence on ¢ are for
technical reasons and crucial for the a priori estimates and the homogenisation. Let us point out some
properties in more detail. The inequality (93) shows that the transformation . is close to the identity
and oscillations are small but leads to macroscopic effects for the derivatives of .. Further, (96) means
that no volume is “compressed” to one single point. Finally, (97) and (98) give coercivity for the transport
equation and the Stokes equations in the fixed coordinates. The following inequalities are used to establish
the uniqueness of the micro-model in particular and, for this, the explicit dependence on ¢ is not necessary.
Only for J., an e-uniform bound is necessary for the strong two-scale convergence. However, for the sake
of completeness, we formulate the precise dependence on ¢ in all inequalities.
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Lemma A.3. Let R, R? fulfill the assumptions of Lemma A.2 and let ¢, i € {1,2}, be given by (10)
and F!, AL Dt accordingly. Then, the following estimates hold almost everywhere in (0,T):

e [0 = V2l i,y + 172 = FEl ) < €7 TCIRE = BE g,y »

|42 = A2 ooy + HD; —DZ| ) + 172 = 2] e,y S €TIC RS- RE| )
e0n(As = AD)| 1., < eI C|R: = B2 g

et Ha”/’sl - atiﬁg”m(m) <e”'C HRl - R2HL2(Q ) +e !'C Hat(Rl - R2 HL?(Q )’

|Vor: — Vaﬂ/’?”p(ﬂg) <& 'C|R: - EZ|

o2 — athQHLz(QE) <e 'C|R: -

L2(Q) +€_1C”at(R1 R?) ||L2(Q

+ E_IC H(?t(R; —

SHLQ(QE) R HLQ(QE) ’

Proof. We note that Lemma A.1 provides R — 9(R;-) € C®([Rmin, Rmax), C?(Y*)™)). Thus, ¢ as well
as all its derivatives depend Lipschitz-continuously on R. After rescaling, this can be carried over to
e via (91), which yields the Lipschitz estimates above. For the Lipschitz estimate of D,, the Lipschitz
estimate of F! is used in addition. This, estimate can be obtained by the Lipschitz estimate of F. and
the uniform bound J. > c; from below. We note that, for the Lipschitz estimate of A. = J.F. !, this is
not necessary since A. is the adjugate of F, and, thus, is nothing but a polynomial with respect to the
entries of Fj. L]

B Auxiliary results

In this section, we summarise some technical results important for the treatment of our problem. We
start with a two-pressure decomposition:

Lemma B.1. Let the space V be defined as in (71). We denote its annihilator in L*(Q, H} . o(Y*)")'
by V. Then, it holds that

= {Vapo + Vyp1 € L2(Q, Hpe o(Y*)") = po € Hy(Q), p1 € L*(Q x Y¥)/R}.

Proof. Similar results can be found in Lemma 1.5 Ref. [37] and Section 14 of Ref. [14]. For a detailed
proof (for thin domains, which can be easily transferred to our situation), we refer to Lemma 5.3 and
Remark 5.5 of Ref. [24]. O

Next, we show that, in the case of symmetrical inclusions in the perforated reference cell Y* (in
our case simply balls), we get a simplified structure for the homogenised diffusion coefficient and per-
meability tensor. More precisely, in the special situation when the perforations are balls, we get that
the homogenised diffusion coefficient D* and the permeability tensor K* in Section 3 are scalars, which
we formulate in the following lemma for the permeability tenbor (the proof follows similar lines for the
homogenised diffusion coefficient). Here, we consider Y* := (-1 \B,(0) with 7 € (0, 3), and define
the permeability tensor K* € R"*" for i,5 = 1,...n via

2 2)

K;j = J wj - e; dy, (100)
Y

*
where (w;, ;) solve
: *
—Aywj +Vymj =e¢; in Y™,
Vy Wy = 0 in Y*7
wj =0 onl,

w; is Y-periodic.

(101)

The following result is well-known in the literature, but we were not able to find a proof which is why we
give its short proof for the sake of completeness.

Lemma B.2. The permeability tensor K* fulfills K;j = 0 fori # j and K;; = Kjj foralli,j=1,...,n
In other words, there exists k > 0 such that K = kE,.
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Proof. Let R € R™ ™ be an orthonormal matrix. More precisely, we assume R = RT = R™'. Later,
we will choose R as a reflection at a hyperplane through the origin. We define w;(y) := Rw;(Ry) and
7j(y) :== mj(Ry). Hence, an elementary calculation shows that (@;, ;) solves (101) with e; replaced by
Rej.

Now, for fixed j € {1,...,n}, we choose R with Re; = —e; and Re; = e; for i # j, i.e. Ry =
Y1y s Yj—1,—YjsYj+1,--->Yn). Then, (—w;, —7;) is also a solution of (101) and, therefore, 0; = —w;.
We get after transformation and using the definition of @; (using |det(R)| =1 and RT = R = R™!):

Ki-=J wj-eidy=J- Rzﬂj-eidy=—f wj - Re; dy.
Y* Y * Y *

This implies that K is a diagonal matrix. In order to identify the diagonal elements K;; = K;; for 7 # j,
we choose Re; = e;, Re; = ej and Re; = ¢; for [ € {1,...,n}\{i,j}. The same argumentation as above
yields @; is a solution of (101) with right-hand side e;. Therefore, we obtain @w; = w;, which yields

Kj':J wj-ejdyzf Rw]e]dy:f wi-Rejdy:J ’LUZGZdy:K“
Y * Y * Y * Yk
Hence, we get the desired result with k := K;; (with ¢ € {1,...,n} arbitrary). O

We have the following well-known trace inequality for heterogeneous domains 2., which can be ob-
tained by a standard decomposition argument.

Lemma B.3. Let p € [1,00). For every u > 0, there exists a constant C(u) > 0 independent of € such
that

1
ev |uelro(r.y < C(W)|uclLr(a.) + pe[Vue|rr(a.)
holds for all u. € WHP(€,).

Finally, we show that the solution operator for a saddle-point problem is locally Lipschitz continuous.
We formulate this result for an abstract saddle-point problem.

Lemma B.4 (Lipschitz continuity of saddle-point problems). Let V,Q be Banach spaces and

A:={aeBil(V,V)] |a|g; < © and a(v,v) > « H’UH%/ for an o> 0 and all ve V}, (102)
B:={beBil(Q,V) | [blgy <o and inf = sup b(g,v)/(|dlelv]v)= B for a5 >0}, (103)
q€Q\{0} ye1\{0}

where fora € A and be B

|a(v, w)|

lalgy = sup 7, (104)
B wengoy vl Twlly
|b(q,v)|
16] 53 = sup (105)

ge@\(0, vev\(oy [vlly lall g

Let L: Ax Bx V' xQ — V x Q be the solution operator of the following saddle-point problem with
L(a,b, f,g) == (v,p), where (v,p) € V x Q 1is the unique solution of

CL(’U, ) + b(p7 ) = f in V/a (106)
b(-,v) =g in Q' (107)
Let v, By, HyM > 0 and
AR ={ae Allalgy < H and a(v,v) = ag ||v||%/ for allveV},

B%:={beB| inf sup b(g,v)/(lalelv|v) > Bo},

q€Q\{0} yeV\ {0}
Vip = (o' e V' | |V'],,, < M},
Qu=1{deQ||d|, <M}
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Then, L is Lipschitz continuous on Afy x B x Vi, x Q); and the Lipschitz constant depends only on
o, Bo, H, i.e. there exists L(c, Bo, H) such that

[£(a1,b1, f1,91) — L(az,b2, f2,92) |y« g
< L{ao, fo, H) (M (lar = aslgsy + b1 = ballg) + (L1 = foly + 91 = 92101 ) ) -
Since the coercivity constant and the inf-sup constant depend continuously on the bilinear form, L is
locally Lipschitz continuous on A x B x V' x Q' in particular.
Proof. For i € {1,2}, let (a;, b, fi,9:) € A} x BPo x V{,; x @), and let (v;,p;) € V x Q be the unique
solution of the corresponding saddle-point problem (106)—(107), i.e.
ai(vi,+) + bi(piy-) = fi in V’, (108)
By applying the coercivity of a; and the linearity of the bilinear forms and the right-hand sides, we obtain
ag 0]} <ay(5v, 6v)
= — 0b(p2, 6v) — 0g(dp) + db(dp,v2) + 6 f(dv) — da(ve, 6v)
<60l gy P2l 00l + gl 0Pl + 60l gq loplg [v2lly
+ 61y 16vlly + [6algy o2y [6v]y -

We note that standard existence theory provides the following bounds for the solution (v;,p;) of (108)—
(109)

1 2 ailgy
o < — | fillo + ——4BL g0, < CM, 110
vy, o0 I filly + 0o lgill g (110)
2|lai gy 2 a; |5
iy < L fillr + Bil o, < CM 111
Ipillg oofo I.£:ll 052 lgill g ; (111)

where C depends on H but not on M. Then, the boundedness of the bilinear forms and the right-hand
sides yields the boundedness of the solutions and we obtain

o |80l < O ( 100l g 130l + 100l 13l + 6l 6] )

+C (189l 190l + 1671y 601, ). (112)

Moreover, employing the inf-sup estimate for b; yields
Bolléplg < [b1(-,0p) |y = [—a1(dv,-) = (6a)(ve, ) + 0.f — 6b(-, p2) v
< lladligy [6v]y + [8algy [v2lly + (6 £y + 60l g; P2 -
Using the boundedness of the data and of the solutions, we obtain

Bo [oplg < C(lovly +[8fllv.) + CM ([dalg; + |6b]5;) - (113)

Inserting (113) in (112) and applying the Young inequality yields for arbitrary A > 0

80l < CM ([16b]55 |80l + 1dal s ||5v|\v)

+COM (6] gy ([60]ly + [8f[ly) + CM? (80| gy (|8l + 6b]0)
+C 0gl o (I6vlly + 6f[y) + CM |égll gy ([0a] gy + 160l 5;)

+16 11y [ovly

< CAMP([8b] 5 + [9allfg) + ASolly, + Cx5£15 + Cx 891y -
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By choosing A small enough and taking the square root, we obtain

[6v]ly, < CM([6b] gy + [6algn) + C 61y, + Cléglg - (114)
Inserting (114) into (113) yields

[0pllq < CM([6b]gy + [dalgy) + Cl6f]y: + Clloglg - (115)

Thus, (114)—(115) imply the local Lipschitz continuity of L. O

C Two-scale convergence and unfolding

In this section, we briefly summarise the notion of two-scale convergence and the concept of the unfolding
operator. These methods provide the basic techniques to pass to the limit ¢ — 0 in the microscopic
problem.

C.1 Two-scale convergence

We start with the definition of two-scale convergence, which was first introduced and analysed in Ref. [49]
and Ref. [3], see also Ref. [43]. Here, we formulate two-scale convergence for time-dependent functions.
However, the aforementioned references can be easily extended to such problems since time acts as a
parameter. For the initial data, we use the usual two-scale convergence for time-independent functions,
which can be defined in the same way.

Definition C.1. A sequence u. € L1((0,T), L*(QY)) for p,q € [1,0) is said to converge in the two-scale
sense (in LILP) to the limit function ug € L1((0,T); LP(Q x Y)) if the following relation holds

lin(l)f fustx tx )dxdt—f ffuotacy)(b(txy)dydxdt

for every ¢ € LY ((0,T); L' (€, C%.(Y))). In this case, we write u. 24P, wy. For q = p, we use the

per

. 2,p
notation us — uq.
A two-scale convergent sequence u. convergences strongly in the two-scale sense to ug (in LYLP) if

lim e Lao,7), 20 (@) = [0l Laqo.), Lo @xv));

2,q,p 2,p
and we write u. —— ug n this case. For q = p, we write u. =P, up.-

In Ref. [6, 48], the method of two-scale convergence was extended to oscillating surfaces:

Definition C.2. A sequence of functions u. € L1((0,T), LP(T.)) for p,q € [1,00) is said to converge in
the two-scale sense on the surface T'; (in L1LP) to a limit ug € L1((0,T), LP(2 x T)) if

lin(l)sf f ue(t, ) tx )dadt J quotxy)(b(ta:y)daydxdt
E—>

holds for every ¢ € C ([0,T] x Q,C%, (). We write u. 20p

per

ug on 'z in this case. For q = p, we use
the notation u. 22, ug on I's.

We say that a two-scale convergent sequence ue converges strongly in the two-scale sense on e (in
LrPLY) if

lim e el La(o,1), Lo (r.)) = luolLa(0.1),Lr(2x1)

. . 2,q,p . . 2,p
additionally holds and we write ue —= wuqg in this case. For q = p, we write u, — ug on ['..
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We have the following compactness results (see e.g. Ref. [3, 43, 48], with slight modification for
time-dependent functions):

Lemma C.3. For every p,q € (1,00) we have:

(i) For every bounded sequence u. € L1((0,T),LP(QY)), there exists ug € LI1((0,T), LP(Q x Y)) such
that, up to a subsequence,

2,q,p

Ue uQ-

(ii) For every bounded sequence ue € Li((0,T), WLP(Q)), there exist ug € LI((0,T),LP()) and u; €
La((0,T), LP(Q, WLP(Y)/R)) such that, up to a subsequence,

per

2,q,p
Ue uo,

2,q,p
Vue === Vyug + Vyuy.

(iii) For every sequence u. € L((0,T), W1P(Q)) with u. and eVu. bounded in LI((0,T), WHP(Q)),
there exists ug € L((0,T), LP(Q, WXE(Y))) such that, up to a subsequence, it holds that

2,q,p
Ue uo,

2,q,p
eVue Vyup.

(iv) For every sequence u. € L1((0,T), LP(T.)) with

1
erfuclzagom), ooy < C,
there exists ug € L1((0,T), LP(Q x IT')) such that, up to a subsequence,

2,q,p
U ——ug on ;.

C.2 The unfolding operator

When dealing with nonlinear problems it is helpful to work with the unfolding method, which allows a
characterisation of weak and strong two-scale convergence, see Lemma C.5 below. We refer to Ref. [16]
for a detailed investigation of the unfolding operator and its properties. For a perforated domain (here
we also allow the case Y* =Y i.e. Q. =), we define the unfolding operator for p, q € [1, 0] by

Te : L9((0,T), LP(Q)) — LU((0,T), LP (2 x Y)),
Te(ue)(t, z,y) = ue (t,s [g] + Ey) .
In the same way, we define the boundary unfolding operator for the oscillating surface I'; via
Te : LY((0,T), LP(T)) — L*((0,T), LP(2 x I)),
Te(ue)(t, z,y) = ue (t,s [g] + €y> .

We emphasise that we use the same notation for the unfolding operator on 2. and the boundary unfolding
operator on I'.. We summarise some basic properties of the unfolding operator, see Ref. [16], generalised
in an obvious way to time-dependent functions with different integrability p and ¢:

Lemma C.4. Let ¢,p € [1,0].
(i) For ue € L1((0,T), LP(Q)), it holds that

|7z (ue)ll Lo 0,1, Lrxy )y = |tellLao,1),Lr (0. ))-
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(ii) For u. € L1((0,T), W*P(Q,)), it holds that

VyTe(ue) = eTo(Vaue).

(#11) For ue € L1((0,T), LP(T:)), it holds that

Its

1
| Te(ue )l Lago,7),Lo@xr)) = €7 [ucllLago,r),Lo(r.))-

The following lemma gives a relation between the unfolding operator and two-scale convergence.
proof is quite standard and we refer the reader to Ref. [7] and Ref. [16] for more details (see also

Proposition 2.5 of Ref. [67]).

Lemma C.5. Let p,q € (1,0).

(a) For a sequence u. € L1((0,T), LP(R2)), the following statements are equivalent:

. 2,q, 2,q,
(i) ue KL (uaﬂ)uo)

(i) To(ue) — o (To(us) — ug) in LI((0,T), LP(Q x Y)).

(b) For a sequence u. € L1((0,T),LP(T.)), the following statements are equivalent:

(i) e 2.0.0 uy (U 248, ug) on T,
(11) Te(ue) — uo (Te(ue) — up) in L1((0,T), LP(2 x T)).
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