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Symbols and Notations

Symbols

a ≲ b There exists a constant C > 0 such that a ⩽ Cb.

a ≳ b There exists a constant C > 0 such that a ⩾ Cb.

a ∼ b If both a ≲ b and a ≳ b hold.

aε ≪ bε aε ∈ o(bε), i.e. aε
bε

→ 0 as ε→ 0.

x ∧ y min{x, y}.
x ∨ y max{x, y}.
⌊z⌋ Largest integer y with y ⩽ z.

x · y
∑d

i=1 xiyi x, y ∈ Rd, d ∈ N.
|x|

√
x · x for x ∈ Rd, d ∈ N.

(Note that ∇ and f are clear indicators that the expression is an
element of R2.)

dx dλd(x), for x ∈ Rd and the Lebesgue measure λd(·) on the d-
dimensional Lebesgue space, d ∈ N.

0 (0, · · · , 0) ∈ Rd, d ∈ N.
C Positive constant that may vary from line to line but depend only

on the parameters indicated in their indices.
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List of Tables

Notations

T2 := R2/LZ2 Two-dimensional torus.

Z := Z2 \ {(0, 0)} Index set for Fourier series.

f : R2 → R2 f(x) := x
1+|x|2

F : H1 → H−1 F(u) := ∇ · f(∇u) = ∇ · ∇u
1+|∇u|2

A A := −∆2 := −∆ ◦∆ : Bilaplace operator

Aδ Aδ := −δ∆2 −∆ : Linear operator in the context of lin-
earisation

Lp := Lp (T2) Standard Lebesgue space

Hα := Hα (T2) Fractional Sobolev space in a moving frame:

Hα :=
{
u ∈ L2 (T2) | (−∆)

α
2 u2k <∞,

∫
T2 u(x) dx = 0

}
.

(Unless referenced otherwise, we refer to function spaces
from T2 to R.)

u ∈ Hα− For every γ > 0 we have u ∈ Hα−γ.

N (µ, σ2) Normal distribution with mean µ and variance σ2.

N (0, Q) Normal distribution with mean 0 ∈ Rd and

covariance matrix Q ∈ Rd×d, d ∈ N.(
Ω,F , (Ft)t⩾0 ,P

)
Filtered probability space.

g(t) ⩽ tγ+ For each ε > 0 we have g(t) ⩽ tγ+ε.

g(t) ⩽ tγ− For each ε > 0 we have g(t) ⩽ tγ−ε.
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1. Introduction

This thesis builds upon results from our joint works [14, 15] as well as two forth-
coming papers [13, 16]. Parts of this introduction are adapted from [14], with
additional extensions and revisions for the present thesis.

The study of epitaxial thin-�lm growth plays a central role in understanding the
formation and stability of crystalline surfaces. A key physical mechanism is the
Schwoebel barrier [72], which hinders atoms from crossing step edges, thereby
in�uencing the morphology of the growing surface. This barrier induces an e�ective
uphill current and is responsible for the formation of mounds and other growth
patterns. A phenomenological model for such growth processes is given by the
stochastic partial di�erential equation (SPDE)

∂tu = −δ∆2u−∇ · ∇u
1 + |∇u|2

+ σ ξ, (1.1)

where u(t, x) represents the surface height over x ∈ Td at time t > 0. In this
model, δ > 0 is a surface di�usion parameter, σ > 0 is the noise intensity, also
denoted as di�usion coe�cient, and ξ = ∂tW denotes a space-time white noise,
formally given by the time derivative of a cylindrical Wiener process W . The
stochastic forcing models thermal �uctuations of the incoming particles.
In physics literature the equation is usually studied on the full space Rd or, as
in this work, under periodic boundary conditions on the torus Td with spatial
dimension d ∈ {1, 2}. The physically relevant case is d = 2. Since the model
describes growth in a moving frame, we impose the mean-zero condition∫

Td
u(t, x) dx = 0, for all t ⩾ 0

for the surface height function u. Equation (1.1) has its origins in the physics
literature, where it was �rst introduced by Hunt, Sander, et. al. for d = 1 in [48]
and subsequently for d = 2 in [49]. For general surveys on surface growth, we refer
to [5, 55, 56, 57].
Molecular Beam Epitaxy (MBE) is a central technique for depositing atoms from
vapor onto crystalline surfaces. Atoms di�use across terraces and settle into ener-
getically favourable sites, making molecular beam epitaxy crucial for the fabrica-
tion of quantum wires and other nanostructures.

9



1. Introduction

A continuum model for the one-dimensional molecular beam epitaxy growth in-
corporating the Schwoebel barrier was proposed in [48]:

∂tu = −∂4xu− ∂x

(
∂xu

1 + (∂xu)2

)
. (1.2)

This equation replaces the KPZ model earlier studied for similar phenomena. How-
ever, (1.2) admits a free energy functional

E =
1

2

∫
T
|∆u|2 − ln(1 + |∇u|2) dx,

indicating the existence of a ground state toward which the surface evolves. Ex-
perimental observations in [48] revealed the formation of Super-Large Unstable
Growths (SLUGs), that is, mounds with nearly constant slopes and lateral sizes
between 1 and 10 micrometres. These structures coarsen over time, with surface
roughness increasing mainly due to larger spacing between SLUGs, while their
slopes remain nearly constant or grow only slowly under given conditions.

The two-dimensional generalisation of the molecular beam epitaxy model was stud-
ied in [49]. In two spatial dimensions, a planar surface is typically unstable and
develops mounds with slopes exceeding a critical threshold. By contrast, vici-
nal surfaces with su�ciently large miscut angles can remain stable up to small
statistical �uctuations. Surface roughness is quanti�ed by the root-mean-square
width

w(t) :=

(
−
∫
T2

(
u(x, t)− ū(t)

)2
dx

) 1
2

which typically grows in time according to a power law w(t) ∼ tβ, with positive
exponent β < 1. At higher substrate temperatures, �lms display only weak rough-
ening, and under optimal conditions, step-�ow growth is observed. As emphasised
in [74], step-�ow descriptions are not suitable for the early stages of molecular
beam epitaxy, where a directed surface current dominates. This regime arises
due to nearly complete sticking of incoming atoms, negligible desorption, and the
absence of overhangs or vacancies.

While the stochastic equation (1.1) has received little direct mathematical atten-
tion so far, its deterministic counterpart (obtained by setting σ = 0) and related
modi�cations have been studied extensively in recent years. The deterministic
model reads

∂tu = −δ∆2u−∇ · ∇u
1 + |∇u|2

.

10



Due to the global Lipschitz continuity of the nonlinearity f , the deterministic
equation is well posed. Existence and uniqueness results in more general settings
can be found in [1]. Well-posedness and spectral Galerkin methods have been
analysed in [61, 62, 63], where the dynamics of phase separation were investigated
both numerically and via asymptotic scaling. Error estimates for di�erent numer-
ical schemes have been addressed in numerous works. We mention, for instance,
[26, 60, 70, 76], where also more general models of the type (1.1) were considered.
The long time dynamics of the deterministic version of (1.1) have been studied
in detail in [2, 32, 37]. The solution generates a dissipative dynamical system
that possesses a compact global attractor governing the long-time behaviour of
the dynamics. In fact, the equation can be interpreted as a gradient �ow with
respect to the energy functional

E(u) =
1

2

∫
Td

|∆u|2 − ln
(
1 + |∇u|2

)
dx,

whose variational derivative is

δE

δu
= ∆2u+∇ · ∇u

1 + |∇u|2
.

Such gradient-�ow structures are classical in phase-separation models and go back
to the seminal work of Cahn and Hilliard [24, 25]. See also [17] for a stochastic
variant and related energy formulations. By the Poincaré inequality, E is bounded
from below. It follows that, on bounded domains, the attractor consists solely of
equilibria and heteroclinic orbits connecting them.
For small δ > 0, the �at surface u = 0 ceases to minimise the energy, and instead
an (up to translation) unique, nontrivial minimiser emerges. However, the detailed
structure of the attractor and the global energy landscape remain far from being
fully understood. This also raises interesting open questions for the correspond-
ing stochastic model, in particular concerning the stochastic dynamics of surface
patterns, which have not yet been systematically explored.

Over the past two decades, substantial progress has been made in establishing
the well-posedness of irregular SPDEs forced by rough noise. The pioneering
work of Da Prato and Debussche [28, 29] introduced a strategy based on split-
ting the solution into a rough stochastic convolution and a more regular remainder.
Later developments include the theory of paracontrolled distributions by Gubinelli,
Imkeller, and Perkowski [38] and the celebrated theory of regularity structures by
Hairer [40, 41, 42]. These approaches address equations that are otherwise ill-posed
because of interactions between noise and nonlinear terms.
Most results in this area, however, focus on models with polynomial nonlineari-
ties, such as Burgers-type equations, the KPZ equation, or stochastic quantisation
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1. Introduction

models. Other examples include FitzHugh�Nagumo SPDEs [7], the Φ4
3 model [43],

and the dynamical sine-Gordon equation [45]. Equation (1.1), in contrast, features
a nonlinear drift that does not �t directly into this polynomial framework. A natu-
ral point of comparison for the epitaxial growth model is the Kardar�Parisi�Zhang
(KPZ) equation, a paradigmatic model for stochastic surface growth, given by

∂th = ν∆h+
λ

2

(
∇h
)2

+ σξ,

where ν is the di�usivity, λ the growth rate, σ the noise amplitude, and ξ denotes
space-time white noise. The linear term ν∆h provides surface smoothing, the
quadratic nonlinearity λ

2
(∇h)2 drives instability, and the noise introduces stochas-

tic �uctuations.
In the one-dimensional case, the KPZ equation is well understood due to the
groundbreaking work of Martin Hairer and has become a universal model for
stochastic interface growth (see [40]). However, in higher dimensions (d ⩾ 2) the
nonlinearity becomes too singular, and the model must be interpreted in a renor-
malised sense. One introduces diverging constants Cε ∼ ν−2 E[ξ2ε (x)], yielding the
renormalised equation

∂thε = ν∆hε +
λε
2

[
(∇hε)2 − Cε

]
+ σξε,

where λε =
√
ε and ξε is a spatially regularised noise for some ε > 0 (cf. [38, 41, 42]).

In one dimension, the Cole�Hopf transformation,

θt = e−ht ,

transforms the KPZ equation into the stochastic heat equation (SHE)

dθt =
1

2
∆θt dt− θt dWt,

which allows for rigorous analysis. In higher dimensions, no comparable transfor-
mations exist, and the singularity of the nonlinearity becomes the central challenge.

The main mathematical di�culty of (1.1) in the physically relevant case d = 2
arises from the lack of regularity of the solution. With additive space�time white
noise, the solution is expected to be at most Hölder continuous with exponent
strictly below one, so that the gradient ∇u cannot be interpreted as a function.
Thus, direct approaches such as �xed-point arguments or Galerkin methods are
not applicable.

Nevertheless, the regularity of the noise is only slightly too rough to de�ne the
nonlinearity in a classical way. This makes it possible to treat the problem by a

12



straightforward Fourier analysis of a regularised version of the equation, follow-
ing the idea of Da Prato and Debussche [28, 29], without invoking the advanced
frameworks of regularity structures [41] or paracontrolled distributions [38]. In
the context of surface growth, similar approaches were used in [18, 19], where the
nonlinearity is quadratic and di�ers from (1.1), although the linearisation around
the �at surface remains the same.

In contrast to the KPZ equation, the epitaxial thin��lm model (1.1) involves a
globally bounded and Lipschitz-continuous nonlinearity

F(u) := ∇ · f(∇u) := ∇ · ∇u
1 + |∇u|2

, (1.3)

which even vanishes as |∇u| → ∞. Consequently, the equation remains ana-
lytically tractable without any renormalisation. A suitable regularisation of the
space�time white noise ensures that the nonlinearity is well de�ned, and in the
limit of vanishing regularisation the nonlinear term becomes self-regularising, nat-
urally preventing divergences and constraining the evolution.

Stabilisation of stochastic systems by noise is a broad research area, both for �nite-
dimensional SDEs and in�nite-dimensional SPDEs. Our focus here is on stabil-
isation caused by the spatial roughness of the driving noise. This phenomenon
is closely related to the notion of triviality of SPDEs, introduced in the work of
Hairer, Ryser, and Weber [44]. In this article, the authors studied the Allen�Cahn
(or Φ4-) equation in two spatial dimensions with periodic boundary conditions,
driven by space-time white noise. Since the solution is only a distribution, the cu-
bic nonlinearity cannot be de�ned without renormalisation. A common approach
is to introduce regularised noise with covariance operator Qε, e.g. via a Fourier
cuto�, together with a noise strength σε > 0, so that the approximating equation
reads

∂tuε = ∆uε + f(uε) + σεQ1/2
ε ∂tW,

with f(u) = u − u3. Here, the linear part u generates an instability, while the
cubic term −u3 has a stabilising e�ect.
Depending on the scaling of σε, three regimes occur. For small noise strength, the
noise vanishes in the limit. For intermediate scaling, the limit yields a deterministic
Allen�Cahn equation with an additional stabilising linear term −Cu for some
constant C > 0. Most strikingly, if σε is kept �xed, the interaction of the noise
with the cubic term produces a diverging linear counterterm −Cεuε with Cε → ∞
as ε→ 0. As a consequence, uε converges to 0 in negative Sobolev or Besov norms.
The solution becomes trivial, as the rough noise destroys the instability mechanism
of the nonlinearity.
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1. Introduction

Similar results were obtained in other contexts. For example, Oh, Okamoto,
and Robert [66] established triviality for the stochastic nonlinear wave equation.
In [12], such stabilisation e�ects were analysed in a more general setting where
both the linear operator and the nonlinearity vary with the regularisation pa-
rameter. Hairer and Weber [46] investigated how the balance between vanishing
noise strength and decreasing regularity of the noise leads to di�erent limiting
behaviours.
The model (1.1) shows a related mechanism. Although the nonlinearity is struc-
turally di�erent from the cubic Allen�Cahn term, the roughness of the driving
noise suppresses nonlinear e�ects in the limit of vanishing regularisation. Unlike
in [44], no renormalisation is required, but the outcome is similar. The nonlin-
ear interactions vanish, and the limiting equation is purely linear, preventing the
growth of surface instabilities.

The Cahn�Hilliard equation is a prototypical fourth-order nonlinear PDE that
originates from the seminal works of Cahn and Hilliard [24, 25]. It models phase
separation in binary alloys by means of a free energy functional that combines bulk
and interfacial contributions. In its stochastic extension, random �uctuations are
added to capture microscopic uncertainties and thermal noise. This leads to the
stochastic Cahn�Hilliard equation, a widely studied model in both analysis and
computation [4, 27, 30, 71].
In the absence of noise, the equation describes the dynamics of a concentration
�eld that evolves to form distinct phases over time. The deterministic Cahn�
Hilliard equation has been extensively studied, both analytically and numerically,
and provides the foundation for its stochastic generalisations.

The inclusion of noise re�ects thermal �uctuations in real materials. This modi-
�cation not only improves the physical realism of the model, but also introduces
signi�cant mathematical challenges due to the interaction between rough stochas-
tic forcing and the fourth-order operator.

The numerical analysis of SPDEs of Cahn�Hilliard and Allen�Cahn type has been
the subject of extensive research. Early contributions focused on stochastic Burg-
ers equations [8, 10], while subsequent works investigated stochastic Allen�Cahn
equations and established various convergence results [6, 20, 23, 36, 65]. More
general numerical frameworks for SPDEs can be found in [50, 52, 53, 64].

These contributions demonstrate both the breadth of SPDE models studied in
the literature and the importance of developing accurate and robust numerical
methods. This thesis continues this line of research by applying numerical methods
to approximate the regularised version of (1.1). In particular, we have studied a
spectral Galerkin scheme in space and an Euler scheme in time in [15] and our
forthcoming works [13, 16], which are discussed in more detail in Chapters 5 and 6.
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The structure of the thesis is outlined below.

In Chapter 2, we provide an introduction to essential results from stochastic pro-
cesses, establishing the framework required for the analysis of the stochastic con-
volution and the space-time white noise. In Chapter 3, we rigorously establish
that, after a suitable regularisation of the space-time white noise, the nonlinear-
ity in the epitaxial thin-�lm growth model vanishes in the limit. In particular,
we prove convergence of the solution of the regularised equation to the solution
of the linear limiting equation. This shows that even arbitrarily small noise is
su�cient to suppress nonlinear e�ects. In Chapter 4, we de�ne a decomposition
approach for the linearisation of (1.1) and derive growth results up to a stopping
time. In Chapter 5, we present the spectral Galerkin method for the Euler scheme
and establish convergence rates for numerical discretisation in time and space, in-
cluding an error analysis. To handle the singularities caused by rough noise, we
project the equation onto a �nite-dimensional subspace of the Fourier space. This
spectral Galerkin scheme allows us to derive uniform estimates and to establish
convergence to the mild solution of the limiting stochastic partial di�erential equa-
tion. Furthermore, we present numerical experiments that illustrate the theoretical
�ndings. In particular, the simulations con�rm the vanishing of nonlinear e�ects in
the limit and demonstrate the stabilising role of noise in the surface growth model.
In Chapter 6, we propose an alternative approach for the numerical approximation
of a Cahn�Hilliard-type SPDE, where more advanced analytical techniques, such
as the stochastic sewing lemma, are applicable. In Chapter 7, we provide a brief
summary of the main results of this thesis. Finally, Appendix A contains essential
de�nitions and theorems that are used throughout this thesis.
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2. Fundamentals in Stochastics

Throughout this thesis, we assume the setting of a �ltered probability space
(Ω,F , (Ft)t≥0,P) satisfying the usual conditions of completeness and right-contin-
uity. All stochastic processes are assumed to be adapted to this �ltration.

2.1. Gaussian Random Variables

The results presented in this subsection and Section 2.2 are strongly inspired by
and thus discussed in greater detail in [27].

Let H be a separable real Hilbert space with scalar product ⟨·, ·⟩ and orthonormal
basis (ek)k∈N.

De�nition 2.1. A real-valued random variable X is called Gaussian if there ex-
ist a, σ ∈ R such that its characteristic function is for every λ ∈ R given by

φX(λ) = E
[
eiλX

]
= eiλa−

1
2
σ2λ2 .

De�nition 2.2. An H-valued random variable is called Gaussian, if and only if
for all h ∈ H the real-valued random variable ⟨X, h⟩ is Gaussian.

Theorem 2.3 (Fernique's theorem). Let E be a separable Banach space, B(E) be
its Borel σ-algebra and ∥.∥E be its norm. Let µ be an arbitrary symmetric Gaussian
measure on (E,B(E)) and λ > 0, r > 0 such that

ln

1− µ
(
Br(0)

)
µ
(
Br(0)

)
+ 32λr2 ⩽ −1.

Then we have ∫
E

eλ∥x∥
2
E dµ(x) ⩽ e16λr

2

+
e2

e2 − 1
.

As an immediate consequence of Theorem 2.3 we obtain the following corollary,
which is the formulation relied upon this work.
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2. Fundamentals in Stochastics

Corollary 2.4. Let X be a centered Gaussian random variable in the Hilbert-
space H. Then there exists an λ > 0 such that

E
[
eλ∥x∥

2
E

]
<∞.

By Theorem 2.3 the following corollary is a direct conclusion:

Corollary 2.5 (Moment bounds for Gaussian processes). For all p > 0 there
exists a constant Cp > 0 only depending on p, such that for any centered Gaussian
random variable X in H it holds that

E ∥X∥2pH ⩽ Cp
(
E ∥X∥2H

)p
.

In particular, moments of centered Gaussians are �nite, i.e.

E ∥X∥pH <∞.

2.2. Cylindrical Wiener Process and Space-Time

White Noise

In this subsection, we state the basic properties of space-time white noise ξ.
Let Q ∈ L (H,H) be a nonnegative and self-adjoint linear operator, i.e. the in-
equality ⟨Qx, x⟩ ⩾ 0 holds for each x ∈ H.

De�nition 2.6 (Q-Wiener process). Assume that Q ∈ L (H,H) is a trace class op-
erator, i.e. tr (Q) :=

∑∞
k=1⟨Qek, ek⟩ <∞ holds for every orthonormal basis (ek)k∈N

of H. An H-valued stochastic process (W (t))t⩾0 on a probability space (Ω,F ,P) is
called (Standard) Q-Wiener process if it ful�lls the following properties:

� W0 = 0 holds P-almost surely.

� W has P-almost surely continuous trajectories.

� W has independent increments, i.e. the random variables

W (t1)−W (0),W (t2)−W (t1) , . . . ,W (tn)−W (tn−1)

are independent for all 0 ⩽ t1 < · · · < tn <∞ , n ∈ N.

� The increments are Gaussian in H

(W (t)−W (s)) ∼ N (0, (t− s)Q)

for all 0 ⩽ s ⩽ t <∞.

18



2.2. Cylindrical Wiener Process and Space-Time White Noise

Proposition 2.7 (Representation of the Q-Wiener process). Let (ek)k∈N be an
orthonormal basis of H, consisting of eigenvectors of Q with corresponding eigen-
values (α2

k)k∈N. Then an H-valued stochastic process (W (t))t∈[0,T ] is a Q-Wiener
process if and only if the series

W (t) =
∑
k∈N

αkβk(t)ek,

converges in L2 (Ω,H) for each t ⩾ 0 and de�nes a process with continuous paths,
where (βk)k∈N is an i.i.d. sequence of real-valued Wiener processes.

De�nition 2.8 (Cylindrical Wiener process). Let Q ∈ L (H,H) be a bounded
operator (not necessarily of trace class) with an orthonormal basis (ek)k∈N of H,
consisting of eigenfunctions of Q and a bounded sequence of eigenvalues (α2

k)k∈N.
A family W = (W (t)) is called a cylindrical Q-Wiener process if for each h ∈ H

⟨W (t), h⟩ :=
∑
k∈N

αkβk(t)⟨ek, h⟩

where (βk)k∈N is an i.i.d. sequence of real-valued Wiener processes, de�nes a cen-
tered real-valued Gaussian process with covariance

E [⟨W (t), h⟩⟨W (s), g⟩] = (t ∧ s)⟨Qh, g⟩.

Remark 2.9. The cylindrical Wiener process in De�nition 2.8 does not necessarily
converge in H, since

E
[
∥W (t)∥2H

]
= E

[∑
k∈N

β2
k(t)α

2
k

]
=
∑
k∈N

E
[
β2
k(t)
]
α2
k

= t
∑
k∈N

α2
k = t

∑
k∈N

⟨Qek, ek⟩ = t tr(Q)

is �nite for each t ⩾ 0 if and only if Q is a trace class operator. By Fernique's
theorem (cf. Theorem 2.3), this moment must be �nite.

From now on, we use the orthonormal basis (ek)k∈Z of the Hilbert space L2 (T2,R)
as de�ned in Appendix A.1. We consider the solution of (1.1) in a moving frame
(cf. Assumption A.3) to utilise the characterisation of fractional Sobolev spaces
via fractional powers of (−∆), as de�ned in De�nition A.4. We use the index set
Z := Z2 \ {(0, 0)} since, in a moving frame, the zeroth Fourier mode of a function
is zero. Space-time white noise can be formally seen as the time derivative of a
Wiener process. However, since the sample paths of a Wiener process are only
α-Hölder continuous for α < 1

2
, its derivative does not exist in the classical sense.
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2. Fundamentals in Stochastics

De�nition 2.10 (Space-time white noise). Let (Ω,F ,P) be a probability space.
A real-valued centered Gaussian random distribution ξ is called (Gaussian) space-
time white noise on [0, T ] × T2 if, for all φ, ψ ∈ L2([0, T ] × T2), if the following
holds:

E[ξ(φ)ξ(ψ)] = ⟨φ, ψ⟩L2([0,T ]×T2),

where ξ(φ) := ⟨ξ, φ⟩ denotes the dual pairing between ξ and φ.
In particular, let

W (t, x) :=
∑
k∈Z

βk(t)ek(x),

x ∈ T2, t ∈ [0, T ], be a cylindrical Wiener process with the L2 (T2)-orthonormal
basis (ek)k∈Z , de�ned in Appendix A.1, and an i.i.d. sequence of real-valued Wiener
processes (βk)k∈Z . Then the distributional derivative in time ξ := ∂tW is called
space-time white noise.

Remark 2.11. We call ξ := ∂tW space-time white noise, as we have

ξ(φ) =

∫ T

0

⟨φ(t, ·), dW (t)⟩L2(T2)

=
∑
k∈Z

∫ T

0

⟨φ(t, ·), ek⟩L2(T2) dβk(t).

and therefore using the independence of the sequence (βk)k∈Z , Itô's isometry, and
Parseval's identity, we derive

E [ξ(φ)ξ(ψ)] =
∑
k∈Z

∫ T

0

⟨φ(t, ·), ek⟩L2(T2)⟨ψ(t, ·), ek⟩L2(T2) dt

=

∫ T

0

⟨φ(t, ·), ψ(t, ·)⟩L2(T2) dt

= ⟨φ, ψ⟩L2([0,T ]×T2).

2.3. Stochastic Convolution

For the linear operator A := −∆2 and its eigenvalues −µ2
k, as mentioned in (A.3),

we de�ne the stochastic convolution, for x ∈ T2 and t ∈ [0, T ], as

Z(t, x) :=

∫ t

0

e(t−s)A dW (s, x) =
∑
k∈Z

∫ t

0

e−2(t−s)µ2kdβk(s)ek(x) (2.1)
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2.3. Stochastic Convolution

which is the mild solution of the linearised SPDE{
∂tu = −∆2u+ ∂tW,

u0 = 0.

Since space-time white noise is modeled by a cylindrical Wiener process, it is highly
irregular. As a result, the stochastic convolution has limited regularity.

Lemma 2.12. The stochastic convolution Z has the regularity C0
(
[0, T ],Hα(T2)

)
if and only if α < 1.

Proof. As the stochastic convolution Z is a Gaussian random variable taking values
in a separable Hilbert space, the �niteness of its second moment and the fact that
it is almost surely an element of the Hilbert space Hα(T2) are equivalent, which
is a consequence of Fernique's theorem (see [27]). For α < 1, the independence of
the Wiener processes and the Itô isometry yields

E
[
∥Z(t)∥2Hα

]
= E

[∑
k∈Z

µαk

(∫ t

0

e−(t−s)µ2k dβk(s)

)2
]

(2.2)

=
∑
k∈Z

µαk
1− e−2tµ2k

2µ2
k

<∞

for each t ∈ [0, T ]. Furthermore, for α = 1, we obtain the diverging series∑
k∈Z

1− e−2tµ2k

2µk
⩾
(
1− e−2tµ2

(1,0)

)∑
k∈Z

1

2µk
= ∞

for each t > 0. This shows that Z(t) ∈ Hα(T2) holds almost surely for each
t ∈ [0, T ] if and only if α < 1.

In the context of studying (1.1), we require at least the regularity Z(t) ∈ H1 (T2)
for each t ∈ [0, T ] so that the derivative ∇Z � and consequently ∇u as well as
the nonlinearity f(∇u) � is well-de�ned not only in the distributional sense, but
also in a stronger function space. Therefore, we introduce a regularised stochastic
convolution.

De�nition 2.13 (Regularisation). Let α :=
(
α
(ε)
k

)
k∈Z ⊂ O

((
|k|−δ(ε))k∈Z

))
be a

uniformly bounded sequence for ε > 0, such that for all k, α
(ε)
k → 1 as ε → 0,

and δ(ε) > 0 depending on ε. For technical reasons, given below, we also assume

that the sequence
(
α
(ε)
k

)
k∈Z is radially symmetric, meaning it depends only on |k|.

For t ∈ [0, T ] and x ∈ T2 we then de�ne

Zε(t, x) :=

∫ t

0

e−(t−s)A dWε(s, x) :=
∑
k∈Z

α
(ε)
k

∫ t

0

e−(t−s)µ2k dβk(s) ek(x). (2.3)
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2. Fundamentals in Stochastics

Remark 2.14. We require the regularising sequence
(
α
(ε)
k

)
k∈Z to be radially sym-

metric in order to ensure that the covariance operator

Cov (∇Zε(t, x)) = E

[∑
k∈Z

((
α
(ε)
k

)∫ t

0

e−(t−s)µ2k dβk(s)

)2

∇ek(x)∇ek(x)T
]

=
∑
k∈Z

(
α
(ε)
k

)2
E

[(∫ t

0

e−(t−s)µ2k dβk(s)

)2
]
∇ek(x)∇ek(x)T

=
∑
k∈Z

(
α
(ε)
k

)2
2µ2

k

[
1− e−2tµ2k

]
∇ek(x)∇ek(x)T

is independent of x ∈ T2 which we will proof in Section 3.3.

Applying the same calculations as in the proof of Lemma 2.12, we obtain the
following

Corollary 2.15. For each ε > 0 and t ∈ [0, T ], we have

E
[
∥Zε(t)∥2L2

]
<∞,

E
[
∥∇Zε(t)∥2L2(T2,R2)

]
<∞.

Proof. For each ε > 0 and t ∈ [0, T ] we immediately obtain by Itô's isometry

E
[
∥Zε(t)∥2L2

]
=
∑
k∈Z

[
1− e−2tµ2k

] (α(ε)
k

)2
2µ2

k

⩽
1

2

∑
k∈Z

(
α
(ε)
k

)2
µ2
k

<∞.

Furthermore, as in Lemma 2.12, by applying Itô's isometry, we also obtain

E
[
∥∇Zε(t)∥2L2(T2,R2)

]
= E

[
∥Zε(t)∥2H1

]
= E

[ ∑
k∈Z

µk

(
α
(ε)
k

)2(∫ t

0

e−(t−s)µ2k dβk(s)

)2
]

=
∑
k∈Z

(
α
(ε)
k

)2 [
1− e−2tµ2k

] 1

2µk

<∞.

This concludes the proof.
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2.3. Stochastic Convolution

Thereby, for all ε > 0, the stochastic convolution Zε possesses a well-de�ned spatial
gradient. This property is essential for the application of Banach's �xed point the-
orem, as it ensures that the gradient of the stochastic convolution is well-de�ned.
Recall that the Fourier series of Z(t, x), de�ned in (2.1), and Zε(t, x), de�ned in
(2.3), are pointwise well-de�ned real-valued random variables for each t ∈ [0, T ]
and x ∈ T2.

Lemma 2.16. For every x ∈ T2 and t ∈ [0, T ] the series de�ning Z(t, x) and
Zε(t, x) converge in L2(Ω,R) and is a well-de�ned real-valued Gaussian random
variable.

Proof. We prove this statement only for Z, as the proof for Zε, with ε > 0, is
completely analogous, as the sequence

(
α
(ε)
k

)
k∈Z is uniformly bounded. To show

this, we truncate to a �nite sum

PnZ(t, x) :=
∑

k∈BZ(0,n)

∫ t

0

e−(t−τ)µ2k dβk(τ)ek(x)

by using the restriction on the ball BZ(0, n) := {y ∈ Z : |y| ⩽ n} ⊂ Z with ra-
dius n ∈ N. Now PnZ(t, x) is a well-de�ned real-valued Gaussian random variable.
By Itô's isometry and since

(
βk
)
k∈Z is a sequence of independent processes, we

obtain

E
[
|PnZ(t, x)|2

]
= E

∣∣∣∣∣∣
∑

k∈BZ(0,n)

∫ t

0

e−(t−τ)µ2k dβk(τ)ek(x)

∣∣∣∣∣∣
2

=
∑

k∈BZ(0,n)

e2k(x)
1

2µ2
k

(
1− e−2tµ2k

)
⩽ C

∑
k∈BZ(0,n)

1

µ2
k

<∞

for each t ∈ [0, T ], x ∈ T2, n ∈ N and a constant C > 0. In a similar way we can
bound for n > m the di�erence

E
[
|PnZ(t, x)− PmZ(t, x)|2

]
⩽ C

∑
k∈BZ(0,n)\BZ(0,m)

1

µ2
k

⩽ C
∑

k∈Z,m<|k|⩽n

1

µ2
k

of two elements of this sequence and show that (PnZ(t, x))n∈N is a Cauchy sequence
in L2(Ω,R) and therefore convergent.
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Our next goal is to provide bounds for Z, Zε, ∇Zε, and Z−Zε. Since these quan-
tities are structurally similar, we �rst establish a general result that encompasses
all of these cases.

Lemma 2.17. Let
(
Xk

)
k∈Z be a sequence of independent real-valued processes such

that for each k ∈ Z and t ∈ [0, T ] the random variable with distribution Xk(t) is a
centered Gaussian with variance σ2

k(t) and

sup
t∈[0,T ]

sup
k∈Z

µ2
kσ

2
k(t) <∞.

Assume that, for every δ ∈
(
0, 1

2

)
, there exist constants KT , CT,δ > 0 such that

E
[
|Xk(t)−Xk(s)|2

]
⩽ CT,δ

[
|t− s|δµ2δ−2

k

]
∧KTµ

−2
k (2.4)

holds for all k ∈ Z and t, s ∈ [0, T ]. Let (αk)k∈Z be a real-valued sequence such
that

∑
k∈Z α

2
kµ

2δ−2
k <∞. De�ne the stochastic process for t ∈ [0, T ], x ∈ T2

X(t, x) :=
∑
k∈Z

αkXk(t)ek(x).

Let 0 < δ < 1
2
. Then, for each p ⩾ 1 we have X ∈ Lp (Ω, C0 ([0, T ]× T2)) and

there exists a constant C = Cδ,p,L,T > 0, depending only on δ, p, L, and T , such
that we obtain the bound

E
[
∥X∥pC0([0,T ]×T2)

] 1
p
⩽ C

[∑
k∈Z

α2
kµ

2δ−2
k

] 1
2

<∞.

Proof. First, recall that for each η > 0 there is a constant Cη > 0 such that

|ek(x)− ek(y)| ⩽ Cηµ
η
2
k |x− y|η (2.5)

holds for each x, y ∈ T2. This can be shown using standard calculus techniques,
starting from the basic estimate

|ek(x)− ek(y)| ⩽ C
(
1 ∧ µ

1
2
k |x− y|

)
.
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For p > 20 and 0 < α < δ
2
< 1

4
such that p

(
δ
2
− α

)
> 2 and pα > 3 hold,

we establish from the stochastic independence of the basis
(
Xk

)
k∈Z the following

expression:

E
[
|X(t, x)−X(s, y)|2

] p
2

⩽ 2
p
2

[
E
[
|X(t, x)−X(s, x)|2

]
+ E

[
|X(s, x)−X(s, y)|2

]] p
2

= 2
p
2

[∑
k∈Z

α2
kE
[
|Xk(t)−Xk(s)|2

]
e2k(x) +

∑
k∈Z

α2
k E

[
X2
k(s)

]
[ek(x)− ek(y)]

2

] p
2

⩽ Cδ,p,L,T

[∑
k∈Z

α2
kµ

2δ−2
k |t− s|δ +

∑
k∈Z

α2
kσ

2
k(s)µ

δ
2
k |x− y|δ

] p
2

⩽ Cδ,p,L,T

[
|t− s|δ

∑
k∈Z

α2
kµ

2δ−2
k + |x− y|δ

∑
k∈Z

α2
kµ

δ
2
−2

k

] p
2

⩽ Cδ,p,L,T [|t− s|+ |x− y|]δ
p
2

[∑
k∈Z

α2
kµ

2δ−2
k

] p
2

.

In order to be able to calculate the fractional Sobolev-norm of X we investigate a
last auxiliary calculation of the Lp�norm

∫
[0,T ]×T2

E [|X(t, x)|p] dt dx ⩽ Cp

∫
[0,T ]×T2

[∑
k∈Z

α2
k E

[
X2
k(t)

]
e2k(x)

] p
2

dt dx

⩽ Cp,LT

[∑
k∈Z

α2
kµ

−2
k

] p
2

<∞,

where we used the Fubini�Tonelli theorem combined with the following general
moment bound for Gaussian processes from Corollary 2.5. We are therefore able
to examine the norm of X.
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The �rst part of the inequality below directly follows by Morrey's inequality (The-
orem A.23) as αp > 3 holds:

E
[
∥X∥pC0([0,T ]×T2)

]
⩽ CpE

[
∥X∥pWα,p([0,T ]×T2)

]
= CpE

[∫
[0,T ]×T2

∫
[0,T ]×T2

|X(t, x)−X(s, y)|p

(|t− s|+ |x− y|)3+αp
dt dx ds dy

]
+ CpE

[∫
[0,T ]×T2

|X(t, x)|p dt dx
]

= Cp

∫
[0,T ]×T2

∫
[0,T ]×T2

E [|X(t, x)−X(s, y)|2]
p
2

(|t− s|+ |x− y|)3+αp
dt dx ds dy

+ Cp

∫
[0,T ]×T2

E
[
|X(t, x)|2

] p
2 dt dx

⩽ C

∫
[0,T ]×T2

∫
[0,T ]×T2

(|t− s|+ |x− y|)p(
δ
2
−α)−3

[∑
k∈Z

α2
kµ

2δ−2
k

] p
2

dt dx ds dy

+ Cδ,p,L,TT
δp
2
+1

[∑
k∈Z

α2
kµ

−2
k

] p
2

⩽ Cα,δ,p,L,T

[∑
k∈Z

α2
kµ

2δ−2
k

] p
2

<∞,

since p
(
δ
2
− α

)
− 3 > −1. Strictly speaking, we only showed the bound

E
[
∥X∥pC0([0,T ]×T2)

]
<∞,

but we have not shown yet that X ∈ Lp (Ω, C0 ([0, T ]× T2)). Nevertheless, we can
redo the same argument for �nite subsets A ⊂ Z and obtain

E

∥∥∥∥∥∑
k∈A

αkXkek

∥∥∥∥∥
p

C0([0,T ]×T2)

 ⩽ C

(∑
k∈A

α2
kµ

2δ−2
k

) p
2

.

Now we de�ne the process

XN :=
∑

k∈BZ(0,N)

Xkek

whereby BZ(0, N) is the centered ball in Z with radius N ∈ N. Thus, it is an
element of Lp (Ω, C0 ([0, T ]× T2)) and we obtain by the previous argument and
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2.3. Stochastic Convolution

by choosing A = BZ(0, N) \ BZ(0,M) that
(
XN

)
N∈N is a Cauchy-sequence in

Lp (Ω, C0 ([0, T ]× T2)), which converges to X. By applying Hölder's inequality
this concludes the argument for each p ⩾ 1.

Remark 2.18. In the context of Lemma 2.17, it is not necessary for the sequence(
αk
)
k∈Z to be a null sequence. However, within the regularisation by noise ap-

proach, it is always assumed to be a sequence that converges to 0.

Lemma 2.19. Let X(t) =
∑

k∈Z αkXk(t)ek as in Lemma 2.17. For each t ⩾ 0
and p ⩾ 1 we have

E
[
∥X(t)∥pLp(T2)

] 1
p
⩽ CpL

2E
[
∥X(t)∥2L2(T2)

] 1
2
.

Proof. By applying the moment bound for Gaussian processes, Minkowski inequal-
ity, and using the independence of the sequence

(
Xk

)
k∈Z , we conclude that

E [∥X(t)∥pLp ]
1
p = E

[∫
T2

|X(t, x)|p dx
] 1
p

⩽
∫
T2

E [|X(t, x)|p]
1
p dx

⩽ Cp

∫
T2

E
[
|X(t, x)|2

] 1
2 dx

⩽ Cp

∫
T2

[∑
k∈Z

α2
kE
[
X2
k

]
ek(x)

2

] 1
2

dx

⩽ CpL
2E

[∑
k∈Z

α2
kX

2
k

] 1
2

dx

= CpL
2E
[
∥X(t)∥2L2

] 1
2 .

This veri�es the lemma.

De�nition 2.20. We de�ne the random variable Zε as the regularisation of the
stochastic convolution Z (cf. (2.1)), as follows:

Zε(t, x) :=

∫ t

0

e(t−s)A dWε(s, x) =
∑
k∈Z

α
(ε)
k Zk(t)ek(x), ε > 0,

where for each k ∈ Z we have

Zk(t) :=

∫ t

0

e−(t−s)µ2k dβk(s).
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Theorem 2.21. Let ε > 0 and 0 < δ < 1
2
. Then, for each p ⩾ 1 the stochas-

tic processes Z and Zε belong to the space Lp (Ω, C0 ([0, T ]× T2)) and there is a
constant C > 0, depending on p, L, and T , such that

E
[
∥Zε∥pC0([0,T ]×T2)

] 1
p
⩽ C

[∑
k∈Z

α2
kµ

2δ−2
k

] 1
2

<∞.

Proof. As
(
Zk
)
k∈Z are independent Gaussian random variables with E [Zk(t)] = 0

and E [Zk(t)
2] ⩽ 1

2
µ−2
k for each k ∈ Z, we only need to verify (2.4) in order to

apply Lemma 2.17, using the independence of the Itô integrals for disjoint intervals,

E
[
|Zk(t)− Zk(s)|2

]
= E

[∣∣∣∣∫ t

s

e−(t−τ)µ2kdβk(τ)−
(
1− e−(t−s)µ2k

)∫ s

0

e−(s−τ)µ2kdβk(τ)

∣∣∣∣2
]

= E

[∣∣∣∣∫ t

s

e−(t−τ)µ2kdβk(τ)

∣∣∣∣2 + (1− e−(t−s)µ2k
)2 ∣∣∣∣∫ s

0

e−(s−τ)µ2kdβk(τ)

∣∣∣∣2
]

=
1

µ2
k

[(
1− e−2(t−s)µ2k

)
+
(
1− e−(t−s)µ2k

)2 (
1− e−2sµ2k

)]
⩽

C

µ2
k

[(
1− e−2(t−s)µ2k

)(
1 +

(
1− e−2sµ2k

))]
⩽

C

µ2
k

[(
1 ∧ 2|t− s|µ2

k

) (
1 +

(
1 ∧ 2sµ2

k

))]
⩽
Cδ
µ2
k

(
1 ∧ µ2δ

k |t− s|δ
)
,

whereby we derived the last inequality, as in (2.5), for every δ in the interval
(
0, 1

2

)
,

such that 2δ−2 < −1. Finally, by applying Lemma 2.17, we obtain the result.

Moreover, in a similar way, by studying the partial derivatives DiZε we obtain the
following theorem.

Theorem 2.22. Let 0 < δ < 1
2
. Then, for each p ⩾ 1 we have

∇Zε ∈ Lp
(
Ω, C0

(
[0, T ]× T2

))
.

In particular, there is a constant C > 0 depending on p, δ, α, T , and L such that

E
[
∥∇Zε∥pC0([0,T ]×T2,R2)

] 1
p
⩽ C

(∑
k∈Z

(
α
(ε)
k

)2
µ2δ−1
k

) 1
2

.
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2.3. Stochastic Convolution

Proof. By combining Lemma 2.17, Lemma 2.19 and the fact that the linear op-
erator ∇ : H1 (T2) → L2 (T2,R2) is an isometry, we obtain the result of the
theorem.

Finally, we study the di�erence between

Xε := Z − Zε =
∑
k∈Z

(
1− α

(ε)
k

)
Zk(t)ek(x).

As in Lemma 2.17, we obtain the following bound for each p ⩾ 1 and 0 < δ < 1
2
:

E
[
∥Z − Zε∥pC0([0,T ]×T2)

] 1
p
⩽ Cδ,p,L,T

(∑
k∈Z

(
1− α

(ε)
k

)2
µ2δ−2
k

) 1
2

. (2.6)

Theorem 2.23. Let T > 0. For each p ⩾ 1 the regularised stochastic convolu-
tion Zε converges to Z in Lp (Ω, C0([0, T ]× T2)) as ε→ 0.

Proof. This result follows directly by applying dominated convergence with the
bound (2.6), given that the regularising sequence

(
α
(ε)
k

)
k∈Z is uniformly bounded.

To complete this chapter, we introduce two embedding results for the stochastic
convolution.

Lemma 2.24. For each p ⩾ 1 and t ⩾ 0 we have

E [∥Zε(t)∥pLp ]
1
p ⩽ CpL

2E
[
∥Zε(t)∥2L2

] 1
2 .

Proof. Applying Itô's isometry and the independence of (βk)k∈Z con�rms that
Lemma 2.19 applies, which completes the proof of the lemma.

Theorem 2.25. For each η > 0 and p ⩾ 1 there exists a constant C = Cp,η > 0
such that

E
[
∥Zε (t)∥pC0

] 1
p ⩽ CE

[
∥Zε (t)∥2Hη

] 1
2

holds for every t ⩾ 0.

Proof. First, recall that for each η > 0 there is a constant Cη > 0 such that

|ek(x)− ek(y)| ⩽ Cηµ
η
2
k |x− y|η

holds for each x, y ∈ T2.
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2. Fundamentals in Stochastics

Let η > 0 and p > 2 such that ηp > 2. By applying Itô's isometry, we obtain

E
[
|Zε(t, x)− Zε(t, y)|2

]
= E

[∣∣∣∣∫ t

0

e(t−s)A dWε(s, x)−
∫ t

0

e(t−s)A dWε(s, y)

∣∣∣∣2
]

= E

∣∣∣∣∣∑
k∈Z

α
(ε)
k [ek(x)− ek(y)]

∫ t

0

e−(t−s)µ2k dβk(s)

∣∣∣∣∣
2


=
∑
k∈Z

(
α
(ε)
k

)2
[ek(x)− ek(y)]

2

∫ t

0

e−2(t−s)µ2k ds

⩽ Cη|x− y|2η
∑
k∈Z

(
α
(ε)
k

)2 µηk
2µ2

k

[
1− e−2tµ2k

]
for each x, y ∈ T2, t ⩾ 0. Therefore, by Morrey's inequality (Theorem A.23)
for αp > 2 with η > α > 0 and p > 2, and a bound for p-th Gaussian moments
(see Corollary 2.5), we obtain

E
[
∥Zε (t)∥pC0

]
⩽ CpE [∥Zε (t)∥pWα,p ]

⩽ CpE
[∫

T2

∫
T2

|Zε(t, x)− Zε(t, y)|p

|x− y|2+αp
dx dy

]
+ E [∥Zε(t)∥pLp ]

⩽ Cp

∫
T2

∫
T2

E
[
|Zε(t, x)− Zε(t, y)|2

] p
2

|x− y|2+αp
dx dy + E [∥Zε(t)∥pLp ]

⩽ Cp,η

∫
T2

∫
T2

[
|x− y|η

∑
k∈Z

(
α
(ε)
k

)2
µηk
2µ2k

[
1− e−2tµ2k

]] p2
|x− y|2+αp

dx dy + E [∥Zε(t)∥pLp ]

= Cp,η

∫
T2

∫
T2

|x− y|p(η−α)−2 dx dy

[∑
k∈Z

µηk

(
α
(ε)
k

)2 1

2µ2
k

[
1− e−2tµ2k

]] p2
+ E [∥Zε(t)∥pLp ]

⩽ Cp,ηE
[
∥Zε(t)∥2Hη

] p
2 ,

whereby we used p (η − α)− 2 > −2. In particular, we have

E
[
∥Zε (t)∥pC0

] 1
p ⩽ Cp,ηE

[
∥Zε(t)∥2Hη

] 1
2

By applying Hölder's inequality, this concludes the argument for each p ⩾ 1.
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3. Solution of the Regularised

Stochastic Partial Di�erential

Equation

This chapter is based on collaborative work with Dirk Blömker, as published in [14].
The main result of this chapter is that, for any regularisation as de�ned in De�ni-
tion 2.13, the nonlinearity vanishes from the equation in the limit as ε approaches
zero.

De�nition 3.1. Let A := −∆2 and F (uε) := ∇ · f(∇uε) := ∇ · ∇uε
1+|∇uε|2

and Zε

be the stochastic convolution, as de�ned in De�nition 2.13. Let u0 ∈ H1(T2). For
T > 0, we call a process (uε(t))t∈[0,T ] with continuous paths in H1(T2) such that
for all t ∈ [0, T ] and x ∈ T2

uε(t, x) = etAu0 +

∫ t

0

e(t−s)AF (uε(s, x)) ds+ Zε(t, x),

a mild solution of the regularised SPDE

∂tuε(t, x) = −∆2uε(t, x) +∇ · ∇uε(t, x)
1 + |∇uε(t, x)|2

+ ∂tWε(t, x), u(0) = u0. (3.1)

Theorem 3.2. For T > 0 let uε be the mild solution of (3.1). Then uε → u
for ε→ 0 in Lp(Ω, C0([0, T ]× T2)) for each p ⩾ 1, where u solves

∂tu = −∆2u+ ∂tW, u(0) = u0. (3.2)

Remark 3.3. A hill formation is expected for (3.1), due to the linear instability
of the equation, given by the approximation

−∇ · f (∇u) ≈ −∆u

for ∇u very small. This approximation yields the linearised equation

∂tu = −
(
∆2 −∆

)
u+ ∂tW.
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3. Solution of the Regularised SPDE

For further analysis of the linear instability e�ects, see [9] for a discussion in the
context of the Cahn�Hilliard equation. In contrast, when the nonlinearity vanishes,
no hills are observed in the solution of (3.2), where solutions are expected to be
merely of order σ. In particular, this yields to (3.2). However, we will analyse this
linearisation in more detail in Chapter 4.

3.1. Existence and Uniqueness of the Mild

Solution

Based on Banach's �xed-point theorem, it is straightforward to prove the following:

Theorem 3.4. For u0 ∈ H1 the stochastic partial di�erential equation (3.1) given
by De�nition 2.13 has a unique mild solution uε in the sense of De�nition 3.1 in
the space H1.

Remark 3.5. It is possible to consider initial conditions with u0 /∈ H1 by employ-
ing weighted spaces in time, e.g.

Xα,δ(0, T ) =

{
u ∈ C0 ((0, T ],Hα) : sup

t∈(0,T ]
tα∥u(t)∥Hα <∞

}
.

However, we refrain from giving further details here. For an application of such
initial conditions, see [11].

We now prove Theorem 3.4 based on Banach's �xed-point theorem. First, we
de�ne the mapping

G (uε) (t) := etAu0 +

∫ t

0

e(t−s)AF (uε(s)) ds+ Zε(t).

In order to apply Banach's �xed-point theorem, it is necessary to �rst establish
the following result.

Lemma 3.6. The mapping f ◦∇ : H1 (T2) → L2 (T2,R2), h 7→ ∇h
1+|∇h|2 (cf. (1.3)),

is bounded and globally Lipschitz continuous with Lipschitz constant 1.

Proof. The boundedness follows immediately from the boundedness of the func-
tion f : R2 → R2. To obtain the global Lipschitz continuity of f we use the
continuous di�erentiability and therefore, by multidimensional mean value theo-
rem we establish for each x, y ∈ R2 that

|f(x)− f(y)| ⩽ sup
t∈[0,1]

{∥Df (x+ t(y − x))∥} |x− y|,
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3.1. Existence and Uniqueness of the Mild Solution

whereby

Df(z) :=
1

(1 + |z|2)2

(
1− z21 −2z1z2

−2z2z1 1− z22

)
∈ R2×2

denotes the Jacobian of the function f for z ∈ R2. It holds that ∥Df∥∞ ⩽ 1, which
implies the global Lipschitz continuity of f . By applying Poincaré's inequality and
the characterisation of the Sobolev spaces Hα = Hα (T2) via the operator (−∆)

α
2

(see Appendix A.2), the linear operator∇ : H1(T2,R) → L2(T2,R2) is an isometry.
Consequently, the mapping

f ◦ ∇ : H1(T2,R) → L2(T2,R2), h 7→ f(∇h)

is globally Lipschitz continuous. For each u, v ∈ H1 we obtain the bound∥∥∥∥ ∇u
1 + |∇u|2

− ∇v
1 + |∇v|2

∥∥∥∥
L2

⩽ ∥u− v∥H1 .

This veri�es the lemma.

Additionally, in preparation for applying Banach's �xed-point theorem, we recall
several key properties of the semigroup

(
etA
)
t⩾0

:

� Smoothing estimate: For α < β and t ∈ (0, T ], the operator norm satis�es

∥∥etA∥∥
L(Hα,Hβ) ⩽

(
β − α

4e

)β−α
4

t
α−β
4 . (3.3)

This inequality is integrable at t = 0 whenever α < β < α+ 4 (cf. (A.8)).

� Isometry of the divergence: The divergence operator is an isometry,

∇· : H1(T2,R2) → L2(T2,R).

� Continuity of the semigroup: Since A is self-adjoint,
(
etA
)
t⩾0

forms an
analytic semigroup on Lp(T2) for each p ∈ [1,∞), and thus we have the
continuity

t 7→ etAu0 ∈ C0([0, T ],H1) (3.4)

for all u0 ∈ H1 (see [68, Section 2.6.]).
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3. Solution of the Regularised SPDE

Lemma 3.7. Given w ∈ C0 ([0, T ],H1), then

t 7→
∫ t

0

e(t−s)AF (w(s)) ds

has the regularity C0 ([0, T ],H3−).

Proof. Because the nonlinearity is Lipschitz continuous, F : H1 → H−1 has Lips-
chitz constant 1. Therefore, F(w) belongs to C0([0, T ],H−1). By choosing α = −1
and β < 3 and applying (3.3), we obtain the regularity

t 7→
∫ t

0

e(t−s)AF (w(s)) ds ∈ C0
(
[0, T ],H3−) .

The proof is now complete.

Finally, by (3.4) and Lemma 3.7 we conclude that the operator G is a self-mapping
on C0 ([0, T ],H1) in the case of Zε ∈ C0 ([0, T ],H1), which we already established
in Theorem 2.22.

Theorem 3.8. The n-th iteration Gn :=

n times︷ ︸︸ ︷
G ◦ · · · ◦G of the operator G is a con-

traction on C0 ([0, T ],H1) and thus there is a (pathwise) unique �xed-point.

Proof. We consider the di�erence between two solutions u, v ∈ C0([0, T ],H1) with
the same initial condition u0. Thus, by using (3.3) and the Lipschitz continuity
of F, we obtain

∥G(u)(t)−G(v)(t)∥H1 =

∥∥∥∥∫ t

0

e(t−s)AF (u(s)) ds−
∫ t

0

e(t−s)AF (v(s)) ds

∥∥∥∥
H1

⩽

√
1

2e

∫ t

0

1√
t− s

∥u(s)− v(s)∥H1 ds.

By analysing the supremum-norm in time, we obtain

sup
t∈[0,T ]

{∥G(u)(t)−G(v)(t)∥H1} ⩽ sup
t∈[0,T ]

{√
1

2e

∫ t

0

1√
t− s

∥u(s)− v(s)∥H1 ds

}

=

√
1

2e
sup
t∈[0,T ]

{∥u(t)− v(t)∥H1}
∫ T

0

1√
s
ds

=

√
2T

e
sup
t∈[0,T ]

{∥u(t)− v(t)∥H1} .

Since the constant
√

2T/e does not yet ensure that G satis�es the contraction
property, we examine the n�th iteration of this term, where n ∈ N is su�ciently
large.
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3.1. Existence and Uniqueness of the Mild Solution

For this examination, we �rst need to compute the integral via substitution∫ t

0

√
zk

t− z
dz = t

k+1
2

∫ 1

0

√
xk

1− x
dx

= t
k+1
2

∫ 1

0

x
k
2 (1− x)−

1
2 dx

= t
k+1
2 B

(
k + 2

2
,
1

2

)
,

for k ∈ N0, where

B (x, y) :=
Γ (y) Γ (z)

Γ (y + z)
,

for y, z > 0 is the Beta function and Γ the Gamma function. Furthermore, the
product of these functions creates a telescoping product

n−1∏
k=1

B

(
k + 2

2
,
1

2

)
=

n−1∏
k=1

Γ
(
k+2
2

)
Γ
(
1
2

)
Γ
(
k+3
2

) =

(
Γ

(
1

2

))n Γ
(
3
2

)
Γ
(
n+2
2

) .
By combining these calculations, we can show that the n-th iteration satis�es the
following contraction property

sup
t∈[0,T ]

∥Gn(u)(t)−Gn(v)(t)∥H1

⩽

(
1

2e

) 1
2
∫ t

0

1√
t− s

∥∥Gn−1(u)(s)−Gn−1(v)(s)
∥∥
H1 ds

⩽

(
1

2e

)n/2
sup
s∈[0,T ]

∥u(s)− v(s)∥H1

∫ t

0

1√
t− t1

. . .

∫ tn−1

0

1√
tn−1 − tn

dt1 . . . dtn

⩽ 2Γ

(
3

2

)(
TΓ
(
1
2

)2
2e

)n/2
1

Γ
(
n+2
2

) sup
s∈[0,T ]

∥u(s)− v(s)∥H1 .

This expression converges to 0 as n→ ∞. Thus, Gn is a contraction for su�ciently
large n ∈ N. We now apply a corollary of Banach's �xed-point theorem [75]
for �xed-point iterations. Since the stochastic process Zε is also an element of
C0([0, T ],H1), we obtain the existence and uniqueness of a �xed-point G(u) = u
in C0([0, T ],H1).

By applying Banach's �xed-point theorem, we establish the existence and unique-
ness of the mild solution uε ∈ C0([0, T ],H1), which for each t ∈ [0, T ] is given
by

uε(t) = etAu0 +

∫ t

0

e(t−s)AF (uε(s)) ds+ Zε(t).
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3. Solution of the Regularised SPDE

3.2. Uniform Boundedness

In the following, we establish a signi�cant deterministic uniform bound on ∇vε,
which is crucial for proving the vanishing of the nonlinearity. For this purpose,
consider the standard transformation

vε := uε − Zε − etAu0,

where vε solves the stochastic partial di�erential equation

∂tvε = −∆2vε +∇ · f
(
∇vε +∇Zε +∇etAu0

)
, vε(0) = 0. (3.5)

Theorem 3.9. For all T > 0 there is a constant C = CL,T > 0 such that

|∇vε(ω, t, x)| ⩽ C

holds for each ω ∈ Ω, t ∈ [0, T ], x ∈ T2 and ε > 0.

Proof. First of all, note that ∥f∥L∞(R2,R2) is bounded by 1. Let δ ∈ (0, 1). For
each t ∈ [0, T ] and ε > 0, the function vε su�ces

∥∇vε(t)∥L∞(T2,R2)

⩽ Cδ ∥vε(t)∥H2+δ

= Cδ

∥∥∥∥∫ t

0

e(t−s)AF
(
vε(s) + Zε(s) + esAu0

)
ds

∥∥∥∥
H2+δ

⩽ Cδ

∫ t

0

∥∥e(t−s)A∇·
∥∥
L(L2(T2,R2),H2+δ)

∥∥f (∇vε(s) +∇Zε(s) +∇esAu0
)∥∥

L2 ds

⩽ Cδ

∫ t

0

(t− s)−(3+δ)/4L ds

⩽ CδLT
(1−δ)/4.

This establishes the desired result.

3.3. Vanishing of the Nonlinearity

In this subsection, we prove the convergence f (∇uε(t, x)) → 0 for ε → 0 in
Lp (Ω,R2), uniformly in x ∈ T2 for all t ∈ [0, T ]. First, we present a short aux-
iliary statement, which relies on the periodicity of the domain and the type of
regularisation.

Lemma 3.10. For each t ∈ [0, T ] the covariance operator of the process Zε(t, x)
does not depend on x ∈ T2.
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3.3. Vanishing of the Nonlinearity

Proof. Without loss of generality, assume k1, k2 > 0. By applying the Pythagorean
identity to (A.1), we obtain for each x = (x1, x2) ∈ T2

e2(k1,k2) (x) + e2(−k1,k2) (x) + e2(k1,−k2) (x) + e2(−k1,−k2) (x)

=
2

L

[
sin2

(
2πl

L
x1

)
sin2

(
2πl

L
x2

)
+ sin2

(
2πl

L
x1

)
cos2

(
2πl

L
x2

)]
+

2

L

[
cos2

(
2πl

L
x1

)
sin2

(
2πl

L
x2

)
+ cos2

(
2πl

L
x1

)
cos2

(
2πl

L
x2

)]
=

2

L

which does not depend on x ∈ T2. Since ω0(xi) = L− 1
2 is a constant function,

the other cases with k1 = 0 or k2 = 0 follow analogously. By the independence of
sequence of Wiener processes (βk)k∈Z , we can apply the Itô isometry. Furthermore,

due to the radial symmetry of the sequences (µk)k∈Z and
(
α
(ε)
k

)
k∈Z , we conclude

for each ε > 0 that

E
[
|Zε(t, x)|2

]
= E

(∑
k∈Z

α
(ε)
k ek(x)

∫ t

0

e−(t−s)µ2k dβk(s)

)2


=
∑
k∈Z

(
α
(ε)
k

)2
e2k(x)

∫ t

0

e−2(t−s)µ2k ds

= 4
∑
k∈Z

k1,k2>0

(
α
(ε)
k

)2 2

L

∫ t

0

e−2(t−s)µ2k ds

+
2∑
i=1

∑
k∈Z
ki=0

1√
L
ωki (xi)

(
α
(ε)
k

)2 ∫ t

0

e−2(t−s)µ2k ds

=
16

L

∑
k∈Z

k1,k2>0

(
α
(ε)
k

)2 ∫ t

0

e−2(t−s)µ2k ds

+
2

L

∑
l∈N

(
α
(ε)
(l,0)

)2 ∫ t

0

e−2(t−s)µ2
(l,0) ds

×
[
cos2

(
2πl

L
x1

)
+ sin2

(
2πl

L
x1

)
+ cos2

(
2πl

L
x2

)
+ cos2

(
2πl

L
x2

)]
=

16

L

∑
k∈Z

k1,k2>0

(
α
(ε)
k

)2 ∫ t

0

e−2(t−s)µ2k ds+
2

L

∑
l∈N

(
α
(ε)
(l,0)

)2 ∫ t

0

e−2(t−s)µ2
(l,0) ds,

which does not depend on x ∈ T2. This establishes the desired result.
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3. Solution of the Regularised SPDE

Theorem 3.11. For each p ⩾ 1 and t ∈ (0, T ] we have

sup
x∈T2

E [|f (∇uε(t, x))|p] → 0 if ε→ 0.

Proof. Fix an arbitrary t ∈ (0, T ]. Due to Theorem 3.9 we �x a constant M > 0
such that M ⩾ ∥∇vε∥L∞([0,T ]×T2). We also choose Kε ⩾M by

Kε :=

[ ∑
k1,−k2∈N

(
k1
|k|2

)2 (
α
(ε)
k

)2]η
∨M,

where η is a constant in the interval (0, 1) and thus we derive Kε → ∞, for ε→ 0.
First, let us note that we can directly estimate

|f(∇uε(t, x))| ⩽
2

1 + |∇uε(t, x)|
.

As ∇uε = ∇vε +∇Zε, we obtain for |∇Zε| > Kε the inequality

2

1 + |∇uε(t, x)|
⩽

2

1 + |∇Zε(t, x)| − |∇vε(t, x)|
⩽

2

1 +Kε −M.

Let B1(0) be the ball with radius 1 in R2. By the boundedness of f , we obtain

E [|f (∇uε(t, x))|p] ⩽ E [|f (∇uε(t, x))|p | |∇Zε(t, x)| > Kε]P (|∇Zε(t, x)| > Kε)

+ E [|f (∇uε(t, x))|p | |∇Zε(t, x)| ⩽ Kε]P (|∇Zε(t, x)| ⩽ Kε)

⩽

(
2

1 +Kε −M

)p
+ CP (|∇Zε(t, x)| ⩽ Kε)

=

(
2

1 +Kε −M

)p
+ CP

(
∇Zε(t, x)

Kε

∈ B1(0)

)
⩽

(
2

1 +Kε −M

)p
+ C max

y∈B1(0)
{φε(t, x, y)} vol (B1(0)) ,

where C ∈ (0, 1) is a constant and

φε(t, x, y) :=
1

2π
√
det(Σε(t, x))

e−
1
2
yTΣ−1

ε (t,x)y,

is the density function of ∇Zε(t,x)
Kε

∼ N (0,Σε(t, x)).
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3.3. Vanishing of the Nonlinearity

To this end, we denote by Σε the covariance matrix as follows:

Σε(t, x) := Cov

(
∇Zε(t, x)

Kε

)
=

1

K2
ε

∑
k∈Z

[
1− e−2tµ2k

] (α(ε)
k

)2
2µ2

k

∇ek(x)∇ek(x)T

=
1

K2
ε

∑
k∈Z

[
1− e−2tµ2k

] (α(ε)
k

)2
2µ2

k

(
D1ek(x)D1ek(x) D1ek(x)D2ek(x)

D2ek(x)D1ek(x) D2ek(x)D2ek(x)

)
.

By Lemma 3.10, the covariance of Zε, and thus the covariance of ∇Zε, does not
depend on the variable x ∈ T2. We investigate the determinant of the covariance
matrix at (0, 0) =: 0, which simpli�es the argument. Furthermore, by the de�nition
of (ek)k∈Z , we obtain

D1ek (0)D2ek (0) =
2

L

(
2π

L

)2

k1k2 sin(0) cos(0) sin(0) cos(0) = 0

for each k = (k1, k2) ∈ Z and thus we derive

det (Σε(t,0)) (3.6)

=
1

4K4
ε

∑
k,l∈Z

(
α
(ε)
k α

(ε)
l

µkµl

)2 [
1− e−2tµ2k

] [
1− e−2tµ2l

]
[
|D1ek (0)|2 |D2el (0)|2 −D1ek (0)D1el (0)D2ek (0)D2el (0)

]
=

1

4K4
ε

∑
k,l∈Z

(
α
(ε)
k α

(ε)
l

µkµl

)2

|D1ek (0)|2 |D2el (0)|2
[
1− e−2tµ2k

] [
1− e−2tµ2l

]

=
1

4K4
ε

∑
k∈Z

(
α
(ε)
k

µk

)2

|D1ek (0)|2
[
1− e−2tµ2k

]2

=
1

4K4
ε

 ∑
k1∈N

−k2∈N0

(
α
(ε)
k

µk

)2
16π2

L3
k21ωk2(0)

2
[
1− e−2tµ2k

]
2

=
M

K4
ε

4

π4

 ∑
k1∈N

−k2∈N0

k21
|k|4

(
α
(ε)
k

)2 [
1− e−2tµ2k

]
2

,

forM ∈ {1, 2}, as ωk2(0) ∈
{
L− 1

2 , 2L− 1
2

}
and 1−e−2t(2π/L)4 ⩽ 1−e−2tµ2k ⩽ 1 hold

true for each t ⩾ 0 and k = (k1, k2) ∈ Z. For t = 0, this determinant is equal to 0.
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3. Solution of the Regularised SPDE

For �xed t > 0, the convergence of this series is equivalent to the convergence of
the following series due to the non-negativity of its summands

1

K2
ε

∑
k1,−k2∈N

(
k1
|k|2

)2 (
α
(ε)
k

)2
which converges if and only if ε > 0. This divergence follows directly from the
integral comparison criterion by analysing the convergence or divergence of∫ ∞

1

∫ ∞

1

x21
(|x1|+ |x2|)4

dx1 dx2 =

∫ ∞

1

3 + x2(3 + x2)

3(1 + x2)3
dx2

=

∫ ∞

1

3 + 3x2 + x22
3(1 + x2)3

dx2 = ∞.

Since this series diverges, we conclude that

E [|f (∇uε(t, x))|p] ⩽
(

2

1 +Kε −M

)p
+ C vol (B1(0)) max

y∈B1(0)
{φε(t, x, y)}

⩽

(
2

1 +Kε −M

)p
+

C√
det (Σε(t, x))

ε→0−−→ 0

also vanishes in the limit for t ∈ (0, T ] and x ∈ T2.

Therefore, by pointwise convergence and the uniform boundedness of f , we directly
conclude the following corollary.

Corollary 3.12. For each p ⩾ 1 holds

E
[
∥f (∇uε)∥pLp([0,T ]×T2,R2)

]
→ 0 if ε→ 0.

Proof. By pointwise convergence from Theorem 3.11

E [|f (∇uε(t, x))|p]
ε→0−−→ 0

for each x ∈ T2 and t ∈ (0, T ] and the uniform boundedness

∥f (∇uε)∥L∞([0,T ]×T2) ⩽ 1,
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3.4. Proof of the Main Result

we directly derive the following result by applying Theorem A.24:

E
[
∥f (∇uε)∥pLp([0,T ]×T2,R2)

] 1
p
= E

[∫
[0,L]2

∫ T

0

|f (∇uε(t, x))|p dt dx
] 1
p

⩽ C

∫
[0,L]2

∫ T

0

E [|f (∇uε(t, x))|p]
1
p dt dx

⩽ C

∫ T

0

sup
x∈T2

E [|f (∇uε(t, x))|p]
1
p dt

where constants C = CL,T > 0. This last expression tends to zero if ε goes to zero.
This �nishes the proof.

3.4. Proof of the Main Result

Finally, we are able to prove the convergence of the mild solutions from Theo-
rem 3.2 using Corollary 3.12. Let us �rst consider vε = uε − Zε − etAu0, as the
mild solution of (3.5). In order to verify the main result of this chapter, we have
to prove the following convergence for each p ⩾ 1:

vε
ε→0−−→ 0 in Lp

(
Ω, C0([0, T ]× T2)

)
.

Proof of Theorem 3.2. For each p > 2 there exists a δ ∈ (0, 1) such that p > 4
2−δ

or equivalently (2+δ)p
4(p−1)

∈ (0, 1) is ful�lled. Now, by applying Morrey's inequality
(Theorem A.23) and Hölder's inequality, we obtain

E
[
∥vε∥pC0([0,T ]×T2)

]
⩽ CT,L,δE

[
sup
t∈[0,T ]

∥vε(t)∥pH1+δ

]

⩽ CT,L,δE

[
sup
t∈[0,T ]

∥∥∥∥∫ t

0

e(t−s)A∇ · f (∇uε(s)) ds
∥∥∥∥p
H1+δ

]

⩽ CT,L,δE

[
sup
t∈[0,T ]

(∫ t

0

(t− s)
−(2+δ)

4 ∥f (∇uε(s))∥L2 ds

)p]

⩽ CT,L,δE

[
sup
t∈[0,T ]

(∫ t

0

(t− s)
−(2+δ)p
4(p−1) ds

)(p−1) ∫ t

0

∥f (∇uε(s))∥pL2 ds

]

⩽ CT,L,δE
[∫ T

0

∥f (∇uε(s))∥pL2 ds

]
⩽ Cp,T,L,δE

[
∥f (∇uε)∥pLp([0,T ]×T2)

]
−−→
ε→0

0
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3. Solution of the Regularised SPDE

which follows immediately from Corollary 3.12. Finally, by applying Hölder's
inequality, this establishes the desired result for each p ⩾ 1.

This convergence gives us the reduction to the linearised form of the SPDE

∂tu ≈ −∆2u+ σ∂tW

which will be the subject of our investigation in the next chapter.
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4. Growth Results of the

Linearised Mild Solution

In this chapter, we analyse regularity results and the growth behaviour of the mild
stochastic solution of the partial di�erential equation

∂tuε(t, x) = −δ∆2uε(t, x)−∇ · ∇uε(t, x)
1 + |∇uε(t, x)|2

+ σ∂tWε(t, x), (4.1)

introduced in (1.1) and in a regularised form in (3.1). In the following analysis, we
multiply the operator −∆2 by a small factor δ > 0. This adjustment a�ects the
number and magnitude of positive eigenvalues of the linear operator −δ∆2 − ∆,
which appears after linearisation since ∇ · f(∇u) ≈ ∆u and represents the linear
part of (4.1). As a result, we can make precise statements about the stability of
the equation, since positive eigenvalues lead to linear instability (cf. De�nition 4.7)
which results in a positive growth rate. To analyse this instability, we will start
with the comparison of the mild solution

uε(t) := e−tδ∆
2

u0 +

∫ t

0

e−(t−s)δ∆2

F (uε(s)) ds+ σ

∫ t

0

e−(t−s)δ∆2

dWε(s) (4.2)

of (4.1) with the mild solution of the partial di�erential equation without additive
space-time white noise term.

4.1. Linearisation and Decomposition

Before presenting the main results, we outline a decomposition approach to the
linearised form of (4.1), which we use to analyse the growth rate of the mild
solution uε, de�ned in De�nition 3.1. We �rst examine the growth rate in H1

using a Grönwall approach (cf. Lemma A.19) to compare the mild solution uε with
the deterministic mild solution udet, which excludes the noise term. To establish
the main growth result in C1, we follow a decomposition approach detailed in
Section 4.2. Nevertheless, we use a di�erent approach for the growth rate of
the C1-norm up to a stopping time, applying the factorisation method (see [27],
Section 4.3.2).

43



4. Growth Results of the Linearised Mild Solution

4.1.1. Grönwall Argument

De�nition 4.1 (With high probability). We say that an event Eσ ∈ F holds with
high probability if and only if

1− P (Eσ) ≪ 1,

i.e. the probability of the complement tends to zero with respect to the underlying
parameter 1− P (Eσ) → 0 if σ tends to 0.

To compare the two mild solutions udet and uε, we �rst need the following result
to apply the Henry�Grönwall lemma (cf. Lemma A.19).

Corollary 4.2. Let Zε be the stochastic convolution corresponding to the linear
operator −δ∆2 (see (4.2)). Then there is a constant C = CL,δ,ε > 0 such that

∥Zε(t)∥H1 ⩽ C

holds for each t ⩾ 0 with high probability.

Proof. By applying the Markov inequality and Itô's isometry, we obtain

P (∥Zε(t)∥H1 ⩾ C) ⩽ C−2E∥Zε(t)∥2H1

= C−2
∑
k∈Z

(
α
(ε)
k

)2
µk

∫ t

0

e−2(t−s)δµ2k ds

⩽ C−2
∑
k∈Z

(
α
(ε)
k

)2 1

2δµk

⩽ CL,δ,εC
−2,

where CL,δ,ε > 0 is a constant that depends only on L and ε. By choosing C
su�ciently large, the statement follows.

We now compare the mild solution udet of the deterministic partial di�erential
equation

∂tudet = −δ∆2udet −∇ · f (∇udet) (4.3)

with the mild solution uε of the stochastic partial di�erential equation

∂tuε = −δ∆2uε −∇ · f (∇uε) + σ∂tWε.

Thus, we require the operator norm of
(
etA
)
t⩾0

, where we set A := −δ∆2. Hence,
we obtain from (A.8) for β > α the following bound for the operator norm:

∥∥etA∥∥
L(Hα,Hβ) ⩽

(
β − α

2eδ

)β−α
4

t
α−β
4 .
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4.1. Linearisation and Decomposition

Theorem 4.3. Let uε be the mild solution of (4.1) and udet be the deterministic
mild solution of (4.3). Let Cε,δ > 0 be constants that only depend on ε and δ.
Then we obtain

∥udet(t)− uε(t)∥H1 ⩽ σCεe
t π
2eδ

[
1 + t

3
2

( π

2eδ

) 3
2

]
with high probability for each t ⩾ 0.

Proof. For each t ⩾ 0 we obtain

∥udet(t)− uε(t)∥H1

⩽ σ∥Zε(t)∥H1 +

∫ t

0

∥∥e(t−s)A∇·
∥∥
L(L2,H1)

∥f (udet(s))− f (uε(s))∥L2 ds

⩽ σ∥Zε(t)∥H1 +

∫ t

0

∥∥e(t−s)A∥∥
L(H−1,H1)

∥udet(s)− uε(s)∥H1 ds

⩽ σ∥Zε(t)∥H1 +
1√
2eδ

∫ t

0

(t− s)−
1
2 ∥udet(s)− uε(s)∥H1 ds.

Furthermore, to apply the Henry�Grönwall lemma (cf. Lemma A.19), we �rst need

θ :=
Γ(1

2
)2

2eδ
=

π

2eδ

and for z > 0 the inequality

E ′
1
2
(z) :=

∂

∂z

∞∑
n=0

z
n
2

Γ(n
2
+ 1)

=
∞∑
n=1

n
2
z
n
2
−1

Γ(n
2
+ 1)

=
∞∑
k=1

kzk−1

Γ(k + 1)
+

∞∑
l=0

2l+1
2
z

2l−1
2

Γ(l + 3
2
)

=
∞∑
k=1

zk−1

(k − 1)!
+

∞∑
l=0

zl−
1
2

Γ(l + 1
2
)

⩽ ez +
1√
πz

+
√
z

∞∑
l=1

zl−1

Γ(l)

= ez
(
1 +

√
z
)
+

1√
πz
.
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4. Growth Results of the Linearised Mild Solution

Now, by applying the Henry�Grönwall lemma, we obtain

∥udet(t)− uε(t)∥H1

⩽ σ∥Zε(t)∥H1 + θ

∫ t

0

E ′
1
2
(θ(t− s))σ ∥Zε(s)∥H1 ds

⩽ σ∥Zε(t)∥H1 +
σπ

2eδ

∫ t

0

e
π

2eδ
(t−s)

(
1 +

√
π

2eδ
(t− s)

)
∥Zε(s)∥H1 ds

+
σπ

2eδ

∫ t

0

√
2eδ

πs
∥Zε(s)∥H1 ds

⩽ σCε

[
1 + et

π
2eδ +

2

3
et

π
2eδ

(
πt

2eδ

) 3
2

+

√
πt

2eδ

]

⩽ σCε

[
1 + et

π
2eδ

(
1 +

(
πt

2eδ

) 3
2

)]

⩽ σCεe
t π
2eδ

[
1 + t

3
2

( π

2eδ

) 3
2

]
for each t ⩾ 0 with high probability. This shows the result of Theorem 4.3.

4.1.2. Decomposition of the Eigenspaces

In this chapter, we consider the linearisation of the equation

∂tuε = −δ∆2uε −∇ · ∇uε
1 + |∇uε|2

+ σ∂tWε.

Since ∇· f (∇u) ≈ ∆u holds for su�ciently small ∇u, it is natural to linearise the
equation by incorporating the nonlinear term into the linear operator. This yields
the following stochastic partial di�erential equation:

∂tu = −
(
δ∆2 +∆

)
uε +∇ · ∇uε|∇uε|

2

1 + |∇uε|2
+ ∂tWε. (4.4)

We analyse the transformed linear operator Aδ := −δ∆2 −∆. Within this frame-
work, the remaining nonlinearity is of higher order, since

∇ · ∇uε
1 + |∇uε|2

= ∆uε +
∇uε|∇uε|2

1 + |∇uε|2

holds. Since the new linear operator Aδ is a real linear combination of the Laplace
and the Bilaplace operator, it is self-adjoint and thus generates a analytic semi-
group (see [68, Section 2.6.]). Furthermore, we directly conclude Aδek = λ

(δ)
k ek for

each k ∈ Z, where the corresponding eigenvalues are
λk := λ

(δ)
k := −δµ2

k + µk.
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4.1. Linearisation and Decomposition

Remark 4.4. For simplicity, we do not denote the eigenvalues (λk)k∈Z with an
index δ, even though they certainly depend on the parameter δ. The same applies
to explicit eigenvalues, such as the largest and smallest positive eigenvalues, as
well as to upper bounds of the sequence of eigenvalues.

We use this approach to precisely identify linear instability (cf. De�nition 4.7)
and to establish an upper bound on the growth rate. The following remark o�ers
further insight and gives a motivation for De�nition 4.7:

Remark 4.5. Elementary analysis shows that

(λk)k∈Z ⊂
(
−∞,

1

4δ

]
,

since the eigenvalues λk = −δµ2
k + µk for k ∈ Z lie on the graph of the function

gδ : (0,∞) →
(
−∞,

1

4δ

]
, x 7→ −δx4 + x2,

which is positive if and only if x ∈
(
0, 1√

δ

)
holds. The graph of gδ is illustrated in

the following �gure:

0.5 1 1.5 2 2.5 3

−1

1

2

3

x

gδ(x) δ = 1.00
δ = 0.50
δ = 0.25
δ = 0.15

Figure 4.1.: Graph of Eigenvalues of Aδ According to δ.

In order for Aδ = −δ∆2+∆ to have at least one positive eigenvalue, it is necessary
that at least one eigenvalue µk of the negative Laplace operator −∆ is smaller
than 1

δ
, which is the zero of the function gδ (cf. Figure 4.1). Hence, we need the

parameter δ to be smaller than L2

4π2|k|2 or equivalently

2π|k|
L

<
1√
δ
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4. Growth Results of the Linearised Mild Solution

to hold for at least one k, and thus, by rotational symmetry of µk, for at least four
k ∈ Z. This leads to linear instability for L ≫ 1 or, equivalently, δ ≪ 1, since
there is at least one positive eigenvalue λk.

Remark 4.6. For illustrative purpose, we approximate the unstable region in the
Fourier space using |k| := |k1| + |k2| for each k ∈ Z. It then follows that the
dimension of the subspace

X̂+
p :=

{∑
k∈Z

ukek ∈ Lp
(
T2
)
: uk = 0 for k ∈ Z with − δ

(
2π|k|
L

)2

+ 1 ⩽ 0

}
(4.5)

depends on the parameters L and δ. More precisely, as δ decreases or L increases,
the dimension increases. This is because the dimension corresponds to the number
of positive eigenvalues of Aδ. In addition, for δ = 1, the dimension of X̂+

p equals
the number of points up to a certain color in Figure 4.2. Speci�cally, the green,
blue, and red points represent all indices k corresponding to the eigenvalues µk
of ∆ for |k| = 1, |k| = 2, and |k| = 3.

−3 −2 −1 1 2 3

−3

−2

−1

1

2

3

Figure 4.2.: Illustration of the indices k ∈ Z.

Thus, for n∗ ∈ N, with L
2π

√
δ
∈ (n∗, n∗ + 1], we obtain

n̂δ := dim
(
X̂+
p

)
=

n∗∑
l=1

4l = 2n∗ (n∗ + 1) , (4.6)

since for each l ∈ N \ {0} there are l + 1 possible vectors x ∈ N2 with |x| = l, and
therefore 4l possible vectors y ∈ Z, by multiplying the number of vectors in N2 by
4 and subtracting the respective four corner points of the squares.
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4.1. Linearisation and Decomposition

De�nition 4.7 (Linear instability). We say that the mild solution uε (4.2) exhibits
a linear instability if at least one eigenvalue λk of Aδ is positive, i.e., there exists
at least one k ∈ Z such that

2π|k|
L

<
1√
δ
.

Under this assumption, we de�ne as λmax := λ
(δ)
max ∈ (0, 1

4δ
] the largest positive

eigenvalue of Aδ which depends on the parameter δ > 0.

In the following, we assume that the mild solution uε (cf. (4.2)) is linearly unstable
such that the positive subspace X̂+

p de�ned in (4.5) is non-empty.

4.1.3. Semigroup in the Linearisation Environment

In this subsection, we will analyse the family of operators
(
etAδ

)
t⩾0

.

Lemma 4.8. For each p ∈ [1,∞) the family of operators
(
etAδ

)
t≥0

forms an

analytic semigroup on Lp(T2).

Proof. Since Aδ is a real linear combination of −∆2 and −∆, it is self-adjoint.
Consequently,

(
etAδ

)
t⩾0

is an analytic semigroup on Lp(T2) for each p ∈ [1,∞)

(see [68, Section 2.6.]).

Moreover, the family
(
etAδ

)
t⩾0

extends to an analytic semigroup on Wα,p (T2) for
every α > 0 and p ∈ (1,∞). This follows from interpolation estimates. In partic-
ular, by the Brezis-Mironescu inequality (cf. Theorem A.22), which is a corollary
of Gagliardo-Nirenberg interpolation inequality (cf. Theorem A.21), we have

∥etAδu∥W 1+α,p ⩽ C∥etAδu∥
1+α
2

W 2,p∥etAδu∥
1−α
2

Lp

for a constant C > 0. By applying Theorem A.21, we conclude that
(
etAδ

)
t⩾0

is
an analytic semigroup on Wα,p(T2) for each α > 0 and p ∈ (1,∞). Furthermore,
an upper bound for the operator norm of the semigroup

(
etAδ

)
t⩾0

is established to
enable analysis within a comparable framework as in Chapter 3.

De�nition 4.9. Let δ > 0, Kδ ∈ (0, δ), and θ ∈ (0, 1). We de�ne

λ(θ)max := λmax + θ

(
1

4Kδ

− λmax

)
.

From the bound λmax ⩽ 1
4δ
< 1

4Kδ
we obtain λ(θ)max > λmax. To control the upper

bound on the growth rate of uε(t) in H1 and C1, for t ⩾ 0, it is crucial to keep λ(θ)max

as small as possible. More precisely, we choose Kδ ∈ (δ−ξ, δ) for su�ciently small
ξ > 0, and θ ∈ (0, 1) su�ciently small to ensure that λ(θ)max − λmax > 0 remains
small.
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4. Growth Results of the Linearised Mild Solution

Lemma 4.10. For β > α, Kδ ∈ (0, δ), θ ∈ (0, 1), and λ
(θ)
max as in De�nition 4.9,

we have ∥∥∥et(−δ∆2−∆)
∥∥∥
L(Hα,Hβ)

⩽ etλ
(θ)
max

(
β − α

4eθ (δ −Kδ)

)β−α
4

t
α−β
4

for each t ⩾ 0.

Proof. To show the upper bound, we need an upper bound for the sequence of the
eigenvalues

(
λk
)
k∈Z . More precisely, for Kδ ∈ (0, δ), we have

λk = −δµ2
k + µk ⩽ (−δ +Kδ)µ

2
k +

1

4Kδ

which is equivalent to the inequality

1 ⩽ Kδµk +
1

4Kδµk
.

The latter holds for each k ∈ Z, as the auxiliary function

h : (0,∞) → R, h(z) := Cz +
1

4Cz

has the global minimum of 1 independent of the choice of the constant C > 0.
Moreover, this upper bound can be re�ned by employing a convex combination of
the eigenvalues with θ ∈ (0, 1). In particular, we obtain

λk = −δµ2
k + µk

= (1− θ)
(
−δµ2

k + µk
)
+ θ

(
−δµ2

k + µk
)

⩽ (1− θ)λmax + θ

[
(−δ +Kδ)µ

2
k +

1

4Kδ

]
= θ (−δ +Kδ)µ

2
k + λmax + θ

[
1

4Kδ

− λmax

]
= θ (−δ +Kδ)µ

2
k + λ(θ)max.

Finally, by applying this inequality to the operator norm of the semigroup, we
derive ∥∥∥et(−δ∆2−∆)

∥∥∥
L(Hα,Hβ)

⩽ etλ
(θ)
max

∥∥∥etθ(−δ+Kδ)∆2
∥∥∥
L(Hα,Hβ)

⩽ etλ
(θ)
max

(
β − α

4eθ (δ −Kδ)

)β−α
4

t
α−β
4

for each t ⩾ 0. This �nishes the proof.
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4.1. Linearisation and Decomposition

4.1.4. Growth of the Deterministic Solution

As established above, the di�erence ∥uε(t)− udet(t)∥H1 grows at the rate

O
(
σ
(
C + Ct

1
2

)
et

π
2eδ

)
for each t ⩾ 0.

The following subsection examines a growth condition for udet in H1 (T2) with
respect to the time variable t. To proceed, we de�ne the stopping time

τ̂ := inf {s > 0 : ∥uε(s)∥W 1,6 ⩾ rσ} ,

where rσ denotes a radius that depends solely on σ and satis�es the condition

0 < r3σ ≪ σ ≪ rσ ≪ 1.

Lemma 4.11. Let u0 = 0, α ∈ (−1, 3) and let C = Cα,δ,L,θ > 0 be a constant that
only depends on α, L, θ, δ, and Kδ. Then we obtain

∥udet(t)∥Hα ⩽ Cetλ
(θ)
maxt

3−α
4 r3σ,

for each t ∈ (0, τ̂ ], where λ
(θ)
max is the upper bound of the eigenvalues de�ned in

De�nition 4.9.

Proof. For t ∈ (0, τ̂ ] we have

∥udet(t)∥Hα ⩽
∫ t

0

∥∥∥∥e(t−s)(−δ∆2−∆)∇ · ∇u(s) |∇u(s)|
2

1 + |∇u(s)|2

∥∥∥∥
Hα

ds

⩽
∫ t

0

∥∥∥e(t−s)(−δ∆2−∆)
∥∥∥
L(H−1,Hα)

∥∥∥∥∇u(s) |∇u(s)|21 + |∇u(s)|2

∥∥∥∥
L2

ds

⩽
∫ t

0

e(t−s)λ
(θ)
max

∥∥∥e(t−s)θ(−δ+Kδ)∆2
∥∥∥
L(H−1,Hα)

∥∥∇u(s) |∇u(s)|2∥∥
L2 ds

⩽
∫ t

0

(
α + 1

4eθ (δ −Kδ)

)α+1
4

e(t−s)λ
(θ)
max(t− s)

−α−1
4 ∥u(s)∥3W 1,6 ds

=
4

3− α

(
α + 1

4eθ (δ −Kδ)

)α+1
4

etλ
(θ)
maxt

3−α
4 sup

s∈[0,t]

{
∥u(s)∥3W 1,6

}
⩽ Cα,δ,L,θe

tλ
(θ)
maxt

3−α
4 r3σ.

This proves the claim.

Assumption 4.12. Let r0 and rσ denote radii that satisfy the following conditions:

0 < r3σ < r0 < σ < rσ ≪ 1.
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4. Growth Results of the Linearised Mild Solution

Theorem 4.13. Let ∥u0∥H1 < r0 and let δ > 0 be su�ciently small such that we

have linear instability (cf. De�nition 4.7) and π/2e < λ
(θ)
max holds.

Then we obtain for t ∈ (0, τ̂ ] the exponential growth rate

∥uε(t)∥H1 ≲ σetλ
(θ)
max

(
1 +

√
t
)

with high probability, where λ(θ)max is the upper bound of the eigenvalues de�ned in
De�nition 4.9.

Proof. By applying the triangle inequality, Theorem 4.3, and Lemma 4.11, there
exist constants C = Cα,δ,L,θ > 0 such that

∥uε(t)∥H1 ⩽
∥∥etAu0∥∥H1 + ∥udet(t)∥H1 + ∥udet(t)− uε(t)∥H1

⩽ etλ
(θ)
max ∥u0∥H1 + Cetλ

(θ)
maxr3σ

√
t+ Cet

π
2eσ
(
1 +

√
t
)

⩽ etλ
(θ)
maxC

[
r0 + r3σ

√
t+ σ

(
1 +

√
t
)]

⩽ Cetλ
(θ)
max [r0 + σ]

(
1 +

√
t
)

⩽ Cetλ
(θ)
maxσ

(
1 +

√
t
)

with high probability for each t ∈ (0, τ̂ ].

4.2. Exponential Growth up to a Stopping Time

This subsection examines more general arguments in C1 (T2). Let r0 and rσ be
radii as de�ned in Assumption 4.12. Let

τ := inf {s > 0 : ∥uε(s)∥C1 ⩾ rσ} (4.7)

be a stopping time on the �ltered probability space
(
Ω,F , (Ft)t⩾0 ,P

)
. For each

θ ∈ (0, 1) and δ > 0, the linear operator Aδ − λ
(θ)
max Id is an in�nitesimal generator

of an analytic semigroup, whereby Id denotes the identity operator on L1 (T2).
Thus, there is a positive constant C > 0 such that

∥etAδu0∥C1 ⩽ Cetλ
(θ)
max∥u0∥C1 (4.8)

for each t ⩾ 0 (cf. [68, p.70]). This section focuses on the mild solution of the
deterministic partial di�erential equation

∂tu = −δ∆2u−∆u+∇ · ∇u |∇u|
1 + |∇u|2

with initial value u0 = 0.
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4.2. Exponential Growth up to a Stopping Time

Lemma 4.14. For each t > 0, p ⩾ 1 and α, β ∈ R, with α < β, there exists a
constant C = Cp,α,β,θ,δ > 0 such that∥∥∥et(−δ∆2−∆)

∥∥∥
L(Wα,p,Wβ,p)

⩽ Cetλ
(θ)
maxt−

β−α
4 .

Proof. Even though [38, Lemma A.7] is only formulated for semigroups generated
by − (−∆)σ for σ ∈ (0, 1] on Td, the proof is applicable in its entirety to the
case of σ > 1, as the integrability condition (1 + | · |d+1)φ ∈ L1

(
Td
)
for the

function φ(ξ) = e−|ξ|2σ , as required in [38, Lemma A.5] is even easier to verify.
Hence, by using the inequality λk ⩽ θ (−δ +Kδ)µ

2
k + λ

(θ)
max, with θ (−δ +Kδ) < 0,

as in the proof of Lemma 4.10 and by applying [38, Lemma A.7], we derive∥∥∥et(−δ∆2−∆)
∥∥∥
L(Wα,p,Wβ,p)

⩽ etλ
(θ)
max

∥∥∥etθ(−δ+Kδ)∆2
∥∥∥
L(Wα,p,Wβ,p)

⩽ Cetλ
(θ)
maxt−

β−α
4

for each t > 0.

Corollary 4.15. Let τ be the stopping time from (4.7) and let λ
(θ)
max, as de�ned in

De�nition 4.9. For α ∈ (0, 1) we have the upper bound

∥udet(t)∥C1 ⩽ Cetλ
(θ)
maxt

2−α
4 r3σ

for each t ∈ [0, τ ] and a constant C = Cδ,α,θ,L > 0.

Proof. By applying Morrey's inequality (cf. Theorem A.23), for α > 0 and p > 2
such that αp > d = 2, and Lemma 4.14 we obtain for t ∈ (0, τ ] the following
inequality

∥udet(t)∥C1 ⩽ C ∥udet(t)∥W 1+α,p

⩽ C

∫ t

0

∥∥∥∥e(t−s)(−δ∆2−∆)∇ · ∇u(s) |∇u(s)|
2

1 + |∇u(s)|2

∥∥∥∥
W 1+α,p

ds

⩽ C

∫ t

0

∥∥∥e(t−s)(−δ∆2−∆)
∥∥∥
L(W−1,p,W 1+α,p)

∥∥∥∥∇u(s) |∇u(s)|21 + |∇u(s)|2

∥∥∥∥
Lp

ds

⩽ etλ
(θ)
max

∫ t

0

∥∥∥e(t−s)θ(−δ+Kδ)∆2
∥∥∥
L(W−1,p,W 1+α,p)

∥u(s)∥3W 1,3p ds

⩽ Cetλ
(θ)
max

∫ t

0

(t− s)
−2−α

4 ∥u(s)∥3W 1,3p ds

⩽ Cetλ
(θ)
maxt

2−α
4 sup

s∈[0,t]
∥u(s)∥3C1

⩽ Cetλ
(θ)
maxt

2−α
4 r3σ.

This proves the claim.
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4. Growth Results of the Linearised Mild Solution

4.3. Stochastic Convolution in the Context of

Linearisation

In this section, we focus on the stochastic convolution W (ε)
Aδ

regarding the linear
operator Aδ = −δ∆2−∆, as in the case of De�nition 2.20, which we will introduce
in De�nition 4.16.

4.3.1. Upper Bounds and Auxiliary Results

De�nition 4.16. We de�ne the stochastic convolution regarding the linear opera-
tor Aδ for each t ⩾ 0 and x ∈ T2, via

W
(ε)
Aδ

(t, x) :=

∫ t

0

e(t−s)Aδ dWε(s, x) =
∑
k∈Z

α
(ε)
k ek(x)

∫ t

0

e(t−s)λk dβk(s).

Theorem 4.17. Let m ∈ {0, 1}. Let ε > 0 and η > 0 such that there exists
some ψ > 0 with ((

α
(ε)
k

)2
µηk

)
k∈Z

∈ O
(
|k|−ψ

)
.

Then for each p ⩾ 1 there exists a constant C = Cp,η,L,δ > 0 such that

E
[∥∥∥W (ε)

Aδ
(t)
∥∥∥p
Cm

] 1
p

⩽ CE
[∥∥∥W (ε)

Aδ
(t)
∥∥∥2
Hm+η

] 1
2

holds for every t ⩾ 0.

Proof. Because the eigenvalues of the linear operator Aδ are distributed in a way
that leads to a positive growth rate over time, the proof of Theorem 2.25 cannot
be applied directly. However, the argument follows a similar approach.
For ε > 0 let p > 2 and η > 0 such that ηp > 2, and that there exists some ψ > 0
such that ((

α
(ε)
k

)2
µηk

)
k∈Z

∈ O
(
|k|−ψ

)
.

Recall that there is a constant Kη > 0 such that

|ek(x)− ek(y)| ⩽ Kηµ
η
2
k |x− y|η

holds for each x, y ∈ T2, as can be shown by straightforward calculus using the
de�nition of (ek)k∈Z (see (A.1)).
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4.3. Stochastic Convolution in the Context of Linearisation

Applying Itô's isometry, we obtain the bound

E
[∣∣∣W (ε)

Aδ
(t, x)−W

(ε)
Aδ

(t, y)
∣∣∣2]

= E

[∣∣∣∣∫ t

0

e(t−s)Aδ dWε(s, x)−
∫ t

0

e(t−s)Aδ dWε(s, y)

∣∣∣∣2
]

= E

∣∣∣∣∣∑
k∈Z

α
(ε)
k [ek(x)− ek(y)]

∫ t

0

e(t−s)λk dβk(s)

∣∣∣∣∣
2


⩽
∑
k∈Z

(
α
(ε)
k

)2
[ek(x)− ek(y)]

2

∫ t

0

e2(t−s)λk ds

=
∑
k∈Z∗

(
α
(ε)
k

)2
[ek(x)− ek(y)]

2 1

2λk

[
e2tλk − 1

]
+
∑

l∈Z\Z∗

(
α
(ε)
l

)2
[el(x)− el(y)]

2 t

⩽ Kη|x− y|2η
∑
k∈Z

(
α
(ε)
k

)2 µηk
2λk

[
e2tλk − 1

]
+ t

∑
l∈Z\Z∗

µηl


⩽ Kη|x− y|2η

[∑
k∈Z

(
α
(ε)
k

)2 µηk
2λk

[
e2tλk − 1

]
+ t

]

for each x, y ∈ T2, t ⩾ 0, whereby Z∗ := {k ∈ Z : λk ̸= 0}. Furthermore,
Lemma 2.19 is also applicable to W (ε)

Aδ
, which allows for control of its Lp-norm.
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4. Growth Results of the Linearised Mild Solution

Therefore, by Morrey's inequality (cf. Theorem A.23) for η > α and p > 2 such
that αp > 2, and the bound for p -th Gaussian moments (cf. Corollary 2.5) we
obtain

E
[∥∥∥W (ε)

Aδ
(t)
∥∥∥p
C0

]
⩽ CpE

[∥∥∥W (ε)
Aδ

(t)
∥∥∥p
Wα,p

]
⩽ CpE

∫
T2

∫
T2

∣∣∣W (ε)
Aδ

(t, x)−W
(ε)
Aδ

(t, y)
∣∣∣p

|x− y|2+αp
dx dy

+ CpE
[∥∥∥W (ε)

Aδ
(t)
∥∥∥p
Lp

]

⩽ Cp

∫
T2

∫
T2

E
[∣∣∣W (ε)

Aδ
(t, x)−W

(ε)
Aδ

(t, y)
∣∣∣2] p2

|x− y|2+αp
dx dy + CpE

[∥∥∥W (ε)
Aδ

(t)
∥∥∥p
Lp

]

⩽ Cp,η

∫
T2

∫
T2

[
|x− y|2η

(
t+
∑

k∈Z

(
α
(ε)
k

)2
µηk
2λk

[
e2tλk − 1

])] p2
|x− y|2+αp

dx dy

+ CpE
[∥∥∥W (ε)

Aδ
(t)
∥∥∥p
Lp

]
= Cp,η

∫
T2

∫
T2

|x− y|p(η−α)−2 dx dy

[
t+
∑
k∈Z

(
α
(ε)
k

)2 µηk
2λk

[
e2tλk − 1

]] p2
+ Cp,LE

[∥∥∥W (ε)
Aδ

(t)
∥∥∥2
L2

] p
2

⩽ Cp,η,L,δE
[∥∥∥W (ε)

Aδ
(t)
∥∥∥2
Hη

] p
2

.

By applying Hölder's inequality this concludes the proof for each p ⩾ 1.

Remark 4.18. Note that the set Z \ Z∗, used in the proof of Theorem 4.17, has,
by rotational symmetry of λk according to the index k, either four or no elements.

Corollary 4.19. Let ε > 0 and η > 0 such that there exists some ψ > 0 with((
α
(ε)
k

)2
µηk

)
k∈Z

∈ O
(
|k|−ψ

)
.

Then for each p ⩾ 1 there exists a constant C = Cp,η,L,δ > 0 such that the following
upper bound holds for every t ⩾ 0:

E
[∥∥∥W (ε)

Aδ
(t)
∥∥∥p
C1

] 1
p

⩽ CE
[∥∥∥W (ε)

Aδ
(t)
∥∥∥2
H1+η

] 1
2

.
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4.3. Stochastic Convolution in the Context of Linearisation

Proof. For ε > 0 let p > 2 and η > 0 with ηp > 2, and that there exists some ψ > 0
such that ((

α
(ε)
k

)2
µηk

)
k∈Z

∈ O
(
|k|−ψ

)
.

By applying the proof of Theorem 4.17 for the R2-valued process ∇W (ε)
Aδ

instead

of W (ε)
Aδ
, we obtain the bound

E
[∣∣∣∇W (ε)

Aδ
(t, x)−∇W (ε)

Aδ
(t, y)

∣∣∣2] ⩽ Kη|x− y|2η
[∑
k∈Z

(
α
(ε)
k

)2 µ1+η
k

2λk

[
e2tλk − 1

]
+ t

]

for a constant Kη > 0 and for each x, y ∈ T2 and t ⩾ 0 . For η > α > 0 and p > 2
such that αp > 2 we derive

E
[∥∥∥W (ε)

Aδ
(t)
∥∥∥p
C1

] 1
p

⩽ CpE
[∥∥∥W (ε)

Aδ
(t)
∥∥∥p
W 1+α,p

] 1
p

⩽ Cp,η,L,δE
[∥∥∥W (ε)

Aδ
(t)
∥∥∥2
H1+η

] 1
2

for C = Cp,η,L,δ > 0. By applying Hölder's inequality this shows the assertion for
each p ⩾ 1.

Lemma 4.20. Let ε > 0 and η > 0 such that there exists some ψ > 0 with((
α
(ε)
k

)2
µηk

)
k∈Z

∈ O
(
|k|−ψ

)
.

Then for each p ⩾ 1 there exists a constant C = Cp,δ,ε > 0 such that we have

E
[∥∥∥W (ε)

Aδ
(t)
∥∥∥p
C1

] 1
p

⩽ Cp,δ,εe
tλmax

for each t ⩾ 0.

Proof. For ε > 0 let p > 2 and η > 0 such that ηp > 2, and that there exists
some ψ > 0 such that ((

α
(ε)
k

)2
µηk

)
k∈Z

∈ O
(
|k|−ψ

)
.
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4. Growth Results of the Linearised Mild Solution

By applying Itô's isometry, the bound for Gaussian moments (see Corollary 2.5),
and Theorem 4.17, we obtain

E
[∥∥∥W (ε)

Aδ
(t)
∥∥∥p
C1

] 1
p

⩽ CpE
[∥∥∥W (ε)

Aδ
(t)
∥∥∥2
H1+η

] 1
2

= Cp

[∑
k∈Z

(
α
(ε)
k

)2
µ1+η
k

∫ t

0

e2sλk ds

] 1
2

⩽ Cp,δ,ε

[
t+

∑
k∈Z∗

(
α
(ε)
k

)2 µ1+η
k

λk

(
e2tλk − 1

)] 1
2

⩽ Cp,δ,εe
tλmax

[
1 +

∑
k∈Z∗

(
α
(ε)
k

)2
µ−1+η
k

] 1
2

⩽ Cp,δ,εe
tλmax ,

whereby as above Z∗ = {k ∈ Z : λk ̸= 0}. By applying Hölder's inequality this
�nishes the proof for each p ⩾ 1.

Lemma 4.21. Let 0 < σ ≪ 1. Then for each t ⩾ 0 the estimate

σ
∥∥∥W (ε)

Aδ
(t)
∥∥∥
C1

⩽ etλmax

holds true with high probability.

Proof. By applying Markov's inequality and Lemma 4.20, we derive

P
(
σ
∥∥∥W (ε)

Aδ
(t)
∥∥∥
C1

⩾ etλmax

)
⩽
(
σe−tλ

(δ)
max

)p
E
[∥∥∥W (ε)

Aδ
(t)
∥∥∥p
C1

]
⩽ Cpσ

pe−ptλmax E
[∥∥∥W (ε)

Aδ
(t)
∥∥∥2
C1

] p
2

⩽ Cpσ
p

for each p > 0 and t ⩾ 0. Hence, taking the limit σ → 0, the claim follows.

4.3.2. Factorisation Method

Since the integrand of the solution to (4.1) depends on the time variable t, the
stochastic integral in this case does not constitute a martingale or submartingale.
Therefore, we cannot make use of estimates from martingale theory, such as the
Doob's inequality, in order to obtain uniform bounds in time. An alternative
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4.3. Stochastic Convolution in the Context of Linearisation

approach is provided by the factorisation method of Da Prato and Zabczyk [27].
To this end, we �rst examine the expression

E

[
sup
t∈[0,T ]

∥∥∥∥∫ t

0

e(t−s)Aδ dWε(s)

∥∥∥∥p
C1

] 1
p

, (4.9)

for p ⩾ 1. To establish an upper bound, we �rst verify the independence of two
summands

(
Zk(t)

)
t⩾0

of the stochastic process

Zε(t, x) =
∑
k∈Z

α
(ε)
k Zk(t)ek(x) =

∑
k∈Z

α
(ε)
k

∫ t

0

e−(t−s)δµ2k dβk(s)ek(x),

for which we use the representation

Zk(t, x) =
〈 ∫ t

0

eAδ(t−s) dWε(s) , ek(x)
〉

=
〈
α
(ε)
k ek(x)

∫ t

0

e−(t−τ)Aδ dβk(τ) , ek(x)
〉
.

Since Zk are Gaussian random variables, we verify their uncorrelatedness to estab-
lish independence. For arbitrary indices k, l ∈ Z, k ̸= l, we have

E [Zk(t, x)Zl(t, x)] = E [⟨Z(t), ek(x)⟩⟨Z(t), el(x)⟩]
= E [⟨Z(t), ek(x)⟩⟨Z(t), el(x)⟩]

= E
[
α
(ε)
k

∫ t

0

e−(t−τ)δµ2k dβk(τ)α
(ε)
l

∫ t

0

e−(t−τ)δµ2l dβl(τ)

]
= 0,

where the last equality holds because
(
βk
)
k∈Z are independent Wiener processes.

The following identity serves as an essential component in applying the factorisa-
tion method to analyse the expression (4.9).

Corollary 4.22. For γ ∈ (0, 1) let

y(s) :=

∫ s

0

(s− τ)−γ e(s−τ)Aδ dWε(τ),

Kγ :=

(∫ 1

0

(1− s)−γ sγ−1 ds

)−1

.

Then we obtain the following identity for each t ⩾ 0:∫ t

0

e(t−s)Aδ dWε(s) = Kγ

∫ t

0

(t− s)γ−1e(t−s)Aδy(s) ds.

59



4. Growth Results of the Linearised Mild Solution

Proof. Let γ ∈ (0, 1) be �xed. By applying Fubini's theorem for stochastic integrals
(cf. Theorem A.25), we have∫ t

0

(t− s)γ−1e(t−s)Aδy(s) ds =

∫ t

0

(t− s)γ−1e(t−s)Aδ
∫ s

0

(s− τ)−γe(s−τ)Aδ dWε(τ) ds

=

∫ t

0

∫ t

τ

(t− s)γ−1e(t−s)Aδ(s− τ)−γe(s−τ)Aδ ds dWε(τ)

=

∫ t

0

e(t−τ)Aδ
∫ t

τ

(t− s)γ−1(s− τ)−γ ds dWε(τ)

=

∫ t

0

e(t−τ)Aδ
∫ t−τ

0

(t− τ − s)γ−1sγ ds dWε(τ)

=

∫ t

0

e(t−τ)Aδ dWε(τ)

∫ 1

0

(1− z)γ−1zγ dz

for each t ⩾ 0. Multiplying this expression by Kγ yields the statement.

Remark 4.23. Let Γ(·) be the Gamma function and B(·, ·) be the Euler Beta
function. Then we obtain

K−1
γ = B(γ, 1− γ)−1 =

Γ(1)

Γ(γ) Γ(1− γ)
=

(∫ 1

0

tγ−1(1− t)−γ dt

)−1

=
sin(πγ)

π
.

Now we turn to the factorisation method.

Theorem 4.24. Let λ
(θ)
max be the upper bound of the eigenvalues, as de�ned in

De�nition 4.9. Moreover, for ε > 0 let η ∈ (0, 1) and γ ∈ (0, 1) such that(
µ
η
2
+2γ

k α
(ε)
k

)
k∈Z

∈ O
(
|k|−ψ

)
holds for some ψ > 0. Then, for each p ⩾ 1 there is a constant C = Cp,δ,ε,η,γ,θ > 0
such that

E

[
sup
t∈[0,T ]

∥∥∥∥∫ t

0

e(t−s)Aδ dWε(s)

∥∥∥∥p
C1

] 1
p

⩽ CeTλ
(θ)
max .

60



4.3. Stochastic Convolution in the Context of Linearisation

Proof. By using Corollary 4.22, Hölder's inequality with (γ−1) p
p−1

> −1 or equiv-
alently for each p > 1

γ
, and Minkowski's inequality, we obtain

E

[
sup
t∈[0,T ]

∥∥∥∥∫ t

0

e(t−s)Aδ dWε(s)

∥∥∥∥p
C1

] 1
p

= E

[
sup
t∈[0,T ]

∥∥∥∥Kγ

∫ t

0

(t− s)γ−1e(t−s)Aδy(s) ds

∥∥∥∥p
C1

] 1
p

⩽ KγE

[
sup
t∈[0,T ]

(∫ t

0

(t− s)γ−1e(t−s)λ
( θ2)
max ∥y(s)∥C1 ds

)p] 1
p

⩽ Kγe
Tλ
( θ2)
max E

[
sup
t∈[0,T ]

(∫ t

0

(t− s)(γ−1) p
p−1 ds

)p−1 ∫ t

0

e−spλ
( θ2)
max ∥y(s)∥pC1 ds

] 1
p

⩽ Cp,γe
Tλ
( θ2)
max T γ−

1
p

∫ T

0

e−sλ
( θ2)
max E

[
∥y(s)∥pC1

] 1
p ds

⩽ Cp,γ,θe
Tλ

(θ)
max

∫ T

0

e−sλ
( θ2)
max E

[
∥y(s)∥pC1

] 1
p ds.

Here, KT > 0 denotes a constant depending on T . The interchange of the integral,
expectation, and supremum is justi�ed by Tonelli's theorem and the dominated
convergence theorem.
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4. Growth Results of the Linearised Mild Solution

Similar as in Section 4.3.1, we derive the following bound by Theorem 4.17, Mor-
rey's inequality (cf. Theorem A.23) and Itô's isometry:

e−tλ
( θ2)
max E

[
∥y(t)∥pC1

] 1
p

⩽ Cpe
−tλ

( θ2)
max E

[
∥y(t)∥2H1+η

] 1
2

= Cpe
−tλ

( θ2)
max

(∑
k∈Z

µ1+η
k

(
α
(ε)
k

)2 ∫ t

0

s−2γe2sλk ds

) 1
2

⩽ Cpe
−tλ

( θ2)
max

∑
k∈Z

µ1+η
k

(
α
(ε)
k

)2
e2tλ

( θ2)
max

∫ t

0

s−2γe
−2s

(
λ
( θ2)
max −λk

)
ds


1
2

= Cp

∑
k∈Z

(
α
(ε)
k

)2 µ1+η
k(

λ
( θ2)
max − λk

)1−2γ

∫ t
(
λ
( θ2)
max −λk

)
0

s−2γe−2s ds


1
2

⩽ Cp,δ,γ,θ

(∑
k∈Z

(
α
(ε)
k

)2
µ−1+η+4γ
k

∫ ∞

0

s−2γe−2s ds

) 1
2

⩽ Cp,δ,γ,θ

(∑
k∈Z

(
α
(ε)
k

)2
µ−1+η+4γ
k

) 1
2

⩽ Cp,δ,ε,η,γ,θ

for η, γ ∈ (0, 1) such that
(
µ
η
2
+2γ

k α
(ε)
k

)
k∈Z ∈ O

(
|k|−ψ

)
is ful�lled, for some ψ > 0.

Additionally, note that we have used

µ1+η
k(

λ
(θ)
max − λk

)1−2γ ⩽ C
µ1+η
k

µ2−4γ
k

in the inequality above. To summarise, we obtain the estimate

E

[
sup
t∈[0,T ]

∥∥∥∥∫ t

0

e(t−s)Aδ dWε(s)

∥∥∥∥p
C1

] 1
p

⩽ Cp,δ,ε,η,γ,T e
Tλ

(θ)
max .

By applying Hölder's inequality, we obtain the claim for each p ⩾ 1.

62



4.4. Upper Bound for the Mild Solution

4.4. Upper Bound for the Mild Solution

The next theorem combines the results of Section 4.2 and Section 4.3.2 to establish
the upper bound for the p-th moment of the C1�norm of the mild solution uε to
be smaller than the radius rσ. We �rst examine this to show an upper bound for
∥uε∥C1 with high probability (cf. Theorem 4.26).

Theorem 4.25. Let ∥u0∥C1 < r0, where Assumption 4.12 holds. Then we have

E

[
sup

t∈[0,τ∧Tσ ]
∥uε(t)∥pC1

] 1
p

≪ rσ

for Tσ ≪ 1

λ
(θ)
max

ln
(
rσ
σ

)
.

Proof. By applying (4.8), Corollary 4.15 and Theorem 4.24, we conclude that

E

[
sup

t∈[0,τ∧Tσ ]
∥uε(t)∥pC1

] 1
p

⩽ E

[
sup

t∈[0,τ∧Tσ ]

∥∥etAδu0∥∥pC1

] 1
p

+ E

[
sup

t∈[0,τ∧Tσ ]

∥∥∥∥∫ t

0

e(t−s)AδF (u(s)) ds

∥∥∥∥p
C1

] 1
p

+ E

[
sup

t∈[0,τ∧Tσ ]
σ
∥∥∥W (ε)

Aδ
(t)
∥∥∥p
C1

] 1
p

⩽ Cp,α,δ,εe
Tσλ

(θ)
max

[
∥u0∥C0 + T

2−α
4

σ r3σ + σ
]

⩽ Cp,α,δ,εe
Tσλ

(θ)
max

[
r0 + T

2−α
4

σ r3σ + σ
]

⩽ Cp,α,δ,εσ e
Tσλ

(θ)
max

[
1 + T

2−α
4

]
,

for constants Cp,α,δ,ε > 0. Now, by choosing Tσ ≪ 3

4λ
(θ)
max

ln
(
rσ
σ

)
, which is equivalent

to Tσ ≪ 1

λ
(θ)
max

ln
(
rσ
σ

)
, we obtain

E

[
sup

t∈[0,τ∧Tσ ]
∥uε(t)∥pC1

] 1
p

⩽ Cp,α,δ,εσe
Tσλ

(θ)
max

[
1 + T

2−α
4

]
≪ 1

Cp,ρ,γ,δ,ε
σ
(rσ
σ

) 3
4

[
1 +

(
1− ρ

λ
(θ)
max

ln (rσ)

) 2−α
4

]

=
1

Cp,ρ,γ,δ,ε
σ

1
4 r

3
4
σ

[
1 +

(
1− ρ

λ
(θ)
max

ln (rσ)

) 2−α
4

]
< rσ
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4. Growth Results of the Linearised Mild Solution

as for each a > 0 we have raσ ln(rσ) → 0 for rσ → 0. We have thus proved the
result.

Theorem 4.26. Let ∥u0∥C1 < r0, where Assumption 4.12 holds. Then we have

sup
t∈[0, Tσ ]

∥uε(t)∥C1 ⩽ rσ

with high probability for Tσ ≪ 1

λ
(θ)
max

ln
(
rσ
σ

)
. In particular, we have τ = Tσ with

high probability.

Proof. Using Theorem 4.25 and Markov's inequality, we derive

P (τ < Tσ) = P

(
sup

t∈[0,τ∧Tσ ]
∥uε(t)∥C1 ⩾ rσ

)

⩽ E

[
sup

t∈[0,τ∧Tσ ]
∥uε(t)∥pC1

]
r−pσ

≪ 1.

Hence, τ = Tσ holds with high probability and we conclude that

sup
t∈[0, Tσ ]

∥uε(t)∥C1 ⩽ rσ

holds with high probability.

4.5. Lower Bound for the Mild Solution

4.5.1. Auxiliary Inequalities

This subsection examines a lower bound for the time-dependent growth of the
solution of

∂tuε = −
(
δ∆2 +∆

)
uε +∇ · ∇uε|∇uε|

2

1 + |∇uε|2
+ ∂tWε.

Notation 4.27. For simplicity, we denote by ∆+ ρ the linear operator

∆+ ρId : Wα+2,p(T2) → Wα,p(T2), y 7→ ∆y + ρy

for each p ⩾ 1 and α > 0.
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4.5. Lower Bound for the Mild Solution

The following auxiliary lemma provides key properties of the operator Aδ on
Sobolev spaces over T2.

Lemma 4.28. For each ρ > 0, p ⩾ 2 there is a constant C = CL,p,ρ > 0 such that

∥−(∆ + ρ)y∥Lp ⩽ C ∥|∆+ ρ| y∥Lp

holds for each y ∈ W 2,p (T2).

Proof. We begin by decomposing the space W 2,p (T2) into the subspaces X̂+
p and

X̂−
p , given by

X̂+
p :=

{∑
k∈Z

ykek ∈ W 2,p
(
T2
)
: yk = 0 for each k ∈ Z with − µk + ρ ⩽ 0

}

and the complementary subspace such that X̂−
p ⊕ X̂+

p = Lp holds. For y ∈ W 2,p

and an L2-decomposition y = y+ + y− with y+ ∈ X̂+
2 and the y− ∈ X̂−

2 it even
holds that y+ ∈ W 2,p, as X̂+

2 is �nite-dimensional. Thus, we also obtain that
y− ∈ W 2,p. On the subspace X̂−

p the operators |∆+ ρ| and −(∆ + ρ) are equal,
because of the equality of their eigenvalues

|−µk + ρ| = − (−µk + ρ) ⩾ 0.

On the other hand, as X̂+
p is �nite-dimensional, we obtain∥∥|∆+ ρ|y+

∥∥
Lp

⩽ C
∥∥|∆+ ρ|y+

∥∥
L2

and thus

∥−(∆ + ρ)y∥Lp ⩽
∥∥−(∆ + ρ)y+

∥∥
Lp

+
∥∥−(∆ + ρ)y−

∥∥
Lp

⩽ C
∥∥|∆+ ρ|y+

∥∥
Lp

+
∥∥|∆+ ρ|y−

∥∥
Lp

⩽ (C + 1)
∥∥|∆+ ρ|y+

∥∥
Lp

+ ∥|∆+ ρ|y∥Lp
⩽ C

∥∥|∆+ ρ|y+
∥∥
L2 + ∥|∆+ ρ|y∥Lp

⩽ C ∥|∆+ ρ|y∥L2 + ∥|∆+ ρ|y∥Lp
⩽ C ∥|∆+ ρ|y∥Lp .

This establishes the desired result.

This auxiliary lemma forms the foundation for deriving an upper bound for the
C1-norm of the solution in terms of its C0-norm.
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4. Growth Results of the Linearised Mild Solution

Theorem 4.29. Let u0 ∈ Lp, Aδ := −δ∆2 − ∆, with Kδ ∈ (0, δ), α ∈ (0, 1),
and p > 2, such that αp > 2 holds. Then for each t > 0 we have∥∥etAδu0∥∥C1 ⩽ Cetλ

(θ)
max

[
1 + t−

1
2

] 1+α
2 ∥u0∥C0 ,

whereby C = Cp,α,δ,L > 0.

Proof. By applying Morrey's inequality (cf. Theorem A.23), Brezis�Mironescu in-
equality (cf. Theorem A.22) and (A.11), we can bound the analytic semigroup and
thus derive∥∥etAδu0∥∥C1

⩽ C
∥∥etAδu0∥∥W 1+α,p

⩽ C
∥∥etAδu0∥∥ 1+α

2

W 2,p

∥∥etAδu0∥∥ 1−α
2

Lp

⩽ C

[∥∥∥∥−(∆+
1

2δ

)
etAδu0

∥∥∥∥
Lp

+
∥∥etAδu0∥∥Lp] 1+α

2 ∥∥etAδu0∥∥ 1−α
2

Lp

⩽ C

[∥∥∥∥−(∆+
1

2δ

)
e−tδ(∆+ 1

2δ )
2

e
t
4δu0

∥∥∥∥
Lp

+
∥∥etAδu0∥∥Lp] 1+α

2 ∥∥etAδu0∥∥ 1−α
2

Lp

⩽ C

[∥∥∥∥∣∣∣∣∆+
1

2δ

∣∣∣∣ e−tδ(∆+ 1
2δ )

2

e
t
4δu0

∥∥∥∥
Lp

+
∥∥etAδu0∥∥Lp] 1+α

2 ∥∥etAδu0∥∥ 1−α
2

Lp

⩽ C
[
etλ

(θ)
max

(
1 + t−

1
2

)] 1+α
2 ∥∥etAδu0∥∥ 1−α

2

Lp

⩽ Cetλ
(θ)
max ∥u0∥Lp

[
1 + t−

1
2

] 1+α
2

⩽ Cetλ
(θ)
max

[
1 + t−

1
2

] 1+α
2 ∥u0∥C0 ,

where C > 0 are constants depending only on L, α, p, and δ. This establishes the
desired result.

Remark 4.30. By the assumptions of Theorem 4.29 we obtain∥∥etAδu0∥∥C2 ⩽ Cα,δe
tλ

(θ)
max
[
1 + t−1

] 2+α
4 ∥u0∥C0 for each t > 0.

Proof. By Morrey's inequality (cf. Theorem A.23) and the Brezis-Mironescu in-
equality (cf. Theorem A.22), we obtain∥∥etAδu0∥∥C2 ⩽ C

∥∥etAδu0∥∥W 2+α,p

⩽ C
∥∥etAδu0∥∥ 2+α

4

W 4,p

∥∥etAδu0∥∥ 2−α
4

Lp
.

Thus, as in the proof of Theorem 4.29, we obtain the result.
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4.5. Lower Bound for the Mild Solution

4.5.2. Lower Bound of the Stochastic Convolution

In this subsection, we analyse exponential growth conditions up to a stopping
time depending on a radius rσ with 0 ≪ r3σ ≪ σ ≪ rσ ≪ 1. We aim to establish
a bound for the stochastic convolution up to logarithmic time, which will help
linearise the exponential growth of the solution. We begin by introducing the
necessary notation.

Notation 4.31. Let γ+ be the smallest positive eigenvalue of Aδ = −δ∆2−∆ that
is larger than 5

9
λ
(θ)
max. Formally, we have

5

9
λ(θ)max < γ+ ⩽ λmax < λ(θ)max.

We de�ne the index set Z+ :=
{
k ∈ Z : λk = −δµ2

k + µk >
5
9
λ
(δ,θ)
max

}
and the

eigenspace of the largest eigenvalues of Aδ as

X+
p :=

{∑
k∈Z

ukek ∈ Lp
(
T2
)
: uk = 0 for each k ∈ Z \ Z+

}
for each p ∈ [1,∞]. Furthermore, let nδ := dim

(
X+
p

)
. In particular, as in (4.6),

we obtain

nδ ⩽
√
2

n∗∑
l=1

4l = 2
√
2n∗ (n∗ + 1) ,

for n∗ ∈ N, with L
2π

√
δ
∈ (n∗, n∗ + 1]. Note that the factor

√
2 arises from the

change between the 1-norm and the 2-norm in Z.

Remark 4.32. The speci�c choice of 5
9
is arbitrary. Any value in (0, 1) would suf-

�ce. However, the restriction on the parameter ρ in Corollary 4.40, Corollary 4.39,
and Lemma 4.37 would di�er.

Assumption 4.33. In this subsection, we assume δ > 0 to be su�ciently small
or L > 0 to be su�ciently large such that Z+ is a non-empty set.

In the following computations we use the process

Ŵ
(ε)
Aδ

(t, x) :=
∑
k∈Z+

α
(ε)
k ek(x)

∫ t

0

e(t−s)λk dβk(s)

arising from the projection of the stochastic convolution

W
(ε)
Aδ

(t, x) =

∫ t

0

e(t−s)Aδ dWε(s) =
∑
k∈Z

α
(ε)
k ek(x)

∫ t

0

e(t−s)λk dβk(s)

onto the subspace of positive modes. The following theorem is strongly inspired
by [9, Proposition 2.3].
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4. Growth Results of the Linearised Mild Solution

Lemma 4.34. Let Assumption 4.12 hold with σ = rρσ and ρ ∈ (1, 3). Additionally,

let 0 < a < (ρ− 1) γ+

λ
(θ)
max

and Rσ := rζσ for

1 < (1− ρ)
γ+

λ
(θ)
max

+ ρ+ a < ζ < ρ

such that we have σ < Rσ < rσ. Then for tσ := 1
γ+

ln
(
rζ−ρ−aσ

√
γ+
)
we have

P
(
σ
∥∥∥Ŵ (ε)

Aδ
(tσ)

∥∥∥
L2
< Rσ

)
⩽
(√

2γ+ra
)nδ

Γ
(nδ
2

+ 1
)−1

.

Proof. Let

{I2j (t)}j=1,...,nδ :=

{∫ t

0

e2(t−s)λk ds

}
k∈Z+

=

{
1

2λk

(
e2tλk − 1

)}
k∈Z+

.

For σ su�ciently small such that e2tσγ
+
⩾ 2, it is easy to verify that

min{I21 (tσ), . . . , I2nδ(tσ)} =
1

2γ+

(
e2tσγ

+ − 1
)
⩾
e2tσγ

+

4γ+
.

Denote the centered ball in Rnδ with radius a > 0 by Ba(0) and the diagonal
matrix in Rnδ×nδ with entries I21 (tσ) , . . . , I

2
nδ
(tσ) by diag

(
I21 (tσ) , . . . , I

2
nδ
(tσ)

)
.

Thus, for tσ we obtain the bound

P
(
σ
∥∥∥Ŵ (ε)

Aδ
(tσ)

∥∥∥
L2
< Rσ

)
⩽

1

(2π)
nδ
2
∏nδ

i=1 Ij (tσ)

∫
BRσ

σ
(0)

e
− 1

2

∑nδ
i=1

y2i
I2
i dλnδ(y)

⩽ (2π)−
nδ
2

∫
diag(I−1

1 (tσ),...,I
−1
nδ

(tσ))BRσ
σ

(0)

e−
∥y∥2

2 dλnδ(y)

⩽ (2π)−
nδ
2 vol

(
B Rσ

σmin{I1(tσ),...,Inδ
(tσ)}

(0)

)
=

(
Rσ√

2σmin{I1 (tσ) , . . . , Inδ (tσ)}

)nδ
Γ
(nδ
2

+ 1
)−1

⩽

(
R2
σγ

+

σ2 (e2tσγ+ − 1)

)nδ
2

Γ
(nδ
2

+ 1
)−1

⩽

(
2R2

σγ
+

σ2e2tσγ+

)nδ
2

Γ
(nδ
2

+ 1
)−1

⩽
(√

2γ+raσ

)nδ
Γ
(nδ
2

+ 1
)−1

.

This quantity can be made arbitrarily small by selecting rσ appropriately, since
we have a > 0. This completes the proof.
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Lemma 4.35. Let Assumption 4.12 hold with σ = rρσ and ρ ∈ (1, 3). Additionally,

let 0 < a < (ρ− 1) γ+

λ
(θ)
max

and Rσ := rζσ for

1 < (1− ρ)
γ+

λ
(θ)
max

+ ρ+ a < ζ < ρ

such that we have σ < Rσ < rσ. Then we have

0 <
1

γ+
ln
(
rζ−ρ−aσ

√
γ+
)
<

1

λ
(θ)
max

ln
(rσ
σ

)
.

Proof. For rσ ≪ 1 we directly obtain

0 <
1

γ+
ln
(
rζ−ρ−aσ

√
γ+
)
.

since ζ−ρ−a < 0. Furthermore, for rσ ≪ 1 the following conditions are equivalent:

�
1
γ+

ln
(
rζ−ρ−aσ

√
γ+
)
< 1

λ
(θ)
max

ln
(
rσ
σ

)
,

� ln

(
r
ζ−ρ−a
γ+

σ (γ+)
1

2γ+

)
< ln

(
r

1−ρ

λ
(θ)
max

σ

)
,

� r
ζ−ρ−a
γ+

σ (γ+)
1

2γ+ < r

1−ρ

λ
(θ)
max

σ ,

� (γ+)
1

2γ+ < r

1

λ
(θ)
max

(1−ρ)− 1
γ+

(ζ−ρ−a)
σ ,

�
1

λ
(θ)
max

(1− ρ)− 1
γ+

(ζ − ρ− a) < 0,

�
γ+

λ
(θ)
max

(1− ρ) + ρ+ a < ζ,

which holds due to our choice of ζ and a. This completes the proof.

4.5.3. Lower Bound for the Mild Solution

By applying Corollary 4.15, Lemma 4.21, and Lemma 4.34 we obtain the following
lower bound on the mild solution of (4.1).

Theorem 4.36. Let Assumption 4.12 hold and choose rσ such that we have σ = rρσ
with ρ ∈ (1, 3). Then we obtain

∥u(t)∥C0 ⩾ σ > 0

with high probability for each

0 < t <
(3− ρ)λmax

ρ
(
λ
(θ)
max − γ+

) ln( 1

σ

)
∧ τ.
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4. Growth Results of the Linearised Mild Solution

Proof. Given that 0 < r3σ ≪ σ ≪ rσ ≪ 1, we may explicitly set σ = rρσ for
ρ ∈ (1, 3). Using the inverse triangle inequality, the upper bound for udet from
Corollary 4.15, and the lower bound for Ŵ (ε)

Aδ
(tσ) from Lemma 4.34, we derive the

following inequality for each 0 < t < (3−ρ)λmax

ρ
(
λ
(θ)
max−γ+

) ln ( 1
σ

)
∧ τ with high probability :

∥uε(t)∥C0 ⩾
∥∥∥σŴ (ε)

Aδ
(t)
∥∥∥
C0

−
∥∥∥uε(t)− σŴ

(ε)
Aδ

(t)
∥∥∥
C0

⩾ C
∥∥∥σŴ (ε)

Aδ
(t)
∥∥∥
L2

−
∥∥∥uε(t)− σŴ

(ε)
Aδ

(t)
∥∥∥
C0

⩾ CLe
tγ+σ −Kα,δe

tλ
(θ)
maxt

1−α
2 r3σ.

By substituting t =: v̂
λmax

ln
(
1
σ

)
, we obtain

∥uε(tσ)∥C0 ⩾ CLe
tσγ+σ −Kα,δe

tσλ
(θ)
maxt

1−α
2

σ r3σ

= CLe
v̂

λmax
ln( 1

σ )γ+σ −Kα,δe
v̂λ

(θ)
max

λmax
ln( 1

σ )
(

v̂

λmax

ln

(
1

σ

)) 1−α
2

r3σ

= CLσ
−v̂ γ+

λmax
+1 −Kα,δσ

−v̂ λ
(θ)
max
λmax ln

((
1

σ

) v̂
λmax

) 1−α
2

r3σ

⩾ CLσ
−v̂ γ+

λmax
+1 −Kα,δσ

−v̂ λ
(θ)
max
λmax σ−ηr3σ

= CLr
−ρv̂ γ+

λmax
+ρ

σ −Kα,δ,ηr
−ρv̂ λ

(θ)
max
λmax

σ σ−ηr3σ

with high probability, where η > 0 is su�ciently small. The fact that this expression
is greater than σ = rρσ corresponds to the inequality

1 ⩽ CLr
−ρv̂ γ+

λmax
σ −Kα,δ,εr

−ρv̂ λ
(θ)
max
λmax

σ r3−ρ−ρησ

or equivalent to the inequality

1 ⩾
1

CL
r
v̂ρ γ+

λmax
σ +

Kα,δ,ε

CL
r
3−ρ−ρη+ρv̂

(γ+−λ(θ)max)
λmax

σ .

Furthermore, this inequality holds for su�ciently small rσ provided each exponent
is positive, or equivalently, if v̂ > 0 and

v̂ <
(3− ρ− ρη)λmax

ρ
(
λ
(θ)
max − γ+

) <
2λmax(

λ
(θ)
max − γ+

)
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is satis�ed. Since the parameter η > 0 is arbitrary and can be chosen su�ciently

small, the above expression holds for v̂ ∈
(
0, (3−ρ)λmax

ρ
(
λ
(θ)
max−γ+

)) and thus also for

tσ ∈

(
0,

3− ρ

ρ
(
λ
(θ)
max − γ+

) ln( 1

σ

))
.

It should be noted that for ρ ∈ (1, 3) we have

0 <
3− ρ

ρ
(
λ
(θ)
max − γ+

) ln( 1

σ

)
<

2

λ
(θ)
max − γ+

ln

(
1

σ

)
.

This completes the argument.

Lemma 4.37 (Log-time scaling comparison). Assume that Assumption 4.12 holds.
We further restrict to ρ ∈

(
1, 31

13

)
and choose rσ such that σ = rρσ. Then we have

1

λ
(θ)
max

ln
(rσ
σ

)
∈

0,
3− ρ

ρ
(
λ
(θ)
max − γ+

) ln

(
1

σ

) . (4.10)

Proof. As 1

λ
(θ)
max

ln
(
rσ
σ

)
is surely positive, we only need to show that the following

holds:
1

λ
(θ)
max

ln
(rσ
σ

)
<

3− ρ

ρ
(
λ
(θ)
max − γ+

) ln

(
1

σ

)
.

By the equation σ = rρσ, this inequality is equivalent to the following conditions:

� ln (rσ) < ln (σ)

[
1 + (ρ−3)λ

(θ)
max

ρ
(
λ
(θ)
max−γ+

)
]
,

� 1 > ρ+ (ρ− 3) λ
(θ)
max

λ
(θ)
max−γ+

,

� ρ < 1 + (3−ρ)λ(θ)max

λ
(θ)
max−γ+

,

� ρ < 1 + 2λ
(θ)
max

2λ
(θ)
max−γ+

.

For γ+ > 5
9
λ
(θ)
max the last condition above holds, as we have

31

13
= 1 +

2λ
(θ)
max

2λ
(θ)
max − 5

9
λ
(θ)
max

< 1 +
2λ

(θ)
max

2λ
(θ)
max − γ+

.

This veri�es the lemma.
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Remark 4.38. Using De�nition 4.9 and choosing γ+ = λmax, we can extend the
range for ρ to (

1 , 2 +
1

1 + 2θ
(

1
4Kδλmax

− 1
)) .

Note that, since Kδ ∈ (0, δ) and θ ∈ (0, 1) can be chosen arbitrarily, the upper
bound of the interval 2 + 1

1+2θ
(

1
4Kδλmax

−1
) can be chosen arbitrarily close to 3.

By applying Theorem 4.25 and Theorem 4.36, we directly obtain the following two
corollaries:

Corollary 4.39. Assume that Assumption 4.12 holds. We de�ne ρ ∈
(
1, 31

13

)
and

choose rσ such that σ = rρσ. Then we have

0 < σ ⩽ ∥uε(t)∥C0 ⩽ ∥uε(t)∥C1 ≪ rσ ≪ 1

with high probability for 0 < t≪ 1

λ
(θ)
max

ln
(
rσ
σ

)
< 3−ρ

ρ(λmax−γ+)
ln
(
1
σ

)
.

The following corollary is a direct conclusion from Corollary 4.39:

Corollary 4.40. Assume that Assumption 4.12 holds. We de�ne ρ ∈
(
1, 31

13

)
and

choose rσ such that σ = rρσ. Then, we have τ ⩾ 1

λ
(θ)
max

ln
(
rσ
σ

)
and

0 < σ ⩽ sup
s∈[0,τ ]

∥uε(s)∥C0 ⩽ sup
s∈[0,τ ]

∥uε(s)∥C1 ⩽ rσ ≪ 1

holds with high probability.

Remark 4.41. As the nonlinearity vanishes when ε approaches 0, we obtain the
convergence of the mild solution (see De�nition 3.1) to the solution of (3.2) (see
Theorem 3.2). For initial value u0 = 0 we obtain

∥uε − σZε∥Lp(Ω,C0([0,T ]×T2)) → 0 if ε→ 0.

In contrast to Section 4.5.2, if ε > 0 is �xed, we obtain

∥σZε∥C0 → 0 if σ → 0.

In this scenario ∥σZε∥C0 remains bounded, which implies that the nonlinearity
f (∇uε) persists. Therefore, the limits σ → 0 and ε → 0 cannot be taken simulta-
neously. As a result, hill growth remains under these conditions.
However, combining a spectral Galerkin scheme in space, to regularise the white
noise, with a convergent sequence of di�usion coe�cients

(
σN
)
N∈N that decays

more slowly than ln(N)−1 yields a vanishing nonlinearity. Details of this result
will be presented in Section 5.2.2.
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5. Euler Scheme in Time for a

Spectral Galerkin Scheme in

Space

In the following numerical analysis, we present convergence rates for approximat-
ing the mild solution under rougher noise ξ(α) = ∂tW

(α) for α ∈ (0, 1) and the
corresponding stochastic convolution Z(α) ∈ C0 ([0, T ],H1−α− (T2)) is given by

Z(α)(t, x) :=
∑
k∈Z

µ
α
2
k Zk(t)ek(x), for α ∈ (0, 1) (5.1)

for t ∈ [0, T ], x ∈ T2, with Zk(t) =
∫ t
0
e(t−s)A dW (s) for each k ∈ Z. Further-

more, we examine the original stochastic partial di�erential equation (1.1) with
the Bilaplace operator multiplied by the parameter δ = 1. Throughout this chap-
ter, constants denoted by C may depend on the parameters L and T . Since the
focus is on analysing convergence rates with respect to the spatial and temporal
discretisation, the dependence of constants on L and T will not always be tracked
explicitly in this context.
This chapter employs a spectral Galerkin method for spatial discretisation and an
Euler scheme for temporal integration, as detailed in the following.

De�nition 5.1 (Spectral Galerkin method). Let n ∈ N and de�ne h := T
n
. The

spectral Galerkin method is then given by

u
(N)
h (t) := etAPNu0 +

∫ t

0

e(t−s)APNF(u
(N)
h (⌊s⌋h)) ds+ PNZ

(α)(t), (5.2)

where the time variable s is rounded down to the nearest grid point jh, for j =
0, 1, . . . , T

h
, if s ∈ [jh, (j + 1)h), and we use the orthogonal projection

PN : L2
(
T2
)
→ L2

(
T2
)
, PN

∑
k∈Z

ukek(x) =
∑

k∈Z,|k|⩽N

ukek(x). (5.3)

De�nition 5.2 (Exponential Euler scheme). Evaluating the mild solution at the

grid points jh yields the exponential Euler scheme for v
(N)
j = u

(N)
h (jh).

v
(N)
j+1 = ehAv

(N)
j +

∫ h

0

e(h−s)APNF(v
(N)
j ) ds+ PN Z̃j, j = 0, 1, . . . ,

T

h
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with

Z̃j =

∫ (j+1)h

jh

e((j+1)h−s)AdW (s).

For α = 0 and the cut-o� sequence
(
α
(N)
k

)
k∈Z

=
(
1|k|⩽N

)
k∈Z as a regularising

sequence for the white noise, i.e.

PNZ
(α)(t) =

∑
k∈Z

α
(N)
k Zk(t)ek(x),

we have shown

u(N)(t) := etAu0 +

∫ t

0

e(t−s)AF
(
u(N)(s)

)
ds+ σPNZ

(α)(t) (5.4)

→ u(t) = etAu0 + σZ(α)(t)

in Lp (Ω, C0 ([0, T ]× T2)) for p > 1 in Theorem 3.2. In particular, the limiting
function u of the sequence

(
u(N)

)
N∈N is independent of the regularisation and u is

the mild solution of {
∂tu = −∆2u+ σ∂tW,

u(0) = u0.
(5.5)

Remark 5.3. Throughout this chapter, the cut-o� sequence(
α
(N)
k

)
k∈Z =

(
1|k|⩽N

)
k∈Z

can be replaced with
(
1|k|⩽ζ(N)

)
k∈Z , where (ζ(N))N∈N is any non-decreasing se-

quence that diverges to in�nity as N increases. Equivalently, this can be charac-
terised by an orthogonal projection

Pζ(N) : L
2
(
T2
)
→ L2

(
T2
)
, Pζ(N)

∑
k∈Z

ukek(x) =
∑

k∈Z,|k|⩽ζ(N)

ukek(x).

However, for the sake of simplicity, we will focus our investigation on the case
from De�nition 5.1 for α ∈ (0, 1).

5.1. Numerical Results

This section presents the main results of the chapter, beginning with the conver-
gence rate of the error function e(N)

h := u(N) − u
(N)
h when comparing the spectral

Galerkin approximation u(N) to the Euler discretisation of the spectral Galerkin
approximation u(N)

h .
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Theorem 5.4. Let T > 0 and u0 ∈ H1+η with η > 0. Let u
(N)
h and u(N), as de�ned

in (5.2) and (5.4). Then, for each p > 1 su�ciently large, we have

E

[
sup
t∈[0,T ]

∥∥∥u(N)
h (t)− u(N)(t)

∥∥∥p
H1

] 1
p

⩽ C
(
∥u0∥H1+η

(
h
η
4 +N−η

)
+N2+αh1−

1
p
− +N−2 + h

1
2
− γ

4N− α
p+2

)
.

Similar to the vanishing nonlinearity result (see Theorem 3.2), we present a re-
lated theorem demonstrating that the Euler discretisation of the spectral Galerkin
approximation u(N)

h converges. In the limit, the function does not exhibit linear
instability, and the surface remains without rough hill structure.

Theorem 5.5. Let T > 0 and u0 ∈ H1+η with η > 0. Let u
(N)
h , as de�ned in

(5.2), and u denote the mild solution to (5.5). Then, for each p ⩾ 1, we have

lim
N→∞

lim
h→0

E

[
sup
t∈[0,T ]

∥∥∥u(N)
h (t)− u(t)

∥∥∥p
H1

]
= 0. (5.6)

Proof. By Theorem 5.4 we obtain (5.6) for p > 1, depending only on γ, such
that p

p−1
∈
(
1, 1

1− γ
4

)
. By applying Hölder's inequality, this establishes the desired

result for each p ⩾ 1.

5.2. Auxiliary Results

In this section, we present auxiliary results to prove Theorem 5.4 and Theorem 5.5.
Speci�cally, we demonstrate the divergence rate of the stochastic convolution
in Lemma 5.6 to prove the convergence rate for the vanishing nonlinearity in
Lemma 5.8, and the Hölder continuity in time in Lemma 5.7.

Lemma 5.6. The stochastic convolution exhibits the following growth estimate:

E
[∥∥PNZ(α)(t)

∥∥2
H1

]
∼

{
ln (N) , if α = 0

Nα, if α ∈ (0, 1)

for each t ∈ (0, T ].
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Proof. For each t ∈ (0, T ], we derive the following growth behavior by applying
Itô's isometry and using the independence of the sequence (βk)k∈Z in the �rst
equation below

E
[∥∥PNZ(α)(t)

∥∥2
H1

]
=
∑
|k|⩽N

µ1+α
k

∫ t

0

e−2(t−s)µ2k ds

=
∑
|k|⩽N

µαk
2µk

[
1− e−2tµ2k

]
∼
∫ N

1

xα

2x

[
1− e−2tx2

]
dx

=: Iα (N) .

For α = 0, by using the substitution u = −2tx2, we obtain

Iα (N) =
1

2
ln (N)−

∫ N

1

e−2tx2

2x
dx

=
1

2
ln (N)− 1

4

∫ 2tN2

2t

e−u

u
du

=
1

2
ln (N)− 1

4

[∫ ∞

2t

e−u

u
du−

∫ ∞

2tN2

e−u

u
du

]
∼ 1

2
ln (N)

which holds, since ∫ ∞

2tN2

e−u

u
du

is bounded for each t > 0 and N ∈ N and converges to 0 if N goes to ∞.

For α ∈ (0, 1), by using the substitution u = −2tx2, we obtain

Iα (N) =
Nα − 1

2α
−
∫ N

1

e−2tx2

2x1−α
dx

=
Nα − 1

2α
− 1

4

1

(2t)
α
2

∫ 2tN2

2t

u
α
2 e−u

u
du

=
Nα − 1

2α
− 1

4

1

(2t)
α
2

[∫ ∞

2t

u
α
2 e−u

u
du−

∫ ∞

2tN2

u
α
2 e−u

u
du

]
∼ Nα
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which holds, since ∫ ∞

2tN2

u
α
2 e−u

u
du

N→∞−−−→ 0

is bounded for each t > 0 and N ∈ N and converges to 0 if N goes to ∞.

Lemma 5.7. For any p ⩾ 1, there exists a constant Cp only depending on T, p
such that for any η ∈ (0, 1), ψ ∈ (0, 1], and 0 ⩽ s ⩽ t ⩽ T the following to bounds
hold

E
[
∥PNZ(α)(t)− PNZ

(α)(s)∥pC0(T2)

] 1
p
⩽ Cp|t− s|

ψ
2N

α+η−1
2

+ψ,

E
[
∥PNZ(α)(t)− PNZ

(α)(s)∥pC1(T2)

] 1
p
⩽ Cp|t− s|

ψ
2N

α+η
2

+ψ.

Proof. From the proof of Theorem 2.21, we conclude that for each ψ ∈ (0, 1] there
is a constant Cψ > 0 such that

E
[
|Zk(t)− Zk(s)|2

]
⩽ Cψµ

2ψ−2
k |t− s|ψ

holds for each t, s ∈ [0, T ]. Furthermore, by Theorem 2.25 we derive for p ⩾ 1

E
[
∥PNZ(α)(t)− PNZ

(α)(s)∥pC0

] 1
p

⩽ Cp,ηE
[
∥PN

(
Z(α)(t)− Z(α)(s)

)
∥2Hη

] 1
2

⩽ Cp,η

∑
|k|⩽N

µα+ηk E
[
|Zk(t)− Zk(s)|2

] 1
2

⩽ Cψ,p,η

∑
|k|⩽N

µα+η+2ψ−2
k |t− s|ψ

 1
2

⩽ Cψ,p,η

(
|t− s|ψ

∫ N

1

τα+η+2ψ−2 dτ

) 1
2

⩽ Cψ,p,η|t− s|
ψ
2N

α+η−1
2

+ψ.

Similarly as above, we directly derive

E
[
∥PNZ(α)(t)− PNZ

(α)(s)∥pC1

] 1
p

⩽ Cp,ηE
[
∥PN

(
Z(α)(t)− Z(α)(s)

)
∥2H1+η

] 1
2

⩽ Cψ,p,η|t− s|
ψ
2N

α+η
2

+ψ.

This con�rms the claim.
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5.2.1. Convergence Rate for the Rougher Noise Case

In this subsection we consider the rate for the vanishing of the nonlinearity in the
case of α ∈ (0, 1), i.e. noise that is rougher than the regular white noise. Recall Z(α)

from (5.1) and u(N) from (5.4).

Lemma 5.8. For each t ∈ (0, T ] it holds that for f(z) := z
1+|z|2 , z ∈ R2,

sup
x∈T2

E
[∣∣f (∇u(N)(t, x)

)∣∣p] 1
p
≲ N− α

p+2 . (5.7)

Proof. This proof builds directly on Lemma 3.10 and Theorem 3.11, using their
results explicitly. By Lemma 3.10 the processes PNZ(α) and ∇PNZ(α) are inde-
pendet of the variable x ∈ T2. Let M ⩾

∥∥u(N) − PNZ
(α)
∥∥
∞, γ := 1

p+2
∈
(
0, 1

2

)
and

KN := Nαγ ∨M.

Furthermore, as the covariance matrix ΣN(t, x) := Cov
(

∇PNZ(α)(t,x)
KN

)
does not

depend on the variable x ∈ T2, we obtain

det (ΣN(t, x)) ≳
1

(KN)
4

 ∑
k∈Z,|k|⩽N

µ
α
2
k k

2
1

|k|4

2

≳
1

(KN)
4

[∫ N

1

∫ N

1

y2

(y + z)4−α
dz dy

]2
≳

1

N4αγ

[∫ N

1

y2

(3− α) (y + 1)3−α
− y2

(3− α) (y +N)3−α
dy

]2
≳

1

N4αγ

[
Nα + Cα

(
1 +Nα−1

)]2
≳

N2α

N4αγ
,

where we used the integration by parts formula to compute the last integral above.
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The nonlinearity thus obtains the following upper bound for each t ∈ (0, T ] and
x ∈ T2

sup
x∈T2

E
[∣∣f (∇uN(t, x))∣∣p]

⩽ sup
x∈T2

E
[∣∣f (∇uN(t, x))∣∣p∣∣ ∣∣∇PNZ(α)(t, x)

∣∣ > KN

]
+ sup

x∈T2

E
[∣∣f (∇uN(t, x))∣∣p∣∣ ∣∣∇PNZ(α)(t, x)

∣∣ ⩽ KN

]
P
(∣∣∇PNZ(α)(t, x)

∣∣ ⩽ KN

)
⩽

(
2

1 +KN −M

)p
+ C max

y∈B1(0)
{φN(t, x, y)}

≲ N−αpγ +
1√

det (ΣN(t, x))
,

whereby

φN(t, x, y) :=
1

2π
√

det (ΣN(t, x))
e−

1
2
yTΣ−1

N (t,x)y

is the density function of ∇PNZ(α)(t,x)
KN

∼ N (0,ΣN(t, x)). By the choice γ = 1
p+2

,
we obtain

sup
x∈T2

E
[∣∣f (∇uN(t, x))∣∣p] ≲ N−αpγ +Nα(2γ−1)

≲ N− αp
p+2 .

This shows the assertion.

Remark 5.9. For a more general nonlinearity f satisfying

f (∇u) ∼ |∇u|−η

for η > 0, we even get the bound

sup
x∈T2

E
[∣∣f (∇u(N)(t, x)

)∣∣p] 1
p
≲ N− α

pη+2

for each t ∈ (0, T ], by choosing γ := 1
pη+2

and applying the inequality

sup
x∈T2

E
[∣∣f (∇uN(t, x))∣∣p∣∣ ∣∣∇PNZ(α)(t, x)

∣∣ > KN

]
< |KN −M |−pη

as in the proof of Lemma 5.8.

Lemma 5.10. For each p > 1 there exists a constant C > 0, depending only on p
and T , such that

E
[∥∥f (∇u(N)

)∥∥p
Lp([0,T ]×T2,R2)

] 1
p
⩽ CN− α

p+2 .
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Proof. By using Theorem A.24 and the pointwise bound on f from Lemma 5.8,
we obtain the following bound

E
[∥∥f (∇u(N)

)∥∥p
Lp([0,T ]×T2,R2)

] 1
p

= E
[∫

[0,L]2

∫ T

0

∣∣f (∇u(N)(t, x)
)∣∣p dt dx] 1

p

⩽
∫
[0,L]2

∫ T

0

E
[∣∣f (∇u(N)(t, x)

)∣∣p] 1
p
dt dx

⩽ C

∫ T

0

sup
x∈T2

E
[∣∣f (∇u(N)(t, x)

)∣∣p] 1
p
dt

⩽ C

∫ T

0

N− α
p+2 dt

⩽ CTN− α
p+2 .

This veri�es the lemma.

Remark 5.11. By choosing the stochastic convolution PNZ := PNZ
(0), i.e. for

roughness parameter α = 0, in

ũN(t) := etAPNu0 +

∫ t

0

e(t−s)AF
(
ũN(s)

)
ds+ PNZ(t)

we derive the following convergence rate

sup
x∈T2

E
[∣∣f (∇ũN(t, x))∣∣p] ≲ ln (N)−

p
p+2 .

By selecting KN = ln(N)γ ∨M the proof proceeds as in the proof of Lemma 5.8.

Remark 5.12. The application of a non-increasing taming rate η : N → N to the
orthogonal projection and a non-decreasing function ζ : N → N such that we have
the stochastic convolution

η(N)Pζ(N)Z(t, x) := η(N)
∑

k∈Z,|k|⩽ζ(N)

∫ t

0

e−(t−s)µ2k dβk(s)ek(x),

may improve several of the convergence rates discussed in this chapter. However,
a detailed analysis of these potential improvements will be provided in our forth-
coming paper [16].
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5.2. Auxiliary Results

5.2.2. Noise with Converging Di�usion Coe�cients

Inspired by the results of Section 4.5.2, represented in Corollary 4.39, and based on
the growth rate of the regularised stochastic convolution (PNZ)N∈N in Lemma 5.6,
it is su�cient to consider a sequence of di�usion coe�cients (σ(N))N∈N ⊂ (0, 1),
depending only on N , that converges to 0 if N → ∞. Speci�cally, the se-
quence (σ(N))N∈N must converge to 0 and satisfy

E
[∥∥σ(N)PNZ

(α)(t)
∥∥2
H1

]
N→∞−−−→ ∞

which we derive by the inequality

σ(N) ⩾

{
ln (N)−ζ , for α = 0,

N−ζ(1+α), for α ∈ (0, 1),

for almost every N ∈ N and a �xed but arbitrary ζ ∈ (0, 1). Let

Z
(α)
σ(N),N(t, x) := σ(N)PNZ

(α)(t, x) = σ(N)
∑

k∈Z,|k|⩽N

µ
α
2
k

∫ t

0

e−(t−s)µ2k dβk(s)ek(x)

for a zero sequence σ : N → (0, 1) and a non-decreasing mapping ζ : N → N.
Correspondingly, we denote

ũ
(N)
α,σ(N)(t) = etAPNu0 +

∫ t

0

e(t−s)APNF
(
ũ
(N)
σ(N)(s)

)
ds+ Z

(α)
σ(N),N(t).

Lemma 5.13. For each t ∈ (0, T ] it holds that for f(z) := z
1+|z|2 , z ∈ R2,

sup
x∈T2

E
[∣∣∣f (ũ(N)

α,σ(N)(t, x)
)∣∣∣p] ≲ {[σ(N) ln (N)]−

p
p+2 , for α = 0,

[σ(N)Nα]−
p
p+2 , for α ∈ (0, 1).

Proof. By choosing γ := 1
p+2

∈
(
0, 1

2

)
and KN,σ(N) := [σ(N) ln (N)]γ ∨M if α = 0

holds, and by choosing KN,σ(N) := [σ(N)Nα]γ ∨M if α ∈ (0, 1) holds, the proof is
analogous to the proof of Lemma 5.8 as

ZN
α,σ(N) ≡ σ(N)ZN

α

holds and σ(N) is a constant factor that does not depend on x ∈ T2, t ∈ (0, T ]
or ω ∈ Ω.
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5. Euler Scheme in Time for a Spectral Galerkin Scheme in Space

Now it is straightforward to obtain the following result:

Corollary 5.14. Let

σ(N) :=

{
ln(N)−ζ for α = 0,

N−ζ(1+α) for α ∈ (0, 1),

for every N ∈ N and a �xed but arbitrary ζ ∈ (0, 1) according to the roughness of
the noise, for each t ∈ (0, T ] it holds that for f(z) := z

1+|z|2 , z ∈ R2,

sup
x∈T2

E
[∣∣∣f (∇ũ(N)

α,σ(N)(t, x)
)∣∣∣p] 1

p

≲

{
ln (N)

ζ−1
(p+2) for α = 0,

N
α(ζ−1)
(p+2) for α ∈ (0, 1).

5.3. Decomposition of the Error Function

Let e(N)
h = u(N) − u

(N)
h be the error function and QN := I − PN be an orthogonal

projection. Then we have the mild formulation

e
(N)
h (t) = etAQNu0 +

∫ t

0

e(t−s)A
[
F(u(N)(s))− PNF(u

(N)
h (⌊s⌋h))

]
ds

= etAQNu0 +

∫ t

0

e(t−s)AQNF(u
(N)(s)) ds

+

∫ t

0

e(t−s)A
[
PNF(u

(N)(s))− PNF(u
(N)
h (s))

]
ds

+

∫ t

0

e(t−s)APN

[
F(u

(N)
h (s))− F(u

(N)
h (⌊s⌋h))

]
ds

=: I1(t) + I2(t) + I3(t) + I4(t).

Lemma 5.15. Let u0 ∈ H1+η (T2) for η > 0. Then, for each p ⩾ 1, we have

E

[
sup
t∈[0,T ]

∥I1(t)∥pH1

] 1
p

⩽ ∥u0∥H1+η

(
L

2π

)η
N−η.
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5.3. Decomposition of the Error Function

Proof. For u0 =
∑

k∈Z ukek(0) we have

E

[
sup
t∈[0,T ]

∥I1(t)∥pH1

] 1
p

= sup
t∈[0,T ]

∥I1(t)∥H1

⩽ sup
t∈[0,T ]

e−t(
2π
L )

4

∥QNu0∥H1

⩽

 ∑
k∈Z,|k|>N

u2kµ
1+η
k µ−η

k

 1
2

⩽ ∥u0∥H1+η

(
L

2π

)η
N−η,

where we apply µ−η
k =

(
L

2π|k|

)2η
⩽
(

L
2πN

)2η
for |k| > N .

Lemma 5.16. For each γ > 0 and p > 1, depending only on γ, such that

p

p− 1
∈
(
1 ,

1

1− γ
4

)
we obtain

E

[∥∥∥∥∥ sup
t∈[0,T ]

I2(t)

∥∥∥∥∥
p

H1

] 1
p

⩽ CN−2+γ− α
p+2 .
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5. Euler Scheme in Time for a Spectral Galerkin Scheme in Space

Proof. By applying Hölder's inequality, Minkowski inequality, and Lemma 5.10,
we conclude

E

[
sup
t∈[0,T ]

∥I2(t)∥pH1

] 1
p

= E

[
sup
t∈[0,T ]

∥∥∥∥∫ t

0

e(t−s)AQN

[
F
(
u(N)(s)

)]
ds

∥∥∥∥p
H1

] 1
p

⩽ E

[
sup
t∈[0,T ]

(∫ t

0

∥∥e(t−s)A∇·
∥∥
L(H−2+γ(T2,R2),H1)

∥∥f (∇u(N)(s)
)∥∥

L2 ds

)p] 1
p

× ∥QN∥L(H−1,H−3+γ)

⩽ E

[
sup
t∈[0,T ]

(∫ t

0

∥∥e(t−s)A∥∥
L(H−3+γ ,H1)

∥∥f (∇u(N)(s)
)∥∥

L2 ds

)p] 1
p

× ∥QN∥L(H−1,H−3+γ)

⩽ Cγ∥QN∥L(H−1,H−3+γ))

×
(∫ T

0

s(−1+ γ
4 )

p
p−1 ds

) p−1
p

E
[∫ T

0

∥∥f (∇u(N)(s)
)∥∥p

L2 ds

] 1
p

⩽ CγN
−2+γT (−1+ γ

4
)+ p−1

p

∫ T

0

E
[∥∥f (∇u(N)(s)

)∥∥p
L2

] 1
p
ds

⩽ CTN
−2+γN− α

p+2 .

This shows the assertion.

Lemma 5.17. Let u0 ∈ H1+η (T2) for η > 0 and let γ > 0. For p > 1, depending
only on γ, such that p

p−1
∈
(
1, 1

1− γ
4

)
and constants C = Cp,T,L > 0 we obtain

E

[
sup
t∈[0,T ]

∥∥∥u(N)
h (t)− u

(N)
h (⌊t⌋h)

∥∥∥p
H1

] 1
p

⩽ C
(
h
η
4 ∥u0∥H1+η +N2+αh1−

1
p
− + h

1
2
− γ

4N− α
p+2 + h

1
2
− 1
pN− α

p+2

)
.

Proof. For each β ∈ (0, 1] we have from (A.12)∥∥(etA − Id)u
∥∥
H1 ⩽ Ctβ

∥∥Aβu∥∥H1 = Ctβ ∥u∥H4β+1

for each t ∈ [0, T ] (see (A.6)). Therefore, for γ ∈ (0, 2) we obtain∥∥(etA − Id)
∥∥
L(H3−γ ,H1)

⩽ Ct
1
2
− γ

4 .
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5.3. Decomposition of the Error Function

We now decompose the di�erence as follows:

u
(N)
h (t)− u

(N)
h (⌊t⌋h) =

(
etA − e⌊t⌋hA

)
PNu0 + PN

(
Z(α)(t)− Z(α) (⌊t⌋h)

)
+

∫ ⌊t⌋h

0

(
e(t−s)A − e(⌊t⌋h−s)A

)
PNF

(
∇u(N)

h (⌊s⌋h)
)
ds

+

∫ t

⌊t⌋h
e(t−s)APNF

(
∇u(N)

h (⌊s⌋h)
)
ds

=: Î41(t) + Î42(t) + Î43(t) + Î44(t).

Let u0 ∈ H1+η. By applying (A.12), we obtain

E

[
sup
t∈[0,T ]

∥∥∥Î41(t)∥∥∥p
H1

] 1
p

= sup
t∈[0,T ]

∥∥∥Î41(t)∥∥∥
H1

(5.8)

⩽ sup
t∈[0,T ]

∥∥(etA − e⌊t⌋hA
)
PNu0

∥∥
H1

⩽ sup
t∈[0,T ]

∥∥e⌊t⌋hA∥∥
L(H1,H1)

∥∥(e(t−⌊t⌋h)A − Id
)
PNu0

∥∥
H1

⩽ C sup
t∈[0,T ]

|t− ⌊t⌋h|
η
4

∥∥∥((−∆)2
) η

4 u0

∥∥∥
H1

⩽ Ch
η
4 ∥u0∥H1+η .

By applying Lemma 5.7, we derive

E
[∥∥PN (Z(α)(t)− Z(α) (s)

)∥∥p
H1

]
⩽ CNp(2ψ+α)|t− s|pψ

for each t, s ∈ [0, T ] and ψ ∈ (0, 1]. Since Z is Gaussian, Kolmogorov's continuity
theorem (see [67, Theorem 2.2.3]) yields for a ζ ∈

(
0, ψ − 1

p

)
that

E

[
sup

t∈[0,T ],t ̸=⌊t⌋h

∥∥PN (Z(α)(t)− Z(α) (⌊t⌋h)
)∥∥p

H1

|t− ⌊t⌋h|pζ

]
< CNp(2ψ+α).

By choosing ψ = 1, we derive the bound

E

[
sup
t∈[0,T ]

∥∥∥Î42(t)∥∥∥p
H1

] 1
p

= E

[
sup
t∈[0,T ]

∥∥PN (Z(α)(t)− Z(α) (⌊t⌋h)
)∥∥p

H1

] 1
p

(5.9)

⩽ CN2+α sup
t∈[0,T ]

|t− ⌊t⌋h|ζ

⩽ CN2+αh1−
1
p
−.
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From (A.12) we get∥∥(ehA − Id
)
y
∥∥
H1 ⩽ Ch

1
2
− γ

4

∥∥∥(−∆)
1
2
− γ

4 y
∥∥∥
H1

⩽ Ch
1
2
− γ

4 ∥y∥H3−γ

for y ∈ H3−γ. Thus, by applying Lemma 5.10, the Minkowski inequality, and
Hölder's inequality, as in the proof of Lemma 5.16, we derive

E

[
sup
t∈[0,T ]

∥∥∥Î43(t)∥∥∥p
H1

] 1
p

(5.10)

⩽ E

[
sup
t∈[0,T ]

(∫ ⌊t⌋h

0

∥∥e(t−s)A − e(⌊t⌋h−s)A
∥∥
L(H−1,H1)

∥∥∥f (∇u(N)
h (⌊s⌋h)

)∥∥∥
L2

ds

)p] 1
p

⩽ sup
t∈[0,T ]

∥∥e(t−⌊t⌋h)A − Id
∥∥
L(H3−γ ,H1)

×

(∫ ⌊T ⌋h

0

∥∥e(⌊T ⌋h−s)A∥∥ p
p−1

L(H−1,H3−γ)
ds

) p−1
p

E
[∫ T

0

∥∥f (∇u(N) (⌊s⌋h)
)∥∥p

L2 ds

] 1
p

⩽ Ch
1
2
− γ

4

(∫ ⌊T ⌋h

0

s(−1+ γ
4 )

p
p−1 ds

) p−1
p ∫ T

0

E
[∥∥f (∇u(N) (⌊s⌋h)

)∥∥p
L2

] 1
p
ds

⩽ Cph
1
2
− γ

4T
γ
4
− 1
pN− α

p+2 .

Furthermore, by the Minkowski inequality, Hölder's inequality and Lemma 5.10,
we obtain

E

[
sup
t∈[0,T ]

∥∥∥Î44(t)∥∥∥p
H1

] 1
p

(5.11)

⩽ E

[
sup
t∈[0,T ]

(∫ t

⌊t⌋h

(t− s)−
1
2

√
2e

∥∥∥f (∇u(N)
h (⌊j⌋h)

)∥∥∥
L2

ds

)p] 1
p

⩽ E

[
sup
t∈[0,T ]

(∫ t

⌊t⌋h
(t− s)−

p
2(p−1) ds

)p−1 ∫ t

⌊t⌋h

∥∥f (∇u(N)(⌊j⌋h)
)∥∥p

L2 ds

] 1
p

⩽ CpE

[
sup
t∈[0,T ]

(
t

p−2
2(p−1) − ⌊t⌋h

p−2
2(p−1)

)p−1
∫ T

0

∥∥f (∇u(N)(⌊j⌋h)
)∥∥p

L2 ds

] 1
p

⩽ Cph
1
2
− 1
p

∫ T

0

E
[∥∥f (∇u(N)(⌊j⌋h)

)∥∥p
L2

] 1
p
ds

⩽ Cp,Th
1
2
− 1
pN− α

p+2 .
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Finally, applying the triangle inequality and by combining (5.8), (5.9), (5.10) and
(5.11), we conclude

E

[
sup
t∈[0,T ]

∥∥∥u(N)
h (t)− u

(N)
h (⌊t⌋h)

∥∥∥p
H1

] 1
p

⩽ Cp,T

(
h
η
4 ∥u0∥H1+η +N2+αh1−

1
p
− + h

1
2
− γ

4N− α
p+2 + h

1
2
− 1
pN− α

p+2

)
.

This establishes the claim.

Lemma 5.18. For p > 1, depending only on γ, such that p
p−1

∈
(
1, 1

1− γ
4

)
we have

E

[
sup
t∈[0,T ]

∥I4(t)∥pH1

] 1
p

⩽ Cp
√
T
(
h
η
4 ∥u0∥H1+η +N2+αh1−

1
p
− +N− α

p+2

(
h

1
2
− γ

4 + h
1
2
− 1
p

))
.

Proof. By Lemma 5.17 it holds that

E

[
sup
t∈[0,T ]

∥I4(t)∥pH1

] 1
p

⩽
∫ T

0

(T − s)−
1
2E

[
sup
t∈[0,T ]

∥∥∥u(N)
h (t)− u

(N)
h (⌊t⌋h)

∥∥∥p
H1

] 1
p

ds

⩽ Cp
√
T
(
h
η
4 ∥u0∥H1+η +N2+αh1−

1
p
− +N− α

p+2

(
h

1
2
− γ

4 + h
1
2
− 1
p

))
.

This con�rms the claim.
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5.4. Proof of the Main Result

Finally, we can realise the proof of the main result of this chapter Theorem 5.4.

Proof of Theorem 5.4. We de�ne the auxiliary functions for each s ∈ [0, T ]

h(s) := E

[
sup
t∈[0,s]

∥∥∥e(N)
h (t)

∥∥∥p
H1

] 1
p

and

a := C
(
∥u0∥H1+ηN−η +N−2+γ− α

p+2

)
+ C

(
h
η
4 ∥u0∥H1+η +N2+αh1−

1
p
− +N− α

p+2

(
h

1
2
− γ

4 + h
1
2
− 1
p

))
.

By combining the results of Lemma 5.15, Lemma 5.16, and Lemma 5.18, we obtain

h(T ) := E

[
sup
t∈[0,T ]

∥∥∥e(N)
h (t)

∥∥∥p
H1

] 1
p

⩽ E

[
sup
t∈[0,T ]

∥I1(t)∥pH1

] 1
p

+ E

[
sup
t∈[0,T ]

∥I2(t)∥pH1

] 1
p

+ E

[
sup
t∈[0,T ]

∥I4(t)∥pH1

] 1
p

+ E

[
sup
t∈[0,T ]

∥I3(t)∥pH1

] 1
p

⩽ C
(
∥u0∥H1+ηN−η +N−2+γ− α

p+2

)
+ C

(
h
η
4 ∥u0∥H1+η +N2+αh1−

1
p
− +N− α

p+2

(
h

1
2
− γ

4 + h
1
2
− 1
p

))
+

1√
2e

∫ T

0

(T − s)−
1
2E

[
sup
τ∈[0,s]

∥e(N)
h (τ)∥pH1

] 1
p

ds

= a+
1√
2e

∫ T

0

(T − s)−
1
2h(s) ds.
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Thus, by applying Lemma A.19, we derive

h(T ) = E

[
sup
t∈[0,T ]

∥∥∥e(N)
h (t)

∥∥∥p
H1

] 1
p

⩽ C
(
∥u0∥H1+ηN−η +N−2+γ− α

p+2

)
+ C

(
h
η
4 ∥u0∥H1+η +N2+αh1−

1
p
− +N− α

p+2

(
h

1
2
− γ

4 + h
1
2
− 1
p

))
+
π

2e

∫ T

0

E ′
1
2

( π
2e

(T − s)
)
a ds

⩽ C
(
∥u0∥H1+ηN−η +N−2+γ− α

p+2

)
+ C

(
h
η
4 ∥u0∥H1+η +N2+αh1−

1
p
− +N− α

p+2

(
h

1
2
− γ

4 + h
1
2
− 1
p

))
+
π

2e

∫ T

0

[
e
π
2e

(T−s) (1 +√
s
)
+

1√
πs

]
a ds

⩽ Ca

= C
(
∥u0∥H1+ηN−η +N−2+γ− α

p+2

)
+ C

(
h
η
4 ∥u0∥H1+η +N2+αh1−

1
p
− +N− α

p+2

(
h

1
2
− γ

4 + h
1
2
− 1
p

))
⩽ C

(
∥u0∥H1+η

(
h
η
4 +N−η

)
+N2+αh1−

1
p
− +N−2+γ− α

p+2

)
+ C

(
N− α

p+2

(
h

1
2
− γ

4 + h
1
2
− 1
p

))
⩽ C

(
∥u0∥H1+η

(
h
η
4 +N−η

)
+N2+αh1−

1
p
− +N−2 + h

1
2
− γ

4N− α
p+2

)
.

This establishes the desired result.

89



5. Euler Scheme in Time for a Spectral Galerkin Scheme in Space

5.5. Numerical Simulations

The numerical simulations presented in this section were created by David Buch-
berger as part of our joint work [13]:
Simulations are conducted on the domain [0, 1]2 up to time T = 10 using a step
size of h = 0.001 and parameters σ = 0.11 and ψ = 0.02. The initial condition u0
is set to the constant value 0. The values presented in the tables below represent
averages over 100 samples at time T = 10. The exponential Euler scheme in
Fourier space with regularity weights is formulated as follows:

v̂
(N)
j+1 = ehAv̂

(N)
j +

1− ehA

A
F(v̂

(N)
j ) + σ

1− e2hA

2A
(−∆)

α
2N2Re(N (0, 1) + iN (0, 1)),

where A contains the eigenvalues corresponding to the eigenfunctions ek of −∆2

with |k| ⩽ N . Similarly, the exponential Euler scheme for the stochastic convolu-
tion is expressed as follows:

ẑ
(N)
j+1 = ehAẑ

(N)
j + σ

1− e2hA

2A
(−∆)

α
2N2Re(N (0, 1) + iN (0, 1)).

The error is de�ned as e(N)
h := v(N) − z(N).

5.5.1. Numerical Result Regarding Rougher Noise

For α = 0.4, we observe that the inf-norm of the gradient of v(N) does not grow
with more Fourier modes.

Number of fourier modes
∥∥v(N)

∥∥
∞

∥∥∇v(N)
∥∥
∞

∥∥v(N)
∥∥
C1

(22)
2
= 16 0.130713 0.614351 0.745064

(23)
2
= 64 0.122107 0.670314 0.792421

(24)
2
= 256 0.133159 0.746035 0.879194

(25)
2
= 1024 0.139909 0.760671 0.900580

(26)
2
= 4096 0.141632 0.761279 0.902910

(27)
2
= 16384 0.143825 0.760267 0.904092

(28)
2
= 65536 0.144930 0.751583 0.896513

(29)
2
= 262144 0.146088 0.738105 0.884193

(210)
2
= 1048576 0.147054 0.721802 0.868856

Table 5.1.: Norms of the Exponential Euler Scheme in Fourier Space with Respect
to the Number of Fourier Modes for α = 0.4.
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5.5. Numerical Simulations

Here, convergence of v(N) to the stochastic convolution Z is not expected due
to the persistent nonlinearity. The stochastic convolution Z displays only noise,
which is not visible in this case. The �gure below demonstrates the characteristic
hill-growth observed in the simulations.

Figure 5.1.: Simulation of v(N) at time T = 10 for α = 0.4 and N = 27.
(Figure created by David Buchberger using Python.)

The table below demonstrates that in the numerical simulations, the error ∇e(N)
h

stabilises at approximately 0.45 and thus does not converge to zero, as anticipated.

Number of fourier modes
∥∥∥e(N)

h

∥∥∥
∞

∥∥∥∇e(N)
h

∥∥∥
∞

∥∥∥e(N)
h

∥∥∥
C1

(22)
2
= 16 0.102194 0.436299 0.538493

(23)
2
= 64 0.108146 0.464480 0.572626

(24)
2
= 256 0.124719 0.474413 0.599132

(25)
2
= 1024 0.135589 0.459246 0.594835

(26)
2
= 4096 0.139585 0.451026 0.590611

(27)
2
= 16384 0.142452 0.452216 0.594668

(28)
2
= 65536 0.144310 0.453707 0.598017

(29)
2
= 262144 0.145731 0.456384 0.602115

(210)
2
= 1048576 0.146847 0.458761 0.605608

Table 5.2.: Norms of the error function with respect to the number of Fourier
modes with α = 0.4.
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5. Euler Scheme in Time for a Spectral Galerkin Scheme in Space

Table 5.2 summarizes the numerical values of the error norms for α = 0.4 and
increasing numbers of Fourier modes. The corresponding convergence behaviour
is illustrated in Figure 5.2.

Figure 5.2.: Simulation of
∥∥e(N)

h

∥∥
∞ for α = 0.4 and an increasing number of fourier

modes N . (Figure created by David Buchberger using Python.)

5.5.2. Numerical Result for Higher Roughness Parameter

Increasing α is expected to cause a signi�cant increase in the gradient of v(N).
Simulations were conducted for α = 0.7 and α = 0.9. In both cases, the error e(N)

h

converged to zero. The following presents the data generated for v(N) with α = 0.7:
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5.5. Numerical Simulations

Number of fourier modes
∥∥v(N)

∥∥
∞

∥∥∇v(N)
∥∥
∞

∥∥v(N)
∥∥
C1

(22)
2
= 16 0.256342 1.485884 1.742225

(23)
2
= 64 0.194115 2.131889 2.326005

(24)
2
= 256 0.147894 3.378832 3.526726

(25)
2
= 1024 0.114401 5.150998 5.265400

(26)
2
= 4096 0.083890 7.595636 7.679525

(27)
2
= 16384 0.060421 11.047536 11.107957

(28)
2
= 65536 0.043793 15.591852 15.635645

(29)
2
= 262144 0.031083 22.357294 22.388378

(210)
2
= 1048576 0.021860 31.011626 31.033486

Table 5.3.: Norms of the exponential Euler scheme in Fourier space with respect
to the number of Fourier modes for α = 0.7.

The norm of ∇v(N) increases gradually as the number of Fourier modes increases.
Consequently, the nonlinearity diminishes. The graph below no longer exhibits
hill-like growth and instead only displays noise.

Figure 5.3.: Simulation of v(N) at time T = 10 for α = 0.7 and N = 27.
(Figure created by David Buchberger using Python.)

As we might expect from Figure 5.3, we also see convergence of e(N)
h to 0 in the

numerical data:
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5. Euler Scheme in Time for a Spectral Galerkin Scheme in Space

Number of fourier modes
∥∥∥e(N)

h

∥∥∥
∞

∥∥∥∇e(N)
h

∥∥∥
∞

∥∥∥e(N)
h

∥∥∥
C1

(22)
2
= 16 0.065330 0.320001 0.385331

(23)
2
= 64 0.025951 0.149824 0.175775

(24)
2
= 256 0.009055 0.064278 0.073333

(25)
2
= 1024 0.002977 0.025431 0.028408

(26)
2
= 4096 0.001025 0.009572 0.010598

(27)
2
= 16384 0.000367 0.003833 0.004200

(28)
2
= 65536 0.000146 0.001659 0.001805

(29)
2
= 262144 0.000059 0.000690 0.000749

(210)
2
= 1048576 0.000024 0.000286 0.000310

Table 5.4.: Norms of the error function with respect to the number of Fourier
modes with α = 0.7.

Table 5.4 summarizes the numerical values of the error norms for α = 0.7 and
increasing numbers of Fourier modes. The corresponding convergence behaviour
is illustrated in Figure 5.4.

Figure 5.4.: Simulation of
∥∥e(N)

h

∥∥
∞ for α = 0.7 and an increasing number of Fourier

modes N . (Figure created by David Buchberger using Python.)
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5.5. Numerical Simulations

With α = 0.9, we observe the same e�ects as for α = 0.7, but the process occurs
signi�cantly faster, as shown by the values of ∇v(N).

Number of fourier modes
∥∥v(N)

∥∥
∞

∥∥∇v(N)
∥∥
∞

∥∥v(N)
∥∥
C1

(22)
2
= 16 0.527842 3.426971 3.954813

(23)
2
= 64 0.562849 6.971630 7.534479

(24)
2
= 256 0.551854 14.496256 15.048111

(25)
2
= 1024 0.548000 30.283880 30.831880

(26)
2
= 4096 0.537246 59.610059 60.147305

(27)
2
= 16384 0.507359 113.373272 113.880632

(28)
2
= 65536 0.476628 212.051834 212.528462

(29)
2
= 262144 0.441572 398.740028 399.181600

(210)
2
= 1048576 0.405952 739.753947 740.159899

Table 5.5.: Norms of the exponential Euler scheme in Fourier space with respect
to the number of Fourier modes for α = 0.9.
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5. Euler Scheme in Time for a Spectral Galerkin Scheme in Space

The results for errors with α = 0.9 are as follows:

Number of fourier modes
∥∥∥e(N)

h

∥∥∥
∞

∥∥∥∇e(N)
h

∥∥∥
∞

∥∥∥e(N)
h

∥∥∥
C1

(22)
2
= 16 0.036118 0.179939 0.216057

(23)
2
= 64 0.008669 0.060559 0.069228

(24)
2
= 256 0.001975 0.020830 0.022805

(25)
2
= 1024 0.000615 0.007402 0.008017

(26)
2
= 4096 0.000197 0.002494 0.002691

(27)
2
= 16384 0.000065 0.000831 0.000896

(28)
2
= 65536 0.000021 0.000273 0.000294

(29)
2
= 262144 0.000006 0.000084 0.000090

(210)
2
= 1048576 0.000002 0.000026 0.000028

Table 5.6.: Norms of the error function with respect to the number of Fourier
modes with α = 0.9.
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6. Numerical approximation of

nonlinear fourth-order SPDE

with additive space-time white

noise

This chapter is based on collaborative work with Dirk Blömker and Chengcheng
Ling, as published in [15]. Although subsequent work has led to improvements,
this chapter is concerned solely with the �ndings presented in the version of the
paper posted on arXiv on January 30, 2025:

We consider the strong numerical approximation for a nonlinear stochastic partial
di�erential equation (SPDE) of fourth order driven by space-time white noise on
the two-dimensional torus. We consider its full discretisation with a splitting
scheme: a spectral Galerkin scheme in space and Euler scheme in time. We show
the convergence with almost spatial rate 1

2
and almost temporal rate 1 obtained

mainly via stochastic sewing technique.

6.1. Introduction

The Cahn�Hilliard equation was �rst developed by the work of Cahn and Hilliard
on phase separation in binary alloys, where they introduced a free energy functional
that accounts for both bulk and interfacial contributions [24, 25]. In its determinis-
tic form, this fourth-order partial di�erential equation models how a concentration
�eld evolves to form distinct regions (phases) over time. The addition of random
�uctuations or thermal noise gives rise to the stochastic Cahn�Hilliard equation,
providing a more accurate portrayal of microscopic uncertainties present in real
materials [4, 27, 30, 71].
As a very active �eld of research [25, 39], there has been a long list of work on
numerical approximation of various types of SPDEs. [8, 10] consider stochastic
Burgers and [6, 20, 23, 36, 65] study stochastic Allen�Cahn equations, moreover
[50, 52, 53, 64] provide broader framework. For further interests on this topic, we
refer to the references within the aforementioned works.
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6. Numerical approximation of nonlinear fourth-order SPDE

Stochastic Cahn�Hilliard equations extend the classical Cahn�Hilliard models with
noise, requiring careful numerical methods. Early simulations employed an un-
conditionally gradient-stable scheme [34], focusing on stable conservation of mass
[30]. Gradually �nite-element, spectral, and hybrid strategies address various ge-
ometries and stability needs [54, 69], driving ongoing improvements in e�ciency
and consistency.
The focus of this chapter is the numerical approximation of a nonlinear fourth-
order stochastic partial di�erential equation (SPDE) driven by space-time white
noise on the two-dimensional torus, de�ned as:

∂tu = −δ∆2u−G (u) + σ∂tW (6.1)

where G : R → R is the nonlinear term satisfying ∥G∥∞ , ∥∂G∥∞ < ∞ and the
space-time white noise is denoted by ξ := ∂tW representing random �uctuations,
scaled by a constant di�usion coe�cient σ > 0, which governs the intensity of the
stochastic e�ects.
We further propose the property of u to be in a moving frame (see (A.3)),
i.e.

∫
T2 u(t, x) dx = 0 for any t ⩾ 0. The scheme we consider is the full dis-

cretisation of the equation which was �rst addressed by [39]. More precisely, (see
also (6.5)) a spectral Galerkin scheme in space and Euler scheme in time based on
sampling rectangular increments of W on a grid with meshsize n−1 in time and
N−1 in space.
Inspired by the works [23, 31] and our forthcoming paper [16], we �nally obtain
a convergence rate in Lp of order almost N− 1

2 + n−1. Evidently, we also over-
come the order barrier 1

4
with respect to the temporal step size which has been

addressed in [51, 31]. The crucial idea within our analysis is to combine the regular-
ity estimates on the semigroup generated by −∆2 (see Lemma 6.6 and Lemma 6.7)
together with Stochastic sewing lemma [58, 31] (see Lemma 6.4) so that we can
tune the spatial and temporal regularity of the mild solution and noise, which in
the end yields the desired quantitative rate. This idea was originally invented to
study the numerical approximation for singular SDEs [22, 59, 35]. In this instance,
we are able to apply it to stochastic Cahn�Hilliard equations (6.1).

Remark 6.1. In our forthcoming work [16], we apply the stochastic sewing tech-
nique to the surface growth model (1.1), with the nonlinear term

F(u) = ∇ · f (∇u) = ∇ · ∇u
1 + |∇u|2

,

which, in contrast to the setting of (6.1), leads to additional ill-posedness problems.
Our aim is to establish a convergence rate of order n−1/2 by choosing the spatial
resolution according to N ≈ nα with α ∈ (0, 1).
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6.2. Preliminary and Main Results

In contrast to Equation (6.1), Equation (1.1) exhibits the vanishing nonlinearity
e�ect (see Chapter 3 for the groundwork, Chapter 4 for a linearisation approach,
and Lemma 5.8, and Remark 5.11 for the explicit convergences rates), which avoids
such regularity issues. Moreover, Equation (1.1) features an energy barrier, i.e.
the Schwoebel barrier [72], which prevents adatoms from crossing step edges. This
e�ect is encoded in the structure of F, which tends to zero as |∇u| → ∞.
For the analysis of (6.1), we employ the stochastic sewing lemma (cf. Lemma 6.4),
which requires a Grönwall-type estimate in either L2 or H1 (cf. Lemma 6.5). This
approach relies crucially on the Lipschitz continuity of the nonlinearity G. Al-
though f : R2 → R2 is Lipschitz continuous, this property does not extend to the
induced maps

F : Hα+2(T2) → Hα(T2), for α < 0,

since Lipschitz continuity is generally not preserved when passing to distribution
spaces. This constitutes the main analytical di�culty in extending the convergence
analysis to this class of nonlinearities.

6.2. Preliminary and Main Results

Note that we use the complex setting L2(T2,C), as introduced in Appendix A.4.
Here we introduce the solution and its corresponding approximation scheme that
we consider. Let Z be the stochastic convolution (see (2.1)) and PNZ be the
regularised stochastic convolution regularised by the orthogonal projection PN
(see (2.3),(5.3)).

De�nition 6.2. For t ∈ [0, T ], for k = 0, 1, . . . , n, h = T
n
, tk := kh, we de�ne

the mild solution v of (6.1), its spectral Galerkin approximation uN and its Euler-
spectral Galerkin approximation uN,n as follows

v(t) := etAu0 +

∫ t

0

e(t−s)AG (v(s)) ds+ Z(t), (6.2)

uN(t) := etAPNu0 +

∫ t

0

e(t−s)APNG
(
uN(s)

)
ds+ PNZ(t), (6.3)

uN,n(tk+1) := ehAPNu
N,n(tk) + etAPNG

(
uN,n(tk)

)
+ PNZ(tk+1)− ehAPNZ(tk).

(6.4)

Note that (6.4) is equivalent to

uN,n(t) = etAPNu0 +

∫ t

0

e(t−s)APNG
(
uN,n(kn(s))

)
ds+ PNZ(t), t ⩾ 0, (6.5)

where kn(s) :=
⌊ns⌋
n
, for n ∈ N.
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6. Numerical approximation of nonlinear fourth-order SPDE

Our main result can be stated as follows.

Theorem 6.3. Suppose u0 ∈ C
1
2 and ∥G∥∞ , ∥∂G∥∞ <∞. For the solution uN,n

to (6.4) and the solution v to (6.2) we have for some su�ciently small ε > 0

E

[
sup
t∈[0,T ]

∥∥uN,n(t)− v(t)
∥∥p
L2(T2)

] 1
p

⩽ C(N− 1
2
+ε + n−1+ε) (6.6)

where C depends on T, p, ε.

6.3. Tools and Auxiliary Estimates

We denote

[S, T ]⩽ := {(s, t)|S ⩽ s < t ⩽ T}
[S, T ]∗⩽ := {(s, t)|S ⩽ s < t ⩽ T, t− s ⩽ T − t}.

For a function A of one variable and s ⩽ t, we write As,t = At − As and for
functions A of two variables and s ⩽ u ⩽ t, we denote δAs,u,t := As,t−As,u−Au,t.
Furthermore, denote by Es the conditional expectation with respect to Fs.

Lemma 6.4 (Stochastic sewing lemma, [31, Lemma 3.2]). Fix p ⩾ 2 and 0 ⩽
S < T ⩽ 1. Let A : [S, T ]⩽ → Lp(Ω) be such that As,t is Ft-measurable for all
(s, t) ∈ [S, T ]⩽. Suppose that there exist ε1, ε2 > 0, δ1, δ2 ⩾ 0 and C1, C2 < ∞
satisfying 1

2
+ ε1 − δ1 > 0, 1 + ε2 − δ2 > 0 and such that for all (s, t) ∈ [S, T ]∗⩽,

u ∈ [s, t] the following bounds hold:

∥As,t∥Lp(Ω) ⩽ C1|T − t|−δ1|t− s|
1
2
+ε1 , (6.7)

∥EsδAs,u,t∥Lp(Ω) ⩽ C2|T − t|−δ2|t− s|1+ε2 . (6.8)

Then there exists a unique (Ft)t∈[S,T ]-adapted process A : [S, T ] → Lp(Ω) such that
AS = 0 and that there exist K1, K2 such that for all (s, t) ∈ [S, T ]∗⩽ one has

∥As,t − As,t∥Lp(Ω) ⩽ K1|T − t|−δ1|t− s|
1
2
+ε1 +K2|T − t|−δ2|t− s|1+ε2 , (6.9)

∥Es(As,t − As,t)∥Lp(Ω) ⩽ K2|T − t|−δ2|t− s|1+ε2 . (6.10)

Furthermore, there exists a constant C depending only on p, ε1, ε2, such that the
above bounds hold with K1 = CC1, K2 = CC2. Finally, there exists a constant C̃
depending only on p, ε1, ε2, δ1, δ2, such that for all (s, t) ∈ [S, T ]⩽ one has

∥As,t∥Lp(Ω) ⩽ C̃(C1|t− s|
1
2
+ε1−δ1 + C2|t− s|

1
2
+ε2−δ2). (6.11)
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6.3. Tools and Auxiliary Estimates

We state a version of Grönwall lemma that we use quite often in the later analysis.

Lemma 6.5 (Grönwall lemma, [31, Proposition 3.4]). Let V be a Banach space.
Let X, Y, Z ∈ Lp(Ω, C0([0, T ], V )) for p ⩾ 1. Assume that there exists a Lipschitz
continuous function F on V with Lipschitz constant L1, a family (S(s, t))0⩽s⩽t⩽T
of uniformly bounded linear operators on V with uniform bound L2 and such that
the mapping (s, t) 7→ S(s, t)v is measurable for any v ∈ V , and a measurable
mapping τ : [0, T ] → [0, T ] such that τ(s) ⩽ s and that the following equality holds
for all 0 ⩽ t ⩽ T :

Xt − Yt = Zt +

∫ t

0

S(s, t)(F (Xτ(s))− F (Yτ(s))) ds. (6.12)

Then there exists a constant C = C(p, L1, L2, T ) such that

E

[
sup
t∈[0,T ]

∥Xt − Yt∥p
]
⩽ CE

[
sup
t∈[0,T ]

∥Zt∥p
]
. (6.13)

Lemma 6.6. For the identity matrix I2 in R2×2 and for any α, β ∈ R with α > β
we have∥∥etAf∥∥

Cα
≲ t−

α−β
4 ∥f∥Cβ ,

∥∥(I2 − etA)f
∥∥
Cα

≲ t−
α−β
4 ∥f∥Cβ . (6.14)

Proof. In [38, Lemma A.6, Lemma A.7] the author prove the case when the semi-
group is generated by the negative Laplacian −∆. For −∆2 we obtain (6.14) via
the same proof except changing the ratial from t−

α−β
2 of [38, Lemma A.6, Lemma

A.7] to t−
α−β
4 as in (6.14). Therefore, it is clear enough to omit the duplicate of

the proof of [38, Lemma A.6, Lemma A.7] here.

Lemma 6.7. For p ∈ [1,∞), λ ∈ (0, 2) and ε ∈ (0, 1), there exist constants
C = C(ε, λ, T, p) and C̃ = C(ε, λ, T, p) such that for any 0 ⩽ s ⩽ t ⩽ T the
following holds:

E
[
∥Z(t)− Z(s)∥p

C1−λ−ε

]
⩽ C|t− s|

λp
4 , (6.15)

E
[
∥Z∥

C
λ
4 ([0,T ],C1−λ−ε)

]
⩽ C, (6.16)

E

[∥∥∥∥∥ sup
r∈[0,T ]

(e(t+s)A − etA)Z(r)

∥∥∥∥∥
p

C−1+ε

] 1
p

⩽ C̃t−
λ
4
− ε

2 s
2+λ
4 . (6.17)

Proof. Notice that (6.16) can be directly obtained by (6.15) and Kolmogorov's
continuity theorem. If (6.16) holds, after applying both bounds of (6.14) to (6.16)
we obtain (6.17). Therefore, we only need to show (6.15).
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6. Numerical approximation of nonlinear fourth-order SPDE

We �rst assume p to be su�ciently large. Considering Cα ≃ Bα∞,∞ and by the
de�nition of Bα∞,∞, for α < 1, in order to verify (6.15) it is su�cient to show

E [|∆jZ(t, x)−∆jZ(s, x)|p]
1
p ≲ 2−(1−λ)|t− s|

λ
4 . (6.18)

Indeed, by (6.18), raising p-th power and multiplying by 2jp(1−λ−ε) leads to

E
[
∥Z(t, x)− Z(s, x)∥pB1−λ−ε

p,p

]
≲ |t− s|

pλ
4 .

Then via the Sobolev embedding B1−λ−ε
p,p ↪→ C1−λ−ε, we obtain (6.15).

In order to show (6.18), we use Corollary 2.5 and Itô's isometry to obtain

E [|∆jZ(t)−∆jZ(s)|p]
2
p

≲ E
[
|∆jZ(t)−∆jZ(s)|2

]
≲ E

[∣∣∣∣∫ t

s

∫
T2

∆jpt−r(x− y) dW (r, y)

∣∣∣∣2
]

+ E

[∣∣∣∣∫ s

0

∫
T2

∆j(pt−r − ps−r)(x− y) dW (r, y)

∣∣∣∣2
]

=

∫ t

s

∥∆jpt−r∥2L2(T2) dr +

∫ s

0

∥∆j(pt−r − ps−r)∥2L2(T2) dr.

From Parseval's identity and (A.10) we continue the above calculation and obtain

(E|∆jZ(t)−∆jZ(s)|p)
2
p

≲
∫ t

s

∑
k∈Z

ϕ2
j(k)e

−2(t−r)µ2k dr +

∫ s

0

∑
k∈Z

ϕ2
j(k)e

−2(s−r)µ2k(1− e−(t−s)µ2k)2 dr

≲
∑
k∈Z

ϕ2
j(k)min(|t− s|, µ−2

k ) +
∑
k∈Z

ϕ2
j(k)min(|t− s|µ−2

k , µ−2
k )

since e−x ⩽ min(x−1, 1) and 1 − e−x ≲ min(x, x
1
2 , 1), for any x ⩾ 0. Since we

consider the 2-dimensional standard torus of length L = 1, we obtain from (A.2)
that µk = 4π2|k|2 holds for each k ∈ Z, hence for any θ ∈ [0, 1] we obtain

(E|∆jZ(t)−∆jZ(s)|p)
2
p ≲ 22j min(2−4j, |t− s|)
≲ 22j2−4j(1−θ)|t− s|θ

= |t− s|θ2(4θ−2)j.

This implies

E [|∆jZ(t)−∆jZ(s)|p]
1
p ≲ |t− s|

λ
4 2(λ−1)j

by taking λ = 2θ ∈ (0, 2). Therefore, we obtain (6.18) and the proof is complete.
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6.4. Proof of the Main Results

6.4. Proof of the Main Results

According to the di�erent types' estimate desired in the proof of the main results,
we organise the auxiliary lemmas in the following way and the proof of Theorem 6.3
is given at the end of this section. First, we denote

ûN(t) := etAPNu0 +

∫ t

0

e(t−s)APNG
(
ûN(s)

)
ds+ Z(t), (6.19)

ûN,n(t) := etAPNu0 +

∫ t

0

e(t−s)APNG
(
ûN,n(kn(s))

)
ds+ Z(t), t ⩾ 0, (6.20)

where we do not use a cut-o� for the white noise. It reads

uN,n − v = uN,n − ûN,n + ûN,n − ûN + ûN − uN + uN − v =: I1 + I2 + I3 + I4.
(6.21)

The following result shows that all of the terms that are introduced above are
well-de�ned.

Lemma 6.8. Suppose u0 ∈ C
1
2 and ∥G∥∞ , ∥∂G∥∞ <∞. Then there exist unique

mild solution uN to (6.3) and ûN to (6.19). Moreover, for ε ∈ (0, 1
2
) and p ⩾ 1,

there exists a constant C(p, T, ∥G∥∞ , ∥∂G∥∞ <∞) such that

sup
N∈N

E
[
∥PNZ∥p

C
λ
4 ([0,T ],C1−λ−ε)

]
+ sup

N∈N
E
[∥∥∥P̂NZ∥∥∥p

C
λ
4 ([0,T ],C1−λ−ε)

]
⩽ C

(
1 + E

[
∥u0∥p

C
1
2

])
.

Proof. For the existence and uniqueness we apply �xed point argument (see also
[31, Proposition 4.1]). By the global Lipschitz bound on G and the fact that
supN

∥∥etAPNu∥∥∞ ⩽ ∥u∥∞ one �nds a unique �xed point of the mild formulation
of uN to (6.3) and ûN to (6.19) in C0 ([0, T ], L∞) for T chosen small enough.
For any arbitrary time horizon T > 0, we can glue the solutions on subintervals
together yielding a solution globally. Then plugging the solution back in the mild
formulation and using the semigroup estimates for PN instead of P , one obtains
the claimed regularity bounds by a similar calculation Lemma 6.7.

6.4.1. First Estimate

Lemma 6.9. Suppose u0 ∈ C
1
2 and ∥G∥∞ , ∥∂G∥∞ < ∞. For uN,n from (6.5)

and ûN,n from (6.20), we have for su�ciently small ε > 0

E

[
sup
t∈[0,T ]

∥∥uN,n(t)− ûN,n(t)
∥∥p
L2(T2)

] 1
p

≲ N− 1
2
+ε. (6.22)
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Proof. By (6.5) and (6.20) we obtain

uN,n(t)− ûN,n(t)

= [Z(t)− PNZ(t)] +

∫ t

0

e(t−s)APN
[
G
(
uN,n(kn(s))

)
−G

(
ûN,n(kn(s))

)]
ds.

Thus, using the Lipschitz continuity ofG, we obtain from Lemma 6.5 the following
bound:

E

[
sup
t∈[0,T ]

∥∥uN,n(t)− ûN,n(t)
∥∥p
L2(T2)

]
≲ E

[
sup
t∈[0,T ]

∥Z(t)− PNZ(t)∥pL2(T2)

]
(6.23)

≲

 ∑
k∈Z,|k|>N

µ4δ−2
k


p
2

≲

(∫ ∞

N

x4δ−2 dx

) p
2

≲ N− p
2N2δp

whereby δ ∈
(
0, 1

4

)
can be chosen arbitrarily small. This establishes the desired

result (6.22).

6.4.2. Second Estimate

Lemma 6.10. Suppose u0 ∈ C
1
2 and ∥G∥∞ , ∥∂G∥∞ < ∞. For ûN,n from (6.20)

and ûN from (6.19), for ε ∈
(
0, 1

2

)
and p ⩾ 1, we have

E

[
sup
t∈[0,T ]

∥∥ûN(t)− ûN,n(t)
∥∥p
L2(T2)

] 1
p

⩽ Cn−1+ε (6.24)

where C = C(T, p, ε, u0).

Proof. It writes

ûN(t)− ûN,n(t) =

∫ t

0

e(t−s)APNG
(
ûN(s)

)
− e(t−s)APNG

(
ûN,n(kn(s))

)
ds

=

∫ t

0

e(t−s)APN
(
G(ûN(s))−G

(
ûN(kn(s))

))
ds

+

∫ t

0

e(t−s)APN
(
G
(
ûN(kn(s))

)
−G

(
ûN,n(kn(s))

))
ds

=: I21(t) + I22(t). (6.25)
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Our idea is to bound ûN(t) − ûN,n(t) from above via Grönwall inequality, see
Lemma 6.5, in which the second term I22 can be buckled. In order to obtain the
desired estimate for I21, we divide the whole proof into the following steps:

1. Reduction via Girsanov theorem:

We follow the idea of [31, Corollary 4.7]. Denote the probability measure Q := ρ dP
where ρ is given by

ρ := exp

(
−
∫ T

0

∫
T2

G
(
ûN(s, y)

)
dW (s, y)− 1

2

∫ T

0

∫
T2

∣∣G (ûN(s, y))∣∣2 dy ds

)
.

From Girsanov's theorem (see [27, Theorem 10.14]) we know that Q here indeed
is a probability measure since dW (s, y) +G

(
ûN(s, y)

)
dy ds de�nes a space-time

white noise measure underQ independent of F0 by the bound E [ρ−1] ⩽ C(T ) <∞.
Thus, we obtain that ûN has the same distribution under the probability measureQ
as Z(t)+ etAPNu0 under the probability measure P, formally, we have the equality
of the pushforward measures

Q ◦
(
ûN
)−1

= P ◦
(
Z(t) + etAPNu0

)−1
.

De�ne the functional on the process Z

B(Z) := sup
t∈[0,T ]

∥∥∥∥∫ t

0

e(t−s)APN (G (Z(s))−G (Z(kn(s)))) ds

∥∥∥∥ .
Then, via Girsanov theorem and Cauchy�Schwarz inequality, we have

E
[
|B(ûN)|p

]
= EP [ρρ−1|B(ûN)|p

]
= EQ [ρ−1|B(ûN)|p

]
≲ EQ [ρ−2

] 1
2 EQ [|B(ûN)|2p] 1

2

= EQ [ρ−2
] 1

2 EP [|B(Z(t) + etAPNu0)|2p
] 1

2

≲ EP [|B(Z(t) + etAPNu0)|2p
] 1

2 .

Therefore, if we denote

Î21 :=

∫ t

0

e(t−s)APN
(
G
(
Z(s) + esAPNu0

)
−G

(
Z(kn(s)) + ekn(s)APNu0

))
ds,

(6.26)

then the estimate of I21 is reduced to

E

[
sup
t∈[0,T ]

∥I21(t)∥pL2(T2)

] 1
p

≲ E

[
sup
t∈[0,T ]

∥∥∥Î21(t)∥∥∥p
L2(T2)

] 1
p

. (6.27)

105



6. Numerical approximation of nonlinear fourth-order SPDE

2. Estimates of Î21 via stochastic sewing :

For convenience, we denote Z̃(t) := Z(t) + etAu0. In this step, in order to obtain
estimates of (6.27), we �rst show the following for any (s, t) ∈ [0, 1]⩽:

E
[∥∥∥Î21(t)− Î21(s)

∥∥∥p
L∞(T2)

] 1
p

= E

[∥∥∥∥∫ t

s

e(t−r)APN

(
G
(
Z̃(r)

)
−G (Z(kn(r)))

)
dr

∥∥∥∥p
L∞(T2)

] 1
p

≲ (t− s)
1
4
+ ε

2n−1+ε. (6.28)

According to the property of Bαp,q and Sobolev embedding, it is su�cient to show
(6.28) via showing

E
[∣∣∣∣∫ t

s

∆je
(t−r)APN

(
G
(
Z̃(r)

)
−G (Z(kn(r)))

)
dr

∣∣∣∣p]
1
p

≲ 2−jε(t− s)
1
4
+ ε

2n−1+ε.

(6.29)

More precisely, (6.29) implies that

E

[∥∥∥∥∫ t

s

∆je
(t−r)APN

(
G
(
Z̃(r)

)
−G (Z(kn(r)))

)
dr

∥∥∥∥p
Bαp,p

] 1
p

≲ 2−jε(t− s)
1
4
+ ε

2n−1+ε

by the Sobolev embedding Bαp,p ↪→ Cα− 2
p ↪→ L∞ for su�ciently large p. Therefore,

in the following, we only need to show (6.29). To do so, the idea is to apply
Lemma 6.4. Let t∗ ⩽ T and de�ne

As,t := Es
[∫ t

s

e(t
∗−r)APN

(
G
(
Z̃(r)

)
−G (Z(kn(r)))

)
dr

]
(6.30)

for (s, t) ∈ [0, T ]∗⩽, t ⩽ t∗. We �rst verify the condition (6.7) of Lemma 6.4. To do
this, we consider the following two cases.
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1. |t− s| ⩽ 3
n
.

Following from (6.16) and (6.17), we have for λ ∈ [0, 2)∥∥e(t+s)Au0 − etAu0
∥∥
C−1+ε ≲ s

2+λ
4 t−

ε
2
−λ

4 ∥u0∥C1−ε ,∥∥e(t+s)Au0 − etAu0
∥∥
C−1+ε ≲ s

2−λ
4 ∥u0∥C1−ε ,

which implies

E
[∥∥∥Z̃(t)− Z̃(s)

∥∥∥p
C1−λ−ε

]
⩽ C|t− s|

λp
4 , (6.31)

E
[∥∥∥Z̃∥∥∥

C
λ
4 ([0,T ],C1−λ−ε)

]
⩽ C, (6.32)

E

[∥∥∥∥∥ sup
r∈[0,T ]

(e(t+s)A − etA)Z̃(r)

∥∥∥∥∥
p

C−1+ε

] 1
p

⩽ C̃t−
λ
4
− ε

2 s
2+λ
4 . (6.33)

Observe that for Lipschitz continuous G we have

∥G (u1)−G (u2)∥C−1−ε ≲ ∥u1 − u2∥C−1+ε . (6.34)

To be more precise, for u1, u2 ∈ C1−ε, by the fundamental theorem of calculus
we have

G (u1)−G (u2) =

∫ 1

0

∇G (θu1 + (1− θ)u2) dθ · (u1 − u2),

which yields

∥G (u1)−G (u2)∥C−1−ε =

∥∥∥∥∫ 1

0

∇G (θu1 + (1− θ)u2) dθ · (u1 − u2)

∥∥∥∥
C−1−ε

⩽ sup
θ∈[0,1]

∥∇G (θu1 + (1− θ)u2) · (u1 − u2)∥C−1−ε .

Furthermore, from the rule for the product of two distributions [3, Section 2],
we have

∥g · h∥Cmin(θ,β) ⩽ C(θ, β) ∥g∥Cθ ∥h∥Cβ (6.35)

for any g ∈ Cθ, h ∈ Cβ with β, θ ∈ R and β + θ > 0
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and thus by applying (6.35) and (A.16) we obtain

∥G (u1)−G (u2)∥C−1−ε ≲ sup
θ∈[0,1]

∥∇G (θu1 + (1− θ)u2)∥C1− ε
2
∥u1 − u2∥C−1+ε

(6.36)

≈ sup
θ∈[0,1]

∥G (θu1 + (1− θ)u2)∥C2− ε
2
∥u1 − u2∥C−1+ε

≲ ∥G∥C2 ∥u1 − u2∥C−1+ε .

By using (6.31), (6.33),(6.34), and (6.36), we obtain

∥As,t∥Lp(Ω) (6.37)

≲ E
[∣∣∣∣∫ t

s

∆je
(t∗−r)APN

(
G
(
Z̃(r)

)
−G (Z(kn(r)))

)
dr

∣∣∣∣p]
1
p

≲ 2−jεE
[∥∥∥∥∫ t

s

e(t
∗−r)APN

(
G
(
Z̃(r)

)
−G (Z(kn(r)))

)
dr

∥∥∥∥p
Cε

] 1
p

≲ 2−jε
∫ t

s

(t∗ − r)−
1+ε
4 E

[∥∥∥(G(Z̃(r))−G (Z(kn(r)))
)∥∥∥p

C−1

] 1
p

dr

≲ 2−jε
∫ t

s

(t∗ − r)−
(1+ε)

4

× E

[∥∥∥∥∥
∫ 1

0

∇G
(
(1− θ)Z̃(r) + (1− θ)Z(kn(r))

)

×
(
Z̃(r)− Z(kn(r))

)
dθ

∥∥∥∥∥
p

C−1

] 1
p

dr

≲ 2−jε ∥G∥C2 (t
∗ − t)−

(1+ε)
4

∫ t

s

(r − kn(r))
− 2−ε

4 dr

≲ 2−jε(t∗ − t)−
(1+2ε)

4 (t− s)(r − kn(r))
2−ε
4

≲ 2−jε(t∗ − t)−
(1+2ε)

4 (t− s)
1
2
+εn−1+ε.

The last inequality holds due to |t− s| ⩽ 3n−1.
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2. |t− s| > 3
n
.

Denote k̃n(s) = kn(s)+
2
n
such that r−s

2
⩾ n−1 for r ∈ [k̃n(s), t], which implies

that kn(r)− s ⩾ r−s
2

for r ∈ [k̃n(s), t].

We write∫ t

s

e(t
∗−r)APN

(
G
(
Z̃(r)

)
−G (Z(kn(r)))

)
dr (6.38)

=

∫ k̃n(s)

s

e(t
∗−r)APN

(
G
(
Z̃(r)

)
−G (Z(kn(r)))

)
dr

+

∫ t

k̃n(s)

e(t
∗−r)APN

(
G
(
Z̃(r)

)
−G (Z(kn(r)))

)
dr =: S1 + S2.

Since k̃n(s)− s ⩽ 2n−1, by the same idea as in (6.37), we can obtain

∥S1∥Lp(Ω) ≲ 2−jε(t∗ − t)−
(1+2ε)

4 (t− s)
1
2
+εn−1+ε. (6.39)

For S2, we use that Z̃(r, x) = e(r−s)AZ̃(s, x) +
∫ r
s

∫
T2 pr−v(x − y) dW (v, y)

and e(r−s)AZ̃(s, x) ∈ Fs as well as
∫ r
s

∫
T2 pr−v(x− y) dW (v, y) is independent

of Fs. Moreover, we know that
∫ r
s

∫
T2 pr−v(x− y) dW (v, y) follows Gaussian

distribution with 0 mean and variance

Q(r − s) := E

[(∫ r

s

∫
T2

pr−v(x− y) dW (v, y)

)2
]
. (6.40)

If we denote PQ(r−s) as the heat semigroup on R with variance Q(r− s) (see
De�nition A.18), we can write

Es [S2(x)]

=

∫ t

k̃n(s)

∆je
(t∗−r)A

PN [(PQ(r−s)G)(e(r−s)AZ̃(s))− (PQ(kn(r)−s)G)(e(t
∗−r)APN Z̃(s))](x) dr

=

∫ t

k̃n(s)

∆je
(t∗−r)A

PN [(PQ(r−s)G)(e(r−s)AZ̃(s))− (PQ(r−s)G)(e(t
∗−r)APN Z̃(s))](x) dr

+

∫ t

k̃n(s)

∆je
(t∗−r)A

PN [
(
(PQ(r−s)G)− (PQ(kn(r)−s)G)

)
(e(t

∗−r)APN Z̃(s))](x) dr

=: S21 + S22. (6.41)
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We �rst estimate S21. Observe that, similar to (6.34), for u1, u2 ∈ C−1+ε, we
have

∥PtG (u1)− PtG (u2)∥C−1−ε(T2) ≲ ∥u1 − u2∥C−1+ε(T2) . (6.42)

Indeed, again by the fundamental theorem of calculus, (6.35) and (A.16) we
have

∥PtG (u1)− PtG (u2)∥C−1−ε(T2)

=

∥∥∥∥∫ 1

0

∇PtG (θu1 + (1− θ)u2) dθ · (u1 − u2)

∥∥∥∥
C−1−ε

⩽ sup
θ∈[0,1]

∥∇PtG (θu1 + (1− θ)u2) · (u1 − u2)∥C−1−ε .

≈ sup
θ∈[0,1]

∥PtG (θu1 + (1− θ)u2)∥C2− ε
2
∥u1 − u2∥C−1+ε

≲ ∥G∥C2 ∥u1 − u2∥C−1+ε .

By applying above with u1 = e(r−s)AZ̄(s), u2 = e(t
∗−r)APN Z̄(s) we obtain

E [|S21|p]
1
p (6.43)

≲ 2−jε E

[∥∥∥∥∥
∫ t

k̃n(s)

e(t
∗−r)APN

[
(PQ(r−s)G)

(
e(r−s)AZ̃(s)

)
− (PQ(r−s)G)

(
e(t

∗−r)APN Z̃(s)
)]

dr

∥∥∥∥∥
p

Cε

]1/p
≲ 2−jε

∫ t

k̃n(s)

(t∗ − r)−
1+ε
4

× E
[∥∥∥(PQ(r−s)G)(e(r−s)AZ̃(s))− (PQ(r−s)G)(e(t

∗−r)APN Z̃(s))
∥∥∥p
C−1

] 1
p

dr

≲ 2−jε
∫ t

k̃n(s)

(t∗ − r)−
(1+2ε)

4

× E

[
sup

r∈[k̃n(s),t]
sup
θ∈[0,1]

∥∥∥∥∥θ(e(r−s)AZ̃(s))+ (1− θ
)(
e(t

∗−r)APN Z̃(s)
)∥∥∥∥∥

p

C1− ε
2

] 1
p

× E
[∥∥∥e(r−s)AZ̃(s)− (e(t

∗−r)APN Z̃(s))
∥∥∥p
C−1+ε

] 1
p

dr.

Following from (6.32) and (6.14) together with (6.17), we obtain that

E

[
sup

r∈[k̃n(s),t]
sup
θ∈[0,1]

∥∥∥(θ(e(r−s)AZ̃(s)) + (1− θ)(e(t
∗−r)APN Z̃(s))

)∥∥∥2p
C1− ε

2

] 1
2p

≲ 1.
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Moreover, from (6.33) by taking λ = 2− 4ε we know that

E
[∥∥∥e(r−s)AZ̃(s)− (e(t

∗−r)APN Z̃(s))
∥∥∥2p
C−1+ε

] 1
2p

≲ |(r − s)− (kn(r)− s)|1−ε(kn(r)− s)−
2−4ε

4
− ε

2

≲ n−1+ε(kn(r)− s)−
1
2
+ε,

which combining with (6.43) and kn(r) − s ⩾ r−s
2
, for r ∈ [k̃n(s), t], implies

that

E [|S21|p]
1
p ≲ 2−jε

∫ t

k̃n(s)

(t∗ − r)−
(1+2ε)

4 n−1+ε(kn(r)− s)−
1
2
+ε dr (6.44)

≲ 2−jεn−1+ε(t∗ − t)−
(1+2ε)

4

∫ t

k̃n(s)

(r − s)−
1
2
+ε dr

≲ 2−jεn−1+ε(t∗ − t)−
(1+2ε)

4 (t− s)
1
2
+ε.

For S22, observe from (6.40)

Q(r − s)−Q(kn(r)− s)

= E

[(∫ r

s

∫
T2

pr−v(x− y) dW (v, y)

)2
]

− E

(∫ kn(r)

s

∫
T2

pkn(r)−v(x− y) dW (v, y)

)2


=

∫ r

s

∫
T2

|pr−v(x− y)|2 dy dv −
∫ kn(r)

s

∫
T2

|pkn(r)−v(x− y)|2 dy dv

=

∫ r−s

kn(r)−s

∫
T2

|pv(x− y)|2 dy dv

≲
∫ r−s

kn(r)−s
∥pv(x− y)∥∞

∫
T2

|pv(x− y)| dy dv

≲
∫ r−s

kn(r)−s
v−1 dv ≲ (r − kn(r))

1−ε′|kn(r)− s|ε′

for each ε′ ∈ (0, 1). Combining it with the property of the heat semigroup

∥(Pt − Ps)G (u)∥C−2−ε ≲ |t− s|
1
2 ∥G (u)∥C−1−ε ≲ |t− s|

1
2 ∥u∥C1−ε
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shows that, taking ε′ = 2ε∥∥(PQ(r−s)G)− (PQ(kn(r)−s)G)(u)
∥∥
C−2− ε

2

≲ |Q(r − s)−Q(kn(r)− s)| ∥u∥C1−ε

≲ (r − kn(r))
1−ε|kn(r)− s|ε ∥u∥C1−ε

≲ n−1+ε|kn(r)− s|ε ∥u∥C1−ε

≲ n−1+ε|r − s|ε ∥u∥C1−ε

for r ∈ [k̃n(s), t], where kn(r)− s ⩾ r−s
2
.

Applying the above estimate to (6.41), by taking u = e(t
∗−r)APN Z̃(s), we

obtain

E [|S22|p]
1
p (6.45)

≲ 2−jε

×
∫ t

k̃n(s)

∥∥∥e(t∗−r)APN [((PQ(r−s)G)− (PQ(kn(r)−s)G)
)
(e(t

∗−r)APN Z̃(s))]
∥∥∥
Cε

dr

≲ 2−jε
∫ t

k̃n(s)

|t∗ − r|−
1+ε
2

×
∥∥∥[((PQ(r−s)G)− (PQ(kn(r)−s)G)

)
(e(t

∗−r)APN Z̃(s))
]∥∥∥

C−2−ε
dr

≲ 2−jε
∫ t

k̃n(s)

|t∗ − r|−
1+ε
2 n−1+ε|r − s|ε

∥∥∥e(t∗−r)APN Z̃(s)∥∥∥
C1−ε

dr

≲ 2−jε|t∗ − r|−
1+ε
2 (t− s)1+εn−1+ε.

In the end, we put (6.41), (6.44), (6.45) together with (6.39) and (6.38) and
then obtain

∥As,t∥Lp(Ω) ≲ 2−jε|t∗ − r|−
1+ε
2 (t− s)1+εn−1+ε. (6.46)

By combining the estimates of these two cases, i.e. (6.37) together with (6.46), we
have

∥As,t∥Lp(Ω) ≲ 2−jε|t∗ − r|−
1+ε
2 (t− s)1+εn−1+ε.

Hence, the �rst condition of Lemma 6.4 is veri�ed by taking C1 := n−1+ε and
δ1 = −1+ε

2
.

For the second condition of Lemma 6.4, it is evident that it holds since we have

Es [δAs,u,t] = 0.
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Indeed, for any (s, t) ∈ [0, T ]∗⩽, s ⩽ u ⩽ t, by (6.30), we have

δAs,u,t = As,t − As,u − Au,t

= Es
[∫ t

u

e(t
∗−r)APN

(
G(Ũr)−G(Ũkn(r))

)
dr

]
− Eu

[∫ t

u

e(t
∗−r)APN

(
G(Ũr)−G(Ũkn(r))

)
dr

]
.

By applying the tower property of conditional expectations, we see that

EsδAs,u,t = 0.

Therefore, (6.8) holds for As,t de�ned in (6.30). Up to this point, we are ready to
apply Lemma 6.4. Let

At :=

∫ t

0

e(t
∗−r)APN

(
G
(
Z̃(r)

)
−G (Z(kn(r)))

)
dr.

Note that

Es [As,t − As,t] = 0, |As,t − As,t| ⩽ |t− s| sup
r∈[s,t]

∥∥∥e(t∗−r)APNG(Z̃(r))∥∥∥
∞

which shows (6.29) by (6.11). Finally, we obtain the result (6.28).

3. Uniform bounds via Kolmogorov continuity theorem:

In this step, our aim is to show the following equality:

E

[
sup
t∈[0,T ]

∥∥∥Î21(t)∥∥∥p
L2(T2)

] 1
p

(6.47)

= E

[
sup
t∈[0,T ]

∥∥∥∥∫ t

0

e(t−r)APN

(
G
(
Z̃(r)

)
−G (Z(kn(r)))

)
dr

∥∥∥∥p
L2(T2)

] 1
p

.

Following from a version of Kolmogorov's continuity theorem (see also [31, Proof
of Corollary 4.6]), which says that for a continuous process starting from 0 with
values in a Banach space V and a semigroup (St)t⩾0 of bounded linear operators
on V , if for some p > 0, α > 0 one has

E ∥Xt − St−sXs∥p ⩽ C1|t− s|1+α, (6.48)

then there exists C2 = C(T, p, d, α) such that

E sup
t∈[0,T ]

∥Xt∥p ⩽ C1C2. (6.49)
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Now we choose

Xt =

∫ t

0

e(t−r)APN

(
G
(
Z̃(r)

)
−G (Z(kn(r)))

)
dr.

Then from (6.28), we know that (6.48) holds with S = PN , V = L2(T2) and
α = 2ε, p ⩾ 4, C1 = (Cn−1+ε)p. Hence, (6.49) yields (6.47).

4. Buckling via Grönwall lemma:

Putting (6.47), (6.27) and (6.25) together, we can see that

E

[
sup
t∈[0,T ]

∥I21(t)∥pL2(T2)

] 1
p

⩽ Cn−1+ε. (6.50)

With (6.50) at hand, observing from (6.25), we are ready to apply Lemma 6.5 by
taking X = ûN , Y = ûN,n and Z = I21,S(s, t) = PN

t−s, τ(s) = kn(s) for (6.12). In
the end, the desired estimate (6.24) is obtained via (6.50) and (6.13). The proof
is complete.

6.4.3. Third Estimate

Lemma 6.11. Suppose u0 ∈ C
1
2 and ∥G∥∞ , ∥∂G∥∞ < ∞. For uN from (6.3)

and ûN from (6.19) we have

E

[
sup
t∈[0,T ]

∥∥uN(t)− ûN(t)
∥∥p
L2(T2)

] 1
p

≲ N− 1
2
+ε (6.51)

for su�ciently small ε > 0.

Proof. By (6.3) and (6.19) we obtain

uN(t)− ûN(t) = [Z(t)− PNZ(t)] +

∫ t

0

e(t−s)APN
[
G
(
uN(s))

)
−G

(
ûN(s)

)]
ds

for each t ∈ [0, T ]. As in the proof of Lemma 6.9, we obtain by the Lipschitz
continuity of G and Lemma 6.5 the following bound:

E

[
sup
t∈[0,T ]

∥∥uN(t)− ûN(t)
∥∥p
L2(T2)

]
≲ E

[
sup
t∈[0,T ]

∥Z(t)− PNZ(t)∥pL2(T2)

]
≲ N− p

2N2δp

(6.52)

whereby δ ∈
(
0, 1

4

)
can be chosen arbitrarily small. This establishes the desired

result (6.22).
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6.4.4. Fourth Estimate

Lemma 6.12. Suppose u0 ∈ C
1
2 and ∥G∥∞ , ∥∂G∥∞ < ∞. For uN from (6.3)

and v from (6.2) we have

E

[
sup
t∈[0,T ]

∥∥uN(t)− v(t)
∥∥p
L2(T2)

] 1
p

≲ N− 1
2 ∥u0∥C 1

2
. (6.53)

Proof. For each t ∈ [0, T ] we have

uN(t)− v(t) =
(
etA − etAPN

)
u0 + Z(t)− PNZ(t)

+

∫ t

0

e(t−s)APNG
(
uN(s)

)
− e(t−s)AG (v(s)) ds

=
(
etA − etAPN

)
u0 + Z(t)− PNZ(t)

+

∫ t

0

(
e(t−s)APN − e(t−s)A

)
G
(
uN(s)

)
ds

+

∫ t

0

e(t−s)A
(
G
(
uN(s)

)
−G (v(s))

)
ds.

By applying the triangle inequality and Lemma 6.5, we obtain

E

[
sup
t∈[0,T ]

∥∥uN(t)− v(t)
∥∥p
L2(T2)

] 1
p

≲ E

[
sup
t∈[0,T ]

∥∥(etA − etAPN
)
u0
∥∥p
L2(T2)

] 1
p

+ E

[
sup
t∈[0,T ]

∥∥∥∥∫ t

0

(
e(t−s)APN − e(t−s)A

)
G
(
uN(s)

)
ds

∥∥∥∥p
L2(T2)

] 1
p

+ E

[
sup
t∈[0,T ]

∥Z(t)− PNZ(t)∥pL2(T2)

] 1
p

=: I41 + I42 + I43.

Following from (6.52), we obtain

I43 ≲ N− 1
2
+ε. (6.54)

For I41, we use ΠN , the orthogonal projection from L2(T2,C) to its subspace
span

(
(ek)|k|⩽N

)
,

I41 ≲ sup
t∈[0,T ]

∥∥(etA − etAPN)u0
∥∥
L∞(T2)

≲ ∥u0 − ΠNu0∥L∞(T2) ≲ N− 1
2
+ε ∥u0∥C 1

2
,

(6.55)
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for ε > 0 being su�ciently small. By a similar idea as used for (6.55) and the
result from Lemma 6.8 we have

I42 = E

[
sup
t∈[0,T ]

∥∥∥∥∫ t

0

(
e(t−s)APN − e(t−s)A

)
G
(
uN(s)

)
ds

∥∥∥∥p
L2(T2)

] 1
p

(6.56)

⩽ E

[
sup
t∈[0,T ]

(∫ t

0

∥∥G (uN(s))− ΠNG
(
uN(s)

)∥∥
L∞(T2)

ds

)p] 1
p

⩽ CN− 1
2
+ε sup

t∈[0,T ]

∥∥uN(t)∥∥
C

1
2

≲ N− 1
2
+ε.

Collecting (6.54), (6.55) and (6.56) together shows the desired result (6.53).

6.4.5. Proof of the Main Result

With estimates (6.22), (6.24), (6.51), (6.53) at hand, we are ready to prove the
main result.

Proof of Theorem 6.3. Putting together the estimates (6.22), (6.24), (6.51), (6.53)
and recalling the decomposition

uN,n − v = uN,n − ûN,n + ûN,n − ûN + ûN − uN + uN − v =: I1 + I2 + I3 + I4

(cf. (6.21)), we obtain

E

[
sup
t∈[0,T ]

∥∥uN,n(t)− v(t)
∥∥p
L2(T2)

] 1
p

⩽ C(N− 1
2
+ε + n−1+ε)

where C depends only on T, p, ε.
This completes the proof of Theorem 6.3.
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7. Conclusion

This thesis started by describing the physical and mathematical framework of the
stochastic partial di�erential equation

∂tuε(t, x) = −δ∆2uε(t, x)−∇ · ∇uε(t, x)
1 + |∇uε(t, x)|2

+ σ ∂tWε(t, x),

for each t ⩾ 0 and x ∈ T2 in Chapter 1 and introducing essential elements of the
theory of stochastic processes in Chapter 2. We established an approach using
regularisation by space-time white noise for an ill-posed problem in Chapter 3
which gave us the result of vanishing nonlinearity in the limit. However, we even
derived uniform boundedness of vε := uε − Zε − etAu0 (cf. De�nition 3.1).
In Chapter 4, we used a decomposition approach for a linearisation of the equation
above (see (4.4)) to derive an upper bound for the C1 (T2)-norm and a lower bound
for the C0 (T2)-norm of the mild solution uε up to a stopping time τ . In particular,
we showed

0 < σ ⩽ sup
s∈[0,τ ]

∥uε(s)∥C0 ⩽ sup
s∈[0,τ ]

∥uε(s)∥C1 ⩽ rσ ≪ 1

with high probability.
In Chapter 5, we presented the spectral Galerkin method in space for the Euler
scheme in time and established for the error function e(N) := u(N) − u

(N)
h the

convergence rate

E

[
sup
t∈[0,T ]

∥∥∥u(N)
h (t)− u(N)(t)

∥∥∥p
H1

] 1
p

⩽ C
(
∥u0∥H1+η

(
h
η
4 +N−η

)
+N2+αh1−

1
p
− +N−2 + h

1
2
− 1
pN

− α
p2+2

)
for u0 ∈ H1+η with η > 0 and uNh and uN , as de�ned in (5.2) and (5.4). We analysed
a nonlinear fourth-order stochastic partial di�erential equation (SPDE) driven by
space-time white noise on the two-dimensional torus, in Chapter 6, de�ned as

∂tu = −δ∆2u−G (u) + σ∂tW

where G : R → R is the nonlinear term satisfying ∥G∥∞ , ∥∂G∥∞ < ∞. In this
examination we applied a numerical approximation to establish convergence with
almost spatial rate 1

2
and almost temporal rate 1 obtained mainly via stochastic

sewing technique.
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A. Appendix

We begin with standard material on Fourier series for the two-dimensional torus,
fractional Sobolev spaces, and analytic semigroups generated by the Bilaplace
operator. These classical results are detailed in [38] and [68].

A.1. Fourier Series on the Two-Dimensional Torus

Let T2 = [0, L]2 be the two-dimensional torus of length L with periodic boundary
conditions. For u ∈ L2([0, T ]× T2), we consider its Fourier series in space

u(t, x) =
∑
k∈Z2

uk(t) ek(x),

for each x = (x1, x2) ∈ T2, where {ek}k∈Z2 is the standard orthonormal Fourier
basis of L2(T2) de�ned by

ek(x) := ωk1(x1)ωk2(x2), ωki(z) :=


√

2
L
sin
(
2πki
L
z
)
, ki > 0,

1√
L
, ki = 0,√
2
L
cos
(
2πki
L
z
)
, ki < 0.

(A.1)

The Fourier coe�cients are given by

uk(t) = ⟨u(t), ek⟩L2(T2).

Eigenfunctions of the Bilaplace Operator: For each k = (k1, k2) ∈ Z2, the
functions ek satisfy

−∆ek = µk ek, µk :=

(
2π|k|
L

)2

. (A.2)

The Bilaplace operator A := −∆2 acts diagonally with eigenvalues −µ2
k:

Aek = −∆2ek = −µ2
k ek. (A.3)
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A.2. Fractional Sobolev Spaces

We recall the standard characterisation of Sobolev spaces and fractional Sobolev
spaces on a Lipschitz domain Ω ⊂ Rd.

De�nition A.1 (Sobolev space). For m ∈ N and p ⩾ 1 we de�ne

Wm,p(Ω) := {u ∈ Lp(Ω) : Dβu ∈ Lp(Ω) for each |β| ⩽ m},

endowed with the norm

∥u∥Wm,p :=
∑
|β|⩽m

∥Dβu∥Lp .

De�nition A.2 (Fractional Sobolev space). For α = m+s, with m ∈ N, s ∈ (0, 1)
and p ⩾ 1 we de�ne

Wα,p(Ω) := {u ∈ Wm,p(Ω) : Dβu ∈ W s,p(Ω) for each |β| = m},

endowed with the norm

∥u∥Wα,p(Ω) :=
∑
|β|⩽m

∥Dβu∥Lp(Ω) +
∑
|β|=m

[Dβu]W s,p(Ω),

whereby we have

[u]pW s,p(Ω)
:=

∫
Ω

∫
Ω

|u(x)− u(y)|p

|x− y|d+sp
dx dy.

Assumption A.3 (Moving frame). We assume all functions have zero spatial
mean, i.e. ∫

T2

u(x) dx = 0. (A.4)

This corresponds to working in a moving frame and allows us to avoid the constant
Fourier mode.

For simplicity of notation, we set Z := Z2 \ {(0, 0)}.

De�nition A.4. For α ∈ R we de�ne

Hα := Hα(T2) :=

{
u =

∑
k∈Z

ukek :
∑
k∈Z

µαk |uk|2 <∞,

∫
T2

u(x) dx = 0

}
, (A.5)

equipped with norm

∥u∥Hα := ∥(−∆)
α
2 u∥L2 =

(∑
k∈Z

µαk |uk|2
) 1

2

. (A.6)
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A.3. Analytic Semigroup Generated by the Bilaplace Operator

Remark A.5 (Poincaré's inequality). Due to (A.4), Poincaré's inequality holds
on T2, i.e. for each p ∈ [1,∞) and u ∈ W 1,p(T2) we have

∥u∥Lp(T2) ⩽ C∥∇u∥Lp(T2,R2).

In particular, the canonical Sobolev norm ∥ · ∥H1 is equivalent to ∥ · ∥H1.

De�nition A.6 (Vector valued fractional Sobolev spaces). For α ∈ R, p ⩾ 1 we
de�ne the vector-valued fractional Sobolev spaces

Hα
(
T2,R2

)
:= Hα

(
T2
)
×Hα

(
T2
)

Wα,p
(
T2,R2

)
:= Wα,p

(
T2
)
×Wα,p

(
T2
)

equipped with the norms

∥g∥Hα(T2,R2) := ∥g1∥Hα(T2) + ∥g2∥Hα(T2)

∥h∥Wα,p(T2,R2) := ∥h1∥Wα,p(T2) + ∥h2∥Wα,p(T2)

for g =
(
g1, g2

)
∈ Hα (T2,R2) and h =

(
h1, h2

)
∈ Wα,p (T2,R2).

Due to our choice of the Sobolev-norm in Hα it holds that the operator

∇ : Hα(T2) → Hα−1
(
T2,R2

)
is an isometric bounded linear operator. This is a direct consequence of integration
by parts formula

∥∇y∥2Hα−1(T2,R2) = ⟨(−∆)y, y⟩Hα−1 = ∥(−∆)
1
2y∥2Hα−1 = ∥y∥2Hα

for y ∈ Hα. In particular, for the divergence we obtain

∥∇ · g∥L2 = ∥∂xg1 + ∂yg2∥L2 ⩽ C∥g∥H1(T2,R2),

where g =
(
g1, g2

)
∈ H1 (T2,R2).

A.3. Analytic Semigroup Generated by the

Bilaplace Operator

The negative Bilaplace operator A = −∆2 with periodic boundary conditions
generates � due to its self-adjointness � an analytic semigroup

(
etA
)
t⩾0

on Lp(T2)

for every p ∈ (1,∞), see [68, Section 2.6.]. Using the Fourier representation,

etAu(x) =
∑
k∈Z

e−tµ
2
kukek(x), t ⩾ 0, x ∈ T2. (A.7)
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Lemma A.7. For β > α and t > 0, the following estimate holds:

∥∥etA∥∥
L(Hα,Hβ) ⩽

(
β − α

4e

)β−α
4

t
α−β
4 . (A.8)

This result follows directly from basic calculus applied to the Fourier expression
and the eigenvalues of −∆2. For a more detailed overview, see [38, Lemma A.7].

Remark A.8. In order to achieve integrability at time t = 0 in convolution inte-
grals, it is necessary for the condition α < β < α+ 4 to be satis�ed.

Thus,
etA∇· : Hα−1

(
T2,R2

)
→ Hα

(
T2
)

is a bounded linear operator with∥∥etA∇·
∥∥
L(Hα−1(T2,R2),Hα)

⩽
∥∥etA∥∥

L(Hα−2,Hα)
∥∇·∥L(Hα−1(T2,R2),Hα−2) ⩽ Ct−

1
2 .

A.4. Complex Fourier Series on the

Two-Dimensional Torus

The notations of this subsection are only used in Chapter 6.

For u ∈ L2(T2,C), we consider its spatial Fourier series in space

u(t, x) =
∑
k∈Z2

uk(t) ek(x),

for each x = (x1, x2) ∈ T2, where {ek}k∈Z2 is the standard orthonormal Fourier
basis of L2(T2,C) de�ned by

ek(x) :=

{
Ck if k = 0,

Cke
iπx·k if |k| > 0,

Ck :=

{ √
2 if k1k2 = 0,

2 otherwise,

for k ∈ Z2, x ∈ T2. Then (ek)k∈Z2 forms an orthonormal basis of L2(T2,C).
For f ∈ L1(T2,C) and k ∈ Z2 we de�ne Fourier transform F by

Ff(k) := f̂(k) :=

∫
T2

e−2πik·xf(x)dx,

For the semigroup (etA)t≥0 with kernel (pt)t≥0 and its projection (etAPN)t≥0 we
de�ne

etAu(x) :=
∑

k∈Z2\{0}

e−tµ
2
kukek(x), t ⩾ 0, uk := ⟨u, ek⟩L2(T2). (A.9)
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One can equivalently write etAu = pt ∗ u, where

pt(x) := F−1
(
e−

t
2
|π·|4
)
(x) =

∑
k∈Z2\{0}

e−tµ
2
kek(x). (A.10)

A.5. Operator Theory

This section follows [27, Appendix C].

De�nition A.9 (Hilbert-Schmidt operator). A linear operator ϕ : H → K between
separable Hilbert spaces is called Hilbert-Schmidt, if for any basis (ek)k∈N of H one
has

∥ϕ∥2HS(H,K) :=
∑
k∈N

∥ϕek∥2K = tr (ϕ∗ϕ)

We denote the space of Hilbert-Schmidt operators by HS(H,K).

Remark A.10 (Properties of Hilbert-Schmidt operators). A Hilbert-Schmidt op-
erator ϕ : H → K between separable Hilbert spaces H and K ful�lls the following
properties:

� ϕ∗ϕ is always a nonnegative self-adjoint operator.

� HS (H,K) ⊂ L (H,K), i.e. ϕ is continuous as we have

∥ϕu∥K ⩽ ∥ϕ∥L(H,K)∥u∥H ⩽ ∥ϕ∥HS(H,K)∥u∥H

for each u ∈ H.

� (H, ⟨.⟩HS) is a Hilbert space, where the scalarproduct is de�ned as follows

⟨ϕ1, ϕ2⟩HS =
∑
k∈N

⟨ϕ1ek, ϕ2ek⟩K.

� Hilbert-Schmidt operators are compact, i.e. for each T ∈ HS(H,K) there is
a sequence of operators (Tn)n∈N ⊂ HS(H,K) of �nite-dimensional range and
�nite-dimensional domain such that ∥Tn − T∥HS −−−→

n→∞
0 holds.
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A.6. Semigroups of Linear Operators

A more comprehensive introduction to semigroups can be found in [68], which
serves as a primary source of inspiration for this chapter. Throughout this section
X will be a Banach space.

De�nition A.11 (Strongly continuous semigroup). A semigroup (T (t))t∈[0,∞) of
bounded linear operators on the Banach space X is called strongly continuous
semigroup or simply C0-semigroup if

� T (0) = Id,

� T (t+ s) = T (t)T (s) for each t, s ⩾ 0,

� lim
t↘0

∥T (t)x− x∥X = 0 holds for each x ∈ X.

Theorem A.12 (Hille�Yosida). A linear (unbounded) operator A in X is the
in�nitesimal generator of a C0-semigroup (T (t))t⩾0 that satis�es ∥T (t)∥ ⩽ Meωt

for M > 0 and ω ∈ R if and only if

� A is closed and D(A) = X.

� Every real λ > ω belongs to the resolvent set ρ(A) of A and∥∥(λ Id−A)−1
∥∥ ⩽

M

λ− ω

holds for each λ > ω.

� lim
t↘0

T (t)−I
t

= A.

De�nition A.13 (Uniformly continuous semigroup). A semigroup (T (t))t∈[0,∞) of
bounded linear operators on X is called uniformly continuous semigroup if

lim
t↘0

∥T (t)− Id ∥L(X) = 0

Theorem A.14. Let (T (t))t∈[0,∞) be a C0-semigroup and let A be its in�nitesimal
generator. Then

(a) For each x ∈ X we have lim
h→0

1
h

∫ t+h
t

T (s)x ds = T (t)x.

(b) For each x ∈ D(A) we have T (t)x ∈ D(A) and ∂
∂t
T (t)x = AT (t)x = T (t)Ax

(c) For each x ∈ D(A) we have T (t)x− T (s)x =
∫ t
s
T (τ)Ax dτ =

∫ t
s
AT (τ)x dτ.
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The following theorem covers a few important results from [68, Chapter 2].

Theorem A.15. Let −A be the in�nitesimal generator of an analytic semigroup(
etA
)
t⩾0

on a Banach space X. If 0 ∈ ρ(A) holds, then we obtain the following
properties.

� There is a constant δ > 0 such that −A+ δ is still an in�nitesimal generator
of an analytic semigroup.

� etA : X → D(Aα) for every t > 0 and α ⩾ 0.

� For every x ∈ D(Aα) we have etAAαx = AαetAx.

� For every t > 0 and α ⩾ 0 the operator AαetA is bounded and∥∥AαetA∥∥
X
⩽Mαt

−αe−δt. (A.11)

� Let 0 < α ⩽ 1 and x ∈ D (Aα) then∥∥etAx− x
∥∥
X
⩽ Cαt

α ∥Aαx∥X . (A.12)

De�nition A.16 (Dissipativity). A linear operator A is called dissipative if for
every x ∈ D(A) there is a x∗ ∈ F (x) such that Re (⟨x∗, Ax⟩X∗,X) ⩽ 0, whereby

F (x) :=
{
x∗ ∈ X∗ | ⟨x∗, x⟩X∗,X = ∥x∥2X = ∥x∗∥2X∗

}
.

Remark A.17. By the integration by parts formula for u ∈ H1 we obtain

⟨∆u, u⟩L2 = −⟨(−∆)u, u⟩L2 = −∥∇u∥2L2(T2,R2) ⩽ 0

and obtain therefore that the Laplace operator is in fact dissipative. In particular,
the operators ∆ and −∆2 are energy absorbing.

The following de�nition can be found in [33, Section 2.2.]:

De�nition A.18 (Heat semigroup). We denote by (Pt)t≥0 the heat semigroup
on R acting on bounded Lebesgue measurable functions ϕ ∈ L∞ (R), i.e.

(Ptϕ)(z) :=
1√
4πt

∫
R
e−

(z−y)2
4t ϕ(y) dy,

for each z ∈ R and t > 0.
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A.7. Inequalities, Sobolev Embeddings and

Integral Transformations

The following lemma from [47, Lemma 7.1.1.] provides an explicit upper bound
for the growth rate of solutions, even in the presence of a singularity at time t
within the integrand.

Lemma A.19 (Henry�Grönwall lemma). Suppose b ⩾ 0, β > 0 and a is a non-
negative function locally integrable on [0, T ] (some T ⩽ +∞), and suppose f is
nonnegative and locally integrable on 0 ⩽ t ⩽ T with

f(t) ⩽ a(t) + b

∫ t

0

(t− s)β−1f(s)ds

for each 0 ⩽ t < T . Then

f(t) ⩽ a(t) + θ

∫ t

0

E ′
β(θ(t− s))a(s)ds, (A.13)

holds for each 0 ⩽ t < T , where

θ = b(Γ(β))
1
β , Eβ =

∞∑
n=0

znβ

Γ(nβ + 1)
, E ′

β =
∂

∂z
Eβ(z).

Particularly, if a(t) ≡ a is constant, we obtain

f(t) ⩽ aEβ(θt).

Remark A.20. In order to obtain Lemma A.19 on [0, T ] instead of [0, T ), we
must require that f is continuous at T .

The following two Sobolev inequality theorems can be found in [21, (1.1)] and [21,
Theorem 1.].

Theorem A.21 (Gagliardo�Nirenberg interpolation inequality). Let Ω ⊂ Rn be
either the whole space, a half space or a bounded Lipschitz domain. Let 1 ⩽ q ⩽ ∞,
j,m ∈ N such that j < m. Furthermore, let 1 ⩽ r ⩽ ∞, p ⩾ 1 and θ ∈ [0, 1] such
that

1

p
=
j

n
+ θ

(
1

r
− m

n

)
+

1− θ

q
,

j

m
⩽ θ ⩽ 1

hold. Then there is a constant C = C (j,m, n, q, r, θ,Ω) > 0 such that for every
u ∈ Lq (Ω) such that Dmu ∈ Lr (Ω) and arbitrary σ ⩾ 1∥∥Dju

∥∥
Lp(Ω)

⩽ C ∥Dmu∥θLr(Ω) ∥u∥
1−θ
Lq(Ω) + C ∥u∥Lσ(Ω)

with the exceptional case that if r > 1 and m−j− n
r
∈ N holds, then the additional

assumption j
m

⩽ θ < 1 is needed.
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Theorem A.22 (Brezis-Mironescu inequality). Let Ω ⊂ Rn be either the whole
space, a half space or a bounded Lipschitz domain. Let 1 ⩽ p, p1, p2 ⩽ ∞, s, s1, s2 ⩾
0. Furthermore, let θ ∈ (0, 1) such that

s1 ⩽ s2, s = θs1 + (1− θ)s2,
1

p
=

θ

p1
+

(1− θ)

p2

holds. Then the following two conditions are equivalent:

� There is a constant C = C (p, p1, p2, s, s1, s2, θ,Ω) > 0 such that for each
u ∈ W s1,p1 (Ω) ∩W s2,p2 (Ω) we have

∥u∥W s,p(Ω) ⩽ C ∥u∥θW s1,p1 (Ω) ∥u∥
1−θ
W s2,p2 (Ω) .

� At least one of the following conditions is not ful�lled
s2 ∈ N∗,

p2 = 1,

0 < s2 − s1 ⩽ 1− 1
p1
.

The Sobolev embedding given below is presented in [33, p.283].

Theorem A.23 (Morrey's inequality). Let Ω ⊂ Rn be a bounded open set with C1-
boundary ∂Ω, α ∈ (0, 1] and 1 ⩽ p < ∞, with αp > n. Then, for γ := α − n

p
> 0,

every u ∈ Wα,p(Ω) has a representative u∗ ∈ C0,γ(Ω).
Then there exists a constant C = Cα,p,n,Ω > 0 such that

∥u∗∥C0,γ(Ω) ⩽ C∥u∥Wα,p(Ω).

The following key inequality originates from [73, A.1].

Theorem A.24 (Minkowski's integral inequality). Let (S1, µ1) and (S2, µ2) be
two σ-�nite measure spaces and f : S1 × S2 → R be measurable. Then for each
p ∈ [1,∞) we have[∫

S2

∣∣∣∣∫
S1

f(x, y)dµ1(x)

∣∣∣∣p dµ2(x)

] 1
p

⩽
∫
S1

[∫
S2

|f(x, y)|p dµ2(x)

] 1
p

dµ1(x).
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Theorem A.25 (Stochastic Fubini theorem, [27, Theorem 4.18]). Let (E, E , µ) be
a measurable space with �nite positive measure µ and W be a Q-Wiener process
(see De�nition 2.6). For T > 0 let

ϕ : ([0, T ]× Ω× E , B ([0, T ]× Ω)× B (E)) →
(
L2
0 , B

(
L2
0

))
,

(t, ω, x) 7→ ϕ (t, ω, x)

be a measurable mapping. In particular, for each x ∈ E, ϕ(·, ·, x) is predictable
L2
0-valued process. Moreover, assume that∫

E

E
[∫ T

0

tr (ϕ (t, ω, x)∗ ϕ (t, ω, x)) dt

] 1
2

dµ(x) <∞.

Then µ-almost surely∫
E

[∫ T

0

ϕ(t, x) dW (t)

]
dµ(x) =

∫ T

0

[∫
E

ϕ(t, x) dµ(x)

]
dW (t).

A.8. Besov Spaces

The following brief introduction to Besov spaces can be found in [3] in more detail.

De�nition A.26 (Dyadic partition of unity in R2). Let (ϕj)j⩾−1 be the standard
smooth dyadic partition of unity in R2. That is, a family of functions ϕj ∈ C∞(R2)
for j ⩾ −1, where ϕ−1 and ϕ0 are non-negative even functions. Furthermore, the
support satisies

supp (ϕ−1) ⊂ B1/2(0)

supp (ϕ0) ⊂ B1(0) \B1/4(0)

supp (ϕj) ∩ supp (ϕj) = ∅,
for |j − i| > 1. Moreover, ϕj(x) = ϕ0(2

−jx), x ∈ R2 for j ⩾ 0 and
∑∞

j⩾−1 ϕj = 1

for every x ∈ R2.

De�nition A.27 (Besov space). Let S ′(T2) denote the space of Schwartz distri-
butions on T2 and S(T2) := C∞(T2). For u ∈ S ′(T2), we de�ne

∆j : S ′(T2) → C∞(T2), ∆ju := F−1 (k 7→ ϕj(k)F (u)(k)) . (A.14)

Then the Besov space Bαp,q on T2 for p, q ∈ [1,∞], α ∈ R is de�ned as

Bαp,q := {f ∈ S ′(T2) : ∥f∥Bαp,q := ∥(2jα∥∆jf∥Lp(T2))j⩾−1∥lq <∞}. (A.15)

We let Cα := Bα∞,∞, for α ∈ R. Following [3, Chapter 2], we recall that Cα

coincides with the classical Hölder continuous function space, for α ∈ (0, 1).

Corollary A.28. For any g ∈ Bαp,q, we have

∥∂ng∥Bα−np,q
≲ ∥u∥Bαp,q . (A.16)

128



Bibliography

[1] L. Agélas: Global regularity of solutions of equation modeling epitaxy thin
�lm growth in Rd, d = 1, 2. J. Evol. Equ. 15(1), 89�106 (2015).

[2] S. Azizi, G. Mola, A. Yagi: Longtime convergence for epitaxial growth model
under Dirichlet conditions. Osaka J. Math. 54(4), 689�706 (2017).

[3] H. Bahouri, J.-Y. Chemin, and R. Danchin: Fourier Analysis and Nonlin-
ear Partial Di�erential Equations. Grundlehren der mathematischen Wis-
senschaften, Vol. 343. Springer, Berlin Heidelberg, 2011. doi:10.1007/978-3-
642-16830-7.

[4] L. Ba¬as, H. Yang, and R. Zhu. Sharp interface limit of the stochastic
Cahn�Hilliard equation with singular noise. Potential Analysis, 59:497�518,
2023.

[5] A.-L. Barabási, H. E. Stanley: Fractal Concepts in Surface Growth. Cam-
bridge Univ. Press, 1995.

[6] S. Becker, B. Gess, A. Jentzen, and P. E. Kloeden: Strong convergence
rates for explicit space�time discrete numerical approximations of stochastic
Allen�Cahn equations. S tochastics and Partial Di�erential Equations: Anal-
ysis and Computations 11, 211�268, 2023. doi:10.1007/s40072-021-00226-6.

[7] N. Berglund, C. Kuehn: Regularity structures and renormalisation of
FitzHugh�Nagumo SPDEs in three space dimensions. Electron. J. Probab.
21, Paper 18, 1�48 (2016).

[8] D. Blömker and A. Jentzen: Galerkin approximations for the stochastic
Burgers equation. S IAM J. Numer. Anal. 51, 694�715, 2013.

[9] D. Blömker, S. Maier-Paape, T. Wanner: Spinodal decomposition for
the Cahn�Hilliard�Cook equation. Commun. Math. Phys. 223(3), 553�582
(2001). doi:10.1007/PL00005585.

[10] D. Blömker, M. Kamrani, and M. Hosseini: Full Discretization of Stochas-
tic Burgers Equation with Correlated Noise. IMA J. Numer. Anal., 2013.
doi:10.1093/imanum/drs035.

129



Bibliography

[11] D. Blömker and M. Romito: Local existence and uniqueness in the largest
critical space for a surface growth model. arXiv:1003.4298, 2010.

[12] D. Blömker, J. M. Tölle: Singular limits for stochastic equations. Stochastics
and Dynamics (Online ready, 2023). doi:10.1142/S0219493723500405.

[13] D. Blömker, D. Buchberger and J. Rimmele: Numerical study of a Surface
Growth model with singular noise. (in preparation), 2025.

[14] D. Blömker and J. Rimmele: Stabilization by rough noise for an epitaxial
growth model. arXiv preprint arXiv:2309.12441, 2023.

[15] D. Blömker, C. Ling, J. Rimmele: Numerical approximation of Cahn�
Hilliard type nonlinear SPDEs with additive space�time white noise. arXiv
preprint arXiv:2501.18240, 2025.

[16] D. Blömker, C. Ling and J. Rimmele: A quantitative numerical study of a
surface growth model with singular noise. (in preparation), 2025.

[17] D. Blömker, S. Maier-Paape, T. Wanner: Phase separation in stochastic
Cahn�Hilliard models. In: A. Miranville (ed.), Mathematical Methods and
Models in Phase Transitions, Nova, New York, 1�42 (2005).

[18] D. Blömker, M. Romito: Local existence and uniqueness for a two-
dimensional surface growth equation with space-time white noise. Stochastic
Anal. Appl. 31(6), 1049�1076 (2013).

[19] D. Blömker, M. Romito: Stochastic PDEs and lack of regularity: a surface
growth equation with noise: existence, uniqueness, and blow-up. Jahresber.
Dtsch. Math.-Ver. 117(4), 233�286 (2015).

[20] C.-E. Bréhier and L. Goudenége: Analysis of some splitting schemes for
the stochastic Allen�Cahn equation. D iscrete and Continuous Dynamical
Systems B 24, 4169�4190, 2019. doi:10.3934/dcdsb.2019077.

[21] H. Brezis and P. Mironescu, Gagliardo�Nirenberg inequalities and non-
inequalities: The full story. Ann. Inst. H. Poincaré C Anal. Non Linéaire,
vol. 35, no. 5, pp. 1355�1376, 2018.

[22] O. Butkovsky, K. Dareiotis, and M. Gerencsér: Approximation of SDEs: a
stochastic sewing approach. Probab. Theory Relat. Fields 181, 975�1034,
2021. doi:10.1007/s00440-021-01080-2.

130



Bibliography

[23] O. Butkovsky, K. Dareiotis, and M. Gerencsér: Optimal rate of convergence
for approximations of SPDEs with nonregular drift. S IAM J. Numer. Anal.
61, 1103�1137, 2023. doi:10.1137/21m1454213.

[24] J. W. Cahn and J. E. Hilliard: Free Energy of a Nonuniform System. I.
Interfacial Free Energy. J. Chem. Phys. 28, 258�267, 1958.

[25] J. W. Cahn: On Spinodal Decomposition. Acta Metall. 9, 795�801, 1961.

[26] W. Chen, S. Conde, C. Wang, X. Wang, S. M. Wise: A linear energy stable
scheme for a thin �lm model without slope selection. J. Sci. Comput. 52(3),
546�562 (2012).

[27] G. Da Prato, J. Zabczyk: Stochastic Equations in In�nite Dimensions. 2nd
ed. Cambridge Univ. Press, 2014.

[28] G. Da Prato, A. Debussche: Two-dimensional Navier�Stokes equations
driven by a space-time white noise. J. Funct. Anal. 196(1), 180�210 (2002).

[29] G. Da Prato, A. Debussche: Strong solutions to the stochastic quantization
equations. Ann. Probab. 31(4), 1900�1916 (2003).

[30] A. Debussche: Some Results on the Stochastic Cahn�Hilliard Equation. In:
Probabilistic Methods in Fluids, 2003.

[31] A. Djurdjevac, M. Gerencsér, H. Kremp: Higher order approximation of
nonlinear SPDEs with additive space�time white noise. arXiv:2406.03058,
2024.

[32] N. Duan, X. Xu: Global dynamics of a fourth-order parabolic equation
describing crystal surface growth. Nonlinear Anal. Model. Control 24(2),
159�175 (2019).

[33] L. C. Evans. Partial Di�erential Equations. Graduate Studies in Mathemat-
ics, Vol. 19. 2nd edition. American Mathematical Society, Providence, RI,
2010.

[34] G. Eyre: Unconditionally Gradient Stable Schemes for the Cahn�Hilliard
Equation. S IAM J. Numer. Anal. 35, 1567�1592, 1998.

[35] M. Gerencsér, G. Lampl and C. Ling: The Milstein Scheme for singular
SDEs with Hölder continuous drift. IMA J. Numer. Anal., to appear, 2024.
doi:10.1093/imanum/drae083.

131



Bibliography

[36] M. Gerencsér and H. Singh: Strong convergence of parabolic rate 1 of dis-
cretisations of stochastic Allen�Cahn-type equations. T rans. Amer. Math.
Soc. 377, 1851�1881, 2024. doi:10.1090/tran/9029.

[37] M. Grasselli, G. Mola, A. Yagi: On the longtime behavior of solutions to a
model for epitaxial growth. Osaka J. Math. 48(4), 987�1004 (2011).

[38] M. Gubinelli, P. Imkeller, N. Perkowski: Paracontrolled distributions and
singular PDEs. Forum Math. Pi 3, e6 (2015).

[39] I. Gyöngy: Lattice Approximations for Stochastic Quasi-Linear Parabolic
PDEs driven by space�time White Noise II. Potential Anal. 11, 1�37, 1999.
doi:10.1023/a:1008699504438.

[40] M. Hairer: Solving the KPZ equation. Ann. Math. (2) 178(2), 559�664
(2013).

[41] M. Hairer: A theory of regularity structures. Invent. Math. 198(2), 269�504
(2014).

[42] M. Hairer: Singular stochastic PDEs. In: Proc. ICM 2014, Vol. I, 685�709
(2014).

[43] M. Hairer: Regularity structures and the dynamical Φ4
3 model. In: Current

Developments in Mathematics 2014, 1�49 (2016).

[44] M. Hairer, M. D. Ryser, H. Weber: Triviality of the 2D stochastic
Allen�Cahn equation. Electron. J. Probab. 17, Paper 39, 1�14 (2012).

[45] M. Hairer, H. Shen: The dynamical sine�Gordon model. Commun. Math.
Phys. 341(3), 933�989 (2016).

[46] M. Hairer, H. Weber: Large deviations for white-noise driven, nonlinear
stochastic PDEs in two and three dimensions. Ann. Fac. Sci. Toulouse (6)
24(1), 55�92 (2015).

[47] D. Henry: Geometric Theory of Semilinear Parabolic Equations. Lecture
Notes in Mathematics, Springer, 1981.

[48] A. W. Hunt, C. Orme, D. R. M. Williams, B. G. Orr, L. M. Sander: Insta-
bilities in MBE Growth. Europhys. Lett. 27, 611 (1994). doi:10.1209/0295-
5075/27/8/010.

[49] M. D. Johnson, C. Orme, A. W. Hunt, D. Gra�, J. Sudijono, L. M. S.
Sander, B. G. Orr: Stable and unstable growth in molecular beam epitaxy.
Phys. Rev. Lett. 72, 116�119 (1994). doi:10.1103/PhysRevLett.72.116.

132



Bibliography

[50] A. Jentzen: Pathwise numerical approximation of SPDEs with additive noise
under non-global Lipschitz coe�cients. Potential Anal. 31, 375�404, 2009.

[51] A. Jentzen and P. E. Kloeden: Overcoming the order barrier in the numerical
approximation of SPDEs with additive space�time noise. Proc. Roy. Soc. A
465, 649�667, 2008.

[52] A. Jentzen, P. Kloeden, and G. Winkel: E�cient simulation of nonlinear
parabolic SPDEs with additive noise. Ann. Appl. Probab. 21(3), 908�950
(2011).

[53] A. Jentzen and P. Pu²nik: Strong convergence rates for an explicit numerical
approximation method for stochastic evolution equations with non-globally
Lipschitz continuous nonlinearities. IMA J. Numer. Anal. 40, 1005�1050,
2020. doi:10.1093/imanum/drz009.

[54] P. E. Kloeden and E. Platen: Numerical Solution of Stochastic Di�erential
Equations. Springer, 1992.

[55] J. Krug, M. Schimschak: Metastability of step �ow growth in 1+1 dimen-
sions. J. Phys. I France 5(8), 1065�1086 (1995).

[56] J. Krug, H. Spohn: Kinetic roughening of growing surfaces. In: C. Godrèche
(ed.), Solids Far from Equilibrium, Cambridge Univ. Press, 479�582 (1991).

[57] Z. Lai, S. Das Sarma: Kinetic growth with surface relaxation: Continuum
versus atomistic models. Phys. Rev. Lett. 66, 2348�2351 (1991).

[58] K. Lê: A stochastic sewing lemma and applications. E lectron. J. Probab.
25, 1�55, 2021.

[59] K. Lê and C. Ling: Taming singular stochastic di�erential equations: A
numerical method. Ann. Probab. (to appear), arXiv:2110.01343, 2021.

[60] H. G. Lee, J. Shin, J.-Y. Lee: A second-order operator splitting Fourier
spectral method for models of epitaxial thin �lm growth. J. Sci. Comput.
71(3), 1303�1318 (2017).

[61] B. Li, J.-G. Liu: Thin �lm epitaxy with or without slope selection. Eur. J.
Appl. Math. 14(6), 713�743 (2003).

[62] B. Li, J.-G. Liu: Epitaxial growth without slope selection: energetics, coars-
ening, and dynamic scaling. J. Nonlinear Sci. 14(5), 429�451 (2004).

133



Bibliography

[63] B. Li: High-order surface relaxation versus the Ehrlich�Schwoebel e�ect.
Nonlinearity 19(11), 2581�2603 (2006).

[64] Z. Liu and Z. Qiao: Strong approximation of monotone SPDEs
driven by white noise. IMA J. Numer. Anal. 40, 1074�1093, 2019.
doi:10.1093/imanum/dry088.

[65] T. Ma and R. Zhu: Convergence rate for Galerkin approximation of the
stochastic Allen�Cahn equations on 2d torus. Acta Math. Sinica, Engl. Ser.
37, 471�490, 2021. doi:10.1007/s10114-020-9367-4.

[66] T. Oh, M. Okamoto, T. Robert: A remark on triviality for the two-
dimensional stochastic nonlinear wave equation. Stochastic Process. Appl.
130(9), 5838�5864 (2020).

[67] B. Øksendal. Stochastic Di�erential Equations: An Introduction with Ap-
plications. Universitext. 5th Edition, Corrected Printing. Springer-Verlag,
Berlin Heidelberg, 2000.

[68] A. Pazy: Semigroups of Linear Operators and Applications to Partial Dif-
ferential Equations. Applied Mathematical Sciences, Vol. 44. Springer, New
York, 1983. doi:10.1007/978-1-4612-5561-1.

[69] A. Prohl and R. Zacher: Convergence of a Discontinuous Galerkin Approxi-
mation for the Cahn�Hilliard Equation with Noise. S IAM J. Numer. Anal.
51, 526�557, 2013.

[70] Z. Qiao, Z.-Z. Sun, Z. Zhang: Stability and convergence of second-order
schemes for the nonlinear epitaxial growth model without slope selection.
Math. Comp. 84(292), 653�674 (2015).

[71] M. Röckner, H. Yang, R. Zhu: Conservative stochastic two-dimensional
Cahn�Hilliard equation. Ann. Appl. Probab. 31(2), 939�1000 (2021).

[72] R. L. Schwoebel and E. J. Shipsey: Step Motion on Crystal Surfaces. Journal
of Applied Physics 37, 3682�3686, 1966.

[73] E. M. Stein: Singular Integrals and Di�erentiability Properties of Functions.
Princeton Mathematical Series 30. Princeton University Press, 1970.

[74] J. Villain: Continuum models of crystal growth from atomic beams with and
without desorption. Journal de Physique I (France) 1, 19�42, 1991.

[75] D. Werner: Funktionalanalysis, 8. Au�. Springer, Berlin, Heidelberg, 2018.

134



Bibliography

[76] J. Zhang, P. Zhu: Existence and regularity of weak solutions to a model
for coarsening in molecular beam epitaxy. Math. Methods Appl. Sci. 36(8),
908�920 (2013).

135


	Stabilisation by rough noise for an epitaxial growth model
	Johannes Rimmele
	Nutzungsbedingungen / Terms of use:
	licgercopyright  

	Symbols and Notations
	Introduction
	Fundamentals in Stochastics
	Gaussian Random Variables
	Cylindrical Wiener Process and Space-Time White Noise
	Stochastic Convolution

	Solution of the Regularised SPDE
	Existence and Uniqueness of the Mild Solution
	Uniform Boundedness
	Vanishing of the Nonlinearity
	Proof of the Main Result

	Growth Results of the Linearised Mild Solution
	Linearisation and Decomposition
	Grönwall Argument
	Decomposition of the Eigenspaces
	Semigroup in the Linearisation Environment
	Growth of the Deterministic Solution

	Exponential Growth up to a Stopping Time
	Stochastic Convolution in the Context of Linearisation
	Upper Bounds and Auxiliary Results
	Factorisation Method

	Upper Bound for the Mild Solution
	Lower Bound for the Mild Solution
	Auxiliary Inequalities
	Lower Bound of the Stochastic Convolution
	Lower Bound for the Mild Solution


	Euler Scheme in Time for a Spectral Galerkin Scheme in Space
	Numerical Results
	Auxiliary Results
	Convergence Rate for the Rougher Noise Case
	Noise with Converging Diffusion Coefficients

	Decomposition of the Error Function
	Proof of the Main Result
	Numerical Simulations
	Numerical Result Regarding Rougher Noise
	Numerical Result for Higher Roughness Parameter


	Numerical approximation of nonlinear fourth-order SPDE
	Introduction
	Preliminary and Main Results
	Tools and Auxiliary Estimates
	Proof of the Main Results
	First Estimate
	Second Estimate
	Third Estimate
	Fourth Estimate
	Proof of the Main Result


	Conclusion
	Appendix
	Fourier Series on the Two-Dimensional Torus
	Fractional Sobolev Spaces
	Analytic Semigroup Generated by the Bilaplace Operator
	Complex Fourier Series on the Two-Dimensional Torus
	Operator Theory
	Semigroups of Linear Operators
	Inequalities, Sobolev Embeddings and Integral Transformations
	Besov Spaces


