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Rigidity results for initial data sets satisfying
the dominant energy condition

By Christian Bdr at Potsdam, Simon Brendle at New York,
Tsz-Kiu Aaron Chow at Hong Kong and Bernhard Hanke at Augsburg

This article is part of the special bicentennial issue 2026 of Crelle’s journal.

Abstract. Our work proves rigidity theorems for initial data sets associated with com-
pact smooth spin manifolds with boundary and with compact convex polytopes, subject to the
dominant energy condition. For manifolds with smooth boundary, this is based on the solution
of a boundary value problem for Dirac operators. For convex polytopes, we use approximations
by manifolds with smooth boundary.

1. Introduction

An initial data set is a triplet (M, g, ¢), where M is a manifold, g is a Riemannian metric
on M, and ¢ is a symmetric (0, 2)-tensor on M. We denote the scalar curvature of g by R. We
define

1 1 1
p=5R+ 5m(q)2 — E|q;|2 and J = div(g) — Vtr(q).

We say that (M, g, q) satisfies the dominant energy condition if ;> |J| at each point in M.

Example 1.1. Let M be a spacelike hypersurface in the Minkowski spacetime R™!.
Let g and g denote the induced metric and second fundamental form on M, respectively. Then
the initial data set (M, g, q) satisfies © = 0 and J = 0 by the Gauss and Codazzi—Mainardi
equations, respectively. In particular, (M, g, q) satisfies the dominant energy condition.
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The study of initial data sets under the dominant energy condition can be traced back
to Schoen and Yau’s work [29], in which they proved the spacetime positive energy theorem
using minimal surface techniques in dimension 3. Eichmair, Huang, Lee, and Schoen [13]
later extended this work by proving a more general spacetime positive mass theorem up to
dimension 7. Huang and Lee [21] subsequently proved the rigidity statement in this theorem.
In a different approach, Witten [32] used spinors to prove the spacetime positive mass theorem,
a method that generalizes to all higher dimensions for spin manifolds. Parker and Taubes [27]
gave a mathematically rigorous formulation of Witten’s argument. Chrusciel and Maerten [10]
later provided a rigorous proof of the desired rigidity statement in all dimensions for spin
manifolds, building on Beig and Chrusciel’s proof [6] in dimension 3. Lee’s book [22] offers
a comprehensive exposition on the positive mass theorem.

Instead of noncompact asymptotically flat manifolds, we consider compact manifolds
with boundary. The condition of asymptotic flatness is replaced by suitable boundary con-
ditions. In the interior, we still demand the dominant energy condition. First rigidity results
have been obtained in this context by Eichmair, Galloway, and Mendes in [12] and by Glockle
in [16].

We consider the following class of manifolds with boundary, specializing Example 1.1.

Example 1.2. Let K C R” be a compact convex domain with smooth boundary 0K
and exterior normal N:0K — S"~!. Note that N has degree 1. Let f: K — R be a smooth
map satisfying the following conditions:

(@) |[df| <1lonK,
(b) f = 0along 0K,
(¢) at each point on 0K, we have df (N) = 0or dN = 0.

Let M := {(x, f(x)) : x € K} C R™! denote the graph of f. Then M is a compact smooth
spacelike hypersurface with boundary ¥ = 0K x {0} C R” x {0} C R™!; see Figures 1 and 2.
Let II denote the vector-valued second fundamental form of X, viewed as a submanifold
of R™! of codimension 2. Then

I(X,Y) = —(dN(X),Y)N

for all tangent vectors X,Y € TX.

We denote by 7T the future-oriented normal vector field to M in R™!, where T is normal-
ized so that (7, T)gn.1 = —1. Let g denote the induced Riemannian metric and let ¢ denote the
second fundamental form of M with respect to 7. In other words, ¢(X,Y) = (Dx T, Y )gn.1

Rn

Figure . The case df(N) =0and dN # 0
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Figure 2. The case df(N) # 0and dN =0

for all X,Y € TM, where D denotes the standard flat connection on R”>!. The initial data
set (M, g, q) satisfies the dominant energy condition; cf. Example 1.1. At each point on X,
we denote by v the outward-pointing unit normal vector to ¥ in M. Moreover, we denote
by & the second fundamental form of X, viewed as a hypersurface in M. In other words,
h(X,Y) = (Dxv,Y)gn1 for X,Y € TX, where D denotes the Levi-Civita connection on
(M, g). We will use these sign conventions for ¢ and 4 throughout our paper.

With this understood,

h(X,Y) —q(X,Y)T = —II(X,Y) = (dN(X),Y)N

for all tangent vectors X,Y € TX. As (v,v)rn.t = 1, (T, T)grn.1 = —1, and (v, T)grn.1 = 0,
it follows that

h(X,Y) = (dN(X),Y)(N,v)Rn1,

q(X.,Y) =(dN(X),Y)(N, T)gn1

for all tangent vectors X, Y € T'X. Assumption (c) implies that, at each point on X, we either
have dN = 0, or (N, v)gsa1 = 1 and (N, T)rn.1 = 0. Consequently, 2(X,Y) = (dN(X),Y)
and ¢(X,Y) = 0 for all tangent vectors X,Y € T X. In particular, we have H = ||dN || and
tr(g) — q(v,v) = 0 at each point on X. Here, H denotes the unnormalized mean curvature, i.e.
the sum of the principal curvatures of ¥ in M. In other words, H is equal to the trace of A,
considered as an endomorphism field. Moreover, || - |- denotes the trace norm of a linear map,
i.e. the sum of all singular values.

Our first result identifies this class of examples as an extremal case of initial data sets.

Theorem I. Let (M, g, q) be an initial data set. Assume that M is a compact connected
spin manifold, has dimension n > 2 and nonempty boundary OM = X. Let N: ¥ — S"~! be
a smooth map. We assume that the following conditions are satisfied.

* (M, g, q) satisfies the dominant energy condition.
* H > |dN |+ |tr(q) — q(v,v)| holds along X.
o The map N: % — S™1 has positive degree.

Then (M, g) is isometric to a manifold appearing in Example 1.2 such that q is the second
fundamental form of M in R™'. Moreover, the map N agrees, up to an element of O(n), with
the exterior normal 0K — S"~1.

Remark 1.3. We do not assume that ¥ is connected. If ¥ is not connected, the degree
of N: ¥ — S™~ ! equals the sum of the mapping degrees of N restricted to the components of
Y. with their orientations induced from that of M.
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Remark 1.4. The quantity H — |tr(g) — g(v, V)| is related to the notion of marginally
trapped surfaces in general relativity. Recall that a marginally outer trapped surface (MOTS)
is a hypersurface in an initial data set (M, g, q) satisfying H + (tr(g) — g(v,v)) = 0; see
[13, p.89].

Remark 1.5. There is also a variant of Theorem I for n = 1. In this case, M = [a, b]
is a compact interval, g = dt ® dt is the standard metric, and ¢ = kg, where «: [a, b] — R is
a given smooth function. We can choose N:0M = {a,b} — S® = {—1, 1} to be bijective.
Then all quantities R, u, H, J, dN, and tr(g) — q(v,v) vanish. Thus the assumptions of
Theorem I are trivially satisfied.

The conclusion is now that there is a spacelike curve [a,b] — RU:!, parametrized by
arc-length and with curvature «. Indeed, this can be shown directly by ODE methods. The
analogue for the Euclidean plane R? instead of R1*! is known as the fundamental theorem of
planar curve theory.

For ¢ = 0, Theorem I gives the following statement.

Corollary 1.6. Let (M, g) be a compact connected Riemannian spin manifold of dimen-
sionn > 2 and nonempty boundary 9M = ¥. Let N: ¥ — S"~! be a smooth map. We assume
that the following conditions are satisfied.

e R >0 holds on M.
o H > ||dN || holds along X.
e The map N: X — S™ 1 has positive degree.

Then M can be isometrically embedded in R"™ as a compact convex domain with smooth
boundary. Moreover, the map N agrees, up to an element of O(n), with the exterior normal
0K — S" 1L,

The proof of Theorem I uses a boundary value problem for the Dirac operator. Bound-
ary value problems for the Dirac operator have been extensively studied thanks to the work
of Hormander [20], and the first named author and Ballmann [2, 3]. In the second part of this
paper, we consider initial data sets of the form (€2, g, ¢), where €2 is a compact convex poly-
tope in R” with nonempty interior. When ¢ = 0, the dominant energy condition simplifies to
the nonnegativity of the scalar curvature R > 0, and the boundary condition reduces to mean
convexity H > 0, allowing us to compare (€2, g) with Euclidean polytopes. Gromov [17] initi-
ated the study of scalar curvature comparison for polytopes with nonnegative scalar curvature to
explore the notion of scalar curvature lower bounds in low-regularity spaces, and this problem
has been extensively investigated; see [8,17-19,23,25,26,31]. For ¢ = g, the dominant energy
condition reduces to the inequality R > —n(n — 1). Li [24] established a polyhedral compari-
son result for metrics with scalar curvature at least —n(n — 1). The case of general initial data
sets was addressed by Tsang [30], in the special case when 2 is a three-dimensional cube.

We will employ the strategy developed by the second named author in [7], adapting it
to initial data sets. We write the given polytope in the form 2 = (,c;{u; < 0}, where [ is
a finite set and u; are linear functions on R”. Foreachi € I, let N; € S”~! and v; denote the
outward pointing unit normal vectors to the half-space {u#; < 0} with respect to the Euclidean
metric and the metric g, respectively. We make the following assumption.
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Matching Angle Hypothesis. If x € 02 is a point on the boundary and i1, i, € [ satisfy
ui, (x) = uj,(x) =0, then (v;, (x), vi,(x))g = (Ni;, Ni,). Here the inner product (v;,, v;,)g
is computed with respect to the metric g and (N;,, N;,) is the standard Euclidean inner product.

Theorem II. Assume that n > 2 is an integer. Let 2 be a compact convex polytope
in R™ with nonempty interior. Let g be a Riemannian metric which is defined on an open set
containing 2. Let q be a symmetric (0, 2)-tensor, which is defined on an open set containing 2.
We assume that the following conditions are satisfied.

* (2, g, q) satisfies the dominant energy condition.
* H > |tr(q) — q(v, V)| on the boundary faces of 2.
* The Matching Angle Hypothesis is satisfied.

Then (L2, g,q) can be isometrically immersed as a spacelike hypersurface in the Minkowski
spacetime R™1 such that q is the second fundamental form. Moreover, each boundary face
of Q is totally geodesic as a codimension 2 submanifold in the Minkowski spacetime R™1,

2. A boundary value problem for the Dirac operator in odd dimensions

Throughout this section, we assume that M is a compact connected spin manifold of
dimension n > 2 with boundary oM = X. Let g be a Riemannian metric on M. Suppose that
v is the unit outward normal field along M and that N:9M — S"~! is a given smooth map.

Let m = 2121, Let § denote the spinor bundle over M. Note that § — M is a complex
vector bundle of rank m equipped with a Hermitian inner product and compatible connec-
tion V.

Let Sp denote the spinor module of the complex Clifford algebra C1(R") of R”. Both Sy
and its dual space S are m-dimensional Hermitian vector spaces.

We define a complex vector bundle & over M by & = § ® S. The bundle & has rank
m? and inherits a natural Hermitian inner product and compatible connection V.

Remark 2.1. The fiber of & — M over x € M is given by
8|x == 8|x ® S(;k = HOIII(So,Slx).

Thus a section s of & can be considered as a field of homomorphisms. Given an element o € Sy,
we can apply s at each point x € M to o and obtain a section so of §.

We denote by y: TM — End(8) and yp: R” — End(Sy) the Clifford multiplication of
(M, g) and the one of R”, respectively. This gives an induced Clifford multiplication

Yo :R" — End(Sg),
where g (£) is defined as the adjoint of yo(£). We define
2.1) X:€ls > Els by xxi=-y((x) @ y5(N(x)).

Using the identity y(v)? = yg(N)? = —id, we obtain x> = id. Since both y(v) and yg§(N)
are skew-adjoint, we have y* = y.



6 Bdr, Brendle, Chow and Hanke, Rigidity results for initial data sets

Foreach X € T'X, the linear map y(X) ® id anticommutes with y and is an isomorphism
if X # 0. Therefore, the +1-eigenspaces of y have the same dimension.

Let O denote the Dirac operator on M, acting on sections of &. This Dirac operator
is formally selfadjoint. By [2, Corollary 7.23], the conditions ys = s and ys = —s both form
elliptic boundary conditions for . Since y(v) ® id commutes with y, the boundary conditions
xs = s and ys = —s are adjoint to each other; see [2, Section 7.2].

We denote by L2(M, &) the Hilbert space of square integrable sections of & and by
H'(M, &) the Sobolev space of LZ-sections whose distributional derivatives are also square
integrable. If ¥ C &|y is a subbundle of & along the boundary, we write

H' M, 8, F):={uec H' (M, &) :ulg € L=, ¥)).
By the trace theorem, the restriction map extends uniquely to a bounded linear map
HY(M, &) > L*(%,6).
We decompose the bundle
2.2 Elg=F"0F",

where ¥ * are the eigensubbundles of y corresponding to the eigenvalues =1.

As usual, we denote by v the outward unit normal along . Let H denote the unnormal-
ized mean curvature. The sign convention is such that the boundary of a Euclidean ball has
positive mean curvature. We define an operator D acting on sections of 8|y = 8|y ® Sg by

n—1

1
Y _ : . . & -
D¥ = le) ®id)(y(ej) ® i)V, + S H.
j:
where e, ...,ep—1 denotes a local orthonormal frame on ¥ and V€ denotes the connec-

tion on & = 8 ® S defined above. Moreover, we define an operator » acting on sections
of 8|y =8|z ® Sg by

1 n—1

A=D% 4 yo (Z yie) ® yé‘(dN(ej)))-
Jj=1

Let 8¢ denote the trivial bundle over S”~! with fiber S, and let 8 denote the dual bundle over
S™~1 with fiber Sg. With this understood, we may write €|y = 8|z ® N*8;. By [1, Propo-
sition 2.2], D¥ can be identified with a twisted Dirac operator acting on sections of

8|): = 8|z; ®N*86k,

where the twist bundle N* & carries the flat connection.

Lemma 2.2. Along X, we have

n—1
j=1

where eq, ..., en—1 is a local orthonormal tangent frame to 3.

Proof. Recall that D anticommutes with y(v) ® id. Hence we compute, for a smooth
section s of &|x,

D ys = —DZ(y(v) ®id)(id ® yg(N))s = (y(v) ® id)DZ(id ® g (N))s
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n—1

=~ Y () @ITE (@ Y5 (N)s) + 3 Hy() ®i0)(d 33 (V)s
=1
n—1

1
== ((e)) ®id)(d @ y§ (N))Vg;s + S H(y(v) ®id)(id ® y5 (N))s
j=1
n—1

— > (v(ej) ® id)(id ® yg (dN(e})))s

=
/ n—1

= (y(») ®id)(id & y5 (N)DZs — Y "(y(ej) ® id)(id ® y5(dN(e))))s

—1
n—1 /

= 2D =Y (r(ey) ®id)(id ® yg (dN(e))))s. o
j=1

Lemma 2.3. Along X, we have Ay + yA = 0.
Proof. This follows from Lemma 2.2. O

The following index computation generalizes the results in [7] and plays a key role in our
arguments.

Proposition 2.4. Suppose that M has odd dimension n > 3. Then the operator
D:HY (M. &, F1) > L*(M, 6)
is a Fredholm operator. Its Fredholm index equals the degree of N: ¥ — S™1,
Proof. Note that O and 4 are formally self-adjoint, and «+ is an adapted boundary
operator for . It follows from Lemma 2.3 that + is an odd operator in the sense that it
interchanges the bundles ¥ and ¥ ~. Moreover, the involution iy(v) ® id preserves the

splitting (2.2) and anticommutes with . Therefore, the holographic index theorem [4, Theo-
rem B.1] applies and tells us that the operator

D:H' (M, &, %) — L*(M, 6)
is Fredholm and
1
ind(D: H'(M, 8, F7) - L*(M, §)) = Eind(ef\»: HYZ, ¥ — L2, F)).

It remains to compute the index of the operator #4: H'(Z, 1) — L%(X, ¥ 7). Since n is
odd, the restriction §|x can be canonically identified with the spinor bundle of X. The field of
involutions i y(v) gives a decomposition 8|y = & g ® $y, where § % are the eigensubbundles
corresponding to the eigenvalues 1. Moreover, we may decompose the bundle §; as

(2.3) Sy =38yT o8,

where, for each point v € S*71, 8 »+ denote the eigensubbundles of i y(v) corresponding to
the eigenvalues £ 1. This gives a decomposition

N*85 = N*85T @ N*85~,
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where N* 85 -+ are the eigensubbundles of i Yo (V) corresponding to the eigenvalues £1. We
then have

T=(8L N8I @ (85 ® N*857),

T=(85 NS ® (85 @ NS5 T).
Note that, even though & is a trivial bundle, the two subbundles &; -+ and 8>~ are not
because the decomposition depends on the base point. The splitting (2.3) is not parallel with
respect to the canonical flat connection on 8, but the Levi-Civita connection of $”~! induces
a connection on the dual of its spinor bundle for which it is. We equip §; -+ with these latter
connections and N * 8 + with the corresponding pull-back connections.

Recall that A maps sections of

=8y ®N*Sy) @ (85 ® N*857)

to sections of ¥~ = (é’iIr RN*8;7)® (8 ® N*85T). Since the involution iy(v) ® id
preserves the splitting (2.2) and anticommutes with +, it follows that 4 maps sections of
/S; ® N*85°T to sections of 85 ® N*85F, and + maps sections of 85 ® N*85~ to
sections of § ; ® N*8;°~. Therefore, the operator 4: F T — %~ can be written in the form

[o @E}
DF 0]

DI HY(Z, 8% @ N*851) — L*(Z, 85 @ N*85™T),
DEH (T, 85 ® N*857) — L*(2, 85 @ N*857)

where

are Dirac-type operators. Thus

ind(A: HY(S, F 1) - L2(2, 7)) = ind(DF) + ind(DE).
We may compute md(JDE) and ind(DZ) using the Atiyah-Singer index theorem. To that end,
we denote by A(E) the A-form of the tangent bundle of X, and by ch(§;° *+) the Chern character
form of the bundle §;° % The lower index k in A(E)k indicates the homogeneous part of

degree k. We use the analogous notation for the homogeneous parts of the Chern character.
The Atiyah—Singer index theorem gives

ind(DF) = f A(Z) A N*ch(85™)
>
— [ A®0 A NS5 )t + [ A1t A N30
b >
= [ N85 s + rank(s) [ A
) >
m ~
—deg(¥) [ on85 a5 [ A
Snfl 2 >
and, similarly,

; Xy *,— ﬂ A
~ind(D%) = deg() [ on(83 nmt + 5 [ A,
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Therefore,
ind(A: H'(Z, F 1) — LA(Z, 7)) = ind(DT) + ind(DF)
= deq(V) [ (en(85+H) —en(5 s
= 2deg(N).

Putting these facts together, the assertion follows. |

3. Spin geometry for initial data sets

Let M be a compact spin manifold of dimension n > 2 with boundary oM = X. Let
g be a Riemannian metric on M, let ¢ be a symmetric (0, 2)-tensor field on M, and let
N:% — S§"7! be a smooth map. Let y be defined as in (2.1). We will denote the self-adjoint
endomorphism field corresponding to ¢ also by ¢:TM — TM, ie. g(X,Y) = g(g(X),Y).
Furthermore, we put

1 1 1
31 = —R —t 2_ 2
3.1 pi= SR+ S t(g)” - Slgl
and
(3.2) J :=div(q) — Vtr(q),
where R is the scalar curvature of g. In the first step, we use ¢ to define modified connections
on & and on &.
Definition 3.1. We define a connection V5-7 on § by
i
V= R+ r@(x)
on &. We next define a homomorphism field Q: & — T*M ® & by setting
(09)(X) := (y(¢(X)) ®id)s
for every section s of & and every tangent vector X . With this understood, we define a connec-
tion V€4 on & by .
&q . . l
Vy'ls = Vs + S(09)(X).
Note that the connection V€4 on & is the tensor product connection of V3-¢ with the flat
connection on the trivial bundle over M with fiber S

In order to derive a modified Weitzenbsck formula involving V&-4, we need some prepa-
ration.

Lemma 3.2. Let Q*:T*M ® & — & denote the pointwise adjoint of Q. Then the
following statements hold:

@) 0*0 = |¢%
(b) Q*VE — (VE)*Q = y(div(g)) ® id.
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Proof. Let p € M and let ey, ..., e, be an orthonormal basis of 7, M. We denote the
dual basis of 7,y M by el,...,e". Fors € E|,and ¢ € TyM ® &|p, we compute

(0 vs) = (v, 05) = (1. )¢/ ® (r(a(e))) @ id)s)
J
=Y (¥(e)). (vgle) ®id)s)
J
==Y ((r(qe))) ®id)Y(e)). s).
J

Therefore,

0"y = =) (r(4(e) ®id)y (e;).
Consequently, ]
0%0s = 0* (¢’ ® (rla(e) ® id)s)
J
==Y (rg(e)) ®id)(y(q(e;)) ® id)s
J
= Z|61(ej)|25 = |g|?s.
J

This proves (a). To show (b), we extend the orthonormal basis to a neighborhood of p such
that Ve; = 0 at p for j = 1,...,n. Let s be a smooth section of €, defined near p. Then we
compute, at p,

(V& Qs ==Y VE((r(q(e))) ®id)s)
J
= - > (r(@(e;)) ®IDVEs — > (¥((De;q)(e))) ® id)s
7 J

= 0*VEs — (y(div(g)) ® id)s. O

The well-known Weitzenbock formula gives D? = (VE*VE + iR. We find a modifi-
cation, taking ¢ into account.

Proposition 3.3 (Modified Weitzenbock formula).  We have the following operator iden-
tity:

. . | .
(9+ %tr(q)) (o- %tr(q)) = (V&4 V89 1 2y %y(]) ® id.
Proof. We compute, using Lemma 3.2,
eavkoba _ ((uEvk L ax\(ve L
(V=™ q_((v ) 29 )(V +2Q)
= (V6)'VE - 20"V ~ (V€)' Q) + ;0% 0

i : 1
= (VO)"VE = Jy(divg) @ id + g .
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Furthermore,
(2+5 tr(q)) (2-5u@) = D?=5[D.0(@)] + %tr(q)z

i 1
= D% - 5y(v tr(q)) ® id + Z tr(q)?.

These two equations together with the standard Weitzenbock formula yield
(2 + %tr(q)) (o- %tr(q)) — (VEayryEa

= R+ 5y(divie) — Virlg) ®id + 4 (0@)” ~ lgl)

4
_ ! +i (J)®id
—2,u 2)/ id. |

Corollary 3.4. Forall s € H (M, €), we have
i 2 1
—/ (2 -5 u@)s] +f V4> 4 —/ (1 +iy(]) ®id)s. s)

= /E((SDE — %H + %(y(q(v) —tr(q)v) ® id))s,s>.

Proof. Note that
1
(y(v) @ id)Ds = DFs — Vs — S Hs

along ¥. Using this identity and integration by parts, we find

o+ hew)(o- o)
= /M‘(!D — %tr(q))s’2 + /E((y(v) ® id) (i) — %tr(q))s,s)

_ /M((@ _ %tr(q))s)z + L((@Z ~vE %H - %tr(q)(y(v) ® id))s,s>.

Similarly,

/M((v8 1)*y€dy ) [ |VE45)? — /(Vf’qs,s)

[ Va5 / (V5 + Sy @ id)s.s)

Substituting these equations into the modified Weitzenbock formula concludes the proof. o
Lemma 3.5. We have

< [N |||s]?

n—1

< S (0(e) ® v @N(E)s. s>
j=1

at each point on X. Here, e1, . .., e,—1 denotes a local orthonormal frame on X.

Proof. Let us fix a point p € ¥. We choose orthonormal bases e1,...,ep—1 of T X
and e(l), c..,e9_ of Tnp)S"™ ! such that dN(ej) = A;e%, where A; > 0 denote the singular

€n—1 jja
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values of d N. Then

n—1
<Z(V(€j) ® y4 (dN(e))))s, s>
j=1

n—1
> hi((r(e)) ® v (@))s.s)
j=1

n—1 n—1
<Y Xl @ ygeMsllsl = Ajls2 o
j=1 Jj=1

Proposition 3.6. Suppose that s € H' (M, &) satisfies the boundary condition xs = s
along 3, where €: ¥ — {—1, 1} is locally constant. Then we have the estimate

[ (= Lw@)s| + [ 198958 + 5 [ s ivi) wirs.s)
=5 JL0a0o) = @)+ 1N~ HIsP.

Proof.  'We first observe that
2D%s,5) = (D ys,s) + e(DZs, ys) = e(DF ys + y D=5, )

at each point on . Using Lemma 2.2, we obtain

n—1

<Z(V(€j) ® y(;"(dN(ej)))s,s>

J=1

2(D%s,s)| =

at each point on X. Lemma 3.5 implies
(3.3) 21(D%s,5)| < ldN [luls]?
at each point on . Moreover, for each X € T'X, we have

2{(y(X) ®id)s, s) = e((y(X) ®id) xs,5) + &((y(X) ® id)s, xs)
=e((y(X)®id)ys + x(y(X) ® id)s, s) = 0.

Putting X = ¢(v)™", the part of ¢(v) tangential to X, gives

((y(q(v)) ®id)s,s) = q(v,v)((y(v) ®id)s, s).

We conclude

(3.4) {(y(g(v) —tr(q)v) @ id)s, s)| = [(g(v,v) — tr(g)){(y(v) ® id)s, 5)|
<lgw.v) —t(q)|ls|>.
Using (3.3) and (3.4) together with Corollary 3.4, the assertion follows. D

Proposition 3.7. Suppose that M has odd dimensionn > 3 and the map N: ¥ — S*~!
has positive degree. Then there exists a non-trivial section s € C°°(M, &) such that

1 1
/W&qsﬁs—/ (|J|—u)|s|2+—f(|tr<q>—q(v,v>|+||dN||tr—H)|s|2.
M 2 Ju 2 /s

Moreover, ys = s at each point on the boundary X.
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Proof. By Proposition 2.4, the operator & subject to the boundary conditions ys = s
has positive index. By deformation invariance of the Fredholm index, the operator D — ’5 tr(q)
has positive index. Hence we can find a non-trivial section s of & such that Ds — ’5 tr(g)s =0
on M and ys = s along X. By elliptic regularity, s is smooth. Using Proposition 3.6, we obtain

1
[ iveast <=3 [ (s iv) wias.s)
M 2 /m
1
+5 L@ = g0 + [aN = ISP,
From this, the assertion follows easily. |

In the next step, we establish an analogue of Proposition 3.7 in even dimensions. In the
remainder of this section, we will assume that n > 2 is an even integer.

Lemma 3.8. We can find a smooth map ¢: S"~! x S — S" with the following prop-
erties.

o The map ¢ has degree 1.

© @Fgsn = ggn—1 +4gs1.
e For each t € S, the map ¢(-,t): S"~1 — S™ is either Lipschitz continuous with a

Lipschitz constant strictly less than 1, or else the map ¢(-,1): S"~1 — S™ is the standard
inclusion S~ «— S™.

Proof. Let us fix a point a € S”~1 and a smooth function B:[—m, 7] — [—7, ] with
the following properties.
e B(t) = —m fort € [—m, —%”].
* B(t) =0fort € [-%. %]
* B(t) =mfort € %T,JT].
e 0< p'(t) <2fort € (—%”,—%) U (%,%” .

We consider the map

(sin B(t)a,cos B(t)) fort € [—m, 0],

. on—1 _ n
¢S X [-m, 7] = S", (1) {(Sin,B(t)S’COS’B(t)) fort € [0, m].

It is easy to see that ¢ induces a smooth map from S”~! x S to §” with degree +1. We next
compute
« B0 dted: fort € [—m,0],
YES" T \sin2 Bt)ggnr + B/(0)2dt @ di fort € [0, 7],

Since 0 < B'(¢) < 2forallt € [—x, 7], it follows that 9*gsn < ggn—1 + 4dt ® dt.

If t € [—7,0], then the map ¢(-,7): S"~! — S™ is constant. If ¢ € [0, ] and B(¢) # Z,
then the map ¢(-,¢): ! — §" is Lipschitz continuous with Lipschitz constant sin 8(¢) < 1.
Ift € [0, 7] and B(¢) = 7, the map ¢(-,1): S§7=1 _ S§7 is the standard inclusion $"~! < §”,

& (£,0). i
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In the following, we fix a smooth map ¢: S”~! x S — S” as in Lemma 3.8. Moreover,
r will denote a parameter which will be chosen sufficiently large. We consider the product
M =M xS! , equipped with the metric § = g + r? dt ® dt. We denote by g the pull-back
(0, 2)-tensor field of ¢ under the canonical pI'OJCCthIl M — M. We denote by T=%x§!
the boundary of M. We define a map N:$ > §n by N(x t) = @(N(x),t) for x € ¥ and
t € S'. Since the map ¢: S"~! x §1 — §™ is of degree 1, the degree of the map N: & — S”
agrees with the degree of the map N: ¥ — S*~1.

Lemma 3.9. The trace norm of d N with respect to the metric g satisfies

[dN ¢ < [|dN [|e + 2771

Proof. By Lemma 3.8, we have ¢*gs» < ggn—1 + 4gg1. Using the definition of N, we
obtain
N*gSn < N*gsn—l + 4gsl.

Let us denote the singular values of dNy:TyxX — TN(X)S"_1 by A1,...,An—1. Then the

eigenvalues of N*ggn—1 with respect to the metric g are given by A2, ... ,)LZ . Hence the
eigenvalues of N*ggn—1 + 4gg1 with respect to the metric g are given by A2, .. )L% 1> 4r=2.
Consequently,
n—1
IVl = D 27 +2r7" = AN + 257" e
j=1

We consider the bundles § and & over M defined above. Let 8 denote the pull-back of
& under the canonical projection M- M. Similarly, let & denote the - pull-back of & under
the canonical projection M — M. Note that § and & are bundles over M. Since n is even, the
map yo: R” — End(Sp) can be extended to a L map Yo' R”*1 — End(S) satisfying the Clifford
relations. With this understood, the map N:% — S" induces a chlrahty operator y. We define
i and J asin (3.1) and (3.2) on M using g and ¢. Then i and J are the pull-backs of © and J,
respectively.

Proposition 3.10. Suppose M has even dimension n > 2 and the map N: ¥ — S"~!
has positive degree. For each r > 0, we can find a non-trivial section s € C*°(M, &) such that

1
[veast <3 [ cutlois?
M M

1 —
+5 [L@) = g+ §aN o= ISP+ [ P2
z =

Moreover, we can find an element t € S with the property that y(v) os = s o Yo (]V ) at each
point on X, where N: X — S™ is defined by N (x) = N (x,7) = ¢(N(x),?) forall x € X.

Proof. Since the map N: X — S"~! has positive degree, it follows that Jy DI
has positive degree as well. By Proposition 3.7, we can find a section s € C°° (M, €) such that

[5151> > 0 and

5~ 1 _ ~ 1 o ~ ~
[~ vETR2 < —/~ F + 1 TDIsP + 2 [(|tr@ _GED)| + |V e — H)BP.
M 2w 2 J5
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Moreover, 3 satisfies ¥5 = 5 along the boundary %. Consequently, there exists an element
t € ST such that fMX{«}|'§|2 > 0 and

1
VETE <3 [ TP
/MX{A} 2 JMxih
1 ~ ~ ~
#3 . 00@ =79+ 14T~ DT
=x{7}

It follows from Lemma 3.9 that ||d N || < [|[dN |l + 2r~". Restricting 5 to M x {7} yields
a section s € C°°(M, &) such that fM|s|2 > 0 and

1
[1veas <3 [ lols?
M 2 Jm |
+5 [L00@ =g+ 1N = HWP [P,
Moreover, since 5§ = 5 along the boundary 3, we conclude that y(v) 08 =80} (N ) at each

point on X, where the map N:¥ — S" is defined by N(x) N(x, 1) = ¢(N(x),1) for all
X eX. O

Corollary 3.11. Suppose that M has even dimensionn > 2 and the map N: ¥ — §"~!
has positive degree. We can find a non-trivial section s € H' (M, &) such that

1 1
f|v8’qs|2s—f (—u+|J|)|s|2+—/(|tr<q)—q(v,v)|+||dN||tr—H>|s|2.
M 2 Jm 2 Js

Moreover, we can find an element t € S with the property that y(v) os = s o yg (ﬁ) at each
point on X, where N: X — S™ is defined by N(x) = N(x,1) = ¢(N(x),1) forall x € .

Proof. Consider an arbitrary sequence r; — oo. For each /[, Proposition 3.10 implies
the existence of a section s¢) € C% (M, &) such that S Is@2 =1 and

1
[ 198950 < 2 [k 1pisOP
M M |
+5 [ @ =gl + 1aN = BOP 417 [ 5OP.

Moreover, for each /, we can find an element 7; € S! such that y(v) o s =5 o Y0 (ZVI)
along X, where the map N;: £ — S” is defined by N;(x) = N(x,#;) = ¢(N(x),1;) for all

x € X. This implies
/ |V8s(l)|2§C/ |s(l)|2+C/|s(l)|2,
M M >

where C is a constant that does not depend on /. Using a standard interpolation inequality, we

can bound ]
2
Lsoe=c(f |s<”|2) ([ wes0r) e [ 150,
M M

where C is a constant that does not depend on /. Putting these facts together, we obtain

1 1

2 2
/ |v8s(”|2§c(/ |s(”|2) ( / |v8s(”|2) +C [ s,
M M M M
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where C is a constant that does not depend on /. Using Young’s inequality, we conclude that

/ |V8s(l)|2§C/ SO,
M M

where C is a constant that does not depend on /. Since [}, |s(|2 = 1 for each [, it follows that
the sequence s is uniformly bounded in H(M, &).

After passing to a subsequence if necessary, we may assume that ; — 7 for some 7 € S!.
Moreover, we may assume that the sequence 5@ converges weakly in H1(M, &) to some
limit s € H'(M, &). Then s; — s strongly in L?(M, &). Moreover, s;|s — s|x strongly in
L?*(X, &|x). Thus we conclude that [,,|s|* = 1 and

/ VEAP? < 1/ (—u+|J|)|s|2+1/<|tr(q>—q<v,v>| AN o — H)Js P

Finally, on the boundary ¥, we have y(v) o s = s@ o y, (Nl) for each /. Passing to the limit
as [ — oo, we conclude that y(v)os = s o0 yO(N) where the map N:% — S" is defined by
N(x) = N(x,7) = (N(x),7) forall x € . m]

4. Proof of Theorem I

Throughout this section, we consider an initial data set (M, g, q) together with a map
N: X — S"! satisfying the assumptions in Theorem I. In particular, we assume that > |J |
at each pointin M and H > ||dN || + |tr(¢) — g (v, v)| at each point on the boundary .

We denote the second fundamental form of ¥ in M (viewed as a (1,1)-tensor) by A. For
each X € T'X, we denote by ¢(X )™ the part of ¢(X) € TM tangential to .

We begin by proving several preliminary statements.

Proposition 4.1. The following statements hold.

(a) There exists a VE9-parallel smooth section s € C*®°(M, &) satisfying ys = s along .
Considered as a homomorphism field, the section s is invertible at each point.

(b) At each point p € X, the eigenvalues of the second fundamental form h agree with the
singular values of dNp: Tp X — TN(p)S”_l. In particular, the eigenvalues of h are non-
negative.

(c) We have ¢ = 0 at each point on X.
We prove Proposition 4.1 first in odd and then in even dimensions.

4.1. Proof of Proposition 4.1 in odd dimensions. Suppose that n > 3 is an odd inte-
ger. By assumption, we have u > |J| on M and H > ||dN ||y + |tr(¢) — g(v,v)| along .
Therefore, Proposition 3.7 yields non-trivial V&9-parallel section s € C°(M, &) such that
xs = s along X.

Lemma 4.2. At each point p € X, the second fundamental form h and the tensor field
q satisfy the relation

y(h(X)) os +iy(q(X)™) oy(v) os =s0yy(dN(X))
forall X € TpX.
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Proof.  Since s is V&4-parallel, we obtain

i i
(4.1) VEs = —50s(X) = —2y(@(X) o
for every vector field X on M. Using the boundary condition ys = s, we obtain
(4.2) y()os =soyo(N)

on X. In the next step, we fix a tangential vector field X along ¥ and differentiate (4.2) along X .
Using (4.1), we find for the left-hand side

VE(y(v) os) = y(Dxv)os + y(v) o Vgs = y(h(X)) o5 — %y(u) oy(q(X))os
and for the right-hand side
V(s 0 y0(N)) = (Vgs) 0 o(N) + 5 0 yo(dN(X))
= —7(@(X)) 050 Yo(N) +5 0 yodN(X)),

Thus (4.2) implies
y(h(X))os—soyo(dN(X)) = —%(V(CI(X)) osoyo(N)—y(v)oy(@(X))os)

= L) 0 y0) 05— () 0 Y(g(X)) o)
= —iy(g(X)*™)oy(v)os.

To justify the last equality, we decompose ¢ (X)) into its tangential and normal components and
observe that y(g(X)"™") anticommutes with y(v). m]

Lemma 4.3. Let 0 € So. Then so is a V¥9-parallel section of 8. In particular, if so
vanishes at some point in M, then so vanishes at each point in M.

Proof. This follows directly from the fact that V€44 is the tensor product connection of
V3:4 and the flat connection on the trivial bundle over M with fiber Sg- ]

We define a linear subspace L. C So by L := {o € S : so = 0 at each point in M }.
Lemma 4.4. The subspace L C Sy is invariant under yo(N(p)) for each point p € X.

Proof. Let us fix a point p € ¥ and an element ¢ € L. Using the boundary condition
XS = s, we obtain

y(v)os =soyo(N)
at the point p. Since o € L, it follows that

0=y()so =syo(N)o
at the point p. Using Lemma 4.3, we conclude that yo(N(p))o € L. |

Lemmad4.5. We have L = {0}. Moreover, the section s, considered as a homomorphism
field, is invertible at each point in M.
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Proof. 1t follows from Lemma 4.4 that L is invariant under yo(N(p)) for each point
p € . Since the map N: ¥ — S”~! has non-zero degree, we know that the image of N is all
of "1, Consequently, L is invariant under yo(£) for each £ € R”.

The spinor representation of the Clifford algebra C1(R") — End(Sp) is surjective. There-
fore, the elements yo(§), &€ € R”, generate all of End(Sp). Putting these facts together, we
conclude that L is invariant under End(Sg). Therefore, L = {0} or L. = Sy. The latter case is
impossible as this would imply that s vanishes identically. To summarize, we have shown that
L = {0}. Using Lemma 4.3, we conclude that s is injective at each point in M . For dimensional

reasons, s is invertible at each point in M. O
Lemma 4.6. Let p be a point on the boundary 3. Let ey, . . ., ey—1 be an orthonormal
basis of T X and e?, e, 6'2_1 an orthonormal basis ofTN(p)Sn_l such that dN(ej) = A; e](-),

where Aj > 0 denote the singular values of dN. Then h(e;) = Aje; and q(e;)™ =0 for
j=1...,n—1

Proof. Applying Lemma 4.2 with X = e;, we obtain
(4.3) y(h(ej)) o5 +iy(g(e))™) o y(v) os = A;s 0 yo(e})
for j = 1,...,n — 1. This implies
Hls|? +i(w(g) — q(v,v))(y(v) o5,5)
== (y(ej) oy(hlej)) os5.5) =i Y (v(e)) o y(q(e)*™) oy(v) os.s)
J J

=—> A {r(ej) o5 o yoled).s).
J

In the next step, we take the absolute value on both sides. Using the triangle inequality, we
obtain

(4.4) Hs|> = |u(q) — g, v)Is|> < |dN uls|*.

equality holds in (4.4). From this, we deduce that —y(e;) o s o yo(ej(.)) = s whenever A; > 0.
Substituting this into (4.3) gives

On the other hand, our assumption implies that |d N || < H — |tr(¢) — g (v, v)|. Consequently,

y(h(ej)) os+iy(g(e))™) oy(v)os = Ajs o yo(e]) = Ajy(ej)os
forj =1,...,n —1.Since s € Hom(Sp, §|p) is invertible by Lemma 4.5, it follows that
y(h(e) +iy(g(e))™) o y(v) = Ay (e;) € End(8]p)
forj =1,...,n — 1. Note that
iy(g(ej)™) o y(v) € End(8|p)

is self-adjoint, while y(h(e;)) € End(8|,) and y(e;) € End(§|,) are skew-adjoint. Thus we
conclude that y(h(e;)) = A;y(e;) € End(8|p) and iy(g(e;)™) o y(v) =0 € End(8|,) for
j =1,...,n— 1. From this, the assertion follows. O

In summary, we proved all the assertions in Proposition 4.1 in odd dimensions.
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4.2. Proof of Proposition 4.1 in even dimensions. We now turn to the even-dimen-
sional case of Proposition 4.1. Suppose that n > 2 is an even integer. Since © > |J| on M
and H > |dN ||y + |tr(q) — q(v, v)]| along %, Corollary 3.11 yields a non-trivial V&-4-parallel
sections € HY(M, &). Clearly, s is smooth. Moreover, we can find an element 7 € S! such that
y(v)os =so0 yo(ﬁ) along X. Here, the map N:¥ — S" is defined by

N(x) = N(x,7) = o(N(x).7)

forall x € X.

Lemma 4.7. At each point p € X, the second fundamental form h and the tensor field
q satisfy the relation

y(h(X)) os +iy(@(X)*™) o y(v) os =50 yo(d N (X))
forall X € TpX.

Proof. Analogous to the proof of Lemma 4.2. |
Lemma 4.8. We have ||d]/\}||tr = ||dN || at each point on X.

Proof. Let us fix a point p € X. Let eq,...,e,—1 be an orthonormal basis of 7),X.
Using Lemma 4.7, we obtain

H|s|*> +i(tr(g) — q(v.v)(y(v) 0 5.5)
== (y(ej)oy(he;)) os.s) =i Y (y(e)) oy(q(e)*™) oy(v)os.s)
J J

==Y (y(ej)osoyo(dN(e))).s).
J

In the next step, we take the absolute value on both sides. This gives
Hls|? = [w(g) =g )[s|* < |d N luls|?.

Since |s|2 > 0 at each point in M, it follows that H — |tr(¢) — (v, v)| < ||d N |«v. On the other
hand, ||d N [l < [N || by definition of N. Finally, our assumption implies that

[dN || < H —|tr(g) — q(v,v)].

Putting these facts together, the assertion follows. |

Lemma 4.9. The map ¢(-,1): S*~! — S" is the standard inclusion S"' < S". In
particular, the map N:S — S"isthe composition of the map N:' X — S"~! with the standard
inclusion S*"~1 < §".

Proof. Suppose that the assertion is false. By Lemma 3.8, the map ¢( -, 7) is Lipschitz
continuous with a Lipschitz constant strictly less than 1. Therefore, at each point on X, we
either have |d N ||¢ < ||dN || or [|dN || = 0. Using Lemma 4.8, we conclude that || dN || = 0
at each point on 3. This implies that N is locally constant. This contradicts the assumption that
N has non-zero degree. |
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Lemma 4.10. Let o € Sy. Then so is a V39-parallel section of 8. In particular, if so
vanishes at some point in M, then so vanishes at each point in M.

Proof.  Analogous to the proof of Lemma 4.3. O
As above, we define a linear subspace L. C Sg by

L :={0 € Sy :s0 =0 ateach point in M }.
Lemma 4.11. The subspace L. C Sy is invariant under yq (ﬁ (p)) for each point p € X.
Proof.  Analogous to the proof of Lemma 4.4. O

Lemma 4.12. We have L = {0}. Moreover, the section s, considered as a homomor-
phism field, is invertible on each point in M.

Proof. Since the map N: X — S”1 has non-zero degree, we know that the image
of N: ¥ — S"7!is all of S”~1. Using Lemma 4.9, we conclude that the image of the map
N:¥ — S™"is the equator in $™. In particular, span{N (p) : p € £} = R” ¢ R"*! By Lem-
ma 4.11, L is invariant under yo () for all £ € R”. Since the volume element acts as a scalar
multiple of the identity, we deduce that L is invariant under yo(£) for all £ € R"*1. Arguing

as in the proof of Lemma 4.5, the assertion follows. O
Lemma 4.13. Let p be a point on the boundary %. Let ey, . . ., en—1 be an orthonormal
basis of TyX and let e?, e, eg_l be a set of orthonormal vectors in T p)S ™ such that

dﬁ(é’j) = Ajej(-), where A; > 0 denote the singular values of dN. Then h(ej) = Aje; and
q(e)*" =0forj=1.....n—1

Proof. The proof is analogous to the proof of Lemma 4.6. O
In summary, we proved all the assertions in Proposition 4.1 in even dimensions.

4.3. Existence of a local isometric immersion into R”1. In this subsection, we con-
struct a local isometric immersion of (M, g) into the Minkowski spacetime R”>!.

Definition 4.14. We define a vector bundle 7 over M by T = TM & R. We define
a bundle metric of signature (n, 1) on 7 by

for (Y, ), (Z,¥) € T. We define a connection V74 on T by

V;’q(Y, @) = (DxY —pq(X), X(¢) —q(X,Y))

for every vector field X and every section (Y, ¢) of 7.

Lemma 4.15. The connection V7 4 is compatible with the bundle metric -, ).
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Proof. Let X be a vector field on M, and let (Y, ¢) and (Z, ) be two sections of T .
Then

(Vi 9(Y,0),(Z,9))7 = g(DxY, Z) — 9q(X, Z) — X(@)¥ + ¢(X, Y ),
(Y, ), VI UZ, )5 = ¢(Y, Dx Z) — q(X, Y ) — oX(¥) + 9q(X, Z).

This gives

(VI 0), (Z, )7 + (Y, 0), V3 (Z )7
= X(g(Y, Z) —o¥) = X(((Y, 9), (Z,9)) 7).

This completes the proof of Lemma 4.15. ]

Lemma4.16. Suppose that u, v are V39 -parallel sections of 8. We define a vector field
Y on M so that g(Y,Z) = Re(i (y(Z)u, v)) for all Z € TM. Moreover, we define a scalar
function ¢ on M by ¢ = —Re((u,v)). Then (Y, ¢) is a V7 4-parallel section of T .

Proof Let X be a vector field on M. By assumption,
Vi Syl (O = Vi + Sylg(0p =0,
This implies
g(DxY,Z) = Re(i (y(Z)Vgu,v)) + Re(i (y(Z)u, Vg v))
= 2 Re(y(Z)@(X)u,v)) — 5 Rel{y (2w, y{g(X)u)

1 1
= 5 Re((y(2)y(g(X))u. v)) + S Re({y(q(X))y(Z)u.v))

= —q(X.Z)Re((u,v)) = q(X. Z)¢

and
X(¢) = —Re({Viu,v)) — Re((u, Viv))
1
= 3 Re(i{y(g(X))u, v)) — 5 Re(i . (g (X))v))
= Re(i(y(q(X)u,v)) = q(X.Y).
This completes the proof of Lemma 4.16. |

Lemma 4.17. Suppose that p is an arbitrary point in M. Consider the set of all pairs
(Y, @) € T |p with the property that there exist u,v € 8|, such that g(Y, Z) = Re(i (y(Z)u,v))
forall Z € TM and ¢ = —Re((u, v)). This set spans T |p.

Proof.  Suppose that the assertion is false. Then there exists a non-zero pair (Z,v¥) € T |
such that
Re(i(y(Z)u,v)) + Re(y (u,v)) =0

for all u, v € &|,. This implies that i y(Z) + ¥ id = 0 € End(&|,). From this, we deduce that
Z = 0and ¢ = 0. This is a contradiction. |
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Proposition 4.18.  The bundle T admits a trivialization by V7 4 -parallel sections.

Proof.  According to Proposition 4.1, there exists a V&4-parallel section s of the bundle
Hom(Sy, §) with the property that s is invertible at each point in M. Consequently, the spinor
bundle § admits a trivialization by V¥-9-parallel sections. Using Lemma 4.16, we obtain a col-
lection of V7 4-parallel sections of 7. At each point p € M, these V7 -parallel sections span
the fiber 7|, (see Lemma 4.17). This completes the proof of Proposition 4.18. m)

Let (E©, ¢y (EMW ¢y (EM ) be a collection of V7 4-parallel sections
that trivialize 7. In view of Lemma 4.15, we may write

(E@ £@) (E®) By g = myp,

where mgg is a constant (n + 1) X (n + 1)-matrix. The matrix mgg is invertible and has
signature (n, 1). By taking suitable linear combinations, we may arrange that

—1 fora=p8=0,
Mo = 1 fora=p>0,
0 forua # B,

fora, =0,1,...,n. Then
n

(Y. 0).(ZYNg = Y map{(E@.t@), (. 0)r (EP . (2.9))7

o,f=0

for all sections (Y, ¢) and (Z, ¢) of 7. Choosing ¢ = ¢ = 0, this implies

n
4.5) g.Z) =Y mapg(E® . Y)g(EP, Z)
o,B=0
forall Y, Z € TM. Moreover, choosing ¢ = 0 and Z = 0, we find

n

o,B=0
forall Y € TM. Finally, choosing Y = Z = 0 and ¢ = ¢ = 1 yields

n

(4.7) —1= ) magt@c®).

o,B=0

Since (E@,¢@) is V74 parallel, it follows that the covariant derivative of E ) is
given by ¢@g and is hence symmetric. Thus the one-form g(E®,.) is closed. We may
locally write g(E@®,.) = df @ for some scalar function f@. It follows from (4.5) that
g= ZZ,ﬂ:o Mop df @ @ df B In other words, the map F = (f @, M f)isa
local isometric immersion of (M, g) into the Minkowski spacetime R”!. For each vector
X € TM, we have

dF(X) = (df QX),df V(X).....df (X))
= (g(E®.X), g(EW X),....g(E™, X)) e R®.



Biir, Brendle, Chow and Hanke, Rigidity results for initial data sets 23

It follows from (4.6) and (4.7) that the unit normal vector to the immersion F in R”! is given
by (6@ ¢ ™) Since (E@, @) is V7 4-parallel, it is easy to see that the second
fundamental form associated with the immersion F is equal to g.

If M is simply connected, the isometric immersion F = (f©@, f . ™) s glob-
ally well-defined. If M is not simply connected, then F may not be globally well-defined, but
its differential is globally well-defined.

4.4. Proof of Theorem I in the simply connected case. In this subsection, we prove
Theorem I in the special case that M is simply connected. In this case, there exists an isometric
immersion F of M into the Minkowski spacetime R”! as a spacelike hypersurface. Let T
denote the normal vector to M in R”>!, normalized so that (T, T)gn.1 = —1. The second fun-
damental form is equal to ¢, so that ¢(X,Y) = (DxT,Y)gn.1 for X, Y € TM. Let 8 denote
the spinor bundle of M, and let V3 denote the usual connection on §.

Definition 4.19. We define a vector bundle W over M by W = § & §. We define a
connection VY on W by
V}v(u, v) = (V)?’qu, Vg’_qv),

where X denotes a vector field on M, and u, v are sections of §.
Definition 4.20. For each point p € M, we define a map y": R"! — End(‘W| p) by
y Y (T)(w,v) = (=iv.iu) and y™(X)(,v) = (y(X)v. y(X)w),

where X denotes a vector field on M and u, v € §|p.

Lemma 4.21. The map yV:R™! — End('W|p) satisfies the Clifford relations with re-
spect to the Lorentzian inner product on R™ Y. In other words,

yW(@)yY ) + v b)yY (@) = —2(a. b)gn1 id
foralla,b € R71,

Proof. 'We compute
y "X @)y @y = 2g(X. V) id
forall X,Y € TM . Moreover,
y "y O +yYxOy™ (1) =0
for all X € TM. Finally, (y"(7))? = id. This completes the proof of Lemma 4.21. |
Lemma 4.22. Suppose that a is a constant vector in R™'. Then
Vy (7Y (@), v) = yV (@Vy ()

forall X € TM. In particular, yw(a) maps parallel sections of 'W to parallel sections of 'W.

Proof. Let X be a section of TM . We decompose a = Y + fT, where Y is a section
of TM and f is a scalar function on M. Then DxY + Dx(fT) = 0, where D denotes the
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standard flat connection on R”>!. Using the identity DxY = DxY + ¢(X,Y)T, we obtain

@8 V@M w.v) -y YV @ v) =y (Dx Y ) (. v)
= V¢ (Yo, y (¥ )u) — y ¥ (V) (VETu, V)
—y Y (Dx V). v) — q(X. YV)y ™ (T)(u.v)
= (V21 (y(¥)v). V&4 (y(Y)w)) — (y(Y) V90, y(Y)VZu)
— (Y(DxY)v.y(DxY)u) — q(X, Y)(=iv,iu) = 0.
Using the identity Dy T = ¢(X), we obtain

vy (T, v)) =y (T)VY (u,v) — v (Dx T)(u, v)
= Vy (—iv.iu) —y " (T)(Viu, Vi~ 7) — y " (q(X))(u, v)
= (=i VT, iV ™) — (=i Vg 10, iVETu) — (y(q(X))v, y(q(X))u) = 0.

This implies
@9 VYT ) =y (fT)VY ) =y (Dx (fT))(u.v) = 0.

In the next step, we add (4.8) and (4.9). Using the identity DxY + Dx (fT) = 0, we conclude
that
Vy " (@) =y Y (@Vy (u.v) = 0.

This completes the proof of Lemma 4.22. O

Definition 4.23. For each point p € M, we define a map y": A2R™! — End('W| »)
by

1
yVant) =" @y o) -y or¥@).

Note that y ¥ (a A b) = yY (a)y Y (b) whenever (a, b)gn.1 = 0.

By Proposition 4.1, there exists a V&-2-parallel section s of the bundle Hom(Sy, §) with
the property that s is invertible at each point in M. Moreover, s satisfies the boundary condition
y(v) os = s o yo(NN) at each point on X.

Replacing ¢ by —g, we can find a V& ~4-parallel section ¢ of the bundle Hom(Sp, §)
with the property that ¢ is invertible at each point in M. Moreover, ¢ satisfies the boundary
condition y(v) ot =t o yo(NN) at each point on X.

In the following, we fix sections s and ¢ of Hom(Sy, &) satisfying the properties above.
For each o € Sy and each t € Sy, the pair (so, t7) defines a VY -parallel section of the vector
bundle 'W.

Definition 4.24. We denote by ¥ the set of all pairs (£, w) € R” x A2R™! with the
property that, for all o, 7 € S,

(s70(E)a, —tyo(§)7) = iy W (w)(s0,17)

ateach pointon M.Let Z C A2R™! denote the image of ¥ under the projection ¥ — A2R"™!,
¢, 0)— o.
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Clearly, ¥ is a linear subspace of R” x A?R"™!, and Z is a linear subspace of A2R™1.
Lemma 4.25. Suppose that £ € R” satisfies (§£,0) € Y. Then & = 0.

Proof. Let us fix an arbitrary point p € M. Since (£,0) € ¥, we obtain

(syo(§)o. —tyo(§)r) = (0.0)

forall o, 7 € So. Since s,# € Hom(So, §|,) are invertible, it follows that yo(§) = 0 € End(Sp).
Thus £ = 0. i

Lemma 4.26. Suppose that € A*R™! satisfies (0, w) € Y. Then w = 0.

Proof. Fix an arbitrary point p € M. We may write w = p + T A 1, where p € AZTPM
andn € T, M. Since (T, n)r».1 = 0, we obtain yY(T An) =y"(T)y"Y(5). Since (0, w) € Y,
we compute

0.0) =y (@)Go.10) = y ¥ (p)so.17) +y (1YY () (50, 10)
= (y(p)so —iy(mso,y(p)tt +iy(n)it)

for all o, T € Sp. Since s,t € Hom(Sp, §|,) are invertible, it follows that

y(p) —iy(n) =0 € End(8]p) and y(p)+iy(n) =0 € End(S|p).

This gives y(p) = 0 € End(8&|,) and y(n) = 0 € End(&|,). Thus p = 0 and n = 0. This finally
implies w = 0. ]

Lemma 4.27. Let p € X be a boundary point. Then (N(p), T(p) Av(p)) € Y.

Proof. Let us fix an arbitrary point p € X, and let us fix elements o, T € Sg. The bound-
ary conditions for s and ¢ imply that y(v) os = soyo(N) and y(v) ot =t o yo(N) at the
point p. Since (T, v)gn1 = 0, we obtain y (T A v) = y Y (T)y" (v). This gives

(syo(N)o, —=tyo(N)7) = (y(v)so, —y(v)I7)
=iy (" )0, 10)
= in(T AV)(so,tT)
at the point p. For abbreviation, let £ = N(p) € R",a = T(p) € R™!, and b = v(p) € R

Then
(sy0(§)a, —tyo(&)7) = iy " (a A b)(so,17)

at the point p. Note that (syo(£)o, —tyo(§)7) is a VY -parallel section of the vector bundle 'W.
Moreover, it follows from Lemma 4.22 that )/W(a ADb)(so,tt)is a Vw—parallel section of the
vector bundle ‘W. Putting these facts together, we conclude that

(sy0(§)a, —tyo(E)7) = iy " (a A b)(so,17)

at each point in M. Since 0, 7 € Sy are arbitrary, it follows that (§,a A b) € Y. o
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Proposition 4.28. We have

={R-(N(p),.T(p) Av(p)):pe€ X}

The projection ¥ — R", (§, ) +— £ is bijective. In particular, Y has dimension n.

Proof. We consider the set
Yo ={R-(N(p).T(p) Av(p)): p € T} CR" x A’R™ 1.

It follows from Lemma 4.27 that ¥y C ¥. By Lemma 4.26, the projection ¥ — R”, (§, w) — &
is injective. On the other hand, since the map N: X — S”~! is surjective, it follows that the
projection ¥y — R”, (§, w) — £ is surjective. Putting these facts together, we conclude that
Yo = ¥ and the projection ¥ — R”, (&, w) — £ is bijective. O

Corollary 4.29. We have Z = {R - (T'(p) Av(p)) : p € X}. Moreover, Z has dimen-
sion n.

Proof.  The first statement follows immediately from Proposition 4.28. The second state-
ment follows from the fact that ¥ has dimension 7 and the projection ¥ — A2R™!, (§,w) — o
is injective (see Lemma 4.25). D

Proposition 4.30. There exists a basis {bo, b1, ...,bn} of R”™1 such that by is timelike
and 2 = span{bo AN bl, b() AN bz, ce ,b() A bn}

Proof. It follows from Corollary 4.29 that the subspace Z C A?R™! is decomposable
in the sense of [15]. (See [15, p.55] for the definition.) Applying [15, Theorem 6] with [ = 2
and r = n, we conclude that the subspace Z C A2R”™1 is close in the sense of [15]. (See
[15, p. 57] for the definition.) Thus there are two possibilities.

Case 1. The subspace Z C A2R™! is close of Type I (cf. [15, p. 57]). In this case, there
exists a basis {bg, b1, ..., by} of R™! with the property that

Z = span{bo /\bl,bo /\bz,...,bo /\bn}

We claim that bo is timelike. Suppose that by is spacelike or null. We can find a spacelike vector
b e R™! such that (bo, b)Rn 1 = 0. This implies that by and b are linearly independent. More-
over, bo Ab € Z. By Corollary 4.29, we can find a point p € X with the property that by A b
is a non-zero scalar multiple of 7'(p) A v(p). In particular, span{by, b} span{T (p), v(p)}.
This contradicts the fact that span{bg, b } does not contain a timelike vector.

Case 2. The subspace Z C A?R™! is close of Type II, but not close of Type I (cf.
[15, p.57]). In this case, n = 3. Moreover, there exists a collection of three linearly indepen-
dent vectors bg, b1, by € R>! with the property that Z = span{bg A by1,b1 A by, by A by}. We
can find two linearly independent vectors 51 1;2 € span{byg, b1, b2} such that span{gl 52} is
spacelike. Then b1 A b2 € Z. By Corollary 4.29, we can find a point p € X with the property
that by A by is a non-zero scalar multiple of 7 (p) A v(p). In particular,

span{by, by} = span{T(p), v(p)}.
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This contradicts the fact that span{gl , 52} does not contain a timelike vector. This case cannot
occur. i

By scaling, we may assume that (bg, bo)rn.1 = —1. By applying a Lorentz transforma-
tion, we may assume that bp = (1,0,...,0) € R™!,
For each point p € ¥, Lemma 4.27 implies that

T(p) AN U(p) e’z = span{bo /\bl,bo /\bz, - ,b() /\bn};

hence by € span{T (p),v(p)}. Consequently, we have (bg, X )rn.1 = 0 for every tangent vec-
tor X € T X. In particular, each connected component of ¥ is contained in a hyperplane in R”!
which is orthogonal to by.

For each point p € X, there is a unique spacelike unit vector B(p) € R™! such that
(ho, B(p))rn.1 = 0and T(p) Av(p) = bo A B(p). This defines a smooth map B from X to
the (n — 1)-dimensional unit sphere

Sl = (b e R™' : (by,b)gn.1 =0, (b,b)gn.1 = 1}.

The map B can be interpreted as the unit normal to ¥ within a hyperplane orthogonal to by.
In view of Lemma 4.26, we can find a linear transformation A: R” — Z such that

Y C {(5, AE) 1 £ € R").

Using Lemma 4.27, it follows that the map ¥ — Z, p — T (p) A v(p) is the composition of
the map N: ¥ — S~ with the linear transformation A: R” — Z. This implies that the map
B: ¥ — S" ! is the composition of the map N: ¥ — S*~! with a linear isometry of R”. In
particular, |dB||¢ = ||dN || at each point on X.

Proposition 4.31. Suppose that p is a point on the boundary % with (by, v)gn.1 # O.
Then h =0, dN =0, and dB = 0 at the point p. Moreover, the second fundamental form of
Y in R™! vanishes at the point p.

Proof. Let{ey,...,e,—1} denote an orthonormal basis of 7, X. Differentiating the iden-
tity T A v = bg A B gives

n—1 n—1
> hiei.e))T Aej + Y qlei.ej)ej Av=boAdB(e;)
j=1 j=1

for eachi = 1,...,n — 1. Proposition 4.1 implies that g(e;,e;) =0 fori,j =1,...,n— 1.
This gives

n—1 n—1
0= Zh(e,-,ej)(T Nej, e N \))Rn,l + Zq(e,-,ej)(ej AV, e N U>Rn,l
Jj=1 j=1
= (bo AN dB(ei),ek AN U)Rn,l = —(b(), V)Rn,l (dB(ei),ek)Rn,l

fori,k =1,...,n — 1. By assumption, {bg, v)gn.1 # 0 at the point p. This implies d B = 0
at the point p. Consequently, d N = 0 at the point p. Using Proposition 4.1, we conclude that
h = 0 at the point p. Since ¢**" = 0 by Proposition 4.1, it follows that the second fundamental
form of ¥ in R™! vanishes at the point p. |
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Proposition 4.32. Let i denote the projection from R™! to
R" = {b € R™! : (by, b)gn.1 = 0}.
The composition of the isometric immersion
F:(M,g) — R"™!

with the projection w: R™! — R" is a diffeomorphism from M onto a compact convex domain
K C R™ with smooth boundary. In particular, F is an isometric embedding onto the graph of
a smooth real-valued function defined on K.

Proof. 'We define a Riemannian metric gg on M by
go(X.Y) = g(X.Y) + (bo, X)rn1(bo. ¥ )1

for X,Y € TM. In other words, g¢ is the pull-back of the Euclidean metric under the immer-
sion r o F: M — R”™. In particular, the metric go is flat. It follows from Proposition 4.31 that
the second fundamental form of 0M with respect to the metric go coincides with the second
fundamental form of 0M with respect to the metric g. Using Proposition 4.1, we conclude that
the second fundamental form of 0M with respect to the metric g is weakly positive definite at
each point on 0M . Moreover, since N has non-zero degree, we can find a point on 0M where
the Jacobian determinant of N is non-zero, and at that point the second fundamental of oM
with respect to gg is positive definite by Proposition 4.1. Theorem A.1 now implies that there
exists an isometry of (M, g¢) onto a compact convex domain in R” with smooth boundary. The
isometric immersion i o F: (M, go) — R” coincides with this isometry up to a rigid motion
of R”. This implies the assertion. O

This completes the proof of Theorem I in the special case when M is simply connected.

4.5. Proof of Theorem I in the general case. In this final subsection, we treat the case
when M is not simply connected. In this case, the isometric immersion F: M — R™! is only
locally defined, but its differential is globally defined. This is sufficient to define the bundle ‘W,
the connection V', and the map y¥:R™! — End(W| p)- The arguments in Section 4.4 now
imply that there exists a vector by € R™! such that

(b(),b())Rn.l =—1 and (b(),dF(X))Rn.l =0

for every tangent vector X € T 3.
As above, we define a Riemannian metric go on M by

go(X.Y) = g(X.Y) + (bo, dF(X))gn.1(bo, dF(Y))Rn1

for X,Y € TM. Note that g¢ is a globally defined metric on M. As in Section 4.4, we see
that g¢ is flat. Moreover, the second fundamental form of M with respect to the metric gg
coincides with the second fundamental form of 0M with respect to the metric g. In particular,
the second fundamental form of 0M with respect to the metric go is weakly positive definite
at each point on 0M, and we can find a point on 0M where the second fundamental of oM
with respect to g is positive definite. Using Theorem A.1, it follows that M is diffeomorphic
to a ball. This contradicts the assumption that M is not simply connected.
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5. Approximating a compact convex polytope by smooth domains

Throughout this section, we fix an integer n > 2. We further assume that 2 C R” is a
compact convex polytope with nonempty interior. We write Q = ();c;{u; < 0}, where [ is
a finite set and u;, i € I, is a collection of linear functions on R”. After eliminating redundant
inequalities, we may assume that the following condition is satisfied.

Assumption 5.1. For each ip € I, the following set is nonempty:

{uip > 03N () {ui <0}

iel\{io}

Let g be a Riemannian metric which is defined on an open set containing €2, and let ¢
be a symmetric (0, 2)-tensor. For each i € I, Vu; will denote the gradient of u; with respect
to the metric g, D?u; will denote the Hessian of u; with respect to the metric g, |Vu;| g will
denote the norm of the gradient of u; with respect to the metric g, and v; = Vu; /|Vu; |z will
denote the unit normal vector field, with respect to the metric g, to the level sets of u;. For
each i € I, we denote by N; € S~ the outward-pointing unit normal vector to the halfspace
{u; < 0} with respect to the Euclidean metric.

For each A > 0, we define

QA:{ZW!’ sl}CQ.
iel

If A is sufficiently large, then €2 is a compact convex domain in R” with smooth boundary
3, = 0R2,. The sets 2 form an increasing family of sets. Moreover,

L @ = <o
A>Ag iel

In the remainder of this section, |-|g will denote the norm taken with respect to the
metric g, and | - | will denote the norm taken with respect to the Euclidean metric. The outward-
pointing unit normal vector to the domain €2 with respect to the metric g is given by

b= Yier™iVui _ Yiep | Vilgvi

We define amap N:Z; — S*~ ! by

_ Yier M VuilgN;
1 Yier et Vuilg Ni|
The map N: X, — S”! is homotopic to the Gauss map of X, with respect to the Euclidean

metric. A homotopy can be constructed by deforming g to the Euclidean metric. In particular,
the map N: X; — S~ ! has degree 1.

(5.1) N

Proposition 5.2 (cf. [7, Proposition 3.9]). Let x € X,. Let w: T2 — Tx 2 denote the
orthogonal projection to the orthogonal complement of v, and let P:R"™ — R" denote the
orthogonal projection to the orthogonal complement of N. Then H — ||dN || > V,, where the
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Sfunction Vy: X, — R is defined by

Sier VU 2 m )2 Y ier €|V 2 m(vi) g | P(N))|

V), =X . - :
Y ier i Vuilgvi], |2 ier et [Vui|g Ni|
| Yier M (Mui = (D2up(v,v))  Lier M V(| Vuilg)| | P(ND)]
X ier i Vuilgvi|, |2 ier i [Vui|g Ni|

We define a function W,: X, — R by W) = V) — |tr(g) —q(v,v)].

Proposition 5.3. Suppose that the Matching Angle Hypothesis is satisfied. Then

supmax{—W,,0} <o(X) asA — oo.
2Py

Proof. It follows from [7, Proposition 3.10] that supy; max{—V},0} <o0(4) as A — oo.
Since W) — V) is uniformly bounded, the assertion follows. ]

In the remaining part of this section, we will estimate the L?-norm max{—W)},0} on
3 N Br(p), where o € [1, %) is a fixed exponent and B,(p) denotes a Euclidean ball of
radius 7.

Definition 5.4. Consider three pairwise distinct elements iy, i5,i3 € I. We denote by
G/(XH’QM) the set of all points x € X, with the property that u;, (x) > u;,(x) > u;;(x) and
Ui (x) > u;(x) foreachi € I\ {i1,iz,13}.

Lemma 5.5. Foreachi € I, we assume that H — |tr(q) — q(v;, v;)| > 0 at each point
in Q N{u; =0}, where H denotes the mean curvature of the hypersurface {u; = 0} with
respect to the metric g. Let us fix an exponent o € [1, %), and let B (p) denote a Euclidean
ball of radius r < 1. If Ar is sufficiently large, then

(rUH_”/ o . max{—WA,O}”)
G{17273) 0ui, <-4~ r 8308, ()

for all pairwise distinct elements i1,i3,i3 € 1.

al-

< Ckre_()”)%

Proof.  'We adapt the proof of [7, Lemma 3.13]. Let us consider an arbitrary point

ool—

X € G)(L’."iz”é) with u;, (x) < _AEr .
By definition of G)(Li"i2’i3), it follows that u;(x) < _A~&rk foralli el \ {i1}. Using the

identity
Ze)mi(x) =1,
. iel .
we obtain e**1®) > 1 — Ce=A¥: hence ui, (x) = —CA~e™*M¥  Arguing as in [7], we
obtain
- Auj, — (Dzuil)(‘)il »Viy)

1
> — Cre” G5
|Vui1 |g

Vi
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1
at the point x. Moreover, [V — v;,|g < Ce~"% at the point x. This implies

1
ltr(q) — (v, v)| < |tr(q) — q(vi, . vi,)| + Ce~PM®
at the point x. Putting these facts together, we obtain
Wy =V —ltr(q) —q(v,v)|
> Auil — (Dzuil)(vil s Vil)
B |Vui1 |g

1
— |tr(q) — q(viy, viy)| — Che=*13

1
at the point x. Since u;, (x) > —CA7le= (N8 and ui(x) < _A"%r% foralli €1 \ {i1}, we
can find a point y € €2 such that

1
win() =0 and d(r.y) < CAle DY

By assumption, H — |tr(q) — q(v;,,v;,)| = O at the point y, where H denotes the mean cur-
vature of the hypersurface {u;, = 0} with respect to the metric g. This implies
Auj, — (D?u;,) (viy, viy)
|Vui1 |g

— [tr(q) — q (i . vi))[ = 0

at the point y. Consequently,

Aui] - (Dzuh)(vil s vi])
|Vui1 |g

—|tr(q) — q(viy, vi))| = =C d(x,y)
at the point x. Putting these facts together, we conclude that

1
Wi (x) = —Cre*n®

for each point
S 7 1
X € G)(L””Z’”) N{u;, <—A"8rs}.

On the other hand, the intersection X3 N B, (p) has area at most C 7"~ ! (see [7, Lemma 3.11]).
Consequently,

1
(r0+1—"/ o 7 1 max{—WA,O}U) < Crre A%,
G/(\tlV12.13)m{ui2§_)k_§r§}ﬂBr(p)

This completes the proof of Lemma 5.5. |

al~

Lemma 5.6. Assume that the Matching Angle Hypothesis holds. Let us fix an exponent
o € [l, %), and let B, (p) denote a Euclidean ball of radius r < 1. If Ar is sufficiently large,
then

1
( otl n/ max{—WA,O}U) < C(/\r)é_%
G{1213)N{uj, >—A~ 8r8}ﬂ{u,3< A~3r4)nB, (p)

for all pairwise distinct elements iy, is,i3 € I.
Proof. The corresponding estimate for V) follows from [7, Lemma 3 14]. Moreover, it

is shown in [7] that the set G(’1 12,i3) N {ui, ? % 8r8} N{uj; < —=A" 4r4} has area at most
C(Ar)~ §r7=1 . Since W, — V;L| < C < CA3r~ 8, the assertion follows. ]
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Lemma 5.7. Let us fix an exponent o € [1, %) and let By(p) denote a Euclidean ball
of radius r < 1. If Ar is sufficiently large, then

1
(o memar ) <cont
G123 0{u;,>—A" 4r4}NB;(p)

for all pairwise distinct elements i1,i3,i3 € I.

Proof. The corresponding estimate for Vx3fo%lows from [7, Lemma 3.15]. Moreov3er, itis
shown in [7] that the set G)(f‘ 42:3) A {uiy >—A"3ra} N B,(p) has area at most C(Ar) 27" 71,
Since |W, — V;| < C < CA, the assertion follows. m]

Proposition 5.8. For each i € I, we assume that H — |tr(q) — q(vi, vi)| > 0 at each
pointin Q N {u; = 0}, where H denotes the mean curvature of the hypersurface {u; = 0} with
respect to the metric g. Moreover, we assume that the Matching Angle Hypothesis is satisfied.
Let us fix an exponent o € [1, %) and let B, (p) denote a Euclidean ball of radius r < 1. If Ar
is sufficiently large, then

1
> 1
(rUH_”/ max{—W;L,O}U) < CAre=@®N% 4 Cc(r)§786 + C(Ar) =35
ZANBr(p)

Proof. Combining Lemma 5.5, Lemma 5.6, and Lemma 5.7, we conclude that
1

o 1 1_7 3

potimn / max{—W,,01° | < CAre~®*"% L C(Ar)8786 + C(Ar)' 25
G/(\i1~i2*i3)ﬂBr(p)

for all pairwise distinct elements i1, 2,73 € I. On the other hand, ¥) = Uil,iz,is G)(fl”.z”é),

where the union is taken over all pairwise distinct elements i1,1,i3 € . Hence the assertion

follows by summation over i1, iz, i3. This completes the proof of Proposition 5.8. O

Corollary 5.9. For each i € I, we assume that H — |tr(q) — q(vi, vi)| = 0 at each
point in Q N {u; = 0}, where H denotes the mean curvature of the hypersurface {u; = 0} with
respect to the metric g. Moreover, we assume that the Matching Angle Hypothesis is satisfied.

Let us fix an exponent o € [1, %) Then
1

sup sup(r"+1_”[ max{—WA,O}G) —0 asA— oo.
peR” r<1 ZiNBr(p)

Proof. Let us consider an arbitrary sequence A; — co. By Proposition 5.3, we can find
a sequence of positive real numbers §; — 0 such that

(&A1 szupmax{—Wkl,O} —0 asl — oo.
Al

This implies

al-

sup  sup (r‘”‘l_"/ max{—WAl,O}a)
peR" r<(8;A;)! Zx,NBr(p)

< At ;up max{—W,,,0} -0 as/ — oo.
Al
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On the other hand, it follows from Proposition 5.8 that

Q=

sup sup (rUH_"/ max{—WAl,O}U) —0 asl — oo.
pER” (5/A1)_1§r§1 E,’\lﬂBr(p)

Putting these facts together, the assertion follows. |

6. Proof of Theorem II

Throughout this section, we assume that €2, g, g satisfy the assumptions in Theorem II. In
particular, we assume that 2 satisfies the Matching Angle Hypothesis. We consider the spinor
bundle & and the twisted spinor bundle & = § ® S over an open set containing 2.

Let U denote a Euclidean ball such that the closure of U is contained in the interior of €2.
Consider a sequence A; — o0o. Given [, let N©: Xy = S~ denote the map defined in (5.1).
Recall that N @ has degree 1. Note that U C €2, if [ is sufficiently large.

Proposition 6.1. Suppose that K > 0 is a given positive real number. Then there exists
a uniform constant C (independent of | ) such that

f F?<cC (|VF|—1<F)2++C/ F?
Qy, Qy, U

for every nonnegative smooth function F on 2.

Proof. Note that the hypersurface X, = 02, can be written as a radial graph with
bounded slope. From this, it is easy to see that €2, is bi-Lipschitz equivalent to the Euclidean
unit ball, with constants that are independent of /. The assertion now follows from Proposi-
tion B.1. O

Proposition 6.2. There exists a uniform constant C (independent of 1) such that

/ F2§C/ |VF|2+C[ F?
EA[ Q/\l QA]

for every smooth function F on §25,.

Proof. Note that the hypersurface ¥, = 02, can be written as a radial graph with
bounded slope. From this, it is easy to see that €2, is bi-Lipschitz equivalent to the Euclidean
unit ball, with constants that are independent of /. Hence the assertion follows from the Sobolev
trace theorem. O

Proposition 6.3. We have

max{—W,,,0}F? < 0(1)/Q IVF|? 4+ o(1) F?
Al

EA/ QA/

for every smooth function F on Q.

Proof. The statement follows by combining [7, Corollary A.7] (see also [14]) with
Corollary 5.9. o
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Corollary 6.4. For each section s € C°°(2y,, &), we have

/ |s|zsc/ |V“"ﬂs|2+c/|s|2,
Q) Qi U

where C is a constant that does not depend on .

1 1

Proof. By the triangle inequality, we can bound |VE€s| < |V&4s| + K|s|, where K is
a constant that does not depend on /. This implies (|VEs| — K|s|)+ 51 |VE-ds).
We now apply Proposition 6.1 to the function F = (6% + |s|?)2, and send § — 0. This

gives

Putting these facts together, the assertion follows. O

52 < c/ (IVEs| — Kls])? + c/ 52,
s, U

Corollary 6.5. For each section s € C°(2y,, €), we have

f |s|256/ |v8’qs|2+6/|s|2,
3, Q, U

where C is a constant that does not depend on .

1

Proof. We apply Proposition 6.2 to the function F = (6% + |s|2)%, and send § — 0.

This gives
/ |s|2§C/ |V8s|2+C/ Is]2.
E)‘l le QA

1
Hence the assertion follows from Corollary 6.4. O

Corollary 6.6. For each section s € C°(2y,, €), we have

max{—W,,, 0}|s|? 50(1)/ |V8’qs|2+0(1)/ |s]?.
zy, Qy, U

Proof. 'We apply Proposition 6.3 to the function F = (§2 + |s|2)%, and send § — 0.
This gives

max(=s, O}1s1> = o(1) [ [V6sP +o(1) [ I
Al

Z, Qy,

Hence the assertion follows from Corollary 6.4. O

Proposition 6.7. The following statements hold.

(a) There exists a Vg’q-parallel section s defined over Q. Considered as a homomorphism
field, the section s is invertible at each point in Q.

(b) Each of the boundary faces is totally geodesic with respect to g.
(c) Along each of the boundary faces, we have ¢*** = 0.

Having established Proposition 6.7, the arguments in Section 4.3 imply that (2, g, ¢) can
be isometrically immersed as a spacelike hypersurface in the Minkowski spacetime R”!, with
second fundamental form equal to g.
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In the remainder of this section, we will give the proof of Proposition 6.7. We first treat
the odd-dimensional case, and then the even-dimensional case.

6.1. Proof of Proposition 6.7 in odd dimensions. Suppose thatn > 3 is an odd integer.
For each [, Proposition 3.7 implies the existence of a non-trivial section s¢) € C*° (£, 1+ 8)
such that

1
/ vEas®p < 1 / (g + [TDIsDP
2y 2 2y

1
+ E/E (Ite(q) — g, )| + NP — H)|sD)2.
Al

Moreover, )((l)s(l) = 5O at each point on the boundary ¥,,. By assumption, u — |J| > 0.
Using Corollary 6.6, we obtain

/ (Itr(q) — q. )] + [AN D — IO < o(1) / 45D 4 o(1) /|s<”|2.
2, Qy, U

Putting these facts together, we conclude that

/ S5O < o(1) [ sOP2
Q,, U

if [ is sufficiently large. Using this estimate together with Corollary 6.4, we obtain

| s =c [ sop
Qy, N U

if [ is sufficiently large. Since fm 1s®D12 > 0, it follows that fU|s(l)|2 > 0 if [ is sufficiently
large. !
By scaling, we may arrange that fU|s(l) |2 = 1if [ is sufficiently large. Then

(6.1) / (VEa5D12 < 5(1)
Q;\l

f ISP <.
QM

Passing to a subsequence if necessary, the sequence s) converges weakly in Hlf)c(Q \ 092).
The limit s is defined on the interior of € and satisfies |, U|s|2 = 1. Using (6.1), we obtain
V€45 = 0. In particular, s is smooth. Using Vs’q—parallel transport along radial lines ema-
nating from some point in the interior of Q& C R”, we extend s to a smooth section which is
defined on an open set containing 2 and satisfies V€45 = 0 at each point in .

and

Proposition 6.8. We have

/ |S(l)—S|2—>O as | — oo.
T,

Proof.  Using Corollary 6.5, we obtain

/ |s(l) —s? < C/
E,’\l Q)

IVE4(sD —5)> + c/ ls® — g2,
U

!
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Since V&45 = 0, it follows that

/ |s(l) —s]? < C/
2)‘1 Q

The assertion now follows from (6.1) together with the fact that s - sin Lﬁ)C(SZ \ o). O

|vEa5D12 4 / ls@ — 52,
U

/

Corollary 6.9. We have

/ IxDs—s> >0 asl — oco.
A

1

Here, )((l ) denotes the boundary operator on X,.

Proof. Recall that s) satisfies the boundary condition y©s® = s@ at each point on
3.,,- Hence the assertion follows from Proposition 6.8. O

For each i € I, Assumption 5.1 implies that the set {u;, = 0} N ﬂiel\{io}{ui < 0} is
nonempty (see [7, Lemma 3.2]). Moreover, it follows from Corollary 6.9 that s satisfies the
boundary condition y(vi,) o s = s 0 yo(Nj,) on {uiy = 0} N [);ep\ o itti < O}

Lemma 6.10. Let o € So. If so vanishes at some point of 2, then it vanishes every-
where on Q.

Proof. The proof is analogous to the proof of Lemma 4.3. O
As above, we define L := {0 € Sy : so = 0 at each point in Q}.

Lemma 6.11. The subspace L C Sy is invariant under yo(N;) for eachi € I.

Proof. The proof is analogous to the proof of Lemma 4.4. O

Lemma 6.12. We have L = {0}. Moreover, the section s, considered as a homomor-
phism field, is invertible on each point in <.

Proof. This follows from Lemma 6.11 together with the fact that

span{N; :i € I} = R". 0

Lemma 6.13. Let i € 1. Along the boundary face {u;, = 0} N ﬂie[\{io}{“i < 0}, we
have h(X) = q(X)™ = 0 whenever X is a tangent vector to that boundary face.

Proof. Recall that
y(ig) s = 5 0 yo(Niy)
on the boundary face {u;, = 0} N ()¢ I\{io}i#i < 0}. In the next step, we differentiate this
identity in tangential direction. Let p be a point on the boundary face

{uiy =0y () fu;i <0},

iel\{io}
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and let X be a tangent vector to that boundary face. Arguing as in the proof of Lemma 4.2, we
obtain

y(h(X)) os +iy(g(X)™) oy(v)os =0.
Since s € Hom(Sy, §) is invertible by Lemma 6.12, it follows that

y(h(X)) +iy(q(X)™) o y(v) = 0 € End(8|p).

Note that i y(¢(X)"™") o y(v) € End(8|,) is self-adjoint, while y(k(X)) € End(8],) is skew-
adjoint. Thus we conclude that

y(h(X)) =0 € End(8]p) and y(q(X)™")oy(v) =0 € End(5]p).

From this, the assertion follows. O

6.2. Proof of Proposition 6.7 in even dimensions. Suppose that n > 2 is an even inte-
ger. For each [, Corollary 3.11 implies the existence of a non-trivial section s) € H1(Q; +8)
such that

1
Ry N CTRA VIR
Qy, 2 Qy,

1
+ 5 (@) =g+ [dND e = H)IsOP.
2 3,
Moreover, for each [, we can find an element 7; € S such that y(v) o s@) = 5@ o Y0 (ﬁ @) on
%, where the map N®: X, — S" is defined by NDO(x) = o(ND(x),7;) forall x € DI
By assumption, u — |J| > 0. Using Corollary 6.6, we obtain

/ (Itr(@) — g )] + [dN P — DO < o() [ 19895 4 o(1) /|s<”|2.
5, U

Qy,

Putting these facts together, we conclude that

/ |V8,qs(l)|2 < 0(1)[ |S(l)|2
Qy, U

if / is sufficiently large. Using this estimate together with Corollary 6.4, we obtain

/ sOR < ¢ / sOP
Q, N U

if [ is sufficiently large. Since fQA |s@)2 > 0, it follows that fU|s(l)|2 > 0if [ is sufficiently
large. !
By scaling, we may arrange that fU|s(l) |2 = 1if [ is sufficiently large. Then

(6.2) / IVEasD 2 < o(1)
QA/

and fQM |s(|2 < C. After passing to a subsequence if necessary, we may assume that 7 — 7.
for some 7 € S!. Moreover, the sequence s® converges weakly in Hléc (2 \ 0R2). The limit s
is defined on the interior of  and satisfies [, |s|2 = 1. Using (6.2), we obtain V€45 = 0. In
particular, s is smooth. Using V€-4-parallel transport along radial lines emanating from some
point in the interior of 2 C R”, we extend s to a smooth section which is defined on an open
set containing €2 and satisfies VE€-45 = 0 at each point in 2.
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Proposition 6.14. We have

/ |s(l)—s|2—>0 asl — oo.
E,\l

Proof. The proof is analogous to the proof of Proposition 6.8. O
Corollary 6.15. We have

/ ly()os —sopo(ND)2 =0 asl — oco.
A

!

Proof. Recall that s satisfies the boundary condition y(v) o s =50 Y0 (]V { )) on
3.,, ateach point on X, . Hence the assertion follows from Proposition 6.14. O

Foreachi € I, we define N; = @(N;,t) € S™. Foreach iy € I, Assumption 5.1 implies
that the set {u;, = 0} N miel\{io}{“i < 0} is nonempty (see [7, Lemma 3.2]). Moreover, it
follows from Corollary 6.15 that s satisfies the boundary condition

y(vig) 05 = 5 0 yo(Nig)

on{uiy = 0} N[ ;ep\giiti < 0}.By[7,Lemma3.2], the set {u;, = 0} N (;ep\ it < 0}
is a dense subset of 2 N {u;, = 0}. Thus we conclude that

y(vig) 05 = 5 0 yo(Nig)

on N {u;, = 0}.

Lemma 6.16. Suppose that i1,iz € I satisfy Q N{u;; =0} N{u;, =0} # @. Then
(Niy, Niy) = (Ni,, Ni).

Proof. By assumption, we can find a point p € N {u;; = 0} N {u;, = 0}. Then
y(vij)os =so0 yo(ﬁil) and y(vi,)os =50 )/O(ﬁiz)

at the point p. This implies

1 1
(Uil’ ‘)iz)gls|2 = 5(7/(‘)1'1) oS, V(Viz) os) + E(V(Viz) oS, V(Vil) © S)
1 ~ ~ 1 ~ ~
= §<S o Yo(Niy).s o yo(Niy)) + 5(5 © Y0(Niy). s 0 yo(Ni,))
= (Ni,, Niy)|s|?

at the point p. On the other hand, the Matching Angle Hypothesis implies that
(Vil , Vi2>g|5|2 = (Ni1 s Ni2>|S|2

at the point p. Putting these facts together, we conclude that (N;,, Ni,)|s|?> = (]V,-l , ﬁiz) |s|? at
the point p. Since |s|? > 0 at each point in £, the assertion follows. O

Lemma 6.17. The map ¢(-,1): S"~! — S™ is the standard inclusion S"~1 < §".
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Proof. Suppose that the assertion is false. By Lemma 3.8, the map ¢( -, 7) is Lipschitz
continuous with a Lipschitz constant strictly less than 1. Moreover, it follows from Assump-
tion 5.1 that N;, # N;, for iy # i>. This implies

|Ni1 _Ni2|2 > |(p(Nl'1’;) _go(Nl'zvi)lz = |]’\7i1 _]/\'}l'zl2

for iy # i. This contradicts Lemma 6.16. O

Lemma 6.18. Let 0 € So. If so vanishes at some point of 2, then it vanishes every-
where on Q.

Proof. The proof is analogous to the proof of Lemma 4.3. ]
We again define L := {0 € Sp : s0 = 0 at each point in Q}.

Lemma 6.19. The subspace L C Sy is invariant under yo(]’\},') foreachi € 1.

Proof. The proof is analogous to the proof of Lemma 4.4. |

Lemma 6.20. We have L = {0}. Moreover, the section s, considered as a homomor-
phism field, is invertible on each point in 2.

Proof. Note that span{N; : i € I} = R". Using Lemma 6.17, it follows that
span{N; :i € [} = R" c R+,

By Lemma 6.19, L is invariant under y (&) for all £ € R”. Since the volume element acts as
a scalar multiple of the identity, we deduce that L is invariant under yo(§) for all £ € R**+1,
Arguing as in the proof of Lemma 4.5, the assertion follows. |

Lemma 6.21. Let ig € 1. Along the boundary face {u;, = 0} N ﬂie]\{io}{”i < 0}, we
have h(X) = q(X)™ = 0 whenever X is a tangent vector to that boundary face.

Proof. The proof is analogous to the proof of Lemma 6.13. o

A. A metric characterization of the ball

Theorem A.1. Let (M, g) be a compact connected Riemannian manifold of dimen-
sion n > 2 with boundary such that the following conditions are satisfied.

o g is flat.
 The second fundamental form of OM is weakly positive definite.

o There exists a point in OM, where the second fundamental form is strictly positive defi-
nite.

Then (M, g) is isometric to a compact convex domain in R"™ with smooth boundary. In partic-
ular, M is diffeomorphic to a ball.
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Proof. For & > ( small enough, we consider the smooth manifold
M’ = M U. (0M x (—&, 00)),

where ~ identifies OM x (—e&,0] C 0M x (—e&, o0) with an open neighborhood of oM C M
by the normal exponential map along 0M with respect to g. We denote the metric on oM
induced by g by go and the second fundamental form of 0M (considered as a (1, 1)-tensor
field) by /. The Gauss lemma, the Riccati equation for the second fundamental form, and the
vanishing of the curvature of M imply that, on O0M x (—e&, 0], the metric g takes the form
g =dt ® dt + g;, where g, is the metric on 9M given by g,(X,Y) = go((id + th)?X,Y).
Here t € (—¢, 00) is the standard parameter. Since 4 is weakly positive definite, we can use
this formula to extend g to 0M x [0, 00) and hence to a smooth metric g’ on all of M’. By
[5, Theorem 7.2], the manifold (M’, g’) is flat. It is easy to see that (M’, g’) is complete.

Let 7: M’ — M’ denote the universal covering of M’. We equip M’ with the metric
g = a*g’. Since (M’,g’) is complete and flat, it follows that (M’, g is isometric to the
Euclidean space R”.

We define M = 71 (M). Then M is a closed domain in M’ with smooth boundary.
Since the embedding M <> M’ is a homotopy equivalence, it follows that M’ is connected.
We distinguish two cases.

Case 1. Suppose that n > 3. By assumption, the second fundamental form of oM is
weakly positive definite at each point on 0M, and is strictly positive definite at some point
p € O0M. We denote by X the connected component of 0M that contains the point p. Since
n > 3, the Gauss equations imply that the sectional curvature of X is nonnegative at each point
on X, and is strictly positive at the point p € X. Using the Cheeger—Gromoll splitting theorem
[9, Theorem 3], we conclude that every covering of ¥ is compact.

In the next step, we fix a point j € 9M with 7(F) = p. We denote by  the con-
nected component of OM that contains the point p. Then Tisa covering of X. In view of
the discussion above, Sis compact.

In the following, we identify M’ with R”. With this understood, we may view T asa
compact connected hypersurface in R”. By the main theorem in [11] (see also [28]), we may
write & = 0K, where K C R” is a compact convex domain in R” with smooth boundary.
Moreover, . is diffeomorphic to $”?~! and K is diffeomorphic to a ball B”. At the point 7,
the outward-pointing unit normal vector to K coincides with the outward-pointing unit normal
vector to M . This implies int(K) N int(M) # @. Since M is connected, it follows that M C K.
If K\ M is nonempty, we can find a point X in the closure of K \ M which has maximal
distance from J. It is easy to see that X € int(K) N dM and the second fundamental form
of dM at the point X is negatlve definite, contrary to our assumption. Thus we conclude that
M = K. In particular, M is diffeomorphic to a ball B".

If M is not simply connected, then there exists an isometry of M’ which maps M toitself
and has no fixed points. This contradicts the Brouwer fixed point theorem. Thus M is simply
connected, and so is M’. From this, the assertion follows.

Case 2. Suppose that n = 2. In this case, the Euler characteristic of M is strictly posi-
tive by the Gauss—Bonnet theorem. Since M is connected, it follows that M is diffeomorphic
to a disk B2. In particular, M is simply connected, and so is M’. Consequently, (M’, g’) is iso-
metric to R? and (M, g) can be identified with a compact convex domain in R? with smooth
boundary. m)
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B. An auxiliary estimate

Proposition B.1. Let Q C R” be a compact connected Lipschitz domain. Assume that
U is a nonempty open subset of Q2. Suppose that K > 0 is a given positive real number. Then

fFZSC/(|VF|—KF)1+C/ F?
Q Q U

for every nonnegative function F € HY(Q2). Here, C is a positive constant that depends on S,
U, and K, but noton F.

Proof.  Suppose the assertion is false. Then we can find a sequence of nonnegative
functions F; € H'(S) such that [ F? =1, [, F? — 0, and

/Q(|VF,-| — KFj)3 — 0.

Using the triangle inequality, we obtain

[ IVF;|* < C.
Q

After passing to a subsequence, the sequence F; converges in L?(Q) to a nonnegative func-
tion F. The function F satisfies fQ F? = 1. Moreover, F = 0 almost everywhere in U..

Let 7: R"” — [0, 00) denote a smooth function which is supported in the unit ball and
satisfies [p, 7 = 1. For each ¢ > 0, we define a smooth function 7¢: R” — [0, c0) by

Ne(x) = e (e x)

for all x € R”. The function 7, is supported in a ball of radius ¢ and fR" ne = 1.
Let us fix an arbitrary point p € U. Let ¢ be a real number such that 0 < ¢ < d(p,0U).
Then d(p,0%2) > ¢. We denote by 2, the connected component of the set

{x € Q:d(x,02) > &}

containing p. Let FJS Q¢ — R denote the convolution of F; with ng, and let F®:Q, — R
denote the convolution of F with n,. Then |VF]8| < ne * |VFj| at each point in . This
implies

IVEf| = KF} = (e * [V Fj|) = K(ne * Fj) < ne % (IVFj| — KFj)y

at each point in ;. We now pass to the limit as j — oo, keeping ¢ fixed. Since F; — F
in L2($2), we know that Ff — F¥¢and |VF;| — |V F#| at each point in Q.. Moreover, since
(IVFj|— KFj)+ — 0in L?(R), it follows that n * (|VFj| — KFj)4+ — 0 at each point in 2.
Putting these facts together, we conclude that |V Fé| — K F?® < 0 at each point in . On the
other hand, we know that F' = 0 almost everywhere in U. Since d(p,0U) > &, it follows that
F¢ vanishes at the point p. Since 2. is connected, standard ODE arguments imply that F€ = 0
at each point in 2.

Finally, we send ¢ — 0. Since 2 is connected, we conclude that F' = 0 almost every-
where in 2. This contradicts the fact that f oF 2 =1. |
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