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ON ELLIPTIC EQUATIONS INVOLVING SURFACE MEASURES

MARIUS MULLER

ABSTRACT. We show optimal Lipschitz regularity for very weak solutions of the (measure-
valued) elliptic PDE —div(A(z)Vu) = Q H"'LT in a smooth domain Q < R". Here I
is a OV @-regular hypersurface, Q € C%® is a density on I, and the coefficient matrix A
is symmetric, uniformly elliptic and Wt9-regular (¢ > n). We also discuss optimality of
these assumptions on the data. The equation can be understood as a special coupling
of two A-harmonic functions with an interface I'. As such it plays an important role in
several free boundary problems, as we shall discuss.

1. INTRODUCTION

In this article we examine regularity of solutions of the following measure-valued
Dirichlet problem

(1.1)

on some smooth bounded domain Q < R”, n > 2. Here, H* 'L T denotes the n — 1-
dimensional Hausdorff measure restricted to an interface I' = 0 for some suitably
regular domain ' cc Q and @ : I' — R is some suitably regular density. Further, the
(nonconstant) coefficient matrix (A(z)).eq is suitably regular as well as symmetric and
uniformly elliptic in the sense that

a; =a; Vi,jg=1,....,n an >0: )€ = T e e R". )
i=a; v 1 d IN>0:TA@E= NEP? VoeQ VEeR" 1.2

u =70 on 0f),

{—div(A(:c)Vu) —QH" LT inQ,

Such equations appear often in the description of free boundary problems, as we shall
illustrate in Section 5.
The notion of solutions we study is the following

Definition 1.1 (Very weak solutions). Let A € WH(Q; R™*") be symmetric and uni-
formly elliptic and @Q € L'(T'). A function u € L*() is called a very weak solution of

(1.1) if
—/u(az) div(A(2)Vé(z dx—/@ AH () Vo e CA(Q) : Blon = 0.
Q

In Appendix A, we see that under some suitable further smoothness assumptions on
the coefficients ), A, I" one can equivalently demand that u € VVO1 2((2) and

/Q (A(2) V), V() dz = / Q)oly) dH™ ' (y) YoeCP@).  (13)
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Solutions in the sense of (1.3) are called weak solutions, and might appear more intuitive
at first sight — in particular since they can easily be seen to be unique. The concept
of very weak solutions is however the established definition of general measure-valued
Poisson problems, cf. [26, Section 3.1] and will also prove helpful during the course of
our proof.

We are interested in the optimal regularity of solutions, under suitable further as-
sumptions on the data ), A, I'. The main result in this article is

Theorem 1.2 (Main Theorem). Fiz a > 0 and ¢ > n. Let & < R" be a smooth
bounded domain and Q' cc Q be a CY*-subdomain. If T = 0, Q € C**(T') and
A e Whi(Q; R"™™) satisfies (1.2), then the unique solution u of (1.1) lies in WH®(Q).

The class Wh*(Q) is the best expectable regularity in terms of Sobolev spaces. Indeed
W2l regularity is not possible, since for each u € W?! and A € W9, (¢ > n) the left
hand side of (1.1) lies in L', whereas the (measure-valued) right hand side does not
lie in L' (unless @ = 0). Therefore the optimal Sobolev class has to be below W1,
Moreover, we will see that W!P-regularity for each p € (1,0) is true and a somewhat
immediate consequence of the observations in [3], which deal with equations of the form
—div(AVu) = div(F). To make these results applicable, a needed prerequisite is A €
VMO(€; R™"). Recall that for any ¢ > n one has Wh? — C% — VMO withy = 1-2.
All in all, Wh®-regularity is the only open question in terms of Sobolev regularity.

It could theoretically happen that Wh®-regularity can be further improved upon
in classical function spaces C*® (recalling that W5H*(Q) = C%1(Q)). However, such
improvement can not be obtained — we will show that Cl-regularity is impossible, cf.
Section 2.3.

If A= Id,, (or A issmooth), (1.1) has already been studied by means of potential
theory, cf. [22, Theorem 14.V] and [12]. In this special case the conclusion of Theorem
1.2 is already known to hold true.

We also show that the regularity assumptions on (), A, I" are optimal for the conclusion
of the theorem. A previous article of the author ([23]) asserts (falsely) that if A = Id,x»
then the conclusion of Theorem 1.2 holds true even if €' is only a Lipschitz subdomain.
Such result is not true (by counterexample, cf. [24]). Notice that the present article is
self-contained and does not use any results in [23].

We discuss the optimality of our assumptions by giving counterexamples to the con-
clusion of Theorem 1.2 if Q' is only a Lipschitz domain and if A € W4 only for some
q < n, cf. Section 4. This is remarkable in the following way: In [17] solutions of the
general (Radon-)measure-valued problem

~div(A@)Vu(@)) = i in -
u=0 on df '

are studied and it is shown (cf. [17, Theorem 2.9]) that for each a € (0, 1)
(B, (x)) < Cr" 2t Vr > 0,2 € R" < The weak solution u of (1.4) lies in C%*(Q).

Our counterexample will reveal that “=" does in general not hold true in the case of
«a = 1. This reveals that growth properties of the measure are in this case not sufficient
to make regularity assertions. The geometry of u plays a much bigger role.
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Because of the mild requirements on our coefficient matrix we need an approach that is
detached from potential theory. We will first establish results for smooth data @, A, T" by
means of a comparison of solutions with the (signed) distance function. This comparison
yields also BV -estimates for Vu, which are crucial for our approach.

We will then perform a blow-up analysis and use special test functions to obtain a-
priori estimates in terms of the data. An approximation procedure will then imply the
result.

Because of the absence of potential theory, our approach provides methodological
progress that can in the future also be applied for nonlinear measure-valued equations.

2. PRELIMINARIES

2.1. Notation. In the following we will always assume unless stated otherwise that A is
symmetric and uniformly elliptic, ¢f. (1.2). For an arbitrary closed set C' = R", we say
that f e C%(C) if there exists some constant H > 0 such that

|f(x) = f(y)| < H|x —y|* Vz,yeC. (2.1)

We call [f]coay := inf{H > 0 : (2.1) holds} the Hdlder seminorm of f and define
the Héolder norm || f||coey = sup,ec [f(@)] + [flcoa). We remark that if C' is a
C'-submanifold of R™ then there would also be an alternative way to define the Holder-
seminorm, namely taking the intrinsic distance distc(x,y) instead of |z — y| in (2.1).
These notions of Holder continuity are only equivalent on chord arc submanifolds, cf. [4].
We will thus consistently adhere to the notion in (2.1).

In the sequel 2 always denotes a smooth bounded domain and Q' cc Q always denotes
a suitably smooth and compactly contained subdomain. Moreover, I' = 00 denotes its
boundary. Further we introduce the shorthand notation Q" := Q\('.

In what follows we will assume tacitly and without loss of generality that I' = 0€' is
connected, since otherwise we could look at the (finitely many) connected components of
" separately. (If we do so, it however needs to be ensured that all connected components
I' can also be regarded as boundaries of subdomains of €2. This is true by the Jordan-
Brouwer separation theorem.)

We say (for k € Ny and a > 0) that I' = 0§ is a C**-boundary if it can be written as

I = UOZ-[(Ui x V) nA{(@, fi(z) : 2’ € U;}] = Ur (2.2)

where M € N is finite, O; € R™" are orthogonal matrices, U; < R"! are open balls,
V; = R are open intervals and f; € C*%(4U;; V;) are such that the subgraph of f; lies in
2. Here 4U; denotes the ball with the same center and the quadruple radius of U;. This
enlargement of U; will be needed for technical purposes, cf. Appendix C. We say that I is
represented by (O;,U;, Vi, fi, i =1,..., M) if O;,U;, V;, fi are asin (2.2) and ['; 1 nT; # &
for all i = 1,..., M. We remark that the condition that I';;; n I['; # & can always be
arranged by relabeling, since I'; < T' is open for all ¢ and IT" is connected. We set

M
[T']k.0 := inf {2(1 +sup [z + |Ui| + |[fil lorauzy)) : T rep. by Oy, Uy, Vi, fiy i =1, ..., M} :

i=1 z€Vi
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We use the shorthand notation I' = 0§ € C* if T is a C®*-boundary of ' cc Q and
we denote the outward pointing unit normal vq simply by v for the sake of simplicity.
The signed measure p = Q H" LT is defined via

w(A) = Q dH"' VA < R" Borel set.
ANl

From now on, also (-, ) : R” x R™ — R denotes the standard Euclidean inner product.

2.2. Existence, Uniqueness and W!'P-regularity for p < oo. First we establish ex-
istence and W1P-regularity for all p € (1,0). To this end we employ the duality method.
We show that the measure term on the right hand side of (1.1) lies the dual space

(Wol’p,(Q))* for any p’ € (1,00) and then illustrate how this can be used to show that
u e WyP(Q) for p e (1,0) such that % + z% = 1. This is related to the study of the
equation —div(AVu) = div(F'), conducted under minimal assumptions in [3].

Lemma 2.1. Let T' = 0Q' € C%! and Q € L®(T"). Then the distribution
1(0)i= [ Qv (e) (e CP@) (2.3
r

extends to an element of Wy (Q)* and ||T||(W01,1(Q)* < C(n)[To1||Q||Lory. Moreover
there exists some F € L*(;R™) such that QH™ ' LT = div(F) distributionally, i.e.

/F QY dH" ' = /Q (F,Vy)dz Yo e Cr(Q). (2.4)

Further, one can choose F in such a way that ||F||p=q) < C(n)[To1||Q||Lem)-

Proof. To prove that T' € Wol’l(Q)* it suffices to show (by applying [26, Proposition 17.17]
with gy = Q*H" LT and k = 1 and [26, Proposition B.3] with § = o0) that

/ Q| dH™ Hx) < Cr™! VreR"™ Vr>0.
I'nBr(z)

We first estimate
/ Q@) < [l 0 B (). (2.5)
I'nB,(z

Notice that I' is covered by finitely many sets of the form
E; = O;[(U; x Vi) n {(2, fi(x") : 2" e U} i=1,..., M,

where O; is a rotation matrix, U; < R"! is an open set and V; < R is open and
fi € C¥L(4T;) are such that 3™ (1 + || Dfi]|z=) < [[o1 + € for some arbitrary but fixed
e > 0. Now let r > 0 and = € I" be arbitrary. For all ¢ = 1,..., M there holds (with
7; := OFx and y} denoting the first n — 1 components of ;)

Of (Ei 0 (T n By())) = {(«, fi(a") : 2" € Uy, (&, fi(#')) € By ()}
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c {(, fi(2") : 2" € U;, 2’ € B.(y))}.

Hence (with £"~! denoting the Lebesgue measure on R"~1) one finds

M
H" T n B.(2)) < 2/ A1+ |Dfi(2")]? da’ (2.6)
i=1UinBr(y;)

M
< 2 VIHIDAIZL (B (y:) < £ (Bi(0))([Cloa + ).
i=1
Together with (2.5) we infer that
[, Q1) < ClQl([Toa + O
I'nB,(x

This and [26, Proposition 17.17] yield that ||T||W01,1(Q)* < C(n)||Qllz=([T']o1 + €). Arbi-
traryness of € > 0 yields the desired bound for ||T ||W01,1(Q)*. By [29, Lemma 6.6] we infer
the existence of F' € L*(; R™) such that ||T||(W01,1(Q))* = ||F||»(@) and

T(0) = [(EV0) dr Yo ewi'@)
Q
This together with the definition of 7" in (2.3) implies (2.4). Finally, we have
1Elo@) = T |ty < C)T ol Qe ry.
The claim follows. O

Remark 2.2. The proof exposes a special growth property of the measure yu = Q H" LT,
namely |p|(B,(z)) < Cr"!, holding true whenever I' = Q' € C%1.

Remark 2.3. We recall that if ' = 0Q) € C%! then there exists a continuous trace operator
troq : WH(€Y) — LY(T). One readily checks that the extension of T, defined as in (2.3)
to Wy (Q) is given by

ﬂ@=£@wmwww”@) (2.7)

We will from now on write ¢ instead of trao (¢) and tacitly regard the evaluation as an
evaluation in the sense of Sobolev traces.

Next we prove the asserted W'P-regularity. To this end we will need that under
suitable regularity requirements on A, very weak solutions of the equation are also weak
solutions. Which regularity requirements are exactly needed is discussed in Appendix A.

Lemma 2.4. Let T = 0 € C%, Q € L®(Q) and A € WH(Q; R™™), ¢ > n. Then there
exists a unique very weak solution u € L*(Q) to

—div(A(z)Vu) = Q H" LT inQ,
u=20 on 0f)

and it lies in WyP(Q) for all p € (1,0). Moreover, there ezists a constant C = C(p, n, Q)
such that

lullwrr @) < Clloall@l] oo
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Proof. Step 1. Existence. We show first that there exists u € VVO1 2(Q) such that

/ (AVu, V) do = / Qo dH™™1 Vo e W, 2(Q). (2.8)
Q T

To this end we employ the Lax-Milgram lemma. One readily checks that (due to the fact
that A e Wb < L®) one has that a : W, *(Q) x W;*(Q) — R given by

a(u,v) := /Q(AVU,VU) dz

defines a continuous and coercive bilinear form on the Hilbert space H := VVO1 (). Next
let T be the distribution in (2.3). The previous lemma shows that T € Wy (Q)* ¢ H*.
Therefore the Lax-Milgram lemma yields that there exists a unique solution u € H such
that a(u,v) = T'(v) for all v € H. Using (2.7) we conclude that u solves (2.8). Lemma
A.2 shows that u is also a very weak solution.

Step 2. Uniqueness. Suppose that w € L*(2) is another very weak solution. By Lemma
A.2 we have

— / u div(AVe) dov = — / w div(AVe) dz = T(¢) Yo e WHHQ) n W, 2(Q),
Q Q

yielding
/ (u—w) div(AVe) dz =0 VYo e WHQ) n W, 2(Q). (2.9)
Q

Next we let g € L*(Q) be arbitrary. Lemma A.l implies that there exists some ¢, €
W22(Q) N W(}’Z(Q) such that div(AV¢,) = g pointwise almost everywhere. Using ¢ = ¢,
in (2.9) we find

/Q(u —w)gdr =0 Vge L*(Q).

This implies u —w = 0 a.e.
Step 3. Regularity. Let p € [2,00) be arbitrary. Let F' € L*(Q;R") be as in (2.4). By
3, Theorem 1] there exists some u, € W, () such that

/Q(AVup, Vo) dr = /Q(F, Vo)dx V¢e Cy (). (2.10)
We infer from linearity and (2.4)
/Q(AV(up —u),V¢) dx = /Q(F, Vo) dz — /FQQS dH" ' =0 Voe Cy(Q).
Since u, — u € W,*(2) and A € L*(2) we infer by approximation
0= /Q(AV(up —u),V(u, —u)) de = a(u, — u,u, — u),

yielding that u, = u by coercivity of the bilinear form a. Hence u = u, € VVO1 P(Q). Thus
(2.10), [3, Theorem 1.1] and Lemma 2.1 yield the estimate

ullyr = [lupllyrr < Clp,n, D F[|e < C(p,n, Q)| F|

e < Clp,n, D)]|Qleo[Lo,-
U
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2.3. Impossibility of C'-regularity. In this section we discuss why Cl-regularity is
impossible to obtain for this problem. This will be a consequence of the classical Hopf-
Oleinik boundary point lemma for elliptic operators, discovered by Hopf and indepen-
dently by Oleinik, cf. [16] for elliptic equations in C?-smooth domains. Meanwhile there
have also been found versions of this lemma for less regular, e.g. C®-regular, boundaries,
cf. [1, Theorem 1.4].

Lemma 2.5 (Hopf-Oleinik [1, Special case of Theorem 1.4]). Suppose that D is a C**
domain for some o > 0 and A € CY(D;R™") is symmetric and uniformly elliptic. Let
ve C*HD) n C%D) be nonconstant and satisfy div(AVv) = 0 pointwise on D. Suppose
that xo € 0D is such that v(zg) = max,pv(x). Then

lirgl v(zg + tI/D(;;L‘O)) — v(xg)
t—0—

> 0.

We remark that the existence of some xq € 0D with the properties demanded in the
previous lemma follows from the elliptic mazimum principle., cf. [8, Theorem 1, Section
6.4.1]. We also remark that in the situation of the previous lemma there holds for any
Yo € 0D

U(yo) _ mlllv(l’) = lim 'U(yo + tVD(yO)) — 'U(yo)
zeD t—0— t

< 0.

This is readily checked when applying the previous lemma to —v.
Based on this lemma we prove the following result

Lemma 2.6. Let Q < R" be a smooth domain and u € L*(Q) be the solution of (1.1)
with A e CH(Q;R™), Q € L°(R") and T’ = 0¥ € CH. Then u ¢ C1(Q) unless Q = 0.

Proof. Assume that u € C1(2) and Q # 0. We remark that also by Lemma 2.4 u €
C(Q). In particular min, g u(z) and max, gu(x) are attained. We claim that there
holds div(AVu) = 0 in Q" U Q”. Indeed, for each ¢ € C°(2') one has (after extending ¢
by zero on Q)

/ /(AVu, Vo) dz = /Q (AVu, V) dv = /F Qo dH™ =0,

since ¢|r = 0. One infers that div(AVu) = 0 weakly in €. One can proceed analogously
for ¢ € CP(QY"). We infer from [11, Theorem 9.19] and the assumptions on A that
u e W) n WEA(Q") for each ¢ < oo. In particular, by Sobolev embedding, u €
C%*(Q) N C?(2"). As a consequence u € C?() n C(Y) and u e C2(Q") n C(Y). Hence
u is on both sets {2 and Q" a classical solution of div(AVu) = 0. We next show the
following

Intermediate claim. One value max,.qgu(x) or min gu(x) is attained on I'. By
the elliptic maximum principle one has that max_ o u(z) is attained on 0 = I' and
max, g7 u(z) is attained on 02" = I' U 0€2. The same can be observed for the minima.
One concludes that max, g u(r) and min g u(z) must be attained on I' U 0. If both
are only attained on 09 then u|sq = 0 yields max, g u(x) = min,su(zr) = 0, and as a
result v = 0 in Q. A contradiction to (1.1) as @ # 0. The intermediate claim is shown.
To proceed we assume without loss of generality that max,.qu(z) is attained at some
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xg € I'. We note that u = const. in €”. Indeed, assuming the opposite would yield v = 0
in 2 and hence also on T'. This would however imply that u|o is a classical solution of
the Dirichlet problem
div(AVu) =0 in
u=0 onl =0

and thus (by uniqueness for the Dirichlet problem) u|o = 0, resulting in v = 0 and
contradicting @ # 0. Applying Lemma 2.5 with D = Q” and using that u € C'(Q) we
infer that

o< g M o) ol
t—0—

= (Vu(zo), var(20))- (2.11)
On the other hand we have

(Vu(ao), var(20)) = =(Vu(o), vor(wo)) = — lim u(zo + tVﬂ'(tSUO)) — u(o)

<0, (2.12)

where the last inequality is due to the fact that u attains a maximum at zy and thus
u(zo + trg(zg)) < u(xg) for all t < 0. Since (2.11) and (2.12) contradict each other we
obtain that our assumption can not be satisfied. Hence u ¢ C* (). O

3. PROOF OF THE MAIN THEOREM

3.1. Regularity for smooth initial data. In this section we establish W®-regularity
of solutions for (suitably) smooth data @, A,I". We will achieve this by comparison with
a prototype solution that involves the signed distance function dr, a notion that we recall
in Appendix E. The comparison with the signed distance reveals not just W -regularity
but also that solutions u of (1.1) with suitably smooth initial data satisfy Vu € BV ().
This will be important as it allows us to form traces of gradients of solutions in the sequel.

In this section we will always require that I' = 0Q' € C* for some k > 2. We further
fix some € € (0,¢p) where ¢y = ¢(I') < dist(I, 0€2) is chosen as in Appendix E, i.e. such
that dr € C*(B,,(T')). Here we denote B, (') := {x € R" : dist(x,T") < €}.

We will make frequent use of the formula in Lemma E.1, i.e. that distributionally on
CE(Be(I"))" one has for any suitably smooth function Qo (with v := vg)

(33]- (%|dr|> = QoViVanfl LT+ a?j(%df)(XQ” — Xa)-

Lemma 3.1 (Lipschitz-regularity for suitably smooth input data). Let T' = 0 € C?,
Qe W5(Q) and A = (A;j) € W5(Q; R"™™) for some s > n. Let u € L*(QQ) be the unique
very weak solution to (1.1). Then u e WhH*(Q).

Proof. Let Q, A, T be as in the statement. Let @ := WQV) and notice that Q € W2*(B.(T"))

as v possesses a C?-extension on B,(T") (since v = Vdr|pr and T' = Q' € C3). Now we
look at the following expression for arbitrary ¢ € Ci°(B.(T")).

[ (490Qu). Vo) do =~ [ 1Qideldiv(4Ve) do
B.(T)

Be(I)
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T 2 / ( )%@dFmi(Aij)&jﬁb dz — Z / ( )%AijQ|dr|5z~Qj¢ dx
(I (T

ij=1 ij=1
= / 0j <%Q|dr|5iz4zj) ¢pdr— > / 1A45;Q\dr| 0% ¢ da.
i,j=1 Be(T) i,j=1 Be(T)

Using Lemma E.1 in the last summand (with Qy = QA,;) we find

| (960D Vo) de= 3 [ o (4Qlarlady) o da (3.1)
Be(I) i,j=1 Be(D)
n _ n ~Ai'
-] /AijQViVj(b A"t = ] / 05 <Q2 ]dr> (Xor — xor)¢ da.
ij=1YT i,j=1 Be(T')

Notice next that
Z AijQViVj = (Av, V)Q = Q.

i,j=1

Further observe that Lipschitz continuity of |dr| and the prerequisites on @ and A imply
0; (5Qldr|oiAy; ) € 1*(B(T))

as well as

6% (QQAij dr) (xer — xar) € L*(B(T)).

We infer from this and (3.1) that for all ¢ € C°(B(I')) one has

/Bem (Av(%éldrl),w) dz = —/Fng dx+/B€(F) g6 da

for g := 0; <%Q|d1"|aiAij) — 02 <QA3 dr) (xar—Xar) € L*(B(T)). Now let u € L*(Q) be the

2
solution of (1.1). With Lemma A.2 and the previous formula we have that u € W,*(Q)
and for each ¢ € C°(B.(I")) one has

/B(F) (AV(u+%@|dp|),V¢> dazz/ g0 da. (3.2)

Be(T')

Elliptic regularity (cf. [11, Theorem 9.15]) now implies that u + %Q|d1"| e W2(B.(I)) ¢

loc

WL*(B(I)). Since however also %Q|dr‘| € WL*(B.(T')) we infer that u = u + %Q|dr‘| -

loc

%Q|d1"| e Wo*(B.(T")). To complete the proof we show that u e W2 (Q\Be(T)). To this

loc
end we notice that on dB¢(I') we have

1~ 1~¢
—u+ =Qldr| — =%,
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Since u + %Q|d[‘| e W2 (B.(T)) we infer that u‘aBe () 18 & restriction of a W2s-function
2

on 0B¢(I'). Let now ¢ : B¢ (I') U 92 — R be given by

_Ju(z) xedBg(T),
#le) = {0 e Q.

Then ¢ is the restriction of a function in W2*(Q\B¢ (T')) to d(Q\Bg(T')) = 0w 0B (T).

Moreover u| 0B solves (weakly)

)

{—div(AVu) =0 in Q\Bc (D), (3.3)

¢ on d(O\B,(T)).
This and the regularity of A, ¢, T imply (cf. [11, Lemma 9.15]) that u € W>*(Q\B¢ (T')) —
WL2(Q\Bg (T)). O

Remark 3.2. The prerequsite I' = 0€' € c3 has been only used once in the beginning
of the previous proof to deduce that @) = e W25, If A = Id,«n,, we have that

- (AVV
Q = Q € W?? even if one has only I' = Q' € C%.

The properties of the signed distance function and the findings in the previous proof
also imply the announced BV -regularity statement.

Corollary 3.3 (BV-regularity of the gradient). Let I' = 00 € C3, Q € W?5(Q) and
A € W25(Q; R™™) for some s > n. Let u € L*() be the very weak solution to (1.1).
Then Vu e BV (Q).

Proof. We know from the discussion after (3.3) that u € W?**(Q\B<(T')), and hence in
particular Vu € Wh*(Q\B<(T')) < BV (Q\B:(T')). Next we show that u € BV (B,(T))
which will then prove the claim. The discussion after (3.2) yields that u + %Q|d1"| €

W22(B(D)) for some Q € W>*(B.(T')). Hence V (u+ 1Qldr|) € BV (B.(T)). Using that
by Corollary E:2 V (1Qdr|) € BV (B(T)) we find

Vu =V (u+3Qldr]) -V (Qldr]) € BV(B.T)).
The claim follows. O

Remark 3.4. For the same reason as in Remark 3.2, the prerequisite I' = 0 € C? can

be replaced by I' = 00 € C? if A = Id,xp.

Using the same comparison techniques one also obtains more regularity away from
the interface T

Corollary 3.5 (Further regularity away from the interface). Let T' = 0Q € C? and
Qe W25(Q), A e W5(Q; R™") for some s > n. Let u € L?(Q) be the weak solution to
(1.1). Then u e W25(Q) n W5(Q").
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Proof. We have seen in (3.2) and the discussion below that for Q = ( Agu) e W25(B.(I"))
there holds

u+ %|d[‘| e W25(B.(T)) € W*5(Q' A B(T)) n W*5(Q" n B.(I)).
Moreover, Lemma E.3 implies that
Qldr| e W*(Q A B(T)) n W(" A B(T)).

This implies that u € W2*(2' n B(T')) n W2*(Q2" n B(T)). Since the discussion below
(3.3) also yields that u e W**(Q\B¢(I')) € W**(Q\Bg(I')) n W>*(Q"\B¢(I)) the claim
follows. O

3.2. Blow-up arguments. We have observed in the last section that for suitably regular
data @, A, T solutions of (1.1) lie in W% () and their gradients lie in BV (Q2). By Lemma
2.6, better global regularity can not be expected. However on Q" and ") solutions are
A-harmonic and therefore more regular (cf. Corollary 3.5). Hence there must occur a loss
of reqularity on I'. In this section we use blow-up techniques to understand the behavior
on I' precisely.

Lemma 3.6 (A Taylor-type expansion). Suppose that ' = 0¥ € C', A,Q € C%%(Q) for
some a > 0 and u € L*(Q) is a solution of (1.1). If u e Wh*(Q) and Vu € BV (Q) then
for H" 1 a.e. xg €T there exists some 0(xy) € R"™ such that

u(z) = u(zg) + (0(x0), x — x0) — %me — xo, v(20))| + o(|z — x0]).

Moreover, one has (for H* ' a.e. zy€T')

0(xo) = lim Vu dz.

r—0 Br(mO)
In particular, the map 6 : T' — R"™, xq — 0(xg) is Borel measurable and lies in L™ (T).

Proof. Define for r > 0 the function u, : R® — R" via

u(zo)

T

ulzotre)—ulwo) o +rx €N
up(x) = ’

otherwise.

Observe that w, is Lipschitz continuous for all » > 0, w,(0) = 0 for all » > 0 and
VU, || po@ny < ||Vul|o@). We conclude by Lemma B.5 that for each sequence r; — 0
there exists a subsequence r;; — 0 and some u € WP (R") with Vi e L®(R") such that
Uy — U locally uniformly and Vu,, — Vi weakly in WH2(Bg(0)) for all R > 0. As a
shorthand notation we write r; = 7;,. We next describe u by means of the equation it
solves. For arbitrary ¢ € Ci°(R™) there holds

/n(A(xo)Vu(:p), Vo(z)) de = th& Rn(A(:EO)Vu,:j (x),Vo(x)) do

= lim (A(xo)Vu(zg + 7jz), Vo(x)) do

J—®© xo+FjJ:€Q
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= lim (/ (A(zo + 7j2)Vu(zg + 752), Vo(z)) d
J—®© xo+7;2ed
—i—/ ((A(zg) — A(zo + 752))Vu(zg + 7j2), Vo(x)) do | .
JJ()-‘rfjl‘EQ
The absolute value of the second summand is now estimated by

[Alewer diaan(spt(0))°[[ V= [ Vo] de = of1) (G = c0)

Hence we obtain

/n(A(xo)Vﬂ(a:), Vo(z)) de = ]lLIrolo . Q(A(a:o + 72)Vu(zg + 752), Vo(x)) do
L £20)) dz = lim ! 2)Vu(z 7 (2)) dz
_JILI&EL(A(Z)VU(Z)’V¢(T)) d JLOO 77;}71 /Q(A( )WVu(z), Vi, (2)) dz,

where ¢, (2) := ¢(*=). Using Lemma A.2 we obtain

/chr (1

/ Q(z)p(=20) dH" 1( ) = lim Q(xo + 72)p(2) dH"1(2)

]—>OO r— I'—zqg
J

= }L‘& (/ Q(z0)p(z) dH"'(z) — /M(Q(xo) — Q(xo +7;2))p(2) dH"1(2)>-

Tj

/ n(A(wo)Vﬂ(w), Vo(z)

J—®© T

The absolute value of the last summand is bounded by

[Qlevergdiam(spt(6)” [ 10(2)] a1 () = o(1) (j — c0).

J

where we used that for all ¢ € CJ(R™) there holds

[ @ e = [ v i) G- ).

Ty

Using this once more we obtain

TooD

[ (A Va(e). Vo) de = tim Q) [ o ant = Qo) [ san

_ 1 . .
As a consequence, © € W,/ °(R™) is a weak solution of

—div(A(zo)Vau) = Q(xo)H" LT, on R,
u(0) = 0,Vu e L*(R").
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We claim next that there exists some 6(zg) € R™ such that

u(z) = (0(z0),2) — %WKVWO)%H-
To this end we first compute that v(z) := —%WKU(:@)VZH defines a weak
solution of (3.4). One readily checks that

V’U(Z) = —%msgn(u(:@), Z)I/(SU(]).

With this formula we compute for each ¢ € C°(R™) (with the shorthand notation B :=
1 Q(z0)

2 (A(rO)V(IEO)W(m)))

/ (A(20)Vv, Vo) dz — — B /T y / sen(v(z0), w + t(20)) (A(zo)v (o), Vo) dt duw
=—B/Tz /sgn V(xo), Vo) dt dw

=—B div(pA(zg)v(zg)) do — div(pA(zo)v(xg)) do
( /Tmmm)y(m) (@A(ow(a) do — | oy 0AG ) )
=28 [ o(Am)ylao).vizo)) dH = Qan) [ g amr,

Ty T Ty T

This and (3.4) yield that w := @ + ZW—?)VWK v(zo), -)| solves (weakly)
—div(A(zo)Vw) =0 in R", (3.5)
w(0) = 0, Vw € L*(R"). '

We claim that this implies that there exists 6(z9) € R™ such that w(z) = (0(xo), 2)
for all z € R”. Observe first that by elliptic regularity each solution lies in C*(R").
Differentiating the equation one sees that for all ¢ = 1,...,n the map J;w satisfies
—div(A(zo)V(0;w)) = 0. Moreover, (3.5) yields that d;w is bounded on R". Liouville’s
theorem for elliptic operators (with constant coefficents, cf. [27]), implies now that d;w
is constant. We conclude that Vw is constant and therefore w(z) = (6(zo),2) + D for
some 0(xg) € R" and some D € R. Notice however that D = 0 as w(0) = 0. We infer
from the definiton of w that

u(z) = (0(o), x) — %%W(%)JN-

We remark that 6(z) could in our construction depend on the chosen subsequence (7;) jen.
We will next show that 6(x) is actually independent of the chosen subsequence for H"~*
a.e. xg € I'. This would then imply that u, — @ locally uniformly as r — 0 for H"~! a.e.
xo €I

Intermediate claim. We claim that

0(xp) = lim Vu dz.

=% J By (o)
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Since by [9, Theorem 5.20] for H"~! a.e. o € I there exists

lim Vu dz

"= J Br(z0)
the intermediate claim will imply that for H"~! almost every zy € T the value 0(zg) is

independent of the chosen subsequence and

0(xp) = lim Vudzr for H 'ae. z9el.

T'HO BT (1‘0)

To show the intermediate claim we compute with the Gauss divergence theorem defining

ay, = |B1(0)|

1
][ Vudr = — / V(u—u(zy)) do
By (w0) AnTj J By (o)

1 Zo

— _ . L — n—1
T /aBrj (m)(u(x) o)) A

J J

1
= / (u(zo + 752) — u(zg)) - 2 dH™ !
0B1(0)

Oénfj

_ i <u(:p0 + fj;z) — U(:Eo)> L dH i/ u(z) - 2 A"t
2B1(0) 2B1(0)

o™ T; J—0 Qu,
1 1

-1 (0(x0), 2) — 5 7= L[ (1(z), z>|) e,
O{n 631(0) < 2 (A( 0) ( 0)7 ( 0))

Notice that z — %WKVWO),Z” is even with respect to the transformation
z — —z. Since however z — z is odd with respect to this transformation and —0B;(0) =
0B1(0) we obtain that the second summand vanishes. Therefore

lim Vadr = — [ (0(x0),2) 2= — [ V(0(xo), 2) dH™(2) = O(zo).

120 J By, (wo) Qn JoBy (0) Qn J By (0)

As explained above this shows independence of 6(xg) of the chosen subsequence for H"*
a.e. g € I' and this yields that for "' a.e. 7y € I’ one has (locally uniformly in r)

: _ _1 Q(zo)
lli% up(r) = (0(x0), ) 2 (A(zo)v(z0 ), (z0) |(v(x0), 7).

u(zo+re)—u

Since u,(x) = . @) for all z close to o we conclude

u(xo + 1) = u(xo) + (0(x0), 72) — %WKV@:O), rz)| + o(r),
whereupon y := zy + rz yields the desired formula

u(y) = u(zo) + (0(x0), y — o) — %mmf@o),y = @o)| + o(ly — wol)-
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This blow-up result enables us to look at the boundary trace of Vu on I'. This
boundary trace result becomes i
mazimum principles. We recall from [13, Theorem 2.10] that for each f € BV(D) one
has

trap(f)(z) = lim fy)dy for H* ' ae. zedD. (3.6)

r=0Jp, (z)nD

This notion is also consistent with the notion of traces of Sobolev functions in the sense
that if f € W1(D) then the BV-trace coincides with the classical Sobolev trace of f.

Lemma 3.7 (Boundary traces of the gradient). Suppose that T = Q) € C', A,Q € C**
and v € L*(2) is a very weak solution of (1.1). Let § : T — R be as in Lemma 3.6. If
ue Whe(Q) and Vu € BV () then H" ! a.e. on T one has

trQ/(Vu) 0+ 5 (Agy) v,

1_Q
2 (Av,v)

tror(Vu) = 0 —

V.

Proof. We only show the first formula, the second formula is analogous. The main tool we
use is (3.6). Using the Gauss divergence theorem (which is allowed as by [5, Proposition
2.5.4] ' n B,(z) is a Lipschitz domain) we find

B gy ) 2 IPW/ oy ) A
: n—1
i [ (o) @)
(Br(z)n&)

= lim REE

= hr% |Br(z A </ ) - U(Z))I/Z(ZL') dH”*l(x) + U(Z)/ V; dHn1>
= 0(Br(2) mQ’ O(Br(z)nQY)
</ (z) — w(2))vi(z) dH " (z) + u(z)/ 0;(1) d’H"_l)
(B (2) mQ’ (Br(2)n)

T w2 wilr) A )
r— 0(Br(2) mQ’
1 Q(z)
},l_r,% |Br(z ~| /a Q, z),x —z) — 2ARV(2) () [(v(2), 2 — 2)|

o(lx — z|)]vi(x) d?—["fl(:p).
Now note that

/ o(|x — z|)vi(z) dH™ (x)| < limsup 0(1)7”7{11 YO(Br(z) n QY ))
O(Br(2)ntY) |

lim
r—0 | r (Z) M

r—0

1
|Br(2)n€Y|
Arguing as in (2.6) we obtain

H" (Y NB(2)) < H" (0 NB(2))+H" (" B.(2)) < C([0 ]o1)r"™ " +wnr"

and thus

lim == / o(lz — z|)vi(z) dH" H(x) < Climsup —————
r0 B0 o g nan r—0 - |Br(z) n €Y
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1

= (Climsupo(l)——— =0,
nsupof )|Bl(0)m%|
where we used that ﬁ is uniformly bounded in r by [9, Theorem 5.13]. We
B1(0)n
obtain therefore that
=1;n|ﬁ/6( 067 2) S, — =)o) 7 2)

}%?gyérﬁﬁz?f'j/ . Qli%n[e(Z),af—-Z)-— Lo (v (2), 2 — 2)[] da

=l e [, 1042) ~ d et (), — 2 (2]

oy 1 ee oy B 0 (4 B[ - |Br(2) a0 (2 4+ HO))
= 0i(2) ~ srme vy () i B (2) n Y] ’

where H* = {y e R" : +(y,v(z)) = 0}. By [9, Theorem 5.13] we have

0 Case 4’
| B, QN HY)| = lim —|B H* A = ’
TL“%QH (2) N (24 H7)| #i%an| 1(0) == {5 Clase '

as well as 1
hm—|B()mQ’|:—.
r—>00z 2

Dividing and multiplying the quotient in the previous computation by a,,r™ we infer from

(3.7)
trgl(aiU)(Z) = el(z) + %% (Z)

This proves the claim. U

Remark 3.8. The previous lemma reproduces a very classical result from potential theory,
to be found in [22, Eq. (14.15)]. For ' = 0 € C* and Q € C%* one can define the
single layer potential P : {2 — R given by

P(x) := /F(x —y)Q(y) dH" !(y) with F being the fundamental solution of —A.
r

The result is that for all 2y € T' there exist 0FP () := limy_o4 73(9“0””(9;0))—7’(9”0) and one
has the following normal jump formula

0, P(x0) = 0, P(a0) = —Q(zo). (3.8)

A similar result can be also obtained if one replaces —A with an elliptic operator —div(AV(+)),
provided that A is smooth enough. The observation of (3.8) is related to our findings in
Lemma 3.7. If A =1Id,,«, the solution u of (1.1) is (cf. Proposition 4.1) given by

u(z) = / Gale, 1)Qy) dH" 1 (y),
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where G denotes Green’s function for —A. Since Gg(z,y) and F(x — y) coincide up to
a smooth function in 2 we obtain that u = P + g for some g € C*(2). In particular

0y u(xo) = 0, u(wo) = 0, P(x0) — 0, P(x0) = —Q(x0)-

If one now replaces dfu by (trgr(Vu),v) and 0, u by (trg/(Vu),r) one can obtain the
same normal jump with the formulas from Lemma 3.7.

The previous remark says that the behavior of normal derivatives of solutions was
previously understood by means of potential theory. The upshot in our new approach is
that we also get an explicit understanding of the tangential derivatives, by means of the
function 6 obtained in Lemma 3.6. This helps us also characterize the regularity of the
tangential derivatives.

Corollary 3.9. Suppose that I' = 0Q' € C3, Q € W5(Q) and A € W2*(Q;R") for some
s > n. Then 6 possesses an extension in Wh*(R™).

Proof. By Corollary 3.5 one has that u € W25(Q') n W25(Q") which implies that Vu €
Wh(Q) n Wh(Q"). In particular Vu|g possesses an extension in W1H¥(R") (as Q' is
smooth enough for the existence of an extension operator). Now observe that on I' = 0¥/

there holds by Lemma 3.7

1.Q
2 (Av,v)

V.

9 = VU|W—

Since v = Vdr|r possesses a C*-extension to R™ and Q possesses a W%*-extension the
claim follows. O

3.3. A priori bounds. In the following section we use the results of the previous blow-
up analysis to bound ||Vu||r»(q) in terms of our data @, A, T, which are still assumed
appropriately smooth in this section. We will however check carefully that the constants
in our a priori estimates on ||Vu||r»(q) depend only on [I']; .. Notice in particular that
this means that standard elliptic regularity estimates should not be used as the constants
would then depend on [I']s. However, for equations with (left -and right hand side) in
divergence form, some regularity estimates hold true with constants only depending on
[F]LO’ cf. [3, Eq (3)]

A second key ingredient for our estimates is the elliptic mazximum principle, which
we however want to apply to the differentiated equation to obtain estimates for Vu.
The problem here is that one needs to investigate in what sense Vu actually solves the
differentiated equation: Since Vu is a priori only BV-regular, one has to investigate
carefully in what way differentiation of the equation makes sense. Further, there will
appear very weak concepts of solutions, so called BV-solutions, cf. Definition F.1. For
these types of solutions it needs to be carefully checked, whether an elliptic maximum
principle is at all available. We have dedicated Appendix F to this question.

Lemma 3.10. Suppose that T = 0Q' € C*, Q € W4(Q) and A € WL4(Q; R™") for
some q¢ > n. Let u € L*(Q) be a very weak solution of (1.1) with Vu € BV (Q) n L*().
Then for r := (F94 ypere holds

q—n

[Vu||p=) < C(n,q,Q, [T]10)[| DA Lo | V| Lr @) +[[trae (V) | Lo ) +|[traor (V) || o)
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Proof. Define w; := djulgr € BV () n L*(Y). Naturally, troo (w;) = trao(0ju). We
intend to obtain an equation for w; on €' and Q" to which the maximum principle can
be applied. To this end we compute for all ¢ € C§°(£Y')

_ / div(A() Vo) dr = / ou div(A(z) V) de

/

_ / u div(0;A(z)Ve + A(z)V(0;¢)) da

— - / (0A(2)Vu, V) d + / (A(@)Vu, V(0;0)) do

= — / (0;A(x)Vu, Vo) dz, (3.9)
where we have used in the last step that u solves (1.1). Notice that by Holder’s inequality
@A)Vl 0 g, < 1105l agey] Vel 10 (3.10)

/

ntq
Hence by [3, Theorem 1.1] there exists a unique weak solution w; € I/VO1 C 2 ()

{—div(A(x)wj) = div((;A(z))Vu) in €,
w; =0 on 0¢,

+q

in the sense that w; € WOI’T(Q’) and

/,(A(a:)ij, Vn) dz = —/ (0;A(x)Vu,Vn) de Vne CF (). (3.11)

/

By [3, Eq. (3) and Theorem 1.1} and (3.10) we infer also that
< C([0QT00)l10;AVUll na < C([Tlo)[[DA]|Le [[Vul]zr-

il

Now defining v := w; —w; we infer that ¢ € BV (') and trao/ (¢) = trag (d;u). Moreover
(3.9) and (3.11) imply that for all n € C;°(£2') there holds
/ Y div(A(x)Vn) doe = /(wj — w;)div(A(z)Vn) dz = 0.
Q 0
Hence v is (in the sense of Definition F.1) a BV-solution of

—div(AVY) =0 in
Y = troo(d;u) on O€Y.

Therefore 1) satisfies all prerequisites for the announced elliptic maximum principle (Lemma
F.2), from which we conclude that ||1)||r=) < |[troo (0ju)||r=@q). Using this and the

Sobolev embedding W'"2* < L* (with embedding constant D = D([0§Y]10)) we find
[lwjll ey < M5l + 1l < DAL o)I@s]],mpa ) + 1]z

< D([T]1,0)C([T]1,0)| | DA[| oyl [Vul | ry + [[trae (O5u)|] oo

For €2 one can derive the same bound and thereupon infers the claim. O
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Corollary 3.11. Suppose that I' = 02 € C*, Q € W4(Q) and A € W14(Q; R™*") for
some q > n. Let u e L*(Q) be a very weak solution of (1.1) with Vu € BV (Q) n L*(Q).
Let 0 : " — R be as in Lemma 3.6. Then

1
[[Vul[L=) < C(n,q,Q, [T]10) || DA L@ [|Q| ey + 2/10]| 2 + X||Q||LO°(F)- (3.12)

Proof. By Lemma 3.7 and Lemma 3.10 we have that for r := a(ntq)

q—n

[Vl o) < C(n,q, 92, [Tho) IDA]afulfwrr +[10 = 5 s =y + 110+ 5 s o= o).

Now notice that by Lemma 2.4 we have

[lulfwrr < C(r, [Tlo ) [|Qf| o).

Using this, the triangle inequality and #) <

v the claimed estimate follows. O

1
X

The estimate (3.12) has (except for the second summand) constants depending only
onn,q, [T [|Allwie, A and ||Q]|co.«. We also will achieve such control in the second
summand by estimating ||0||»r) in terms of the same quantities. We will obtain a

control of ||0||.»ry using the Taylor expansion in Lemma 3.6 and a special test function
in (1.1).

Lemma 3.12. Suppose thatT = 0Q' € C°, Q € C**(Q) and A € Wh4(Q2; R™™) for some
q > n. Let u e L*() be a very weak solution of (1.1) such that Vu € L*(2) n BV ()
and let 0 be as in Lemma 3.6. Then we have

||9| |LO°(F) < C(TL, q, &, )‘7 ||Q| |Co7a7 ||A||W1’q7 [P]l,av diSt(Fv aQ)) (313)

Proof. Without loss of generality we may assume that o < 1 — %, so that Whi < C0e,

(If this is not the case then regard @ as an element of C%®" for some o/ < a and work
with o instead). Let xy € I' be an arbitrary Lebesgue point of § such that the formula
in Lemma 3.6 holds and [0(zo)| = 3|6||L=(r). For this proof we set Ay := A(x). Fix
r € (0, 3dist(I", 09)) and define for € > 0 small 7 : [0,0) — R via

1 0<s<m,
Ne(s)i=91—-F r<s<r+e,
0 r=r+e

Let additionally 772s := 1 * s, where (1)5)s=0 is a standard mollifier on R. Define

d(x) == (0(wo), x — o)1’ (| Ag (2 — 20))),

where A, "2 is a symmetric positive definite matrix such that (Ay Y )2 — A;'. Using

- AN z—z
VAP (2 — 2)| = % we compute

Ao_l(x — )
Ay (2 — 0)|

Vo(x) = 0(zo)nl (|Ag *(x — 20)]) + (B(x0), @ — 20) (%) (| Ag (2 — o))
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By symmetry of A, one has

( Agt(x — xO))|,A09(:E0)> ~ (0(x0), 7 — x0)

1Ay (& — ATz — o))

and

& ( T — I ) n (AgH(x — x0), 7 — T0) n—1
v _ _
40" (@ = o)

)

1Ay (@ — )] 1Ay (& — o) P Ay (@ — o)

whereupon one readily checks

(18) (| A 2 (x — o))
Ay (2 — o)

div(AgVe) = (6(x0), © — o) [(n +1) + ()" (145 (@ — xo)l)] :

Hence there holds

/ Qo A" = / (AVu, Vo) da = / (A= Ay)Vu, Vo) dz — / u div(AgVe) dx
T Q Q

(10 (|45 2 (2 — o))
Ay (x — o)

= — /Qu(ﬁ(xo),:c - xo)[(n +1)

+ Sf(r),

(145 @ = 20))] da

where
SO(r) = /Q((A — Ag)Vu, Vo) dzx

:lﬂA—va%@wﬁmm—xwwwwﬂm

-FQA—A@Vmwuww—m@mbﬂAJ”m—x@Df“<$‘“>><m

1Ay (x — o)

We remark that S°(r) depends on r via the dependence of 7’ of r. Notice that the
supports of (nf)’(|A81/2(- — z0)|) and (nf)”(|A81/2(- — x9)|) lie in the closure of zg +
Aé/Z(BHE(O)\BT(O)) cc Q (if € is appropriately small). Hence we can substitute y =
A2 .

o ' “(x —z0) and obtain

/F Qo dH" ' — S2(r) (3.14)
=-—¢x@%ﬂ>/ﬁzmxo+f%”yxz%”9@bxy>hn+-mﬁﬁlﬂﬁ@-%oﬁyuynﬂcw.

. Y|

Looking at the second summand of integral we compute

[t + A2 (A3 8a0) )52 )
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=/ﬂ¢ﬂ@/‘ wleo + AY2y) (AY20(z0), y) A (y) ds
0 B.(0)
© d
_ - A1/2 Aé/QH 2o).y) A ds,
[y ([, v A0t )

where (a.e.-)existence (and boundedness) of the derivative of the expression before is
ensured by Lemma B.3. We define now

h@w:/B@<w+Am>M?mmm»&#1@> (3.15)

and observe that by (3.14)

;Qi@%(AQ¢MW4_5ﬂﬂ):meg@mﬁﬁh—[fmgww+lmgd$

S

Our goal is now to let § — 0. We remark that (1?)" converges in L'((%,2r)) to Lx[r+q-
Since h' and s — 2Fh(s) are uniformly bounded in (%,2r) and for €, 4 suitably small
(n?)" is only supported in (,2r) one can pass to the limit and obtains

i UQ(/@ Blan) o = 2ol |43 (o = 20) 4r = (0))

_ _/TW (h’( )t lh(s)) ds, (3.16)

€ S

where

Se(r) = }sif(l) So(r).

The existence of this limit we will show later. Letting also ¢ — 0 we obtain for a.e.

e (0, 1dist(T, 09))

n+1 1
h(r) = ——
r det(Ay )

h'(r) — (/Fm&(m) Q(x)(0(xo), x — o) dH" ' + S(r)) :

where S(r) := lim_,q Sc(r) (which due to (3.16) must exist whenever lim,_, fr+5 (W'(s) — ™Lh(s)) ds
exists, i.e. at each Lebesgue point of k') and

E(xo) 1= {x e R" : |[Ay P (x — m0)| < 1} = APB.(A; o).

We infer

d (h(r) _ 1 1 -
% (Tn+1> a mm /Fm&(m) Q<x>(9($0),x_$o> W 1<x)+

1 1

e
(3.17)

We claim next that (with w, := H""1(0B1(0)))

lim (h(”) - %|Aé/29(xo)|2. (3.18)

r—0 \ pntl
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To this end notice that by the Taylor expansion in Lemma 3.6 one has

i () =i [t + A 0a0) ) )
0B:(0)

r—0 r—0 rntl

i [ o [0) = S 4. o))+ (6ao), 45%) + 00|

r—0 rntl
(AY0(x0), y) dH " (y).

Since y — [u(xo) - %%K%ﬂzy, V(:UO))|] is even with respect to the transforma-

tion y — —y and y — (A7Y20(x),y) is odd w.r.t this transformation we infer

1 x - n—
=y o L) = S (Ao | (A7 0(an) ) dH ™ ) =

Moreover,

olr) / (AY20(20), y) dH (3)
" JoB,(0)

1
< Mwnr"—lmgﬂe(%)v = o(1),
Tn

as r — 0. Hence

hm<h(2)=hm S e, e
e 2B,(0)

r—0 r—0 pn+l

1 1/2
_ 1/2 2. Ay 70(x0) 2 n—1
A0 lim /GBT(O)<—A3/QM,@/> aH" ()

1/2
We may now apply an orthogonal transformation that maps &’ngmoil
0 o

symmetry of 0B,.(0) to find

to e; and use the

r—0

. h(T) 1/2 271 1 2 1
| = |A/°0 | dH"
%0 (r"+1> Ay "0(eo)|" liny et /a&(o) A

1
= Z|AY?0(x0)? lim
n

r—0 rntl

/ (27 + ...+ 22) dH"(2)
2B (0)

_ 1 1/2 27- 1 2 n—1

= Ao Pl [ )
1
n

This shows (3.18). Using this and (3.17) we obtain for any ro € (0, 1dist(T, 09))

|Aé/29(x0)|2 lim

w
L™ = S A6 (o)

Wn | (1/2 2 ... h(r) _ h(ro) ld h(r)
;|AO 0(zo)|" = },1_1;% et < Tg+1 + o dr rntl
1 1

h(r ro
= EH-Ol) +/
To 0

det(Aé/Z) e+l /Fﬂgr(mo) Q(z)(0(xo), x — o) AH" '(2)| dr
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o 1 1

+ ———————|S(r)| = (I) + (II) + (III). (3.19)
/0 det (A% ™!

We will estimate all the three summands appearing in this sum.

Term (I). Estimating the integrand in (3.15) by its L*-norm and using Lemma 2.4 (with

Wh? — L* for p > n) we find

h(r 1 |
ol < el A0 )t < ~C(@ [T )13 0] [
s s o
Term (II). Notice that
1 x
1 / Q) (B(z0), = — 0) dH™ () = L) / (0(z0), 2 — o) M ()
r L& (x0) r L'nEr(zo)
(3.20)
1 _
b [ (@) = Q). o) AW ()
r Lné&r(zo)
The last summand is bounded by
1
ot Q]| co.ar®|0(a0)|rH" (T A E()) (3.21)
Qo 0(zo)]
< Wllev 0o )y 1y B, (a0)) < €O A 1@l o [Ton) g 00)
which is integrable on (0, 7). For the first summand we obtain
Q(fﬁ) / (0(x0), x — x0) AH" () = Q(fﬁ) / (0(x0),  — o) AH"(z)
T TAEr(z0) T TAAY B (AT 2 20)
Q(o) / 1/2 -1
_ A x — 1/2 "
rrtl Aal/QFmBr(Aal/%Co)(e(x(])’ 0" xO) JAO/ (SL’) d# (SL’),
where J 12(7) 1= det(Aé/ZT,(x),Aé/ZTj(x))mzl _____ n—1 and {7 (z),...,7,—1(z)} denotes an
0

orthonormal basis of T, I'. With Lemma C.3 it is easily checked that J ;12 lies in C%(T)
0

with C%“-norm bounded by a constant D(||A[|1 (), [[]1,a). We can therefore proceed as
above (3.20) and (3.21) and write

1
S e ) ae
r T'nér(xo0)
Q(ZL‘Q)J 1/2(1‘0)
- Tni()l /A—l/QF B (AT )(Q(ZEO), Aéﬂx - 1‘0) d,Hnil(x) + R(T)

where R(r) is integrable and [[° R(r) dr < C(a, [|Q||co.a, |[|A|[L=, [T]1,4)rg, which can
be bounded by the desired quantities as ry < dist(I", 0€2). Now using Lemma B.3 with
=4, Y21 we can estimate

[ @)
T'nér(xo)
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Q(.To)J 1/2 (.To)
= A AY(), / (2 — A" P20) AH™ () | + R(r)
r AP AB (A a0)

QI AV |AY?0(20) [C([ Ay V2T 1) + R(r)
(7).

(4P T) e < OOV [T]ha), mo < dist(T, 6Q) and |A)°| <

n+1

. 1
= [|Qll= | AG”| 1456 (xo)| C (AT Thia) 1=

||A||LOO we mfer that

h 1 n—1
/0 yntl /Fm&(mo) Q(x)(0(z0),  — ) dH
C(a7 )\7 ||A||Cova7 ||Q| |CO’O‘7 [F]l,a)diSt(F, aQ)a|A(1]/29(ZL‘Q)|

Term (III). We next need to estimate

/O n+1|5( r)| dr.

To that end we notice that (by the dominated convergence theorem and the fact that
Vue L*())

S(r) = lim lim(S%)(r)

e—06—0

e—0

= lim (/ ((A = Ag)Vu, n.(| Ay P (2 — 0)])0(20))
+ / ((A ~ Ao)Vau, (0(x0), = — xo)éx[r,rﬂ](mol/?(x - mn%)) . (3.22)

For the first summand we obtain

/ﬂ ((A = Ag)Vu, ne(| Ay > (2 — 20)])0(0)) dz

lim =

e—0

/Q oo (A= Ag)Vu,0(x)) dz

< [[A = Aol e oy [Vl [ 210 [0(20) | € (o).
Since &.(xy) < B (7o) and (by Lemma 2.4) [|[Vul|r: < C([I']o1)]|Q]|r= ) we obtain

/r.Cll
< l[Allone T

< O [Flo)l[Alleoe |0 (xo) [r™ (3.23)

lim

e—0

C([T]o,1)10(zo)|€r (o)

/Q ((A = 40) Ve, (| Ay (= ) )O(x0)

For the second summand in (3.22) we find after substitution y = A, Y *(z — mp)

hm'/ A o)V, (8(z0), x—$o)1 el (JAg 1/2@_560”)M>‘

1Ay (@—z0)|
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‘ 1 —1/2

= lim | det (4}%) / ((Alwo + A3y) = Ao) V(o + A5*y). (A5 *0(w0), 1) =1rr-a(ly) 2572
. TN 1/2 1/2 1/2 Ay

= hII(l] det(A4, )E/ /a o ((A(xo + Ay "y) — Ao)Vu(zo + Ay 7y), (Ay “0(z0), y) M ) :
e r s(0

In the last step we used the radial integration formula for an integrand that lies in
L*(R™) n BV(R™). Radial integration in this case is somewhat delicate since the inte-
grand is technically not defined on sets of Lebesgue measure zero. Nevertheless it holds
true if one takes the precise representative (Vu)* (cf. Lemma D.2). With this precise
representative it is also allowed to pass to the limit as € — 0 (cf. Lemma D.3) and obtain

—1/2
det(A?) [ ((Alao + AY9) — A0) (V0" (a0 + A3), (AL 0(w0). ) 2 dH”1<y>'

8B,(0) |y

< det(Ay?) sup A(wo + AY2y) — Aol |Vaul|pon ey | AY20 (o) | 1 | Ay 2 oL,
yedBr (0

. 1/2 1/2 1a 1/2) «
Using that sup,cop, (o) [A(xo+A *y)—Ao| < || Allcow supyeop, o) |40yl < [|Al]coa| Ay |
we find

lim

e—0

Aal(:c — Zp) ‘

_ U To), T — T 1 _1/2x_$0
/((A Ao)Vt, (0(0), & = 0) ZXtrr+a (140 )|)|Ao_1/2(x—xo)|

< wadet(AY)|AY?0(x0)| ||Vl | Lor™te.
Together with (3.23) we obtain
1S(r)] < C(J| Ao, X, [Tloa) (1 + |[Vae] [ ) [Ag 0 (o)] 7Fe.

Hence

,r.n-i-l

ro 1 1 1
[ 18631 < ClAllcnn, A Tlon) 1+ [Vadlx) [AFO(a0)] 275
Term (I), (II) and (III) are now estimated. Going back to (3.19) we find
Wn
450 (z0)
1 1 o 1 o
< %CI|A3/29(3;0)| + Cy—dist(T', 092)°16(z0) | + Ca(1 + ||Vl o) | A5 *0x0)| 75

with constants C}, Cs, C5 that depend only on the desired quantities on the right hand
side of (3.13). Define Cy := max{Cy, Cy, C5}. Using that |A)0(x0)]2 = VA|f(z0)> =
1V/M[|0])2 we obtain

wa VA

9200
= X2 011
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1/2 1/2 o
<C (—MAH/Hﬂhw+ = dist(T', 09)°||0]| = + —HAH/(+HVuMmMﬂhmh).
Now we use that by Corollary 3.11 one has

1
IVullze@) < C(Th)IPAllal|Ql| e + @]z + 2116
= 2/|0]|> + C([]1,a, [|Allwra, [[Q] ).

Therefore we have

wn\/X jad 1 6% (e
gjww&<@Qﬂwmﬂwm+@mwm+wmw%).

Now choosing o such that C,Csr§ = min{ié’405dist(1", 002)°, \/—_} (

cally implies o < dist(I", 0€2)) we infer that

VA e
2 X218 < S22l + Ca (- + 1+ Cor ) 16

which automati-

Wn
n

Using that the chosen ry now also only depends on desired quantities we obtain the
asserted bound for ||0]] 1. O

Corollary 3.13. Let T' = 02 € C*, Q € W?#(Q) and A € W2*(Q; R™") for some s > n.
Then for each ¢ > n and « > 0 the solution u € L*(2) of (1.1) satisfies u € WH*(Q) and

||u||W1’°° < C(n’ q, &, )‘7 ||Q| |Co’a7 ||A| |W1’q7 [F]Lm diSt(Pa aQ))

Proof. That u e WH*(Q) follows from Lemma 3.1. Corollary 3.11 now yields that

9l < COv,, 9, [Tlo ) I DAy 1@1L + 206l = + /1@l
Together with the fact that by the previous lemma
10l < C(n,q, 2, A, [|Q|cos || Allwr.a, [T]h,a, dist (I, 042))
we infer that
VUl < C(n, q,a, A Q| coa, [|Allwa, [[1a, dist(T', 09)).
Since ulsn = 0 we may estimate
[lullwreo(e) < (1 4 diam(2))[[Vul[ e (q).-

The claim follows. U
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3.4. Completion of the Proof.
Proof of Theorem 1.2. Let Q € C%*(T"), A e WH(Q; R™") and I' = 9 € CY® be as in

the statement. Choose an approximating sequence (I'; = 0€}) ey of smooth boundaries as
in Lemma C.5, in particular for j large enough, point (1) in Lemma C.5 yields that Q) cc
2 for all j € N and point (3) in Lemma C.5 yield that ([I';]1,4)jen is uniformly bounded
in j. Moreover choose (4;)jen = C*(Q; R™") such that A; — A in WH4(Q; R™"). By
Lemma B.8 we may assume that Q € C%%(Q) without changing ||Q||co.«. By Lemma B.9
it is also possible to approximate ) uniformly on K := m,e > () suitably chosen, with
some sequence (Q;)jen < C*(£2) such that ||Q[|co.ex) = limj_q ||Q;||coa(k). For j € N
let u; € L*(€2) be the (unique) very weak solution to

{—diV(Aj(w)Vuj) =Q; H"'LT; inQ (3.24)

u=70 on 0.

By Corollary 3.13 we infer that u; € W'*(Q) and that there exists some C' > 0 such that
[lujllwroe < C(l@jl[coes Ajs [ Ajl[wra,s [T, dist(Ty, 092)) < C. (3.25)

Notice that here we used that by Point (1) of Lemma C.5 one has dist(I';,0Q2) —
dist(T', 2), i.e. dist(I';, 0€2) is uniformly bounded above and below. One infers by Lemma
B.5 that up to a subsequence (which we do not relabel) there exists u € Wh*(Q) such
that u; — u uniformly on Q. We claim that u solves (1.1). To this end notice that for all

¢ € C*(Q2) such that ¢|sg = 0 there holds
/ udiv(AVe) dz = lim | wu;div(A;Ve) dz
Q I=%Ja

since u; — w in L¥(2) and (by the product rule) div(4;V¢) — div(AVe¢) in LI(Q).
Since u; solves (3.24) we infer

/ u div(AV¢) dz = lim [ u;div(A;Ve) dr = lim / Qi dH™ !
Now observe that

A@ﬁdﬂ“ﬁ_

J

Q) — Q)p A" + / Qo dH.
Ly

By Lemma C.5 the last term converges to fr Q¢ dH™ ! and the first term can be estimated
for large enough 5 by

[ @ -@oan

J

< |1Q; — Qllr=rxyH"(I;) > 0 (j — )

where we used in the last step that H"~!(I';) is bounded uniformly in j (cf. Lemma C.6).
We infer that

/ u div(AVe) dr = /Qqﬁ dr Vo e C*(Q): ¢l = 0.
Q r

and hence u is the unique very weak solution of (1.1). As we have already discussed we
find that u € Wh*(Q) is (the unique) solution of (1.1). The claim follows. O
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Remark 3.14. Examining the proof once again we can infer from (3.25) and the fact
that by Lemma B.5 the Lipschitz norm is lower semicontinuous with respect to uniform
convergence that for a solution w of (1.1) with data A, Q,T" as in Main Theorem 1.2 one
has .

[lullwie < C([[Qllcoe; A, || Allwra, [0, dist(T, 0€2)).

Here we have used that for (I';) ey chosen as in the previous proof one has dist(I';, 02) —
dist(I", 09) and [I'j]1,o < C([I']1,o). Notice that the latter estimate leads to the compli-
cation that C' might be larger than the constant in (3.25).

4. OPTIMALITY DISCUSSION

4.1. Optimality of the condition on I'. The regularity requirement that I' = 02’ €
CY® can not be substantially weakened. Indeed, we show that for some I' = 0€) € C%!
the conclusion of Main Theorem 1.2 is false.

For our argument we will use an explicit representation for solutions in terms of the
Green’s function for —A.

Proposition 4.1 ([26, p.44]). Let T' = 0 € C%, Q € L®(T) and let G : Q2 x Q —
R U {0} be Green’s function for —A in 2. Then the unique solution of

—Au=QH"'LT, inQ
u=20 on 0f)
is given by
u(r) = /GQ(IE,?/)Q(Q) dH"(y) for a.e. x €.
r
Using this we find the following nonexistence result for Lipschitz solutions.

Lemma 4.2. There exists a Lipschitz hypersurface T = 0Q' € C%! such that in Q =
B1(0) = R? the problem

—Au=H"TLT in B(0),
u=0 on 0B1(0)

admits no solution in WH*((Q).

Proof. We look at the following rectangular equilateral triangle

D= ([0,3] x {0}) U ({0} x [0,2]) U {(t,5—¢):t€[0,i]} = T3 U, UTs.

2

Then clearly T' = 0 for a domain € cc B;(0) with Lipschitz boundary. Let now
G : B1(0) x B1(0) — R be Green’s function for —A in B;(0). Proposition 4.1 yields that
then

u(z) = /FG(:E,y) dH" Y(y) Ve B(0). (4.1)

Now we recall that

1
Glay) = —5- (logla — y| + huly)) Vg < Bi(0),
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where h, € C*(B;(0)) is the unique harmonic function such that h,(z) = —log |z — z|
for all z € dB1(0). Let € € (0,%) be such that By (0) n T3 = &. Since & — h, depends
smoothly on z in B.(0) we have by (4.1) that

—2nu(x) = / log |z — y| dH" (y) + / log |z — y| dH" ' (y) + R(z) Va e B.(0)
Iy T2

for some function R that is smooth on B.(0). This implies that for = € B.(0)\(I'; u I'9)
there holds

11—

I |$ - ?/|2

11—

Ty |$ - ?/|2

—2mo1u(z) = dH™ (y) + dH" ! (y) + 01 R(z).

Now for 2 = (x1,22) € B.(0)\I" one has

Ty — Y e 3 xy —t 1 1
/F ! L au 1(y) :/0 (1— dt = —5log((xl—%)2+x§)+§1og(xf+x§)

e —yP? zy = 1)? + a3

and

NI

1
L1 — W n—1 ! T2 —3 T2

——dH" (y) = / ———— dt = —arctan ( > + arctan (—) .
r, [T =yl ) o i+ (z2 —1)? x xy

Notice that the second integral lies in L*(B¢(0)) and the first integral takes the form
log |z| + R for some R € L®(B,(0)) (recalling that e < ; < 3). We infer that on B(0)\I
there holds

du(x) = log |z| + R(z),
where R lies in L*(B.(0)). It follows that dyu ¢ L*(B;(0)). O

Remark 4.3. We have discussed in the introduction that for o € [0,1) one has that
the growth property p(B.(x)) < Cr" =27 (for all x € R™ and r > 0) implies that the
solution of the measure-valued Dirichlet problem (1.4) lies in C%%(Q). For Lipschitz
manifolds, the growth property of the measure p = H*" 'L T is satisfied with o = 1, cf.
Lemma 2.1. However as we have seen, the solution does not necessarily lie in C%*(Q). In
[17, Discussion after Theorem 2.9] it is said that the limit case of the regularity statement
for a = 1 is not yet well-understood. Our counterexample shows that the growth property
is not sufficient to deduce regularity.

Remark 4.4. This example can also be seen as an explicit example for failure of the duality
method in the case of p = oo, which we shall explain now. It is a classical result that for
all F'e LP(2), 1 < p < o the equation

{—Au — div(F) inQ,

u=70 on 0f)

has a unique weak solution u € Wy (), cf. [3] and references therein. For F e L®(Q), it
is in general not true that u € VVO1 ©(€2). This is shown by a very implicit contradiction
argument in [23, Remark 3.7]. Using the insight above we can now give an explicit
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counterexample: Let I' = B;(0) be the triangle in the proof of Lemma 4.2. By Lemma
2.1 there must exist some F € L®(B;(0)) such that in the sense of distributions H"~!LT" =
div(F). For such F' we have seen in Lemma 4.2 that

—Au = div(F)[=H"'LT] in B;(0),
u=0 on 0B;(0)

has a solution which does not lie in W ().

4.2. Optimality of the condition on A. We show in this section that it is not possible
to weaken the assumption of Main Theorem 1.2 to A € W4(Q; R"*") for any ¢ < n.
The case A € Whm(2;R"*") is an interesting limit case and not yet fully understood,
but the details would go beyond the scope of this article. Our example is just a slight
modification of [21, Section 5], where regularity of (the gradient of) A-harmonic functions
for irregular coefficients A is studied. The measure term actually has no major impact
on the irregularity phenomenon exposed in [21, Section 5.

Lemma 4.5. Suppose thatn = 2. Then for each ¢ < n there exists some A € Wol’q(Q; R™™),
some I' = 0V € C* and some QQ € C*(I") such that the solution to (1.1) does not lie in
Whe(Q).

Proof. We consider for € (0,1) the set Q = By(0) € R? and T' = dB;(0). We define
A Q — R*2 via

(1 — 2 2\ _zy
Awy) = [ ! 5 )JLQWQ "o )§2+y§z :
I=p) ety 1-0-p)zte

One readily checks that A is symmetric and uniformly elliptic and A € W149(B,(0), R**?)
for all ¢ < 2. Next we define

T

ui(z,y) = —————= (z,y) € By(0).
(% +y?) >

Moreover let us € C*(B2(0)\B1(0)) be the unique solution to the A-harmonic Dirichlet
problem

div(AVus) =0 in By(0)\B1(0),
ug(z,y) =0 on 0B;1(0),
us(z,y) = —21%“1’ on 0B5(0).

Such smooth solution exists as the restriction of A to B2(0)\B1(0) satisfies A € C*(By(0)\B1(0))
and the prescribed boundary data are smooth. We now extend us to the whole of By (0)
by defining us(z,y) = 0 for all (z,y) € B;(0). We will not rename this extension. Observe
that this extension is Lipschitz continuous on Bs(0). One readily checks that there holds
(pointwise) div(AVu;) = 0 on By(0)\{0} and div(AVus) = 0 on By(0)\0B1(0). Next
we define u := wuy + uy, which clearly has zero boundary trace on 0B3(0). As shown
in [21, Section 5] one has that Vu; € LP(B5(0)) if and only if p < %u In particular

1
Vu = Vuy + Vug ¢ L*(B2(0)). It remains to show that u solves a problem of the form
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(1.1). As2 < ﬁ we obtain that u € Wy?*(B,(0)) and check that for ¢ € CP(B5(0))
there holds

/(AVU, Vo) dx = / (AVuy, Vo) +/ (AVug, Vo)
Q B2(0) B2(0)\B1(0)

= lim (AVuy, Vo) + / (AVug, v)p dH"
<=0/ B,(0)\B.(0) a(B2(0)\B1(0))
— —lim (AVuy, v)p dH" ™ — / (AVuy, (x,y)")o dH™ L.
€0 JaB.(0) 2B (0)

Noticing next that A € L®(By(0); R**?) we infer that

<14l o |
 CllAlalolls

el—k

/ (AVuy,v)p dH" (V| dH™
0Bc(0) 0)

€

(2me) - 0 (e — 0).

In particular we obtain that for Q := —(AVus, (z,y)")|ss, ) € C*(0B1(0)) one has

/ (AVu,V¢) dr = / Qo dH" 1 Vo e Cr(Q).
Q

0B1 (0)

By density and the fact that A € L® this also holds true for ¢ € W&’Q(Q). In particular
for arbitrary ¢ € W22(Q) n W,*(Q) we may integrate by parts and obtain (as u has zero
boundary trace)

/ u div(AV¢) do = / Qo dH™™ Yo e W(Q) n W, 2(Q),
Q

0B1(0)

showing that u is a weak solution of an equation of type (1.1). The claim follows. O

Remark 4.6. The limit case © — 0 in the previous example shows actually that for
general (symmetric and uniformly elliptic) A € L® no more regularity than W, *(Q) can
be obtained. In particular we observe that the best possible regularity depends vitally on
the Wl%regularity of the coefficients in A. For ¢ < n the optimal regularity is VVO1 2(Q)
and for ¢ > n the optimal regularity is I/VO1 ?(€2). This jump shows again that the case
q = n is very interesting.

5. APPLICATIONS TO FREE BOUNDARY PROBLEMS

Equations like (1.1) appear in many free boundary problems, for example in the
thin obstacle problem, cf [10, Equation 3.8]. Here we illustrate two further examples
specifically, both of which consider adhesive free boundary problems.
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5.1. The Bernoulli problem. A solution of Bernoulli’s problem (in the sense of [14])
is a pair consisting of a suitably smooth function « : 2 — R and a suitably regular subset
S cc () that satisfies -

Au=0 inQ\S,

u=0 on 09, (5.1)
u=1 on 05, '
g—ng on S.

In [14] it is observed that one can find a one-parameter family of solutions around a given
(suitably regular, hyperbolic) prototype solution. This is done by means of a carefully
chosen evolution equation. For the derivation of the evolution law it is possible to profit
from [14, Proposition 4.3], saying that u is a solution of (5.1) if and only if

—Au=QH" LS in(,
u=20 on 02, (5.2)

u=1 on S.

This result requires some regularity of S and uses the normal jump of the single layer
potential, cf. Remark 3.8. Regularity of (5.2) can be studied with the methods developed
in this article, with optimal regularity requirements on S. Possibly, this can also help
for the study of the derived evolution equation under less regularity assumptions on the
needed prototype solution. Moreover, the Bernoulli problem can be considered for other
operators than —A.

5.2. The biharmonic Alt-Caffarelli Problem. Recently, the biharmonic Alt-Caffarells
problem has raised a lot of interest, cf. [6], [7], [25], [15]. This is the minimization of

E(u) := /Q(AU)Q dz + {z € Q: u(x) > 0}

among all u € W22(Q) such that ulsq = ug for some uy € CP(Q),uy > 0. Here | - |
denotes the Lebesgue measure. Minimizers of this problem have to find an optimal
balance between bending (measured by the first summand) and positivity (measured by
the second summand). Since ug > 0 it will however require some bending to leave
the positivity region, which is why the interests of both terms are conflicting. The set
I' := {u = 0} is where the functional loses its regularity and is hence considered the
free boundary of the problem. In [25, Theorem 1.4] it is shown that in dimension two
(i.e. if @ < R?) minimizers lie in C?(Q) and satisfy Vu # 0 on I' = {u = 0}. Moreover
I = 0V for some C%smooth domain ' cc Q. Additionally, each minimizer u satisfies
the equation

1
r | Vul

Our results can therefore be used to study further regularity of minimizers. Indeed, if we
define w := Au € L*(Q) then (5.3) yields that w is a very weak solution of

/ AulA¢ dx = o dzr Yoe WHHQ) n W, 2(Q). (5.3)
Q

—Aw=QH" LT inQ,
w =0 on 012,
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with @ := m e C1(T'). We infer from our Main Theorem 1.2 that w = Au € Wh*(Q).

By elliptic regularity this also implies u € W3P(Q) for all p € (1,0). It will be subject of
future research whether also u € W3%(Q). This would make I' = {u = 0} a C*!-manifold
as Vu does not vanish on the level set I'. We remark also that Theorem 1.2 paves the
way for the study of the A—biharmonic Alt-Caffarelli problem, i.e. the minimization of

/]dlv u(z)))? dz + [{z € Q: u(x) > 0}

under the same boundary conditions as above.

APPENDIX A. VERY WEAK SOLUTIONS

In this appendix we show that (under mild conditions) very weak solutions are also
weak solutions, as already discussed in the introduction. In the case of A = Id,,y, this
is already studied in [26, Section 3.1]. The mild condition we need additionally is that
A e Wh(Q; R™") for some q > n.

Lemma A.1. Let Q = R" be a smooth domain, n > 2. Suppose that A € W4(Q; R"*™)
for some ¢ > n and let p € [2,n]. Then for each g € LP(QQ) there exists a unique
Y e W?P(Q) n Wy P(Q) such that

div(AVY) =g pointwise a.e..

Proof. Let (A®), oy Coo(ﬁ R"X") be such that A®) — A in W4(Q; R"*"). We denote
the coefficients of A®) by a ) for i ,7 =1,...,n. By elliptic regularity (cf. [11, Theorem
9.15]) there exist 1y € WQP(Q) N WP (Q) such that (pointwise a.e.) there holds

Z a2y, + (div(A®), Vi) = g, (A1)

i,7=1

i.e. pointwise a.e. there holds

div(APV,) = g. (A.2)
We define next the differential operator
Liu:= Z a(k (32
i,j=1

For all k € N, L, satisfies the prerequisites of [11, Lemma 9.17] and therefore there exist
constants Cy (cf. [11, Lemma 9.15]) depending only on 2, p, the ellipticity constant of
A®) and the L®-norm of A% and the moduli of continuity of A®) such that

| lw2r < Chl|Liul|r Yue W2P(Q) A WP ().

As A®) converges to A in C* for v = 1 — 7 >0 the moduli of continuity and the

ellipticity constants can all be uniformly controlled in & and hence one can find a uniform
C > 0 such that for all £k € N there holds

[ul[wee < C||Liul|r  Yu e WHP(Q) A W, P(Q). (A.3)



34 MARIUS MULLER

The PDE (A.1) can now also be viewed as follows

Libe = g — (div(A®), V).

We infer from (A.3) and Hoélder’s inequality

|kl lw2e < Ll r < Cllg = (div(A*), Vbr) || o

C(llgllze + [1(div(AW), Vb )| )

C(llgllr + [1div(AD)||zal [Veix] | o2)

C(llgllze + ||div(A® Meallell szez), (A.4)

0

//\

//\

We next intend to bound the right hand side uniformly in k. Notice that ¢ > n implies

17£ .
that & < n"—f;) and hence W2?(Q) n W, ?(Q) embeds compactly into W, "~ (). Since
also ‘”’p > p > 2 we observe that

qp

W22(Q) A WoP(Q) <5 W, ™7 () — W (9)

forms a Banach triple (i.e. the first embedding is compact and the second is continuous).
It follows that for each € > 0 there exists D(e) > 0 independent of k such that

[1Well 1.5 < ellWillwzs + D) [Vl lwy2,

P

Using thisin (A.4) with € :=
we infer from (A.4) that

(and calling D := D(e) = D(C,||A||w1.4))

1
2C supyey ||div(A®)|| g +1

1 ~ = .
[[llwee < Sl[Wllwes + Cllglle + CDIdiv(AD) | zal [y
In particular

[[kllw2o < 2C(1+ D)(Ilgllzr + lldiv(A®)[[ o[l 2). (A.5)

It remains to bound ||@Z)k||W012 uniformly in k. To that end we use (A.2), which yields (if
A\ is the ellipticity constant of A(*))

1 1 1
/ Vil do < - / (ABV e, Vi) dar = — / div(AP V) dr = — - / g da.
Q e Jao e Ja e Jao

We infer

C
g e <

||?/)k||124/01,2 <

where C;(Q),1 = 1,2 depend on the volume and the optimal Poincare constant of 2.
Since A®) — A in C%7 one can also bound the reciprocals of the ellipticity constants /\—lk

gl zol [kl [yy;2 2,

uniformly in &k by % We infer

Ca(Q)
A

|9kl [yyp2 < llgllLr-
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Using this uniform bound in (A.5) and the fact that ||div(A®)||zs is uniformly bounded
in k we infer that (i3 )gen is uniformly bounded in W??(Q) n W, *(€2). Hence we may
extract a weakly convergent subsequence (which we do not relabel) and a limit ¢ €
W2P(Q) n WyP(Q) such that ), — 1 weakly in WP, We show now that div(AVe) = g
pointwise a.e.. To this end fix n € C°(£2). Then using that A®) — A in C% and ¢}, — ¥
in WP we find

/ div(AVY)n = — / (AVY, V) dz = — lim [ (A®Vyy, Vi) d
Q Q

k—o0 Q

= lim [ div(A®Vyy)n de = lim / gn dx = /gn dx.

k—o0 Q

Since n € C°(Q2) was arbitrary we conclude div(AV) = g pointwise a.e..

Step 2. Uniqueness. By linearity it suffices to show that for each 1) € W2P(Q) n W, ?(Q)
such that div(AVYy) = 0 a.e. in §2 there must hold ¢ = 0 a.e. in . To this end we
choose n € C°(2) arbitrary and infer

0= / div(AVy)n dz = /(AV@/),Vn) dz.
Q Q
Approximating 1 in W,* with CZ°(Q)- functions we infer

= A > 2
0 /ﬂ( Vi, V) dz > )\/Q|Vz/1\ dz,

whereupon we conclude that ¢ = const. The fact that ¢ € W, () yields that ¢ = 0. O

Lemma A.2. Let Q@ < R",n > 2 be a smooth domain and I' << Q be a Lipschitz
hypersurface. Further assume Q € L®(T') and A € Wh4(Q; R"™"). Let u e L*(Q)). Then
the following are equivalent

(1) - /Q u div(AV¢) dz = /F Qo dH™™ VYo e WHHQ) n W, 2(Q),

1) - / u div(AVe) dz = /Q¢ AH"™ Vo e C*Q) : ¢lag = 0,
Q T

(2)  weWy*Q) and /Q (AVu, V¢) do = /F Qo dr VYoe CP Q). (A.6)

Proof. Equivalence of (1) and (1’) follows immediately by density, cf. Lemma B.2. We
show first (1) = (2). For fixed f € Ci°(£2;R™) observe that by Lemma A.1 there exists
some ¢ € W22(Q) n W,?(Q), such that there holds (pointwise a.e.)

div(AVe) = div(f).

Multiplying by some ¢ € C°(£2) and integrating we find

/Q (A(2)V6, V) do — — /Q div(f)p de Vi e C2(Q).
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Taking the closure, we find that this equation holds also true for all ¢ € WO1 2(Q) We
observe that

)\/Q|ng|2 dr < /Q(A(x)qu, Vo) dz = —/Qdiv(f)gb dr = /Q(f, Vo) dx.

The Cauchy-Schwarz inequality yields then ||¢>||W012 = [|V®||r2 < §||f||r2. For the com-
putation to come we recall that by Lemma 2.1

1(0)i= [ Quan (e @)
r
extends to a linear continuous functional in (W,?(Q))*. Using this we find

— / wdiv(f) de = — / u div(AVe) dz = /ng) dH" ! < Culldllyr2i) < Collfllr2irn)-
Q Q r

In particular we infer that

S CE(QRY) SR, S(f) = —/udiv(f) de

Q

extends to a functional in L?(Q2; R™)* whereupon one finds g € L*(£2;R") such that

—/udiv(f) dxz/(g,f) de VfeCyP(;R").
0 Q

Setting f = wve; for v € CP(?) and j = 1,...,n one readily checks that u is weakly
differentiable and Vu = g € L?(2). We have obtained that v € W12(Q). We next show
(A.6). First notice that by smoothness of € there exist (u,)pey © C®(Q) such that
u, — uwin WH(Q). By the classical Gauss divergence theorem we then infer for each

¢ e C*(Q) s.t. ¢|,, = 0 that

/ Qo dH" ' = — / udiv(AV¢) dz = — lim / u,div(AV¢) dz
r Q =% Jo

= lim (—/ U (A(2)V, vq) dH" +/
e oQ

Q

S /asz troo(u)(A(z) Vo, vq) dH" ™ + /(A(x)Vu, Vo) dz,

Q

(A(x)Vu,, Vo) dx)

where we have used continuity of the Sobolev trace operator in the last step. To simplify
notation we write only u instead of trag(u) in the sequel. Plugging in any ¢ € Ci°(§2) we
infer that the integral formula in (A.6) holds true. It remains to show that u e W,*(),
i.e. tron(u) = 0. To that end look at ¢ = 1dg, where dg : B.(02) — R, is the signed
distance function for 02, € < dist(I", €2) is chosen small enough such that dg, is smooth,
and ¢ € C°(B.(092)) is arbitrary. Then we have

0= /FQ(@/)dQ) dH" ! = — /m u(A(z)V(dg), va) dH™ 1 + /Q(A(ZL‘)VU, V(idg)) dx.
(A7)
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Since Vdq = vq on 0f) we infer

/ u(A(2)V(dg), vg) dH" =/ u(A(x)vg, vo) dH™
o0

o0

Moreover, observe that ¢dg|, Wy ?(Q) nC () and hence there exists (1 )men = CL ()

such that 7,, — ¥dg in WH?(Q) and also uniformly, see Lemma B.1. Therefore we can
rearrange the last summand in (A.7) (by using the already derived (A.6))

/Q(A(x)Vu, V(vdg)) de = lim | (A(x)Vu,Vn,,) dz

m—00 QO

— lim [ Qnn dH™" = / Q(ihdg) dH™ ' = 0.
I r

m—0o0

Hence (A.7) yields
0= / u(A(z)vg, vo) dH™ ' Vb € O (B.(09)).
o0

This implies u(A(z)vg, vq) = 0 a.e. on 0N and thus by ellipticity of A one infers u = 0
on 9. In particular u € W,*(Q) and the claim is shown. Next we turn to (2) = (1). If
u e Wy?(9) then there exists (u)ren < Ci°(€2) such that ux — u in W*(Q). For each
¢ e C*Q) s.t. gb‘aﬂ = 0 we then infer

—/Qu div(A(x)V¢) dz = — lim [ wug div(A(z)Ve) dx = lim [ (A(z)Vuy, Vo) dz

= /(A(x)Vu,ng) dz.
Q

Now we observe that ¢ € W;*(2) n C(Q) and we choose (due to Lemma B.1) (¢p)nen ©
Ci () such that ¢, — ¢ in WH?(Q) and uniformly. Hence

/(A(x)Vu,ng) dz = lim [ (A(x)Vu,Ve¢,)dr = /ngn dH™ ! = /ng dH™
Q r r

n—ao0 0

The previous two equations yield

- / u div(A(z)Ve) dz = /ng) dH"t Vee C*(Q): gb‘m = 0.
Q r

APPENDIX B. SOME APPROXIMATION AND REGULARITY RESULTS

Here we collect some technical lemmas that have been useful for the course of our
argument.

Lemma B.1. Let Q < R™ be C'-smooth and n € Wy (Q) n C(Q) for some q € (1,0).
Then there exists a sequence (1;)jen < CE () such that n; — n in Wy () and n; —
in C(9).
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Proof. For each j € N the function

- -(d)

has compact support in Q. Clearly, 7j; — 7 in C(Q). Moreover, by the dominated
convergence theorem and Stampacchia’s Lemma (cf. [18, Lemma A.4,Chapter 2]) one
infers

[ -vilrae= [ apde— [ warar 0. (o),
Q {Inl<3} {n=0}

This also implies that 7; — 1 in Wy (Q). Let now (¢)¢)c~o be the standard mollifier. For
each j € N one can choose €; > 0 such that n; := 7j; « 1, € CF(Q2) and

5 B 5 B 1
17 = e; — Mjllwra) + 17 = Ye; — Mjll oy < i

A straightforward application of the triangle inequality and the previous observations
shows that then B
nj=1;*, —n in WH(Q) and C(Q).

g

Lemma B.2. Let Q  R” be a smooth domain. Then the closure of C?(Q) n Wy (Q)
with respect to the W*2-norm is W>2(Q) n W,2(Q).

Proof. Let v e W?2(Q) n W,*(Q). Then v lies in the domain of the Dirichlet Laplacian
Ag, a densely defined and sectorial operator. Hence A generates an analytic semigroup
(€"20)i=0 in L*(Q2). Next we set v; := %% for all j € N. We claim that v; € C2(Q) N
W,?(Q) and v; — v in W>2(Q). The first assertion follows easily from the fact that
by [20, Proposition 2.1.1] v; lies in the domain of A% for all k¥ € N and hence actually
in C*(Q) n W,*(Q). Moreover since v lies in the domain of Ay, [20, Proposition 2.1.4]
yields
1800 = Aqujlze = [[Ag(e7*v = )|z > 0 (j — o0).

Since Ay : W22(Q)nW, () — L?(9) is an isomorphism we infer that also |[v—v;]| |22 —

0asj — 0. U
Lemma B.3. Let f : R"\{0} — R be locally Lipschitz continuous. Then the map I :
(0,0) > R
s~ fly) dH"(y)
2B (0)

is locally Lipschitz continuous on (0, 0).

Proof.

I(r) — I(s) = /a o SO @) - / f(y) M (y)

0B5(0)
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S

- (1 - (;)"1) /a W) ()" /a o ) = TG0 a1 ).

Now for each y € 0B,.(0) one has

1fy) = fEy)] < ||f||W1»OO(BS(O)\T(O))|y — 2yl < ||f||W1700(BS(0)\T(0))|T - 5|

s\ n— n— n—
- (3) / F(y) A )| < 11| 1m oyl = 5"
r 2B, (0)

= [|fllze @B (Z 5" 2"“) r—s]|.

With the previous two equations we infer
[(r) — I(s)| < L(r, s)|r — s,
where

L(r,s) = ||f||wloo (Bs(O\Br(0)) T 11l @B, v (Z Fan k)

is clearly locally bounded in (0,00)2. The local Lipschitz property follows. U
Lemma B.4. One has BV (Q) n W21 (Q) = WH(Q).

Proof. If we BV(Q) n W2(Q) then for all open sets U cc Q and i = 1,...,n we have

loc

/|(3w|d:c— sup /awgbdx: sup —/w&iqﬁdx
$eC5 (U);||¢l]o<1 $eC5(U);||¢llo<1 U

= sup /Uw div(—d¢e;) dz < |Dw|(U) < |Dw|(£2).

¢eC5(U),||¢llo<1

As Q can be monotonically exhausted by countably many sets (U;)jen, U; < Uj11 << Q
we infer by the monotonce convergence theorem that |d;w| € L'(). The claim follows.
O

Lemma B.5. Let Q = R" be a bounded domain, (vi)ren = WH*(Q) be a sequence
such that (||vg||wie@))ken is uniformly bounded in k. Then there exists a subsequence

(1, )reny € N and some v € WE(Q) such that (v, )ren converges to v uniformly on €,
weakly in WHP(Q) for all p € (1,0). Further, one has

||U||W1,oo(Q) < hlIgri»logf ||'Ulk||W1,00(Q). (Bl)
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Proof. One readily checks that (vy)gen satisfies all the prerequisites of the Arzela-Ascoli
theorem, which explains the existence of a uniformly convergent subsequence and a limit
v € 0°Q). Choosing a further subsequence and using a standard diagonal sequence
argument one can find a subsequence that converges weakly in W17 (Q) for all r € N.
One readily checks that the limit of this subsequence must also be v. Let now (v, )gen
be this subsequence. If now p € (1,00) is arbitrary we can choose some number r € N
such that 7 > p. Observing that W(Q2) = WHP(Q) (and hence WHP(Q)* < WLT(Q)*)
we obtain that v, — v in WP(Q). For the norm estimate (B.1) observe that by uniform
convergence we have

©() = lim 0 (Q)- B.2
[|v]| = P v ]| (B.2)
Now for the gradients we observe

IVollz=) = lim [Vl < lim sup lim inf Vo [|zee)

< limsup lim inf V0, || L= (|27 = lim inf || Vo, | = (0).

This and (B.2) yields

[v][wie@) < h;?iiilf v | W @)

g

Lemma B.6. Let y € C'([a,b],R) be such that y'(t) = f(t,y(t)) for allt € [a,b] for some
feC%(R?). Then

1ylloraqam < ylleo + [2+ (0= a) =11 + || fllcoae))?

Proof. First derive the estimate

ly(t) —y(s) = /t [f (w, y(w)) du < [[f]loft = s|. (B.3)

In particular
[y (1) = y()] < [1flloo(b— @) [t — s

Moreover we infer using (B.3)

ly'(t) =y ()] = £ (£, y(®) = f(s,9()] < |Ifllcoa ([t = sI* + ly(t) — y(s))
= [ Fllcoa (1 + [I£F][5) %[t — 5|

R

Now note that (1+||f||%)% < (1+]|fll)® < 1+||f||w. The previous computations yield

Yl + 1Y |0 + [W]coe + [ ]coa
ylloo + 1 flloo + (0= a) " flloo + [|f]coe (L + || f]]o)-

lyllore < |
<|

The claim follows estimating all ||f|| by ||f||co« and some elementary estimates. [
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Lemma B.7. Let B = R™ be an open ball and h € C®%(B;R). For z € B and v €
R™ |v] = 1 we define t,(z,v) to be the supremum of all t € R such that z + tv € B and
similarly t_(z,v) to be the infimum. Define

You(t) = h(z +tv) te[t_(z,0),ti(z0)]

Then

Pllcoa@) <2 sup |[Yzollooa (e ziy.ei 2 0)-
z€B,|v|=1

Proof. 1t is straightforward to show that

12lls = sup lyzllre i ot0 on)-
z€B,|v|=1

We next show the corresponding estimate for [h]co,a(g). Let 1,29 € B, 11 # x5. Define

z = x1 and v := 2= now observe that by convexity of B
lza—a1]

z+tv=u1+ —t—(ro—w1) € B Vte|0,|rs — z1|].

|22 —a1]
this implies that ¢t_(z,v) < 0 < |y — 21| < ty(2,v). Now

|h(72) — h(z1)] = [Yz0 (|71 — T2]) = ¥20(0)] < [Yzn]coe(i oyis o] |71 — 22| = 0]

< sup [yz,v]CO’a([t, (z,v),t+ (2,0)] |.T1 - x2|a-
2€B,|v|=1

We infer that [h]co.ep) < SUPzeB,\U\:1[yz,v]cova([t,(z,u),n(z,v)] and the claim follows. O

Lemma B.8. Let for A < R closed and o« > 0 f : A — R be a—Hdlder continuous in
the sense that

[f(@) = f(y)l < Hlz —y|* Ve,ye A
for some H > 0. Then there exists some f : R" — R such that f|4 = f and

|f(z) — f(y)| < H|lx —y|* VYz,yeR™

In particular [ f]coe = [f]co.a.
Proof. This is readily checked choosing

F() = inf {f(2) + Hlz— 2]} (2R,

We remark that the subadditivity of z — 2® plays an important role in this proof. O

Lemma B.9. Let K < Q be compact and Q € C**(K). Then there exists some (Q;)jen <
C*(Q) such that Q; — Q uniformly on K and lim;_ ||Q;]|co.e k) = ||Q|]coe k) -

Proof. By Lemma B.8 we may actually assume that Q € C%%(R") (without making the
Holder seminorm larger). Next let Q. := @ * ¢, where (¢,)c~¢ is the standard mollifier. A
standard result yields that Q. — @ uniformly on K. The lower semicontinuity of [-]co.a
with respect to uniform convergence yields

[Q]Co,a(K) < hri,lglf[Qe]Co’a(K) (B4)
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Now observe also that for all x1, x5 € K there holds

Qulr) - m-\/ Q)otn—v) dy - [ Q(y)¢e($z—y)dy'

(Q(z1 — 2) — Q22 — 2))Pe(2) dz

/ Qs — 2) — Qs — 2)|u(2) da
< / [Qlenenzs — 2 — (22 — 2)*6u(z) dz < [Qlenaga|zs — 22"

This yields [Qc]co.o (k) < [@]co. (k) and together with (B.4) we conclude that [Q]co.e (k) =
lime_,o[@Qc]coa(k). All in all we infer that

1Qllcoe ) = [|Qllw + [Q)coa) = M ||Qcl|o + [Qe] ooy = m [[Qcl[co.e ) -

AprPENDIX C. CL*-HYPERSURFACES

In this section we collect some facts about C1*boundaries that we use. In the fol-
lowing we will always look at I' = 0€) for a compact C'*-domain ) cc R".

An important tool that we use is the reqularized signed distance function, p : R™ — R
introduced in [19]. This is a function p € C*°(R™\I') n C%!(R") such that p < 0 on
p>0on R\ and

1 |p(@)] 1

< ———= <2, d -<|V <2 VreR"I.

2 S dist(z, D) and 5 < Vol@) e R
We see from [19, Theorem 2.1] (used with ((z) = 2z%), that for ' = 0Q" € C'1* there exists
a regularized signed distance function p, which fulfills in addition

IVo(z) = Vpy)l < 10[Thalz —y|* Vao,yeR™ (C.1)

(We remark that for obtaining the previous equation we need to demand that the graph
representations f; of I' (cf. (2.2)) must lie in C+%(4U;) instead of just C**(U;). This
is why the counterintuitive constant 4 appears in our definition of a representation). In
particular p extends to a C''®-function on R™. As p = 0 on I' the derivative Vp must
point in normal direction, which means that the outward unit normal v : I' — R" satisfies

Vp(x)
V()]

This, (C.1) and the fact that 1 < |Vp| < 2 on R" implies

v(z) = Veel.

v(z) —v(y)l < C([Tha)le —y[* Vo,yel. (C.2)

As a consequence one finds that if II, denotes the orthogonal projection on T,I" then
(with | - | denoting the operator norm) there holds

L =T, < C([TTa)le —y|* Vao,yel. (C.3)
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In the following we prove some further geometric estimates for C''®-hypersurfaces and
check that the constants appearing in them only depend on [I'];,. In the end we will
show that one can approximate each C'*-hypersurface I' with C*-hypersurfaces (I';) ey
such that [I';]1,4 is uniformly bounded in terms of [I']; 4.

Lemma C.1. Let T be a CY*-hypersurface. Then there exists C(|T']1.4) > 0 such that
(W(z), 2 —y) < O([Tha)le —y|"™™ Va,yel.

Proof. Let x,y € I' be arbitrary. The mean value theorem on R" yields that there exists
some £ € R™ on the line segement connecting x and y which satisfies

(Vp(€),z —y) = p(x) — p(y) = 0.
We infer

(Vp(z),r —y) = (Vp(x) = Vp(),z —y) < [Vp(x) = Vp(&)] |z —yl.

Using (C.1) we can bound the first factor by 10[I']; o|z — £|*. Since ¢ lies on the line
segment connecting x and y we also have |z — £|* < |x — y|*. Hence we obtain

(Vp(z),z —y) < 10[[]yalz — y['+.

The claim follows then from v = £ and |Vp| > 1. O
Vol P 2

Next we show that the intrinsic distance and the Euclidean norm are comparable on
a C' hypersurface and the constant in the comparison estimate only depends on [I']; .

Lemma C.2. Let ' c< R™ be an n—1 dimensional C*-hypersurface. Then there exists
C =C([I'1.a) > 1 such that for ally, z € I" one has |y—z| < distr(y, 2) < C([I']1.a)|y—=l,
where

distr(y, ) := inf {/0 1Y (s)] ds : v e CH*([0,1];T) : v(0) = y,~(1) = z} .

Proof. We use [4, Theorem 1.1]. For a compact C'-submanifold S of R™ one can define
70(5) := max{1(5),72(5)}

where
7(S) = sup inf I, r(v),
xeS,R>0 VER™,|v[=1
1
L r(v) = / v(y) — vl dH" ' (y) (veR" [y =1
(v) H"1(S n Bgr(z)) SmBR(J:)| ) | W 4 )
and ( )
. v, r =Y
S):= inf su —_—
72( ) mES,R>0yESmBR(g;),UI;argianz,R R

where arginf is meant among all v € R™ s.t. |v| = 1. Now [4, Theorem 1.1] states that
there exists € = €(n) > 0 and C' = C(n) > 0 such that 7o(S5) < € implies that
distr(x,y)

|l'_y| VO(S)

- 1' < On)vy(S)log —t= Vz,yel.
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Next we look at the compact submanifold S := I' n By(z) < I for some arbitrary z € R™,
s> 0. Fix z € S. One has (with C' = C([I']1,») defined as in (C.2))

L) < Lol = £ oly) — o) a1 )

v|=1
< C'][ ly —z|* < C(29)%. (C.4)
SnBg(z)

and thus 71 (I' n Bs(2)) < D([I']1,0)s*. Moreover for each v € arginfl, r we have

@] = f, vt )
S v(y) —v| dH" v(y) — v(z)| dH !
= Jimgr@' () — vl dH" () + ]im%)| (v) — ()] A" (y)

<2 ][ o )~ (@) < 2[5

Therefore we have that for each v € arginfl, r and y € S n Bg(x) there holds

(o—y) _-va)o—y) | W),r—y)
R R R
< 20(()ss" s oy,
|z —

D([ra)s T o(iry o) 2

D([a)s” + C([T.a)(28)*.

This implies that

) = E([I]1a)s".

Y2(I' N By(z
4) we infer that s < so([I']1,o) implies that vo(I' N

From this and the discussion after (C.

B(z)) < €(n) and hence for all s < s¢([I']1,,) one has

diStFmBs(z) (2, y)

< C(n) sup tlogl < oo, C.5
— () ! (©5)

te(0,e(n))

—1

Now suppose that @,y € T. If [z — y| = 150([T']1,0) then one has

distr(z,y) B 2diamp(I")
=yl so([Tha) |

where diamp denotes the intrinsic diameter of I', which we bound later in terms of [I']; 4.
If |z — y| < $50([']1,«) then one has by (C.5)

dist distr~g. () (T,
1S F($7y) _ T Bs( )( y) < C(TL) Sup tlog%
W—w |$—M te(0,e(n))
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Choosing

_ 2diamp(T")

Ch = +C(n) sup tlog;

so([I1.a) te(0,¢(n))
we infer from the previous computations that distr(z,y) < Ci|x — y|. To show that C4
depends only on [I']; , it remains to prove that diamp(I') is bounded in terms of [I']; 4.
To this end pick a representation (O;, U;, V;, fi, i = 1,..., M) and let T'; be as in (2.2), i.e.
I nT;1 # . Choose arbitrary x; € I'; n ;1 for all t = 1,..., M. Now let y,z € I" be
arbitrary. Without loss of generality we may assume y € I'; and z € I'; for some i < j.
Now we estimate
j—1
distr(y, 2z) < distr(y, ;) + Z distp (2141, 2;) + distp(z, x;). (C.6)
I=i
Observe that each summand is the distance of two points lying in the same subset I';. For
any two y,ys € I';, corresponding to the values (z1, f(21)), (22, f(22)) for some z1, 25 € U;
one sees that

Y(t) = Oi((21 + (22 — 21), f21 + (22 — 21)))
lies in C1([0,1];T) and connects y1, y2. (Notice that we have used here that U; is a ball).
Therefore

distr(y1, y2) < /01 V()] dt < |21 = 22| + [f(21) = fz2)] < (L + D filleo) |21 — 22
< (L+[IDfilloo)lyr = wol < (1 + [[ D fil[oo)diam(T') < C([Ty.a)-
We infer from (C.6) (and the fact that M is bounded by [I']; 4, cf. (2.2) f.) that
distr(y, z) < MC([T'1,0) < C([T]10)-
Since y, z € I were arbitrary the diameter bound follows. O

Lemma C.3. Let I' < R"™ be an (n — 1)-dimensional C**-hypersurface. Then there
ezists some 1 = 11([I']1,0) > 0 such that for all v < ry and for all xo € T' the hypersurface
[' N B.(xo) can be covered by a single graph of a CY*-function u : W — R with vanishing
gradient at the preimage of xo and Lipschitz-norm bounded by 1. The radius r1 and
||ul|cr.a depend only on [I']1 4.

Proof. Let Cy = C1([I']1,4) be the constant from Lemma C.2 and Cy = Cs([I']1,4) be the
constant from (C.3). Next we let ry = r1([I']1.o) > 0 be chosen such that

1
T? min{2°‘(1 + Cl)aClCQ, 02} = 5

Now fix € I arbitrary. Let IIX = I — II, be the orthogonal projection on T,I't. Let
r <r; and y,z € I' n B.(x) be arbitrary. Fix ¢ > 0 and choose some v € C1*([0,1]; T)
such that v(0) =y, v(1) = z, L(y) := fol |7 (s)] ds < (1 + e)distr(y, z). Observe that for
all t € [0, 1] one has 7/(t) € T, T and distp((t),y) < L(7]jp,g) < L(v) < (1+¢€)dist(y, 2).
We compute

1 1 1
sy -] = it [ ad = | [ i) as] < | [ i as
0 0 0
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1
/ I (TL, ) — )7/ (s) ds| <
0

/|Hi||m<s ML) ds 5 © /w ) — 2l (s)] ds

<Co [ () =1+ ly=al)"(9)] ds < Co [ (Wiste(a(s),0)+ 1)/ (9)] ds
< Co((1 + e)distr(z,y) + r)”‘/o |7 (s)| ds < Co((1 + €)distr(z,y) + r)*(1 + e)distr(y, 2)
Cy((1 + €)(distp(z, x) + distr(z,y)) + r)*(1 + €)distr(y, 2)

CoCi((1+€)Ci(Jz — 2| + ly —2]) + m)(1 + €)|ly — 2|
(14 €)C1Co(2(1 4+ €)Cy + 1)%r%|y — 2.

Letting € — 0 and using r < r; we obtain

NN

My~ ] < oy — 2| < oMy — Tae] + [Ty — 2]
Rearranging we obtain
Myy — Tz < [y — M,z| Vy,zeT n B(x), (C.7)
and one also concludes immediately
ly — 2| < V2y — 2| VYy,zeTl A B,(x). (C.8)

We conclude from (C.7) that I, is injective on I' n B,(x), call W its image, and infer
from (C.8) that the inverse of (Il,|r~p, () " : W — I' n B,.(z) is Lipschitz continuous.
We infer that I, : I' n B,.(z) — W is a homeomorphism. Hence I' n B,(x) is a Lipschitz
graph over T,I'. Since I' n B,(z) is a CY“-submanifold, one obtains that this graph
representation must be a C**-graph. This means

I'n B.(z) =0{(, f(a): 2" e W}

for some CY function f : W — R and some orthogonal matrix O such that O -
span(ey, ..., e,_1) = T,I'. By the choice of O we also infer V f(z’) = 0 if 2’ is the preimage
of . The Lipschitz continuity with constant 1 of f follows immediately from (C.7). It
only remains to show that the C'**norm of f can be bounded in terms of [I']; o. Notice
first that the Lipschitz estimate implies ||V f||pew) < 1. Define h(z) := —=— and

A/ 1+]|z]2

observe that for all z1, z; € B1(0) one has
21— 22| = [ (R(z1)) = B (R(22))] < |[VR 7|l R(21) — h(22)] < V2[h(21) — h(22)].

Therefore we obtain for z/,y € W

Vf(a') = V) < V2Au(VF(2') = h(V )] < V2, f(2) = (' ()]
< V20([Tha)l(@', f(a) = (' f)I* < C([Thia) |2" = y'|

where we used in the last step again that f is Lipschitz continuous with [f]o; <1. O
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Lemma C.4. Suppose that T = R™ is an (n — 1)-dimensional CY*-hypersurface. Let
1 = r1([I']1.a) be as in Lemma C.3. Then there exists C = C([I']1,a) such that for all
zo € I' one has

/ (x — x0) dH" ()] < Cr"™™ Vr <7y,
T'nBr(z0)

Proof. After performing a translation and rotation we may assume xg = 0 and that
I' n B,,(0) can be written as

I'n B, (0) = {(z,u(z)) : € Wi}.

for some u € C'* Q(Wl) such that u(0) = Vu(0) = 0, w is Lipschitz with Lipschitz constant
1 and ||u||crew) < C([I']1,a). As a consequence, for all 7 < 7y there holds

I'nB.(0) = {(z,u(x)) : x €e W}
with W := (id + ue,) " }(B,(0)). We now claim that for all 2’ € W one has |u(2’)] <
C([IMy.a)|2'|*+*. Indeed, for all ' € W there holds with Lemma C.1
(v (@', u(2), (', u(@)))| 1+|VU( )
(@', u(@), (', u(@)) = (0,u(0)))[v/1 + [Vu(a)?
C([Mra)l(@, u(@))[.

Using u(0) = 0 and that u is Lipschitz with Lipschitz constant 1 one finds that the right

hand side is bounded by V2o C([Tlia)|2|*re =: O(|T']1.4)|2'|* . Using that by Lemma
C.3 the C'**norm of u can be bounded in terms of [I']; , we find

[u(a)] < [Vu(a') - 2| + C([T]wa) |27 < [Vu(@)] '] + C([T]ya) |2
< [Vu(@) = Vu(0)] 2] + C([Tha)|2/|"" < C([Tha)l2|"

u(z’) = Vu(z') - /|

//\

Now define f(s) := 3\/1 + C )2s%2. We claim that then
Bi1(0) =« W< B,(0).

Indeed, for the second inclusion observe that if € W then (z,u(z)) € B,(0) and hence
r? > |z|? + u(z)?. In particular r* > |z|* and thus |z| < r. Now we turn to the first
inclusion. If f(|z|) < r then

[of? + u(@)® < a” + C([Tla)|2 2% = |2 (1 + C([T]wa)*[2**) = f(la])* <72

and hence (z,u(z)) € B,(0), implying € W by the definition of W. Now we turn to the
integral we want to estimate

/I‘mBT(O) v AR ) - /W (ué’)) V14 [Vu(@)]? da'.

For the last component observe that

\ [ WV 0

</W|u(x’)|«/1+|Vu(x’)|2dx’
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VIV [ Jute)] d
w
V3 [ (e a
B,-(0)

< V20([T]pa)e(n)r" 1 < O([T]a)r™ ™.
For the first n — 1 components observe
/ zia/1 + [Vu(z!)|? da’
W
— 1+ |vu(0)|2/ ) da;’+/ '(A1+ [Vu(a) 2 = /1 + [Vu(0)]?) dz’.
w

Now observe that

(V1 + [Vu(@)P =1+ [Vu(0)P) < D([T10)l2'|*

and hence the absolute value of last summand is bounded by

'/ (VT F Va@)P — T+ [Val)]) d

< / D|'||2'|* da” < Dr™te.
B (0)

For the first summand we conclude by symmetry of By-1(,)(0) with respect to & — —x

‘/ x, da’ / 2, da’ —/ x; da’ </ |zt da’
W W Bj-1,(0) W\B 0

1)

< / |2'| do’ < apr(r™t — ()™, (C.9)
( )\Bf—l(r)(o)

Now we estimate
1

1) f(r)
S =) =) = [ @ s = [ G s

Recalling that f(s) = 3\/1 + C([T1.0)2s% we find f(s) > 1 for all s > 0. Therefore the
previous two equations yield

re ) < f —r—r<\/1+C’ r2a—1)

C([F]l, )QTHQQ L)l

We conclude (using f~!(r) < r) that

n—2

Z Ti fl(r)nf2fi

i=0
Together with (C.9) the claim follows. O

P =) = (= ()
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Lemma C.5. Let I' = Q0 cc Q be a CY*-boundary. Then there exists a sequence
(I'j = 08%)jen of C*-boundaries such that 5 > € and

1) sup,p. dist(x, ') — 0 as j — 0.
zel’;

(2) H 'L T; 5 HLLT in C(Q)* in the sense that for each f € C(Q) one has
Jo £ AT s [ f AH

(3) There exists some C' = C([I']1,o) > 0 independent of j such that [I'j]1. < C.
Proof. Let (O;,U;, Vi, fi, i = 1,..., M) represent I" in the sense of (2.2) and be such that

M
Yisuplal + 1+ U] + || fillore@ry < [Tl + 1. (C.10)

i=17€Vi

Fix also a regularized signed distance function p. We will show that Q) := {p < %} and
[; = 0Q) satisfies the desired properties. Property (1) is clear since |p| > idist(-,T).
Property (2) is straightforward to show with the definition of p and the fact that the
level sets of p are regular. Next we proceed to property (3). To this end we first show
the following

Intermediate claim. (Vp(z),O;e,) # 0 for all z € O;(4U; x V;) n'and i = 1, ..., M. To
show the intermediate claim notice that for each 2’ € 4U; one has p(O;(2', f;(2"))) = 0.
We infer by taking the derivative with respect to z; (I =1,...,n — 1)

On(p 0 0;)0u fi(2") = —0i(p 0 O).
Taking squares and summing over all [ we find
[0n(p 0 ONF IV fil* = [V (p o O)* = [0u(p o O)]".

This and |Vp|* > § yields

1
4
1 1
2 = 2

(L +[IVAll5) — 4[]

1,

[2nlpo O = 5

since 0, (po O;) = (Vpo O;,0;e,), the intermediate claim is shown.
For s € (0,0) define now

((s) = ——

- 24/14[T]7,

Note that there exists some dy = 0o([I'][1,4]) such that for each 6 < dy the equation
((s) = 0 has two positive solutions s1, s, € (0,00). Let ss > 0 be the unique smallest
positive solution of ((s) = §. One readily checks that lims .o ss = 0.

Now choose some 6 € (0, dy) small enough such that

s —10[[]1.08" 1

e On Bss(T") n O;(4U; x V;) there holds |(Vp, Ose,)| = ﬁ for all i € {1, ..., M},

)

o Bys(I) = Ui, Oi(U; x Vi),
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o 255 < diam(V; n{y:y > fi(2')}) for all i € {1, ..., M }.

Without loss of generality we assume in the following (Vp, O;e,,) > 0 on Bss(I"). We next
derive a uniform bound for [I';]; , for all j € N such that % < 0. We do so by giving an
explicit representation for I';. Let i € {1, ..., M}. For 2’ € 4U; we define

h(z') = inffy € Vi,y > fi(2') : p(Oi(2',y)) = 0}
We claim that the number h(z’) is well-defined and lies in V;. Indeed, if we assume

p(O;(x',y)) < o for all y € V;,y > fi(2") then one has (with £ being a certain point on
the line segment between O;(2,y) and O;(2', f;(2)))

0 > p(Oi(2,y)) = p(Oi(@',y)) — p(O:(2', fi(2))) = Vp(£) - O; <y _ %(x/))

= Vp(Oi(xlv fz(x/») -0; (y . gl(x/)) - (vp(£> o Vp(Oi(xlv fz(l’/)))) -0 (y _ ?fz(x/))

- [9AO SO )0, )
- (9p©) - Voo i) -0 ()

el QR R (R Ty

- (Vo) = V0 £ -0, )

- o101 e (1) ()

- (Vo) = T £ -0, )

/ ‘x/ 1 _ ‘x/
= VO, 0))) s 0 i)
- (V06 = IO £ 01, G )
> [Vl(O0u(, fi(2') e (y — ("))

—IVpllcoaly = filz")]"

Ly A = 10[TTualy — £ = C(ly — fil@))).

2 -
2,/1+ [F]{a

We have shown that for all y € V;,y > f;(2) one has |y — fi(z')| € (7*((=0,0)) n (0, 00).
Notice that ¢~1((—00,8)) " (0,0) = (0, s5) U (s((g), o) for some s((;Q) > 35 (the other solution
of ¢(s) = ¢). Notice that V; 3 y — |y — fi(2')] is continuous and takes arbitrarily small
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values for y € V; close to fi(z'). Since V; n {y : y > f;(2’)} is an interval (i.e. connected)
and (0, s5) U (5552), o) is disconnected we conclude

ly—fi(@)] <ss  VyeV, y> fi(a)
In particular, for all y1,y. € V; n {y : y > fi(2')} one has

lyr — 2| <|y1 — fi(@)| + [y2 — fi(2")] < 2ss,

contradicting diam(V; n {y : y < fi(2')}) > 2ss5. Hence h(2’) € V; is well-defined.

We also note that h(z’) is the only value y € V; such that p(O;(2’,y)) = 6. Indeed,
d,p(0i(2',y)) = (Vp(Os(2,y)), Oien) > 0 if O;(2',y) € Bss(T) and if O;(2,y) € Bas(I')¢
one has p(O;(2',y)) = 3dist(O;(2',y),T) = 25. Hence y — p(O;(«,y)) must strictly
increase until it reaches the level %5 and can never drop below %5 from there. This shows
that the value ¢ is attained exactly once. We therefore obtain

{p=10}nO;4U; x V;) = O{(2',h(2")) : 2/ € 4U;} Vi=1,..., M. (C.11)

In particular, p(O;(z’, h(z'))) = d for all 2’ € 4U;. This also implies that h € CH*(40;).
Moreover for all v € R"™! : |v] = 1 one has (if d, denotes the directional derivative with
respect to v) (0 0. he)
’ Op\p O Ui )T, (T / 77
Oph(z') = 0u(po O)) (@', h(x")) (z' € 4T7). (C.12)
We now intend to bound [|h||cr.a(p;) independently of § with a constant in terms of
[T]1.4- For a fixed z € 4U; and v € R™ ! : |v] = 1 look at the function y, ,(¢) := h(z + tv),

te[~a,,,a;,] where (if z; is the center and r; is the radius of 4U;) one defines
— — )2
i, _@i\/wwg_vﬁﬁ (C.13)

which are exactly the two unique numbers ¢4 € R such that z + ¢4 v lie in 0(4U;). Then
(C.12) yields that

Ou(p o Oi) (2 + tv,y. (1))
On(poO;)(z + tv,y..(t))

and therefore by Lemma B.6 one has

(telaz,,aZ,])

y;,v(t) =

«a Ov (poO;
1. llore < ol + 2 + (0% — a2 ™)1+ 1282 | onorpmpy)s (C.14)

where we have used that (2', h(2')) € OF{p = 6} for all 2’ € 4U; by (C.11). Noticing now
that on O {p = 0} = O Bs;(T") one has

8[I']7

e’

and Vp € C%(R") a7 o=ty < C([I'l1,0). Going
back to (C.14) and using that y,, = h(z + tv) c V for all t € [az,,af,] as well as by
(C.13) Jat, — az| < 2r; = 2(2[AU;])» = 8(L|U;|)~ one has

ai( POO

192 ollcre < Sup 2] + (2 +38 1/n(|Uz|)kTa)C([F]1,a) < C([Th.a)-
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This and Lemma B.7 yield that also |[h||creum) < C([Iia). From now on we will
explicitly write the dependence of h on i and 6§, i.e. h = h? : 4U; » Rforanyi=1,... M
and § as above. Observe by the fact that {p = 6} < Bss(T') < [, O0:(U; x V;) and (C.ll)
that

{p=20}= U{p=5}m0~(Ui x V)

= Ol <V @ ki) o e UY),

Recalling that h) € C™* and |[h)]|praym,) < C([T]ia) we find that O;, Uy, Vi, hY, i =
1, ..., M is a representation of {p = d}. Therefore

[{r = d}]1a Zsuplxl + 1+ |Uil + [|h]lcraw, < C([Tha),

) zeV;

where we used (C.10) and the fact that M is bounded by [I']; , in the last step. Observing
that 0 = Jio for jo large enough is a possible choice, Property (3) follows. U

Lemma C.6. Let I' = 0Q' € C*. Then H" 1(T) < (1 + [[']1.0)*
Proof. Let € > 0 and O;,U;, Vi, fi, i = 1,..., M be a representation of I such that
M

Zsug 2| + Ui + 1+ [[fillore@uy < [Thha + 1.
i=1%€Vi

Then one infers from (2.2)

M

H (T /de<2/”|m

i

< Z|Ui| + Ui Ifillere < YU+ (1 + [Thia) 1 fillorew,
i=1 i=1

T]m)Z(IUﬂ + [ fillevew,)) < (T + [Clia)([Tia +1).

The claim follows. U

APPENDIX D. THE SPACE L*(R") n BV (R")

In this section we prove some useful integral formulas that hold for functions in the
set L?(R™) n BV(R"). Here we derive some important tools to deal with functions in
this class.

We first recall some facts about BV-functions. For v € BV(R") and U < R" open
one can define

|Du|(U) := sup /n v div(¢) dz.

PpeCL(UR™),||¢]|<1
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By [9, Chapter 5] | Dv| extends uniquely to a finite Radon measure on R”, called the total
variation measure. This measure has the property that there exists a Borel measurable
function o, : R* - R", |o,,| = 1 a.e. and

/ v div(g) de = / (¢,0,) d|Dv| V¢ e CHR™).
We further define for v € BV (R") the precise representative

v*(z) = lim v(y) dy,

r—0 BT (Z‘)

which exists for H"™! a.e. z € R" by [9, Theorem 5.20] (and not just Lebesgue almost-
everywhere). If (¢.)c=o is the standard mollifier (defined as in [9, Section 4.2]) one can
define v, := v * ¢, which then lies in C*(R") n BV(R"). For v € BV (R") it is shown
in [9, Theorem 5.20] that v, — v* as H" ! a.e. as ¢ — 0 (and not just Lebesgue almost
everywhere). We will need also the following

Lemma D.1. Let ve BV(R") and U < R" be open. Then for any € > 0 there holds

/U Vu.(x)] d < | Do|(B.U)

Proof. Let U,v be as in the statement. Then

[ewias = [ vwnste-u dy\ a- [

:/U /nv(y)div<¢ﬁ<f‘7— Jei) () dy‘ dz

[ vtdnee - as

- [| [ o= not.e) apei| o < [ [ oo~ paiouity) as

:/n </U¢e(x—y) dx) d|Dvl(y) </Rnxm(y) d[Dvl(y)

< [Do|(B(U)),
where the last step is due to the fact that

0<L¢e(x—y)dx<4n¢e(x—y)dx=1

and if y ¢ B.(U) then the fact that spt(¢.) = B(0) implies

/Uczse@:—y) dz = 0.
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Lemma D.2 (Radial integration for BV-functions). Let v € BV (R") n L*(R") have
compact support in R™. Then

/ d:c—//s z) dH" () ds

Proof. Notice that fBT(m) v(y) dy — v*(z) as r — 0 for Lebesgue a.e z € R™ and |v*(z)| <
(spt(v)) () for all z € R™ and r € (0,1). Thus the dominated convergence theorem

/n v(x) de = /Rn v*(z) do = 71}_1% - (][r(x) v(y) dy) dz.

Now observe that for fixed r € (0,1) themap f : R" - R,z — fBT(x) v(y) dy is continuous.

yields

Indeed this follows immediately from the estimate

| B, (1) AB,(72)
|1 B,-(0)]

Since radial integration is available for continuous functions one has

ool (f, ow8) e

We can now use the dominated convergence theorem again to switch the limit and the
first two integrals (with the same dominating function as above) and obtain

/ dx—//s z) dH" () ds.

Lemma D.3. Let v e BV (R") n L®(R") and f € C°(R™ x R). Let

|f($1) - f($2)| <

= {s€(0,00) : t — |Dv|(B(0))is continuous at s}.

Then (0,0)\A is countable and the map I : A — R

18 continuous on A.

Proof. Since t — |Dv|(By(0)) is monotone it can only have a countable set of discontinu-
ities. Hence (0,0)\A is countable. We notice that at each point s € A there holds

[Do|(2B,(0)) = Dol (B(0)\By(0) = lim [Do|(Busr/(0)\B:(0))
= 1 |Do|(Buyja(0)) — Dol (Bo(0)) = 0.
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We first assume additionally that f = f(z,p) € C*(R™ x R). Let (¢)e=0 be the standard
mollifier. Since by [9, Theorem 5.20] v, := v * ¢, converges to v* H" ! a.e. we have (by
the dominated convergence theorem)

/ f(z,v*(x)) dH" ! (x) = lim f(z,ve(x)) dH " (z).
2B, (0) €0 /2B, (0)

To find an integrable dominating function we have used that by Young’s convolution
inequality [|ve||pe = ||v * @] < ||v||Le||Pel|zr < ||v]|z and f is uniformly bounded on
0B.(0) x [—||v||z=,||v]|z=]. Now for 0 < r <7 < o we estimate for r,s € An|[r,7],r < s

I(r)—1I(s) =

/ f@,v*(x)) dH" () - / f(@,v*(x)) dH" " (x)
0By (0)

0B, (0)

— lim /a (e @) - [t awr @)

€l0 2B4(0)

im | z 1) - L x,v(r))r, £ g
=ty [, G D @t = (g o

r S

1 1
= lim |- div(f(x,ve(x))r) doe — - div(f(z,v.(x))x) do
/B S o)) / U@

el |1 S

n

< lim |— /T(o) f(z,v(z)) de — — f(z,v(zx)) dx

el0 | T S J B, (0)

+ lim
€l0

! 1
r /BAO)(DJ (2, ve()), ) dv = 2 /B | (Def@v(a)).z) do

r S

1 1
lim |- Opf(x,ve(x))(Vve(z), x) do — — Opf(z,ve(x))(Vve(z), x) do
+ /BT(O) f(@,ve(2))(Vve(z), ) /5(0) f(@,ve(2))(Vve(), )

el0 | T S
= (I) + (II) + (III).

In the first two terms one can (thanks to the fact that f and (z,p) — (D.f(z,p), ), is

uniformly bounded on Br(0) x [—||v||r=, [|v]|L=]) let € — 0 and obtain

(D+ (II) = ; o (z,v*(z)) dx—g B(O)f(x,v*(:c)) da
1 1
- D, f(x,v*(2)),x) do — - D, f(x,v*(2)),x) dx|.
o R Ry ARG ERER

This expression is obviously continuous in r, s, again by boundedness of f and (z,p) —

(Dyf (z,p),x) on B=(0) x [—]||v||p, ||v||r=]. For (I1T) we estimate

1 1
III) = |- Opf(z,ve(x))(Vve(x),z) do — — Opf(z,ve(x))(Vve(z), z) do
(= [ s a0 e = [ @) (T )
1 1
-—= Opf(z,ve(x))(Vve(z), z)| do
ol L @) Tl 2)

+ 1/ |0, f (x, ve(x)) (Vve(z), z)| dz.
Bs(0)\Br(0)

S
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Now we let M := Sup, 5@y x [ |jolloe.llvll o] [Opf (€5 P)| and infer

(1) < a1 - —)/ Vo (2)] de + M Vo ()] de.
B (0) Bs(0)\B:(0)

We now use Lemma D.1 to estimate

(1) < M |1 = | |Do|(R") + M| Dol (B.(B,(0)\5,(0))

M [1 = | |Du|(RY) + M|Do| (B (0)\Br-c(0).

Letting € | 0 Continuity properties of Radon measures and the fact that s € A yield that

(1) < M [1 = 2| |De|(R") + M| Dv|(B,(0)\B, (0))
= M [L = Z|IDo|(R") + M(|Do|(B.(0)) = [Dv|(B,(0)) + M|De| (2B.(0))
= ML= =||Do|(R") + M(|Dv|(B,(0) — |Dvl(B,(0)).

Since ¢t — |Dv|(B;(0)) is continuous on A we have thus found a continuous function
g : A — R such that

1I(r) —I(s)| < |g(r) —g(s)| Vr,se A

This implies continuity of I on A. Finally, to obtain the result for any continuius f €
C°(R"™ x R), we approximate f uniformly by a sequence of C'! function and argue by the
Definiton of I that continuity of I on A is preserved by this uniform approximation. [J

APPENDIX E. THE SIGNED DISTANCE FUNCTION

In this section let I' = 0 € C* for some k > 2. In this appendix we recall some
properties of the signed distance function of I' and derive some useful formulas. The
signed distance function dr : 2 — R is defined as

dist(z,I) ze Q" := O\,
dr(z) :=<X0 rel,
—dist(z,I") xe .

One readily checks that dr and |dr| = dist(-,I") are Lipschitz continuous functions. In
a small tubular neighborhood B (I") := {z € R™ : dist(z,I') < ¢} one can however
still obtain more regularity for dr. By [11, Lemma 14.16] one has that dr € C*(B,,(T))
and Vdr = v o mr, where v denotes the outward pointing unit normal of €' on I' and
71 ¢ B, (T') — T denotes the nearest point projection on I' which lies in C*~1(B,,(T")), cf.
[11, Eq. (14.96)]. Next we derive some helpful formulas for test functions involving df.
We remark that ¢y = ¢y(I") can be chosen independent of k.

Lemma E.1. Let Qo € W*%(Q) for some s > n and let T = 02 € C? with outer unit
normal v. Further let dr : B, (I') — R be the signed distance function of T' and € < €.
Then (distributionally in C(B(I"))’) there holds

o2 (%Wﬂ) = QovivyH" LT + 51‘21‘(%%)0(9" = Xa)- (E.1)
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Proof. Let ¢ € CX(B.(T)) be arbitrary but fixed. Denote by v = ¥ and v** the outer
unit normals of {2, Q" respectively. Then using integration by parts and dr|r = 0

/%|dr| ;¢ de = — Qodr(32¢d + %dF ;¢ dx
Q//
— Qodwﬂ’w dH™ + / Q—dpuﬂ”(/]¢ dH"!
an 2 aQ//

[ (Be)sns 3 (F)ome
— / 0; (@dp> 0;¢ dx —/ 0; <%dr) 0j¢ dz
L@ roa | 5 (E0) oo
o o
g a2

Noticing that 0€ n supp(¢) = Q" A supp(¢) = I' and v§*" = =15 on I' we infer

|dp|a b dx = /a Qodr)v; dH" + /giqu dz,

Q

where g;: 1= 0% (Ldp xar — Xq) € L°(B(I')). Now notice that on I' one has
g] 1\ 2

0i(Qodr) = 0;(Qo)dr + Qolidr = 0+ Qovi = Qo

Thus we infer 0
70|dp|8i2j¢ dz = /Qoyizjjqﬁ dH ! + / 9i;¢ dz,
Q r Q
which was asserted. O

Corollary E.2. Let I' = 0Q' € C? and Q, € W>*(Q) for some s > n. Then V (L[dr|) €
BV(B.T)).

Proof. Let ¢ = (¢4, ..., ¢n) € CL(B(I'); R™). Then we compute for j =1,...,n

/Q 0; (2 dr) div(¢) dz = kZ /Q 0; (L|dr|) dndy do = _;1 /Q (%2 |dr|) 0%y du.

Now we use (E.1) to find (with the notation g;; := 8%(%dp)(xgu — xar) € L¥(B(T")) that

/Q(?j (%|dr]) div(¢) dw = — ; </F Qovvrgr dH™ ' + /QQZ‘WR) :

One readily checks that the term on the right hand side is bounded by

(éucza

o = Cjll¢l| e

HHT) + ||9jk||L1(Be(r))>
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Notice that C; < o since L*(B(T")) = L*(B(T))). Using the fact that each C!(B(T"))-
function can be uniformly approximated by C(B.(T"))-functions we find

[ 5 (Sl div(o) do < Cyloll vo e CHBTIR),

implying that 0; (|dr|) € BV(B.(I)). Since j € {1,...,n} was arbitrary the claim is
shown. O

Lemma E.3. Let T = 00 € C*, k > 2 and Qo € W**(Q), s > n. Then (Lldr|) €
WhS(Q A B(T)) n Whs(Q" A B.(I)).

Proof. This follows immediately from the fact that on ' n B.(I") there holds

<%|df‘|) = _%df‘a

and dp extends to a function in C*(Q A B.(')) = C*( n B.(T)) uT). Hence all
derivatives up to order k are bounded. The product rule in W** yields then the de-
sired WH**(Q n B,(T'))-regularity. On Q" n B.(T') the same regularity can be obtained
analogously. O

APPENDIX F. A MAXIMUM PRINCIPLE FOR BV-SOLUTIONS

In this appendix we introduce a nonclassical maximum principle for so-called BV -
solutions of
{—diV(A(ZL‘)VU) =0 in D, (F.1)

u=h on 0D.
This concept of solution is defined as follows.

Definition F.1. Let D < R" be a C*-smooth domain, A € W*(D;R™ ") (s > n) and
h e LY(0D). We say u € BV (D) is a BV -solution of (F.1) if trp(u) = h and

/Du(az) div(A(z)Vn(z)) de =0 Vne CF (D).

If a BV-solution u lies additionally in W?(D) for some p € (1,00) then it is easy to
see that it is a usual weak solution of the problem and hence established methods like
regularity theory, maximum principles etc. can be used. However it is not clear whether a
BV -solution lies in some higher Sobolev space. It was a longstanding conjecture by Serrin
(cf. [28]) under which conditions on the coefficient matrix A(x) further interior regularity
can be obtained. In [2, Theorem A.1.2], Brezis presents a presumably optimal condition:
For Dini-continuous coefficients A(x) further interior regularity can be obtained. We will
use this further regularity to obtain a maximum principle.

Lemma F.2. Let D < R™ be a C*-smooth domain, A € W**(D;R™"), (s > n) and
suppose that 1 € BV (D) is a BV-solution of (F.1) for some h € W'*(R"). Then

191220y < |IAllz=(@p)
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Proof. Observe first that by [2, Theorem A.1.2] 1) € BV (D) nW,2*(D). This in particular
implies (cf. Lemma B.4) that ¢ € Wh!(D) and

/Q (A(z)Vi(), Vn(z) dz = 0 ¥ e C2(Q). (F.2)

We infer that 1 is a weak Wt-solution of
div(A(x)V(z)) =0 in D, (F.3)
Vv =nh on dD. '

in the sense that trop(v) = h and (F.2) holds. We next observe that the concept of a
Wl solution just introduced is a notion that characterises 1 uniquely. Indeed, if v1, 1,
are two Whl-solutions of (F.3) (i.e. satisfying (F.2) and having the same boundary
trace) then 11 — 10y lies in W' (D) and also satisfies (F.2). By [2, Theorem A5.1, second
sentence] we infer ¢; — 1, = 0. We claim next that for each h € W1*(R") there exists a
weak Whl-solution of (F.3) which additionally lies in W'*(D). To this end notice that
AVh € L*(D) and hence by [3, Theorem 1.1] there exists a unique 1) € W,*(D) weak
solution of

- (F.4)

—div(AV)) = div(AVh) in D,
=0 on 0D.

We now define 9 := 1/; + h and assert that ¢ is a weak W'!-solution. Indeed, trop (1)) =
trop(¢¥ + h) = 0+ hlop = h on dD. Moreover for each n € C°(Q2) there holds by (F.4)

/D (A@)V(z), V(x)) dz = /D (A@)V(z), V(z)) dz + / (AVh(z), V() da

D

_ /D (AVh(z), Vi(z)) dz + /D (AVh(z), Vi(z)) dz — 0.

By the previous uniqueness discussion for Whlsolutions of (F.3) we have ¢ = 1 and
thus ¢ € WbH¥(D). In particular, ¢ € C(D) by Sobolev embedding. Now, the classical
maximum principle implies the claim. U
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