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Signatures of the Correlated-Hopping Interaction in
Non-Linear Transport Through a Quantum Dot

Ulrich Eckern* and Karol I. Wysokiński*

In condensed matter systems with the Coulomb interaction playing an
important role one expects, besides the on-site (local) Hubbard-type
interaction, that also other (non-local) terms depending on the site occupancy,
known as correlated or assisted hopping, exist. Even though such terms in
quantum dots tunnel coupled to external electrodes may have quite an
appreciable amplitude, the interpretation of experiments on these
systems—usually in the linear response regime—seems not to require their
presence. However, since the correlated-hopping term breaks the particle-hole
symmetry of the standard Anderson model and modifies all transport
characteristics of the system, the detailed knowledge of its influence on
measurable characteristics, especially in the non-linear regime, is a
prerequisite for its experimental detection. In this paper, the non-linear
transport properties of junctions composed of a quantum dot tunnel coupled
to external electrodes are studied. The system is modeled by the
single-impurity Anderson Hamiltonian with Hubbard on-site interaction and
with a non-local correlated-hopping interaction. Using the previously found
general expression for the spin-dependent transport and spectral Green
functions as well as general formulae for charge and heat transport, relevant
transport characteristics are calculated in the strongly non-linear regime.

1. Introduction

In narrow-band condensed matter systems, the Coulomb inter-
action plays a significant role. The magnitude of the interaction
is typically characterized by the single parameter U, which has
the physical interpretation as a local repulsion between two elec-
trons on the same site. In Wannier representation with states |i⟩
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centered at site i, its magnitude is given
by the diagonal matrix element, U =⟨ii|V|ii⟩, of the Coulomb potential V(r).
In specific situations, other matrix ele-
ments may also be important. In partic-
ular, this is true for the term that con-
nects two neighboring sites and has the
structure of density-dependent hopping,
Kij = ⟨ii|V|ij⟩, also known as correlated
hopping. The latter describes situations
where the hopping of a particle depends
on the presence of other particles at the
sites involved in the process. Note that for
the model studied below, i refers to a dot
state, and j to a state in the leads.
Some time ago, the role of correlated

hopping was studied in the context of
superconductivity,[1] where this kind
of interaction alone was shown to lead
to a superconducting instability. More
recent studies considered the possi-
bility of simulating such and more
complicated density-dependent inter-
actions in optical lattices.[2] On the
condensed matter side, besides its im-
portance for superconductivity,[3] the
role of such interactions in establishing

the ferromagnetic many-body state,[4] or interacting higher-order
topological insulators,[5] has been studied.
Furthermore, both U and K are expected to be important in

quantum dots[6–11] and point contacts.[12,13] Interestingly, despite
very precise measurements of the conductance in quantum dot
structures including the detailed scaling of the charge conduc-
tance with temperature in the Kondo regime,[14] the experiments
could be described solely by using the standard Hubbard model
with theU term only. However, it is important to stress that both
theory and experiment concentrated on the linear regime so far,
while non-linear transport in the model with correlated hopping
has gained comparatively little attention.[15] It is the purpose of
the work to fill this gap and study the effect of correlated hopping
on the conductance and the thermoelectric power in the strongly
non-linear regime where specifically a large voltage bias and/or
temperature difference is applied. To reach this goal, we use
the non-equilibrium Green function (GF) approach. We model
the system by the generalized Anderson Hamiltonian with the
correlated-hopping term as discussed earlier.[15]

We find, in particular, a strong asymmetry in the conductance
and the Seebeck coefficient corresponding to the two Hubbard
sub-bands, which is an important signature of correlated hop-
ping. This asymmetry is distinct from that due to an asymmetric
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Figure 1. An electron with spin 𝜎 and wave vector k jumps from one of the
electrodes (here left) onto the quantum dot with amplitude V⋆

Lk𝜎
(or VLk𝜎

for opposite jump). In the model with correlated hopping the amplitude
of the process depends on the existence of opposite spin electron on the
quantum dot. In the Hamiltonian in Equation (1) this is conveniently rep-
resented by the composite annihilation operator D𝜎 = d𝜎(1 − xn𝜎̄) and its
Hermitian conjugate.

coupling between the dot and the external electrodes. The latter
asymmetry was found to be crucial for the rectification of both
longitudinal and perpendicular currents in the four terminal
cross geometry.[16]

The paper is organized as follows. In Section 2 we present the
model with correlated-hopping term and describe the approach.
The transport characteristics of interest in the strongly non-linear
regime are introduced in Section 3. The results for the conduc-
tance and the Seebeck coefficient are presented and discussed in
Section 4, and we end up with summary and conclusions in Sec-
tion 5.

2. The Model and Basic Definitions

The present study expands our previous work into non-linear
regimes. The goal is to identify the signatures of the correlated-
hopping interaction in the transport characteristics. This sec-
tion recapitulates the main points, discussed earlier in detail.[15]

2.1. General Aspects

The Hamiltonian of the studied system, schematically shown
in Figure 1, with correlated hopping, is similar to the standard
single-impurity Andersonmodel, albeit with modified on-dot op-
erators that take the correlated hopping into account

H =
∑
𝜆k𝜎

𝜀𝜆kn𝜆k𝜎 +
∑
𝜎

𝜀𝜎n𝜎 +Un↑n↓

+
∑
𝜆k𝜎

(
V𝜆k𝜎c

†
𝜆k𝜎D𝜎 + V∗

𝜆k𝜎D
†
𝜎
c𝜆k𝜎

)
(1)

where the composite operator D𝜎 = d𝜎(1 − xn𝜎̄) takes care of
the occupation dependence of the hopping. Number operators
n𝜆k𝜎 = c†

𝜆k𝜎c𝜆k𝜎 and n𝜎 = d†
𝜎
d𝜎 are defined for the leads and the

dot, respectively. The operators c†
𝜆k𝜎(d

†
𝜎
) create electrons in re-

spective states 𝜆k𝜎 (𝜎) in the lead 𝜆 (on the dot). The energies
of the leads are measured from their chemical potentials 𝜇𝜆, so
𝜀𝜆k = 𝜀0𝜆k − 𝜇𝜆, with the dependence of 𝜀0𝜆k on 𝜆 allowing for a
different spectrum in each of the leads. The spin quantum num-
ber 𝜎 = ±1 are for ↑, ↓ spins, respectively. The standard hopping
term from the quantum dot (QD) to the electrode 𝜆 is written as∑

𝜆k𝜎(V𝜆k𝜎c
†
𝜆k𝜎d𝜎 +H.c.), while the state-dependent hopping has

been parameterized by the parameter x which is minus the ra-
tio between K𝜆k𝜎 and V𝜆k𝜎 , x = −K𝜆k𝜎∕V𝜆k𝜎 . We assume x to be
constant,[15] i.e., not dependent on 𝜆k𝜎. The on-dot energy de-
pends on the applied magnetic field B as 𝜀𝜎 = 𝜀d + 𝜎𝜇BB, where
𝜇B is the Bohr magneton and 𝜀d the bare on-dot electron en-
ergy level. The latter parameter can be tuned by an external gate
voltage (not shown in Figure 1) which couples to the quantum
dot. We shall also use 𝛿 = 𝜀d +U∕2, which is the departure from
the particle-hole symmetry point. The Hubbard parameterU de-
scribes the repulsion between two electrons on the dot. For the
particle-hole symmetric system 𝛿 = 0 if x = 0. A non-zero value
of x breaks time-reversal symmetry.
For completeness, we note that in addition to U = ⟨ii|V|ii⟩

and Kij = ⟨ii|V|ij⟩, where i refers to a dot state and j to a lead
state, there are other Coulomb terms, related to the amplitudes⟨ij|V|ij⟩, ⟨ii|V|jj⟩, and ⟨ij|V|ji⟩; c.f. the quite explicit discussion in
ref. [17]. Quantitative estimates, of course, depend on the actual
nature of the states involved, but considering the exponential fac-
tors arising due to the localized nature of the Wannier states, the
following inequalities can be expected[17]: U ≫ K ≫ ⟨ii|V|jj⟩ ≈⟨ij|V|ji⟩. On the other hand, the contributions arising from⟨ij|V|ij⟩ can be quite appreciable in magnitude, leading to terms
∝ ninj (recall that i is on the dot and j in a lead), but still small com-
pared toU; these are proportional to the dot density, and thus are
not expected to have a pronounced effect on the transport across
the dot. Of course, the discussion of Coulomb interaction terms
depends on the concrete system under study, and has to be mod-
ified when the dot and/or the leads are more complex, or when
the spin degree of freedom is relevant; see, e.g., ref. [18].
Below we use the standard approach[19] and calculate the

charge current flowing out of the electrode 𝜆 as (e times) the
time derivative of the average particle number, ⟨N𝜆⟩ = ∑

k𝜎⟨n𝜆k𝜎⟩,
of lead 𝜆. Application to the two-terminal QD we are interested
in here provides I = IL = −IR, which expresses current conserva-
tion in the system:

I = 2e
ℏ

∑
𝜎

Γ̃𝜎 ∫
dE
2𝜋

[
fL(E) − fR(E)

]
ImGr

𝜎
(E) (2)

with Γ̃𝜎 = ΓL
𝜎
ΓR
𝜎
∕
(
ΓL
𝜎
+ ΓR

𝜎

)
; the parameters

Γ𝜆

𝜎
(E) = 2𝜋

∑
k

|V𝜆k𝜎|2𝛿(E − 𝜀𝜆k) (3)

describe the coupling between the dot and the electrode. They
are assumed to be independent of energy E, which corresponds
to the wide-band limit. It is important to stress that the wide-band
limit condition is not always valid: notable examples are hybrid
systems[20–22] with one (or both) of the electrodes being a super-
conductor.
We emphasize that the model described by the Hamiltonian

in Equation (1) requires the knowledge of two different Green
functions (GFs): the transport GF defined as

Gr
𝜎
(E) = ⟨⟨D𝜎|D†

𝜎
⟩⟩rE (4)

which enters the formulae for the currents, and the spectral GF

gr
𝜎
(E) = ⟨⟨d𝜎|d†𝜎⟩⟩rE (5)
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describing inter alia the occupation ⟨n𝜎⟩ of the quantum dot.
The Fermi function

fL∕R(E) =
[
exp

(E − 𝜇L∕R)

kBTL∕R
+ 1

]−1
(6)

describes the electrons’ distributions in the leads L∕R, assumed
to be in local equilibrium at temperature TL∕R and chemical po-
tential 𝜇L∕R, respectively.

2.2. Comments on GFs, Self-Energies and Lifetimes

The GFs in Equations (4) and (5) have been calculated
previously,[15] and we shall not repeat the details here. The final
formulae can be found in the Supporting Information, together
with the derivation of the fourth-order lifetime effects. Instead,
we recall a few important aspects only. The general structure of
both GFs is the following:

F𝛼(E) =
1 + n𝛼(E)

E − 𝜀d − Σ0𝜎(E) − Σ𝛼(E)
(7)

Here we briefly use the symbol F𝛼(E), with 𝛼 = transport or 𝛼 =
spectral to denote the two GFs. The self-energy

Σ0𝜎(E) =
∑
𝜆k

|V𝜆k𝜎|2
E − 𝜀𝜆k

(8)

results from the coupling to the leads. In the wide-band limit one
approximates (8) by its imaginary part:

Σ0𝜎(E) ≈ −i𝜋
∑
𝜆k

|V𝜆k𝜎|2𝛿(E − 𝜀𝜆k)

= −i(ΓL
𝜎
+ ΓR

𝜎
)∕2 (9)

The dimensionless functions n𝛼(E) depend on the average oc-
cupation of the dot ⟨n𝜎̄⟩, the parameter x, interaction U, and
other parameters of the system. These functions, as also the self-
energies Σ𝛼(E), are sums of various self-energy pieces bi𝜎̄ , b̄i𝜎̄ , and
b̃i𝜎̄ , which in turn depend on the GFs in a self-consistent fashion.
As examples, we quote the formulae

b̃1𝜎̄(E) =
∑
𝜆k

V∗
𝜆k𝜎̄⟨D†

𝜎̄
c𝜆k𝜎̄⟩

E − 𝜀𝜆k − 𝜀1 + i𝛾̃ 𝜎̄1

= ∫
d𝜀
2𝜋

∑
𝜆
Γ𝜆
𝜎̄
f𝜆(𝜀)⟨⟨D𝜎̄|D†

𝜎̄
⟩⟩a

𝜀

E − 𝜀 − 𝜀1 + i𝛾̃ 𝜎̄1
(10)

where 𝜀1 = 𝜀𝜎 − 𝜀𝜎̄ denotes the energy of a singly occupied spin
polarized state, and

b2𝜎̄(E) =
∑
𝜆k

V𝜆k𝜎̄⟨c†𝜆k𝜎̄d𝜎̄⟩
E + 𝜀𝜆k − 𝜀2 + i𝛾̃2

= ∫
d𝜀
2𝜋

∑
𝜆
Γ𝜆
𝜎̄
f𝜆(𝜀)⟨⟨d𝜎̄|D†

𝜎̄
⟩⟩r

𝜀

E + 𝜀 − 𝜀2 + i𝛾̃2
(11)

where 𝜀2 = 𝜀𝜎 + 𝜀𝜎̄ +U is the energy of the doubly occupied
quantum dot. Note that the above expressions are calculated with
inverse lifetimes 𝛾̃ 𝜎̄1 and 𝛾̃2 which replace the 0

+ symbols of the
standard approach, and approximately take care of higher order
processes.[23] The explicit expressions for them are given in the
Supporting Information. Needless to say, the lifetimes affect the
numerical values of all transport coefficients. This is obvious as
they are a source of the so-called lifetime broadening of quan-
tum states.
The inverse lifetimes are calculated by the Fermi rule up to sec-

ond order in the couplings in Equation (3), or fourth order in the
amplitudes V𝜆k𝜎 . For a singly occupied state, the inverse lifetime
in principle is spin dependent, and denoted by 𝛾̃𝜎1 = 𝛾

(2)
𝜎 + 𝛾

(4)
𝜎 ,

while 𝛾̃2 = 𝛾
(2)
D + 𝛾

(4)
D . We obtain

𝛾 (2)
𝜎

=
∑
𝜆

(
Γ𝜆

𝜎
[1 − f𝜆(𝜀𝜎)] + (1 − x)2Γ𝜆

𝜎̄
f𝜆(𝜀𝜎̄ +U)

)
𝛾
(2)
D = (1 − x)2

∑
𝜆𝜎

Γ𝜆

𝜎
[1 − f𝜆(𝜀𝜎 +U)] (12)

and

𝛾 (4)
𝜎

= 1
2𝜋

∑
𝜆𝜆′

∫ d𝜀[1 − f𝜆(𝜀)]
[
Γ𝜆

𝜎
Γ𝜆′

𝜎̄
f𝜆′ (𝜀 + 𝜀𝜎̄ − 𝜀𝜎)

×
(

(1 − x)2

𝜀 − 𝜀𝜎 −U
− 1

𝜀 − 𝜀𝜎

)2

+ f𝜆′ (𝜀)

(
Γ𝜆
𝜎
Γ𝜆′

𝜎

(𝜀 − 𝜀𝜎)2
+
(1 − x)4Γ𝜆

𝜎̄
Γ𝜆′

𝜎̄

(𝜀 − 𝜀𝜎̄ −U)2

)]
(13)

and

𝛾
(4)
D =

(1 − x)2

2𝜋

∑
𝜆𝜆′𝜎

∫ d𝜀
1 − f𝜆(𝜀)

(𝜀 − 𝜀𝜎 −U)2
[
(1 − x)2Γ𝜆

𝜎
Γ𝜆′

𝜎
×

× f𝜆′ (𝜀) + Γ𝜆

𝜎
Γ𝜆′

𝜎̄
[1 − f𝜆′ (𝜀𝜎 + 𝜀𝜎̄ +U − 𝜀)]

]
(14)

For details see the Supporting Information. Before proceeding,
let us note that the inverse lifetimes are non-monotonous func-
tions of the on-dot energy 𝜀d. This is well visible in Figure 2,
showing the lowest order contributions 𝛾 (2)𝜎 and 𝛾

(2)
D . The (abrupt

at low temperatures) changes of inverse lifetimes may lead to
small jumps of the conductance as function of gate voltage 𝛿. The
inverse lifetime 𝛾 (2)D outside the energy window |𝜀| < U∕2 addi-
tionally does not preserve particle-hole symmetry even for x = 0,
as is apparent in Figure 2; the same is true for 𝛾 (4)D (not shown).
This leads to a small, albeit visible asymmetry between the con-
ductance peaks corresponding to singly and doubly occupied dot
states. These two lifetime-related small features are discernible in
the figures below but will not be discussed each time they appear.
Before proceeding we comment on the numerical procedure.

The set of equations for both Green functions is solved by itera-
tion, and the iteration proceeds until convergence is reached. For
details see the Supporting Information. In each step, we check
the actual occupation of the dot ⟨n𝜎⟩, and the iteration is termi-
nated when the difference is less than 0.0001. To deal with the
divergent terms in the inverse lifetimes, Equations (13) and (14),
we cut the divergence each time a denominator is closer to zero
than 0.16.
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Figure 2. Dependence of second order inverse lifetimes on 𝜀d for two val-
ues of voltage bias, eV = 0 and eV = 4. The other parameters are U = 12,
T = 0.3. At lower temperatures, the changes would be very steep. Note
that a doubly occupied state is short-lived for all 𝜀d > −U. Here we as-
sume that all Γ’s are equal to each other (i.e., the L-R-couplings are the
same and independent of spin), which we take as energy unit; also we
consider, here and below, the case B = 0.

3. Conductance and Seebeck Coefficient in the
Non-Linear Regime

As the charge current depends both on the voltage and temper-
ature bias, one may define several kinetic and transport coef-
ficients. For small external forces V → 0 and ΔT → 0, the lin-
ear expansion is valid so we have I(ΔT, V) = L11V + L12ΔT . This
shows that the conductance defined as the linear response of
the thermally homogeneous system (ΔT = 0) to the applied volt-
age I(V) = GV , is given as G = L11. On the other hand, the ther-
mopower, characterized by the Seebeck coefficient

S = −
( V
ΔT

)
I=0,ΔT→0

(15)

is defined under the condition of zero charge current. In the lin-
ear regime, S is given by the ratio of kinetic coefficients, S =
L12∕L11. Expanding Equation (2) for small V and ΔT up to lin-
ear order, one finds an explicit expression for S.
The above formal definitions of conductance and Seebeck coef-

ficient can be used for bulk systems and nano-structures with two
external electrodes.[24] However, they have to be generalized for
multi-terminal devices as discussed by Büttiker[25] in the context
of the conductance and generalized by Butcher[26] and others[27,28]

in the context of the thermopower, where matrices of conduc-
tances, respectively Seebeck coefficients, have been introduced.
Strong non-linear effects are expected to occur in nano-

devices.[29,30] Hence in such systems, appropriate definitions of
the conductance and thermoelectric coefficients are required.
The formula in Equation (2) for the current is valid for arbitrary
voltages V = (𝜇R − 𝜇L)∕e, where e is the elementary charge, and
arbitrary temperature differenceΔT . As the generalization of the
standard Ohm’s law, we define the differential conductance

Gd(V) =
(
𝜕I(V)
𝜕V

)
ΔT=0

(16)

Similarly, the definition of the Seebeck coefficient can be ex-
tended to the differential one, Sd, calculated formally for constant
current flowing as a result of the external voltage V . This Sd mea-
sures the response of the systemwith the current flow to aminute
change in temperature difference. At a given applied external volt-
age V and temperature difference ΔT , Sd is hence defined[31–33]
as

Sd = −
(

𝜕V
𝜕ΔT

)
I
= −

(
𝜕I
𝜕ΔT

)
V

/(
𝜕I
𝜕V

)
ΔT

(17)

As argued earlier, Sd should be accessible experimentally[31] in
appropriate AC circuits. The definition in Equation (17) is analo-
gous to the differential conductance in Equation (16) usually em-
ployed in the non-linear regime.
Another suitable generalization of the definition in Equa-

tion (15) of the Seebeck coefficient of the two-terminal systems
to non-linear situations has been considered[34]:

Sn = −
( V
ΔT

)
I(ΔT,V)=0

(18)

This definition is in accord with the traditional way of measur-
ing the Seebeck coefficient. One applies a temperature bias ΔT
and determines the voltage V such that the current across the de-
vice vanishes, I(ΔT, V) = 0. In this formulation, the only source
of non-linearity is directly given by the value ofΔT , which is large
and precludes the linear expansion of the charge current I(ΔT, V)
in first powers of V and ΔT .
Of course, for infinitesimally small ΔT and V all definitions

are equivalent and lead to the same result, S = Sn = Sd. For ar-
bitrary V and T but vanishingly small ΔT , the two non-linear
Seebeck coefficients are equal, Sn = Sd. For large ΔT strong non-
linearities are expected, and the different definitions lead to quan-
titative differences between the Seebeck coefficients as discussed
in detail earlier.[34] In the next section, we shall present results
for the differential conductance, Gd, and the differential Seebeck
coefficient, Sd.

4. Results

We concentrate on the conductance and the Seebeck coefficient
as these are easiest to access experimentally. Their measurement
as functions of the gate voltage (or, equivalently, of the position of
the on-dot energy level 𝜀d, or 𝛿) provides interesting information.
In an experiment, one continuously tunes the occupation of the
system which, with changing gate voltage, changes from empty
to singly and doubly occupied states or the other way around.
In studying quantum dots, as modeled by the Hamiltonian in
Equation (1), most parameters can be controlled except x. In all
figures presented below, we consider B = 0 and assume that the
L∕R coupling parameters are spin-independent, hence dropping
the spin subscript in the following, ΓL∕R

𝜎 → ΓL∕R. In addition, we
take ΓL as the energy unit.

4.1. Symmetric Coupling: 𝚪L = 𝚪R

As discussed earlier, the numerical values of transport coeffi-
cients do depend on the lifetimes. For a model with x = 0, the
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Figure 3. The dependence of the differential conductance a) and the See-
beck coefficient b) on the gate voltage, parameterized by 𝛿, for eV = 4 and
two values of x, 0.1 and 0.2. The other parameters are U = 12 and T = 0.3.
The energies and the temperature are expressed in units of ΓL(= ΓR).

differential conductance Gd(𝛿) is a symmetric function of 𝛿 for
all values of voltage V . On the contrary, but in agreement with
expectations, the Seebeck coefficient Sd is an antisymmetric func-
tion of 𝛿. This property does not depend on the voltage bias or its
distribution if x = 0 and the coupling constants are symmetric,
ΓL = ΓR. In the following, we always assume a symmetric distri-
bution of voltages and temperatures with 𝜇R∕L = 𝜇 ± eV∕2 and
TL∕R = T ± ΔT∕2, with T the common temperature of the sys-
tem.
To elucidate the influence of correlated hopping on the con-

ductance and the thermopower in a strongly non-equilibrium
situation, in Figure 3 we present both transport characteristics
calculated for the voltage eV = 4 and two values of x, 0.1 and
0.2. For comparison, we also plot the curve for x = 0. Impor-
tantly, with x ≠ 0, we observe a breaking of particle-hole sym-
metry, which results in the well-visible shift of the minimum of
conductance toward negative 𝛿, accompanied by a lowering of
the overall conductance peak and its splitting at negative 𝛿. At
gate voltages corresponding to positive 𝛿, on the contrary, one ob-
serves only minute changes in the conductance peak line shape.
Even though the lack of particle-hole symmetry is well visible also
in the linear transport as discussed earlier,[15] here we observe
additional asymmetries. Namely, the splitting of the lower con-
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Figure 4. The dependence of the differential conductanceGd on 𝛿 for eV =
0, for two values of the thermal biasΔT (0.1, 0.2) symmetrically distributed
TL∕R = T ± ΔT∕2, and for two values of x, 0.1 and 0.2. For comparison,
the curve with x = 0 and ΔT = 0 is also plotted. The other parameters
are U = 12 and T = 0.3. Note that on the scale of the figure, the effect of
thermal bias is not visible, i.e., the curves for the same x and different ΔT
overlap.

ductance band strongly increases with x in comparison with the
splitting of the upper one, which remains the same as for x = 0.
This is an important additional characteristic detail that allows
the identification of the effect of correlated hopping, x ≠ 0, in the
non-linear conductance spectra.
The differential thermopower Sd(𝛿) also features interesting

correlated-hopping-induced differences between low and high
values of 𝛿. In particular, these differences are much larger at
negative 𝛿 values. This goes in line with the decrease in the width
of the split conductance peak.
One also observes the changes in the conductance calculated

for thermal bias ΔT . The effect is shown in Figure 4 where
we present Gd(𝛿) for x = 0, 0.1, 0.2, and two values of the tem-
perature difference ΔT = 0.1, 0.2, with the overall temperature
T = 0.3. The effect of ΔT on the conductance for a given value of
x is very small; in fact, invisible on the scale of Figure 4. However,
for x ≠ 0, we observe a clear breaking of particle-hole symmetry
and the shift of the minimum conductivity toward negative val-
ues of 𝛿, while the thermopower does not visibly change withΔT ,
i.e., the curves for the same x but different ΔT overlap.

4.2. Asymmetric Coupling: 𝚪L ≠ 𝚪R

The asymmetry of the couplings ΓL, ΓR between the dot and the
electrodes also leads to modifications of the line shapes of con-
ductance and thermopower, and can thus mask the effect of x.
It turns out, however, that these changes are markedly distinct.
Disparate couplings between the dot and the two electrodes break
the inversion symmetry of the system and result in rectification
effects,[16] which typically show up as the dependence of the cur-
rent on the voltage bias direction: I(V) ≠ I(−V). Here, the rec-
tification effects are seen as a difference between Gd(𝛿, V) and
Gd(𝛿,−V).
We illustrate rectification and also the effect of the coupling

asymmetry on the conductance in Figure 5a, where we change
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Figure 5. The effect of asymmetric couplings, ΓR ≠ ΓL, on the differential
conductance a), and on the differential thermopower b), as functions of
𝜀d. In panel (a), the curves of the same color differ by the direction of volt-
age eV = +2 vs. eV = −2, hence they characterize the rectification proper-
ties of the system with broken inversion symmetry. The purple curve is for
the symmetric system with ΓR = ΓL for which the conductance does not
depend on the sign of the bias, i.e., is the same for eV = ±2. The other
parameters are U = 12, T = 0.3, and x = 0 for all curves, except for the
dotted line in panel (a) which is obtained with x = 0.1.

ΓR leaving ΓL (= 1) fixed. In the figure, we also show the con-
ductance for the symmetric system, ΓR = ΓL, when there is no
rectification and the conductance is the same for eV = ±2. On
the contrary, for ΓR = 0.5 or 0.25 shown by green or yellow lines,
respectively, the conductances for positive voltage (thin lines) are
markedly different from those for negative voltage (thick lines
of the same color). The dashed line corresponds to ΓR = 0.5 and
eV = −2 (with the same couplings as for a green thick line) but
for x = 0.1. The effects of the asymmetry of the couplings are
seen to be markedly different from those related to x. As is ap-
parent in the figure, the conductance for x = 0 fulfills the general
symmetryGd(𝛿, V) = Gd(−𝛿,−V) which can be easily checked ex-
perimentally. Departures from this symmetry would uniquely in-
dicate the presence of correlated hopping, i.e., non-zero x.
The difference between Gd(𝛿, x, V) and Gd(𝛿, x,−V), discern-

able in Figure 5a, is due to the rectification effect existing in sys-
temswith broken inversion symmetry. In such a situation there is
no obvious relation between conductance line shapes measured
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Figure 6. The dependence of the differential conductance on the gate volt-
age, parameterized by 𝛿, for several eV values, as indicated, and for sym-
metric coupling, ΓL = ΓR. Here x = 0.8, and the other parameters read
U = 8, T = 0.02.

for positive vs. negative 𝛿, or forward vs. backward voltage bias.
An unequivocal signature of correlated hopping is the shift of the
minimum between the two conductance bands toward negative
values of 𝛿. Finally, wemention that there exists still another sym-
metry related to the x parameter: for each 𝛿 and arbitrary V one
finds Gd(𝛿, x) = Gd(𝛿, 2 − x), resulting from the general symme-
try of the Hamiltonian.[15]

In Figure 5b, we show Sd(𝛿) for fixed voltage eV = +2, and
for varying couplings. The purple line for ΓL = ΓR shows the
antisymmetric Seebeck coefficient (Sd(𝛿, V) = −Sd(−𝛿, V). Green
and red lines illustrate the rectified thermopower obtained for
ΓR = 1, ΓL = 0.5 (green line) and ΓR = 0.5, ΓL = 1 (red curve).
Such an alteration of couplings is equivalent to reversing the volt-
age direction in the device with unchanged couplings. The yellow
line corresponds to an even higher anisotropy, with ΓL = 1, and
ΓR = 0.25.

4.3. Low Temperatures

The method employed here for calculating Green functions is
also able to qualitatively describe the formation of the Kondo res-
onance at low temperatures, as discussed earlier.[15,23] Hence, we
next investigate this regime and show the differential conduc-
tances and Seebeck coefficients for very low temperatures, and a
few values of the interaction strength U. In Figure 6, we present
the splitting of the lower conductance peak by the bias voltage V ,
for a system with U = 8, x = 0.8, T = 0.02, and symmetric cou-
pling ΓR = ΓL; the inverse lifetimes are approximated by their
lowest order values, i.e., neglecting fourth order contributions:
𝛾̃𝜎1 ≃ 𝛾

(2)
𝜎 , 𝛾̃2 ≃ 𝛾

(2)
D . One observes a clear splitting of the lower con-

ductance peak for eV ≳ 0.3.
Next, Figures 7 and 8, we discuss the conductances (upper

panels) and Seebeck coefficients (lower panels) as functions of
the gate voltage, i.e., vs. 𝛿, for a fixed relatively large voltage, V
(eV = 4). In Figure 7a it is seen that for relatively moderate U
(U = 5) the conductance features only three instead of four max-
ima. At the particle-hole symmetric point 𝛿 = 0 (for x = 0; recall
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Figure 7. The conductance (upper panel) and the Seebeck coefficient
(lower panel) vs. gate voltage, parameterized by 𝜀d, for several x values,
as indicated, and for symmetric coupling, ΓL = ΓR. The other parameters
read eV = 4, U = 5, and T = 0.01.

that x = 0 corresponds to the standard Hubbard model) one ob-
tains a maximum in the conductance and the concomitant van-
ishing of the thermopower. The small features around the con-
ductance maxima are related to the Kondo resonance, and to the
modifications of the lifetimes mentioned earlier (c.f. Figure 2).
The two maxima in the conductance corresponding to the lower
and upper Hubbard bands are located at 𝛿 ≃ ±4. With increasing
x the left maximum moves toward negative 𝛿 and the peak gets
narrower. As a consequence, the left minimum is strongly mod-
ified. One observes its deepening accompanied by an increase
in its width. The x-induced changes in the conductance are less
pronounced in the middle maximum, and almost absent in the
right maximum.
Analogous changes are observed in the Seebeck coefficient

shown in Figure 7b, which features threeminima and threemax-
ima. An increase of x hardly affects the rightmost maximum,
while the left part of Sd(𝛿) is strongly modified. The peaks of the
thermopower at negative 𝛿 are higher and narrower in compari-
son to those for positive 𝛿. We underline that for x = 0 both the
conductance and the Seebeck coefficient are symmetric, respec-
tively anti-symmetric, functions of 𝛿. These modifications of the
line shapes are unique signatures of correlated hopping. Note
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Figure 8. The dependence of the conductance (upper panel) and the See-
beck coefficient (lower panel) on the gate voltage parameterized by 𝜀d for
a number of x values, as indicated, and for symmetric coupling, ΓL = ΓR.
The other parameters are the same as in the previous figure exceptU = 20.

that the considered temperature, T = 0.01, is much lower than
the Kondo temperature TK of the particle-hole symmetric model
(x = 0, 𝜀d = −U∕2).
A similar behavior is observed in Figure 8, with even more

pronounced changes of the line shapes of Gd(𝛿) and Sd(𝛿) cor-
responding to the voltage split lower band. The two figures differ
only in theHubbard interaction: in Figure 7 we have takenU = 5,
while for Figure 8 we have chosen a much larger value, namely
U = 20.
Another important, and well-visible effect of correlated hop-

ping is the continuous shift of the voltage-related minima inside
the lower Hubbard bands of Gd(𝛿) toward negative 𝛿 values. The
changes of the thermopower in this range are even more pro-
nounced as for some range of negative 𝛿’s, Sd changes sign from
negative to positive with increasing x; c.f. Figures 7 and 8.
In the strongly non-linear regime, a large voltage bias eV splits

the lower and upper Hubbard bands. However, the correlated
hopping strongly affects the lower one, as is visible in Figures 7
and 8, leaving the upper Hubbard band essentially unchanged.
This suggests that the degree of asymmetry of the conductance
and the thermopower between the two Hubbard subbands in the
strongly non-linear regime provides a direct indication of the cor-
related hopping.
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Table 1. Symmetries of the differential conductance and the differential
thermopower with respect to the departure from the particle-hole symme-
try point (𝛿), bias voltage (V), and correlated-hopping parameter (x), for a
symmetrically coupled (ΓL = ΓR) quantum dot.

x = 0, all V Gd(𝛿) = Gd(−𝛿) Sd(𝛿) = −Sd(−𝛿)

all x, 𝛿 Gd(V) = Gd(−V) Sd(V) = Sd(−V)

all V, 𝛿 Gd(x) = Gd(2 − x) Sd(x) = Sd(2 − x)

The thermoelectric power provides, at least in principle, differ-
ent information about the studied system. Roughly speaking, this
is because the conductance can be argued to depend mainly on
the magnitude of the density of states at the Fermi energy, while
the thermopower is related to its slope. This follows from the fact
that both transport coefficients are related by the celebratedMott–
Cutler formula,[35] which states that considered as a function of
the chemical potential 𝜇 (or gate voltage 𝛿) the thermopower
roughly follows the derivative of the conductance with respect
to 𝜇. This is also approximately valid for the data presented in
Figure 8. These results demonstrate that the thermopower, be-
ing an asymmetric function of 𝛿 for x = 0, is modified by corre-
lated hopping (x ≠ 0) differently for positive and negative values
of 𝛿. This provides an additional clear signature of the effect of
correlated hopping.
In Table 1 we summarize the symmetries of both differential

transport coefficients for a quantum dot symmetrically coupled
to the external electrodes.
For non-symmetric couplings, ΓL ≠ ΓR, the only remain-

ing symmetries are Gd(𝛿, V) = Gd(−𝛿,−V) and Sd(𝛿, V) =
−Sd(−𝛿,−V); but these are only valid for the standard Hub-
bard interaction, i.e., for x = 0. No other exact symmetries
are permissible.

5. Summary and Conclusion

Non-linear transport measurements of nanostructures are
known to provide interesting novel information[36,37] about the
microscopic details of the studied system. In this work, we have
analyzed the transport properties of a two-terminal strongly inter-
acting quantum dot in the non-linear regime. Besides the stan-
dard Hubbard-type on-site interaction between electrons on a
dot, we considered another interaction term that has the struc-
ture of occupation-dependent hopping, and hence is called cor-
related hopping.
Focusing, in particular, on the differential conductance and the

differential Seebeck coefficient, we have shown that their line
shapes as functions of gate voltage (quantified by 𝛿) uniquely
indicate the existence of this important interaction term. The
modifications in the line shapes due to asymmetric couplings to
the external electrodes, on the other hand, are vastly different,
and hence may be easily distinguished from the former. While
asymmetric couplings may lead to rectification effects,[16] i.e., a
non-standard dependence of the non-linear currents on the bias
direction, e.g., I(V) ≠ −I(−V), the correlated hopping results in
conductance and thermopower line shapes that are insensitive to
the bias polarisation. This provides an additional knob that can
be easily used to distinguish the two sources of asymmetry, and
hence to pinpoint uniquely the correlated hopping.
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