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Abstract

We develop a probabilistic approach to the celebrated

Jacobian conjecture, which states that any Keller map

(i.e. any polynomial mapping �∶ ℂ� → ℂ� whose

Jacobian determinant is a non-zero constant) has a

compositional inverse which is also a polynomial. The

Jacobian conjecture may be formulated in terms of a

problem involving labellings of rooted trees; we give a

new probabilistic derivation of this formulation using

multi-type branching processes. Thereafter, we develop

a simple and novel approach to the Jacobian conjecture

in terms of a problem involving shuffling subtrees of

�-Catalan trees, that is, planar �-ary trees. We also

show that, if one can construct a certain Markov chain

on large �-Catalan trees which updates its value by

randomly shuffling certain nearby subtrees, and in such

away that the stationary distribution of this chain is uni-

form, then the Jacobian conjecture is true. Finally, we

use the local limit theory of large random trees to show

that the subtree shuffling conjecture is true in a certain

asymptotic sense, and thereafter use our machin-

ery to prove an approximate version of the Jacobian

conjecture, stating that inverses of Keller maps have
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small power series coefficients for their high-degree

terms.

MSC 2020
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1 INTRODUCTION AND OVERVIEW

1.1 The Jacobian conjecture

The Jacobian conjecture, a problem from algebraic geometry which is concerned with the invert-

ibility of polynomial mappings in � variables over a field of characteristic zero, is one of the

outstanding open problems in all of mathematics. It was first conjectured by Keller in 1939 [18]

and has remained unsolved for over 80 years; even the case � = 2 is still open. It features as Prob-
lem 16 on Smale’s list of 18 mathematical problems for the 21st century [25] and a resolution seems

to require completely novel ideas and methods.

We now give a brief account of the Jacobian conjecture, assuming no specialist knowledge of

commutative algebra or algebraic geometry. For the sake of simplicity we work over ℂ, though

this formulation is equivalent to more general formulations over fields of characteristic zero [29].

Consider the ringℂ[�1, … , ��] of polynomials in � variables with coefficients inℂ. Apolynomial

mapping� = (�1, … , ��) is a function�∶ ℂ
� → ℂ� such that each component�	 is an element of

ℂ[�1, … , ��]. A polynomial mapping � is said to be a polynomial automorphism if there exists

a second polynomial mapping 
 such that �◦
 = 
◦� = �, where � is the identity mapping on
ℂ�. We define the Jacobianmatrix of�, denoted ��, to be the � × �matrix whose (	, 
)th entry is
(��)	,
 ∶=

�
��

�	 . We denote by det �� the Jacobian determinant of�, which is itself an element

of ℂ[�1, … , ��].
We say a polynomialmapping is aKellermapping if its Jacobian determinant is equal to a non-

zero constant in ℂ. It is easily verified that every polynomial automorphism is a Keller mapping.

The celebrated Jacobian conjecture is the converse of this statement.

Conjecture 1.1 (The Jacobian conjecture). Every Keller mapping is a polynomial automorphism.

There is a vast literature on the conjecture and its history.We refer the reader to van den Essen’s

monograph [29] for more information.

1.2 The combinatorial approach to the Jacobian conjecture

While the Jacobian problemmost commonly lies in the remit of algebraic geometry, over the years

several authors have noted that the problem may be attacked using combinatorial arguments [1,

17, 23, 34, 37–39]. The combinatorial formulation of the Jacobian conjecture was crystallised in

recent work by the fourth and fifth authors [17], and we now give a brief outline of this very

concrete approach, which rests on the following three observations:
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∙ We begin by appealing to the celebrated Bass–Connell–Wright reduction of the Jacobian con-

jecture [8]: to prove the Jacobian conjecture, it is sufficient to fix � ⩾ 3 and establish, for all �,
the polynomial invertibility of every map of the form � = � − � ∶ ℂ� → ℂ�, where� is homo-

geneous of degree � (i.e. each of its components is homogeneous of degree �) and the Jacobian
matrix �� is nilpotent (i.e. (��)� = 0). In fact, for such mappings, the condition that �� is

nilpotent is equivalent to Keller’s condition that det(��) = 1 (see [17, Section 2.5]).
For any such map, we write

�	(�1, … , ��) ∶= �	 −
∑

|�|=�

�	,�
�!
�� (1.1)

for the 	th component of �, where the sum is taken over multi-indices � = (�1, … , ��) ∈ ℤ
�
⩾0

with |�| ∶= �1 +⋯ + �� = �, and we set �! ∶= �1!⋯��! and �
� ∶= �

�1
1 ⋯�

��
� . Any such �

(or�) is thus determined by the set of complex coefficients� = (�	,� ∶ 	 ∈ [�], |�| = �).
∙ Whenever � = � − � is a polynomial mapping, where � is homogeneous degree � (and ��
may or may not be nilpotent), � has a power series inverse �−1 whose 	th component takes the
form

�−1	 (�1, … , ��) = �	 +
∑

�⩾1

∑

|�|=(�−1)�+1
g	,��

�.

Moreover, for |�| = (� − 1)� + 1, the complex coefficients g	,� may be written in terms of the
formula [17, Theorem 2.3]

g	,� = Φ
�
	 (�) ∶=

1

(�!)�

∑

�∈(�)
�

∑

(	, �) labellings  of �

�( ). (1.2)

Here,(�)
�

is the set of �-Catalan trees (i.e. planar, rooted, �-ary trees)with (� − 1)� + 1 leaves

(i.e. with � internal vertices). If � = (�, �) ∈ 
(�)
�
, then a labelling  of � is a pair  = (�, �)

where � ∶ � → [�] is a function giving vertex � type �(�). For 	 ∈ ℕ and � ∈ ℤ�
⩾0, an (	, �)

labelling of � is any labelling of � giving the root type 	 and giving exactly �� of the leaves type
�, for all � ∈ [�]. Finally, if for any internal vertex �, we let �(�) be the multi-index whose 
th
component counts the number of type 
 children of � (so that |�(�)| = �), then the �-weight
�( ) of the labelling  of � is given by

�( ) ∶=
∏

� internal
vertex of 

��(�),�(�),

where the product is taken over all internal vertices in �. See Figure 1.
∙ The nilpotency of �� imposes a condition on the coefficients of �, which we now describe.

We define a �-Catalan fern to be an element of (�)� of height �, with a designated ‘sink’ ver-
tex in generation �, and the property that at most one vertex in each generation is not a leaf
(see Figure 2). Fix an arbitrary �-Catalan fern �. It then turns out that the nilpotency of �� is

equivalent to the statement

Ψ�	,
(�) = 0 for every 	, 
 ∈ [�] and � ∈ ℤ�
⩾0 with |�| = (� − 1)�, (1.3)
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F IGURE 1 An (	, �) labelling  of a tree � ∈ 
(�)
�
. In the figure, the degree is � = 3, the number of internal

vertices is � = 4, the dimension is � = 4, the root type is 	 = 1 and the leaf type is � = (2, 3, 2, 2). The�-weight of

the depicted labelled tree  is �( ) = �
2
1,(1,1,0,1)

�2,(0,1,2,0)�3,(1,1,1,0). The coefficient g	,� of �
� for the inverse of

� = � − � with � homogeneous degree � may be computed as a sum over (	, �) labellings of �-Catalan trees; see

(1.2).

F IGURE 2 An (	, 
, �) labelling of a 3-ary fern of height � = 4, with root type 	 = 1, sink type 
 = 3 and

non-sink leave type � = (4, 0, 1, 3). If �� is nilpotent with (��)� = 0, then weighted sums over (	, 
, �) labellings

of a fixed �-ary fern of length � are zero; see (1.3)–(1.4).

where

Ψ�	,
(�) ∶=
∑

(	, 
, �) labellings of �

�( ). (1.4)

Here, an (	, 
, �) labelling of � is any labelling of � giving the root type 	, the sink type 
, and
giving exactly �� of the non-sink leaves type �, for all � ∈ [�] (see [17, Lemma 2.8]). Clearly,
definition (1.4) does not depend on the choice of the �-ary fern �.

We prove (1.2) and the equivalence of (1.3) with the nilpotency of �� in the sequel.

To recapitulate, if � is degree � homogeneous, then the coefficients of the inverse mapping of
� = � − � are given in (1.2) as a sum over weighted trees (see Figure 1). If we assume that ��
is nilpotent, then the coefficients of � must satisfy the nilpotency condition (1.3)-(1.4) involving

sums over labellings of a �-ary fern (see Figure 2).
Now, as mentioned above, the Jacobian conjecture is equivalent to the statement that every

� of the form � = � − � with � �-homogeneous and �� nilpotent has the property that �−1 is
a polynomial mapping. In other words, for such �, it must be the case that the combinatorial
quantity Φ�

	
(�) defined in (1.2) for the coefficients of �−1 is zero for all but finitely many choices

of �. Combining all the above observations, we arrive at the following combinatorial formulation
of the Jacobian conjecture:
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Conjecture 1.2 (Jacobian conjecture – combinatorial version). There exists � ⩾ 3 such that the
following is true for all � ⩾ 1. Suppose� = (�	,� ∶ 	 ∈ [�], |�| = �) is a collection of complex num-
bers satisfyingΨ�

	,

(�) = 0 for all 	, 
 ∈ [�] and � ∈ ℤ�

⩾0 with |�| = (� − 1)�. Then, for each 	 ∈ [�],
Φ�
	
(�) = 0 for all but finitely many �.

We stress that Conjecture 1.2 is equivalent to the Jacobian conjecture, Conjecture 1.1.

In this article, we give a rapid new derivation of the combinatorial formulation of the Jacobian

conjecture [17] using a probabilistic approach centred around multi-type Galton–Watson trees.

We then substantially reduce the complicated conjecture in [17] involving labelled trees to a new

and far simpler conjecture involving unlabelled trees. We show it is also possible to reformulate

the latter in terms of stationary distributions of Markov chains on trees that update by shuffling

certain subtrees. Finally, we apply the local limit theory of large random trees to attack this sim-

pler conjecture, showing it is true in a certain asymptotic sense, and relating this approximate

form back to the original Jacobian conjecture. In short, probabilistic machinery has the poten-

tial to tackle the Jacobian conjecture, and thus the raison d’etre of the present article is to attract

probabilists to the problem.

In Section 1.3, we give an outline of our main results, with the understanding that full details

surrounding the definitions will be given in the sequel.

1.3 Main results

The basic object we study are �-Catalan trees: these are rooted, planar, �-ary trees. Here and
throughout, by �-ary tree we mean a tree in which each vertex has either 0 or � children. We
write


(�)
�
∶= {�-Catalan trees with � internal vertices}.

Take an ancestral path (�0, … , �") of length " in a tree � ∈ 
(�)
�
, and consider the subtrees sub-

tended by the (� − 1)" siblings of �1, … , �" (some of which may be leaves). The shuffle class

associated with this ancestral path is the subset of (�)
�

consisting of trees �′ ∈ 
(�)
�

that can be

obtained from � by rearranging these (� − 1)" trees. We call any such subset a length-" shuffle
class. See Figure 3 for an illustration and Section 3.1 for more precise definitions.

We make the following conjecture about the vector space of functions on 
(�)
�
.

Conjecture 1.3 (Subtree shuffling conjecture). Fix � ⩾ 2 and " ⩾ 1. Then, there exists an integer
�0(�, ") such that, for all � ⩾ �0(�, "), the constant function $ on 

(�)
�

lies in

span{$ ∶  is a length-" shuffle class in 
(�)
�
},

that is, in the span of the indicator functions of the length-" shuffle classes.

Let us interpret this conjecture. Spelling out the statement, we are saying that to each length-"
shuffle class ⊆ 

(�)
�

wemay associate a real number & in such away that for every tree � ∈ 
(�)
�

we have
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F IGURE 3 A �-Catalan tree with � = 3 and � = 15 internal vertices. An ancestral path (�0, … , �4) of length

" = 4 is highlighted in grey. Each vertex �	 , 	 = 1, … , ", has siblings '	,
 , 
 = 1,… , � − 1. Thus, there are

(� − 1)" = 8 subtrees coming off the path, each of which is subtended by one of the '	,
 ; these subtrees are

highlighted in various shades of blue. Five of these trees are leaves; two of them (those subtended by '1,1 and

'4,1) are the unique 3-Catalan tree with one internal vertex; finally, the one subtended by '3,1 is a 3-Catalan tree

with three internal vertices. The associated shuffle class consists of the set of 8!∕(5!2!1!) trees that may be

obtained by rearranging the positions of the subtrees subtended by the '	,
 while keeping the positions of the

white and grey vertices fixed. The notation of the �	 and '	,
 corresponds to that of Section 3.1.

∑

 length-" shuffle class

&$-(�) = 1. (1.5)

We can think of & as a ‘score’ given to each tree � in 
(�)
�

for membership in  . Conjecture 1.3

then states that, when the number of vertices is large, the shuffle classes form a sufficiently rich

collection of subsets of (�)
�

so that there exists an allocation of scores to shuffle classes for which

each tree gets the same total score.

The reason for our interest in Conjecture 1.3 is the following theorem, which we will prove in

Section 4.1:

Theorem 1.4 (Subtree shuffling conjecture implies Jacobian conjecture). If, for some � ⩾ 3,
Conjecture 1.3 is true for all " ∈ ℕ, then so is the Jacobian conjecture.

It is possible to adapt Conjecture 1.3 and the subsequent Theorem 1.4 to a problem involving

tree-valued Markov chains, as we now outline. A "-shuffle chain is a Markov chain (�
)
⩾0 tak-

ing values in 
(�)
�

that updates its value from �
 to �
+1 by choosing a length-" ancestral path
within �
 according to some random �
-dependent rule, and then creating �
+1 from �
 by choos-
ing uniformly a rearrangement of the subtrees coming off this ancestral path. See Section 4.2 for

the precise definition.

Conjecture 1.5 (Shuffle chain conjecture). Fix � ⩾ 2 and " ⩾ 1. Then, there exists an integer

�0(�, ") such that, for all � ⩾ �0(�, "), there exists a "-shuffle chain whose stationary distribution is

the uniform distribution on 
(�)
�
.

We will show the following.
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F IGURE 4 A "-perfect path of length " = 5 in a 3-Catalan tree. Every sibling off the path is a leaf.

Theorem1.6 (Shuffle chain conjecture implies Jacobian conjecture). If, for some� ⩾ 3, Conjecture
1.5 is true for all " ⩾ 1, then so is the Jacobian conjecture.

We now turn to outlining some of our unconditional results. In this direction, we say a �-
Catalan tree � is "-perfect if it contains a "-perfect path, that is, an ancestral path such that
each sibling off the path is a leaf. See Figure 4.

In Section 5.2, we appeal to methods from the local limit theory of large random trees to show

that, when the number of vertices is large, "-perfect trees are overwhelmingly common. Indeed,
there is an underlying philosophy in the local behaviour of large random trees that distinct parts

of the tree behave more or less independently of one another. With this picture in mind, the prob-

ability that a tree avoids having a "-perfect path somewhere decays exponentially in the number
of vertices. This motivates the following result, which we will prove using a simple algorithm for

generating uniform �-Catalan trees.

Theorem 1.7. Let " ⩾ 1 and let ℙ(�)
�

be the uniform measure on 
(�)
�
. Then there exists a constant

6",� > 0 such that

ℙ(�)
�
(� is not "-perfect) ⩽ e−6",�(�−")+ for all � ∈ ℕ,

where 9+ ∶= max(9, 0). In particular, we may set 6",� ∶= (2"�
"e")−1.

If a tree is "-perfect, then rearranging the subtrees coming off its perfect path keeps the tree
unchanged. Thus, "-perfect trees lie in a singleton shuffle class, and, in the setting of Conjecture
1.3, we can adjust the parameters & so that (1.5) is true at least for all perfect trees, that is, for a

fraction of at least (1 − e−6",�(�−")+) of trees in 
(�)
�
. In fact, we are also able to prove that, up to an

error of the order e−:(log
2 �), Equation (1.5) is true for all trees in (�)

�
. Let us summarise these facts

in the following approximate version of Conjecture 1.3, which states that the constant function can

be well approximated, in multiple ways, by a function in the span of shuffle indicators.
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Theorem 1.8 (Approximating the constant function). Let " ∈ ℕ and � ⩾ 2. For � ∈ ℕ suffi-

ciently large, there exists a function ;� in span{$ ∶  is a length-" shuffle class in 
(�)
�
} that well

approximates the constant function $, in the sense that the following bounds hold:

∙ (�1 bound) the exponential total variation bound

||;� − $||1 ∶=
1

#(�)
�

∑

�∈(�)
�

|;�(�) − 1| ⩽ ?e−@�; (1.6)

∙ (�∞ bound) the superpolynomial uniform bound

||;� − $||∞ ∶= sup
�∈(�)

�

|;�(�) − 1| ⩽ ?′e−@
′(log �)2 . (1.7)

Here, ?, @, ?′, @′ ∈ (0,∞) are constants that depend on the degree � of the trees and on the length "
of the shuffle classes, but not on the number � of internal vertices in the trees.

Notice that the 1-norm of (1.6) can be also interpreted in terms of the uniform measure ℙ(�)
�

on


(�)
�

defined in Theorem 1.7. Indeed, if we denote by C(�)
�

the expectation with respect to ℙ(�)
�
, then

||D||1 = C
(�)
�

|D(�)| for any function D∶ 
(�)
�
→ ℝ.

We finally tie this result back to the Jacobian conjecture: we leverage Theorem 1.8 to provide

quantitative information about the inverses of Keller maps, concluding that these have small

power series coefficients for their high-degree terms. The precise statement of this approximate

version of the Jacobian conjecture can be found in Theorem 5.4.

1.4 Relevant literature

In this section, we touch on some related work.

To attack the Jacobian conjecture, numerous authors have studied the polynomial invertibility

of Keller mappings of various degrees in various dimensions. Notably, Wang [30] proved in 1982

that the Jacobian conjecture is true in the special quadratic case:

Theorem 1.9 (Wang’s Theorem [30]). Every quadratic Keller mapping is a polynomial automor-

phism.

See [8] for a simple proof. Wang’s theorem contrasts strikingly with the degree � ⩾ 3 reduction
of Bass, Connell andWright, which states that, in order to prove the Jacobian conjecture, it is suf-

ficient to study degree � Kellermappings for a fixed � ⩾ 3. See [9] for a reduction to the symmetric
case.

Notably, Wang’s theorem implies that the analogue of the combinatorial formulation of the

Jacobian conjecture (Conjecture 1.2), but with degree � = 2 rather than � ⩾ 3, is true! To this day,
there is no known direct combinatorial derivation of this result. The authors are hopeful that a

combinatorial proof of Wang’s theorem may lead to information on how to prove (or disprove)

the more general Jacobian conjecture by combinatorial means.
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Combinatorial approaches to the Jacobian conjecture in the vein of Section 1.2 date back at least

as far as the work of Bass, Connell and Wright [8]. Wright has continued work on the conjecture

from the perspective of inversion formulas in [32–35]. The explicit formulation involvingweighted

trees given in Conjecture 1.2 was given explicitly in [17], but the idea is present in the afore-

mentioned work of Wright, as well as in Singer [23, 24] and Zeilberger [37]. Let us also mention

Abdesselam [1], whose combinatorial approach draws on quantum field theory.

Singer [23, 24] first utilised ‘deweighting’ techniques to convert the combinatorial formulation

of the Jacobian problem involving weighted trees to one involving unweighted trees. In [23, 24],

Singer was mainly concerned with studying the classical (i.e. 2-ary) Catalan trees to obtain a com-

binatorial derivation of Wang’s theorem involving shuffle classes of 2-Catalan trees. As we will

explain in Section 4.1, our methods and techniques draw inspiration from Singer’s approach.

Johnston [16] recently used combinatorial methods to study the so-called strongly nilpotent

automorphisms, that is, those of the form � = � − �, where

��(�(1))⋯ ��(�(F)) = 0 ∀�(1), … , �(F) ∈ ℂ�.

The above property is called strong nilpotency of index F, as it is a strengthening of the nilpotency
condition (��)F = 0. Using combinatorial methods, [16] showed that, if � = � − � has degree �
and is strongly nilpotent of index F, then the inverse �−1 of � has degree at most �F−1.
Finally, let us mention a conceptually related work of Le Jan and Sznitman [19], who

used probabilistic expansions involving trees to study the three-dimensional Navier–Stokes

equation.

1.5 Outline of the article

The remainder of this article is structured as follows:

∙ In Section 2,weuse arguments frombranching processes to give a rapid proof of a combinatorial

inversion formula for multivariate power series, which is in fact new in this generality.
∙ In Section 3, we show that the Keller property has a combinatorial interpretation in terms of

shuffle classes of both labelled and unlabelled trees.
∙ In Section 4, we prove Theorems 1.4 and 1.6.
∙ In Section 5, we study perfect trees, proving Theorem 1.7. This leads to the �1 bound in

Theorem 1.8 and to an approximate version of the Jacobian conjecture (Theorem 5.4).
∙ In Section 6, we construct the �∞ approximation in Theorem 1.8 and conclude the proof of the

theorem.

Sections 2 and 3 contain new probabilistic proofs and insights, but are somehow preliminary

to the rest of the work; they can be skipped on a first reading. Sections 4, 5 and 6 are the core of

this article.

2 COMBINATORIAL INVERSION VIA GALTON–WATSON TREES

In this section, we study combinatorial inversion of power series. The inversion formulawe obtain

is slightly more general than the one appearing in [17]. For the proof, we use a novel and efficient

probabilistic approach based on multi-type Galton–Watson trees.
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F IGURE 5 A ranked 3-type tree in I⃗1,(3,1,2).

We first settle some notation. We will consider power series mappings � = (�1, … , ��)with 	th
component of the form

�	(�1, … , ��) = �	 −
∑

�≠0

ℎ	,��
� = �	 −

∑

�≠0

�	,�
�!
��, (2.1)

where the sum is taken overmulti-indices � = (�1, … , ��) ∈ ℤ
�
⩾0 ⧵ {0}, andwe set �! ∶= �1!⋯��!

and �� ∶= �
�1
1 ⋯�

��
� . As such, we canonically associate � with the set of complex coefficients

ℎ = (ℎ	,� ∶ 	 ∈ [�], � ≠ 0) or � = (�	,� ∶ 	 ∈ [�], � ≠ 0). We will always use an upper case �	,�
when the coefficients are divided through by �!. Working with the undivided coefficients is more
amenable for probabilistic arguments, while working with the divided coefficients yields cleaner

formulas when using the algebraic condition of nilpotency. Therefore, we initially use the ℎ	,� to
prove the inversion formula; we then rephrase the latter in terms of the �	,� and continue with
the upper case coefficients in the study of nilpotency in Section 3.

2.1 Inversion formula for ranked trees

A labelled planar rooted tree  = (�, �) is a planar rooted tree � = (�, �) together with a type
function � ∶ � → [�] giving the vertices types in [�]; we also call this an �-type tree. We say
such a tree is ranked if siblings of smaller types always lie to the left of siblings of larger

types.

Given an �-type tree  , we write Leaf type( ) ∈ ℤ�
⩾0 for the multi-index with components

Leaf type( )
 ∶= #{type 
 leaves of  }, 
 = 1, … , �.

Given 	 ∈ [�] and � ∈ ℤ�
⩾0, let I	,� and I⃗	,� denote, respectively, the set of (finite) unranked and

ranked �-type trees with root type 	 and Leaf type( ) ∶= � (i.e. the tree has �
 leaves of type 
).
See Figure 5 for an example. In what follows, for 
 in [�], we will write M
 ∈ ℤ

�
⩾0 for the multi-

index whose 
th component is a 1 and whose other components are 0. Let (ℎ	,� ∶ 	 ∈ [�], � ∈ ℤ
�
⩾0)

be a collection of complex coefficients. For an internal (i.e. non-leaf) vertex �, let �(�) ∈ ℤ�
⩾0 be

the multi-index whose 
th component counts the number of type 
 children of �. Define a second
collection of coefficients by

g	,� ∶=
∑

 ∈I⃗	,�

∏

� internal
vertex of 

ℎ�(�),�(�). (2.2)
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We note that the sum in (2.2) is over an infinite set, since, for any fixed �, a tree in I⃗	,� may
contain an arbitrarily long path of vertices, each of whom has exactly one child. We will assume

for the remainder of this section that the linear coefficients ℎ	,M
 are such that

∞∑

�=0

N� converges, where N = (N	,
)1⩽	,
⩽�, N	,
 ∶= ℎ	,M
 . (2.3)

This assumption is sufficient to ensure that the sum in (2.2) converges; see the discussion on

alternating trees in [17] for details.

We now state our main result of this section:

Theorem2.1. Suppose (ℎ	,� ∶ 	 ∈ [�], � ∈ ℤ
�
⩾0 ⧵ {0}) is a collection of complex coefficients satisfying

(2.3), and that the power series mapping � = (�1, … , ��) with 	th component

�	(�1, … , ��) ∶= �	 −
∑

�≠0

ℎ	,��
� (2.4)

converges in an open neighbourhood of the origin in ℂ�. Then, � has an analytic inverse �−1 =
(�−11 , … , �

−1
� ), with 	th component given by

�−1	 (�1, … , ��) ∶=
∑

�≠0

g	,��
�,

where g	,� are defined in (2.2).

Theorem 2.1 is new in this exact formulation, but it is similar to countless other power series

inversion formulas in the literature. The special case of Theorem2.1 inwhich each linear termℎ	,M

is zero is well trodden in the literature [8, 11, 32, 33]. An explicit formula for the case with non-zero

linear terms only appeared recently in [17], but the formulation therein involves alternating trees

and is more complicated. We thus believe that the statement in Theorem 2.1 represents the most

general and cleanest inversion formula for multivariate power series so far.

The novelty here lies in our probabilistic derivation, which is substantially more efficient than

other approaches. Before proving Theorem2.1 in Section 2.3, we first define and discussmulti-type

Galton–Watson trees.

2.2 Multi-type Galton–Watson trees

In this section, we define multi-type Galton–Watson trees and provide some background.

Recalling that I⃗	,� denotes the set of (finite) ranked �-type trees with root type 	 and leaf type
�, write

I⃗	 ∶= Finite ranked �-type trees with root type 	 =
⋃

�∈ℤ�
⩾0

I⃗	,�,

I⃗	,∗ ∶= Finite or infinite ranked �-type trees with root type 	.
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Take a collection (ℎ	,� ∶ 	 ∈ [�], � ∈ ℤ
�
⩾0) of complex numbers, indexed by � ∈ ℤ

�
⩾0, as opposed

to � ∈ ℤ�
⩾0 ⧵ {0} as in the statement of Theorem 2.1. We say that this collection is a multi-type

offspring distribution if (ℎ	,�)�∈ℤ�
⩾0
is a probability mass function on ℤ�

⩾0 for each 	, that is, if

ℎ	,� ∈ [0, 1] for each (	, �) and
∑

�∈ℤ�
⩾0

ℎ	,� = 1. (2.5)

A multi-type Galton–Watson tree with root type 	 is a random element of I⃗	,∗, defined by the

following simple rule: the probability that a vertex of type 
 has children of types P is ℎ
,P . More
specifically, the tree may be constructed as follows. We begin in generation 0 with the root, which

has type 	. Thereafter, we grow the labelled tree outwards from the root. Suppose we have grown

up until generation �. Then, for each vertex � of some type 
 in generation �, we choose a random
element �(�) in ℤ�

⩾0 according to the probability mass function (ℎ
,P)P∈ℤ�⩾0
; in particular, ℎ
,0 is

the probability that � is a leaf. We then order the children of � so that those of smaller types are
placed to the left of those of larger types. This creates a random ranked tree  in I⃗	,∗. It is entirely

possible (say, for instance, if ℎ
,0 = 0 for each 
) that with positive probability this process never
terminates, and that the labelled tree we construct is infinite. We note that some authors do not

require in their definition of a multi-type Galton–Watson tree that the children of a given vertex

are ordered from left to right by their type; see, for example, [21, 26].

Let Qℎ
	
denote the distribution of the Galton–Watson tree with root type 	 and offspring

distribution (ℎ
,P). Then, the probability of a tree  ∈ I⃗	,∗ occurring is

Qℎ	 ( ) =
∏

� vertex of 

ℎ�(�),�(�), (2.6)

where the product is over all vertices of  , including all internal vertices and leaves.

For  ∈ I⃗	,∗, define the associated process (R(�))�⩾0 as the ℤ
�
⩾0-valued sequence given by

R(�)
 ∶= #{vertices of  of type 
 in generation �}, (2.7)

where generation � of the tree refers to the set of vertices graph distance � from the root. Note

that if  is finite, then R(�) = 0 for all sufficiently large �.
Clearly, if a tree  in I⃗	,∗ is chosen randomly according to Q

ℎ
	
, then (R(�))�⩾0 is a vector-valued

Markov process under Qℎ
	
. Moreover, (R(�))�⩾0 is a branching process. Indeed, let R


,�(� + 1) be
the multi-index coding the children of the �th vertex of type 
 in generation �, for all � ⩾ 0, 1 ⩽

 ⩽ � and 1 ⩽ � ⩽ R(�)
 . It is then clear that the sum of all R
,�(� + 1) over 
 and � codes the

whole generation � + 1:

R(� + 1) =
�∑


=1

R(�)
∑

�=1

R
,�(� + 1).

Note that, conditionally on the event {R(�) = �}, there are �
 vertices of each type 
 in genera-
tion �, and (R
,�(� + 1)∶ 1 ⩽ 
 ⩽ �, 1 ⩽ � ⩽ �
) are independent random variables such that each

R
,�(� + 1) is distributed according to (ℎ
,P)P∈ℤ�
⩾0
. Equivalently, eachR
,�(� + 1) has the same dis-

tribution as �(�root) in a Galton–Watson tree in which the root has type 
. The branching property
will be integral to our probabilistic proof of Theorem 2.1.
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While it will not be relevant to our goals in the remainder of the manuscript, let us close this

section by discussing the asymptotic behaviour of multi-type Galton–Watson trees. Let Sℎ
	
be the

expectation associated with the probability measure Qℎ
	
. If we define

T	,
 ∶= S
ℎ
	 [R(1)
] =

∑

�∈ℤ�
⩾0

ℎ	,��


to be the expected number of type 
 children had by a type 	 vertex, then the asymptotic behaviour
of Qℎ

	
can be well-described in terms of spectral properties of the mean matrixT ∶= (T	,
)1⩽	,
⩽�.

Namely, if T has an eigenvalue strictly larger than 1 (supercritical case) and satisfies a cer-

tain irreducibility property, then a tree under Qℎ
	
has a positive probability of being infinite and,

accordingly, the sum of probabilities over finite trees satisfies

∑

 ∈I⃗	

Qℎ	 ( ) < 1.

On the other hand, whenever every eigenvalue ofT	,
 is less than one (subcritical case), the tree

is guaranteed to be almost surely finite, that is,

∑

 ∈I⃗	

Qℎ	 ( ) = 1.

We refer the reader to [7] for further discussion of (multi-type) Galton–Watson trees.

2.3 Proof of Theorem 2.1

Let us give a brief overview of our proof of Theorem 2.1. We begin by appealing to the inverse

function theorem to establish that � has an analytic inverse �−1 in a neighbourhood of the origin.
Thereafter, we observe that the coefficients of degree ⩽ � for the inverse can be expressed as poly-
nomials in the coefficients of degree ⩽ � in the original power series �. We then appeal to analytic
continuation, which allows us to assume that the coefficients of � form a multi-type offspring

distribution. Under this assumption, our proof of Theorem 2.1 involves studying a generating

function of the leaf type of a multi-type Galton–Watson tree. We utilise the branching property

to show that this generating function satisfies a functional equation, which we then manipulate

to prove Theorem 2.1.

Recall that Theorem 2.1 considers a general collection (ℎ	,� ∶ 	 ∈ [�], � ∈ ℤ
�
⩾0 ⧵ {0}) of complex

coefficients satisfying property (2.3). However, until stated otherwise, wewill assume for the

remainder of this section that

ℎ	,� ∈ [0, 1] for each (	, �) and
∑

�∈ℤ�
⩾0⧵{0}

ℎ	,� < 1. (2.8)

We may naturally extend the coefficients to a collection also indexed by � = 0 by setting

�	 ∶= ℎ	,0 ∶= 1 −
∑

�∈ℤ�
⩾0⧵{0}

ℎ	,�. (2.9)
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It then follows from (2.8) and (2.9) that �	 > 0 and that (2.5) holds, so that the collection (ℎ	,� ∶ 	 ∈
[�], � ∈ ℤ�

⩾0) is a multi-type offspring distribution.

By (2.6) we have, for a given  ∈ I⃗	,∗,

Qℎ	 ( ) =
∏

� internal
vertex of 

ℎ�(�),�(�)
∏

� leaf
vertex of 

��(�).

Notice that

∏

� leaf
vertex of 

��(�) = �
�1
1 ⋯�

��
� =∶ �� for all  ∈ I⃗	,�.

In particular, recalling the definition (2.2) of g	,�, the probability that a multi-type Galton–Watson

tree with root type 	 is finite with leaf type � is given by

Qℎ	 ( is finite, Leaf type( ) = �) =
∑

 ∈I⃗	,�

Qℎ	 ( ) = �
�
g	,�. (2.10)

The key object we need is the generating function � = (�1, … , ��) for the leaf type:

�	(V1, … , V�) ∶= S
ℎ
	

[
${ finite}V

Leaf type( )
]
=

∑

�≠0

Qℎ	 ( is finite, Leaf type( ) = �) V�,

which is analytically well defined for (V1, … , V�) in a neighbourhood of the origin in ℂ
�. It follows

from (2.10) that

�	(V1, … , V�) =
∑

�≠0

g	,��
�V� = g	(�1V1, … , ��V�) = g	(W(V)),

where g = (g1, … , g�) and W = (W1, … , W�) are the maps defined by

g	(�) ∶=
∑

�≠0

g	,��
�, W	(�1, … , ��) ∶= �	�	 .

In short, we have

� = gW. (2.11)

We now use the branching property to derive a functional equation for �.

Lemma 2.2. Suppose that ℎ = (ℎ1, … , ℎ�), with ℎ	(�1, … , ��) ∶=
∑
�≠0 ℎ	,��

� , satisfies (2.8).

Then, the leaf-type generating function � = (�1, … , ��) satisfies the functional equation

� = ℎ� + W. (2.12)

Proof. Recall the multi-type Galton–Watson process (R(�))�⩾0 associated with a multi-type

Galton–Watson tree and defined in (2.7).
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By conditioning on R(1), we have

�	(V1, … , V�) =
∑

�∈ℤ�
⩾0

Qℎ	 (R(1) = �)S
ℎ
	

[
${ finite}V

Leaf type( ) ||R(1) = �
]
. (2.13)

Now, on the one hand, in the case � = 0, we have

Sℎ	

[
${ finite}V

Leaf type( ) ||R(1) = 0
]
= V	 . (2.14)

On the other hand, according to the branching property, for � ≠ 0 we have

Sℎ	

[
${ finite}V

Leaf type( ) ||R(1) = �
]
=

�∏


=1

�
(V1, … , V�)
�
 =∶ �(V1, … , V�)

�. (2.15)

Using (2.14) and (2.15) in (2.13), we obtain

�	(V1, … , V�) =
∑

�≠0

ℎ	,��(V1, … , V�)
� + �	V	 = ℎ	(�(V1, … , V�)) + �	V	 ,

and thus, (2.12) holds. □

Proof of Theorem 2.1. Let �∶ ℂ� → ℂ� be a map with components of the form (2.4). Since (2.3)

guarantees that thematrix � − N is invertible (with inverse given by
∑∞
�=0N

�), the Jacobianmatrix

of � at the origin

(
�
��


�	 ( �1, … , ��)

)
|( �1,…,��)=0 = X	,
 − ℎ	,M
 = ( � − N)	,


is invertible. By the inverse function theorem (see, e.g. [28, Section 1.3]), � has an analytic

inverse �−1 ∶ ℂ� → ℂ� that satisfies �−1(0) = 0 and converges in some neighbourhood of the

origin. Thus, we may write �−1
	
(�1, … , ��) =

∑
�≠0 @	,��

�, for certain complex coefficients @	,� .
We need to show that �−1 = g , that is, that @	,� = g	,� is the coefficient defined in (2.2), for all 	
and �.
By considering the higher-order derivatives of � = �◦�−1 (or, say, using the multivariate Faà di

Bruno formula [17]), one can see that the �� coefficient @	,� of �
−1
	

may be expressed as a poly-

nomial in the coefficients of � and � − N of degree at most |�|. Notice also that, if (ℎ	,� ∶ 	 ∈
[�], � ∈ ℤ�

⩾0 ⧵ {0}) satisfy (2.8), then N ∶= (ℎ	,M
 )1⩽	,
⩽� is a strictly sub-stochastic matrix (i.e. it
has non-negative entries and row sums strictly less than 1), and accordingly � − N is invertible and
(2.3) holds. It follows that, in order to characterise @	,� as a polynomial in the variables (ℎ
,P ∶ 
 ∈
[�], P ≠ 0, |P| ⩽ |�|), it is sufficient, by analytic continuation, to do so under the constraint (2.8).
Thus, for the remainder of the proof, we may assume (2.8) holds.

Under the assumption (2.8), by (2.12), we have � = ℎ� + W, that is, (� − ℎ)� = W. By (2.11), we
also have � = gW, so that

(� − ℎ)gW = W.
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Since �	 > 0 for all 	, we have that W is invertible and we can compose on the right by W−1 to
obtain

(� − ℎ)g = �.

This proves that g is a right inverse of � = � − ℎ. Since the set of power series mappings in �
variables with invertible linear term is a group under composition (see, e.g. [29, Section 1.1]), g is

also a left inverse, so that g = �−1, as desired. □

2.4 Inversion formula for unranked trees

We now give an analogue of Theorem 2.1 for power series with the �! in the coefficients (see (2.1)).
The modified formulas involve unranked trees (in I	,�) rather than ranked trees (in I⃗	,�).

Theorem 2.3. Let �∶ ℂ� → ℂ� be a power series mapping with components of the form

�	(�1, … , ��) ∶= �	 −
∑

�≠0

�	,�
�!
��,

which converge in aneighbourhood of 0. Suppose that the series
∑∞
�=0N

� converges, withN	,
 = �	,M
 .

Then, � has an analytic inverse given by �−1
	
(�1, … , ��) ∶=

∑
�≠0 g	,��

� , where

g	,� ∶=
∑

 ∈I	,�

∏

� internal
vertex of 

��(�),�(�)

|�(�)|!
. (2.16)

Here, |�(�)| is the total number of children of an internal vertex �.

Proof. Setting ℎ	,� ∶= �	,�∕�! and using Theorem 2.1, we see that the coefficients of �−1
	

are

g	,� =
∑

 ∈I⃗	,�

∏

� internal
vertex of 

��(�),�(�)

�(�)!
. (2.17)

Consider the natural map from Y ∶ I	,� → I⃗	,� that takes a tree and reorders the children of each

vertex so that the types increase from left to right, but otherwise maintains the order of child

vertices of the same type. Note now that, given a vertex � with �(�) children, there are |�(�)|!
ways of ordering these children in any order, and �(�)! ways of ordering these children in such a
way that the types of the children increases from left to right. In particular, for a given tree  in

I⃗	,�, we have

#{ ′ ∈ I	,� ∶ Y(
′) =  } =

∏

� internal
vertex of 

|�(�)|!
�(�)!

. (2.18)

 1
4
6
9
7
7
5
0
, 2

0
2
6
, 1

, D
o
w

n
lo

ad
ed

 fro
m

 h
ttp

s://lo
n
d
m

ath
so

c.o
n
lin

elib
rary

.w
iley

.co
m

/d
o
i/1

0
.1

1
1
2
/jlm

s.7
0
4
1
6
 b

y
 U

n
iv

ersitätsb
ib

lio
th

ek
 A

u
g
sb

u
rg

, W
iley

 O
n
lin

e L
ib

rary
 o

n
 [1

4
/0

2
/2

0
2
6
]. S

ee th
e T

erm
s an

d
 C

o
n
d
itio

n
s (h

ttp
s://o

n
lin

elib
rary

.w
iley

.co
m

/term
s-an

d
-co

n
d

itio
n
s) o

n
 W

iley
 O

n
lin

e L
ib

rary
 fo

r ru
les o

f u
se; O

A
 articles are g

o
v
ern

ed
 b

y
 th

e ap
p
licab

le C
reativ

e C
o
m

m
o
n

s L
icen

se



RANDOM PLANAR TREES AND THE JACOBIAN CONJECTURE 17 of 40

We also note that the map Y does not change the quantity
∏

� internal
vertex of 

��(�),�(�), that is, if Y(
′) =

 , then

∏

� internal
vertex of  ′

��(�),�(�) =
∏

� internal
vertex of 

��(�),�(�). (2.19)

Using (2.18) and (2.19) in (2.17), we obtain (2.16), completing the proof. □

Note that the inversion formula (1.2) is a consequence of Theorem 2.3. Indeed, if �	,� = 0
whenever |�| ≠ �, it follows from (2.16) that

g	,� ∶=
1

(�!)�

∑

 ∈I	,� , �-ary

∏

� internal
vertex of 

��(�),�(�).

Now note that a sum over all �-ary unranked labelled trees  in I	,� is equivalent to a sum over

all (	, �) labellings of a �-Catalan tree. Thus, we obtain (1.2).

3 KELLER PROPERTY AND COMBINATORIAL NILPOTENCY

In this section, we provide a more complete discussion of the combinatorial approach to the

Jacobian conjecture, as outlined in Section 1.2.

We first appeal to the celebrated Bass–Connell–Wright [8] reduction of the Jacobian

conjecture.

Theorem 3.1 (Bass, Connell and Wright [8]). Suppose there exists � ⩾ 3 with the following prop-
erty: for all �, every polynomial mapping of the form � = � − �∶ ℂ� → ℂ� with� homogeneous of

degree � and �� nilpotent, is a polynomial automorphism. Then the Jacobian conjecture holds in

full generality.

We will then restrict from now on to polynomial mappings � = � − �, where

�∶ ℂ→ ℂ, �	(�1, … , ��) =
∑

|�|=�

�	,�
�!
�� for all 	 = 1, … , �. (3.1)

Combining Theorem 3.1 with Theorem 2.3 conveys the combinatorial approach to the Jacobian

conjecturementioned in the introduction: in order to prove the Jacobian conjecture, it is sufficient

to verify that, whenever � = � − � is a mapping with � of the form (3.1) and �� nilpotent, the

inverse coefficients g	,� defined in (2.16) are zero for all but finitely many �.
In this setting, we now work towards giving an even more explicit combinatorial statement of

the Jacobian conjecture, with the nilpotency of �� (equivalent to the Keller property) also put

in combinatorial terms, and more precisely in terms of shuffle classes of �-Catalan trees. Strictly
speaking, such a combinatorial interpretation is not new, and variations of it have appeared in

numerous places [17, 23, 24, 34]. In particular, we generalise from 
(2)
�

to (�)
�

tools developed by

Singer in [23, 24], providing concise proofs.
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3.1 Shuffling Z-Catalan trees

We begin by defining shuffle classes. Roughly speaking, a length-" shuffle class is a collection of
trees that may be obtained from one another by shuffling the subtrees coming off a fixed length-"
path of descendant vertices.

Recall from the introduction that, for � ⩾ 1, (�)
�

denotes the set of �-Catalan trees with � inter-
nal vertices; such trees have�� + 1 vertices in total, andhence (� − 1)� + 1 leaves.An (ancestral)
path of length " in a �-Catalan tree is a sequence of vertices (�0, … , �") such that each �	 is a child
of �	−1. The height of a vertex � is its graph distance from the root. Each vertex � of height at least
" is associated to a unique path (�0, … , �") of length " ending with � = �".

Definition 3.2 (Shuffle class). Let � ∈ 
(�)
�
. Let " ⩾ 1 be an integer and assume that the vertex

� of � has height at least ". Let (�0, … , �") be the unique path associated with � = �". For each
	 ⩾ 1, �	 has � − 1 siblings'	,1, … , '	,�−1; each of these siblings'	,
 subtends a subtree\	,
 , which

is itself a �-Catalan tree with fewer leaves than �. The shuffle class Sh(�; �0, … , �") of the path

(�0, … , �") is the subset of 
(�)
�

consisting of all Catalan trees �′ that may be obtained from � by
reshuffling the (� − 1)" subtrees\	,
 across all " generations. See Figure 3 for an illustration.

Note that a shuffle class Sh(�; �0, … , �") may contain up to ((� − 1)")! different trees in 
(�)
�
.

However, if some of the subtrees\	,
 are the same, then the shuffle class will contain less than

((� − 1)")! elements. It is even possible that all the subtrees \	,
 are identical; in this case, the

shuffle class will consist of exactly one tree.

If a shuffle class contains more than one element, it can be represented in different ways.

Indeed, if �′ ∈ Sh(�; �0, … , �"), then there exists a path (�′0, … , �
′
") of vertices in �

′ such that

Sh(�; �0, … , �") = Sh(�
′; �′0, … , �

′
").

Recall from Section 2.1 that, for 	 ∈ [�] and � ∈ ℤ�
⩾0, I	,� is the set of (unranked) �-type trees

 = (�, �) with root type 	 and �
 leaves of type 
. Equivalently, as in Section 1.2, we say that  is

an (	, �) labelling of �. Recall also that, for any internal vertex �, �(�) is the multi-index whose

th component counts the number of type 
 children of �.
Suppose now � ∈ 

(�)
�
, so that |�(�)| = � for all internal vertices � of �, and the total number

of leaves is |�| = (� − 1)� + 1. Let also � = (�	,� ∶ 	 ∈ [�], � ∈ ℤ
�
⩾0, |�| = �) be a collection of

coefficients in ℂ. Recall from Section 1.2 that the�-weight of the labelling  of � is

�( ) ∶=
∏

� internal
vertex of 

��(�),�(�). (3.2)

We also define the average �-weight of � as

�	,�,�(�) ∶=
∑

(	, �) labellings  of �

�( ). (3.3)

The value of defining shuffle classes lies in the following lemma, which states that the

nilpotency of �� guarantees that sums of average �-weights over shuffle classes are zero.

Lemma 3.3 (Shuffle lemma). Let� be of the form (3.1). Suppose that the Jacobian matrix �� of�
satisfies (��)" = 0 for some integer 1 ⩽ " ⩽ �. Then
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∑

�∈

�	,�,�(�) = 0 for all 	 ∈ [�] and |�| = (� − 1)� + 1

and for every shuffle class  of (�)
�

associated with a path of length ".

In Lemma 3.3, we have isolated the so-called index of nilpotency " from the underlying dimen-

sion � of the polynomial mapping �. Of course, if �� is nilpotent, then (��)� = 0 and we may
set " = �.
We note again that Lemma 3.3 is not strictly new: the general idea is present in the works of

Singer [23, 24], where an analogous result is proven in the � = 2 case. We will prove Lemma 3.3
in Section 3.3.

3.2 Algebraic nilpotency

Our first step is to express the nilpotency of �� in terms of explicit algebraic equations in the

coefficients�	,�.

Lemma 3.4. Let � be of the form (3.1). Then, for any integer 1 ⩽ " ⩽ �, we have (��)" = 0 if and
only if

∑

P1+⋯+P"=P

(
"∏

�=1

(� − 1)!

P�!

)
∑

�1,…,�"−1∈[�]

"∏

�=1

���−1,P�+M��
= 0

for all 	, 
 ∈ [�] and |P| = (� − 1)", where �0 ∶= 	, �" ∶= 
, and the outer sum is over all "-tuples
(P1, … , P") of multi-indices P� in ℤ�

⩾0 with |P
�| = � − 1 for all �, whose sum is the multi-index P.

Proof. The (	, 
)th entry of �� = ( �
��

�	)1⩽	,
⩽� is given by the polynomial

(��)	,
(�1, … , ��) =
∑

|�|=�∶ �
⩾1

�	,��

�!

��−M
 =
∑

|P|=�−1

�	,P+M

P!

�P .

The (	, 
)th entry of (��)" is the polynomial

((��)")	,
(�1, … , ��) ∶=
∑

|P1|,…,|P"|=�−1

∑

�1,…,�"−1∈[�]

"∏

�=1

���−1,P�+M��
P�!

�P
�

, (3.4)

where �0 ∶= 	, �" ∶= 
, and the outer sum is over all "-tuples of multi-indices P� in ℤ�
⩾0 with

|P�| = � − 1 for all �.
Now, we have (��)" = 0 if and only if (3.4) is zero for all 	, 
. Since (��)" is clearly a homo-

geneous polynomial of degree (� − 1)", we have (��)" = 0 if only if the coefficient of �P in
((��)")	,
(�1, … , ��) is zero for all 	, 
 and for each |P| = (� − 1)". By (3.4), such a coefficient
is given by
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∑

P1+⋯+P"=P

∑

�1,…,�"−1∈[�]

"∏

�=1

���−1,P�+M��
P�!

,

where the outer sum is over all "-tuples (P1, … , P") of multi-indices P� in ℤ�
⩾0 with |P�| = � − 1

for all �, whose sum is P. The result then follows bymultiplying this coefficient by ((� − 1)!)". □

3.3 Combinatorial nilpotency: labelled version

From Lemma 3.4, we now deduce a ‘labelled version’ of the shuffle lemma (Lemma 3.3). We thus

begin by defining the notion of labelled shuffle classes.

Definition 3.5. Let  = (�, �) be an �-type tree, where � ∈ 
(�)
�
. Let (�0, … , �") be any length-"

path in  . The labelled shuffle class Sh( ; �0, … , �") is the set of �-type trees 
′ that may be

obtained from  by:

∙ rearranging the labelled subtrees subtended by the (� − 1)" siblings of �1, … , �";
∙ giving arbitrary new types in {1, … , �} to the vertices �1, … , �"−1.

A labelled shuffle class Sh( ; �0, … , �") of length "may contain up to �
"−1((� − 1)")! different

labelled trees. If some of the labelled subtrees subtended by the siblings are identical (in both their

topology and labelling), then the respective labelled shuffle class will contain fewer elements.

Lemma3.6. Let� be of the form (3.1). Suppose that the Jacobianmatrix �� of� satisfies (��)" = 0
for some integer 1 ⩽ " ⩽ �. Then, for all �-type tree  = (�, �), with � ∈ 

(�)
�
, and every path

(�0, … , �") in  , we have

∑

 ′∈Sh( ;�0,…,�")

�(
′) = 0.

Proof. We can decompose the weight of  as

�( ) =
∏

� internal

��(�),�(�) = �()�()

(
"∏

	=1

�−1∏


=1

�(	,
)

)
�( ),

where

∙  is the labelled subtree obtained from  by removing any vertex that is a descendant of �0 (but
keeping �0 itself);

∙  is the labelled subtree given by �" and its descendants;
∙ 	,
 is the labelled subtree given by '	,
 and its descendants, where, for each 1 ⩽ 	 ⩽ ",
'	,1, … , '	,�−1 are the � − 1 siblings of �	;

∙  is the labelled subtree consisting of the vertices �0, … , �" and the siblings of �1, … , �".

As a shorthand, we write


�( ) ∶= �()�()
"∏

	=1

�−1∏


=1

�(	,
).
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Notice now that any  ′ ∈ Sh( ; �0, … , �") contains the trees,  , and each of the	,
 . Thus,

its weight differs from  only in the labelling of �1, … , �"−1 and the rearrangement of the siblings.
Therefore,

�(
′) = 
�( )�(

′),

where  ′ is the labelled subtree of  ′ consisting of the vertices �0, … , �" and the siblings of
�1, … , �". In particular,

∑

 ′∈Sh( ;�0,…,�")

�(
′) = 
�( )

∑

 ′

�(
′), (3.5)

where the sum is over all labelled trees ′ that can be obtained from by relabelling �1, … , �"−1
and by rearranging the positions of its leaves (except �"). Suppose that the total leaf type of  is

P, that is, the total number of leaves of type � in is the �th component of P; then, the total leaf
type of each ′ is also P.
Note that each such  ′ has (potentially) different labels �1, … , �"−1 ∈ [�] for the vertices

�1, … , �"−1. Note also that, given any "-tuple (P
1, … , P") of multi-indices of degree � − 1 adding

to P, and any �1, … , �"−1 in [�], there are
∏"

�=1
(�−1)!
P� !

different  ′ such that �(��) = �� for

1 ⩽ � ⩽ " − 1 and such that the types of the leaves in generation � (excluding �") are encoded
by the multi-index P� ; this follows from the fact that there are (� − 1)!∕P�! different planar ways
of rearranging the order of the � − 1 leaves in generation � such that, for each �, P�

�
of them have

type �. In short,

∑

 ′

�(
′) =

∑

P1+⋯+P"=P

(
"∏

�=1

(� − 1)!

P�!

)
∑

�1,…,�"−1∈[�]

"∏

�=1

���−1,P�+M��
, (3.6)

where �0 ∶= �(�0) and �" ∶= �(�") are fixed. Now plug (3.6) into (3.5), and use Lemma 3.4 to

conclude. □

The latter proof suggests that wemay specialise Lemma 3.6 to a particular kind of trees, namely,

the �-Catalan ferns introduced in Section 1.2. Recall that a �-Catalan fern is an element of (�)" of

height ", with a designated ‘sink’ vertex in generation ", and the property that at most one vertex
in each generation is not a leaf. Recall also that an (	, 
, �) labelling of a �-Catalan fern � is any

labelling of � giving the root type 	, the sink type 
 and giving exactly �� of the non-sink leaves
type �, for all � ∈ [�].
By taking  to be a labelled �-Catalan fern of height " in Lemma 3.6, we readily obtain the

following result:

Corollary 3.7 ([17, Lemma 2.8]). Let � be of the form (3.1). Suppose that the Jacobian matrix ��
of� satisfies (��)" = 0 for some integer 1 ⩽ " ⩽ �. Then, for any �-Catalan fern� of height ", we
have

∑

(	, 
, �) labellings of�

�( ) = 0.
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Corollary 3.7 is precisely the third bullet point of the combinatorial approach to the Jacobian

conjecture stated in Section 1.2.

3.4 Combinatorial nilpotency: unlabelled version

We can now use Lemma 3.6 to prove Lemma 3.3.

Proof of Lemma 3.3. Let Sh(�; �0, … , �") be a shuffle class associated with a path of length ", for

some fixed � ∈ 
(�)
�
. Let 	 ∈ [�] and |�| = �(� − 1) + 1. We need to show that

∑

�′∈Sh(�;�0,…,�")

∑

(	, �) labellings
 ′ of �′

�(
′) = 0. (3.7)

The labelled tree  ′ in the expression above is obtained as follows:

(a) choose �′ ∈ Sh(�; �0, … , �");
(b) given such �′, choose an (	, �) labelling  ′ of �′.

It is clear that any such  ′ can be obtained in only one way via the above procedure.

Consider now the alternative procedure:

(a’) choose an (	, �) labelling  of �;
(b’) given such  , choose  ′ ∈ Sh( ; �0, … , �").

In general, there are several different ways of obtaining any  ′ via the alternative procedure. We

then have

∑

�′∈Sh(�;�0,…,�")

∑

(	, �) labellings
 ′ of �′

�(
′) =

∑

(	, �) labellings
 of �

∑

 ′∈Sh( ;�0,…,�")

�(
′)

_( ′)
, (3.8)

where _( ′) ⩾ 1 is the number of ways of obtaining  ′ via the second procedure. Let us now

analyse such a number.

For 1 ⩽ 	 ⩽ ", denote by ′
	,

, 1 ⩽ 
 ⩽ � − 1, the labelled trees subtended by the � − 1 siblings of

�	 in 
′. The greater flexibility provided by the second procedure amounts to two facts: first, in the

step (a’) one may choose to label the vertices �1, … , �"−1 arbitrarily, since these can then be given
new types in the labelled tree shuffling of step (b’); second, if in  ′ some of the ′

	,

have identical

tree structure but different labellings, then there is more than one way to label such trees in step

(a’) so that an appropriate reshuffling in step (b’) yields exactly  ′. More precisely, we have

_( ′) = �"−1
∏

\ planar tree

_\(
′),

where_\(
′) is the multinomial coefficient counting the number of distinctways of rearranging

all the ′
	,

that have tree structure\ (but potentially different labellings); by convention,_\(

′)

is set to be 1 when no ′
	,

has tree structure\. Alternatively, we have the formula
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_( ′) =
#Sh( ′; �0, … , �")

#Sh(�; �0, … , �")
,

where we stress that the numerator is the cardinality of a labelled shuffle class, while the denomi-

nator is the cardinality of an unlabelled shuffle class. It is clear from both the above formulas that

_( ′) is constant on all trees  ′ in Sh( ; �0, … , �"); equivalently,_(
′) = _( ). Therefore, (3.8)

reads

∑

�′∈Sh(�;�0,…,�")

∑

(	, �) labellings
 ′ of �′

�(
′) =

∑

(	, �) labellings
 of �

1
_( )

∑

 ′∈Sh( ;�0,…,�")

�(
′).

We now use Lemma 3.6 to conclude the proof of (3.7). □

4 THE SHUFFLE CONJECTURES

In this section, we prove Theorems 1.4 and 1.6, which state that certain conjectures involving

shuffling subtrees of �-Catalan trees imply the Jacobian conjecture.

4.1 Subtree shuffling conjecture

While our work so far in Sections 2 and 3 has been based on reshaping (and finding new

approaches to) known results in the literature, in this section we introduce our new and foun-

dational idea based on the orthogonality of indicators of shuffle classes to the average energy

function. This converts the problem from one involving weighted trees to a simpler one involving

unweighted trees.

The basic idea, which lies at the heart of our approach, is the following. Recall first that, to

prove the Jacobian conjecture, onewould need to show that, if �� is nilpotent, the quantityΦ�
	
(�)

defined in (1.2) is zero for large |�|. On the other hand, as we showed in Lemma 3.3, the nilpotency
condition implies that variants of the sum occurring in (1.2), with the �-sum over a shuffle class

 ⊆ 
(�)
�

rather than the whole (�)
�
, are zero. Putting the two observations together, we conclude:

if the constant function can be written as a linear combination of indicators of shuffle classes  ,

then Φ�
	
(�) = 0, as desired.

To make the above argument rigorous, let us define an inner product on the set of functions

((�)
�
)∗ ∶= {D ∶ (�)

�
→ ℂ} by setting

⟨D, g⟩ ∶=
∑

�∈(�)
�

D(�)g(�).

Given integers � ⩾ 1 and � ⩾ 2, the average �-weight function �	,�,� , defined in (3.3), is an

element of ((�)
�
)∗. With this at hand, (1.2) reads

Φ�	 (�) =
1

(�!)�
⟨$, �	,�,�⟩, (4.1)
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where $ ∈ ((�)
�
)∗ is the constant function defined by $(�) ∶= 1 for every �.

Consider now the indicator function of a shuffle class  of length ", that is, the element $ of

((�)
�
)∗ defined by

$ (�) ∶=

{
1 if � ∈  ,

0 if � ∉  .

The (shuffle) Lemma 3.3 now reads

( JH)" = 0 ⟹ ⟨1 , �	,�,�⟩ = 0 for every length-" shuffle class  ⊆ 
( �)
�
. (4.2)

We are now able to show that the subtree shuffling conjecture posed in the introduction implies

the Jacobian conjecture.

Proof of Theorem 1.4. Fix � ⩾ 3. Suppose that, for all " ⩾ 1, there exists some �0(�, ") such that,
for all � ⩾ �0(�, "), $ =

∑
 &-$- can be written as a linear combination of the length-" shuffle

indicators, for some constants

{& ∶  is a length-" shuffle class in 
(�)
�
}.

Then, using the conjugate linearity of ⟨⋅, ⋅⟩ in the first slot, we have

⟨$, �	,�,�⟩ =
∑



&⟨$ , �	,�,�⟩.

If (��)" = 0, then, according to (4.2), we have ⟨$ , �	,�,�⟩ = 0 for every length-" shuffle class  .
It follows from (4.1) that Φ�

	
(�) = 0 for all 	 ∈ [�] and |�| = (� − 1)� + 1.

Set now " = �. In light of (1.2), we have that, whenever � is a homogeneous degree � polyno-
mial mapping such that �� is nilpotent (i.e. with (��)� = 0), the coefficient g	,� of �

� in the 	th
component of the inverse �−1 of � = � − � is zero, for all � such that |�| ⩾ (� − 1)�0(�, �) + 1. In
particular, �−1 is a polynomial mapping. By the Bass–Connell–Wright reduction (Theorem 3.1),

this implies that the Jacobian conjecture is true. □

While Theorem 1.4 states that Conjecture 1.3 implies the Jacobian conjecture, we are not sure

about the reverse implication, that is, whether or not the Jacobian conjecture implies Conjecture

1.3. Nonetheless, we believe that Conjecture 1.3 is a valuable line of investigation, since it repre-

sents a dramatic simplification of the combinatorial formulation of the Jacobian conjecture set out

in Conjecture 1.2: the latter involves complicated weighted sums over labellings of trees, whereas

the former deals only with unweighted trees.

Furthermore, as we have already stated in the introduction and will prove in the next sections,

it turns out that an approximate version of the (subtree shuffling) Conjecture 1.3 is true.

To conclude our discussion in this section, it is worth comparing the subtree shuffling

conjecture with the following conjecture, posed by Singer in the � = 2 setting.

Conjecture 4.1 (Singer [23]). Let � ⩾ 2, " ⩾ 1. Then there exists �1(�, ") such that, whenever

� ⩾ �1(�, "), the indicator functions of the length-" shuffle classes in 
(�)
�

span the vector space of

functions (�)
�
→ ℂ.
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Singer arrived at the latter while attempting to provide a combinatorial derivation of (Wang’s)

Theorem 1.9. He used an innovative argument to prove Conjecture 4.1 in the cases " = 1, 2, 3.
In the case " = 3, for instance, he proved that taking � ⩾ 7 is sufficient, thereby deducing that
� = � − � with � quadratic and (��)3 = 0 has an inverse of degree at most 6, regardless of the
underlying dimension �.
We remark that the � = 2 case of the (subtree shuffling) Conjecture 1.3 is substantially weaker

than (Singer’s) Conjecture 4.1. Conjecture 1.3 states that the constant function lies in the span

of the shuffle indicators, while Conjecture 4.1 states that all functions lie in the span of the

shuffle indicators.

4.2 Shuffle chain conjecture

We now discuss how to reformulate the machinery of Section 4.1 in terms of Markov chains on

trees, with the final goal of proving Theorem 1.6 from the introduction. We believe this formula-

tion potentially offers a tractable path to proving Conjecture 1.3, which, as we saw in Section 4.1,

implies the Jacobian conjecture.

In this section, we consider a Markov chain that takes values in 
(�)
�
, and updates its state by

randomly shuffling the subtrees along a randomly chosen path.

To define this process explicitly, recall that, for each vertex � of height at least " in a �-Catalan
tree, there is a unique path (�0, … , �") of length " leading to � = �". In this section, we write

Sh�,"(�) ∶= Sh(�; �0, … , �") as a shorthand for the shuffle class associated with this path. We

also denote by �(�) the set of vertices of a tree �.
For each � in 

(�)
�
, consider now a probability measure i� supported on the set of vertices of

height at least " in �, that is, a [0,1]-valued function on the vertices � of � such that

∑

�∈�(�)

i�(�) = 1,

and i�(�) > 0 if and only if � has height at least ". By the correspondence between vertices of
� of height at least " and length-" shuffle classes containing �, i� may also be regarded as a
probability measure on the length-" shuffle classes containing �.

Definition 4.2. Fix a collection {i� ∶ � ∈ 
(�)
�
}, where each i� is a probability measure sup-

ported on the set of vertices of � of height at least ". The "-shuffle chain on 
(�)
�

associated with

{i� ∶ � ∈ 
(�)
�
} is the Markov chain (�
)
⩾0 with state space 

(�)
�

and transition probabilities

ℙ
(
�
+1 = �

′ ||�
 = �
)
=

∑

�∈�(�)

i�(�)
${�′ ∈ Sh�,"(�)}

#Sh�,"(�)
. (4.3)

In other words, conditional on the event {�
 = �}, in order to obtain �
+1 we first choose a ran-
dom vertex � of � according to i�(�), and then uniformly choose a tree �
+1 = �

′ from those in

Sh�,"(�).

Let us remark that choosing a tree �′ uniformly from those in Sh�,"(�) is equivalent to taking
a uniform permutation j of the (� − 1)" subtrees in the path of length " leading up to �.
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It is clear that, in the "-shuffle chain, communicating classes are closed: if there is a positive
probability of going from � to �′ in a certain number of steps, then there is also a positive prob-
ability of going from �′ to � by just reversing these steps. Furthermore, for fixed � and " and

sufficiently large �, every state in a "-shuffle chain communicates with any other state. There-
fore, for large enough �, any "-shuffle chain is an irreducible Markov chain on a finite state space
and, as such, it has a unique stationary distribution.

The framework of Section 4.1 allows us now to show that the shuffle chain conjecture posed in

the introduction implies the Jacobian conjecture.

Proof of Theorem 1.6. We first prove that Conjecture 1.5 implies Conjecture 1.3, and then appeal

to Theorem 1.4.

Let � ⩾ 3. Suppose that, for all " ⩾ 1, there exists some �0(�, ") such that, for all � ⩾ �0(�, "),

there exist a collection of probability measures {i� ∶ � ∈ 
(�)
�
} with the property that the associ-

ated "-shuffle chain has the uniform distribution as its stationary distribution. Then, for every

tree �′ ∈ 
(�)
�
, we have

1

#(�)
�

=
∑

�∈(�)
�

1

#(�)
�

ℙ
(
�
+1 = �

′ ||�
 = �
)
. (4.4)

Multiplying (4.4) by #(�)
�

and using the transition probabilities (4.3), we obtain

1 =
∑

�∈(�)
�

∑

�∈�(�)

i�(�)
${�′ ∈ Sh�,"(�)}

#Sh�,"(�)
. (4.5)

Given a shuffle class  ⊆ 
(�)
�
, define the constant

& ∶=
∑

�∈(�)
�

∑

�∈�(�)

i�(�)

#Sh�,"(�)
${Sh�,"(�) = }.

Then, (4.5) reads

1 =
∑



&$ (�
′)

for all�′ in (�)
�
. In otherwords, the constant function $ ∶ (�)

�
→ ℂ lies in the span of the length-"

shuffle indicators.

In particular, if, for some � ⩾ 3 and all " ⩾ 1, Conjecture 1.5 is true, then so is Conjecture 1.3,
and, by virtue of Theorem 1.4, so is the Jacobian conjecture. □

Conjecture 1.5 is, strictly speaking, stronger than Conjecture 1.3, and corresponds to a special

case of Conjecture 1.3 in which all of the weights & are non-negative. However, we believe it is

a valuable reformulation, as it recasts the problem in terms of Markov chains on trees, for which

there is a rich literature (see, e.g. [4, 6, 31, 36]).
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5 PERFECT TREES

In Section 1, we briefly introduced the notion of "-perfect tree.

Definition 5.1. A �-Catalan tree � is "-perfect if it contains a path of vertices (�0, … , �"), as in
Definition 3.2, such that each of the (� − 1)" siblings of the vertices �1, … , �" is a leaf.

See Figure 4 for an illustration.

The main aim of this section is to prove that a large uniform �-Catalan tree is extremely likely
to be "-perfect (Theorem 1.7). We then exploit this crucial fact to prove:

1. the �1 approximation of the constant function in Theorem 1.8, which can be regarded as an

approximate version of Conjecture 1.3;

2. certain quantitative estimates for the coefficients of the inverse of a Keller mapping, which can

be regarded as an approximate version of the Jacobian conjecture itself.

In recent decades, there has been a large body of literature on the local structure of random

trees. The interested reader might consult work by Aldous [5], Janson [14], Holmgren and Janson

[13] and in particular Janson’s survey article [15]. Nonetheless, it appears the exact question we

study (namely, estimating the probability that a large uniform �-Catalan tree is "-perfect) has not
been examined in the literature. Furthermore, for our statements we require absolute bounds on

the probabilities involved, rather than convergence in distribution, hencewe develop the requisite

estimates from scratch.

5.1 Uniform tree algorithm

We start by collecting some basic facts about �-Catalan numbers. Denote by ?(�)
�
∶= #(�)

�
the

�-Catalan number, that is, the number of �-Catalan trees with � internal vertices (and, thus,
�� + 1 vertices in total). It is a combinatorial exercise (see, e.g. [10, Section 7.5]) to prove that

these numbers possess the closed-form expression

?(�)
�
=

1
(� − 1)� + 1

(
��
�

)
. (5.1)

Using Stirling’s formula, it is easily verified that

?(�)
�
= (1 + k(1))?��

−3∕2eN�� as � → ∞, (5.2)

where ?� ∶=
1√
2Y

√
�

(�−1)3∕2
and N� ∶= � log � − (� − 1) log(� − 1).

The �-Catalan numbers also satisfy the recursion

?(�)
�
=

∑

�1,…,��⩾0∶
�1+⋯+��=�−1

?(�)
�1

⋯?(�)
��
.

This immediately sets up a way of generating a uniform Catalan tree in 
(�)
�
:
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∙ If � = 0, make the root a leaf, thus obtaining the unique �-Catalan tree with 0 internal vertices.
If � ⩾ 1, sample a random vector (�1, … , ��), satisfying �1, … , �� ⩾ 0 and �1 +⋯ + �� = � − 1,
from the probability distribution

i(�)
�
(�1, … , ��) ∶=

?(�)
�1

⋯?(�)
��

?(�)
�

. (5.3)

∙ For all 	 = 1, … , �, tag the 	th child (going left-to-right) of the root with the integer �	 . If the 	th
child of the root is taggedwith �	 = 0, make that child a leaf. If the 	th child is taggedwith �	 > 0,
then sample a new random vector (�	,1, … , �	,�), satisfying �	,1, … , �	,� ⩾ 0 and �	,1 +⋯ + �	,� =
�	 − 1, from the probability distribution

i(�)
�	
(�	,1, … , �	,�) ∶=

?(�)
�	,1

⋯?(�)
�	,�

?(�)
�	

.

∙ Repeat the procedure with all the vertices in the second generation, and so on.

We remark that this procedure for generating a uniform Catalan tree is essentially a (planar)

special case of a Gibbs fragmentation tree [20].

5.2 Likelihood of q-perfect trees

Let us now sketch how one can utilise the algorithm of Section 5.1 to provide a description of

the local structure of a �-Catalan tree at the root. As in Section 1, let ℙ(�)
�

be the uniform proba-

bility distribution on 
(�)
�
. Sample � from ℙ(�)

�
and let v1, … , v� denote the respective numbers

of internal vertices in the � subtrees subtended by the � children of the root. The random vec-

tor v ∶= (v1, … , v�) is then distributed according to (5.3). Now write (�1, … , ��−1) for the vector
v with the largest coordinate removed (if there are joint largest coordinates, remove any largest

coordinate). Whenever 91 +⋯ + 9�−1 < �∕2 (in which case there certainly were not joint largest
coordinates), we have

ℙ(�)
�
((�1, … , ��−1) = (91, … , 9�−1)) = �?

(�)
91

⋯?(�)9�−1

?(�)
�−(91+⋯+9�−1+1)

?(�)
�

,

with the factor � in front accounting for the fact that any given coordinate of v is equally likely

to be the largest (on the event that there is a unique largest coordinate). For fixed (91, … , 9�−1),
using (5.2) we see that

w∞(91, … , 9�−1) ∶= lim
�→∞

ℙ(�)
�
((�1, … , ��−1) = (91, … , 9�−1))

= �?(�)91 ⋯?(�)9�−1e
−N�(91+⋯+9�−1+1).

(5.4)
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In other words, if we pick a uniform Catalan tree from 
(�)
�
, when � is very large, we expect that,

of the � children subtended by the root, the subtrees subtended by exactly � − 1 of these chil-
dren usually have size :(1), and one of the � children subtends a subtree of size � − :(1). The
distribution of the sizes of the � − 1 order 1 subtrees is given by (5.4).
Let us remark that such a local convergence holds in much more generality: see, for example,

work by Abraham and Delmas [2] or Stufler [27].

We hope this sketch calculation supplies the reader with an idea of the local behaviour of large

�-Catalan trees. Let us note in particular that the probability that, in a giant uniform �-Catalan
tree (i.e. in the limit as � → ∞), all but one of the children of the root is a leaf, is given by

w∞(0, … , 0) = �e
−N� =

(
1 +

1
� − 1

)−(�−1)
⩾ 1∕|

for all � ⩾ 2. In turns out that the latter bound is in fact absolute across all � and across uniform
Catalan trees with any number of vertices:

Lemma 5.2. For all � ⩾ 2 and � ⩾ 1, the probability that at least � − 1 of the children of the root of
a uniformly chosen �-Catalan tree with � internal vertices are leaves is at least 1∕|.

Proof. If � = 1, then all of the children are leaves with probability 1, and we are done.
We may then suppose � ⩾ 2. We have

ℙ(�)
�
(at least � − 1 of the rootchildren are leaves) = �i(�)

�
(0, 0, … , 0, � − 1),

where the factor of � comes from the fact that there are � different ways of choosing which of the
� children of the root is going to be the non-leaf.
Note that ?(�)0 = 1. Using (5.3) and (5.1), we then have

ℙ(�)
�
(at least � − 1 of the rootchildren are leaves) = �

?(�)
�−1

?(�)
�

= �
(� − 1)� + 1

(� − 1)(� − 1) + 1

(�(�−1)
(�−1)

)

(��
�

) ,

which implies

ℙ(�)
�
(at least � − 1 of the rootchildren are leaves) ⩾ �

(�(�−1)
�−1

)

(��
�

) .

Expanding the binomial coefficients and rearranging, we see that

�

(�(�−1)
�−1

)

(��
�

) =
(�� − �)!

((�� − �) − (� − 1))!

((�� − 1) − (� − 1))!

(�� − 1)!
=
�−1∏

	=1

�� − � − 	 + 1
�� − 	

.

Noticing that the function 9 ↦ 9−�
9

is increasing on (0,∞) for any fixed � > 0, we deduce

ℙ(�)
�
(At least � − 1 of the rootchildren are leaves) ⩾

(
�� − � − � + 2
�� − � + 1

)�−1
.
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Now note that ��−�−�+2
��−�+1

= 1 − (�−1)
�(�−1)+1

⩾ 1 − 1∕�. It follows that

ℙ(�)
�
(At least � − 1 of the rootchildren are leaves) ⩾ (1 − 1∕�)�−1.

For � ⩾ 2, we have (1 − 1∕�)�−1 = (1 + 1∕(� − 1))−(�−1) ⩾ 1∕|, completing the proof. □

Corollary 5.3. Let � > ". Then the ℙ(�)
�
-probability that there is at most one internal vertex in each

of the generations 1 through " is at least |−".

Proof. Use the uniform tree algorithm and Lemma 5.2 " times in a row. □

We now estimate the probability that � is "-perfect. Let � be any tree in 
(�)
�
. For � ⩾ 2, � has

at most 1 + � +⋯ + �"−1 ⩽ �" vertices in its generations 0 through " − 1. Let �1, … , �� be a list
of the vertices in generation " of the tree, and let �1, … , �� denote the number of internal vertices
in the trees they subtend. Then

�1 +⋯ + �� ⩾ � − �
". (5.5)

If we letw",�(�) be the probability that a uniformly chosen �-Catalan tree with � internal vertices
is not "-perfect. To obtain an estimate on w",�(�), note that we have

w",�(�) ⩽ ℙ(�)
�
({� does not have a "-perfect path starting at the root}

∩ { � does not have a "-perfect path starting at generation "}).

By Corollary 5.3, the probability of the first event is bounded above by 1 − e−" ⩽ e−|
−"
. By the

uniform tree algorithm, the probability of the second event, conditionally on � and �1, … , ��, is
bounded above by

∏�
	=1 w",�(�	). Therefore, for any � > " we have

w",�(�) ⩽ e−e
−"

sup
�⩽�" ,

�1+⋯+��⩾�−�
"

�∏

	=1

w",�(�	), (5.6)

where the supremum is taken over all � ⩽ �" (the number of vertices � in generation " of the tree
satisfies � ⩽ �") and �-tuplets of non-negative integers �1, … , �� adding up to at least � − �

" (by

(5.5)). Using this inequality, we are now ready to prove Theorem 1.7.

Proof of Theorem 1.7. We need to show that w",�(�) ⩽ e−6",�(�−")+ for all � ∈ ℕ. The result is
clearly true for all � ⩽ ", because w",�(�) is a probability, and hence certainly ⩽ 1. We now prove

the result by induction for � > ".
Suppose that w",�(�) ⩽ e−6",�(�−")+ for all� < �. Then, using (5.6), we have

w",�(�) ⩽ sup
�⩽�" ,

�1+⋯+��⩾�−�
"

e−e
−"−6",�

∑�
	=1(�	−")+ .
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Using the simple fact that (�	 − ")+ ⩾ �	 − " and the constraints, we obtain

w",�(�) ⩽ exp
{
−e−" − 6",�(� − �

" − �"")
}
.

To prove the result, it is now sufficient to show that

exp
{
−e−" − 6",�(� − (" + 1)�

")
}
⩽ e−6",�(�−"),

which amounts to the inequality

e−" + 6",�(� − (" + 1)�
") ⩾ 6",�(� − ").

The latter is easily verified using the definition of 6",� ∶= (2"�
"e")−1. □

Let us remark that, if (�0, … , �") is a path of vertices in a tree, then �0, … , �"−1 are certainly
internal. It follows that, when " > �, it is impossible to find a path of length " in a tree with

� internal vertices. Therefore, when " > �, (�)
�

contains no "-perfect trees (or length-" shuffle
classes, for that matter) and, in this sense, the inequality of Theorem 1.7 is sharp.

5.3 The �$ bound

The existence of a function in the span of the length-" shuffle indicators satisfying the total

variation bound (1.6) in Theorem 1.8 is an immediate consequence of Theorem 1.7, as we now see.

Proof of (1.6). If � is "-perfect, then � lies in a singleton length-" shuffle class. It follows that

the indicator function of any "-perfect tree lies in the span of the length-" shuffle indicators.

Therefore, the function

;(�) ∶= ${� is "-perfect}

also lies in the span of the length-" shuffle indicators. Recall that C(�)
�

denotes the expectation

with respect to ℙ(�)
�
. It then follows from Theorem 1.7 that

||; − $||1 ∶= C
(�)
�

|1 − ;(�)| = ℙ(�)
�
(� is not "-perfect) ⩽ e−6",�(�−"),

as desired. □

The full proof of Theorem 1.8, that is, the exhibition of a function ;� satisfying both (1.6) and
(1.7), can be found in Section 6.

5.4 Quantitative estimates for inverse coefficients of Keller
mappings

The �1 bound in Theorem 1.8 yields a bound for the inverse coefficients g	,� from (1.2) of maps �
of the form (1.1). More precisely, we will prove that the coefficients g	,� satisfy a sharp bound,
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which, in the case where � is a Keller mapping, can be improved upon by an exponential

factor.

Theorem 5.4. Let � be a polynomial map of the form (1.1), where �� may or may not be nilpotent.

Let � ∶= max	,� |�	,�|. Then, for all 	 ∈ [�] and all multi-indices � of degree |�| = (� − 1)� + 1, we
have

|g	,�| ⩽
1

(�!)�
1

(� − 1)� + 1

(
��
�

)
��−1

|�|!
�!
��. (5.7)

This bound is sharp, in the sense that there exists an � such that the equality holds in (5.7) for all 	
and �. If we additionally assume that �� is nilpotent, with (��)" = 0 for some " ∈ ℕ, then for any
; lying in span{$ ∶  is a length-" shuffle class in 

(�)
�
} we have

|g	,�| ⩽
1

(�!)�
1

(� − 1)� + 1

(
��
�

)
��−1

|�|!
�!
�� × ||; − $||1. (5.8)

In particular, when (��)" = 0, we have

|g	,�| ⩽
1

(�!)�
1

(� − 1)� + 1

(
��
�

)
��−1

|�|!
�!
�� × ?e−@�, (5.9)

where ? and @ are the same constants appearing in (1.6).

Proof. Let � be a degree � homogeneous polynomial mapping, where �� may or may not be

nilpotent. Notice that � ∶= max	,� |�	,�| is finite, since �	,� = 0 for all but finitely many 	 and �.
We thus have the simple bound

|�( )| ⩽ �� (5.10)

on the�-weight of a labelling  of a �-Catalan tree with � internal vertices (see definition (3.2)).
In general, this bound is sharp, and is attained for any labelled tree  with � internal vertices by
setting�	,� ∶= � for all 	 ∈ [�] and |�| = �.
Given � ∈ ℤ�

⩾0 and a �-Catalan tree � with |�| = (� − 1)� + 1 leaves, there are

#{(	, �) labellings of �} = ��−1
|�|!
�!

(5.11)

ways of (	, �)-labelling �. The factor ��−1 is due to the number of ways of labelling the � − 1 non-
root internal vertices with any type in [�], while |�|!∕(�1!⋯��!) is the multinomial coefficient
counting the distinct ways of labelling the leaves with labels in [�] such that exactly �
 leaves are
given label 
. We remark that the number of (	, �) labellings does not depend on the particular
�-Catalan tree �, but only on its total number of vertices/leaves.
Using (5.11) and (5.10) in (3.3), we obtain the bound

|�	,�,�(�)| ⩽ ��−1
|�|!
�!
�� (5.12)
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for all �-Catalan tree � with |�| = (� − 1)� + 1 leaves. Using the bound (5.12) in (1.2) in

conjunction with �-Catalan number formula (5.1), we obtain

|g	,�| ⩽
1

(�!)�
1

(� − 1)� + 1

(
��
�

)
��−1

|�|!
�!
��, (5.13)

which accounts for the first bound (5.7). The sharpness of (5.13) (and (5.12)) may be seen by setting

again�	,� ∶= � for all 	, �; one can verify that, for such a choice of�, �� is not nilpotent.

Let us now suppose that �� is nilpotent, with (��)" = 0, and turn to the proof of (5.8). Similarly
as in the proof of Theorem 1.4, one can see that, whenever (��)" = 0, in light of (4.2), any function
; lying in the span of the length-" shuffle indicators satisfies ⟨;, �	,�,�⟩ = 0. Accordingly, we have

Φ�	 (�) =
1

(�!)�
⟨$, �	,�,�⟩ =

1

(�!)�
⟨$ − ;, �	,�,�⟩.

In particular, using (5.12), for any ; in the span of the length-" shuffle indicators we have the total
variation bound

|Φ�	 (�)| ⩽
1

(�!)�
��−1

|�|!
�!
��

∑

�∈(�)
�

|1 − ;(�)|

=
1

(�!)�
1

(� − 1)� + 1

(
��
�

)
��−1

|�|!
�!
��||; − $||1,

which completes the proof of (5.8). Finally, (5.9) follows immediately from (5.8) and (1.6). □

Let us take a moment to elaborate on this result. First, we stress that the bound (5.7) concerns

the inverse coefficients of any degree � homogeneous polynomial mapping and is not a priori
concerned with the Jacobian conjecture. We believe this bound, which is also new to the best of

our knowledge, might be of independent interest.

As discussed in Section 3, Bass, Connell and Wright showed in [8] that, in order to prove the

Jacobian conjecture, it is sufficient to consider maps � = � − �, with � homogeneous of degree

� and �� nilpotent (see Theorem 3.1). Indeed, the nilpotency condition is equivalent to the Keller

condition for such maps (see [17, Section 2.5]).

We remark that both bounds in (5.7) and (5.9) grow exponentially in �. Theorem 5.4 may be

regarded as an approximate version of the Jacobian conjecture: the inverses of Keller maps are

closer to being polynomial than their non-Keller counterparts, in that the coefficients of their

high-degree terms are smaller by an exponential factor.

Finally, we note that (5.8) implies Theorem 1.4. Indeed, if Conjecture 1.3 is true, then, for large

enough �, we can set ; = $ in (5.8), so that the bound yields g	,� = 0whenever |�| = (� − 1)� + 1.

6 CONSTRUCTION OF THE �∞ BOUND

In this section, we construct a function that satisfies the �∞ bound of Theorem 1.8 and conclude

its proof.
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6.1 Indexing of shuffle classes by vertices and a first approximation

Through this section, we will use the notation

_
(�) ∶= #{vertices in generation 
 of �}

for the number of vertices at graph distance 
 from the root of a tree �. We also write

_⩽F(�) ∶=
∑

0⩽
⩽F

_
(�) and _⩾F(�) ∶=
∑


⩾F

_
(�),

where the latter sum is clearly finite for any finite tree �.
Recall that, given a tree � and a path of vertices (�0, … , �") in �, we let the shuffle class

Sh(�; �0, … , �") be the set of trees �
′ that may be obtained from � by shuffling the subtrees sub-

tended by the siblings of �1, … , �". Consider now examining the set of shuffle classes containing

a given tree �. Each vertex � lying at a height of at least " in �may be associated with a canonical
path of (�0, … , �") of vertices in � by letting �" ∶= � and �"−(	+1) be the unique parent of �"−	 , for
each 0 ⩽ 	 ⩽ " − 1. Therefore, vertices of height at least " are in bijection with paths of length ".
In particular, for each tree �, we might informally expect in a suitable sense that

#{length-" shuffle classes containing �} ≈ _⩾"(�). (6.1)

We need to be careful however: it is entirely possible that two different choices � and �′ of vertices
of height at least ", and their associated paths, give rise to the same shuffle class. As a simple
example, consider a tree � containing two different perfect "-paths (�0, … , �") and (�

′
0, … , �

′
"):

then, both paths (or equivalently, both vertices � = �" and �
′ = �′") give rise to the same shuffle

class, that is, the singleton {�}.
It is however possible to make precise sense of (6.1) after taking on a suitable indexing of

the shuffle classes. To do so, we begin by noting that each vertex � in a �-Catalan tree may be
associated with a code in ∪
⩾0{1, … , �}


 (this is often called Ulam–Harris labelling [12] or Neveu

formalism for trees [22]): the root is given by the empty code, the � children of the root, listed
from left to right, are given by the 1-tuples (1), … , (�), and, more generally, the children of an

internal vertex with code � are given by the concatenations (�1), … , (��). The length of the code
of a vertex is the same as its height in the tree. A �-Catalan tree itself may, as such, be regarded
as a subset of ∪
⩾0{1, … , �}


 such that, if (�	) ∈ � for some code �, then (�) ∈ � and (�
) ∈ � for
all 
 = 1,… , �. Let (�0, … , �") be a path in a �-Catalan tree �, which wemay then associate with a
collection of codes of lengths 
, … , 
 + " for some 
 ⩾ 0. We note that every tree �′ in the shuffle
class Sh(�; �0, … , �") contains this collection of codes.
We now define a function �̃ lying in the span of the indicator functions of the length-" shuffle

classes by letting

�̃ ∶=
∑


⩾"

∑

�∈{1,…,�}


∑

=Sh(�;�0,…,�"=�)

for some � ∈ 
(�)
�

$ . (6.2)

We now note that

�̃(�) = _⩾"(�). (6.3)
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Indeed, for every tree �, every vertex � in � of height at least " (which has a unique code of length
at least ") scores a 1 in the sum �̃. It follows that (6.2) and (6.3) make sense of (6.1).
In the following, our goal is to show that, when � is large compared to ", the vast majority of

vertices in any tree � with � internal vertices have height at least ". In fact, we can be far more
specific: every tree � in 

(�)
�

has at most 1 + � +⋯ + �"−1 vertices in its generations 0 through
" − 1, hence

_⩾"(�) ⩾ (�� + 1) − (1 + � +⋯ + �"−1). (6.4)

In particular, we are equipped to give the following preliminary construction in the direction of

the uniform bound of Theorem 1.8.

Proposition 6.1. Define

� ∶=
1

�� + 1

∑


⩾"

∑

�∈{1,…,�}


∑

=Sh(�;�0,…,�"=�)

for some � ∈ 
(�)
�

$ .

Then � lies in the span of the length-" shuffle indicators, and satisfies the uniform bound

sup
�∈(�)

�

|�(�) − 1| ⩽ ?�,"∕(�� + 1), (6.5)

where we take ?�," ∶= (�
" − 1)(� − 1)−1.

Proof. Clearly � is a scalar multiple of �̃ = _⩾", and hence lies in the span of the length-" shuffle
indicators. The bound (6.5) then follows from (6.4). □

The previous result exhibits a function ; in the span of the length-" shuffle indicators, for

which the supremum norm ||; − $||∞ decays like 1∕�. In the next section, we develop a more
sophisticated approach to find a function ; in the span of the length-" shuffle indicators for which
||; − $||∞ is bounded superpolynomially in 1∕�.

6.2 Construction of the width product function

We refine the ideas of Section 6.1 with the following lemma.

Lemma 6.2. Let �∶ 
(�)
�
→ ℝ be a function that only depends on generations 0, 1, … , 
 of a �-

Catalan tree; namely, if � and �′ have the same generations 0, … , 
, then �(�) = �(�′). Then, the
function � ↦ _
+"(�)�(�) lies in the span of the length-" shuffle indicators.

Proof. Let � be a vertex of height 
 + " in a tree �, and consider the path (�0, … , �"), with �" = �,
and the associated shuffle class  ∶= Sh(�; �0, … , �"). Then, �0 has height 
. We note that shuf-
fling the subtrees off the path (�0, … , �") leaves generations 0, … , 
 of the tree unaffected and,
accordingly, � is constant on  . In particular, the function $ (�)�(�) lies in the span of the
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length-" shuffle indicators. Summing over all such shuffle classes obtained this way, we obtain
the function _
+"(�)�(�). □

Corollary 6.3. For each integer� ⩾ 1, the function

��(�) ∶=_⩾�("−1)+1(�)
�−1∏

	=1

_⩽	("−1)(�)

lies in the span of the length-" shuffle indicators.

Proof. Let �(�) ∶=
∏�−1
	=1 _⩽	("−1)(�). Then, by Lemma 6.2, _
+"(�)�(�) lies in the span of the

length-" shuffle indicatorswhenever 
 ⩾ (� − 1)(" − 1). Equivalently,_�(�)�(�) lies in the span
of the shuffle indicators for all � ⩾ �(" − 1) + 1. Summing over all such �, it follows that

∑

�⩾�("−1)+1

_�(�)�(�) = _⩾�("−1)+1(�)
�−1∏

	=1

_⩽	("−1)(�)

lies in the span of the length-" shuffle indicators. □

Note that, since each tree in 
(�)
�

has �� + 1 vertices, we have the crude bound

��(�) ⩽ (�� + 1)
�${the height of � is at least�(" − 1) + 1}.

Since a tree in (�)
�

has height at most �, ��(�) is identically zero for large enough�. In particular,
we have a well-defined infinite sum

;(�) ∶=
∞∑

�=1

��(�)

(�� + 1)�

=
∞∑

�=1

(�� + 1 − _⩽�("−1))
∏�−1
	=1 _⩽	("−1)(�)

(�� + 1)�

=
∞∑

�=1

(
�−1∏

	=1

_⩽	("−1)(�)

�� + 1
−

�∏

	=1

_⩽	("−1)(�)

�� + 1

)
.

Since the latter is a telescopic sum, we obtain the expression

;(�) = 1 −
∞∏

�=1

_⩽�("−1)(�)

�� + 1
. (6.6)

Again, the product may be taken over finitely many terms: since each tree � in 
(�)
�

has height at

most �, we have that _⩽�("−1)(�)∕(�� + 1) = 1 whenever �(" − 1) ⩾ �. Notice also that, since
all �� lie in the span of the length-" shuffle indicators by Corollary 6.3, ; also lies in the same
span. We now provide an upper bound on the quantity ||; − $||∞.
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Lemma 6.4. Let � ⩾ 2 and � ∈ ℕ such that � ⩾ �6" . Then, for every � ∈ 
(�)
�
, we have |1 − ;(�)| ⩽

exp(−@�," log
2 �), where @�," ∈ (0,∞)may be taken as (4" log �)

−1.

Proof. If � in 
(�)
�
, then _
(�) ⩽ �


 . In particular,

_⩽�("−1)(�) =
�("−1)∑


=0

_
(�) ⩽
�("−1)∑


=0

�
 =
��("−1)+1 − 1

� − 1
⩽ ��" for � ⩾ 2.

Also, trivially we have _⩽�("−1)(�) ⩽ �� + 1. It follows that

|1 − ;(�)| =
∞∏

�=1

|||||

_⩽�("−1)(�)

�� + 1

|||||
⩽

∞∏

�=1

||||
��"

�� + 1
∧ 1

||||
⩽

∞∏

�=1

||||
��"

�
∧ 1

||||
=

�0∏

�=1

��"

�
,

where in the final expression above,�0 denotes the largest integer� such that ��" ⩽ �. Then

�0 =

⌊
log �

" log �

⌋
.

A calculation tells us that
∏�0
�=1

��"

�
= exp (−�0 log � + "(log �)�0(�0 + 1)∕2). Now, using the

simple bound
log �
" log �

− 1 ⩽ �0 ⩽
log �
" log �

, we obtain

−�0 log � + " log �
�0(�0 + 1)

2
⩽ −

log2 �

" log �
+ log � +

1
2

(log �)2

" log �
+
1
2
log �

= −
1
2

log2 �

" log �
+
3
2
log �.

Now, since by assumption log(�) ⩾ 6" log(�), we arrive at

−�0 log � + " log �
�0(�0 + 1)

2
⩽ −

log2 �

4" log �
,

thus completing the proof. □

While Lemma 6.4 provides a uniform upper bound on |1 − ;(�)| on all trees � in 
(�)
�
, we

remark that, for the typical tree � in (�)
�
, the quantity |1 − ;(�)| is much smaller. Sketching a few

of the key steps here, it is known that, when � is large, the typical tree � in 
(�)
�

has both height

and width of order
√
� (see, e.g. Addario-Berry, Devroye and Janson [3]). Roughly speaking, this

entails that

|1 − ;(�)| =
∞∏

�=1

_⩽�("−1)(�)

�� + 1
∼
:(

√
�∕")∏

�=1

:(
√
�)

�� + 1
= e

−:

(√
�
"
log �

)

. (6.7)
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It is possible to make (6.7) rigorous using the absolute bounds in [3]. We leave the details to the

interested reader.

6.3 Proof of Theorem 1.8

In Section 5,we saw that a proportion of atmost e−6�,"(�−")+ of the trees in(�)
�

are not"-perfect. So
far in this section,wehave seen that the function; given by (6.6) has the property that |1 − ;(�)| ⩽
e−@�,"(log �)

2
. We now show it is possible to combine these two results to prove Theorem 1.8.

Proof of Theorem 1.8. We begin by noting that, given any function � ∶ (�)
�
→ ℝ, the function

�(�)${� is "-perfect}

lies in the span of the length-" shuffle indicators, since it is a linear combination of the indicator
functions of individual "-perfect trees, which lie in singleton shuffle classes.
Therefore, taking ; as in (6.6), both (1 − ;(�))${� is "-perfect} and ; lie in the span of the

length-" shuffle indicators. In particular, so does the sum of these two functions, which is

;∗(�) ∶= ${� is "-perfect} + ${� is not "-perfect};(�). (6.8)

We clearly have

||;∗(�) − $||∞ ⩽ ||;(�) − $||∞ ⩽ e−@�,"(log �)
2

for � ⩾ �6"

by Lemma 6.4, proving that ;∗ satisfies (1.7).
Moreover, for all � ⩾ �6", we have

||;∗(�) − $||1 ∶=
1

#(�)
�

∑

�∈(�)
�

|1 − ;∗(�)|

=
1

#(�)
�

∑

�∈(�)
�

not "-perfect

|1 − ;(�)|

⩽
#{� ∈ 

(�)
�
∶ � is not "-perfect}

#(�)
�

e−@�,"(log �)
2

⩽ e−@�,"(log �)
2−6�,"(�−").

In the second equality above we used the definition (6.8), in the following inequality we used

Lemma 6.4, whereas in the final inequality we used Theorem 1.7. Since � − " diverges to∞ faster

than (log �)2 as � → ∞, we have that ;∗ also satisfies the �
1 bound (1.6). □
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