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Symbols and Notations

Symbols

a<b There exists a constant C' > 0 such that a < Cb.

azb There exists a constant C' > 0 such that a > Cb.

a~b If both @ < b and a 2 b hold.

a. < b. a. € o(b.), ie. 3= —0ase—0.

TAY min{z, y}.

zVy max{z,y}.

|z] Largest integer y with y < z.

Ty Sz v,y € RY d e N

|| V- forz e RY deN.
(Note that V and f are clear indicators that the expression is an
element of R?.)

dx d\4(x), for x € R? and the Lebesgue measure \%(-) on the d-
dimensional Lebesgue space, d € N.

0 (0,---,0) € RY, d € N.

Positive constant that may vary from line to line but depend only
on the parameters indicated in their indices.



List of Tables

Notations
T2 .= R2/L7>
Z=7"\{(0,0)}
f:R? -+ R?
F:H - H!
A
As

LP = [P (T?)
/Ha — Ha (TQ)

Two-dimensional torus.

Index set for Fourier series.

f(@) = e
. _ Vu
§(u) =V - f(Vu) =V - 50
A= —A?:= —Ao A : Bilaplace operator
As = —9A? — A : Linear operator in the context of lin-
earisation

Standard Lebesgue space
Fractional Sobolev space in a moving frame:

H = {u € L*(T?) | (—A)? 4} < 00, [y u(z)dr = O} :
(Unless referenced otherwise, we refer to function spaces
from T? to R.)

For every v > 0 we have u € H*™7.

Normal distribution with mean p and variance o2.
Normal distribution with mean 0 € R? and

covariance matrix Q € R4 d € N.

Filtered probability space.
For each € > 0 we have ¢(t)

e,
-

€

<
For each € > 0 we have g(t) < "



1. Introduction

This thesis builds upon results from our joint works [14, 15] as well as two forth-
coming papers |13, 16]. Parts of this introduction are adapted from [14], with
additional extensions and revisions for the present thesis.

The study of epitaxial thin-film growth plays a central role in understanding the
formation and stability of crystalline surfaces. A key physical mechanism is the
Schwoebel barrier [72], which hinders atoms from crossing step edges, thereby
influencing the morphology of the growing surface. This barrier induces an effective
uphill current and is responsible for the formation of mounds and other growth
patterns. A phenomenological model for such growth processes is given by the
stochastic partial differential equation (SPDE)

Vu

— SN2y -V —
o 0A*u —V 5 VP

+ o0&, (1.1)

where u(t,r) represents the surface height over z € T? at time ¢t > 0. In this
model, 6 > 0 is a surface diffusion parameter, ¢ > 0 is the noise intensity, also
denoted as diffusion coefficient, and & = 0;W denotes a space-time white noise,
formally given by the time derivative of a cylindrical Wiener process W. The
stochastic forcing models thermal fluctuations of the incoming particles.

In physics literature the equation is usually studied on the full space R or, as
in this work, under periodic boundary conditions on the torus T¢ with spatial
dimension d € {1,2}. The physically relevant case is d = 2. Since the model
describes growth in a moving frame, we impose the mean-zero condition

/ u(t,x)dz =0, forall ¢t >0
Td

for the surface height function u. Equation (1.1) has its origins in the physics
literature, where it was first introduced by Hunt, Sander, et. al. for d = 1 in [4§]
and subsequently for d = 2 in [49]. For general surveys on surface growth, we refer
to [5, 55, 56, 57].

Molecular Beam Epitaxy (MBE) is a central technique for depositing atoms from
vapor onto crystalline surfaces. Atoms diffuse across terraces and settle into ener-
getically favourable sites, making molecular beam epitaxy crucial for the fabrica-
tion of quantum wires and other nanostructures.



1. Introduction

A continuum model for the one-dimensional molecular beam epitaxy growth in-
corporating the Schwoebel barrier was proposed in [48]:

O u
— 5%, — T
Ou = —0,u — 0, (1 n (&;U)Q) . (1.2)

This equation replaces the KPZ model earlier studied for similar phenomena. How-
ever, (1.2) admits a free energy functional

1
E = 5/ |Aul? — In(1 + |Vul?) da,
T

indicating the existence of a ground state toward which the surface evolves. Ex-
perimental observations in [48] revealed the formation of Super-Large Unstable
Growths (SLUGs), that is, mounds with nearly constant slopes and lateral sizes
between 1 and 10 micrometres. These structures coarsen over time, with surface
roughness increasing mainly due to larger spacing between SLUGs, while their
slopes remain nearly constant or grow only slowly under given conditions.

The two-dimensional generalisation of the molecular beam epitaxy model was stud-
ied in [49]. In two spatial dimensions, a planar surface is typically unstable and
develops mounds with slopes exceeding a critical threshold. By contrast, vici-
nal surfaces with sufficiently large miscut angles can remain stable up to small
statistical fluctuations. Surface roughness is quantified by the root-mean-square

width
w(t) = <]{T (u(, t) — a(t))de)

which typically grows in time according to a power law w(t) ~ t°, with positive
exponent 5 < 1. At higher substrate temperatures, films display only weak rough-
ening, and under optimal conditions, step-flow growth is observed. As emphasised
in [74], step-flow descriptions are not suitable for the early stages of molecular
beam epitaxy, where a directed surface current dominates. This regime arises
due to nearly complete sticking of incoming atoms, negligible desorption, and the
absence of overhangs or vacancies.

1
2

While the stochastic equation (1.1) has received little direct mathematical atten-
tion so far, its deterministic counterpart (obtained by setting o = 0) and related
modifications have been studied extensively in recent years. The deterministic
model reads

Vu

— A vt
atu u Vv ]_-|—|VU,|2

10



Due to the global Lipschitz continuity of the nonlinearity f, the deterministic
equation is well posed. Existence and uniqueness results in more general settings
can be found in [1]. Well-posedness and spectral Galerkin methods have been
analysed in [61, 62, 63|, where the dynamics of phase separation were investigated
both numerically and via asymptotic scaling. Error estimates for different numer-
ical schemes have been addressed in numerous works. We mention, for instance,
[26, 60, 70, 76|, where also more general models of the type (1.1) were considered.
The long time dynamics of the deterministic version of (1.1) have been studied
in detail in [2, 32, 37]. The solution generates a dissipative dynamical system
that possesses a compact global attractor governing the long-time behaviour of
the dynamics. In fact, the equation can be interpreted as a gradient flow with
respect to the energy functional

1
E(u) = —/ |Aul* —In (1 + |Vu|?) dz,
2 Td
whose variational derivative is

0 _peyyy. V0

ou 1+ |Vul?
Such gradient-flow structures are classical in phase-separation models and go back
to the seminal work of Cahn and Hilliard [24, 25]. See also [17] for a stochastic
variant and related energy formulations. By the Poincaré inequality, £ is bounded
from below. It follows that, on bounded domains, the attractor consists solely of
equilibria and heteroclinic orbits connecting them.
For small § > 0, the flat surface u = 0 ceases to minimise the energy, and instead
an (up to translation) unique, nontrivial minimiser emerges. However, the detailed
structure of the attractor and the global energy landscape remain far from being
fully understood. This also raises interesting open questions for the correspond-
ing stochastic model, in particular concerning the stochastic dynamics of surface
patterns, which have not yet been systematically explored.

Over the past two decades, substantial progress has been made in establishing
the well-posedness of irregular SPDEs forced by rough noise. The pioneering
work of Da Prato and Debussche [28, 29| introduced a strategy based on split-
ting the solution into a rough stochastic convolution and a more regular remainder.
Later developments include the theory of paracontrolled distributions by Gubinelli,
Imkeller, and Perkowski [38] and the celebrated theory of regularity structures by
Hairer [40, 41, 42|. These approaches address equations that are otherwise ill-posed
because of interactions between noise and nonlinear terms.

Most results in this area, however, focus on models with polynomial nonlineari-
ties, such as Burgers-type equations, the KPZ equation, or stochastic quantisation

11



1. Introduction

models. Other examples include FitzHugh-Nagumo SPDEs [7], the ®3 model [43],
and the dynamical sine-Gordon equation [45]. Equation (1.1), in contrast, features
a nonlinear drift that does not fit directly into this polynomial framework. A natu-
ral point of comparison for the epitaxial growth model is the Kardar—Parisi—Zhang
(KPZ) equation, a paradigmatic model for stochastic surface growth, given by

dih = vAh + %(Vh)z + o€,

where v is the diffusivity, A the growth rate, o the noise amplitude, and £ denotes
space-time white noise. The linear term vAh provides surface smoothing, the
quadratic nonlinearity $(Vh)? drives instability, and the noise introduces stochas-
tic fluctuations.

In the one-dimensional case, the KPZ equation is well understood due to the
groundbreaking work of Martin Hairer and has become a universal model for
stochastic interface growth (see [40]). However, in higher dimensions (d > 2) the
nonlinearity becomes too singular, and the model must be interpreted in a renor-
malised sense. One introduces diverging constants C. ~ v =2 E[¢Z(z)], yielding the
renormalised equation

Oyh. = vAh. + % [(Vh.)? = C.] + o€,

where . = /¢ and &, is a spatially regularised noise for some € > 0 (cf. |38, 41, 42]).
In one dimension, the Cole-Hopf transformation,

__ _—h
Qt—e t,

transforms the KPZ equation into the stochastic heat equation (SHE)
1
det - §A0t dt - Ht th,

which allows for rigorous analysis. In higher dimensions, no comparable transfor-
mations exist, and the singularity of the nonlinearity becomes the central challenge.

The main mathematical difficulty of (1.1) in the physically relevant case d = 2
arises from the lack of regularity of the solution. With additive space-time white
noise, the solution is expected to be at most Holder continuous with exponent
strictly below one, so that the gradient Vu cannot be interpreted as a function.
Thus, direct approaches such as fixed-point arguments or Galerkin methods are
not applicable.

Nevertheless, the regularity of the noise is only slightly too rough to define the
nonlinearity in a classical way. This makes it possible to treat the problem by a

12



straightforward Fourier analysis of a regularised version of the equation, follow-
ing the idea of Da Prato and Debussche [28, 29|, without invoking the advanced
frameworks of regularity structures [41] or paracontrolled distributions [38]. In
the context of surface growth, similar approaches were used in [18, 19|, where the
nonlinearity is quadratic and differs from (1.1), although the linearisation around
the flat surface remains the same.

In contrast to the KPZ equation, the epitaxial thin—film model (1.1) involves a
globally bounded and Lipschitz-continuous nonlinearity

Vu

§(w) =V f(Vu) 3:V'm7

(1.3)

which even vanishes as |Vu| — oo. Consequently, the equation remains ana-
lytically tractable without any renormalisation. A suitable regularisation of the
space-time white noise ensures that the nonlinearity is well defined, and in the
limit of vanishing regularisation the nonlinear term becomes self-regularising, nat-
urally preventing divergences and constraining the evolution.

Stabilisation of stochastic systems by noise is a broad research area, both for finite-
dimensional SDEs and infinite-dimensional SPDEs. Our focus here is on stabil-
isation caused by the spatial roughness of the driving noise. This phenomenon
is closely related to the notion of triviality of SPDFEs, introduced in the work of
Hairer, Ryser, and Weber [44]. In this article, the authors studied the Allen-Cahn
(or ®%-) equation in two spatial dimensions with periodic boundary conditions,
driven by space-time white noise. Since the solution is only a distribution, the cu-
bic nonlinearity cannot be defined without renormalisation. A common approach
is to introduce regularised noise with covariance operator Q., e.g. via a Fourier
cutoff, together with a noise strength o. > 0, so that the approximating equation
reads

Oyue = Aue + f(u.) + asQ;/2 oW,

with f(u) = u — u?. Here, the linear part u generates an instability, while the
cubic term —u? has a stabilising effect.

Depending on the scaling of 0., three regimes occur. For small noise strength, the
noise vanishes in the limit. For intermediate scaling, the limit yields a deterministic
Allen-Cahn equation with an additional stabilising linear term —Cu for some
constant C' > 0. Most strikingly, if o. is kept fixed, the interaction of the noise
with the cubic term produces a diverging linear counterterm —C.u. with C. — oo
as ¢ — 0. As a consequence, u. converges to 0 in negative Sobolev or Besov norms.
The solution becomes trivial, as the rough noise destroys the instability mechanism
of the nonlinearity.

13



1. Introduction

Similar results were obtained in other contexts. For example, Oh, Okamoto,
and Robert [66] established triviality for the stochastic nonlinear wave equation.
In [12], such stabilisation effects were analysed in a more general setting where
both the linear operator and the nonlinearity vary with the regularisation pa-
rameter. Hairer and Weber [46] investigated how the balance between vanishing
noise strength and decreasing regularity of the noise leads to different limiting
behaviours.

The model (1.1) shows a related mechanism. Although the nonlinearity is struc-
turally different from the cubic Allen-Cahn term, the roughness of the driving
noise suppresses nonlinear effects in the limit of vanishing regularisation. Unlike
in [44], no renormalisation is required, but the outcome is similar. The nonlin-
ear interactions vanish, and the limiting equation is purely linear, preventing the
growth of surface instabilities.

The Cahn-Hilliard equation is a prototypical fourth-order nonlinear PDE that
originates from the seminal works of Cahn and Hilliard [24, 25]. It models phase
separation in binary alloys by means of a free energy functional that combines bulk
and interfacial contributions. In its stochastic extension, random fluctuations are
added to capture microscopic uncertainties and thermal noise. This leads to the
stochastic Cahn—Hilliard equation, a widely studied model in both analysis and
computation [4, 27, 30, 71].

In the absence of noise, the equation describes the dynamics of a concentration
field that evolves to form distinct phases over time. The deterministic Cahn—
Hilliard equation has been extensively studied, both analytically and numerically,
and provides the foundation for its stochastic generalisations.

The inclusion of noise reflects thermal fluctuations in real materials. This modi-
fication not only improves the physical realism of the model, but also introduces
significant mathematical challenges due to the interaction between rough stochas-
tic forcing and the fourth-order operator.

The numerical analysis of SPDEs of Cahn—Hilliard and Allen—Cahn type has been
the subject of extensive research. Early contributions focused on stochastic Burg-
ers equations [8, 10|, while subsequent works investigated stochastic Allen-Cahn
equations and established various convergence results [6, 20, 23, 36, 65]. More
general numerical frameworks for SPDEs can be found in [50, 52, 53, 64].

These contributions demonstrate both the breadth of SPDE models studied in
the literature and the importance of developing accurate and robust numerical
methods. This thesis continues this line of research by applying numerical methods
to approximate the regularised version of (1.1). In particular, we have studied a
spectral Galerkin scheme in space and an Euler scheme in time in [15] and our
forthcoming works [13, 16|, which are discussed in more detail in Chapters 5 and 6.

14



The structure of the thesis is outlined below.

In Chapter 2, we provide an introduction to essential results from stochastic pro-
cesses, establishing the framework required for the analysis of the stochastic con-
volution and the space-time white noise. In Chapter 3, we rigorously establish
that, after a suitable regularisation of the space-time white noise, the nonlinear-
ity in the epitaxial thin-film growth model vanishes in the limit. In particular,
we prove convergence of the solution of the regularised equation to the solution
of the linear limiting equation. This shows that even arbitrarily small noise is
sufficient to suppress nonlinear effects. In Chapter 4, we define a decomposition
approach for the linearisation of (1.1) and derive growth results up to a stopping
time. In Chapter 5, we present the spectral Galerkin method for the Euler scheme
and establish convergence rates for numerical discretisation in time and space, in-
cluding an error analysis. To handle the singularities caused by rough noise, we
project the equation onto a finite-dimensional subspace of the Fourier space. This
spectral Galerkin scheme allows us to derive uniform estimates and to establish
convergence to the mild solution of the limiting stochastic partial differential equa-
tion. Furthermore, we present numerical experiments that illustrate the theoretical
findings. In particular, the simulations confirm the vanishing of nonlinear effects in
the limit and demonstrate the stabilising role of noise in the surface growth model.
In Chapter 6, we propose an alternative approach for the numerical approximation
of a Cahn—Hilliard-type SPDE, where more advanced analytical techniques, such
as the stochastic sewing lemma, are applicable. In Chapter 7, we provide a brief
summary of the main results of this thesis. Finally, Appendix A contains essential
definitions and theorems that are used throughout this thesis.

15






2. Fundamentals in Stochastics

Throughout this thesis, we assume the setting of a filtered probability space
(Q, F, (Fi)e>0, P) satisfying the usual conditions of completeness and right-contin-
uity. All stochastic processes are assumed to be adapted to this filtration.

2.1. Gaussian Random Variables

The results presented in this subsection and Section 2.2 are strongly inspired by
and thus discussed in greater detail in [27].

Let H be a separable real Hilbert space with scalar product (-, -) and orthonormal
basis (ex)en-

Definition 2.1. A real-valued random variable X is called Gaussian if there ex-
st a,0 € R such that its characteristic function is for every A € R given by

px(A) =E [e“‘X] — pira—z0°\%

Definition 2.2. An H-valued random wvariable is called Gaussian, if and only if
for all h € H the real-valued random variable (X, h) is Gaussian.

Theorem 2.3 (Fernique’s theorem). Let E be a separable Banach space, B(E) be
its Borel o-algebra and ||.||g be its norm. Let p be an arbitrary symmetric Gaussian
measure on (E,B(FE)) and X > 0, r > 0 such that

1—M<T(0))

ft (BT(O))

In

+ 3202 < —1.

Then we have

62

/ez\xHQE d[L(.T) g 616)\r2 + . )
E et —1

As an immediate consequence of Theorem 2.3 we obtain the following corollary,
which is the formulation relied upon this work.

17



2. Fundamentals in Stochastics

Corollary 2.4. Let X be a centered Gaussian random variable in the Hilbert-
space H. Then there exists an A > 0 such that

E [e’\”'xu%} < 0.

By Theorem 2.3 the following corollary is a direct conclusion:

Corollary 2.5 (Moment bounds for Gaussian processes). For all p > 0 there
ewists a constant C, > 0 only depending on p, such that for any centered Gaussian
random variable X in H it holds that

2 2\P
E (X < Cp (ENIXI5,) -
In particular, moments of centered Gaussians are finite, i.e.

E[X|}}, < oo.

2.2. Cylindrical Wiener Process and Space-Time
White Noise

In this subsection, we state the basic properties of space-time white noise &.
Let @ € L(H,H) be a nonnegative and self-adjoint linear operator, i.e. the in-
equality (Qz,z) > 0 holds for each x € H.

Definition 2.6 (Q-Wiener process). Assume that Q € L (H,H) is a trace class op-
erator, i.e. tr(Q) =Y 1~ (Qex, ex) < 0o holds for every orthonormal basis (ey),.c
of H. An H-valued stochastic process (W (1)), on a probability space (2, F,P) is
called (Standard) Q-Wiener process if it fulfills the following properties:

e Wy =0 holds P-almost surely.
o W has P-almost surely continuous trajectories.
o W has independent increments, i.e. the random variables
W (ty) = W(0), W (t2) =W (t1),..., W (t,) = W (t,_1)
are independent for oll0 <t < --- <t, <oo,neN.

o The increments are Gaussian in H
(W (t) =W (s)) ~ N (0, (t — 5)Q)

for all 0 < s <t < 0.

18



2.2. Cylindrical Wiener Process and Space-Time White Noise

Proposition 2.7 (Representation of the Q-Wiener process). Let (ey),cy be an
orthonormal basis of H, consisting of eigenvectors of Q) with corresponding eigen-
values (a})on- Then an H-valued stochastic process (W (t)) o] i @ Q-Wiener
process if and only if the series

W(t) =Y onBi(t)er,

keN

te|

converges in L* (Q,H) for each t > 0 and defines a process with continuous paths,
where (B)ey 5 an i.i.d. sequence of real-valued Wiener processes.

Definition 2.8 (Cylindrical Wiener process). Let Q € L(H,H) be a bounded
operator (not necessarily of trace class) with an orthonormal basis (ex),cn of H,

consisting of eigenfunctions of ) and a bounded sequence of eigenvalues (ai)keN.
A family W = (W (t)) is called a cylindrical Q-Wiener process if for each h € H

(W(t),h) =) onfBu(t)(ex, h)

keN

where (By),en 5 an i.1.d. sequence of real-valued Wiener processes, defines a cen-
tered real-valued Gaussian process with covariance

E[(W (), h)(W(s),9)] = (t A s)(Qh,g).

Remark 2.9. The cylindrical Wiener process in Definition 2.8 does not necessarily
converge in H, since

E[[W(®)l;] =E

> 5 (t)ai] =Y E[5®)] o}

keN keN
= tZai = tZ(Qek, er) = ttr(Q)
keN kEN

s finite for each t > 0 if and only if QQ is a trace class operator. By Fernique’s
theorem (cf. Theorem 2.8), this moment must be finite.

From now on, we use the orthonormal basis (ey),. 5 of the Hilbert space L? (T*,R)
as defined in Appendix A.1. We consider the solution of (1.1) in a moving frame
(cf. Assumption A.3) to utilise the characterisation of fractional Sobolev spaces
via fractional powers of (—A), as defined in Definition A.4. We use the index set
Z =7%\{(0,0)} since, in a moving frame, the zeroth Fourier mode of a function
is zero. Space-time white noise can be formally seen as the time derivative of a
Wiener process. However, since the sample paths of a Wiener process are only
a-Holder continuous for o < %, its derivative does not exist in the classical sense.
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2. Fundamentals in Stochastics

Definition 2.10 (Space-time white noise). Let (2, F,P) be a probability space.
A real-valued centered Gaussian random distribution & is called (Gaussian) space-
time white noise on [0,T] x T? if, for all ¢, € L*([0,T] x T?), if the following
holds:

E[(9)E()] = (@, V) L20,1)x12),

where £(@) = (&, ) denotes the dual pairing between & and .
In particular, let

x) = Z Br(t)ex(z)

keZ

r € T? t €|0,T], be a cylindrical Wiener process with the L* (T?)-orthonormal
basis (ex) ez, defined in Appendiz A.1, and an i.i.d. sequence of real-valued Wiener
processes (By),cz. Then the distributional derivative in time § = O,W is called
space-time white noise.

Remark 2.11. We call £ .= 0, space-time white noise, as we have
T
0 = [ olt,). W)y
—Z/ Gk L2(T?) dﬁk()

keZz

and therefore using the independence of the sequence (By),cz, It0’s isometry, and
Parseval’s identily, we derive

Z/ )s er)r2(r2y (Y(L, -), ex) 2 (rey dt

kez

:/ <(p(t7>7w<t7 ))LQ(TQ) dt

0
= (% ¢>L2([0,T]x1r2)-

2.3. Stochastic Convolution

For the linear operator A :== —A? and its eigenvalues —u3, as mentioned in (A.3),
we define the stochastic convolution, for z € T? and ¢ € [0, 7], as

Z(t,2) ::/ (=94 411 (s, ) Z/ - g8, (s)ep(x)  (2.1)

keZ
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2.3. Stochastic Convolution

which is the mild solution of the linearised SPDE
{atu = —A%>u+9,W.

Uo = 0.

Since space-time white noise is modeled by a cylindrical Wiener process, it is highly
irregular. As a result, the stochastic convolution has limited regularity.

Lemma 2.12. The stochastic convolution Z has the reqularity CO([O, 7], ”HO‘(TQ))
if and only if o < 1.

Proof. As the stochastic convolution Z is a Gaussian random variable taking values
in a separable Hilbert space, the finiteness of its second moment and the fact that
it is almost surely an element of the Hilbert space H*(T?) are equivalent, which
is a consequence of Fernique’s theorem (see [27]). For a < 1, the independence of
the Wiener processes and the Itd isometry yields

2
—s)u2
E[Z6)5e] =E | up (/ —(t=sui dﬁk(s)> ] (2.2)
keZ 0
Z 1— 6_2tuk
= oA 2 <00
kez 244

for each t € [0,T]. Furthermore, for @ = 1, we obtain the diverging series

1 — e~ 2tmi o 1
YL (- eho) Y o
ke

= 2 = 24k
for each ¢ > 0. This shows that Z(t) € H*(T?) holds almost surely for each
t € [0,7] if and only if o < 1. O

In the context of studying (1.1), we require at least the regularity Z(t) € H! (T?)
for each t € [0,7] so that the derivative VZ — and consequently Vu as well as
the nonlinearity f(Vu) — is well-defined not only in the distributional sense, but
also in a stronger function space. Therefore, we introduce a regularised stochastic
convolution.

Definition 2.13 (Regularisation). Let « = (a,g))kez C O((|k]7°@)rez)) be a

uniformly bounded sequence for € > 0, such that for all k, oz,(:) — 1 ase — 0,

and 6(¢) > 0 depending on €. For technical reasons, given below, we also assume
that the sequence (O‘I(:))kez is radially symmetric, meaning it depends only on |k|.

Fort € [0,T] and x € T? we then define

Z.(t,x) = /0 AdW.(s,2) = 3 af? / - 4B, () en(z).  (2.3)

kczZ 0
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2. Fundamentals in Stochastics

Remark 2.14. We require the reqularising sequence (O‘l(:))kez to be radially sym-

metric in order to ensure that the covariance operator
t 2

Z ((a,(f)> / e~ (t=o)mi dﬁk(s)) Vek(x)Vek(x)T]
0

([ eanio)
0

[1 - B_Qt“%] Ver(z)Veg(z)"

Cov (VZ.(t,x)) =E

Vek(:c)V6k(a:)T

is independent of x € T? which we will proof in Section 3.5.

Applying the same calculations as in the proof of Lemma 2.12, we obtain the
following

Corollary 2.15. For each ¢ > 0 and t € [0,T], we have
E [[|Z:(#)lI72] < oo,
E IV 2ol 2re )| < o0

Proof. For each ¢ > 0 and t € [0, 7] we immediately obtain by Itd’s isometry

) @) >
E[||Zs(t)||m]=§:[1—€ k]T<§ >~ <.
keZ . ver Mk

Furthermore, as in Lemma 2.12, by applying [td’s isometry, we also obtain

E IV 20| = E [1Z:0)]3]

2 t ) 2
“2| o (o) ([ ianen) |
keZ 0
2 27 1
=3 () [1-e ™ 5
keZz H
< 00.
This concludes the proof. O
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2.3. Stochastic Convolution

Thereby, for all € > 0, the stochastic convolution Z. possesses a well-defined spatial
gradient. This property is essential for the application of Banach’s fixed point the-
orem, as it ensures that the gradient of the stochastic convolution is well-defined.
Recall that the Fourier series of Z(¢,x), defined in (2.1), and Z.(¢,x), defined in
(2.3), are pointwise well-defined real-valued random variables for each t € [0, 7]
and x € T?.

Lemma 2.16. For every x € T? and t € [0,T] the series defining Z(t,z) and
Z.(t,x) converge in L*(Q,R) and is a well-defined real-valued Gaussian random
variable.

Proof. We prove this statement only for Z, as the proof for Z., with ¢ > 0, is
completely analogous, as the sequence (a,(f) is uniformly bounded. To show

this, we truncate to a finite sum

Jiez

)= 3 [ eMasmam

keBz (O,TL)

by using the restriction on the ball Bz(0,n) = {y € Z: |y| <n} C Z with ra-
dius n € N. Now P, Z(t, z) is a well-defined real-valued Gaussian random variable.
By It6’s isometry and since (ﬁk)kez is a sequence of independent processes, we
obtain

2

E[Pzto)] =E| ¥ /0 e~ A, (7 ey ()

keBz(0,n)

= ez(:t)L (1 — e’2t“i)
L

for each ¢t € [0, 7], z € T?, n € N and a constant C' > 0. In a similar way we can
bound for n > m the difference

E[|P.Z(t,x) — PuZ(t,2)]’] < C 3 1

2
keBz(0,n)\Bz(0,m) M

<c ¥ 2

keZ, m<|k|<n He

of two elements of this sequence and show that (P,Z(t,x)), .y is a Cauchy sequence
in L?(Q,R) and therefore convergent. O
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2. Fundamentals in Stochastics

Our next goal is to provide bounds for Z, Z., VZ., and Z — Z.. Since these quan-
tities are structurally similar, we first establish a general result that encompasses
all of these cases.

Lemma 2.17. Let (X’f)kez be a sequence of independent real-valued processes such
that for each k € Z and t € [0,T] the random variable with distribution X(t) is a
centered Gaussian with variance oi(t) and

sup sup oz (t) < oo.
te[0,T] keZ

Assume that, for every § € (0, %), there exist constants K, Crs > 0 such that
E [IX0(t) — Xu(s)["] < Cirs [Jt — 5272 A g (2.0

holds for all k € Z and t,s € [0,T]. Let (cu)rez be a real-valued sequence such
that Y, » 02p3’ % < 0o. Define the stochastic process for t € [0,T], x € T?

X(t,z) = Z ar Xk (t)ex(x).

keZ

Let 0 < 0 < 5. Then, for each p > 1 we have X € LP (Q,C°([0,T] x T?)) and
there exists a constant C' = Cs, . > 0, depending only on 0, p, L, and T, such
that we obtain the bound

S =

1
2
<O Zaiuié_Ql < 00.

keZ

E [ X100 7yt |
Proof. First, recall that for each n > 0 there is a constant C;, > 0 such that

len(x) — ex(y)] < Cop e —y|” (2.5)

holds for each z,y € T?. This can be shown using standard calculus techniques,
starting from the basic estimate

ex(a) = en()| < C (1A uile =)
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2.3. Stochastic Convolution

Forp>2()and0<oz<g<l

;1 such that p(g —a) > 2 and pa > 3 hold
we establish from the stochastic independence of the basis (Xk) - the following
expression:

E[|X(t,2) - X(s,9)]”

< 27 [E[|X(tz)— X(s

X(s,9)*]]
= 28 |3 o [1Xul0) — Xelo)] chle) + 3} B [X7(5)] [exla) - ekw]

)] +E[IX(s,2) -

y
2

[NJiS)

keZ
%
< Csprr Zaiu” 2t — s’ + Z apoi(s)pf |9C - y|6]
LkeZ keZ
g
29
< Chonr 18 S bl Ntk
keZ keZz
%
5k
< Csprr [t — s+ |z —y[)’2 [Zaiu? 2] :
keZ

In order to be able to calculate the fractional Sobolev-norm of X we investigate a
last auxiliary calculation of the LP—norm

[N4S]

/ E[|X (¢ x)["] dtdx < C'p/ Zai E[X; ()] e;(z)| dtda
[0,T]xT2 [0,T1xT? | ez

2
2,2
Zakuk] < 00,

keZ

Cor T

where we used the Fubini—Tonelli theorem combined with the following general

moment bound for Gaussian processes from Corollary 2.5. We are therefore able
to examine the norm of X
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2. Fundamentals in Stochastics

The first part of the inequality below directly follows by Morrey’s inequality (The-
orem A.23) as ap > 3 holds:

E (11X Wogomers)] < o [1X Bysgoyms |
X p
_(JEU / [X(t, ) — X(s,y)l dtdxdsdy]
0,7x12 Jjo )2 (|t — s| + | —y|)""
+C’E[/ | X (¢, x)|pdtda:}
0,7 x T2

[0,T]xT2 J[0,T] x T2 |t — S| + |$ y|)3+ap

+C, E[|X(t ) ]5dtdx

[0,T]x T2

C’/ / (|t = s| + |z —y|)’ (3-2) ZaQ 20-2 dtdxdsdy
[0,7)xT2 J[0,7]xT2

keZ
+C TFH ac L,
é,p,L,T k“k
keZ
p
2 26—2
a é,p,L, T E QL ]
keZ
< 00,

since p (g — a) — 3 > —1. Strictly speaking, we only showed the bound

B

but we have not shown yet that X € L? (2, C° ([0, T] x T?)). Nevertheless, we can
redo the same argument for finite subsets A C Z and obtain

P L
Z&kaek (Zaiﬂzd 2) .

keA CO([0,T]xT?) keA

Now we define the process

XN = Z Xkek

kEBz(O,N)

whereby Bz (0, N) is the centered ball in Z with radius N € N. Thus, it is an
element of LP (€, C°([0,T] x T?)) and we obtain by the previous argument and
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2.3. Stochastic Convolution

by choosing A = Bz(0,N) \ Bz(0,M) that (XN>N€N is a Cauchy-sequence in
LP (Q,C° ([0, T] x T?)), which converges to X. By applying Holder’s inequality
this concludes the argument for each p > 1. O]

Remark 2.18. In the context of Lemma 2.17, it is not necessary for the sequence
(O‘k)k;ez to be a null sequence. However, within the reqularisation by noise ap-
proach, it is always assumed to be a sequence that converges to 0.

Lemma 2.19. Let X(t) = >,z axXi(t)ex as in Lemma 2.17. For each t > 0
and p > 1 we have

1

E {||X(t)||§j,,(w)} " <CLE [||X (t)llimrz)]

Proof. By applying the moment bound for Gaussian processes, Minkowski inequal-
ity, and using the independence of the sequence (Xk) we conclude that

E[IX (1)1} [/ \th]pdx]
< / EX(t2)) de

<C, | E[X(t2)]? do

1
2

kez’

’t}

T2
3
/ ZakE X7 ex(x )] dz
keZ
3
< C,L°E Zaix,f] dz
keZ

= GLE[IX()|%]*

This verifies the lemma. O

Definition 2.20. We define the random variable Z. as the reqularisation of the
stochastic convolution Z (cf. (2.1)), as follows:

t
Z.(t,x) ::/ E=DA AW, (s, x) Zak Ze(t)er(z e >0,
0

keZ

where for each k € Z we have

Zi(t) ::/0 e~ d,(s).
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2. Fundamentals in Stochastics

Theorem 2.21. Let ¢ > 0 and 0 < § < % Then, for each p > 1 the stochas-

tic processes Z and Z. belong to the space LP (2, C° ([0, T] x T?)) and there is a
constant C' > 0, depending on p, L, and T, such that

1
Zaku% 2] < 00.
keZ
Proof. As (Zk)kez are independent Gaussian random variables with E [Z,(t)] =0

and E [Z,,(t)?] < 4,7 for each k € Z, we only need to verify (2.4) in order to
apply Lemma 2.17, using the independence of the It6 integrals for disjoint intervals,

[|Zk(t) Zi(s)|°]

t s
=E / e~ A (T) — (1 — e*(t*s)“i) / e~ TS, (T)
s 0

e—@—@ui>2
(1_€4w@%>+<1_gﬁﬂmg2o_ﬁqwg}
(1= eei) (1 (1= ) )

[(AA2]t = s[pg) (T4 (LA2sp3))]

1

E 12 oo ym)]” < €

I
&=
1
N
>
Q)
|
i~
2
=
EN
=Y
i)
Eal
~—~
2
~—
N
+
N
—_
o\
©»
2
=
>
o8
sy
o
—
S~—
[
| I |

N
|IQE|Q | Q5 -

VAN

N
=
Eull o)

(LAt = s]%),

whereby we derived the last inequality, as in (2.5), for every ¢ in the interval (0, 1),
such that 20 —2 < —1. Finally, by applying Lemma 2.17, we obtain the result. [

Moreover, in a similar way, by studying the partial derivatives D;Z. we obtain the
following theorem.

Theorem 2.22. Let 0 < 6 < % Then, for each p > 1 we have
VZ.el? (Q, Y ([O,T] X ']I‘Q)) )

In particular, there is a constant C > 0 depending on p, §, o, T', and L such that

1
E HVZEHZ&O([O,T]xW,W ]; < (Z (04 ) - )2 .

keZ
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2.3. Stochastic Convolution

Proof. By combining Lemma 2.17, Lemma 2.19 and the fact that the linear op-
erator V : H'(T?) — L?(T? R?) is an isometry, we obtain the result of the
theorem. []

Finally, we study the difference between
X.=2-2.=Y (1 - a,(j)> Zi(ten(x).
kez

As in Lemma 2.17, we obtain the following bound for each p > 1 and 0 < ¢ < 5

1
1 2
E |12 = Zel2ogopers|” < Capir (Z (1—a,§>) 12 2) . (26)

keZ

Theorem 2.23. Let T' > 0. For each p > 1 the regularised stochastic convolu-
tion Z. converges to Z in LP (Q,C°([0,T] x T?)) as ¢ — 0.

Proof. This result follows directly by applying dominated convergence with the
bound (2.6), given that the regularising sequence (oz,(f)) is uniformly bounded.
m

keZ

To complete this chapter, we introduce two embedding results for the stochastic
convolution.

Lemma 2.24. For each p > 1 andt > 0 we have

[N

E (| Z.(8)I[%,]7 < CL?E [||Z.(t)]1%]

Proof. Applying 1t6’s isometry and the independence of (0i)rez confirms that
Lemma 2.19 applies, which completes the proof of the lemma. ]

Theorem 2.25. For each n > 0 and p > 1 there exists a constant C = C,, > 0
such that

3=

1
E [[|Z: ()20]” < CE[|1Z () 5]
holds for every t > 0.

Proof. First, recall that for each 7 > 0 there is a constant C,, > 0 such that

n
ler(2) — er(y)] < Copglz =y

holds for each z,y € T?.
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2. Fundamentals in Stochastics

Let n > 0 and p > 2 such that np > 2. By applying It6’s isometry, we obtain
E[|Z.(t,z) — Z(t,y)[]
t ¢
=E / eI AW, (s, x) — / A AW, (s, y)
0 0

i 2
( (t—s) ]

—E |3 af [ex() — exy)] / e~ 3, (s)

| |keZ
¢
= Z (ak ) er(x) — ek(y)]2/ e~ 2=k g
keZ B
<Gple—yY (af) 2”'2 [1— o]
kezZ Hi

for each z,y € T? t > 0. Therefore, by Morrey’s inequality (Theorem A.23)
for ap > 2 with n > a > 0 and p > 2, and a bound for p-th Gaussian moments
(see Corollary 2.5), we obtain

E[I1Z. (8)|0] < CEIZ: (8)[fye)
< CE [ / 1 Ze(t,2) = Ze(t,y)" dxdy] FENZOI)

‘:[;_ ‘2+ap
[1Z.(t, %) = Z.(t, )]
<Gy dedy + E[|Z.(0)|7,
/]p /-H-Q |x—y|2+oép rdy + [H ()HL]
a\2 7 B £
[Ix =YD ez (a,ﬁ)) 2“7'2 [1 e zwiH
o, // dedy +E[|Z.(t)|]",
o T2 JT2 |x—y|2+ap [” ()HL]
1 ) 2
_C — y[p—e)= 2d d _ 1— —2tp;
M//p o xy[é”’“( >2uz[ ¢ ]]
+E[|Z:(®)I7»)

P
2

< Ol [I1Z: () 131 .

whereby we used p (n — ) — 2 > —2. In particular, we have

D=

E [ Z: (8)%0]7 < CouE [1Z-(8)]12]*

By applying Holder’s inequality, this concludes the argument for each p > 1. [
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3. Solution of the Regularised
Stochastic Partial Differential
Equation

This chapter is based on collaborative work with Dirk Blomker, as published in [14].
The main result of this chapter is that, for any regularisation as defined in Defini-
tion 2.13, the nonlinearity vanishes from the equation in the limit as € approaches
7€ero.

Definition 3.1. Let A = —A? and §(u.) =V - f(Vu.) =V - 1+\Vvu; ? and Z.
be the stochastic convolution, as defined in Definition 2.13. Let ug € H*(T?). For
T > 0, we call a process (us(t))iejor) with continuous paths in H*(T?) such that
for all t € [0,T] and x € T?

t
us(t, ) = eug +/ AT (u (s, x)) ds + Z.(t,z),
0

a mild solution of the regularised SPDE

Vu(t, x)

Ou(t,x) = —A*u.(t,z) + V -
re(t ) (t.2) 1+ |Vu(t, z)|

5 + O We(t,x), u(0)=wup. (3.1)

Theorem 3.2. For T > 0 let u. be the mild solution of (3.1). Then u. — u
Jor e — 0 in LP(Q,C°([0,T] x T?)) for each p > 1, where u solves

(9tu = —A2U + atVV, U(O) = Ug- (32)

Remark 3.3. A hill formation is expected for (3.1), due to the linear instability
of the equation, given by the approximation

-V - f(Vu) = —Au
for Vu very small. This approximation yields the linearised equation

3tu:—(A2—A)u+8tW
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3. Solution of the Regularised SPDE

For further analysis of the linear instability effects, see [9] for a discussion in the
context of the Cahn—Hilliard equation. In contrast, when the nonlinearity vanishes,
no hills are observed in the solution of (3.2), where solutions are expected to be
merely of order o. In particular, this yields to (3.2). However, we will analyse this
linearisation in more detail in Chapter /.

3.1. Existence and Uniqueness of the Mild
Solution

Based on Banach’s fized-point theorem, it is straightforward to prove the following:

Theorem 3.4. For uy € H' the stochastic partial differential equation (3.1) given
by Definition 2.13 has a unique mild solution u. in the sense of Definition 3.1 in
the space H'.

Remark 3.5. It is possible to consider initial conditions with ug ¢ H' by employ-
g weighted spaces in time, e.q.

te(0,T]

Xos(0,T) = {u € CY((0,T),H*) : sup t*||u(t)|se < oo} .

However, we refrain from giving further details here. For an application of such
initial conditions, see [11].

We now prove Theorem 3.4 based on Banach’s fixed-point theorem. First, we
define the mapping

& (u.) (t) == eug + /Ot =A% (ug(s)) ds + Z.(t).

In order to apply Banach’s fixed-point theorem, it is necessary to first establish
the following result.

Lemma 3.6. The mapping foV : H! (T?) — L? (T? R?), h — IHVthlQ (cf. (1.3)),

18 bounded and globally Lipschitz continuous with Lipschitz constant 1.

Proof. The boundedness follows immediately from the boundedness of the func-
tion f : R?> — R2 To obtain the global Lipschitz continuity of f we use the
continuous differentiability and therefore, by multidimensional mean value theo-
rem we establish for each z,y € R? that

[f(@) = f(y)| < sup {|Df (z+t(y — )|}z —yl,

te(0,1]
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3.1. Existence and Uniqueness of the Mild Solution

whereby
1 1—22 -2
Df(Z) — — 21 2122 e R2X2
(1 + |Z|2) —22221 1-— Z%
denotes the Jacobian of the function f for z € R?. It holds that || D f||_ < 1, which

implies the global Lipschitz continuity of f. By applying Poincaré’s mequahty and
the characterisation of the Sobolev spaces H* = H® (T?) via the operator (—A)?2
(see Appendix A.2), the linear operator V : H'(T? R) — L?(T?,R?) is an isometry.

Consequently, the mapping
foV:HYT*R) — L*(T* R?), hw— f(Vh)

is globally Lipschitz continuous. For each u,v € H! we obtain the bound

H Vu Vo
1+ |Vul

This verifies the lemma. O

Additionally, in preparation for applying Banach’s fixed-point theorem, we recall
several key properties of the semigroup (etA)t>0:

e Smoothing estimate: For o« < fand t € (0,71, the operator norm satisfies

Ny < () T (33)
This inequality is integrable at ¢ = 0 whenever a < § < a+4 (cf. (A.8)).
e Isometry of the divergence: The divergence operator is an isometry,
V- HY(T?* R?) — L*(T* R).

tA
) 150 forms an

analytic semigroup on LP(T?) for each p € [1,00), and thus we have the
continuity

e Continuity of the semigroup: Since A is self-adjoint, (e

t i ey € C°([0,T], HY) (3.4)

for all uy € H' (see [68, Section 2.6.]).
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3. Solution of the Regularised SPDE

Lemma 3.7. Given w € C°([0,T],H'), then

t'—>/ tsAs )

has the reqularity C° ([0, T], H3")

Proof. Because the nonlinearity is Lipschitz continuous, § : H! — H ! has Lips-
chitz constant 1. Therefore, F(w) belongs to C°([0,T], H™'). By choosing o = —1
and 8 < 3 and applying (3.3), we obtain the regularity

tl—>/ (t=s) (s)) ds € C°([0,T],H*").

The proof is now complete. O

Finally, by (3.4) and Lemma 3.7 we conclude that the operator & is a self-mapping
on C°([0,T],H") in the case of Z. € C° ([0, T], H'), which we already established
in Theorem 2.22.

n times

. . % .
Theorem 3.8. The n-th iteration &" == o ---0 & of the operator & 1s a con-
traction on C° ([0, T),H') and thus there is a (pathwise) unique fized-point.

Proof. We consider the difference between two solutions u,v € C°([0,T], H') with
the same initial condition ug. Thus, by using (3.3) and the Lipschitz continuity

of §, we obtain
16(u)() — B(0) (1)l = || | 945 (uls)) ds - / e-9AF (u(s)) ds

Vg [ i )~ ot

By analysing the supremum-norm in time, we obtain
sup {||B(u)(t) — & < su / u(s s ds
te[m{ll (u)(£) = B (v)(1)[l5 } Hpﬂ{\/ze \/tTH — 0(8) |l
Vo s (o)~ o0l [
=1/— sup {||u(t
2e te[0,7) "
2T
=\ sup {Jlut) —v(t)l}-
t€[0,T)

Since the constant /27 /e does not yet ensure that & satisfies the contraction
property, we examine the n—th iteration of this term, where n € N is sufficiently
large.

t

Hl
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3.1. Existence and Uniqueness of the Mild Solution

For this examination, we first need to compute the integral via substitution
/t Zk ds — k+1 /
0 —z
= / z2(1—1x) ~3dg
0
t%B k + 2’ 1 ’

2 2
I'(y)T(2)
B(x,y) = ——=

()= (y+2)

for y,z > 0 is the Beta function and I" the Gamma function. Furthermore, the
product of these functions creates a telescoping product

HB(M H- ﬁr(??i;)@) -(r(3) Tk

k=1 2 2

dx

?T‘

for k € Ny, where

I

By combining these calculations, we can show that the n-th iteration satisfies the
following contraction property

sup [|&"(u)(t) — &"(v)(1)[|5

te[0,T)]

<(3) [ o= o - e s, as

<(1)n/2 lu(s) = v(s)| / L[

X — su u\vs) —vls E—— —_—
2e SE[O%] & 0o Vi—h 0 Vi1 — 1ty !

3\ (1T ()*\"* 1
<2l = 2 sup ||u(s) —wv(s .
B ) Ty o ) e

This expression converges to 0 as n — oo. Thus, &" is a contraction for sufficiently
large n € N. We now apply a corollary of Banach’s fixed-point theorem [75]
for fixed-point iterations. Since the stochastic process Z. is also an element of
C°([0,T],H"), we obtain the existence and uniqueness of a fixed-point &(u) = u
in C°([0, ], H'). m

. dt,

By applying Banach’s fixed-point theorem, we establish the existence and unique-
ness of the mild solution u. € C°([0,T],H"'), which for each ¢t € [0,T] is given
by

us(t) = eug + /t e AT (u(s)) ds + Z.(t).

0
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3. Solution of the Regularised SPDE

3.2. Uniform Boundedness

In the following, we establish a significant deterministic uniform bound on Vu,,
which is crucial for proving the vanishing of the nonlinearity. For this purpose,
consider the standard transformation

Ve ‘= U — Lp — etAuo,
where v, solves the stochastic partial differential equation
O, = —N°v. +V - f (Vva +VZ. + VetAuo) , v:(0) =0. (3.5)
Theorem 3.9. For all T' > 0 there is a constant C = C 1 > 0 such that
V. (w, t,z)| < C
holds for each w € Q, t € [0,T], x € T? and € > 0.

Proof. First of all, note that || f|pe®2r2) is bounded by 1. Let 6 € (0,1). For
each t € [0,7] and € > 0, the function v. suffices

Ve () HLoo(T?,R?)
< Gy ||U€(t) ||H2+5

t
= (s / ell=9)A% (vg(s) + Z.(s) + eSAuo) ds
0

'H2+6

t
< C(S/ He(t_s)AV'||L(L2(T27R2)’H2+6) Hf (VUS(S) + VZS(S) + VGSAUO) HL2 ds
0

t
< C'(;/ (t — )~ G+ ds
0
< CsLTU=9/4,

This establishes the desired result. O

3.3. Vanishing of the Nonlinearity

In this subsection, we prove the convergence f (Vu.(t,z)) — 0 for e — 0 in
L? (Q,R?), uniformly in = € T? for all ¢+ € [0,T]. First, we present a short aux-
iliary statement, which relies on the periodicity of the domain and the type of
regularisation.

Lemma 3.10. For each t € [0,T] the covariance operator of the process Z.(t, x)
does not depend on x € T?.
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3.3. Vanishing of the Nonlinearity

Proof. Without loss of generality, assume kq, ko > 0. By applying the Pythagorean
identity to (A.1), we obtain for each z = (x1, ;) € T?

%kl k) (T) + 6%71{1,142) (z) + G%kl,sz) (z) + e%fkl,fkg) (z)

27l . o [ 2wl . o [ 2ml 27l
(Txl) sin (Taa) -+ sin (Txl) CoS (7372)}
2ml 2ml o [ 2ml 2ml
(Tfﬂl) sin (TZ'Q) —+ cos (Tfﬂl) COS (T$2>:|

which does not depend on z € T2 Since wy(x;) = L2 is a constant function,
the other cases with k; = 0 or ky = 0 follow analogously. By the independence of
sequence of Wiener processes (i), z, we can apply the It6 isometry. Furthermore,

2
_Z[
2
—Fz{
_2

we conclude

due to the radial symmetry of the sequences (ji), . and (O‘l(:))kez’

for each € > 0 that

E[|Z.(t,2)["] = (Za / t—SWidﬁk(s))

keZz

2 t
S Y e [
0

keZ

29 [t
4 Y ()2 [ et

keZz
k1,k2>0

2

" o (27l 4 sin? 2ml + cos? 2ml 4 cos? 2ml
COS —X S1n —X COS —X COS —X
L L L L
16 N2 [ 2 2 9 \2 [t _ogpeee
=7 Z (o) [ i 237 (o) [ oo as
leN

which does not depend on = € T2. This establishes the desired result. O
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3. Solution of the Regularised SPDE

Theorem 3.11. For each p > 1 and t € (0,T] we have

sup E[|f (Vu.(t,z))["] = 0 if e = 0.

zeT?

Proof. Fix an arbitrary ¢ € (0,7]. Due to Theorem 3.9 we fix a constant M > 0
such that M > [|[Vu,|| oo (jo,r1x12). We also choose K. > M by

ko | S () 0] o

1,—k2€N

where 77 is a constant in the interval (0, 1) and thus we derive K. — oo, for € — 0.
First, let us note that we can directly estimate

2

[ (Vuet, )l < 1 RO

As Vu. = Vu. + VZ_, we obtain for |VZ.| > K. the inequality

2 2 2
< <
1+ |Vu(t,z)] ~ 1+ |VZ(t,z)| — |Vo(t, x)| 1+ K. — M.

Let B1(0) be the ball with radius 1 in R%. By the boundedness of f, we obtain

E[lf (Vue(t,2)["] S E[f (Vu(t,2)I” | [VZ:(t,2)| > K P(IVZ.(t,2)| > K.)
FE[If (Vue(t,2)[" | [VZ:(t, 2)| < K] P(IVZ.(t, 7)| < K)
< (1+K — ) +CP(VZ(t2)| < K.)

+ C max {p.(t,z,y)} vol (B1(0)),

y€B1(0)

]
(i) ~r (e 7 0)
)

<
(r=m
where C' € (0,1) is a constant and

1 —1yTs (ta)y
)

L vy s

. . . VZ:(t,x
is the density function of % ~ N (0,3.(t,2)).
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3.3. Vanishing of the Nonlinearity

To this end, we denote by >, the covariance matrix as follows:

O
Y. (t,z) == Cov (%) _ L Z [1 — e_Qt“i} %V@Ax)Vek(x)T

By Lemma 3.10, the covariance of Z., and thus the covariance of VZ., does not
depend on the variable x € T?. We investigate the determinant of the covariance
matrix at (0,0) =: 0, which simplifies the argument. Furthermore, by the definition
of (ex),cz, we obtain

2 (27

Dyey, (0) Doey, (0) = — <_

7\ ) k1ks sin(0) cos(0) sin(0) cos(0) = 0

for each k = (k1, k2) € Z and thus we derive

det (3:(¢,0)) (3.6)
@ (e 2
1 Qp ) —oty? —2t2
- s 5 (Y i o] [
4K k,lez( Lokl

(1D (0)]% | Daer (0)[2 — Dy (0) Dyey (0) Dyey, (0) Dyer (0)]

1 04(6)04(5) ’ 2 2
T 4K Z ™ | Dyex (0)[* | Daey (0)] [1 — 6’2%} [1 _ e*Qtﬂz]

kicz Mk [

2
(e)

2
o[ ot

¢ |kez

M 4 k% (e) 2 94,2
— K4F Z W (Oék ) [1—6 uk:| ,

k1€N
—ko€Ng

for M € {1,2}, as wy, (0

) € {L*% , 2[7%} and 1 —e~26@7/L)" < 1 —e=24% < 1 hold
true for each t > 0 and k = (

ki,ke) € Z. For t = 0, this determinant is equal to 0.
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3. Solution of the Regularised SPDE

For fixed t > 0, the convergence of this series is equivalent to the convergence of
the following series due to the non-negativity of its summands

1 ki \? 7 @o)\2
ﬁ'ij(mﬂ<%>
€ k1,—ko€N

which converges if and only if ¢ > 0. This divergence follows directly from the
integral comparison criterion by analysing the convergence or divergence of

[e'e] [e'e) 2 [e'e) 3 3
/ / B S dxz_/ + +§2) dis
1 J1 (Jan |+ |2e]) 3(1+ x2)

/°°3+3x2+x2
— 2922 Gy =
1 3(1+x2)

Since this series diverges, we conclude that

2 p
E[|f (Vu.(t,z))[] < (—) + Cvol (B1(0)) max {p.(t,z,
1 (@uctt NP < (1 (B1(0) ma .t}
P
< ( 2 ) + O e—0 0
I1+K. - M det (X.(t, 7))
also vanishes in the limit for ¢ € (0,7] and = € T2 O

Therefore, by pointwise convergence and the uniform boundedness of f, we directly
conclude the following corollary.

Corollary 3.12. For each p > 1 holds
E |[|f (VUE)HM (o1)xr2,r2)| — 0 if e = 0.
Proof. By pointwise convergence from Theorem 3.11
e—0

E[lf (Vue(t, z))[") — 0

for each z € T? and ¢ € (0, 7] and the uniform boundedness

1 (VUE)HLOO([O,T]XT2) <L
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3.4. Proof of the Main Result

we directly derive the following result by applying Theorem A.24:

e[, f o e
<o B o

<C / sup B [|f (Vue(t,z)))7

TET2

3 =

E IS () o 1y |

where constants C' = Cp > 0. This last expression tends to zero if € goes to zero.
This finishes the proof. 0

3.4. Proof of the Main Result

Finally, we are able to prove the convergence of the mild solutions from Theo-
rem 3.2 using Corollary 3.12. Let us first consider v, = u. — Z. — e**ug, as the
mild solution of (3.5). In order to verify the main result of this chapter, we have
to prove the following convergence for each p > 1:

e—0

v. —>0 in L (Q,C°[0,T] x T?)).

Proof of Theorem 3.2. For each p > 2 there exists a § € (0,1) such that p > 5%

or equivalently (2(+5)7; € (0,1) is fulfilled. Now, by applying Morrey’s inequality

(Theorem A.23) and Holder’s inequality, we obtain

E [0 ooz < Cri.oB

sup uva(t)nsm]

te[0,T]
P
'H1+6

t _(219) p
< CppgE | sup ( / (t— )5 | (Vue()]l d)]

_te[o,T]

/t DAY L f (Vu(s)) ds
0

< CrpsE | sup
_te[o,T]

¢
< Cr.osE | sup (/ (t—s) 4(<p+1> ds) / | f (Vu.(s ))||L2 ds]
_te[o,T] 0

T
< Cradk | [ I (Tulo)lE ds}

< Cor B [ (Vu) o y,m| — 0
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3. Solution of the Regularised SPDE

which follows immediately from Corollary 3.12. Finally, by applying Holder’s
inequality, this establishes the desired result for each p > 1. O

This convergence gives us the reduction to the linearised form of the SPDE
(9tu = —A2U -+ O'atW

which will be the subject of our investigation in the next chapter.
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4. Growth Results of the
Linearised Mild Solution

In this chapter, we analyse regularity results and the growth behaviour of the mild
stochastic solution of the partial differential equation
Vue(t, z)

1+ |Vu.(t, z)|

Oue(t, r) = —0A*u.(t,z) — V 5+ o W.(t,x), (4.1)

introduced in (1.1) and in a regularised form in (3.1). In the following analysis, we
multiply the operator —A? by a small factor § > 0. This adjustment affects the
number and magnitude of positive eigenvalues of the linear operator —JA% — A,
which appears after linearisation since V - f(Vu) &~ Au and represents the linear
part of (4.1). As a result, we can make precise statements about the stability of
the equation, since positive eigenvalues lead to linear instability (cf. Definition 4.7)
which results in a positive growth rate. To analyse this instability, we will start
with the comparison of the mild solution

t t
u(t) = ey + / e~ (=N % (4 () ds + 0/ TN QWL (s)  (4.2)
0 0

of (4.1) with the mild solution of the partial differential equation without additive
space-time white noise term.

4.1. Linearisation and Decomposition

Before presenting the main results, we outline a decomposition approach to the
linearised form of (4.1), which we use to analyse the growth rate of the mild
solution u., defined in Definition 3.1. We first examine the growth rate in H!
using a Gronwall approach (cf. Lemma A.19) to compare the mild solution u, with
the deterministic mild solution wuge;, which excludes the noise term. To establish
the main growth result in C!, we follow a decomposition approach detailed in
Section 4.2. Nevertheless, we use a different approach for the growth rate of
the C'-norm up to a stopping time, applying the factorisation method (see [27],
Section 4.3.2).
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4. Growth Results of the Linearised Mild Solution

4.1.1. Gronwall Argument

Definition 4.1 (With high probability). We say that an event E, € F holds with
high probability if and only if

1-P(E,) <1,

1.e. the probability of the complement tends to zero with respect to the underlying
parameter 1 — P (E,) — 0 if o tends to 0.

To compare the two mild solutions uqe and u., we first need the following result
to apply the Henry—Gronwall lemma (cf. Lemma A.19).

Corollary 4.2. Let Z. be the stochastic convolution corresponding to the linear
operator —6A? (see (4.2)). Then there is a constant C = Cps. > 0 such that

12Ol < C
holds for each t > 0 with high probability.
Proof. By applying the Markov inequality and Ito’s isometry, we obtain
P (| Z-(t)ll2 > C) < C°El| Z:(1) 5

) t
_ C72 Z (al(€€)> ,Uk/ 672(1575)6#% ds
0

keZ
2 1
<02 Z (oz,(f)> —
kez 25”’“
< CL,6,50727

where Cr 5. > 0 is a constant that depends only on L and e. By choosing C
sufficiently large, the statement follows. n

We now compare the mild solution wuqe; of the deterministic partial differential
equation

Opuger = _5A2udet -V-f (VUdet) (4-3)
with the mild solution u, of the stochastic partial differential equation
O, = —0A*u, — V- f (Vu,) + o0, W..

Thus, we require the operator norm of (etA)t>O, where we set A .= —6A?. Hence,
we obtain from (A.8) for 8 > « the following bound for the operator norm:

B—a

t 8- =
1 < () £
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4.1. Linearisation and Decomposition

Theorem 4.3. Let u. be the mild solution of (4.1) and uge; be the deterministic
mild solution of (4.3). Let C.s5 > 0 be constants that only depend on ¢ and §.
Then we obtain

3
() = uc()]|y < 0Ce'75 |1 t%<l>2
fta(0) = 0Ol < o' | 148 (57

with high probability for each t > 0.

Proof. For each t > 0 we obtain
[[waet(t) — ue(t) [l

t

<OZO + [ ey 1 () = f () s
t

<o Z(Oll + / 14 s sy tr(5) = () e ds

<ol ZeB) s + —= / (t = )4 uger(s) = ue(s) .

Furthermore, to apply the Henry—Gronwall lemma (cf. Lemma A.19), we first need

TGP
T 28 2ed
and for z > 0 the inequality
0 & 23
FE = —
1) =5, nzzo T2 +1)
n=1 F(g + 1)

00 21+1 2l 1

2, kRl
:ZF(kJrl +Z
Z 2
—1)'+;m+;)

[e.o]

1 -1

<€Z+\/ﬁ+\/z;m
:ez(1+\/5)+

—_

B
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4. Growth Results of the Linearised Mild Solution

Now, by applying the Henry-Grénwall lemma, we obtain

[[rden () = e () |

t
< oNZ0) s + 0 / B4 (0t — ) 0 |1 Z2(5) s ds
t
<ozl + 5% [ (14470 9)) 1260 as

26
Z( 1
2 [ 205 s

2 t t
< oC. 1—|—€286—|—§e256(ﬂ-—) + 7T_]

- 7, N
<oC. [1+ems |14 2
d te 6( +(2e(5> )]

3

s T 2

< oC.el?s |1+ 13 (—)
oCee { + 9

for each t > 0 with high probability. This shows the result of Theorem 4.3. O]

4.1.2. Decomposition of the Eigenspaces

In this chapter, we consider the linearisation of the equation

Vu,
Ou. = —A%u, — V - —2 + a0, W,
+ V|
Since V- f (Vu) = Au holds for sufficiently small Vu, it is natural to linearise the
equation by incorporating the nonlinear term into the linear operator. This yields

the following stochastic partial differential equation:
Vu.|Vu,|?
1+ |Vu.|?

We analyse the transformed linear operator As .= —0A? — A. Within this frame-
work, the remaining nonlinearity is of higher order, since

v. Vu. ~ Au VU5|VU8|2

1+ |Vu.|? 1—|—|Vu5|2
holds. Since the new linear operator As is a real linear combination of the Laplace
and the Bilaplace operator, it is self-adjoint and thus generates a analytlc semi-
group (see [68, Section 2.6.]). Furthermore, we directly conclude Aser = )\,(C ey, for

each k € Z, where the corresponding eigenvalues are

A= N = =0+
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4.1. Linearisation and Decomposition

Remark 4.4. For simplicity, we do not denote the eigenvalues (\p),cz with an
index 0, even though they certainly depend on the parameter . The same applies
to explicit eigenvalues, such as the largest and smallest positive eigenvalues, as
well as to upper bounds of the sequence of eigenvalues.

We use this approach to precisely identify linear instability (cf. Definition 4.7)
and to establish an upper bound on the growth rate. The following remark offers
further insight and gives a motivation for Definition 4.7:

Remark 4.5. FElementary analysis shows that

1
(/\k)kez C <_OO7 E:| )

since the eigenvalues \y = —du2 + g for k € Z lie on the graph of the function
1
gs : (0,00) — (—oo, 4—5} . T —oxt+ 2

which is positive if and only if v € (O, \/ig) holds. The graph of gs is illustrated in
the following figure:

3,,
95(33) §=1.00
—§5=0.50
—§5=025
2t §=0.15
1,,
| J x
05 1 1& 2\ 25 3
_1 1

Figure 4.1.: Graph of Eigenvalues of As According to §.

In order for As = —0A?+ A to have at least one positive eigenvalue, it is necessary
that at least one eigenvalue g of the negative Laplace operator —A is smaller
than %, which is the zero of the function gs (cf. Figure 4.1). Hence, we need the
parameter § to be smaller than ﬁ or equivalently

27| k| _ 1
L

S
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4. Growth Results of the Linearised Mild Solution

to hold for at least one k, and thus, by rotational symmetry of ux, for at least four
k € Z. This leads to linear instability for L > 1 or, equivalently, 6 < 1, since
there 1s at least one positive eigenvalue \j.

Remark 4.6. For illustrative purpose, we approximate the unstable region in the
Fourier space using |k| = |ki| + |ka| for each k € Z. It then follows that the
dimension of the subspace

N 2|k 2
X;;:{Zukekey’(ﬂr?);ukZOforkeszth —5( ul |) +1<o}

L
keZ

(4.5)

depends on the parameters L and . More precisely, as § decreases or L increases,
the dimension increases. This is because the dimension corresponds to the number
of positive eigenvalues of As. In addition, for 6 = 1, the dimension of X; equals
the number of points up to a certain color in Figure /.2. Specifically, the green,
blue, and red points represent all indices k corresponding to the eigenvalues pu

of A for |k| =1, |k| =2, and |k| = 3.

3
e 9 .
e o 1 o e
|
-3 -2 —1 ‘ 1 2 3
° o — ] ° °
o9 .
—3

Figure 4.2.: Tllustration of the indices k € Z.
Thus, for n, € N, with ﬁg € (N, ny + 1], we obtain
fis = dim (XJ) =Y 4l =20, (n. +1), (4.6)
=1

since for each | € N\ {0} there are | + 1 possible vectors x € N* with |z| =1, and
therefore 4l possible vectors y € Z, by multiplying the number of vectors in N? by
4 and subtracting the respective four corner points of the squares.
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4.1. Linearisation and Decomposition

Definition 4.7 (Linear instability). We say that the mild solution u. (4.2) exhibits
a linear instability if at least one eigenvalue N of As is positive, i.e., there ezists
at least one k € Z such that

27| k| 1
< —=.
VA
Under this assumption, we define as Apax = Afﬁix € (0, %] the largest positive

eigenvalue of As which depends on the parameter 6 > 0.

In the following, we assume that the mild solution wu. (cf. (4.2)) is linearly unstable
such that the positive subspace X" defined in (4.5) is non-empty.

4.1.3. Semigroup in the Linearisation Environment

In this subsection, we will analyse the family of operators (e“‘fS ) 0"

Lemma 4.8. For each p € [1,00) the family of operators (etAé) forms an

>0
analytic semigroup on LP(T?).

Proof. Since Aj is a real linear combination of —A? and —A, it is self-adjoint.
Consequently, (etA5)t>0 is an analytic semigroup on LP(T?) for each p € [1,00)
(see |68, Section 2.6.]). O

Moreover, the family (etA“ ) 1> €xtends to an analytic semigroup on W? (T?) for
every @ > 0 and p € (1,00). This follows from interpolation estimates. In partic-
ular, by the Brezis-Mironescu inequality (cf. Theorem A.22), which is a corollary
of Gagliardo-Nirenberg interpolation inequality (cf. Theorem A.21), we have

14a l-a
e sullwsean < Clle*oull oyl ull,3

for a constant C' > 0. By applying Theorem A.21, we conclude that (etAé)t>O is
an analytic semigroup on W<P(T?) for each o > 0 and p € (1,00). Furthermore,
an upper bound for the operator norm of the semigroup (6“‘5 ) 120 is established to
enable analysis within a comparable framework as in Chapter 3.

Definition 4.9. Let 6 > 0, K5 € (0,6), and 6 € (0,1). We define
1
/\(9) = /\max 0 —— /\max .
(1)

From the bound M.« < ﬁ < ﬁ we obtain A,&‘f;x > Anax- 10 control the upper

bound on the growth rate of u.(¢) in H! and C*, for t > 0, it is crucial to keep A0
as small as possible. More precisely, we choose K5 € (6 —¢&,6) for sufficiently small
¢ >0, and 0 € (0,1) sufficiently small to ensure that A — Amax > 0 remains
small.
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4. Growth Results of the Linearised Mild Solution

Lemma 4.10. For > «, K5 € (0,0), 6 € (0,1), and O as in Definition 4.9,
we have

H(—5A2-A) H < oA B —a I e
‘ L(Hems) c de (6 — Ky)

for each t > 0.
Proof. To show the upper bound, we need an upper bound for the sequence of the

eigenvalues ()\k)kez. More precisely, for K5 € (0,0), we have

Ak Opty, + e < (=0 + 6)/%"'4[(6

which is equivalent to the inequality

1 < Kspug + .
" AK s

The latter holds for each k € Z, as the auxiliary function
h:(0,00) =R, h(z)=Cz+ —

has the global minimum of 1 independent of the choice of the constant C' > 0.
Moreover, this upper bound can be refined by employing a convex combination of
the eigenvalues with 6 € (0, 1). In particular, we obtain

Mo = —O0u3 + g
= (1—0) (=0up + pur) + 0 (—0p5, + i)

< — — 2 R
< (1 9)/\maX+9[( 6+K5)uk+4KJ
1
—0(— K<) 142 - _
0(—d+ 5)uk+AmaX+9LK6 Amax]

=0 (=0 + Ks) i + 29

max"*

Finally, by applying this inequality to the operator norm of the semigroup, we
derive

(0)
< 6t>\max

EICTINGIN H
L(HoHP) h

O(—5+K5)A2

L(HoHA)
B—«

< M Poa N e
‘ 4¢0 (6 — Kg)

for each ¢ > 0. This finishes the proof. O]
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4.1. Linearisation and Decomposition

4.1.4. Growth of the Deterministic Solution

As established above, the difference ||u.(t) — uqge(t)||,1 grows at the rate
@ (a (C + Ct%) et;?> for each ¢ > 0.

The following subsection examines a growth condition for uge in H! (T?) with
respect to the time variable ¢t. To proceed, we define the stopping time

7o=inf {s > 0 : [Juc(s)|| 16 =70},
where 7, denotes a radius that depends solely on ¢ and satisfies the condition
0<rm Ko<Lry, <1,

Lemma 4.11. Let ug =0, a € (—=1,3) and let C = Cy, 510 > 0 be a constant that
only depends on o, L, 0, 6, and Ks. Then we obtain

0) —a
[ttt (8) [l g < CePAmaxt ™53

for each t € (0,7], where 2O is the upper bound of the eigenvalues defined in
Definition 4.9.

Proof. For t € (0,7] we have
(t=8)(=0A2-A)y7 Vu(s) [Vu(s)|? ds
14+ [Vu(s)]? ||4a

‘Vu(s) |Vu(s)|?
1+ [Vu(s)?

t
ladee®)lyge < / e
0
t
<
0
< / RIS
S
0

t Oé"‘]. QT-H _s\® —a—1 3
< [(m) = s s

ds

L2

REDICTISEVN H
L(

H1He)

o (t=9)0(~0+K5) A2

et HVU(S) |Vu(s)|2||L2 ds

a+1
4 a+1 ERNC ,
— maxt 1 S
33—« <469 (5—K5)) € Sel[ti]{Hu(Smwl,e}
< Ca,a,L,eetAr(‘th%Targ.
This proves the claim. 0

Assumption 4.12. Let rg and r, denote radii that satisfy the following conditions:

0<r§<r0<a<'r’g<<1.
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4. Growth Results of the Linearised Mild Solution

Theorem 4.13. Let ||ugl|,1 < ro and let § > 0 be sufficiently small such that we

have linear instability (cf. Definition 4.7) and 7/2e < Mk holds.
Then we obtain for t € (0,7] the exponential growth rate

()
lue(®)lls S o™ (14 V)

with high probability, where 2O is the upper bound of the eigenvalues defined in
Definition 4.9.

Proof. By applying the triangle inequality, Theorem 4.3, and Lemma 4.11, there
exist constants C' = Cy 519 > 0 such that

e (@)l < Jle™ o[y + lltaee (B)ll3n + luaer(t) — ue(®) 5

e”ggx |20 1 + C’et’\‘(gg*"rg\/f + Celzeo (1 + \/Z>
A (1 [To +r3Vt+o (1 + ﬁ)]

e [rg + o] (1+ Vi)

< Ceobo (14 Vi)

with high probability for each t € (0, 7]. ]

NN

N

4.2. Exponential Growth up to a Stopping Time

This subsection examines more general arguments in C' (T?). Let ro and r, be
radii as defined in Assumption 4.12. Let

7 =inf{s > 0: [Ju.(s)||1 =75} (4.7)

be a stopping time on the filtered probability space (Q,]:, (Ft)0 ,IP). For each

0 € (0,1) and § > 0, the linear operator As — AD 1d is an infinitesimal generator
of an analytic semigroup, whereby Id denotes the identity operator on L' (T?).
Thus, there is a positive constant C' > 0 such that

©
e ug||or < Cema||ugl| e (4.8)

for each ¢t > 0 (cf. [68, p.70]). This section focuses on the mild solution of the
deterministic partial differential equation
Vu |V
O = —5A% — Au+ v -~V
1+ |Vul

with initial value uy = 0.
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4.2. Exponential Growth up to a Stopping Time

Lemma 4.14. For each t > 0, p > 1 and o, € R, with a < (3, there exists a
constant C = Cp 05 > 0 such that

Proof. Even though [38, Lemma A.7| is only formulated for semigroups generated
by — (=A)? for ¢ € (0,1] on T? the proof is applicable in its entirety to the
case of o > 1, as the integrability condition (1 + |- |[*™)p € L' (T%) for the
function ¢(&) = e 177 as required in |38, Lemma A.5] is even easier to verify.
Hence, by using the inequality Ay < 6 (=0 + K;5) ui + Afg&x, with 6 (= + K;s) <0,
as in the proof of Lemma 4.10 and by applying |38, Lemma A.7|, we derive

Q)
< Cetrmaxt~

for each ¢t > 0. O

HALA)H < O30
L(Wa,p,WB,p) = '

_ 2
e et0(=0+K5)A

—A2-A) H < i
~
L(Wa,mwﬁ,p)

L(Wa,qwﬁ,p)
B,

Corollary 4.15. Let T be the stopping time from (4.7) and let A,(ff;x, as defined in
Definition 4.9. For a € (0,1) we have the upper bound
©) 2-a -
taes(B)llgr < Ceinet 51
for each t € [0, 7] and a constant C' = Cs4,1 > 0.

Proof. By applying Morrey’s inequality (cf. Theorem A.23), for a > 0 and p > 2
such that ap > d = 2, and Lemma 4.14 we obtain for ¢t € (0,7] the following
inequality

Hudc‘ﬁ(t)HCl < C Hud0t<t)||W1+a,p
t 2
< C/ L1=5)(—0A2-A) 7 . Vu(s) [Vu(s) s
0
t

L+ [Vu(s)]* lyiras
< oM /t He(tfs)0(75+K5)A2
0

Vu(s) |Vu(s)|?
t
<Ceh [t ) Jul) s ds
0

14+ |Vu(s)|?
(0) —a
< CePmt* T sup flu(s)|2
s€[0,t]

<C A 55 s

ds

REDICTINEN H

L(W—l,p7W1+a,p) p

() lyr.p ds

L(W~—1p Wita.p)

This proves the claim. O]
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4. Growth Results of the Linearised Mild Solution

4.3. Stochastic Convolution in the Context of
Linearisation

In this section, we focus on the stochastic convolution Wf(‘? regarding the linear
operator As = —0A? — A, as in the case of Definition 2.20, which we will introduce
in Definition 4.16.

4.3.1. Upper Bounds and Auxiliary Results

Definition 4.16. We define the stochastic convolution regarding the linear opera-
tor As for each t > 0 and x € T?, via

¢ t
Wf(l?(t,x) = / =45 QW (s, ) = Zoz,(:)ek(x)/ et 45, (s).
0 keZ 0
Theorem 4.17. Let m € {0,1}. Let € > 0 and n > 0 such that there exists

some v > 0 with
CARE o
(O‘k > My EO(W )

keZ
Then for each p > 1 there exists a constant C = C,,, 15 > 0 such that

c p 2 %
E H’Wié) (t)‘ ’Hm+71:|

cm

}; < CE MW}Q ()

holds for every t > 0.

Proof. Because the eigenvalues of the linear operator As are distributed in a way
that leads to a positive growth rate over time, the proof of Theorem 2.25 cannot
be applied directly. However, the argument follows a similar approach.

For € > 0 let p > 2 and 7 > 0 such that np > 2, and that there exists some ¢ > 0

such that
(e) 2 n -
(ozk > JIxs € O (k™).

keZz
Recall that there is a constant K, > 0 such that

n
|€k($) - €k(y)‘ < Kypg |37 - yl"

holds for each z,y € T?, as can be shown by straightforward calculus using the
definition of (ey),cz (see (A.1)).
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4.3. Stochastic Convolution in the Context of Linearisation
Applying It0’s isometry, we obtain the bound
E||wO 2 — wO |
As \W T As \W y)
[ t
=FE / =94 QW (s, z) — / =94 QI (s, y)
0 0

t 2
( (t—s) ]

B || X o lnlo) —entw)] | e asi)

| [kez
2 t
<3 () lento) — entw? [ s
kez 0
1
— Z (O% ) er(x) — en(y))’ o [ew"“ —1]
keZ* k
2
+ Z <041(8)> [ei(x) — eu(y)]* t
I€Z\ 2"
<Kl —y |32 (o) B [ 1]+t 3
= k leZ\ 2
. .
< Kol =yl |3 (o) g5, [~ 1]
Lkez k

for each z,y € T? t > 0, Whereby Z*={k € Z : )\, # 0}. Furthermore,
Lemma 2.19 is also applicable to WA5 , which allows for control of its L”-norm.
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4. Growth Results of the Linearised Mild Solution

Therefore, by Morrey’s inequality (cf. Theorem A.23) for n > a and p > 2 such
that ap > 2, and the bound for p -th Gaussian moments (cf. Corollary 2.5) we
obtain

el|w o] < e (v ol,.,]
. / / Wt 2) W e)| say] + [ ol ]
T2 JT12 v — y[>tor ? A Lp
B | - W[ | p
<G / / v =y dedy+ GE ||[ W3 @)
[ﬁ — y|* (t + D hez (@ ( (6)> QNAZ,C ¥ — 1})} 2
< Cpy /1r2 /T2 P dz dy

+C,,E[

(e) b
we ol |

_Cpn/ / |x_y|pna 2d1’dy
%
H”} '

By applying Hélder’s inequality this concludes the proof for each p > 1. O

[SIS]

t+z< e)) 2)\k 6215,\,c _1}]

keZ

+C’pLE“W

< CpnisE [HWAa )|

Remark 4.18. Note that the set Z\ Z*, used in the proof of Theorem 4.17, has,
by rotational symmetry of A\, according to the index k, either four or no elements.

Corollary 4.19. Let ¢ > 0 and n > 0 such that there exists some ¢ > 0 with
©\? 0 —
((o0) ) coqur).
keZ

Then for each p > 1 there exists a constant C' = C,,, 1.5 > 0 such that the following
upper bound holds for every t > 0:

p % (e)
Cl} SCE [HWA(S ®)

1

2 3
Hqi+n |

B (v o
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4.3. Stochastic Convolution in the Context of Linearisation

Proof. Fore > 0let p > 2 and n > 0 with np > 2, and that there exists some ¢ > 0
such that )
((o0)'m) cotm),
keZ

By applying the proof of Theorem 4.17 for the R2-valued process VWf(‘? instead
of ng?, we obtain the bound

2 2 147
€ 13 € /J’
E {‘VWflé)(t,x) - ijlg(t,y)] } < Ky lz —yl* [§ : <a,§ >) ;Tk [e2M —1] 4+t
keZ

for a constant K,, > 0 and for each 2,y € T* and ¢t > 0. For n > o > 0 and p > 2
such that ap > 2 we derive

CYNIBE CYN T EPNCERL
E [HWA5 ®) 01] S GE [HWA‘S *) W1+a,pi| S ConroB HWA“ (t)) Hi+n
for C' = Cy 16 > 0. By applying Hélder’s inequality this shows the assertion for
each p > 1. O

Lemma 4.20. Let € > 0 and n > 0 such that there exists some ¥ > 0 with

((Ozﬁf))zﬂl) €O (k™).

keZz

Then for each p > 1 there exists a constant C = Cp5. > 0 such that we have

N

1
P v
i| < Cp,&set)\max

B[ @l

for each t > 0.

Proof. For ¢ > 0 let p > 2 and n > 0 such that np > 2, and that there exists
some 1 > 0 such that

((aﬁ)fu}i)kez €O (k™).
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4. Growth Results of the Linearised Mild Solution

By applying Itd’s isometry, the bound for Gaussian moments (see Corollary 2.5),
and Theorem 4.17, we obtain
1
2 2
7{1+n}

D) t
3 (o) i [ ]
kcz 0

1
9 ,, 147 2
t+ Z (O‘I(:)) p“)\k_k <€2t)\k _ 1)]

keZ*

B[|wi o]’ <cr[|we o

N

::C%

< Cbﬁﬁ

1

2 2
5 )

kezZ*

tAmax
< Op,5,€€ e

whereby as above Z* = {k € Z : \; # 0}. By applying Holder’s inequality this
finishes the proof for each p > 1. m

Lemma 4.21. Let 0 < 0 < 1. Then for each t > 0 the estimate

t)\max

<e

holds true with high probability.

Proof. By applying Markov’s inequality and Lemma 4.20, we derive

c ) () \P c p
(el ol > =) <) w[prel]
piA SPNEEL
< CpoPePhum | {HWA(S (t)‘ Cl}
< Cyo?
for each p > 0 and ¢ > 0. Hence, taking the limit ¢ — 0, the claim follows. O

4.3.2. Factorisation Method

Since the integrand of the solution to (4.1) depends on the time variable ¢, the
stochastic integral in this case does not constitute a martingale or submartingale.
Therefore, we cannot make use of estimates from martingale theory, such as the
Doob’s inequality, in order to obtain uniform bounds in time. An alternative
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4.3. Stochastic Convolution in the Context of Linearisation

approach is provided by the factorisation method of Da Prato and Zabczyk [27].
To this end, we first examine the expression

t
/ =94 W (s)

for p > 1. To establish an upper bound, we first verify the independence of two
summands (Z(t)),. of the stochastic process

E | sup

te[0,7

Cl

' ] ' , (4.9)

t=>0
)= Yol Zitats) = Yo [ o)t
kezZ keZ

for which we use the representation
t
Zy(t,z) = </ e =) AW _(s) | ek(:v)>
t
= <ak exn(z / e 46 (T) ek(x)>.

0

Since Z are GGaussian random variables, we verify their uncorrelatedness to estab-
lish independence. For arbitrary indices k,l € Z, k #£ [, we have

E[Zx(t, 2)Zi(L, 2)] = E[{Z(1), ex(2))(Z(1), e(x))]
E[(Z(t), ex(2))(Z(t), es(2))]

t t
:IE{Oﬁﬂu/‘e@Tﬁuidﬁkﬁrﬁlf)j/ e =M 4B (r)| =0,
0 0

where the last equality holds because (ﬁk)kez are independent Wiener processes.
The following identity serves as an essential component in applying the factorisa-
tion method to analyse the expression (4.9).

Corollary 4.22. For v € (0,1) let

y@w:AWS—ﬂﬂésﬂ%auv»

Then we obtain the following identity for each t > 0:

t
/ (=) qw( K/ telt= sy (s) ds.
0
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4. Growth Results of the Linearised Mild Solution

Proof. Let v € (0, 1) be fixed. By applying Fubini’s theorem for stochastic integrals
(cf. Theorem A.25), we have

t t s
/ (t — s)7 telt=9) 45y (5) ds = / (t — )7 elt=)4s / (s —7) 774 AW (1) ds
0 0 0
t t
= / / (t —s)7 telt=9)4s (s — 1) 7Tels=T 4 s AW, (7)
Ot ! t
= / elt=m4s / (t—8)"" (s —7)7dsdW.(7)
Ot th‘r
= / elt=4s / (t—7— )17 dsdW.(7)
0 0
t 1
= / elt=)4s dWE(T)/ (1—2)""'27dz
0 0

for each ¢ > 0. Multiplying this expression by K, yields the statement. O

Remark 4.23. Let I'(-) be the Gamma function and B(-,-) be the Euler Beta
function. Then we oblain

K7t =B(y,1-9)" = —F(V)I;((ll)— 5= (/0 N1 —1) dt)_ - Smgf”.

Now we turn to the factorisation method.

Theorem 4.24. Let A9 be the upper bound of the eigenvalues, as defined in
Definition 4.9. Moreover, for e >0 let n € (0,1) and v € (0,1) such that

1492 £ _

holds for some ¢ > 0. Then, for each p > 1 there is a constant C = Cpsen~o >0
such that

Jun

P P )
T)\max
< Ce .

E | sup

te[0,7

t
/ et =94 AW, (s)
0

Cl
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4.3. Stochastic Convolution in the Context of Linearisation

Proof. By using Corollary 4.22, Holder’s inequality with (y— 1)19%1 > —1 or equiv-
alently for each p > %, and Minkowski’s inequality, we obtain

t p %
E | sup /e<t5)A5dW€(s)
t€[0,T] 0 ct
1

t p p

=E | sup Kv/(t—s)”‘le(t_s)‘%y(s)ds
te[0,7] 0 ct

: ) ik

<KE | sup ([ (0= e e a
S )

0
< K’y 6T>\£E>2 E

; ) p—1 (%) v
sup (/ (t— s)('yfl)pfl ds) / ¢~ SPAmax Hy(s)H]é1 ds
te(0,7 0 0

() s
< e [T (o) ] ds
0

T 0
o (T (%)
< Gy / e E [[ly(s)]% ]

3 =

ds.

Here, K1 > 0 denotes a constant depending on T'. The interchange of the integral,
expectation, and supremum is justified by Tonelli’s theorem and the dominated
convergence theorem.
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4. Growth Results of the Linearised Mild Solution

Similar as in Section 4.3.1, we derive the following bound by Theorem 4.17, Mor-
rey’s inequality (cf. Theorem A.23) and Itd’s isometry:

[4

g [y.]

NG,
< Cpe™ ™ E [|ly() 301]

1
9 t 2
— Cpe_”r(“i") (Z T (a;(f)>2 / s 22k ds)
0

3=

N|=

keZ

(4) :
9 2 g t _25<>\m§x _)‘>
SCpe_Mr(“z") Z,u;lfn (a;(f)> thAf("ZX) / s Ve ) ds
0

keZ

NI

=0, | 2 (o) W)w /Oto&%bk)

ez (Afnél — A
2 o0
< Cpsq0 (Z (afﬁ) /L,;HUHW/ s e ds)
ez
2
< Chsmp (Z (al(:)> M};H—n—i—ﬂ)

s e % ds

=)
NI

N

keZz
< Cp,&e,n,%@

for 1,7 € (0,1) such that (uz ™" af),_, € O(|k|=) is fulfilled, for some ¢ > 0.
Additionally, note that we have used

14+n
Hi

<
(Mhe-n)

in the inequality above. To summarise, we obtain the estimate

p v
E | sup

te[0,7)

t
/ elt=5)4s dW.(s)

0

TA
< Cpsemne .

Cl

By applying Holder’s inequality, we obtain the claim for each p > 1.
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4.4. Upper Bound for the Mild Solution

4.4. Upper Bound for the Mild Solution

The next theorem combines the results of Section 4.2 and Section 4.3.2 to establish
the upper bound for the p-th moment of the C'-norm of the mild solution u. to
be smaller than the radius r,. We first examine this to show an upper bound for
||uel|cr with high probability (cf. Theorem 4.26).

Theorem 4.25. Let ||ugl|cr < 10, where Assumption 4.12 holds. Then we have

1
p

up uwu&] <
te[0,7 ATy ]

E

for T, < — /\ In (7”)

max

Proof. By applying (4.8), Corollary 4.15 and Theorem 4.24, we conclude that

1
P
E| sup Hus(t)H]él]
te[0,7A\Ty]
1 1
t p P
<E| sup Hem“u()HCl +E| sup /e(t_s)A‘S&(u(s)) ds
te[0,7 ATy ] te[0,7A\Ty] 0 o1l
1
Ol |
+E| sup o [|Wy ()
te[0,7AT,] ct

<Cpa5€e Anas [HUOHCOJFT 7“4—0}

(0) 2—a
< Cpapec™ v [r +T, 7 1l 4o

N

S C}%a,é,aa— eT i [1 + T }

for constants C), o 5. > 0. Now, by choosing 7, < (9) In (;f’) which is equivalent

max

to T, < (9) ln( ) we obtain

1

1 -
* D

E < Cpapeoe™= [14.T%

sup [|ue()[[¢n
te0,7A\Tx]

1 To\ 1
< o (—)

Choprr8e o
1 . - :
= 1+ ( In (7"0)) <74
Cp,p 7,0, Erol;x
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4. Growth Results of the Linearised Mild Solution

as for each a > 0 we have r%In(r,) — 0 for r, — 0. We have thus proved the
result. O

Theorem 4.26. Let ||ugl|cr < 10, where Assumption 4.12 holds. Then we have

sup |Juc(t)|er < 7o
te(0, To]

with high probability for T, < @ In (%") In particular, we have T = T, with

high probability.

Proof. Using Theorem 4.25 and Markov’s inequality, we derive

P(r<T,) =P < sup  lue(t)|| o = TJ)

te[0,7ATy]

<E
te[0,7A\Ty]

sup ||ua(t)||’51] e’
< 1

Hence, 7 = T, holds with high probability and we conclude that

sup |us(t)lcr < 7o
tel0, Ty ]

holds with high probability. O]

4.5. Lower Bound for the Mild Solution

4.5.1. Auxiliary Inequalities

This subsection examines a lower bound for the time-dependent growth of the
solution of

Vu.|Vu,|?

— —(§AZ 1+ A .
Dyue (A% +A)u. +V T Vaf

+ o W..

Notation 4.27. For simplicity, we denote by A + p the linear operator
A+ pld : WOT22(T?) — WeP(T?),  yw Ay + py

for each p>1 and a > 0.
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4.5. Lower Bound for the Mild Solution

The following auxiliary lemma provides key properties of the operator As; on
Sobolev spaces over T?2.

Lemma 4.28. For each p > 0, p > 2 there is a constant C' = Cr,, > 0 such that

I=(A+p)ylle < CHA+plyllL
holds for each y € WP (T?).

Proof. We begin by decomposing the space W?2? (T?) into the subspaces X; and
X; , given by

X; = {Zykek € Wr (TQ) cyr = 0 for each k € Z with — . + p < 0}
keZ

and the complementary subspace such that Xp_ S5 X; = LP holds. For y € W?P
and an L2-decomposition y = y* + y~ with y* € X7 and the y~ € X; it even
holds that y* € W?2P, as X2+ is finite-dimensional. Thus, we also obtain that
y~ € W?P. On the subspace XP_ the operators |A + p| and —(A + p) are equal,
because of the equality of their eigenvalues

|—px + pl = = (= + p) = 0.

On the other hand, as X; is finite-dimensional, we obtain

A+ plyt ], < CIlIA + ply*],

and thus
I=(A+ o)yl < ||[—(A+ )yt + |[-(A+ )y ||,

<CIAa+ply™||, + 1A +ply ||,
<(C+D)[IA+ply*] L, + 1A+ plyll
1A+ plyt|| . + 1A+ plyll
< CA+plyllgz + 1A + plyll
<ONA+plyll -

This establishes the desired result. OJ

This auxiliary lemma forms the foundation for deriving an upper bound for the
C'-norm of the solution in terms of its C%-norm.
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4. Growth Results of the Linearised Mild Solution

Theorem 4.29. Let uy € LP, As = —0A%* — A, with K5 € (0,0), a € (0,1),
and p > 2, such that ap > 2 holds. Then for each t > 0 we have

145 ) ke
e ouol| o < Gt [14 478 fug o

whereby C = Cp 451, > 0.

Proof. By applying Morrey’s inequality (cf. Theorem A.23), Brezis—Mironescu in-
equality (cf. Theorem A.22) and (A.11), we can bound the analytic semigroup and
thus derive

< C [l oug|| i lesuo]| 7
) l4a
<of|-(av ) ] #leall] Tl
: X . e
<clll- (A I 2_5> o~ t6(A+35) eﬁu[) + HetAauﬂHLP:| HetAaul)H[/?
R 2 v e
<[l g e el esul,] el
L Lp
© o ® CINT Ry, (155e
<o [ (14e)] T et
B 1+«

2

(6)
< CeP fug|, [1 4473
1+a

(0)
< C«et)\max |:1 —f—t_%} 2 ||u0||007

where C' > 0 are constants depending only on L, o, p, and §. This establishes the
desired result. O]

Remark 4.30. By the assumptions of Theorem /.29 we obtain

le4uo| o < Case™ 1475 Juollgo  for each > 0.

Proof. By Morrey’s inequality (cf. Theorem A.23) and the Brezis-Mironescu in-
equality (cf. Theorem A.22), we obtain

tA tA
e uol| o < C fleuo]|
24« 2—a
tAs 4 tAs 4
< Cleuoll i, [leuol|

Thus, as in the proof of Theorem 4.29, we obtain the result. ]
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4.5. Lower Bound for the Mild Solution

4.5.2. Lower Bound of the Stochastic Convolution

In this subsection, we analyse exponential growth conditions up to a stopping
time depending on a radius r, with 0 < 7“2 <o KLr, <1l We aim to establish
a bound for the stochastic convolution up to logarithmic time, which will help
linearise the exponential growth of the solution. We begin by introducing the
necessary notation.

Notation 4.31. Let v+ be the smallest positive eigenvalue of As = —0A% — A that
15 larger than 5)\§nax Formally, we have

)
A <At < A < A9

9 max

We define the index set ZT = {k € Z: N\ = —0ud + py > 5)\1({155){} and the
etgenspace of the largest eigenvalues of As as

— {Zukek S (TQ) cu = 0 for each k € Z\Z+}

kez

for each p € [1,00|. Furthermore, let ns == dim (X;). In particular, as in (4.6),
we obtain

nsg < \/§Z4l = 2v2n, (n. + 1),
=1

for n, € N, with ﬁ € (n«,n. + 1]. Note that the factor V2 arises from the

change between the 1-norm and the 2-norm in Z.

Remark 4.32. The specific choice ofg is arbitrary. Any value in (0, 1) would suf-
fice. However, the restriction on the parameter p in Corollary 4.40, Corollary 4.39,
and Lemma 4.37 would differ.

Assumption 4.33. In this subsection, we assume d > 0 to be sufficiently small
or L > 0 to be sufficiently large such that Z% is a non-empty set.

In the following computations we use the process

= Zoz er(x / (t_s))"“dﬁk(s)

kezZt

arising from the projection of the stochastic convolution

t
W( )(t x) = / (=945 I, (s Z oy ek / (=92 d46,(5)
0

keZ

onto the subspace of positive modes. The following theorem is strongly inspired
by |9, Proposition 2.3].
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4. Growth Results of the Linearised Mild Solution

Lemma 4.34. Let Assumption 4.12 hold with o = r? and p € (1,3). Additionally,
let0<a<(p— 1)@ and R, =15 for
Nt
1< (1—p))\(9) +p+a < ¢ <p

max

such that we have 0 < R, < r,. Then for t, = 7% In (r$77%/7F) we have

(e

<R,) < (v2re)'r (% +1)

-1

P (o | W5 (t)

LQ
Proof. Let

By = { [as) = f@nonl
keZ+ k keZ+

+

For o sufficiently small such that e?7" > 2, it is easy to verify that

72 2 1 2oyt e
min{I2(t,), ... 12t )}227—+<e 1) > pre
Denote the centered ball in R™ with radius @ > 0 by B,(0) and the diagonal
matrix in R™*"™ with entries I7 (t,),...,I2 (t,) by diag (I (t,),...,I2, (t)).
Thus, for t, we obtain the bound

yz

1 7L6
<R,) < — / e 2 QAna ()
= ]

P <0 HW}Q )] .

2
/ e~ dans (y)
dlag( Lto),.. 17751 (ta))BR (0)

ng
< (27) 2 vol [ B )
<7T) 0 ( "min{fl(taR) ,,,,, Try (i)} (O>>
ns .
B ( - ) r (E n 1)
V2o min{h (to) - Ing (1)} 2
RoyY B
< (02 (e2o™ — 1)) 1)
ns
2R2yT \
s (0’262t07+> F(
< (\/2'7_+7“z>n6 r (% + 1)

This quantity can be made arbitrarily small by selecting r, appropriately, since
we have a > 0. This completes the proof. O]

"
2
r(
2—|—
nes -1
ns 1)
2+

-1
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4.5. Lower Bound for the Mild Solution

Lemma 4.35. Let Assumption 4.12 hold with o = r? and p € (1,3). Additionally,
let0<a<(p— 1))}% and R, = 1§ for

,.Y—i-
1<(1—p)/\(7)+p+a < (¢ <p

max

such that we have 0 < Ry < r,. Then we have
1 1 T
— ¢—p—a + - 9
0 < 7+1n<rg Vo ) < NO ln( >
Proof. For r, < 1 we directly obtain

1
(—p—a
0 < —1n<rgp \Vael )

~
since (—p—a < 0. Furthermore, for r, < 1 the following conditions are equivalent:

. #ln (rg*p*“\/v_Jf) < @ln (%"),

Sopre 1 ;@P
eln(r,” (v")»¥ ) < In|rym=|,

(—p—a 1-p
Sope 1 RQ)

® 7, ~+ (,)/4*)2774» < ,r.o_max7

1 1
1 —o (1=p) = ((—p—a)
o (V)T < g :

o wr(1—p)—5(C—p—a)<0,

max

+
T-(1—p)+p+a<(,

[ ]
0
A Sn ax

which holds due to our choice of ( and a. This completes the proof. O

4.5.3. Lower Bound for the Mild Solution

By applying Corollary 4.15, Lemma 4.21, and Lemma 4.34 we obtain the following
lower bound on the mild solution of (4.1).

Theorem 4.36. Let Assumption 4.12 hold and choose r, such that we have o = r?
with p € (1,3). Then we obtain

Ju(®)eo > o > 0

with high probability for each

3 — >\max 1
p()\max - ’7+) o
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4. Growth Results of the Linearised Mild Solution

Proof. Given that 0 < r} < ¢ < r, < 1, we may explicitly set ¢ = r? for
p € (1,3). Using the inverse triangle 1nequa11ty7 the upper bound for uge from

Corollary 4.15, and the lower bound for Wf{? (t,) from Lemma 4.34, we derive the
following inequality for each 0 < ¢t < % In ( ) A T with high probability:
P

lee®lleo > ||l 0| , - |

uc(t) = oW ()|

o
i7(e)
CHJWA5< )H |t =W
(0) 1-a
CLG Km(get)\mdxt 2 7’3
By substituting ¢t =: 2 1) we obtain
A ol
lo + tﬂ)\gnge)xx h 3
’luz-:(ta)’lco > Cre’ o — Ka,ge to? T
11—«
A 0) N la
v 1\ + DAmax 1 v 1 2
= CLeXmax ln(a)v g — Ka 56 Amax In (o‘) ( ln (_)) ri
)\max o
5 l1—a
A + )\(9) 1 Amax 2
. max
= Cro " Fmax +1 Ka,(SO' Xmax |1 _ 7’3
g
0 ’Y+ +1 Eggmx 3
2 CLO_ ’U)\max — a,éa' Amaxo' 777»
4t 4 A0
P N TP ~PO Smax 1,3
= Crro — KasnTo o "ry

with high probability, where n > 0 is sufficiently small. The fact that this expression
is greater than o = r? corresponds to the inequality

(0)

’Y+ — pfy2Amax

Gy PUX 3—p—
CLT max __ Ka767ETO' max ro- pP—pn

or equivalent to the inequality

( + >\1(1ng )

Amax

+
1> — 1 e Op5— 4 Ka,é,srg’*P*P’?JFPU

Cp cr, °

Furthermore, this inequality holds for sufficiently small r, provided each exponent
is positive, or equivalently, if o > 0 and
~ 3 - - )\max 2)\max
5o 1?9) pn)+ < s
p(Amax - ) ()\max - )
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4.5. Lower Bound for the Mild Solution

is satisfied. Since the parameter n > 0 is arbitrary and can be chosen sufficiently

small, the above expression holds for © € (0, %) and thus also for
P max 7

t, € (0,3);/)ln (1>> .
,0(>\max - 'Y+) o

It should be noted that for p € (1,3) we have

3 — 1 2 1
S T
p(/\max — ’7+> o Amax — ’7+ o

This completes the argument. O]

Lemma 4.37 (Log-time scaling comparison). Assume that Assumption 4.12 holds.

We further restrict to p € (1, %) and choose r, such that o = r?. Then we have

1 - 3— 1
—In <1> ef0.———"—m (-) . (4.10)
)\max o p </\£ne)1x — ’y+> o
Proof. As # In (%") is surely positive, we only need to show that the following

max

holds:

%ln<r—g)< 3=/ ln<l>.
)\max o P ()\(9) ")/Jr) g

max ~—

By the equation o = r?, this inequality is equivalent to the following conditions:

(p_3)A§32LX
e In(r,) <lIn(o) [1 + —p(/\ﬂxﬁ)} ,

(0)
o 1> pt(p—3)

Agr?;x_7+ ’

(Sfp))‘sr?e)xx
. — T
p<ltSm
29
2)\5321)(_7+ '

For 4+ > g)\ggx the last condition above holds, as we have

e p< 1+

31 oA\Y) oA\Y)
D 1 + max < 1 + max )
13 2\ — S\ 2\ — v+
This verifies the lemma. O
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4. Growth Results of the Linearised Mild Solution

Remark 4.38. Using Definition 4.9 and choosing v© = Amax, we can extend the

range for p to
1
1,2 —|— )
( 29(4K5AW o 1))

Note that, since Ks € (0,0) and 6 € (0,1) can be chosen arbitrarily, the upper
bound of the interval 2 + 1 can be chosen arbitrarily close to 3.

1426 (ko 1)
By applying Theorem 4.25 and Theorem 4.36, we directly obtain the following two
corollaries:

Corollary 4.39. Assume that Assumption 4.12 holds. We define p € (1, i’—;) and
choose r, such that o = r?. Then we have

0 <o < ||uclt )Hco < Hu€<t>||cl Lr, K1

with high probability for 0 <t < (9) In (T") < m In ( )

rnax

The following corollary is a direct conclusion from Corollary 4.39:

Corollary 4.40. Assume that Assumption 4.12 holds We define p € (1, ﬂ) and
choose v, such that o = rf. Then, we have T > (9) In ( ) and

max

0< o< sup Jues)loo < 51 fuellles < 7o < 1
s€[0,7] s€[0,7]

holds with high probability.

Remark 4.41. As the nonlinearity vanishes when € approaches 0, we obtain the
convergence of the mild solution (see Definition 3.1) to the solution of (3.2) (see
Theorem 3.2). For initial value uyp = 0 we obtain

Hua - O-ZEHLP(Q’CO([QT}XTQ)) -0 if e—0.
In contrast to Section 4.5.2, if € > 0 is fived, we obtain
loZ)|go =0 if o —0.

In this scenario ||[0Z.||o0 remains bounded, which implies that the nonlinearity
f (Vu.) persists. Therefore, the limits 0 — 0 and € — 0 cannot be taken simulta-
neously. As a result, hill growth remains under these conditions.

However, combining a spectral Galerkin scheme in space, to reqularise the white
noise, with a convergent sequence of diffusion coefficients (UN)NeN that decays
more slowly than In(N)™! yields a vanishing nonlinearity. Details of this result

will be presented in Section 5.2.2.
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5. Euler Scheme in Time for a
Spectral Galerkin Scheme in
Space

In the following numerical analysis, we present convergence rates for approximat-
ing the mild solution under rougher noise £ = 9,W(® for o € (0,1) and the
corresponding stochastic convolution Z(®) € C° ([0, T], H1=>~ (T?)) is given by

Z@(t, x) Z”k Zi(t)eg(x), for a € (0,1) (5.1)
keZ
for t € [0,T], x € T?, with Z(¢ fo (t=)AqW (s) for each k € Z. Further-

more, we examine the original stochastlc partial differential equation (1.1) with
the Bilaplace operator multiplied by the parameter 6 = 1. Throughout this chap-
ter, constants denoted by C' may depend on the parameters L and 7. Since the
focus is on analysing convergence rates with respect to the spatial and temporal
discretisation, the dependence of constants on L and 7" will not always be tracked
explicitly in this context.

This chapter employs a spectral Galerkin method for spatial discretisation and an
Euler scheme for temporal integration, as detailed in the following.

Definition 5.1 (Spectral Galerkin method). Let n € N and define h == L. The
spectral Galerkin method is then given by

t
uELN) (t) = e Pyug + / e(t_S)APNS(u,(LN)(LSJh)) ds + Py 2@ (1), (5.2)
0

where the time variable s is rounded down to the nearest grid point jh, for j =
0,1,..., %, if s € [jh, (j +1)h), and we use the orthogonal projection

Py: L’ (T?) = L*(T%), Py we(z) > wmen().  (5.3)

keZ kEZ,|k|<N

Definition 5.2 (Exponential Euler scheme). Fvaluating the mild solution at the
grid points jh yields the exponential Euler scheme for U§N) = uh (]h)

h
. T
J(ﬂ_eh%(zvur/ "I Py ™) ds + Py 7, J=01
0
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5. Euler Scheme in Time for a Spectral Galerkin Scheme in Space

with
_ (J+1)h
Z; = / eUTDA=94 717 (5).
jh

For a = 0 and the cut-off sequence (a,gN)> = (ﬂ\k’KN)kez as a regularising
keZ

sequence for the white noise, i.e.

PNZ a) Zak Zk €k )

keZ
we have shown
t
uM(t) = ey + / elt=9A% (u(N)(s)) ds + o Py Z\9(t) (5.4)
0

in L? (Q,C°([0,T] x T?)) for p > 1 in Theorem 3.2. In particular, the limiting
function u of the sequence (u(N)) is independent of the regularisation and w is
the mild solution of

NeN

A2
{(‘%u = —A*u—+oo,W, (5.5)

u(0) = up.
Remark 5.3. Throughout this chapter, the cut-off sequence

(O‘l(cN))kez = (l\kISN) kez

can be replaced with (ﬂ\kKC(N))kez’ where (C(N))yen % any non-decreasing se-
quence that diverges to infinity as N increases. Equivalently, this can be charac-
terised by an orthogonal projection

Pey  L? (T2) — L? ']I‘2 Zukek Z uger ().

keZ ke Z,|k|<C(N)

However, for the sake of simplicity, we will focus our investigation on the case
from Definition 5.1 for a € (0,1).

5.1. Numerical Results

This section presents the main results of the chapter, beginning with the conver-
gence rate of the error function eéN) = uN) — uéN) when comparing the spectral
Galerkin approximation u™ to the Euler discretisation of the spectral Galerkin

. . (N
approximation u,
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5.2. Auxiliary Results

Theorem 5.4. Let T > 0 and ug € H™ withn > 0. Let ugN) and u™, as defined
n (5.2) and (5.4). Then, for each p > 1 sufficiently large, we have

p

E | sup Huh (t) — u™(t)

te[0,7)

s¢ (”“0”””" (hg + N_n> + NPT N h%—%N—ﬁz> .

’]_ll

Similar to the vanishing nonlinearity result (see Theorem 3.2), we present a re-
lated theorem demonstrating that the Euler discretisation of the spectral Galerkin
approximation u,(lN) converges. In the limit, the function does not exhibit linear

instability, and the surface remains without rough hill structure.

Theorem 5.5. Let T > 0 and ug € H™ with n > 0. Let uELN)7 as defined in
(5.2), and u denote the mild solution to (5.5). Then, for each p > 1, we have

’ ] ~0. (5.6)

Hl

sup Huh (t) — u(t)
t€[0,1]

lim lim E
N—o00 h—0

Proof. By Theorem 5.4 we obtain (5.6) for p > 1, depending only on =, such
that 2= € (1, — W) By applying Holder’s 1nequahty, this establishes the desired
p 1

result for each p > 1. O

5.2. Auxiliary Results

In this section, we present auxiliary results to prove Theorem 5.4 and Theorem 5.5.
Specifically, we demonstrate the divergence rate of the stochastic convolution
in Lemma 5.6 to prove the convergence rate for the vanishing nonlinearity in
Lemma 5.8, and the Holder continuity in time in Lemma 5.7.

Lemma 5.6. The stochastic convolution exhibits the following growth estimate:

In(N), ifa=0
HHl]N{() f

[HPN Ne, if e (0,1)

for each t € (0,T].
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5. Euler Scheme in Time for a Spectral Galerkin Scheme in Space

Proof. For each t € (0,T], we derive the following growth behavior by applying
Ito’s isometry and using the independence of the sequence (f),., in the first
equation below

t
B[ Pvz0),] = 3wt [ e ias

0

k|<N
SO
k<N M
N .«
~ / r [1 — 6_2”2} dx
1 2z
=1, (N).
For o = 0, by using the substitution u = —2tz?, we obtain
1 N 672tz2
L (N) = 210 (V) —/ dz
2 1 2x
1 1 2tN —u
:-m(N)—-/ "
2 4 [o u
1 1 e e
=—In(N)— - / e—du—/ Cdu
2 4 2% u 2tN2 u
1

which holds, since

o0 —Uu
e
/ <
2tN2 U

is bounded for each ¢ > 0 and N € N and converges to 0 if N goes to co.

For a € (0,1), by using the substitution u = —2tx?, we obtain

Ne — 1 N _—2tx?
I, (N) = - / R
1

2 2pt-e
Ne—1 1 1 /%NQ use
= — = = du
2a 4(2t)2 Ju u
Ne—1 1 1 ® uze™ > uze v
= — = a{/ ure du—/ ure du}
20 402t)2 LJar u 2tN2 U
~ N¢
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5.2. Auxiliary Results

which holds, since

a

00 2 _u
uze Nesoo
/ du > 0
2tN2 U

is bounded for each ¢ > 0 and N € N and converges to 0 if N goes to oo. O

Lemma 5.7. For any p > 1, there exists a constant C, only depending on T, p
such that for any n € (0,1), ¥ € (0,1], and 0 < s <t < T the following to bounds
hold

3=

K a+n—1
E[| PyZ® () — PxZ (5) /oy |” < Cplt — s SN =2+,

S

E [||PNZ(°‘)(t) — Py Z(5) % } <Ot — s|ENFH,

Proof. From the proof of Theorem 2.21, we conclude that for each ¢ € (0, 1] there
is a constant Cy > 0 such that

E[|Z4(t) - Ze(s)]2] < Cup 2t — 8"
holds for each t, s € [0,T]. Furthermore, by Theorem 2.25 we derive for p > 1

D=

E [||[PxZ(t) — PyZ(s)|[%]
< CpuB [Py (Z(t) = Z89(5)) [13]

D=

<Cyp | Yo w5 E[126(t) = Zi(s)]

k|<N

< Cypi Z MZ+"+2w_2lt - 3|w
|k|<N

1
N 32
< Cw,p,n <|t _ s\d’/ Ta+n+2w72 dT)
1

< Cypalt — 5‘%]\[%;71“&-

Similarly as above, we directly derive

RS

E [||PxZ®(t) — PnZ(s)|12]
< CpE [||Px (Z(t) — Z(s)) [13044]
< Cypult — 5|2 N2,

N |=

This confirms the claim. O
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5.2.1. Convergence Rate for the Rougher Noise Case

In this subsection we consider the rate for the vanishing of the nonlinearity in the
case of & € (0, 1), i.e. noise that is rougher than the regular white noise. Recall Z®)
from (5.1) and u™) from (5.4).

Lemma 5.8. For each t € (0,T] it holds that for f(z) = ﬁ, 2z € R?,

-

sup E Uf (Vu(N)(t,a:))|p] ’ < N7z, (5.7)

zeT?2

Proof. This proof builds directly on Lemma 3.10 and Theorem 3.11, using their
results explicitly. By Lemma 3.10 the processes PyZ® and VPyZ(® are inde-
pendet of the variable z € T2 Let M > ||[u®™ — PNZ(O“)HO07 o= [ﬁ € (0,1)
and

Ky =NV M.

Furthermore, as the covariance matrix Yy (¢,z) = Cov (%}?(m)) does not

depend on the variable 2 € T?, we obtain

2

1 u%kz

det (Sy(t,z)) = D> AR
(Kn) kEZ |KI<N k]

2 2

1 N /N 2 2
1 [/ / Yy g dz dy]
(Kn) 1 J1 (y+2)
1 N 2
Y _ Y dy

™ Ni [/1 B +1)P° (B-a)(yt+ NP
[N+ C, (1+NoH)]?

Vv

where we used the integration by parts formula to compute the last integral above.

78



5.2. Auxiliary Results
The nonlinearity thus obtains the following upper bound for each t € (0,7] and
x € T?
sup E [|f (Vu(t,2)) ‘p}
z€T?2

<sup E Hf (VuN(t,x)) ‘p| !VPNZ(”)(IS,:U)‘ > KN]
x€T?2

+sup E [|f (Vu (t,2)) 7| |[VPNZ9(t, 2)| < Kn] P (|VPyZ(t2)| < Ky)

zeT?
2 p
<|—————— | +C max t,x,
(Tre—g7) +0 max fonte.o)
SN
Vdet (Xn(t, 7))
whereby

1 1, Ty—1
t,x,y) = e~z Sy (L)
vty = )

is the density function of %}3)(@ ~ N (0,2x(t,x)). By the choice v = 5,
we obtain

up E [| (Vu(1,))[') £ N7 4 oD

z€T?
< N 7otz
This shows the assertion. O
Remark 5.9. For a more general nonlinearity f satisfying
f(Vu) ~ [Vu[ ™"
form >0, we even get the bound

sup E [|f (VU(N)(t,:U)) ‘p} ’ < N w2

TeT?2

for each t € (0,T], by choosing v = ﬁ and applying the inequality

sup E [| £ (VuN(t,2))|”| |VPNZ9(t,2)| > Kn] < |[Ky — M|
xET2

as in the proof of Lemma 5.8.

Lemma 5.10. For each p > 1 there exists a constant C > 0, depending only on p
and T, such that

3=

3l (v con-s

H]Zp([o,T]xT?,R?)
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Proof. By using Theorem A.24 and the pointwise bound on f from Lemma 5.8,
we obtain the following bound

E [Hf (V“(N)) HI;P([O,T]XT2,R2)] ’

=E [/[M]z /OT |f (Vu™ (8, 2)) [ dtdxr
< /M]2 /OTE Df(Vu(N)(t,x))H; dt da

1

C/o sup E [’f (Vu(N)(t,x))‘p]E dt

reT?2

N

T (&3
<c / NTFE7 dt
0
< CTN 72,
This verifies the lemma. O

Remark 5.11. By choosing the stochastic convolution PyZ = PyZ©, i.e. for
roughness parameter a = 0, in

t
a™(t) == e Pyug + / et=9Ap (@™ (s)) ds+ PnZ(t)
0

we derive the following convergence rate
p

sup E [| f (V@™ (t,2)) ‘p} SIn(N) 72,

~Y
x€T?

By selecting Ky = In(N)Y VvV M the proof proceeds as in the proof of Lemma 5.8.

Remark 5.12. The application of a non-increasing taming rate n: N — N to the
orthogonal projection and a non-decreasing function ¢ : N — N such that we have
the stochastic convolution

t
MNP ZEa) =) DD [T g see)
ke Z,|k|<c(N) Y0

may improve several of the convergence rates discussed in this chapter. However,
a detailed analysis of these potential improvements will be provided in our forth-
coming paper [16].
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5.2.2. Noise with Converging Diffusion Coefficients

Inspired by the results of Section 4.5.2, represented in Corollary 4.39, and based on
the growth rate of the regularised stochastic convolution (PyZ)yen in Lemma 5.6,
it is sufficient to consider a sequence of diffusion coefficients (o(INV))yoy C (0,1),
depending only on N, that converges to 0 if N — oo. Specifically, the se-
quence (o(N)) ey must converge to 0 and satisfy

E|[[o(N)PyZ @ 0)]5] 222 o0

which we derive by the inequality

In(N)™¢, for a =0,
N) =
() {N‘C(Ha), for o € (0,1),

for almost every N € N and a fixed but arbitrary ¢ € (0,1). Let

Z((:(YJ)V),N(tx) = U(N)PNZ(O()( Z oy / (o dBk(s)exr(x)

kEZ,|k|<N

for a zero sequence o : N — (0,1) and a non-decreasing mapping ¢ : N — N.
Correspondingly, we denote

t
~(N s -
ut(;v,o)(N)(t) — ¢ Pyug +/0 t=9)Ap, = (ufr (s )) ds + Z! (N)N( ).

Lemma 5.13. For each t € (0,T)] it holds that for f(z) = z € R?,

_Z
1+]z]2

e (2 00)[] £ {NR L el

Proof. By choosing v = p+2 € (0,3) and Ky vy = [o(N)In(N)]" VM if « =0
holds, and by choosing Ky oy == [0(N)N*]" vV M if o € (0,1) holds, the proof is
analogous to the proof of Lemma 5.8 as

ZY oy = o(N)ZY

«

holds and o(N) is a constant factor that does not depend on z € T?, t € (0,7
or w € (1 O
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Now it is straightforward to obtain the following result:
Corollary 5.14. Let

_ (N fora=0,
o(N) = {N_g(1+a) for a € (0,1),

for every N € N and a fized but arbitrary ( € (0,1) according to the roughness of
the noise, for each t € (0,T] it holds that for f(z) = z € R?,

_Z
14|2]2?

a(c-1)

T Nem for a € (0,1).

sw E || £ (Vi (t,2) p]; = {mméé) fora=0,

zeT?2

5.3. Decomposition of the Error Function

Let eﬁlN) = uN) — uELN) be the error function and Q) = I — Py be an orthogonal
projection. Then we have the mild formulation

t
() = M Quua+ [ eI [N (s)) - Pug(al(Ls)n)] ds
0
t
= e Qnuo —|—/ 0N T (™) (5)) ds
0
t
+ / I P (™(s)) — Pag(u™ (s))] ds
0
t
+ [ ey [0 = S )] ds
= 11(t) + Ly(t) + I3(t) + 14(2).
Lemma 5.15. Let uy € H' (T?) for n > 0. Then, for each p > 1, we have

E

tel0,T

P L\"
SUP} HIl(t)”%l < ||u0||'H1+" <%> N,
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Proof. For ug =), .z ure(0) we have

»
E | sup ||11(7f)||§§1] = sup [[L1(¢)[lsn
te[0,T] te[0,7)
21 4
< sup e () | Quugfro
te[0,7)
2
< DD wm "
keZ |k|>N
L n
<ol (52) N7,
—n L \* L \27
where we apply p, " = (T\k\) < (%—N) for |k| > N. ]

Lemma 5.16. For each v > 0 and p > 1, depending only on v, such that

——c (1,
p—1 1—-7

we obtain

3=

E ||| sup I2(t)

te[0,7]

p
] < CN™7 7,
'Hl
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5. Euler Scheme in Time for a Spectral Galerkin Scheme in Space

Proof. By applying Hoélder’s inequality, Minkowski inequality, and Lemma 5.10,
we conclude

E

sup IIIQ(t)H%l]

te[0,7]

=E | sup
_te[O,T]

/Ote(ts)AQN [S, (u(N)(s))} ds

1
p P
H1

t p
<E sm)(/’w“ﬂMvﬂLmﬂﬂwmwmamv<vaw@nuww)]
0

3=

| te [0,T]

X ||QN||L(’}-[—17’H—3+’Y)

t p
SE| sup (/ He(t_s)AHL(H—sﬂ,Hl) Hf(V“(N)(S))HLZ ds) ]
0

| te [0,T]

3=

x ”QN||L(H—1,H—3+W)

< G QN L1 -3+

« ( /OTS(HM ds)‘”?E [ / 17 (T ds};

T 1
<oy rore et [ @) as
0
< CpN 2N~ w2,
This shows the assertion. O

Lemma 5.17. Lel ug € H'* (T?) for n > 0 and let v > 0. For p > 1, depending

only on 7y, such that 27 € (1, ﬁ) and constants C' = Cy 1.1, > 0 we obtain

p

E

s [0 - 121

1
< C (1 g llyren + N5 4+ RATENTF2 4 REINTI).
Proof. For each € (0, 1] we have from (A.12)
1 — 1a)u],,, < O A%l = CF ullyuses
for each t € [0, 7] (see (A.6)). Therefore, for v € (0,2) we obtain

(e = TA)|| s 40y < CE27F.
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5.3. Decomposition of the Error Function

We now decompose the difference as follows:
u () — M ([t]5) = (¢ — e A) Pyug + Py (Z9(t) — Z) ([t]4))

[t]
+/ ' (e(t*S)A — e(LtJh*s)A) PnE (VuglN)(szh)> ds
0

t
—l—/ t=9Ap <Vu§LN)(L3Jh)> ds
L

tJh
= f41(t) + j42(t> + f43(t) + j44(t>

Let ug € H'*". By applying (A.12), we obtain

A~ p » A
E | sup HI41(t) ] = sup I4l(t)H (5.8)
te[0,T] H! te[0,7] HT
< sup (e = ) Py,
te[0,7

S t:[lé%] HGWMHL(H%HI) (7t = 1d) P,

< C sup |t — [t]n]?
t€[0,T]

< On¥ o]l

(=27 w

Hl

By applying Lemma 5.7, we derive

E [HPN (Z(a)(t) AC)) (8)) ] < C'Np(w“‘)\t — sPY

[

for each t,s € [0,7] and ¢ € (0, 1]. Since Z is Gaussian, Kolmogorov’s continuity
theorem (see [67, Theorem 2.2.3]) yields for a ¢ € (0,4 — %) that

wy 1PY(Z90 =2 ()],

E 28
t€[0,T] .64t n [t — [t]nl

] < CNP@Vte),

By choosing v = 1, we derive the bound

=E

p

E ]42 (t) -

sup
te[0,7

|y (Z2990) — 26 (121) ||211] "

te[0,7

< ON*™ sup [t — [t
te[0,T

< CN2+ah1—%—.
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5. Euler Scheme in Time for a Spectral Galerkin Scheme in Space

From (A.12) we get

("~ 1) o], < CnE-E

a1
< Ch7 |yl

for y € H*7. Thus, by applying Lemma 5.10, the Minkowski inequality, and
Holder’s inequality, as in the proof of Lemma 5.16, we derive

1
E | sup ||fis(t) p] (5.10)
te[0,7) H!
(thn gk
<E| sup /t He(t 5) _e(LtJh—s)AHL o ‘f(VUELN)(LSJ“)H ds
tefo,1] \ Jo (H=1HY) L2
< (t—|t]n)A —1d - )
S [l s 201
p—1 1
LT » T »
>< ( / e 02) [ [ Gl 0]
l ol 1+7 % g (N) p %
phi Hras) B[l st as
0
%*% % pN ==l

Furthermore, by the Minkowski inequality, Hélder’s inequality and Lemma 5.10,
we obtain

3=

E

t) i] (5.11)

)

sup HLA(
te[0,7

<E|s /t (t - 8)7%
up -
h | t€[0,7] i, V2e

B =

7 (V™ i)

r t p—1 %
<E | sup ( / (t—s) D ds) / 17 (Fa™ (L) |72 ds]
| t€0.7] \J[¢] [t]n
p-1 (T ’
< CE | sup (tQ(p 5 — [t]n 3o 1>> / ||f (Vu (U ||L2
t€[0,7] 0

N

Cyh ™ / TE[Hf(w W) L] as

86



5.3. Decomposition of the Error Function

Finally, applying the triangle inequality and by combining (5.8), (5.9), (5.10) and
(5.11), we conclude

< Cpr (A uollyren + N*F2R' 57 4+ A=EN"72 - p2 75 NT32).

D=

E

sup {|uf™ 6) = ™ (2]
te[0,7)

This establishes the claim. O

Lemma 5.18. For p > 1, depending only on vy, such that ﬁ € (1, ﬁ) we have

3=

E

sup Hf4(t)|\§’{1]

t€[0,T]

< VT (W ugllyaso + N*R175 4 N7 (35 4 0375)).
Proof. By Lemma 5.17 it holds that

1
E | sup [[Z4(t)[34
t€[0,T]

T 1
</ (T'—s):2E
0

sup Hu,(l )—uh (Lt]n)
t€[0,T]

vy

This confirms the claim. O

SOVT <h4 ltto||5p150 + NZHR5™ + N7552
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5. Euler Scheme in Time for a Spectral Galerkin Scheme in Space

5.4. Proof of the Main Result

Finally, we can realise the proof of the main result of this chapter Theorem 5.4.
Proof of Theorem 5.4. We define the auxiliary functions for each s € [0, T]

1
P p
H1

h(s) =E egN) (1)

sup
te(0,s]

and
a:=C (HUUHMMN*” + N‘Qﬂ_p%)
4.0 (W ol + N*#175 4 N5 (% 40373

By combining the results of Lemma 5.15, Lemma 5.16, and Lemma 5.18, we obtain

P
hT):=E | sup egN)(t)
te[0,T] H!
1 1 1
<E|sup L5 +E sup [L(®)[f5: | +E| sup ||f4(t)||§’{1]
t€[0,T] t€[0,T te[0,T

+E | sup HIg(lf)HI;_[l
te€[0,7

<C (HUOH’HHnN_” + N_2+7_ﬁ>

+.C (1 ugllypen + N0 4 N7F (h37 4 1E7))

/ —5) QE

1
P
N
sup e ><r>||21] ds

T7€[0,s]
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5.4. Proof of the Main Result

Thus, by applying Lemma A.19, we derive

1
p P
H1

<0 (HUOHHHWN*’I + N_2+7_p%)

h(T)=E | sup HegN)(t)

t€[0,T]

N[
LSAT

+C (h% ol sn + NZHORIT5™ 4 N 7752 (h%fg L

))

T
T m

- Eﬁ(—T— > d
+2€0 1 26( s) ) ads

< C (||u0||H1+UN_n +N_2+’y_paﬁ>

a
4

N
3=

+C (h% w0l p+n + NZepl=5= + N e <h%_

T
{621(“) (1+V5) +

+h

)

+7T
2e J,
< Ca

=C (”uOHHHnN*” + N—2+7—p—$_2)

ads

7=

+C (hg [toll3g140 + NZHCR5™ 4 N™782 (h%_% N h%_%>)
<0 <||U0||H1+n (h% + N‘”) L NTepl N—Z—i—y—ﬁ)

+C (praﬁ <h%—% +h
<¢ <HUOH’L‘“" (hg + Nﬁ”) + N#ORTET 4+ N2 h%f%N—f:Q) .

This establishes the desired result. ]
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5. Euler Scheme in Time for a Spectral Galerkin Scheme in Space

5.5. Numerical Simulations

The numerical simulations presented in this section were created by David Buch-
berger as part of our joint work [13]:

Simulations are conducted on the domain [0,1]? up to time 7' = 10 using a step
size of h = 0.001 and parameters ¢ = 0.11 and ¥ = 0.02. The initial condition wug
is set to the constant value 0. The values presented in the tables below represent
averages over 100 samples at time 7" = 10. The exponential Euler scheme in
Fourier space with regularity weights is formulated as follows:

1 —ehA 1 — e2hA
(N hAA(N (N

vﬁﬁ:e vj(-)+ 1 S(v](.) 51
where A contains the eigenvalues corresponding to the eigenfunctions e, of —A?
with |k| < N. Similarly, the exponential Euler scheme for the stochastic convolu-

tion is expressed as follows:

)+o (=A)2 N?Re(N(0,1) 4+ iN(0,1)),

1— 2hA N
5 — ghaz) 4 a%(—maw Re(N(0,1) +iN(0,1)).
The error is defined as egN) =) — (V)

5.5.1. Numerical Result Regarding Rougher Noise

For oo = 0.4, we observe that the inf-norm of the gradient of v does not grow
with more Fourier modes.

Number of fourier modes HU(N)HOO HV'U(N)HOO HU(N)HCI

(22)* = 16 0.130713  0.614351 0.745064
(23)* =64 0.122107  0.670314 0.792421
(24 = 256 0.133159  0.746035 0.879194
(2°)* = 1024 0.139909  0.760671  0.900580
(26)* = 4096 0.141632  0.761279  0.902910
(27)* = 16384 0.143825  0.760267 0.904092
(28) = 65536 0.144930  0.751583 0.896513
(2°)* = 262144 0.146088  0.738105 0.884193
(219)* = 1048576 0.147054  0.721802 0.868856

Table 5.1.: Norms of the Exponential Euler Scheme in Fourier Space with Respect
to the Number of Fourier Modes for o« = 0.4.
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5.5. Numerical Simulations

Here, convergence of v(™ to the stochastic convolution Z is not expected due
to the persistent nonlinearity. The stochastic convolution Z displays only noise,
which is not visible in this case. The figure below demonstrates the characteristic
hill-growth observed in the simulations.

03 T

0.2
01 7
0.0 7

-0.17

-0.27

10 10

Figure 5.1.: Simulation of v¥) at time 7" = 10 for & = 0.4 and N = 2.
(Figure created by David Buchberger using Python.)

The table below demonstrates that in the numerical simulations, the error VegN)
stabilises at approximately 0.45 and thus does not converge to zero, as anticipated.

Number of fourier modes HEELN)HOO HV@&IN) HOO HeéN)‘ o
(22)2 =16 0.102194 0.436299 0.538493
(23)? = 64 0.108146  0.464480 0.572626
(24)* = 256 0.124719  0.474413  0.599132
(25)2 = 1024 0.135589 0.459246 0.594835
(26)2 = 4096 0.139585 0.451026 0.590611
(27)% = 16384 0.142452  0.452216  0.394668
(28)2 = 65536 0.144310 0.453707 0.598017
(29)? = 262144 0.145731  0.456384 0.602115
(210)2 = 1048576 0.146847 0.458761 0.605608

Table 5.2.: Norms of the error function with respect to the number of Fourier
modes with a = 0.4.
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5. Euler Scheme in Time for a Spectral Galerkin Scheme in Space

Table 5.2 summarizes the numerical values of the error norms for a = 0.4 and
increasing numbers of Fourier modes. The corresponding convergence behaviour
is illustrated in Figure 5.2.

o = .4

0.14

0.13 H

Errorin = norm

0124

0.11 4

0.10

T T T T
':i]"j" -:js;r’ -]'j'j" -:'ir'j" I:jr.J.l_‘ ij;\_’ I..J\.I_’ -:2"}'! I..J[.IJ-I_!

Mumber of fourier modes

Figure 5.2.: Simulation of HegN) Hoo for a = 0.4 and an increasing number of fourier
modes N. (Figure created by David Buchberger using Python.)

5.5.2. Numerical Result for Higher Roughness Parameter

Increasing o is expected to cause a significant increase in the gradient of v™).
Simulations were conducted for o = 0.7 and o = 0.9. In both cases, the error ele)

converged to zero. The following presents the data generated for vV) with o = 0.7:
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5.5. Numerical Simulations

Number of fourier modes ||U(N)||Oo ”VU(N)HOO HU(N)Hcl
(22>2 =16 0.256342 1.485884  1.742225
(23)° = 64 0.194115  2.131889  2.326005
(24)2 = 256 0.147894 3.378832  3.526726
(25)2 = 1024 0.114401 5.150998  5.265400
(26>2 = 4096 0.083890 7.595636  7.679525
(27)% = 16384 0.060421 11.047536 11.107957
(28)2 = 65536 0.043793 15.991852 15.635645
(29) = 262144 0.031083 22357294 22.388378
(210)2 = 1048576 0.021860 31.011626 31.033486

Table 5.3.: Norms of the exponential Euler scheme in Fourier space with respect
to the number of Fourier modes for o = 0.7.

The norm of Vo™) increases gradually as the number of Fourier modes increases.
Consequently, the nonlinearity diminishes. The graph below no longer exhibits
hill-like growth and instead only displays noise.

0.1001
0.075
0.050
0.025
0.000

—0.025

—0.075

—0.100T 0.8

0.6 0.2
0.4 -
0.2 0.0 0.0

Figure 5.3.: Simulation of v™) at time 7' = 10 for &« = 0.7 and N = 27.
(Figure created by David Buchberger using Python.)

As we might expect from Figure 5.3, we also see convergence of egN) to 0 in the
numerical data:
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5. Euler Scheme in Time for a Spectral Galerkin Scheme in Space

Number of fourier modes HegN) HOO HV@,SN) HOO HegN)‘ o
(22)2 =16 0.065330  0.320001 0.385331
(23)2 =64 0.025951  0.149824 0.175775
(24)2 = 256 0.009055  0.064278 0.073333
(25)2 = 1024 0.002977  0.025431 0.028408
(26)2 = 4096 0.001025  0.009572 0.010598
(27)2 = 16384 0.000367  0.003833 0.004200
(28)2 = 65536 0.000146  0.001659 0.001805
(29)2 = 262144 0.000059  0.000690 0.000749
(210)2 = 1048576 0.000024  0.000286 0.000310

Table 5.4.: Norms of the error function with respect to the number of Fourier
modes with a = 0.7.

Table 5.4 summarizes the numerical values of the error norms for a = 0.7 and
increasing numbers of Fourier modes. The corresponding convergence behaviour
is illustrated in Figure 5.4.

0.06

0.05 H

0.04 4

0.03 4

Errorin =< norm

0.02 4
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0.00 4 " * ‘ o
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,:22)2 .;23)2 |:2|)2 .:2")3 .;2"')2 c27)2 .:2-*)2 I:zn)z I:2ln)2
MNumber of fourier modes

Figure 5.4.: Simulation of ||e§lN) Hoo for a = 0.7 and an increasing number of Fourier
modes N. (Figure created by David Buchberger using Python.)
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5.5. Numerical Simulations

With o = 0.9, we observe the same effects as for a = 0.7, but the process occurs
significantly faster, as shown by the values of VoV,

Number of fourier modes HU(N)HOO HVU(N)HOO HU(N)Hcl
(22)° = 16 0.527842  3.426971  3.954813
(23)° = 64 0.562840  6.971630  7.534479
(24)? = 256 0.551854 14496256  15.048111
(25)2 = 1024 0.548000  30.283880  30.831880
(26)2 = 4096 0.537246  59.610059  60.147305
(27)2 = 16384 0.507359 113.373272 113.880632
(2%)% = 65536 0.476628 212.051834 212.528462
(29)2 = 262144 0.441572 398.740028 399.181600
(210)2 = 1048576 0.405952 739.753947 740.159899

Table 5.5.: Norms of the exponential Euler scheme in Fourier space with respect
to the number of Fourier modes for o = 0.9.
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The results for errors with o = 0.9 are as follows:

Number of fourier modes HegN) HOO HV@%N) Hoo HegN)‘ o
(22)2 =16 0.036118  0.179939 0.216057
(23)2 =64 0.008669  0.060559 0.069228
(24)2 = 256 0.001975  0.020830 0.022805
(25)2 = 1024 0.000615  0.007402 0.008017
(26)2 = 4096 0.000197  0.002494 0.002691
(27)2 = 16384 0.000065  0.000831 0.000896
(28)2 = 65536 0.000021  0.000273 0.000294
(29)2 = 262144 0.000006  0.000084 0.000090
(210)2 = 1048576 0.000002  0.000026 0.000028

Table 5.6.: Norms of the error function with respect to the number of Fourier
modes with a = 0.9.
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6. Numerical approximation of
nonlinear fourth-order SPDE
with additive space-time white
noise

This chapter is based on collaborative work with Dirk Blomker and Chengcheng
Ling, as published in [15]. Although subsequent work has led to improvements,
this chapter is concerned solely with the findings presented in the version of the
paper posted on arXiv on January 30, 2025:

We consider the strong numerical approximation for a nonlinear stochastic partial
differential equation (SPDE) of fourth order driven by space-time white noise on
the two-dimensional torus. We consider its full discretisation with a splitting
scheme: a spectral Galerkin scheme in space and Euler scheme in time. We show
the convergence with almost spatial rate % and almost temporal rate 1 obtained
mainly via stochastic sewing technique.

6.1. Introduction

The Cahn—Hilliard equation was first developed by the work of Cahn and Hilliard
on phase separation in binary alloys, where they introduced a free energy functional
that accounts for both bulk and interfacial contributions [24, 25|. In its determinis-
tic form, this fourth-order partial differential equation models how a concentration
field evolves to form distinct regions (phases) over time. The addition of random
fluctuations or thermal noise gives rise to the stochastic Cahn—Hilliard equation,
providing a more accurate portrayal of microscopic uncertainties present in real
materials [4, 27, 30, 71].

As a very active field of research [25, 39|, there has been a long list of work on
numerical approximation of various types of SPDEs. [8, 10| consider stochastic
Burgers and |6, 20, 23, 36, 65| study stochastic Allen—Cahn equations, moreover
[50, 52, 53, 64] provide broader framework. For further interests on this topic, we
refer to the references within the aforementioned works.
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6. Numerical approximation of nonlinear fourth-order SPDE

Stochastic Cahn—Hilliard equations extend the classical Cahn—Hilliard models with
noise, requiring careful numerical methods. Early simulations employed an un-
conditionally gradient-stable scheme [34], focusing on stable conservation of mass
[30]. Gradually finite-element, spectral, and hybrid strategies address various ge-
ometries and stability needs [54, 69|, driving ongoing improvements in efficiency
and consistency.

The focus of this chapter is the numerical approximation of a nonlinear fourth-
order stochastic partial differential equation (SPDE) driven by space-time white
noise on the two-dimensional torus, defined as:

O = —0A*u — G (u) + cO,W (6.1)

where G : R — R is the nonlinear term satisfying ||G|| ,||0G|lc < oo and the
space-time white noise is denoted by & = 0, representing random fluctuations,
scaled by a constant diffusion coefficient ¢ > 0, which governs the intensity of the
stochastic effects.

We further propose the property of w to be in a moving frame (see (A.3)),
ie. [pu(t,r)de = 0 for any ¢ > 0. The scheme we consider is the full dis-
cretisation of the equation which was first addressed by [39]. More precisely, (see
also (6.5)) a spectral Galerkin scheme in space and Euler scheme in time based on
sampling rectangular increments of W on a grid with meshsize n~! in time and
N~!in space.

Inspired by the works [23, 31] and our forthcoming paper [16], we finally obtain
a convergence rate in L” of order almost N R Evidently, we also over-
come the order barrier i with respect to the temporal step size which has been
addressed in [51, 31]. The crucial idea within our analysis is to combine the regular-
ity estimates on the semigroup generated by —A? (see Lemma 6.6 and Lemma 6.7)
together with Stochastic sewing lemma [58, 31| (see Lemma 6.4) so that we can
tune the spatial and temporal regularity of the mild solution and noise, which in
the end yields the desired quantitative rate. This idea was originally invented to
study the numerical approximation for singular SDEs [22, 59, 35|. In this instance,
we are able to apply it to stochastic Cahn—Hilliard equations (6.1).

Remark 6.1. In our forthcoming work [16], we apply the stochastic sewing tech-
nique to the surface growth model (1.1), with the nonlinear term

Vu

S(u)zV-f(Vu)zV-m,

which, in contrast to the setting of (6.1), leads to additional ill-posedness problems.
Our aim is to establish a convergence rate of order n='/? by choosing the spatial
resolution according to N ~ n® with a € (0, 1).
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6.2. Preliminary and Main Results

In contrast to Equation (6.1), Fquation (1.1) exhibits the vanishing nonlinearity
effect (see Chapter 3 for the groundwork, Chapter 4 for a linearisation approach,
and Lemma 5.8, and Remark 5.11 for the explicit convergences rates), which avoids
such regularity issues. Moreover, Equation (1.1) features an energy barrier, i.e.
the Schwoebel barrier [72], which prevents adatoms from crossing step edges. This
effect is encoded in the structure of §, which tends to zero as |Vu| — oc.

For the analysis of (6.1), we employ the stochastic sewing lemma (cf. Lemma 6.4),
which requires a Gronwall-type estimate in either L* or H' (cf. Lemma 6.5). This
approach relies crucially on the Lipschitz continuity of the nonlinearity G. Al-
though f : R? — R? is Lipschitz continuous, this property does not extend to the
induced maps

T HOT2(T?) — HY(T?), for a <0,
since Lipschitz continuity is generally not preserved when passing to distribution

spaces. This constitutes the main analytical difficulty in extending the convergence
analysis to this class of nonlinearities.

6.2. Preliminary and Main Results

Note that we use the complex setting L?(T?, C), as introduced in Appendix A.4.
Here we introduce the solution and its corresponding approximation scheme that
we consider. Let Z be the stochastic convolution (see (2.1)) and PyZ be the
regularised stochastic convolution regularised by the orthogonal projection Py
(see (2.3),(5.3)).

Definition 6.2. For t € [0,T], for k = 0,1,...,n, h = %, ty = kh, we define
the mild solution v of (6.1), its spectral Galerkin approzimation u” and its Euler-

spectral Galerkin approzimation v as follows
t
v(t) = et +/ e=IAG (v(s)) ds + Z(t), (6.2)
0
t
u™ (t) == e Pyug + / "4 PyG (uM(s)) ds+ PyZ (1), (6.3)
0

UN’n(tk_H) = BhAPNUN’n(tk) + etAPNG (uN’"(tk)) + PNZ(tlc—H) — GhAPNZ(tk).
(6.4)

Note that (6.4) is equivalent to

¢
u™N" () = ' Pyug +/ =Py G (WM (kn(s))) ds+ PyZ(t), t=0, (6.5)
0

where k,(s) = L’;‘fJ, forn € N.
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6. Numerical approximation of nonlinear fourth-order SPDE

Our main result can be stated as follows.

Theorem 6.3. Suppose uy € Cz and G|l 0G|l < oo. For the solution u™™
to (6.4) and the solution v to (6.2) we have for some sufficiently small € > 0

LS

E | sup [u™" C(N™2% 4 i) (6.6)

Ol 2
t€[0,77

where C' depends on T, p, €.

6.3. Tools and Auxiliary Estimates

We denote
(S, T« ={(s,0)|S<s<t<T}
(S, T)e ={(s,t)|IS<s<t<T,t—s<T—t}

For a function A of one variable and s < t, we write A;; = A, — A, and for
functions A of two variables and s < u < t, we denote 0 A, = Asp — As — Ay
Furthermore, denote by E, the conditional expectation with respect to F.

Lemma 6.4 (Stochastic sewing lemma, [31, Lemma 3.2]). Fiz p > 2 and 0 <
S <T < 1. Let A:[S,T)< — LP(Q) be such that Asy is Fi-measurable for all
(s,t) € [S,T|<. Suppose that there exist e1,e9 > 0, §1,90 = 0 and C1,Cy < 0
satisfying 5 + €1 — 01 > 0, 1 + &3 — &2 > 0 and such that for all (s,t) € [S, Tz,
u € [s,t] the following bounds hold:

1 Astll oy < ColT —#]721t — s]27=, (6.7)
IEs0 Asutll oy < ColT — ]~ %2\t — g1 te2, (6.8)

Then there exists a unique (F)ic(s,r)-adapted process A : [S,T] — LP(S2) such that
Ag = 0 and that there exist Ky, K, such that for all (s,t) € [S,T]: one has

[Asi = Asill oy < BT =t~ Ot — s|2 e 4 JG|T — 7%t — 5|52, (6.9)
[Es (Asp — As)ll 1o @ S Fo| T — 1] %2t — s[ ==, (6.10)

Furthermore, there exists a constant C' depending only on p, €1, €2, such that the
above bounds hold with K1 = CC1, Ky = CCy. Finally, there exists a constant C
depending only on p,e1, 2,01, 02, such that for all (s,t) € [S,T]< one has

| Astll oy < C(ChlE = 5|25 4 Cylt — s|2t227%2), (6.11)
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6.3. Tools and Auxiliary Estimates

We state a version of Gronwall lemma that we use quite often in the later analysis.

Lemma 6.5 (Gronwall lemma, [31, Proposition 3.4]). Let V' be a Banach space.
Let X,Y, 7 € LP(Q,C°([0,T],V)) for p > 1. Assume that there exists a Lipschitz
continuous function F on V with Lipschitz constant Ly, a family (S(s,t))o<s<t<r
of uniformly bounded linear operators on V with uniform bound Lo and such that
the mapping (s,t) — S(s,t)v is measurable for any v € V, and a measurable
mapping T : [0,T] — [0,T] such that 7(s) < s and that the following equality holds
forall0 <t LT

X, —-Y,=7+ /0 S(S,t)(F(XT(S)) - F(Y}(S))) ds. (6.12)

Then there ezists a constant C' = C(p, Ly, Lo, T') such that

E | sup | X; —Yi|)?

te[0,7)

< CE

sup || Z"] . (6.13)

te[0,T

Lemma 6.6. For the identity matriz Iy in R**? and for any o, B € R with a > f3
we have

€ [l oo ST Iflloss [T = e fll oo S 65T 11 fllos - (6.14)

Proof. In [38, Lemma A.6, Lemma A.7| the author prove the case when the semi-
group is generated by the negative Laplacian —A. For —A? we obtain (6.14) via
the same proof except changing the ratial from t=%3" of [38, Lemma A.6, Lemma
A7) to =7 as in (6.14). Therefore, it is clear enough to omit the duplicate of
the proof of [38, Lemma A.6, Lemma A.7| here. ]

Lemma 6.7. For p € [1,00), A € (0,2) and ¢ € (0,1), there ewist constants
C = C(e,\,\T,p) and C = C(e,\,T,p) such that for any 0 < s < t < T the
following holds:

2
E[120) - 2 1] < Clt s, (6.15)
E 1202 vy < (616
, 1
E ||| sup (et — et Z(r) <Ot i, (6.17)
rel0,T7] O-1+e

Proof. Notice that (6.16) can be directly obtained by (6.15) and Kolmogorov’s
continuity theorem. If (6.16) holds, after applying both bounds of (6.14) to (6.16)
we obtain (6.17). Therefore, we only need to show (6.15).
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6. Numerical approximation of nonlinear fourth-order SPDE

We first assume p to be sufficiently large. Considering C* ~ BS,  and by the
definition of B, ., for a < 1, in order to verify (6.15) it is sufficient to show

E(|AZ(t,x) — A, Z(s,2)P]r <270Vt — o3, (6.18)
Indeed, by (6.18), raising p-th power and multiplying by 2/?(:=2=%) leads to
PA
E |1Z(t.2) - Z(s,0)|[% .| S It = s/"

Then via the Sobolev embedding B} ¢ < C''"*7¢, we obtain (6.15).
In order to show (6.18), we use Corollary 2.5 and It6’s isometry to obtain

E[|A;Z(t) — A;Z(s)[P]7
SE[AZ(t) - 2, 7(5)]]
Aj(p—r — Ps—r)(x —y) dW (r,y)

Ajpi—p(z —y) dW (r, y)

+E

2]
‘ 2 * 2
= / ||Ajpt—7’||L2(rﬂ-2) dT +/0 ||Aj(pt—7“ _ps—T)HL2(’]I‘2) dT'

From Parseval’s identity and (A.10) we continue the above calculation and obtain

(BIA;Z(t) — A;Z(s)[P)7

/Z¢2(k —2(t- ”“kdr+/ Z¢2 e 25 (1 — e (92 g

S kez keZ

S SR min(lt sl %) + 3 630k min(e — sl®, i)

keZ keZ

’]I‘2

since e < min(z™1, 1) and 1 —e™® < min(x,:c%, 1), for any = > 0. Since we
consider the 2-dimensional standard torus of length L = 1, we obtain from (A.2)
that py, = 472|k|* holds for each k € Z, hence for any 6 € [0, 1] we obtain

(E|A;Z(t) — 8;2(s)P)7 S 2% min(279, |t — s)
5 22]2—4] 1 0)|t o 8’6
— |t o S|92(40_2)j.
This implies
E (|2 Z(8) — A;Z ()P S [t — s| 12017

by taking A = 260 € (0,2). Therefore, we obtain (6.18) and the proof is complete.
O
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6.4. Proof of the Main Results

6.4. Proof of the Main Results

According to the different types’ estimate desired in the proof of the main results,
we organise the auxiliary lemmas in the following way and the proof of Theorem 6.3
is given at the end of this section. First, we denote

t
N (t) = e Pyug + / AP G (4N (s)) ds+ Z (), (6.19)
0

¢
a™N"(t) = e Pyug +/ eIAPNG (4N (ko (s))) ds+ Z(t), t=0, (6.20)
0

where we do not use a cut-off for the white noise. It reads

N _p=uMm =gV gV gV oY — N+l —v=L+ L+ I+ .

(6.21)

u

The following result shows that all of the terms that are introduced above are
well-defined.

Lemma 6.8. Suppose ug € C2 and |Gl |0G]|,, < oco. Then there exist unique
mild solution v to (6.3) and @ to (6.19). Moreover, for e € (0,3) and p > 1,
there exists a constant C(p, T, ||G|| ., [|0G]| ., < o0) such that

sup E {HPNZHP +supE {HpNZ)
NeN c

1 ([07T}701*5)} NeEN

<C(1+Elul?,])

p
o ([o,1),01-2)

Proof. For the existence and uniqueness we apply fixed point argument (see also
[31, Proposition 4.1]). By the global Lipschitz bound on G and the fact that
sup HetAPNuHOO < [Ju||,, one finds a unique fixed point of the mild formulation
of " to (6.3) and 4" to (6.19) in C°([0,T], L>) for T chosen small enough.
For any arbitrary time horizon 7" > 0, we can glue the solutions on subintervals
together yielding a solution globally. Then plugging the solution back in the mild
formulation and using the semigroup estimates for PV instead of P, one obtains
the claimed regularity bounds by a similar calculation Lemma 6.7. O

6.4.1. First Estimate

Lemma 6.9. Suppose uy € C2 and 1G], 190G, < oo. For u™™ from (6.5)
and 4N from (6.20), we have for sufficiently small e > 0

D
~N,n _1 .
E | sup HuNyn(t) —a™ (t)”ZQ(’]I‘Q) SN2 (6.22)
t€[0,T]
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6. Numerical approximation of nonlinear fourth-order SPDE

Proof. By (6.5) and (6.20) we obtain

= [Z(t) — PyZ(t)] + /O eIAPY [G (uN"(ka(s))) — G (@Y (kn(s)))] ds.

Thus, using the Lipschitz continuity of G, we obtain from Lemma 6.5 the following
bound:

E

s [ (1) — ¥ Hm] <
t€[0,7)

sup ||Z(t) — PNZ@)‘E?(T?)] (6.23)

t€[0,T)

< 46 2
~Y
keZ, \k\>N

.
< (/ 45 2d§U
~ N

S NTENP

whereby 0 € (0, ;11) can be chosen arbitrarily small. This establishes the desired
result (6.22). O

6.4.2. Second Estimate

Lemma 6.10. Suppose uy € Cz and |G, 0G|, < oo. For a™™ from (6.20)
and @V from (6.19), for e € (O, %) and p > 1, we have

E | sup |a™(t n~tte (6.24)

||L2 (T?) S
te[0,T)

where C'= C(T, p, e, up).

Proof. 1t writes

= Iy (t) + (). (6.25)
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6.4. Proof of the Main Results

Our idea is to bound @ (t) — a™™(t) from above via Gronwall inequality, see
Lemma 6.5, in which the second term I55 can be buckled. In order to obtain the
desired estimate for Iy, we divide the whole proof into the following steps:

1. Reduction via Girsanov theorem:

We follow the idea of [31, Corollary 4.7|. Denote the probability measure Q := pdP
where p is given by

p—eXp( //T N(s,y) dWsy——//|G \dyds)

From Girsanov’s theorem (see |27, Theorem 10. 14] we know that Q here indeed
is a probability measure since dW (s,y) + G (4" (s,y)) dyds defines a space-time
white noise measure under Q independent of F; by the bound E [p~!] < C(T) < oo.
Thus, we obtain that 4"V has the same distribution under the probability measure Q
as Z(t) + e Pyuo under the probability measure P, formally, we have the equality
of the pushforward measures

Qo (&™) =Po (Z(t) + ¢ Pyug)

Define the functional on the process Z

B(Z) = sup / =9APy (G (Z(5)) — G (Z(hn(5))) ds]| -

te[0,7

Then, via Girsanov theorem and Cauchy—Schwarz inequality, we have

E (|B(i)"] = E¥ [op™"B(a")P"]
= E [p"!|B(a")P]
SECp'E [IB Gk
= E© s }% [ t) + e Py u0)|2p]%
SEF [B(Z +etAPNuo>|2pﬁ-

Therefore, if we denote

t
fot = / eI Py (G (Z(s) + e Pyuo) — G (Z(kn(s)) + ¥4 Pyuy)) ds,
0

(6.26)
then the estimate of [, is reduced to
P P
B | st [l | SE | sup (0 Lm] . (627)
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6. Numerical approximation of nonlinear fourth-order SPDE

2. Estimates of fgl via stochastic sewing:

For convenience, we denote Z(t) == Z(t) + e'Aug. In this step, in order to obtain
estimates of (6.27), we first show the following for any (s,t) € [0, 1]<:

1
p P
E
Lo (T2)

_E /St LA, (G (Z(T)) e! (Z(k:n(r)))> dr ;(Tz)] z

< (t—s)itin e (6.28)

I (t) — In(s)

According to the property of By and Sobolev embedding, it is sufficient to show
(6.28) via showing

?|

More precisely, (6.29) implies that

’ /St Aje(tfr)APN (G (Z(T)) -G (Z(kn(r)))) dr

< 2_j€(t _ S)i—i—%n—l—l—s

3=

P
} < Q—ja(t . 8)%4—%”—1-1-5.

(6.29)

/: APy (G (Z(r)) = G (Z(ka(r))) ) dr

E

1
p ] P
By p

by the Sobolev embedding By, — C*~ s L for sufficiently large p. Therefore,
in the following, we only need to show (6.29). To do so, the idea is to apply
Lemma 6.4. Let t* < T and define

Ay, =B, { / LA py (G (Z(r)) el (Z(kn(r)))> dr} (6.30)

for (s,t) € [0,T]%, t < t*. We first verify the condition (6.7) of Lemma 6.4. To do
this, we consider the following two cases.
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6.4. Proof of the Main Results
1. [t —s] <2

Following from (6.16) and (6.17), we have for A € [0, 2)

He(t-l-s)AuO _ etAuOHC_Hg < A uo | pr-e
2—)
[ef®49 % — 4ol 1. < 5% ol

which implies

. - p
E [HZ(t) - Z(s)’ L } <Ot —s|E, (6.31)
E HZ‘ <O, 6.32
[ Ci([o,T],clxg)] ( )
P ’
E ||| sup (e — e Z(r) <Ot ais™® (6.33)
r€[0,T] C-14e

Observe that for Lipschitz continuous G we have

1G (u1) = G (u2)llc1-e S llur — wafl e - (6.34)

To be more precise, for ui, us € C17¢, by the fundamental theorem of calculus
we have

1
G (u) — G (ug) = / VG (Quy + (1 — O)ug) db - (uy — uy),
0
which yields

1G (u1) = G (u2)||g-1-2 =

1
/ VG (uy + (1 — 0)ug) db - (ug — us)
0 C—1-¢

< sup [|[VG (Oug + (1 = 0)ug) - (ug — ug)||g1-- -
0€[0,1]

Furthermore, from the rule for the product of two distributions |3, Section 2],
we have

lg - Pll gmino.s) < C (0, 5) [lgllco 7]l co (6.35)

for any g € C? h € CP with 8,0 € Rand 5 +6 >0
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6. Numerical approximation of nonlinear fourth-order SPDE

and thus by applying (6.35) and (A.16) we obtain

1G (u1) = G (u2)||g-1-= S sup [[VG (Our + (1 = O)ua)|| a5 [Jur — uallg-r4e

0€[0,1]
(6.36)
~ sup [|G (fur + (1 = O)uz)| 25 [Jur — ua| g-rse
0€[0,1]
SIGlee v = uallg-14e -
By using (6.31), (6.33),(6.34), and (6.36), we obtain
[Astll 1o (6.37)
t B Py
SE [ / ;e Py (G (Z(1) = G (Z(ka(1))) ) dr 1
A t y Py
< 27K H / APy (G (20) = G (Z(ka(1)) ) dr }
S Ce
t 1
< 9—je x —115 s _ p >
<2 / -~ FE||(a(20) -G Emm)|[, ] @

. ¢ (14¢)
< 2—J€/ (t —r)
S

x E

1+e t 2—¢e
<29 |G| (8 — 1) / (r — ka(r)) 5 dr

_ (1+2¢)
4

<27t —t)

~Y

< 27E(t — )

Y

_ (+2¢)
4

The last inequality holds due to |t — s| < 3n~!.
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6.4. Proof of the Main Results

2. [t—s|> 2.

Denote k,, (s ) k ( ) 2 such that 52 > n~! forr € [kn(s), 1], which implies
that k,(r) — forTE[k:()]

We write

/: AP (G (Z(r) = G (Z(ka(1))) ) dr (6.38)

= /fn(S) et =nAp, (G (Z(r)) -G (Z(kn(r)))) dr
+ Lﬂ(s) (=nAp, <G <Z(7’)> -G (Z(k:n(r)))> dr = S, + Ss.

Since k,(s) — s < 2n7', by the same idea as in (6.37), we can obtain

(1+26)

11l oy S 2795 = 1) 5 (£ — )20t (6.39)

For Sy, we use that Z(r,z) = e 94Z(s,z) + [7 [ pr—o(x — y) AW (v, y)
and "4 7 (s, x) € F, as well as [ [ pr—o(z —y) AW (v,y) is independent
of F,. Moreover, we know that [ [ pr—v(z —y) dW (v,y) follows Gaussian
distribution with 0 mean and variance

(/ /T? Pr—o(T =) dW(U,y)>2] : (6.40)

If we denote Pg(—s) as the heat semigroup on R with variance Q(r — s) (see
Definition A.18), we can write

By [S()]

t
:/ Aje(t*—r)A
En(s)

Py[(Por-5G) ("™ Z(5)) = (Poatr)-»G) (e T Py Z(s))](x) dr

t
— / Aje(t*—r)A
kn(s)

Py[(Pour—G)(e" ™1 Z(s)) = (Pau-9G)(e" Py Z(s))](x) dr

t
+ / Aje(t*iT)A
En(s)

Pr[((Por—9G) = (Poprn(n—9G)) (e 4Py Z(s)))(x) dr
= 521 + 522. (641)

Q(r—s)=E
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6. Numerical approximation of nonlinear fourth-order SPDE

We first estimate Sy;. Observe that, similar to (6.34), for uy, us € C11¢, we

have

PG (u1) = PG (u2) | -1 2(T2) ~ S llur — usl|o- L4e(T2) - (6.42)
Indeed, again by the fundamental theorem of calculus, (6.35) and (A.16) we
have

PG (u1) — PG (uQ)HC*l*E(’]I‘?)

/1 VPG (Ouy + (1 — 0)uz) db - (ug — ug)

C—1-¢

< sup [[VPG (Guy + (1 = O)ug) - (ur — uz)|| - -
0€l0,1]

~ sup PG (Gur + (1 = O)ug)lc2-5 [ — ual g
0€l0,1]

N HG”C2 |ur — U2H071+s .
By applying above with u; = e =947 (s),uy = e®" "4 Py Z(s) we obtain

E [|Sa ] (6.43)

t
[ e(t* 7r)APN [(,PQ(rfs)G) (6(7”75)142(8))
n(s)

1/p

<27°E

p

— (’PQ(T,S)G) (e(t*_r)APNZ(S))} dr

t
gTﬁ/‘(ﬁ—me
n(s)

* E [||(Pag—y @)1 Z(s)) — (i G Py Z(s))

t
5Tﬁ/‘(ﬁ—mjfm
Fin (5)

Ce

B =

P
] dr
C*l

Py
xE| sup sup ||0(e"1Z(s)) + (1 —0) ("I APNZ(s))
r€[kn(s),t] 0€[0,1] -5
1
x E [He(’“’S)AZ(s) = (e(t*’r)AP]\;Z(s))HI;_1+ ]p dr.

Following from (6.32) and (6.14) together with (6.17), we obtain that

2p ﬁ
E o<1
cl=3

sup H( r=947(s)) + (1 — 9)(e(t*_’")APNZ(s))>

TG[kn s) t] 0€[0,1]
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6.4. Proof of the Main Results

Moreover, from (6.33) by taking A = 2 — 4¢ we know that

. {HG(T_S)AZ (s) = (" Py Z(s))

which combining with (6.43) and k,(r) — s > ==, for r € [k,(s), ], implies
that

(1+42¢)
4

1 . t 1
E[|Su ] < 27 / (= )" e () — ) dr (6.44)
n(s)

t
5 2—j€n—1+s(t* o t)—(l"fg)/ (T’ _ S)—%+e dr
kn (s)

o (t — s)%+€.

5 2_j€n_1+€(t* . t)_
For Sas, observe from (6.40)

Q(r— kn(r) — )

(/ /pr:c— dW<vy))]
_E (/ /pknmx— y) dW (v, y>)
[ [t —vraso [ [ e P ayae

- / Ipo( — )| dy do

n(r)—s J T2

5/ Ipo( — ) /\pvx— )] dy do
kn(r)—s

S e A S 0= k) ) o
k

n(r)—s

for each € € (0,1). Combining it with the property of the heat semigroup

[(Pe = Po)G (W)l e St =82 |G (u)l|gre S 18— s> [Jullcae
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6. Numerical approximation of nonlinear fourth-order SPDE

shows that, taking &' = 2¢

| (Poe-9G) — (Poinr)—9G)(w)]| 23
S1Q(r =) = Qha(r) — o)l luller-

S (1 = k() "k (r) = sI° ull o

S ke (r) — s [Jullea -

R o [/

for r € [k, (s),t], where k,(r) —s > 5°.

Applying the above estimate to (6.41), by taking u = e" 4Py Z(s), we

obtain
1
E[|S22"]7 (6.45)
S27F
t
x /k " P [(Poi—9G) = (Poiinn-9G)) (e %)APNZ(S))]‘ o dr
t
< 23‘5[ £ —
kn(s)
< [[(Pav-9@) = (P0G (4P 2G|, ar

t
< Q_jaf |t* — T|_%n_1+€|r — s dr
kn(s)

e(t*_r)APNZ<S) ‘

Cl—e

SO — |7 (t— s) eI

In the end, we put (6.41), (6.44), (6.45) together with (6.39) and (6.38) and
then obtain

1Asll ooy S 27817 =775 (¢ = 5) Fon 1 (6.46)

By combining the estimates of these two cases, i.e. (6.37) together with (6.46), we
have

—7 _ 1+ _
Aoy S 21— P sy

Hence, the first condition of Lemma 6.4 is verified by taking C; := n~!'™¢ and

(51 == —i
2
For the second condition of Lemma 6.4, it is evident that it holds since we have

]ES [5As,u,t] - O

112



6.4. Proof of the Main Results

Indeed, for any (s,t) € [0,T]%,s < u < t, by (6.30), we have

5As,u,t = As,t - As,u - Au,t

—E, { /u Cnap, (G(m) - G(Uknm)) dr]

t
-E, l/ €(t*7T)APN (G(Ur) — G<Ukn(7‘))> d?":| .
By applying the tower property of conditional expectations, we see that
EséAs’th - 0

Therefore, (6.8) holds for A,; defined in (6.30). Up to this point, we are ready to
apply Lemma 6.4. Let

A = /0 L nApy <G (Zm) - G(Z(kn(r)))> dr.
Note that

]Es [As,t - As,t] - O, ‘As,t - As,t‘ § ’t — S’ sup

rE[s,t]

AP G (Z(r)) H

oo

which shows (6.29) by (6.11). Finally, we obtain the result (6.28).

3. Uniform bounds via Kolmogorov continuity theorem:

In this step, our aim is to show the following equality:

R P »
E | su I (t 6.47
te[og”] z({) LQ(TQ)] ( )
t ) by 1l
=E | sup / et=mAp, (G (Z(r)) -G (Z(k:n(r)))> dr )
te[0,7) 0 L2(T2)

Following from a version of Kolmogorov’s continuity theorem (see also [31, Proof
of Corollary 4.6]), which says that for a continuous process starting from 0 with
values in a Banach space V and a semigroup (5;);>¢ of bounded linear operators
on V, if for some p > 0,a > 0 one has

E|X; — S X7 < Oyt — s, (6.48)
then there exists Cy = C(T, p,d, ) such that

E sup [[Xf|" < C1Co. (6.49)
te[0,7)

113



6. Numerical approximation of nonlinear fourth-order SPDE

Now we choose
X, = /O Ctnap, (G (Z(?")) e (z<kn(7«)))) dr.

Then from (6.28), we know that (6.48) holds with S = PV, V = L*T?) and
a=2,p=4, C,=(Cn )P, Hence, (6.49) yields (6.47).

4. Buckling via Gronwall lemma:
Putting (6.47), (6.27) and (6.25) together, we can see that

1
P

E < On~ e, (6.50)

sup | L1 (£) )
te[0,7]

With (6.50) at hand, observing from (6.25), we are ready to apply Lemma 6.5 by
taking X = 4™,V = V" and Z = Iy, S(s,t) = PN, 7(s) = k,(s) for (6.12). In
the end, the desired estimate (6.24) is obtained via (6.50) and (6.13). The proof
is complete. O

6.4.3. Third Estimate

Lemma 6.11. Suppose uy € C? and |G, 0G|, < oo. For u from (6.3)
and @V from (6.19) we have

1

E | sup |[u™(t @), TZ] N™zte (6.51)

t€[0,T)

for sufficiently small € > 0.
Proof. By (6.3) and (6.19) we obtain

W0 =0 (0) = (20) = PuZ(0] + | P (G () - G (i(5)] ds

for each t € [0,7]. As in the proof of Lemma 6.9, we obtain by the Lipschitz
continuity of G and Lemma 6.5 the following bound:

SE

sup 1Z(t) = Py Z()| ]2y | S NTENP

E | sup [[u™(t) —a™(t) P
t€[0,T

sel0/T] HLQ('W)

(6.52)

whereby 0 € (0, i) can be chosen arbitrarily small. This establishes the desired
result (6.22). O
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6.4.4. Fourth Estimate

Lemma 6.12. Suppose uy € C2 and |G, 190G, < oo. For u from (6.3)
and v from (6.2) we have

s =

1

E | sup |[u™(t HL2 ) SN2 o 1 - (6.53)

t€[0,T)
Proof. For each t € [0,T] we have
uN(t) —v(t) = (e — e Py) ug + Z(t) — PyZ(t)
t
+/ e NTe (uM(s)) — e =I1G (v(s)) ds
0
= (etA - etAPN) Ug + Z(t) — PNZ<t)

t
+/ (e(t’S)APN — e(t’S)A) G (uM(s)) ds
0

—1—/0 elt=9)4 (G (u¥(s)) — G (v(s))) ds.

By applying the triangle inequality and Lemma 6.5, we obtain

1

£ | 1270 o0 |
te[0,7
P
<2 s 6= 10wl
t€[0,T]
1
t p P
+E | sup / (e(t_s)APN - e(t_S)A) G (uM(s)) ds ]
| t€[0,T] L2(T2)

+E | sup ||[Z(t) — PNZ(t)|‘Z£2(T2)]

| t€ [0,7]

S =

= I + a2 + Lss.
Following from (6.52), we obtain
Ly S N-zte, (6.54)

For I, we use Iy, the orthogonal projection from L?(T? C) to its subspace
span ((ek)‘kKN),

_1
Iy S sup ||(e - etAPN)UOHLoo(Tz) S lluo = vt oo (pzy S N 727 JJuol| 4 -

te[0,7
(6.55)
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6. Numerical approximation of nonlinear fourth-order SPDE

for ¢ > 0 being sufficiently small. By a similar idea as used for (6.55) and the
result from Lemma 6.8 we have

i t
Ijs =FE | sup / (e(t_s)APN — e(t_S)A) G (u ] (6.56)

te[O,T]

3=

te[o T

<8 | s ([16 670) ~ 16 (6 ds)p]

< ON-2te YOl .2
s ot Oy

< N-ote,

Collecting (6.54), (6.55) and (6.56) together shows the desired result (6.53). [

6.4.5. Proof of the Main Result

With estimates (6.22), (6.24), (6.51), (6.53) at hand, we are ready to prove the
main result.

Proof of Theorem 6.3. Putting together the estimates (6.22), (6.24), (6.51), (6.53)
and recalling the decomposition

uNmt — oy =N =N N N N N N —v=L 4+ L+ I3+

(cf. (6.21)), we obtain

hSA

E ts[%%] ”uN,n(t) _ U(t)HiQ(’H‘Q) < C«(N—%-&-a + i)
€10,

where C' depends only on T, p, €.
This completes the proof of Theorem 6.3. O
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7. Conclusion

This thesis started by describing the physical and mathematical framework of the
stochastic partial differential equation

Vue(t, z)
1+ |Vu(t, x)|

for each t > 0 and = € T? in Chapter 1 and introducing essential elements of the
theory of stochastic processes in Chapter 2. We established an approach using
regularisation by space-time white noise for an ill-posed problem in Chapter 3
which gave us the result of vanishing nonlinearity in the limit. However, we even
derived uniform boundedness of v, = u. — Z. — ety (cf. Definition 3.1).

In Chapter 4, we used a decomposition approach for a linearisation of the equation
above (see (4.4)) to derive an upper bound for the C' (T?)-norm and a lower bound
for the C° (T?)-norm of the mild solution u, up to a stopping time 7. In particular,
we showed

O (t,x) = —0A*u.(t,r) — V

B + UatWE(t7x)7

0<o< sup [[uc(s)llco < sup [Jue(s)]|cn <70 <1
s€[0,7] s€[0,7]
with high probability.
In Chapter 5, we presented the spectral Galerkin method in space for the Euler
scheme in time and established for the error function e®) = () — uéN) the
convergence rate

p

E | sup “u,gN)(t) —u™(t)
]

tel0,T

=¢ (HuOHHH" (hg * Nﬁ”) +N*R! T N2 h%—%N—ﬁw)

Hl

for up € H'™ with n > 0 and u)) and u", as defined in (5.2) and (5.4). We analysed
a nonlinear fourth-order stochastic partial differential equation (SPDE) driven by
space-time white noise on the two-dimensional torus, in Chapter 6, defined as

ou = —6A%u — G (u) + cOW

where G : R — R is the nonlinear term satisfying |G| ,[[0G|l« < oco. In this
examination we applied a numerical approximation to establish convergence with
almost spatial rate 1 and almost temporal rate 1 obtained mainly via stochastic

2
sewing technique.
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A. Appendix

We begin with standard material on Fourier series for the two-dimensional torus,
fractional Sobolev spaces, and analytic semigroups generated by the Bilaplace
operator. These classical results are detailed in [38] and [68].

A.1. Fourier Series on the Two-Dimensional Torus

Let T? = [0, L] be the two-dimensional torus of length L with periodic boundary
conditions. For u € L*([0,T] x T?), we consider its Fourier series in space

ult,z) =Y w(t) ex(x),

kez?

for each x = (21, 22) € T?, where {ey}rezz is the standard orthonormal Fourier
basis of L?(T?) defined by

%sin (%—Lklz) , ki >0,

ex () = w, (1) Wi, (22), w, (2) = %, k; =0, (A.1)

\/%cos (%z) , k; <O.
The Fourier coefficients are given by

Uk(t) = <U(t), ek:)LQ('[FQ)-

Eigenfunctions of the Bilaplace Operator: For cach k = (ky, ko) € Z?, the
functions ey satisfy

ok \
—Aey, = g e, [ = ( [|/ |) ) (A.2)

The Bilaplace operator A := —A? acts diagonally with eigenvalues —p3:

A@k = —A2€k = —,U,i €L. (A3)
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A.2. Fractional Sobolev Spaces

We recall the standard characterisation of Sobolev spaces and fractional Sobolev
spaces on a Lipschitz domain  C R%

Definition A.1 (Sobolev space). For m € N and p > 1 we define
W™P(Q) = {u € LF(Q) : D°u € LP(Q) for each |B| < m},
endowed with the norm

lullwms = > D%l 1.

|Bl<m

Definition A.2 (Fractional Sobolev space). For o = m+s, withm € N, s € (0,1)
and p > 1 we define

Wer(Q) == {u € W™P(Q) : DPu € W*P(Q) for each |5| = m},
endowed with the norm

lullwes@ = > 1D ullo) + D (D ulwena)
|Bl<m |Bl=m

whereby we have
_ p
| ]W (@) olo |z —yl|iter

Assumption A.3 (Moving frame). We assume all functions have zero spatial
mean, i.e.

/ u(z)dx = 0. (A.4)
TQ

This corresponds to working in a moving frame and allows us to avoid the constant
Fourier mode.

For simplicity of notation, we set Z = Z2\ {(0,0)}.

Definition A.4. For a € R we define

H® = H*(T?) :{U—Zukek Z/Lkluk] < 00, / }, (A.5)

keZ keZ

equipped with norm

lullpee = [(=2)2ull2 = <Zuk!wc! ) : (A.6)

keZ
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A.3. Analytic Semigroup Generated by the Bilaplace Operator
Remark A.5 (Poincaré’s inequality). Due to (A.4), Poincaré’s inequality holds
on T2, i.e. for each p € [1,00) and u € WP(T?) we have
[ull o2y < ClIVull o p2).-
In particular, the canonical Sobolev norm || - ||y is equivalent to || - | 3.

Definition A.6 (Vector valued fractional Sobolev spaces). For a € R, p > 1 we
define the vector-valued fractional Sobolev spaces

H* (T? R?) == H" (T?) x H* (T?)
WP (T? R?) == WP (T?) x W (T?)

equipped with the norms

91l cr2r2y = g1l cr2y + [lg2ll2e(r2)
|hllwencr2 g2y = [[h1llwenrcrz) + || hallwer )

Jor g = (g1, 92) € H*(T%,R?) and h = (hy, ho) € WP (T% R?).
Due to our choice of the Sobolev-norm in H® it holds that the operator
vV HY(T?) — H' (T?,R?)

is an isometric bounded linear operator. This is a direct consequence of integration
by parts formula

1
VY501 (r2 g2y = (= 2)y, Y)pa—1 = [[(=2)2y[301 = [lyll3e
for y € H*. In particular, for the divergence we obtain
IV - gllze = 0291 + 9ygall> < Cligllae r2 r2),
where g = (g1, 92) € H' (T?, R?).

A.3. Analytic Semigroup Generated by the
Bilaplace Operator

The negative Bilaplace operator A = —A? with periodic boundary conditions
generates — due to its self-adjointness — an analytic semigroup (e*) 150 OLL LP(T?)
for every p € (1,00), see |68, Section 2.6.]. Using the Fourier representation,

eu(r) = Ze*t“iukek(x), t>0, z €T (A7)

keZ
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A. Appendix

Lemma A.7. For > a and t > 0, the following estimate holds:

t p-a = a8
A e B (A5)

This result follows directly from basic calculus applied to the Fourier expression
and the eigenvalues of —A?. For a more detailed overview, see [38, Lemma A.7].

Remark A.8. In order to achieve integrability at time t = 0 in convolution inte-
grals, it is necessary for the condition a < [ < o+ 4 to be satisfied.

Thus,
eV HOT (T R?) — H (T?)

is a bounded linear operator with

A A —=
Het V'HL(Ha*l(nraR%,Ha) S Het HL(H“*Q,HQ) Hv'||L(H“*1(T27R2)7Ha*2) < Ote.
A.4. Complex Fourier Series on the

Two-Dimensional Torus

The notations of this subsection are only used in Chapter 6.
For u € L*(T? C), we consider its spatial Fourier series in space
u(t,x) =) ug(t) ex(x),
kez?

for each & = (xy,15) € T?, where {ex}reze is the standard orthonormal Fourier
basis of L?(T? C) defined by

C if k=0 2 if kiko=0
ek(x):—{ k 1 ’Ck:—{\/_l 1R2 ’

Cre™* if  |k| >0, 2 otherwise,

for k € Z?, v € T?. Then (ej)pez2 forms an orthonormal basis of L?*(T?, C).
For f € L'(T?,C) and k € Z* we define Fourier transform .Z by

Fk) = f(k) = / e £ () o,

TQ

For the semigroup (e'4);>o with kernel (p;);>0 and its projection (e!4Py);>o we
define

eu(z) = Z e Mhuger(z), t=0, wp = (u, €k) L2(T2)- (A.9)
kez2\{0}
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A.5. Operator Theory

One can equivalently write eu = p; * u, where

o) = F! (e—a\ﬂ“) (@)= 3 e e (n). (A.10)

kez2\{0}

A.5. Operator Theory

This section follows [27, Appendix C|.

Definition A.9 (Hilbert-Schmidt operator). A linear operator ¢ : H — K between
separable Hilbert spaces is called Hilbert-Schmidt, if for any basis (ey),cn of H one
has

161 fseer) = D lgexlls = tr (679)

keN
We denote the space of Hilbert-Schmidt operators by HS(H, K).

Remark A.10 (Properties of Hilbert-Schmidt operators). A Hilbert-Schmidt op-
erator ¢ : H — K between separable Hilbert spaces H and KC fulfills the following
properties:

o %@ is always a nonnegative self-adjoint operator.

e HS(H,K) C L(H,K), i.e. ¢ is continuous as we have
[pulle < Nl llull < lolluseomllulln

for each u € H.

o (H,{.)us) is a Hilbert space, where the scalarproduct is defined as follows

(61, d2)us = Y _(drex, dacr)x.

keN
o Hilbert-Schmidt operators are compact, i.e. for each T € HS(H,K) there is

a sequence of operators (T,), .y C HS(H,K) of finite-dimensional range and
finite-dimensional domain such that |1, — T'||zg —— 0 holds.
n—oo
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A.6. Semigroups of Linear Operators

A more comprehensive introduction to semigroups can be found in [68|, which
serves as a primary source of inspiration for this chapter. Throughout this section
X will be a Banach space.

Definition A.11 (Strongly continuous semigroup). A semigroup (T(t))te[o,oo) of
bounded linear operators on the Banach space X 1is called strongly continuous
semigroup or simply Cy-semigroup if

e T(0) =1d,
o T(t+s)=T(t)T(s) for eacht,s >0,

) K% |T(t)x — x||x = 0 holds for each x € X.

Theorem A.12 (Hille-Yosida). A linear (unbounded) operator A in X is the
infinitesimal generator of a Cy-semigroup (T(t)),s, that satisfies |T(t)|| < Me**
for M >0 and w € R if and only if

e A is closed and D(A) = X.

e Fuvery real A > w belongs to the resolvent set p(A) of A and

|(AId—A)~ H

holds for each \ > w.

e lim % = A.
N0

Definition A.13 (Uniformly continuous semigroup). A semigroup (T'(t)),c( ) of
bounded linear operators on X s called uniformly continuous semigroup if

Ly |7(8) = 1d 103) = 0

Theorem A.14. Let (T'(t))
generator. Then

te[0,00) be a Cy-semigroup and let A be its infinitesimal

o T(s)xds =T(t)x.

(a) For each x € X we have hm i e

(b) For each x € D(A) we have T(t)x € D(A) and 2T (t)x = AT(t)x = T(t)Ax

(¢c) For each x € D(A) we have T(t)x — T(s)x = [ T(r)Azdr = [' AT(r)z dr.
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A.6. Semigroups of Linear Operators

The following theorem covers a few important results from [68, Chapter 2].

Theorem A.15. Let —A be the infinitesimal generator of an analytic semigroup
(etA)t>O on a Banach space X. If 0 € p(A) holds, then we obtain the following
properties.

e There is a constant & > 0 such that —A+ 9 is still an infinitesimal generator
of an analytic semigroup.

o e X — D(A%) for everyt >0 and o > 0.
o For every v € D(A%) we have et A% = A% .
e For everyt >0 and a > 0 the operator A% is bounded and
HAO‘etAHX < Mt (A.11)
o Let 0 <a<1andx e D(A%) then
HetAx—xHX < Cot® ||A%]| - (A.12)

Definition A.16 (Dissipativity). A linear operator A is called dissipative if for
every x € D(A) there is a * € F(x) such that Re ((z*, Az) x- x) < 0, whereby

X}

Remark A.17. By the integration by parts formula for u € H' we obtain

F(z)={z" € X" | (2", 2)x-x = ||z[lX = [|2"|

(Au,u)pe = —((=A)u,u)pe = _HVUH%Q(TQ,RQ) <0

and obtain therefore that the Laplace operator is in fact dissipative. In particular,
the operators A and —A? are energy absorbing.

The following definition can be found in [33, Section 2.2.|:

Definition A.18 (Heat semigroup). We denote by (P;)i>0 the heat semigroup
on R acting on bounded Lebesque measurable functions ¢ € L™= (R), i.e.

_ (= J)

(Peg)(2)

\/H o(y) dy,

for each z € R and t > 0.
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A. Appendix

A.7. Inequalities, Sobolev Embeddings and
Integral Transformations

The following lemma from [47, Lemma 7.1.1.] provides an explicit upper bound
for the growth rate of solutions, even in the presence of a singularity at time ¢
within the integrand.

Lemma A.19 (Henry-Gronwall lemma). Suppose b > 0,5 > 0 and a is a non-
negative function locally integrable on [0,T] (some T < 4+00), and suppose f is
nonnegative and locally integrable on 0 <t < T with

f(t) <alt)+ b/o (t— )71 f(s)ds
for each 0 <t <T. Then
a(t) + 0 /0 Ey(6(t — s))a(s)ds, (A.13)

holds for each 0 <t < T, where

m\

oo n ) 8
0 =b(I(B Z T Ej = o-Bp(2).

n=0

Particularly, if a(t) = a is constant, we obtain

F(t) < aBs(6t).

Remark A.20. In order to obtain Lemma A.19 on [0,T] instead of [0,T), we
must require that f is continuous at T'.

The following two Sobolev inequality theorems can be found in [21, (1.1)] and [21,
Theorem 1.].

Theorem A.21 (Gagliardo—Nirenberg interpolation inequality). Let Q C R"™ be
either the whole space, a half space or a bounded Lipschitz domain. Let 1 < q < 00,
j,m € N such that j < m. Furthermore, let 1 <r < oo, p=>1andf e [O, 1] such

that
1 1 1—0
—:l+9(——m>+—, J<o<1
p n roomn q m

hold. Then there is a constant C = C (j,m,n,q,r,0,Q) > 0 such that for every
u € L1(Q) such that D™u € L™ () and arbitrary o>1

”DjuHLp(ﬂ) S CHDmuHLr HUH +CHuHL"(Q

with the exceptional case that if r > 1 and m—j—2 € N holds, then the additional
assumption % < 0 <1 is needed.

126



A.7. Inequalities, Sobolev Embeddings and Integral Transformations

Theorem A.22 (Brezis-Mironescu inequality). Let Q C R™ be either the whole
space, a half space or a bounded Lipschitz domain. Let 1 < p,p1,ps < 00, S, S1, S2 =
0. Furthermore, let 0 € (0,1) such that

1 0 1-—6
p nm D2

holds. Then the following two conditions are equivalent:

e There is a constant C' = C (p,p1,Dp2, S, 51, S2,0,Q2) > 0 such that for each
u € WerPt (Q) N W*2P2 (Q) we have

0 1-6
[ullwsr@) < Cllulls o) l[ellwszre ) -

o At least one of the following conditions is not fulfilled

S9 EN*,
D2 :17

1
0 <32—31<1—p—1.

The Sobolev embedding given below is presented in |33, p.283].

Theorem A.23 (Morrey’s inequality). Let Q C R™ be a bounded open set with C*-
boundary 00, a € (0,1] and 1 < p < oo, with ap > n. Then, for v = a — 5 >0,
every u € WP(Q) has a representative u* € C*7(0Q).

Then there exists a constant C' = Cqppna > 0 such that

[0 con @y < Cllullwer@)-
The following key inequality originates from [73, A.1].

Theorem A.24 (Minkowski’s integral inequality). Let (Si,p1) and (Ss, u2) be
two o-finite measure spaces and f : S; x So — R be measurable. Then for each
p € [1,00) we have

J.

p

f($7 y)d:ul (x)

S1

du2<x>]‘l’ </ | [ i p i " ().
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A. Appendix

Theorem A.25 (Stochastic Fubini theorem, |27, Theorem 4.18|). Let (E, &, ) be
a measurable space with finite positive measure p and W be a Q-Wiener process
(see Definition 2.6). For T > 0 let

¢:([0,T] xQx E, B([0,T] x Q) x B(E)) = (L§, B(L)),
(t,w,x) — ¢ (t,w, )

be a measurable mapping. In particular, for each x € E, ¢(-,-,x) is predictable
L%-valued process. Moreover, assume that

/EE [/OTtr (¢ (t,w,2)" ¢ (t,w,)) dtr du(x) < oc.

Then p-almost surely

/{/ deW()}du( / Uqﬁtxdu( )}dW()

A.8. Besov Spaces

The following brief introduction to Besov spaces can be found in [3]| in more detail.
Definition A.26 (Dyadic partition of unity in R?). Let (¢;);>—1 be the standard
smooth dyadic partition of unity in R*. That is, a family of functions ¢; € C°°(R?)
for 3 = —1, where ¢_1 and ¢y are non-negative even functions. Furthermore, the
support satisies

supp (¢-1) C Bi/2(0)
supp (¢o) C B1(0) \ Bi/4(0)
supp (¢;) N supp (¢;) = 0,
for |j —i| > 1. Moreover, ¢;(x) = ¢o(277x), x € R? for j > 0 and Y0 =1
for every x € R2.

Definition A.27 (Besov space). Let S'(T?) denote the space of Schwartz distri-
butions on T? and S(T?) = C*(T?). For u € §'(T?), we define

A;: S'(T?) — C(T?), Aju=F"(kw— ¢;(k)F(u)(k)). (A.14)
Then the Besov space By, on T? for p,q € [1,00|, a € R is defined as
By, ={f €8T : | fllsg, = 1A fllrcrz)) =1l < 00} (A.15)

We let C* = Bg, ., for « € R. Following [3, Chapter 2|, we recall that C*

coincides with the classical Holder continuous function space, for a € (0,1).

Corollary A.28. For any g € B% , we have

p,q’

1079l g S llull g, (A.16)
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