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ON ELLIPTIC EQUATIONS INVOLVING SURFACE MEASURES

MARIUS MÜLLER

Abstract. We show optimal Lipschitz regularity for very weak solutions of the (measure-
valued) elliptic PDE ´divpApxq∇uq “ Q Hn´1 Γ in a smooth domain Ω Ă R

n. Here Γ
is a C1,α-regular hypersurface, Q P C0,α is a density on Γ, and the coefficient matrix A

is symmetric, uniformly elliptic and W 1,q-regular pq ą nq. We also discuss optimality of
these assumptions on the data. The equation can be understood as a special coupling
of two A-harmonic functions with an interface Γ. As such it plays an important role in
several free boundary problems, as we shall discuss.

1. Introduction

In this article we examine regularity of solutions of the following measure-valued
Dirichlet problem

#

´divpApxq∇uq “ Q Hn´1 Γ in Ω,

u “ 0 on BΩ,
(1.1)

on some smooth bounded domain Ω Ă R
n, n ě 2. Here, Hn´1 Γ denotes the n ´ 1-

dimensional Hausdorff measure restricted to an interface Γ “ BΩ1 for some suitably
regular domain Ω1 ĂĂ Ω and Q : Γ Ñ R is some suitably regular density. Further, the
(nonconstant) coefficient matrix pApxqqxPΩ is suitably regular as well as symmetric and
uniformly elliptic in the sense that

aij “ aji @i, j “ 1, ..., n and Dλ ą 0 : ξTApxqξ ě λ|ξ|2 @x P Ω @ξ P R
n. (1.2)

Such equations appear often in the description of free boundary problems, as we shall
illustrate in Section 5.

The notion of solutions we study is the following

Definition 1.1 (Very weak solutions). Let A P W 1,2pΩ;Rnˆnq be symmetric and uni-
formly elliptic and Q P L1pΓq. A function u P L2pΩq is called a very weak solution of
(1.1) if

´
ˆ

Ω

upxq divpApxq∇φpxqq dx “
ˆ

Γ

Qpyqφpyq dHn´1pyq @φ P C2pΩq : φ|BΩ “ 0.

In Appendix A, we see that under some suitable further smoothness assumptions on
the coefficients Q,A,Γ one can equivalently demand that u P W 1,2

0 pΩq and
ˆ

Ω

pApxq∇upxq,∇φpxqq dx “
ˆ

Γ

Qpyqφpyq dHn´1pyq @φ P C8
0 pΩq. (1.3)
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Solutions in the sense of (1.3) are called weak solutions, and might appear more intuitive
at first sight — in particular since they can easily be seen to be unique. The concept
of very weak solutions is however the established definition of general measure-valued
Poisson problems, cf. [26, Section 3.1] and will also prove helpful during the course of
our proof.

We are interested in the optimal regularity of solutions, under suitable further as-
sumptions on the data Q, A, Γ. The main result in this article is

Theorem 1.2 (Main Theorem). Fix α ą 0 and q ą n. Let Ω Ă R
n be a smooth

bounded domain and Ω1 ĂĂ Ω be a C1,α-subdomain. If Γ “ BΩ1, Q P C0,αpΓq and
A P W 1,qpΩ;Rnˆnq satisfies (1.2), then the unique solution u of (1.1) lies in W 1,8pΩq.

The classW 1,8pΩq is the best expectable regularity in terms of Sobolev spaces. Indeed
W 2,1-regularity is not possible, since for each u P W 2,1 and A P W 1,q, pq ą nq the left
hand side of (1.1) lies in L1, whereas the (measure-valued) right hand side does not
lie in L1 (unless Q “ 0). Therefore the optimal Sobolev class has to be below W 2,1.
Moreover, we will see that W 1,p-regularity for each p P p1,8q is true and a somewhat
immediate consequence of the observations in [3], which deal with equations of the form
´divpA∇uq “ divpF q. To make these results applicable, a needed prerequisite is A P
VMOpΩ;Rnˆnq. Recall that for any q ą n one hasW 1,q

ãÑ C0,γ
ãÑ VMO with γ “ 1´ n

q
.

All in all, W 1,8-regularity is the only open question in terms of Sobolev regularity.
It could theoretically happen that W 1,8-regularity can be further improved upon

in classical function spaces Ck,α (recalling that W 1,8pΩq “ C0,1pΩq). However, such
improvement can not be obtained — we will show that C1-regularity is impossible, cf.
Section 2.3.

If A “ Idnˆn (or A is smooth), (1.1) has already been studied by means of potential
theory, cf. [22, Theorem 14.V] and [12]. In this special case the conclusion of Theorem
1.2 is already known to hold true.

We also show that the regularity assumptions on Q,A,Γ are optimal for the conclusion
of the theorem. A previous article of the author ([23]) asserts (falsely) that if A “ Idnˆn

then the conclusion of Theorem 1.2 holds true even if Ω1 is only a Lipschitz subdomain.
Such result is not true (by counterexample, cf. [24]). Notice that the present article is
self-contained and does not use any results in [23].

We discuss the optimality of our assumptions by giving counterexamples to the con-
clusion of Theorem 1.2 if Ω1 is only a Lipschitz domain and if A P W 1,q only for some
q ă n, cf. Section 4. This is remarkable in the following way: In [17] solutions of the
general (Radon-)measure-valued problem

#

´divpApxq∇upxqq “ µ in Ω,

u “ 0 on BΩ
(1.4)

are studied and it is shown (cf. [17, Theorem 2.9]) that for each α P p0, 1q

µpBrpxqq ď Crn´2`α @r ą 0, x P R
n ô The weak solution u of (1.4) lies in C0,αpΩq.

Our counterexample will reveal that “ñ” does in general not hold true in the case of
α “ 1. This reveals that growth properties of the measure are in this case not sufficient
to make regularity assertions. The geometry of µ plays a much bigger role.
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Because of the mild requirements on our coefficient matrix we need an approach that is
detached from potential theory. We will first establish results for smooth data Q,A,Γ by
means of a comparison of solutions with the (signed) distance function. This comparison
yields also BV -estimates for ∇u, which are crucial for our approach.

We will then perform a blow-up analysis and use special test functions to obtain a-
priori estimates in terms of the data. An approximation procedure will then imply the
result.

Because of the absence of potential theory, our approach provides methodological
progress that can in the future also be applied for nonlinear measure-valued equations.

2. Preliminaries

2.1. Notation. In the following we will always assume unless stated otherwise that A is
symmetric and uniformly elliptic, cf. (1.2). For an arbitrary closed set C Ă R

n, we say
that f P C0,αpCq if there exists some constant H ą 0 such that

|fpxq ´ fpyq| ď H |x´ y|α @x, y P C. (2.1)

We call rf sC0,αpCq :“ inftH ą 0 : (2.1) holdsu the Hölder seminorm of f and define
the Hölder norm ||f ||C0,αpCq :“ supxPC |fpxq| ` rf sC0,αpCq. We remark that if C is a
C1-submanifold of Rn then there would also be an alternative way to define the Hölder-
seminorm, namely taking the intrinsic distance distCpx, yq instead of |x ´ y| in (2.1).
These notions of Hölder continuity are only equivalent on chord arc submanifolds, cf. [4].
We will thus consistently adhere to the notion in (2.1).

In the sequel Ω always denotes a smooth bounded domain and Ω1 ĂĂ Ω always denotes
a suitably smooth and compactly contained subdomain. Moreover, Γ “ BΩ1 denotes its
boundary. Further we introduce the shorthand notation Ω2 :“ ΩzΩ1.

In what follows we will assume tacitly and without loss of generality that Γ “ BΩ1 is
connected, since otherwise we could look at the (finitely many) connected components of
Γ separately. (If we do so, it however needs to be ensured that all connected components
Γ can also be regarded as boundaries of subdomains of Ω. This is true by the Jordan-
Brouwer separation theorem.)

We say (for k P N0 and α ě 0) that Γ “ BΩ1 is a Ck,α-boundary if it can be written as

Γ “
M
ď

i“1

OirpUi ˆ Viq X tpx1, fipx1qq : x1 P Uius “:
M
ď

i“1

Γi (2.2)

where M P N is finite, Oi P R
nˆn are orthogonal matrices, Ui Ă R

n´1 are open balls,
Vi Ă R are open intervals and fi P Ck,αp4Ui;Viq are such that the subgraph of fi lies in
Ω1. Here 4Ui denotes the ball with the same center and the quadruple radius of Ui. This
enlargement of Ui will be needed for technical purposes, cf. Appendix C. We say that Γ is
represented by pOi, Ui, Vi, fi, i “ 1, ...,Mq if Oi, Ui, Vi, fi are as in (2.2) and Γi`1 XΓi ‰ H
for all i “ 1, ...,M . We remark that the condition that Γi`1 X Γi ‰ H can always be
arranged by relabeling, since Γi Ă Γ is open for all i and Γ is connected. We set

rΓsk,α :“ inf

#

M
ÿ

i“1

p1 ` sup
xPVi

|x| ` |Ui| ` ||fi||Ck,αp4Uiqq : Γ rep. by Oi, Ui, Vi, fi, i “ 1, ...,M

+

.
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We use the shorthand notation Γ “ BΩ1 P Ck,α if Γ is a Ck,α-boundary of Ω1 ĂĂ Ω and
we denote the outward pointing unit normal νΩ1 simply by ν for the sake of simplicity.
The signed measure µ “ Q Hn´1 Γ is defined via

µpAq :“
ˆ

AXΓ

Q dHn´1 @A Ă R
n Borel set.

From now on, also p¨, ¨q : Rn ˆ R
n Ñ R denotes the standard Euclidean inner product.

2.2. Existence, Uniqueness and W 1,p-regularity for p ă 8. First we establish ex-
istence and W 1,p-regularity for all p P p1,8q. To this end we employ the duality method.
We show that the measure term on the right hand side of (1.1) lies the dual space

pW 1,p1

0 pΩqq˚ for any p1 P p1,8q and then illustrate how this can be used to show that
u P W

1,p
0 pΩq for p P p1,8q such that 1

p
` 1

p1 “ 1. This is related to the study of the

equation ´divpA∇uq “ divpF q, conducted under minimal assumptions in [3].

Lemma 2.1. Let Γ “ BΩ1 P C0,1 and Q P L8pΓq. Then the distribution

T pψq :“
ˆ

Γ

Qψ dHn´1pxq pψ P C8
0 pΩqq (2.3)

extends to an element of W 1,1
0 pΩq˚ and ||T ||pW 1,1

0
pΩq˚ ď CpnqrΓs0,1||Q||L8pΓq. Moreover

there exists some F P L8pΩ;Rnq such that QHn´1 Γ “ divpF q distributionally, i.e.
ˆ

Γ

Qψ dHn´1 “
ˆ

Ω

pF,∇ψq dx @ψ P C8
0 pΩq. (2.4)

Further, one can choose F in such a way that ||F ||L8pΩq ď CpnqrΓs0,1||Q||L8pΓq.

Proof. To prove that T P W 1,1
0 pΩq˚ it suffices to show (by applying [26, Proposition 17.17]

with µ˘ “ Q˘Hn´1 Γ and k “ 1 and [26, Proposition B.3] with δ “ 8) that
ˆ

ΓXBrpxq
|Q| dHn´1pxq ď Crn´1 @x P R

n @r ą 0.

We first estimate
ˆ

ΓXBrpxq
|Q| dHn´1pxq ď ||Q||L8H

n´1pΓ X Brpxqq. (2.5)

Notice that Γ is covered by finitely many sets of the form

Ei :“ OirpUi ˆ Viq X tpx1, fipx1qq : x1 P Uiu i “ 1, ...,M,

where Oi is a rotation matrix, Ui Ă R
n´1 is an open set and Vi Ă R is open and

fi P C0,1p4Uiq are such that
řM

i“1p1 ` ||Dfi||L8q ď rΓs0,1 ` ǫ for some arbitrary but fixed
ǫ ą 0. Now let r ą 0 and x P Γ be arbitrary. For all i “ 1, ...,M there holds (with
x̃i :“ OT

i x and y1
i denoting the first n ´ 1 components of x̃i)

OT
i pEi X pΓ X Brpxqqq Ă tpx1, fipx1qq : x1 P Ui, px1, fipx1qq P Brpx̃iqu
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Ă tpx1, fipx1qq : x1 P Ui, x
1 P Brpy1

iqu.

Hence (with Ln´1 denoting the Lebesgue measure on R
n´1) one finds

H
n´1pΓ X Brpxqq ď

M
ÿ

i“1

ˆ

UiXBrpy1
iq

a

1 ` |Dfipx1q|2 dx1 (2.6)

ď
M
ÿ

i“1

a

1 ` ||Dfi||28Ln´1pBrpyiqq ď L
n´1pB1p0qqprΓs0,1 ` ǫqrn´1.

Together with (2.5) we infer that
ˆ

ΓXBrpxq
|Q| dHn´1pxq ď Cpnq||Q||L8prΓs0,1 ` ǫqrn´1.

This and [26, Proposition 17.17] yield that ||T ||
W

1,1
0

pΩq˚ ď Cpnq||Q||L8 prΓs0,1 ` ǫq. Arbi-

traryness of ǫ ą 0 yields the desired bound for ||T ||W 1,1
0

pΩq˚ . By [29, Lemma 6.6] we infer

the existence of F P L8pΩ;Rnq such that ||T ||pW 1,1
0

pΩqq˚ “ ||F ||L8pΩq and

T pψq “
ˆ

Ω

pF,∇ψq dx @ψ P W 1,1
0 pΩq.

This together with the definition of T in (2.3) implies (2.4). Finally, we have

||F ||L8pΩq “ ||T ||pW 1,1
0

pΩqq˚ ď CpnqrΓs0,1||Q||L8pΓq.

The claim follows. �

Remark 2.2. The proof exposes a special growth property of the measure µ “ Q Hn´1 Γ,
namely |µ|pBrpxqq ď Crn´1, holding true whenever Γ “ BΩ1 P C0,1.

Remark 2.3. We recall that if Γ “ BΩ1 P C0,1 then there exists a continuous trace operator
trBΩ1 : W 1,1pΩ1q Ñ L1pΓq. One readily checks that the extension of T , defined as in (2.3)
to W 1,1

0 pΩq is given by

T pψq “
ˆ

Γ

Q trBΩ1pψq dHn´1pxq. (2.7)

We will from now on write ψ instead of trBΩ1pψq and tacitly regard the evaluation as an
evaluation in the sense of Sobolev traces.

Next we prove the asserted W 1,p-regularity. To this end we will need that under
suitable regularity requirements on A, very weak solutions of the equation are also weak
solutions. Which regularity requirements are exactly needed is discussed in Appendix A.

Lemma 2.4. Let Γ “ BΩ1 P C0,1, Q P L8pΩq and A P W 1,qpΩ;Rnˆnq, q ą n. Then there
exists a unique very weak solution u P L2pΩq to

#

´divpApxq∇uq “ Q Hn´1 Γ in Ω,

u “ 0 on BΩ

and it lies in W 1,p
0 pΩq for all p P p1,8q. Moreover, there exists a constant C “ Cpp, n,Ωq

such that
||u||W 1,p

0
pΩq ď CrΓs0,1||Q||L8 .
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Proof. Step 1. Existence. We show first that there exists u P W 1,2
0 pΩq such that

ˆ

Ω

pA∇u,∇φq dx “
ˆ

Γ

Qφ dHn´1 @φ P W 1,2
0 pΩq. (2.8)

To this end we employ the Lax-Milgram lemma. One readily checks that (due to the fact
that A P W 1,q Ă L8) one has that a : W 1,2

0 pΩq ˆ W
1,2
0 pΩq Ñ R given by

apu, vq :“
ˆ

Ω

pA∇u,∇vq dx

defines a continuous and coercive bilinear form on the Hilbert space H :“ W
1,2
0 pΩq. Next

let T be the distribution in (2.3). The previous lemma shows that T P W 1,1
0 pΩq˚ Ă H˚.

Therefore the Lax-Milgram lemma yields that there exists a unique solution u P H such
that apu, vq “ T pvq for all v P H . Using (2.7) we conclude that u solves (2.8). Lemma
A.2 shows that u is also a very weak solution.
Step 2. Uniqueness. Suppose that w P L2pΩq is another very weak solution. By Lemma
A.2 we have

´
ˆ

Ω

u divpA∇φq dx “ ´
ˆ

Ω

w divpA∇φq dx “ T pφq @φ P W 2,2pΩq X W
1,2
0 pΩq,

yielding
ˆ

Ω

pu´ wq divpA∇φq dx “ 0 @φ P W 2,2pΩq X W
1,2
0 pΩq. (2.9)

Next we let g P L2pΩq be arbitrary. Lemma A.1 implies that there exists some φg P
W 2,2pΩq XW

1,2
0 pΩq such that divpA∇φgq “ g pointwise almost everywhere. Using φ “ φg

in (2.9) we find
ˆ

Ω

pu ´ wqg dx “ 0 @g P L2pΩq.

This implies u ´ w “ 0 a.e.
Step 3. Regularity. Let p P r2,8q be arbitrary. Let F P L8pΩ;Rnq be as in (2.4). By
[3, Theorem 1] there exists some up P W 1,p

0 pΩq such that
ˆ

Ω

pA∇up,∇φq dx “
ˆ

Ω

pF,∇φq dx @φ P C8
0 pΩq. (2.10)

We infer from linearity and (2.4)
ˆ

Ω

pA∇pup ´ uq,∇φq dx “
ˆ

Ω

pF,∇φq dx ´
ˆ

Γ

Qφ dHn´1 “ 0 @φ P C8
0 pΩq.

Since up ´ u P W 1,2
0 pΩq and A P L8pΩq we infer by approximation

0 “
ˆ

Ω

pA∇pup ´ uq,∇pup ´ uqq dx “ apup ´ u, up ´ uq,

yielding that up “ u by coercivity of the bilinear form a. Hence u “ up P W 1,p
0 pΩq. Thus

(2.10), [3, Theorem 1.1] and Lemma 2.1 yield the estimate

||u||
W

1,p
0

“ ||up||
W

1,p
0

ď Cpp, n,Ωq||F ||Lp ď Cpp, n,Ωq||F ||L8 ď Cpp, n,Ωq||Q||8rΓs0,1.

�
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2.3. Impossibility of C1-regularity. In this section we discuss why C1-regularity is
impossible to obtain for this problem. This will be a consequence of the classical Hopf-
Oleinik boundary point lemma for elliptic operators, discovered by Hopf and indepen-
dently by Oleinik, cf. [16] for elliptic equations in C2-smooth domains. Meanwhile there
have also been found versions of this lemma for less regular, e.g. C1,α-regular, boundaries,
cf. [1, Theorem 1.4].

Lemma 2.5 (Hopf-Oleinik [1, Special case of Theorem 1.4]). Suppose that D is a C1,α

domain for some α ą 0 and A P C1pD;Rnˆnq is symmetric and uniformly elliptic. Let
v P C2pDq X C0pDq be nonconstant and satisfy divpA∇vq “ 0 pointwise on D. Suppose
that x0 P BD is such that vpx0q “ maxxPD vpxq. Then

lim
tÑ0´

vpx0 ` tνDpx0qq ´ vpx0q
t

ą 0.

We remark that the existence of some x0 P BD with the properties demanded in the
previous lemma follows from the elliptic maximum principle., cf. [8, Theorem 1, Section
6.4.1]. We also remark that in the situation of the previous lemma there holds for any
y0 P BD

vpy0q “ min
xPD

vpxq ñ lim
tÑ0´

vpy0 ` tνDpy0qq ´ vpy0q
t

ă 0.

This is readily checked when applying the previous lemma to ´v.
Based on this lemma we prove the following result

Lemma 2.6. Let Ω Ă R
n be a smooth domain and u P L2pΩq be the solution of (1.1)

with A P C1,1pΩ;Rnq, Q P L8pRnq and Γ “ BΩ1 P C1,α. Then u R C1pΩq unless Q “ 0.

Proof. Assume that u P C1pΩq and Q ı 0. We remark that also by Lemma 2.4 u P
CpΩ). In particular minxPΩ upxq and maxxPΩ upxq are attained. We claim that there
holds divpA∇uq “ 0 in Ω1 Y Ω2. Indeed, for each φ P C8

0 pΩ1q one has (after extending φ
by zero on Ω)

ˆ

Ω1

pA∇u,∇φq dx “
ˆ

Ω

pA∇u,∇φq dx “
ˆ

Γ

Qφ dHn´1 “ 0,

since φ|Γ “ 0. One infers that divpA∇uq “ 0 weakly in Ω1. One can proceed analogously
for φ P C8

0 pΩ2q. We infer from [11, Theorem 9.19] and the assumptions on A that
u P W

3,q
loc pΩ1q X W

3,q
loc pΩ2q for each q ă 8. In particular, by Sobolev embedding, u P

C2pΩ1q X C2pΩ2q. As a consequence u P C2pΩ1q X CpΩ1q and u P C2pΩ2q X CpΩ2q. Hence
u is on both sets Ω1 and Ω2 a classical solution of divpA∇uq “ 0. We next show the
following
Intermediate claim. One value maxxPΩ upxq or minxPΩ upxq is attained on Γ. By
the elliptic maximum principle one has that maxxPΩ1 upxq is attained on BΩ1 “ Γ and
maxxPΩ2 upxq is attained on BΩ2 “ Γ Y BΩ. The same can be observed for the minima.
One concludes that maxxPΩ upxq and minxPΩ upxq must be attained on Γ Y BΩ. If both
are only attained on BΩ then u|BΩ “ 0 yields maxxPΩ upxq “ minxPΩ upxq “ 0, and as a
result u ” 0 in Ω. A contradiction to (1.1) as Q ı 0. The intermediate claim is shown.
To proceed we assume without loss of generality that maxxPΩ upxq is attained at some
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x0 P Γ. We note that u ı const. in Ω2. Indeed, assuming the opposite would yield u ” 0
in Ω2 and hence also on Γ. This would however imply that u|Ω1 is a classical solution of
the Dirichlet problem

#

divpA∇uq “ 0 in Ω1,

u “ 0 on Γ “ BΩ1

and thus (by uniqueness for the Dirichlet problem) u|Ω1 “ 0, resulting in u ” 0 and
contradicting Q ı 0. Applying Lemma 2.5 with D “ Ω2 and using that u P C1pΩq we
infer that

0 ă lim
tÑ0´

upx0 ` tνΩ2px0qq ´ upx0q
t

“ p∇upx0q, νΩ2px0qq. (2.11)

On the other hand we have

p∇upx0q, νΩ2px0qq “ ´p∇upx0q, νΩ1px0qq “ ´ lim
tÑ0´

upx0 ` tνΩ1px0qq ´ upx0q
t

ď 0, (2.12)

where the last inequality is due to the fact that u attains a maximum at x0 and thus
upx0 ` tνΩ1px0qq ď upx0q for all t ď 0. Since (2.11) and (2.12) contradict each other we
obtain that our assumption can not be satisfied. Hence u R C1pΩq. �

3. Proof of the main theorem

3.1. Regularity for smooth initial data. In this section we establish W 1,8-regularity
of solutions for (suitably) smooth data Q,A,Γ. We will achieve this by comparison with
a prototype solution that involves the signed distance function dΓ, a notion that we recall
in Appendix E. The comparison with the signed distance reveals not just W 1,8-regularity
but also that solutions u of (1.1) with suitably smooth initial data satisfy ∇u P BV pΩq.
This will be important as it allows us to form traces of gradients of solutions in the sequel.

In this section we will always require that Γ “ BΩ1 P Ck for some k ě 2. We further
fix some ǫ P p0, ǫ0q where ǫ0 “ ǫ0pΓq ă distpΓ, BΩq is chosen as in Appendix E, i.e. such

that dΓ P CkpBǫ0pΓqq. Here we denote Bǫ0pΓq :“ tx P R
n : distpx,Γq ă ǫ0u.

We will make frequent use of the formula in Lemma E.1, i.e. that distributionally on
C8

0 pBǫpΓqq1 one has for any suitably smooth function Q0 (with ν :“ νΩ1)

B2
ij

ˆ

Q0

2
|dΓ|

˙

“ Q0νiνjH
n´1 Γ ` B2

ijp
Q0

2
dΓqpχΩ2 ´ χΩ1q.

Lemma 3.1 (Lipschitz-regularity for suitably smooth input data). Let Γ “ BΩ1 P C3,
Q P W 2,spΩq and A “ pAijq P W 2,spΩ;Rnˆnq for some s ą n. Let u P L2pΩq be the unique
very weak solution to (1.1). Then u P W 1,8pΩq.

Proof. LetQ,A,Γ be as in the statement. Let Q̃ :“ Q

pAν,νq and notice that Q̃ P W 2,spBǫpΓqq
as ν possesses a C2-extension on BǫpΓq (since ν “ ∇dΓ|Γ and Γ “ BΩ1 P C3). Now we
look at the following expression for arbitrary φ P C8

0 pBǫpΓqq.
ˆ

BǫpΓq

´

A∇p1
2
Q̃|dΓ|q,∇φ

¯

dx “ ´
ˆ

BǫpΓq

1
2
Q̃|dΓ|divpA∇φq dx

“ ´
ˆ

BǫpΓq

1
2
Q̃|dΓ|

n
ÿ

i,j“1

BipAijBjφq dx
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“ ´
n

ÿ

i,j“1

ˆ

BǫpΓq

1
2
Q̃|dΓ|BipAijqBjφ dx ´

n
ÿ

i,j“1

ˆ

BǫpΓq

1
2
AijQ̃|dΓ|B2

ijφ dx

“
n

ÿ

i,j“1

ˆ

BǫpΓq
Bj

´

1
2
Q̃|dΓ|BiAij

¯

φ dx´
n

ÿ

i,j“1

ˆ

BǫpΓq

1
2
AijQ̃|dΓ|B2

ijφ dx.

Using Lemma E.1 in the last summand (with Q0 “ Q̃Aij) we find

ˆ

BǫpΓq

´

A∇p1
2
Q̃|dΓ|q,∇φ

¯

dx “
n

ÿ

i,j“1

ˆ

BǫpΓq
Bj

´

1
2
Q̃|dΓ|BiAij

¯

φ dx (3.1)

´
n

ÿ

i,j“1

ˆ

Γ

AijQ̃νiνjφ dHn´1 ´
n

ÿ

i,j“1

ˆ

BǫpΓq
B2
ij

˜

Q̃Aij

2
dΓ

¸

pχΩ1 ´ χΩ2qφ dx.

Notice next that
n

ÿ

i,j“1

AijQ̃νiνj “ pAν, νqQ̃ “ Q.

Further observe that Lipschitz continuity of |dΓ| and the prerequisites on Q and A imply

Bj

´

1
2
Q̃|dΓ|BiAij

¯

P LspBǫpΓqq

as well as

B2
ij

˜

Q̃Aij

2
dΓ

¸

pχΩ1 ´ χΩ2q P LspBǫpΓqq.

We infer from this and (3.1) that for all φ P C8
0 pBǫpΓqq one has

ˆ

BǫpΓq

´

A∇p1
2
Q̃|dΓ|q,∇φ

¯

dx “ ´
ˆ

Γ

Qφ dx `
ˆ

BǫpΓq
gφ dx

for g :“ Bj

´

1
2
Q̃|dΓ|BiAij

¯

´B2
ij

´

Q̃A
j
i

2
dΓ

¯

pχΩ1 ´χΩ2q P LspBǫpΓqq. Now let u P L2pΩq be the
solution of (1.1). With Lemma A.2 and the previous formula we have that u P W 1,2

0 pΩq
and for each φ P C8

0 pBǫpΓqq one has

ˆ

BǫpΓq

´

A∇pu` 1
2
Q̃|dΓ|q,∇φ

¯

dx “
ˆ

BǫpΓq
gφ dx. (3.2)

Elliptic regularity (cf. [11, Theorem 9.15]) now implies that u` 1
2
Q̃|dΓ| P W 2,s

loc pBǫpΓqq Ă
W

1,8
loc pBǫpΓqq. Since however also 1

2
Q̃|dΓ| P W 1,8pBǫpΓqq we infer that u “ u ` 1

2
Q̃|dΓ| ´

1
2
Q̃|dΓ| P W 1,8

loc pBǫpΓqq. To complete the proof we show that u P W 1,8pΩzB ǫ
2
pΓqq. To this

end we notice that on BB ǫ
2
pΓq we have

u “ u ` 1

2
Q̃|dΓ| ´ 1

2
Q̃
ǫ

2
.



10 MARIUS MÜLLER

Since u` 1
2
Q̃|dΓ| P W 2,s

loc pBǫpΓqq we infer that u
ˇ

ˇ

BB ǫ
2

pΓqq is a restriction of a W 2,s-function

on BB ǫ
2
pΓq. Let now ϕ : BB ǫ

2
pΓq Y BΩ Ñ R be given by

ϕpxq “
#

upxq x P BB ǫ
2
pΓq,

0 x P BΩ.

Then ϕ is the restriction of a function in W 2,spΩzB ǫ
2
pΓqq to BpΩzB ǫ

2
pΓqq “ BΩY BB ǫ

2
pΓq.

Moreover u
ˇ

ˇ

ΩzB ǫ
2

pΓq solves (weakly)

#

´divpA∇uq “ 0 in ΩzB ǫ
2
pΓq,

u “ ϕ on BpΩzB ǫ
2
pΓqq.

(3.3)

This and the regularity of A,ϕ,Γ imply (cf. [11, Lemma 9.15]) that u P W 2,spΩzB ǫ
2
pΓqq ãÑ

W 1,8pΩzB ǫ
2
pΓqq. �

Remark 3.2. The prerequsite Γ “ BΩ1 P C3 has been only used once in the beginning
of the previous proof to deduce that Q̃ “ Q

pAν,νq P W 2,s. If A “ Idnˆn, we have that

Q̃ “ Q P W 2,s even if one has only Γ “ BΩ1 P C2.

The properties of the signed distance function and the findings in the previous proof
also imply the announced BV -regularity statement.

Corollary 3.3 (BV -regularity of the gradient). Let Γ “ BΩ1 P C3, Q P W 2,spΩq and
A P W 2,spΩ;Rnˆnq for some s ą n. Let u P L2pΩq be the very weak solution to (1.1).
Then ∇u P BV pΩq.

Proof. We know from the discussion after (3.3) that u P W 2,spΩzB ǫ
2
pΓqq, and hence in

particular ∇u P W 1,spΩzB ǫ
2
pΓqq Ă BV pΩzB ǫ

2
pΓqq. Next we show that u P BV pBǫpΓqq

which will then prove the claim. The discussion after (3.2) yields that u ` 1
2
Q̃|dΓ| P

W 2,spBǫpΓqq for some Q̃ P W 2,spBǫpΓqq. Hence ∇
´

u` 1
2
Q̃|dΓ|

¯

P BV pBǫpΓqq. Using that

by Corollary E.2 ∇

´

1
2
Q̃|dΓ|

¯

P BV pBǫpΓqq we find

∇u “ ∇

´

u` 1
2
Q̃|dΓ|

¯

´ ∇

´

1
2
Q̃|dΓ|

¯

P BV pBǫpΓqq.

The claim follows. �

Remark 3.4. For the same reason as in Remark 3.2, the prerequisite Γ “ BΩ1 P C3 can
be replaced by Γ “ BΩ1 P C2 if A “ Idnˆn.

Using the same comparison techniques one also obtains more regularity away from
the interface Γ.

Corollary 3.5 (Further regularity away from the interface). Let Γ “ BΩ1 P C3 and
Q P W 2,spΩq, A P W 2,spΩ;Rnˆnq for some s ą n. Let u P L2pΩq be the weak solution to
(1.1). Then u P W 2,spΩ1q X W 2,spΩ2q.
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Proof. We have seen in (3.2) and the discussion below that for Q̃ “ Q

pAν,νq P W 2,spBǫpΓqq
there holds

u ` Q̃

2
|dΓ| P W 2,spBǫpΓqq Ă W 2,spΩ1 X BǫpΓqq X W 2,spΩ2 X BǫpΓqq.

Moreover, Lemma E.3 implies that

Q̃

2
|dΓ| P W 2,spΩ1 X BǫpΓqq X W 2,spΩ2 X BǫpΓqq.

This implies that u P W 2,spΩ1 X BǫpΓqq X W 2,spΩ2 X BǫpΓqq. Since the discussion below
(3.3) also yields that u P W 2,spΩzB ǫ

2
pΓqq Ă W 2,spΩ1zB ǫ

2
pΓqq XW 2,spΩ2zB ǫ

2
pΓqq the claim

follows. �

3.2. Blow-up arguments. We have observed in the last section that for suitably regular
data Q,A,Γ solutions of (1.1) lie inW 1,8pΩq and their gradients lie in BV pΩq. By Lemma
2.6, better global regularity can not be expected. However on Ω1 and Ω2, solutions are
A-harmonic and therefore more regular (cf. Corollary 3.5). Hence there must occur a loss
of regularity on Γ. In this section we use blow-up techniques to understand the behavior
on Γ precisely.

Lemma 3.6 (A Taylor-type expansion). Suppose that Γ “ BΩ1 P C1, A,Q P C0,αpΩq for
some α ą 0 and u P L2pΩq is a solution of (1.1). If u P W 1,8pΩq and ∇u P BV pΩq then
for Hn´1 a.e. x0 P Γ there exists some θpx0q P R

n such that

upxq “ upx0q ` pθpx0q, x´ x0q ´ 1
2

Qpx0q
pApx0qνpx0q,νpx0qq |px ´ x0, νpx0qq| ` op|x´ x0|q.

Moreover, one has (for Hn´1 a.e. x0 P Γ)

θpx0q “ lim
rÑ0

 

Brpx0q
∇u dx.

In particular, the map θ : Γ Ñ R
n, x0 ÞÑ θpx0q is Borel measurable and lies in L8pΓq.

Proof. Define for r ą 0 the function ur : R
n Ñ R

n via

urpxq :“
#

upx0`rxq´upx0q
r

x0 ` rx P Ω,

´upx0q
r

otherwise.

Observe that ur is Lipschitz continuous for all r ą 0, urp0q “ 0 for all r ą 0 and
||∇ur||L8pRnq ď ||∇u||L8pΩq. We conclude by Lemma B.5 that for each sequence rj Ñ 0

there exists a subsequence rlj Ñ 0 and some ū P W 1,8
loc pRnq with ∇ū P L8pRnq such that

urlj Ñ ū locally uniformly and ∇urlj Ñ ∇ū weakly in W 1,2pBRp0qq for all R ą 0. As a

shorthand notation we write r̄j “ rlj . We next describe ū by means of the equation it
solves. For arbitrary φ P C8

0 pRnq there holds
ˆ

Rn

pApx0q∇ūpxq,∇φpxqq dx “ lim
jÑ8

ˆ

Rn

pApx0q∇ur̄jpxq,∇φpxqq dx

“ lim
jÑ8

ˆ

x0`r̄jxPΩ
pApx0q∇upx0 ` r̄jxq,∇φpxqq dx
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“ lim
jÑ8

˜

ˆ

x0`r̄jxPΩ
pApx0 ` r̄jxq∇upx0 ` r̄jxq,∇φpxqq dx

`
ˆ

x0`r̄jxPΩ
ppApx0q ´ Apx0 ` r̄jxqq∇upx0 ` r̄jxq,∇φpxqq dx

¸

.

The absolute value of the second summand is now estimated by

rAsC0,α r̄αj diampsptpφqqα||∇u||L8

ˆ

Rn

|∇φ| dx “ op1q pj Ñ 8q.

Hence we obtain
ˆ

Rn

pApx0q∇ūpxq,∇φpxqq dx “ lim
jÑ8

ˆ

x0`r̄jxPΩ
pApx0 ` r̄jxq∇upx0 ` r̄jxq,∇φpxqq dx

“ lim
jÑ8

1

r̄nj

ˆ

Ω

pApzq∇upzq,∇φp z´x0

r̄j
qq dz “ lim

jÑ8

1

r̄n´1
j

ˆ

Ω

pApzq∇upzq,∇φr̄j pzqq dz,

where φr̄jpzq :“ φp z´x0

r̄j
q. Using Lemma A.2 we obtain

ˆ

Rn

pApx0q∇ūpxq,∇φpxqq dx “ lim
jÑ8

1

r̄n´1
j

ˆ

Γ

Qφr dH
n´1pxq

“ lim
jÑ8

1

r̄n´1
j

ˆ

Γ

Qpxqφpx´x0

r̄j
q dHn´1pxq “ lim

jÑ8

ˆ

Γ´x0
r̄j

Qpx0 ` r̄jzqφpzq dHn´1pzq

“ lim
jÑ8

¨

˝

ˆ

Γ´x0
r̄j

Qpx0qφpzq dHn´1pzq ´
ˆ

Γ´x0
r̄j

pQpx0q ´ Qpx0 ` r̄jzqqφpzq dHn´1pzq

˛

‚.

The absolute value of the last summand is bounded by

rQsC0,α r̄αj diampsptpφqqα
ˆ

Γ´x0
r̄j

|φpzq| dHn´1pzq “ op1q pj Ñ 8q,

where we used that for all ψ P C0
0pRnq there holds

ˆ

Γ´x0
r̄j

ψpzq dHn´1pzq Ñ
ˆ

Tx0
Γ

ψpyq dHn´1pyq pj Ñ 8q.

Using this once more we obtain
ˆ

Rn

pApx0q∇ūpxq,∇φpxqq dx “ lim
jÑ8

Qpx0q
ˆ

Γ´x0
r̄j

φ dHn´1 “ Qpx0q
ˆ

Tx0
Γ

φ dHn´1.

As a consequence, ū P W 1,8
loc pRnq is a weak solution of

#

´divpApx0q∇ūq “ Qpx0qHn´1 Tx0
Γ on R

n,

ūp0q “ 0,∇ū P L8pRnq.
(3.4)
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We claim next that there exists some θpx0q P R
n such that

ūpzq “ pθpx0q, zq ´ 1
2

Qpx0q
pApx0qνpx0q,νpx0qq |pνpx0q, zq|.

To this end we first compute that vpzq :“ ´1
2

Qpx0q
pApx0qνpx0q,νpx0qq |pνpx0q, zq| defines a weak

solution of (3.4). One readily checks that

∇vpzq “ ´1
2

Qpx0q
pApx0qνpx0q,νpx0qqsgnpνpx0q, zqνpx0q.

With this formula we compute for each φ P C8
0 pRnq (with the shorthand notation B :“

1
2

Qpx0q
pApx0qνpx0q,νpx0qq)

ˆ

Rn

pApx0q∇v,∇φq dx “ ´B
ˆ

Tx0
Γ

ˆ

R

sgnpνpx0q, w ` tνpx0qqpApx0qνpx0q,∇φq dt dw

“ ´B
ˆ

Tx0
Γ

ˆ

R

sgnptqpApx0qνpx0q,∇φq dt dw

“ ´B
˜

ˆ

Tx0
Γ`p0,8qνpx0q

divpφApx0qνpx0qq dx´
ˆ

Tx0
Γ`p´8,0qνpx0q

divpφApx0qνpx0qq dx
¸

“ 2B

ˆ

Tx0
Γ

φpApx0qνpx0q, νpx0qq dHn´1 “ Qpx0q
ˆ

Tx0
Γ

φ dHn´1.

This and (3.4) yield that w :“ ū ` 1
2

Qpx0q
pApx0qνpx0q,νpx0qq |pνpx0q, ¨q| solves (weakly)

#

´divpApx0q∇wq “ 0 in R
n,

wp0q “ 0,∇w P L8pRnq.
(3.5)

We claim that this implies that there exists θpx0q P R
n such that wpzq “ pθpx0q, zq

for all z P R
n. Observe first that by elliptic regularity each solution lies in C8pRnq.

Differentiating the equation one sees that for all i “ 1, ..., n the map Biw satisfies
´divpApx0q∇pBiwqq “ 0. Moreover, (3.5) yields that Biw is bounded on R

n. Liouville’s
theorem for elliptic operators (with constant coefficents, cf. [27]), implies now that Biw

is constant. We conclude that ∇w is constant and therefore wpzq “ pθpx0q, zq ` D for
some θpx0q P R

n and some D P R. Notice however that D “ 0 as wp0q “ 0. We infer
from the definiton of w that

ūpxq “ pθpx0q, xq ´ 1
2

Qpx0q
pApx0qνpx0q,νpx0qq |pνpx0q, xq|.

We remark that θpx0q could in our construction depend on the chosen subsequence pr̄jqjPN.
We will next show that θpx0q is actually independent of the chosen subsequence for Hn´1

a.e. x0 P Γ. This would then imply that ur Ñ ū locally uniformly as r Ñ 0 for Hn´1 a.e.
x0 P Γ.

Intermediate claim. We claim that

θpx0q “ lim
jÑ8

 

Br̄j
px0q

∇u dx.
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Since by [9, Theorem 5.20] for Hn´1 a.e. x0 P Γ there exists

lim
rÑ0

 

Brpx0q
∇u dx

the intermediate claim will imply that for Hn´1 almost every x0 P Γ the value θpx0q is
independent of the chosen subsequence and

θpx0q “ lim
rÑ0

 

Brpx0q
∇u dx for Hn´1 a.e. x0 P Γ.

To show the intermediate claim we compute with the Gauss divergence theorem defining
αn :“ |B1p0q|

 

Br̄j
px0q

∇u dx “ 1

αnr̄
n
j

ˆ

Br̄j
px0q

∇pu´ upx0qq dx

“ 1

αnr̄
n
j

ˆ

BBr̄j
px0q

pupxq ´ upx0qq ¨ x´ x0

r̄j
dHn´1

“ 1

αnr̄j

ˆ

BB1p0q
pupx0 ` r̄jzq ´ upx0qq ¨ z dHn´1

“ 1

αn

ˆ

BB1p0q

ˆ

upx0 ` r̄jzq ´ upx0q
r̄j

˙

¨ z dHn´1 ÝÑ
jÑ8

1

αn

ˆ

BB1p0q
ūpzq ¨ z dHn´1

“ 1

αn

ˆ

BB1p0q

ˆ

pθpx0q, zq ´ 1

2
Qpx0q

pApx0qνpx0q,νpx0qq |pνpx0q, zq|
˙

¨ z dHn´1.

Notice that z ÞÑ 1
2

Qpx0q
pApx0qνpx0q,νpx0qq |pνpx0q, zq| is even with respect to the transformation

z ÞÑ ´z. Since however z ÞÑ z is odd with respect to this transformation and ´BB1p0q “
BB1p0q we obtain that the second summand vanishes. Therefore

lim
jÑ8

 

Brj
px0q

∇u dx “ 1

αn

ˆ

BB1p0q
pθpx0q, zq ¨ z “ 1

αn

ˆ

B1p0q
∇pθpx0q, zq dHn´1pzq “ θpx0q.

As explained above this shows independence of θpx0q of the chosen subsequence for Hn´1

a.e. x0 P Γ and this yields that for Hn´1 a.e. x0 P Γ one has (locally uniformly in r)

lim
rÑ0

urpxq “ pθpx0q, xq ´ 1
2

Qpx0q
pApx0qνpx0q,νpx0q |pνpx0q, xq|.

Since urpxq “ upx0`rxq´upx0q
r

for all x close to x0 we conclude

upx0 ` rxq “ upx0q ` pθpx0q, rxq ´ 1
2

Qpx0q
pApx0qνpx0q,νpx0q |pνpx0q, rxq| ` oprq,

whereupon y :“ x0 ` rx yields the desired formula

upyq “ upx0q ` pθpx0q, y ´ x0q ´ 1
2

Qpx0q
pApx0qνpx0q,νpx0q |pνpx0q, y ´ x0q| ` op|y ´ x0|q.

�
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This blow-up result enables us to look at the boundary trace of ∇u on Γ. This
boundary trace result becomes important for the study of ||∇u||L8pΩq with the aid of
maximum principles. We recall from [13, Theorem 2.10] that for each f P BV pDq one
has

trBDpfqpzq “ lim
rÑ0

 

BrpzqXD

fpyq dy for Hn´1 a.e. z P BD. (3.6)

This notion is also consistent with the notion of traces of Sobolev functions in the sense
that if f P W 1,1pDq then the BV -trace coincides with the classical Sobolev trace of f .

Lemma 3.7 (Boundary traces of the gradient). Suppose that Γ “ BΩ1 P C1, A,Q P C0,α

and u P L2pΩq is a very weak solution of (1.1). Let θ : Γ Ñ R be as in Lemma 3.6. If
u P W 1,8pΩq and ∇u P BV pΩq then Hn´1 a.e. on Γ one has

trΩ1p∇uq “ θ ` 1
2

Q

pAν,νqν,

trΩ2p∇uq “ θ ´ 1
2

Q

pAν,νqν.

Proof. We only show the first formula, the second formula is analogous. The main tool we
use is (3.6). Using the Gauss divergence theorem (which is allowed as by [5, Proposition
2.5.4] Ω1 X Brpzq is a Lipschitz domain) we find

lim
rÑ0

 

BrpzqXΩ1

Biupxq dx “ lim
rÑ0

1
|BrpzqXΩ1|

ˆ

BrpzqXΩ1

Biupxq dx

“ lim
rÑ0

1
|BrpzqXΩ1|

ˆ

BpBrpzqXΩ1q
upxqνipxq dHn´1pxq

“ lim
rÑ0

1
|BrpzqXΩ1|

ˆ
ˆ

BpBrpzqXΩ1q
pupxq ´ upzqqνipxq dHn´1pxq ` upzq

ˆ

BpBrpzqXΩ1q
νi dH

n´1

˙

“ lim
rÑ0

1
|BrpzqXΩ1|

ˆ
ˆ

BpBrpzqXΩ1q
pupxq ´ upzqqνipxq dHn´1pxq ` upzq

ˆ

pBrpzqXΩ1q
Bip1q dHn´1

˙

“ lim
rÑ0

1
|BrpzqXΩ1|

ˆ

BpBrpzqXΩ1q
pupxq ´ upzqqνipxq dHn´1pxq

“ lim
rÑ0

1
|BrpzqXΩ1|

ˆ

BpBrpzqXΩ1q
rpθpzq, x ´ zq ´ 1

2
Qpzq

pApzqνpzq,νpzqq |pνpzq, x ´ zq|

` op|x ´ z|qsνipxq dHn´1pxq.

Now note that

lim
rÑ0

1
|BrpzqXΩ1|

ˇ

ˇ

ˇ

ˇ

ˆ

BpBrpzqXΩ1q
op|x ´ z|qνipxq dHn´1pxq

ˇ

ˇ

ˇ

ˇ

ď lim sup
rÑ0

op1qrH
n´1pBpBrpzq X Ω1qq

|Brpzq X Ω1| .

Arguing as in (2.6) we obtain

H
n´1pBpΩ1XBrpzqqq ď H

n´1pBΩ1XBrpzqq`H
n´1pΩ1XBrpzqq ď CprBΩ1s0,1qrn´1`ωnr

n´1

and thus

lim
rÑ0

1
|BrpzqXΩ1|

ˆ

BpBrpzqXΩ1q
op|x´ z|qνipxq dHn´1pxq ď C lim sup

rÑ0

op1qrn
|Brpzq X Ω1|
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“ C lim sup
rÑ0

op1q 1

|B1p0q X Ω1´z
r

|
“ 0,

where we used that 1

|B1p0qXΩ1´z
r

|
is uniformly bounded in r by [9, Theorem 5.13]. We

obtain therefore that

trΩ1pBiuqpzq (3.7)

“ lim
rÑ0

1
|BrpzqXΩ1|

ˆ

BpBrpzqXΩ1q
rpθpzq, x´ zq ´ 1

2
Qpzq

pApzqνpzq,νpzqq |pνpzq, x ´ zq|sνipxq dHn´1pxq

“ lim
rÑ0

1
|BrpzqXΩ1|

ˆ

BrpzqXΩ1

Bxi
rθpzq, x´ zq ´ 1

2
Qpzq

pApzqνpzq,νpzqq |pνpzq, x ´ zq|s dx

“ lim
rÑ0

1
|BrpzqXΩ1|

ˆ

BrpzqXΩ1

rθipzq ´ 1
2

Qpzq
pApzqνpzq,νpzqq sgnpνpzq, x ´ zqνipzqs dx

“ θipzq ´ 1
2

Qpzq
pAνpzq,νpzqqνipzq lim

rÑ0

|Brpzq X Ω1 X pz ` H`q| ´ |Brpzq X Ω1 X pz ` H´q|
|Brpzq X Ω1| ,

where H˘ “ ty P R
n : ˘py, νpzqq ě 0u. By [9, Theorem 5.13] we have

lim
rÑ0

1

αnrn
|Brpzq X Ω1 X pz ` H˘q| “ lim

rÑ0

1

αn

|B1p0q X H˘ X Ω1´z
r

| “
#

0 Case ’`’,
1
2

Case ’´’,

as well as

lim
rÑ0

1

αnrn
|Brpzq X Ω1| “ 1

2
.

Dividing and multiplying the quotient in the previous computation by αnr
n we infer from

(3.7)

trΩ1pBiuqpzq “ θipzq ` 1
2

Qpzq
pAνpzq,νpzqqνipzq.

This proves the claim. �

Remark 3.8. The previous lemma reproduces a very classical result from potential theory,
to be found in [22, Eq. (14.15)]. For Γ “ BΩ1 P C1,α and Q P C0,α one can define the
single layer potential P : Ω Ñ R given by

Ppxq :“
ˆ

Γ

F px´ yqQpyq dHn´1pyq with F being the fundamental solution of ´∆.

The result is that for all x0 P Γ there exist B˘
ν Ppx0q :“ limtÑ0˘

Ppx0`tνpx0qq´Ppx0q
t

and one
has the following normal jump formula

B`
ν Ppx0q ´ B´

ν Ppx0q “ ´Qpx0q. (3.8)

A similar result can be also obtained if one replaces ´∆with an elliptic operator ´divpA∇p¨qq,
provided that A is smooth enough. The observation of (3.8) is related to our findings in
Lemma 3.7. If A “ Idnˆn the solution u of (1.1) is (cf. Proposition 4.1) given by

upxq “
ˆ

Γ

GΩpx, yqQpyq dHn´1pyq,
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where GΩ denotes Green’s function for ´∆. Since GΩpx, yq and F px´ yq coincide up to
a smooth function in Ω we obtain that u “ P ` g for some g P C8pΩq. In particular

B`
ν upx0q ´ B´

ν upx0q “ B`
ν Ppx0q ´ B´

ν Ppx0q “ ´Qpx0q.

If one now replaces B`
ν u by ptrΩ2p∇uq, νq and B´

ν u by ptrΩ1p∇uq, νq one can obtain the
same normal jump with the formulas from Lemma 3.7.

The previous remark says that the behavior of normal derivatives of solutions was
previously understood by means of potential theory. The upshot in our new approach is
that we also get an explicit understanding of the tangential derivatives, by means of the
function θ obtained in Lemma 3.6. This helps us also characterize the regularity of the
tangential derivatives.

Corollary 3.9. Suppose that Γ “ BΩ1 P C3, Q P W 2,spΩq and A P W 2,spΩ;Rnq for some
s ą n. Then θ possesses an extension in W 1,spRnq.

Proof. By Corollary 3.5 one has that u P W 2,spΩ1q X W 2,spΩ2q which implies that ∇u P
W 1,spΩ1q X W 1,spΩ2q. In particular ∇u|Ω1 possesses an extension in W 1,spRnq (as Ω1 is
smooth enough for the existence of an extension operator). Now observe that on Γ “ BΩ1

there holds by Lemma 3.7
θ “ ∇u|Ω1 ´ 1

2
Q

pAν,νqν.

Since ν “ ∇dΓ|Γ possesses a C2-extension to R
n and Q possesses a W 2,s-extension the

claim follows. �

3.3. A priori bounds. In the following section we use the results of the previous blow-
up analysis to bound ||∇u||L8pΩq in terms of our data Q,A,Γ, which are still assumed
appropriately smooth in this section. We will however check carefully that the constants
in our a priori estimates on ||∇u||L8pΩq depend only on rΓs1,α. Notice in particular that
this means that standard elliptic regularity estimates should not be used as the constants
would then depend on rΓs2,0. However, for equations with (left -and right hand side) in
divergence form, some regularity estimates hold true with constants only depending on
rΓs1,0, cf. [3, Eq. (3)].

A second key ingredient for our estimates is the elliptic maximum principle, which
we however want to apply to the differentiated equation to obtain estimates for ∇u.
The problem here is that one needs to investigate in what sense ∇u actually solves the
differentiated equation: Since ∇u is a priori only BV -regular, one has to investigate
carefully in what way differentiation of the equation makes sense. Further, there will
appear very weak concepts of solutions, so called BV-solutions, cf. Definition F.1. For
these types of solutions it needs to be carefully checked, whether an elliptic maximum
principle is at all available. We have dedicated Appendix F to this question.

Lemma 3.10. Suppose that Γ “ BΩ1 P C8, Q P W 1,qpΩq and A P W 1,qpΩ;Rnˆnq for
some q ą n. Let u P L2pΩq be a very weak solution of (1.1) with ∇u P BV pΩq X L8pΩq.
Then for r :“ pn`qqq

q´n
there holds

||∇u||L8pΩq ď Cpn, q,Ω, rΓs1,0q||DA||LqpΩq||∇u||LrpΩq`||trBΩ1p∇uq||L8pΓq`||trBΩ2 p∇uq||L8pΓq.



18 MARIUS MÜLLER

Proof. Define wj :“ Bju|Ω1 P BV pΩ1q X L8pΩ1q. Naturally, trBΩ1pwjq “ trBΩ1pBjuq. We
intend to obtain an equation for wj on Ω1 and Ω2 to which the maximum principle can
be applied. To this end we compute for all φ P C8

0 pΩ1q

´
ˆ

Ω1

wjdivpApxq∇φq dx “
ˆ

Ω1

Bju divpApxq∇φq dx

“
ˆ

Ω1

u divpBjApxq∇φ ` Apxq∇pBjφqq dx

“ ´
ˆ

Ω1

pBjApxq∇u,∇φq dx `
ˆ

Ω1

pApxq∇u,∇pBjφqq dx

“ ´
ˆ

Ω1

pBjApxq∇u,∇φq dx, (3.9)

where we have used in the last step that u solves (1.1). Notice that by Hölder’s inequality

||pBjAq∇u||
L

n`q
2 pΩ1q

ď ||BjA||LqpΩq||∇u||LrpΩq. (3.10)

Hence by [3, Theorem 1.1] there exists a unique weak solution w̃j P W 1,n`q
2

0 pΩ1q
#

´divpApxq∇w̃jq “ divppBjApxqq∇uq in Ω1,

w̃j “ 0 on BΩ1,

in the sense that w̃j P W 1,n`q
2

0 pΩ1q and
ˆ

Ω1

pApxq∇w̃j ,∇ηq dx “ ´
ˆ

Ω1

pBjApxq∇u,∇ηq dx @η P C8
0 pΩ1q. (3.11)

By [3, Eq. (3) and Theorem 1.1] and (3.10) we infer also that

||w̃j||
W

1,
n`q
2

0
pΩ1q

ď CprBΩ1s1,0q||BjA∇u||
L

n`q
2

ď CprΓs1,0q||DA||Lq ||∇u||Lr .

Now defining ψ :“ wj ´ w̃j we infer that ψ P BV pΩ1q and trBΩ1pψq “ trBΩ1pBjuq. Moreover
(3.9) and (3.11) imply that for all η P C8

0 pΩ1q there holds
ˆ

Ω

ψ divpApxq∇ηq dx “
ˆ

Ω

pwj ´ w̃jqdivpApxq∇ηq dx “ 0.

Hence ψ is (in the sense of Definition F.1) a BV -solution of
#

´divpA∇ψq “ 0 in Ω1,

ψ “ trBΩ1pBjuq on BΩ1.

Therefore ψ satisfies all prerequisites for the announced elliptic maximum principle (Lemma
F.2), from which we conclude that ||ψ||L8pΩ1q ď ||trBΩ1pBjuq||L8pBΩ1q. Using this and the

Sobolev embedding W 1,n`q
2 ãÑ L8 (with embedding constant D “ DprBΩ1s1,0q) we find

||wj ||L8pΩ1q ď ||w̃j||L8pΩ1q ` ||ψ||L8pΩ1q ď DprBΩ1s1,0q||w̃j||
W

1,
n`q
2 pΩ1q

` ||ψ||L8pΩ1q

ď DprΓs1,0qCprΓs1,0q||DA||LqpΩq||∇u||LrpΩq ` ||trBΩ1pBjuq||L8.

For Ω2 one can derive the same bound and thereupon infers the claim. �
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Corollary 3.11. Suppose that Γ “ BΩ1 P C8, Q P W 1,qpΩq and A P W 1,qpΩ;Rnˆnq for
some q ą n. Let u P L2pΩq be a very weak solution of (1.1) with ∇u P BV pΩq X L8pΩq.
Let θ : Γ Ñ R be as in Lemma 3.6. Then

||∇u||L8pΩq ď Cpn, q,Ω, rΓs1,0q||DA||LqpΩq||Q||L8pΓq ` 2||θ||L8 ` 1

λ
||Q||L8pΓq. (3.12)

Proof. By Lemma 3.7 and Lemma 3.10 we have that for r :“ qpn`qq
q´n

||∇u||L8pΩq ď Cpn, q,Ω, rΓs1,0q||DA||Lq ||u||W 1,r `||θ´ 1
2

Q

pAν,νq ||L8pΓq `||θ` 1
2

Q

pAν,νq ||L8pΓq.

Now notice that by Lemma 2.4 we have

||u||W 1,r ď Cpr, rΓs0,1q||Q||L8pΓq.

Using this, the triangle inequality and 1
pAν,νq ď 1

λ
the claimed estimate follows. �

The estimate (3.12) has (except for the second summand) constants depending only
on n, q,Ω, rΓs1,α, ||A||W 1,q , λ and ||Q||C0,α . We also will achieve such control in the second
summand by estimating ||θ||L8pΓq in terms of the same quantities. We will obtain a
control of ||θ||L8pΓq using the Taylor expansion in Lemma 3.6 and a special test function
in (1.1).

Lemma 3.12. Suppose that Γ “ BΩ1 P C8, Q P C0,αpΩq and A P W 1,qpΩ;Rnˆnq for some
q ą n. Let u P L2pΩq be a very weak solution of (1.1) such that ∇u P L8pΩq X BV pΩq
and let θ be as in Lemma 3.6. Then we have

||θ||L8pΓq ď Cpn, q, α, λ, ||Q||C0,α, ||A||W 1,q , rΓs1,α, distpΓ, BΩqq. (3.13)

Proof. Without loss of generality we may assume that α ă 1 ´ n
q
, so that W 1,q

ãÑ C0,α.

(If this is not the case then regard Q as an element of C0,α1
for some α1 ă α and work

with α1 instead). Let x0 P Γ be an arbitrary Lebesgue point of θ such that the formula
in Lemma 3.6 holds and |θpx0q| ě 1

2
||θ||L8pΓq. For this proof we set A0 :“ Apx0q. Fix

r P p0, 1
2
distpΓ, BΩqq and define for ǫ ą 0 small ηǫ : r0,8q Ñ R via

ηǫpsq :“

$

’

&

’

%

1 0 ď s ď r,

1 ´ s´r
ǫ

r ă s ď r ` ǫ,

0 r ě r ` ǫ.

Let additionally ηδǫ :“ ηǫ ˚ ψδ, where pψδqδą0 is a standard mollifier on R. Define

φpxq :“ pθpx0q, x´ x0qηδǫ p|A´1{2
0 px ´ x0q|q,

where A
´1{2
0 is a symmetric positive definite matrix such that pA´1{2

0 q2 “ A´1
0 . Using

∇|A´1{2
0 px´ x0q| “ A´1

0
px´x0q

|A´1{2
0

px´x0q|
we compute

∇φpxq “ θpx0qηδǫ p|A´1{2
0 px´x0q|q ` pθpx0q, x´x0qpηδǫ q1p|A´1{2

0 px´x0q|q A´1
0 px ´ x0q

|A´1{2
0 px ´ x0q|

.
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By symmetry of A0 one has

˜

A´1
0 px´ x0q

|A´1{2
0 px´ x0q|

, A0θpx0q
¸

“ pθpx0q, x´ x0q
|A´1{2

0 px´ x0q|

and

div

˜

x ´ x0

|A´1{2
0 px´ x0q|

¸

“ n

|A´1{2
0 px´ x0q|

´ pA´1
0 px ´ x0q, x´ x0q
|A´1{2

0 px´ x0q|3
“ n ´ 1

|A´1{2
0 px´ x0q|

,

whereupon one readily checks

divpA0∇φq “ pθpx0q, x´ x0q
«

pn` 1qpηδǫ q1p|A´1{2
0 px ´ x0q|q

|A´1{2
0 px ´ x0q|

` pηδǫ q2p|A´1{2
0 px ´ x0q|q

ff

.

Hence there holds
ˆ

Γ

Qφ dHn´1 “
ˆ

Ω

pA∇u,∇φq dx “
ˆ

Ω

ppA´ A0q∇u,∇φq dx ´
ˆ

Ω

u divpA0∇φq dx

“ ´
ˆ

Ω

upθpx0q, x´ x0q
”

pn ` 1qpηδǫ q1p|A´1{2
0 px´ x0q|q

|A´1{2
0 px ´ x0q|

` pηδǫ q2p|A´1{2
0 px´ x0q|q

ı

dx

` Sδ
ǫ prq,

where

Sδ
ǫ prq :“

ˆ

Ω

ppA´ A0q∇u,∇φq dx

“
ˆ

Ω

ppA´ A0q∇u, ηδǫ p|A´1{2
0 px´ x0q|qθpx0qq dx

`
˜

pA ´ A0q∇u, pθpx0q, x´ x0qpηδǫ q1p|A´1{2
0 px ´ x0q|q A´1

0 px ´ x0q
|A´1{2

0 px ´ x0q|

¸

dx.

We remark that Sδ
ǫ prq depends on r via the dependence of ηδǫ of r. Notice that the

supports of pηδǫ q1p|A´1{2
0 p¨ ´ x0q|q and pηδǫ q2p|A´1{2

0 p¨ ´ x0q|q lie in the closure of x0 `
A

1{2
0 pBr`ǫp0qzBrp0qq ĂĂ Ω (if ǫ is appropriately small). Hence we can substitute y “

A
´1{2
0 px ´ x0q and obtain

ˆ

Γ

Qφ dHn´1 ´ Sδ
ǫ prq (3.14)

“ ´detpA1{2
0 q

ˆ

Rn

upx0 ` A
1{2
0 yqpA1{2

0 θpx0q, yq
”

pn` 1qpηδǫ q1p|y|q
|y| ` pηδǫ q2p|y|qq

ı

dy.

Looking at the second summand of integral we compute

ˆ

Rn

upx0 ` A
1{2
0 yq

`

pA1{2
0 θpx0q, yqpηδǫ q2p|y|q

˘

dy
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“
ˆ 8

0

pηδǫ q2psq
ˆ

BBsp0q
upx0 ` A

1{2
0 yqpA1{2

0 θpx0q, yq dHn´1pyq ds

“ ´
ˆ 8

0

pηδǫ q1psq d
ds

ˆ
ˆ

BBsp0q
upx0 ` A

1{2
0 yqpA1{2

0 θpx0q, yq dHn´1pyq
˙

ds,

where (a.e.-)existence (and boundedness) of the derivative of the expression before is
ensured by Lemma B.3. We define now

hpsq :“
ˆ

BBsp0q
upx0 ` A

1{2
0 yqpA1{2

0 θpx0q, yq dHn´1pyq (3.15)

and observe that by (3.14)

1

detpA1{2
0 q

ˆ
ˆ

Γ

Qφ dHn´1 ´ Sδ
ǫ prq

˙

“
ˆ 8

0

pηδǫ q1psqh1psq ds ´
ˆ 8

0

pηδǫ q1psqn ` 1

s
hpsq ds.

Our goal is now to let δ Ñ 0. We remark that pηδǫ q1 converges in L1pp r
2
, 2rqq to 1

ǫ
χrr,r`ǫs.

Since h1 and s ÞÑ n`1
s
hpsq are uniformly bounded in p r

2
, 2rq and for ǫ, δ suitably small

pηδǫ q1 is only supported in p r
2
, 2rq one can pass to the limit and obtains

1

detpA1{2
0 q

ˆ
ˆ

Γ

Qpxqpθpx0q, x ´ x0qηǫp|A´1{2
0 px´ x0q|q dHn´1 ´ Sǫprq

˙

“ 1

ǫ

ˆ r`ǫ

r

ˆ

h1psq ´ n` 1

s
hpsq

˙

ds, (3.16)

where
Sǫprq :“ lim

δÑ0
Sδ
ǫ prq.

The existence of this limit we will show later. Letting also ǫ Ñ 0 we obtain for a.e.
r P p0, 1

2
distpΓ, BΩqq

h1prq ´ n ` 1

r
hprq “ 1

detpA1{2
0 q

ˆ
ˆ

ΓXErpx0q
Qpxqpθpx0q, x´ x0q dHn´1 ` Sprq

˙

,

where Sprq :“ limǫÑ0 Sǫprq (which due to (3.16) must exist whenever limǫÑ0

´ r`ǫ

r

`

h1psq ´ n`1
s
hpsq

˘

ds
exists, i.e. at each Lebesgue point of h1) and

Erpx0q :“ tx P R
n : |A´1{2

0 px´ x0q| ă ru “ A
1{2
0 BrpA´1{2

0 x0q.

We infer

d

dr

ˆ

hprq
rn`1

˙

“ 1

detpA1{2
0 q

1

rn`1

ˆ

ΓXErpx0q
Qpxqpθpx0q, x´x0q dHn´1pxq` 1

detpA1{2
0 q

1

rn`1
Sprq.

(3.17)
We claim next that (with ωn :“ Hn´1pBB1p0qq)

lim
rÑ0

ˆ

hprq
rn`1

˙

“ ωn

n
|A1{2

0 θpx0q|2. (3.18)
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To this end notice that by the Taylor expansion in Lemma 3.6 one has

lim
rÑ0

ˆ

hprq
rn`1

˙

“ lim
rÑ0

1

rn`1

ˆ

BBrp0q
upx0 ` A

1{2
0 yqpA1{2

0 θpx0q, yq dHn´1pyq

“ lim
rÑ0

1

rn`1

ˆ

BBrp0q

”

upx0q ´ 1
2

Qpx0q
pA0νpx0q,νpx0q |pA1{2

0 y, νpx0qq| ` pθpx0q, A1{2
0 yq ` oprq

ı

¨ pA1{2
0 θpx0q, yq dHn´1pyq.

Since y ÞÑ
”

upx0q ´ 1
2

Qpx0q
pA0νpx0q,νpx0q |pA1{2

0 y, νpx0qq|
ı

is even with respect to the transforma-

tion y ÞÑ ´y and y ÞÑ pA´1{2θpx0q, yq is odd w.r.t this transformation we infer

1

rn`1

ˆ

BBrp0q

”

upx0q ´ 1
2

Qpx0q
pA0νpx0q,νpx0q |pA1{2

0 y, νpx0qq|
ı

pA´1{2θpx0q, yq dHn´1pyq “ 0.

Moreover,
ˇ

ˇ

ˇ

ˇ

oprq
rn`1

ˆ

BBrp0q
pA1{2

0 θpx0q, yq dHn´1pyq
ˇ

ˇ

ˇ

ˇ

ď op1q
rn

ωnr
n´1|A1{2

0 θpx0q|r “ op1q,

as r Ñ 0. Hence

lim
rÑ0

ˆ

hprq
rn`1

˙

“ lim
rÑ0

1

rn`1

ˆ

BBrp0q
pA1{2

0 θpx0q, yq2 dHn´1pyq

“ |A1{2
0 θpx0q|2 lim

rÑ0

1

rn`1

ˆ

BBrp0q
p A

1{2
0

θpx0q
|A1{2

0
θpx0q|

, yq2 dHn´1pyq.

We may now apply an orthogonal transformation that maps
A

1{2
0

θpx0q
|A1{2

0
θpx0q|

to e1 and use the

symmetry of BBrp0q to find

lim
rÑ0

ˆ

hprq
rn`1

˙

“ |A1{2
0 θpx0q|2 lim

rÑ0

1

rn`1

ˆ

BBrp0q
z21 dHn´1pzq

“ 1

n
|A1{2

0 θpx0q|2 lim
rÑ0

1

rn`1

ˆ

BBrp0q
pz21 ` ... ` z2nq dHn´1pzq

“ 1

n
|A1{2

0 θpx0q|2 lim
rÑ0

1

rn`1

ˆ

BBrp0q
r2 dHn´1pzq

“ 1

n
|A1{2

0 θpx0q|2 lim
rÑ0

1

rn`1
ωnr

n`1 “ ωn

n
|A1{2

0 θpx0q|2.

This shows (3.18). Using this and (3.17) we obtain for any r0 P p0, 1
2
distpΓ, BΩqq

ωn

n
|A1{2

0 θpx0q|2 “ lim
rÑ0

hprq
rn`1

ď hpr0q
rn`1
0

`
ˆ r0

0

ˇ

ˇ

ˇ

ˇ

d

dr

hprq
rn`1

ˇ

ˇ

ˇ

ˇ

dr

“ hpr0q
rn`1
0

`
ˆ r0

0

ˇ

ˇ

ˇ

ˇ

ˇ

1

detpA1{2
0 q

1

rn`1

ˆ

ΓXErpx0q
Qpxqpθpx0q, x´ x0q dHn´1pxq

ˇ

ˇ

ˇ

ˇ

ˇ

dr
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`
ˆ r0

0

1

detpA1{2
0 q

1

rn`1
|Sprq| “ (I) + (II) + (III). (3.19)

We will estimate all the three summands appearing in this sum.
Term (I). Estimating the integrand in (3.15) by its L8-norm and using Lemma 2.4 (with
W 1,p

ãÑ L8 for p ą n) we find
ˇ

ˇ

ˇ

ˇ

hpr0q
rn`1
0

ˇ

ˇ

ˇ

ˇ

ď 1

rn`1
0

||u||L8pΩq|A1{2θpx0q|ωnr
n
0 ď 1

r0
CpΩ, rΓs0,1q|A1{2

0 θpx0q| ||Q||L8 .

Term (II). Notice that

1

rn`1

ˆ

ΓXErpx0q
Qpxqpθpx0q, x´ x0q dHn´1pxq “ Qpx0q

rn`1

ˆ

ΓXErpx0q
pθpx0q, x ´ x0q dHn´1pxq

(3.20)

` 1

rn`1

ˆ

ΓXErpx0q
pQpxq ´ Qpx0qqpθpx0q, x´ x0q dHn´1pxq.

The last summand is bounded by

1

rn`1
||Q||C0,αrα|θpx0q|rHn´1pΓ X Erpx0qq (3.21)

ď ||Q||C0,α |θpx0q|
rn´α

H
n´1pΓ X B r?

λ
px0qq ď Cpn, λ, ||Q||C0,α , rΓs0,1q

1

r1´α
|θpx0q|,

which is integrable on p0, r0q. For the first summand we obtain

Qpx0q
rn`1

ˆ

ΓXErpx0q
pθpx0q, x´ x0q dHn´1pxq “ Qpx0q

rn`1

ˆ

ΓXA
1{2
0

BrpA´1{2
0

x0q
pθpx0q, x ´ x0q dHn´1pxq

“ Qpx0q
rn`1

ˆ

A
´1{2
0

ΓXBrpA´1{2
0

x0q
pθpx0q, A1{2

0 x´ x0q J
A

1{2
0

pxq dHn´1pxq,

where J
A

1{2
0

pxq :“ detpA1{2
0 τipxq, A1{2

0 τjpxqqi,j“1,...,n´1 and tτ1pxq, ..., τn´1pxqu denotes an

orthonormal basis of TxΓ. With Lemma C.3 it is easily checked that J
A

1{2
0

lies in C0,αpΓq
with C0,α-norm bounded by a constant Dp||A||L8pΩq, rΓs1,αq. We can therefore proceed as
above (3.20) and (3.21) and write

1

rn`1

ˆ

ΓXErpx0q
Qpxqpθpx0q, x´ x0q dHn´1pxq

“
Qpx0qJ

A
1{2
0

px0q
rn`1

ˆ

A
´1{2
0

ΓXBrpA´1{2
0

x0q
pθpx0q, A1{2

0 x ´ x0q dHn´1pxq ` Rprq

where Rprq is integrable and
´ r0

0
Rprq dr ď Cpα, ||Q||C0,α , ||A||L8 , rΓs1,αqrα0 , which can

be bounded by the desired quantities as r0 ď distpΓ, BΩq. Now using Lemma B.3 with

Γ̃ “ A
´1{2
0 Γ we can estimate

1

rn`1

ˆ

ΓXErpx0q
Qpxqpθpx0q, x´ x0q dHn´1pxq
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“
Qpx0qJ

A
1{2
0

px0q
rn`1

˜

A
1{2
0 θpx0q,

ˆ

A
´1{2
0

ΓXBrpA´1{2
0

x0q
px´ A

´1{2
0 x0q dHn´1pxq

¸

` Rprq

ď 1

rn`1
||Q||L8 |A1{2

0 | |A1{2
0 θpx0q|CprA´1{2

0 Γs1,αqrn`α ` Rprq

“ ||Q||L8 |A1{2
0 | |A1{2

0 θpx0q| CprA´1{2
0 Γs1,αq 1

r1´α
` Rprq.

Noticing that 1
r1´α is integrable, rA´1{2

0 Γs1,α ď Cpλ, rΓs1,αq, r0 ď distpΓ, BΩq and |A1{2
0 | ď

||A||1{2
L8 we infer that

ˆ r0

0

1

rn`1

ˇ

ˇ

ˇ

ˇ

ˆ

ΓXErpx0q
Qpxqpθpx0q, x´ x0q dHn´1

ˇ

ˇ

ˇ

ˇ

ď Cpα, λ, ||A||C0,α, ||Q||C0,α , rΓs1,αqdistpΓ, BΩqα|A1{2
0 θpx0q|.

Term (III). We next need to estimate
ˆ r0

0

1

rn`1
|Sprq| dr.

To that end we notice that (by the dominated convergence theorem and the fact that
∇u P L8pΩq)

Sprq “ lim
ǫÑ0

lim
δÑ0

pSδ
ǫ qprq

“ lim
ǫÑ0

ˆ
ˆ

`

pA ´ A0q∇u, ηǫp|A´1{2
0 px´ x0q|qθpx0q

˘

`
ˆ

´

pA´ A0q∇u, pθpx0q, x´ x0q1
ǫ
χrr,r`ǫsp|A´1{2

0 px ´ x0q|q A´1

0
px´x0q

|A´1{2
0

px´x0q|

¯

˙

. (3.22)

For the first summand we obtain

lim
ǫÑ0

ˇ

ˇ

ˇ

ˇ

ˆ

Ω

`

pA´ A0q∇u, ηǫp|A´1{2
0 px ´ x0q|qθpx0q

˘

dx

ˇ

ˇ

ˇ

ˇ

“
ˇ

ˇ

ˇ

ˇ

ˆ

ΩXErpx0q

`

pA´ A0q∇u, θpx0q
˘

dx

ˇ

ˇ

ˇ

ˇ

ď ||A ´ A0||L8pErpx0qq||∇u||L1pΩq|θpx0q| |Erpx0q|.

Since Erpx0q Ă B r?
λ

px0q and (by Lemma 2.4) ||∇u||L1 ď CprΓs0,1q||Q||L8pΓq we obtain

lim
ǫÑ0

ˇ

ˇ

ˇ

ˇ

ˆ

Ω

`

pA ´ A0q∇u, ηǫp|A´1{2
0 px´ x0q|qθpx0q

˘

dx

ˇ

ˇ

ˇ

ˇ

ď ||A||C0,α

rα?
λ
αCprΓs0,1q|θpx0q||Erpx0q|

ď Cpλ, rΓs0,1q||A||C0,α |θpx0q|rn`α. (3.23)

For the second summand in (3.22) we find after substitution y “ A
´1{2
0 px ´ x0q

lim
ǫÑ0

ˇ

ˇ

ˇ

ˇ

ˆ

´

pA´ A0q∇u, pθpx0q, x´ x0q1
ǫ
χrr,r`ǫsp|A´1{2

0 px´ x0q|q A´1

0
px´x0q

|A´1{2
0

px´x0q|

¯

ˇ

ˇ

ˇ

ˇ
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“ lim
ǫÑ0

ˇ

ˇ

ˇ

ˇ

detpA1{2
0 q

ˆ

´

pApx0 ` A
1{2
0 yq ´ A0q∇upx0 ` A

1{2
0 yq, pA1{2

0 θpx0q, yq1
ǫ
χrr,r`ǫsp|y|qA

´1{2
0

y

|y|

¯

ˇ

ˇ

ˇ

ˇ

“ lim
ǫÑ0

ˇ

ˇ

ˇ

ˇ

detpA1{2
0 q1

ǫ

ˆ r`ǫ

r

ˆ

BBsp0q

´

pApx0 ` A
1{2
0 yq ´ A0q∇upx0 ` A

1{2
0 yq, pA1{2

0 θpx0q, yqA
´1{2
0

y

|y|

¯

ˇ

ˇ

ˇ

ˇ

.

In the last step we used the radial integration formula for an integrand that lies in
L8pRnq X BV pRnq. Radial integration in this case is somewhat delicate since the inte-
grand is technically not defined on sets of Lebesgue measure zero. Nevertheless it holds
true if one takes the precise representative p∇uq˚ (cf. Lemma D.2). With this precise
representative it is also allowed to pass to the limit as ǫ Ñ 0 (cf. Lemma D.3) and obtain

“
ˇ

ˇ

ˇ

ˇ

ˇ

detpA1{2
0 q

ˆ

BBrp0q
ppApx0 ` A

1{2
0 yq ´ A0qp∇uq˚px0 ` A

1{2
0 yq, pA1{2

0 θpx0q, yqA
´1{2
0 y

|y| dHn´1pyq
ˇ

ˇ

ˇ

ˇ

ˇ

ď detpA1{2
0 q sup

yPBBrp0q
|Apx0 ` A

1{2
0 yq ´ A0| ||∇u||L8pΩq|A1{2

0 θpx0q| r |A´1{2
0 |ωnr

n´1.

Using that supyPBBrp0q |Apx0`A1{2
0 yq´A0| ď ||A||C0,α supyPBBrp0q |A1{2

0 y|α ď ||A||C0,α |A1{2
0 |rα

we find

lim
ǫÑ0

ˇ

ˇ

ˇ

ˇ

ˇ

ˆ

ppA´ A0q∇u, pθpx0q, x ´ x0q
1

ǫ
χrr,r`ǫsp|A´1{2

0 px ´ x0q|q A´1
0 px´ x0q

|A´1{2
0 px´ x0q|

ˇ

ˇ

ˇ

ˇ

ˇ

ď ωndetpA1{2
0 q|A1{2

0 θpx0q| ||∇u||L8rn`α.

Together with (3.23) we obtain

|Sprq| ď Cp||A||C0,α , λ, rΓs0,1qp1 ` ||∇u||L8q |A1{2
0 θpx0q| rn`α.

Hence
ˆ r0

0

1

rn`1
|Sprq| dr ď Cp||A||C0,α , λ, rΓs0,1qp1 ` ||∇u||L8q |A

1

2

0 θpx0q| 1

α
rα0 .

Term (I), (II) and (III) are now estimated. Going back to (3.19) we find

ωn

n
|A1{2

0 θpx0q|2

ď 1

r0
C1|A1{2

0 θpx0q| ` C2
1

α
distpΓ, BΩqα|θpx0q| ` C3p1 ` ||∇u||L8pΩqq|A1{2

0 θpx0q| 1
α
rα0 ,

with constants C1, C2, C3 that depend only on the desired quantities on the right hand

side of (3.13). Define C4 :“ maxtC1, C2, C3u. Using that |A1{2
0 θpx0q|2 ě

?
λ|θpx0q|2 ě

1
4

?
λ||θ||2L8 we obtain

ωn

n

?
λ

4
||θ||2L8
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ď C4

ˆ

1

r0
||A||1{2

L8 ||θ||L8 ` 1

α
distpΓ, BΩqα||θ||L8 ` 1

α
||A||1{2

L8 p1 ` ||∇u||L8q||θ||L8rα0

˙

.

Now we use that by Corollary 3.11 one has

||∇u||L8pΩq ď CprΓs1,αq||DA||Lq ||Q||L8 ` 1

λ
||Q||L8 ` 2||θ||L8

“ 2||θ||L8 ` CprΓs1,α, ||A||W 1,q , ||Q||L8q.

Therefore we have

ωn

n

?
λ

4
||θ||2L8 ď C̃4

ˆ

1

r0
||θ||L8 ` ||θ||L8 ` C5r

α
0 ||θ||2L8 ` ||θ||L8C6r

α
0

˙

.

Now choosing r0 such that C̃4C5r
α
0 “ mint1

4
C̃4C5distpΓ, BΩqα, ωn

n

?
λ
8

u (which automati-
cally implies r0 ă distpΓ, BΩq) we infer that

ωn

n

?
λ

4
||θ||2L8 ď ωn

n

?
λ

8
||θ||2L8 ` C̃4

ˆ

1

r0
` 1 ` C̃6r

α
0

˙

||θ||8.

Using that the chosen r0 now also only depends on desired quantities we obtain the
asserted bound for ||θ||L8 . �

Corollary 3.13. Let Γ “ BΩ1 P C8, Q P W 2,spΩq and A P W 2,spΩ;Rnˆnq for some s ą n.
Then for each q ą n and α ą 0 the solution u P L2pΩq of (1.1) satisfies u P W 1,8pΩq and

||u||W 1,8 ď Cpn, q, α, λ, ||Q||C0,α, ||A||W 1,q , rΓs1,α, distpΓ, BΩqq.

Proof. That u P W 1,8pΩq follows from Lemma 3.1. Corollary 3.11 now yields that

||∇u||L8 ď Cpn, q,Ω, rΓs0,1q||DA||LqpΩq||Q||L8 ` 2||θ||L8 ` 1

λ
||Q||L8 .

Together with the fact that by the previous lemma

||θ||8 ď Cpn, q, α, λ, ||Q||C0,α, ||A||W 1,q , rΓs1,α, distpΓ, BΩqq

we infer that

||∇u||L8 ď Cpn, q, α, λ, ||Q||C0,α, ||A||W 1,q , rΓs1,α, distpΓ, BΩqq.

Since u|BΩ ” 0 we may estimate

||u||W 1,8pΩq ď p1 ` diampΩqq||∇u||L8pΩq.

The claim follows. �
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3.4. Completion of the Proof.

Proof of Theorem 1.2. Let Q P C0,αpΓq, A P W 1,qpΩ;Rnˆnq and Γ “ BΩ1 P C1,α be as in
the statement. Choose an approximating sequence pΓj “ BΩ1

jqjPN of smooth boundaries as
in Lemma C.5, in particular for j large enough, point (1) in Lemma C.5 yields that Ω1

j ĂĂ
Ω for all j P N and point (3) in Lemma C.5 yield that prΓjs1,αqjPN is uniformly bounded
in j. Moreover choose pAjqjPN Ă C8pΩ;Rnˆnq such that Aj Ñ A in W 1,qpΩ;Rnˆnq. By
Lemma B.8 we may assume that Q P C0,αpΩq without changing ||Q||C0,α . By Lemma B.9

it is also possible to approximate Q uniformly on K :“ BǫpΓq,ǫ ą 0 suitably chosen, with
some sequence pQjqjPN Ă C8pΩq such that ||Q||C0,αpKq “ limjÑ8 ||Qj ||C0,αpKq. For j P N

let uj P L2pΩq be the (unique) very weak solution to
#

´divpAjpxq∇ujq “ Qj H
n´1 Γj in Ω

u “ 0 on BΩ.
(3.24)

By Corollary 3.13 we infer that uj P W 1,8pΩq and that there exists some C ą 0 such that

||uj||W 1,8 ď Cp||Qj||C0,α , λj, ||Aj ||W 1,q , rΓjs1,α, distpΓj, BΩqq ď C. (3.25)

Notice that here we used that by Point (1) of Lemma C.5 one has distpΓj, BΩq Ñ
distpΓ,Ωq, i.e. distpΓj, BΩq is uniformly bounded above and below. One infers by Lemma
B.5 that up to a subsequence (which we do not relabel) there exists u P W 1,8pΩq such
that uj Ñ u uniformly on Ω. We claim that u solves (1.1). To this end notice that for all

φ P C2pΩq such that φ|BΩ “ 0 there holds
ˆ

Ω

u divpA∇φq dx “ lim
jÑ8

ˆ

Ω

ujdivpAj∇φq dx

since uj Ñ u in L8pΩq and (by the product rule) divpAj∇φq Ñ divpA∇φq in LqpΩq.
Since uj solves (3.24) we infer

ˆ

Ω

u divpA∇φq dx “ lim
jÑ8

ˆ

Ω

ujdivpAj∇φq dx “ lim
jÑ8

ˆ

Γj

Qjφ dHn´1

Now observe that
ˆ

Γj

Qjφ dHn´1 “
ˆ

Γj

pQj ´ Qqφ dHn´1 `
ˆ

Γj

Qφ dHn´1.

By Lemma C.5 the last term converges to
´

Γ
Qφ dHn´1 and the first term can be estimated

for large enough j by
ˇ

ˇ

ˇ

ˇ

ˇ

ˆ

Γj

pQj ´ Qqφ dHn´1

ˇ

ˇ

ˇ

ˇ

ˇ

ď ||Qj ´ Q||L8pKqH
n´1pΓjq Ñ 0 pj Ñ 8q

where we used in the last step that Hn´1pΓjq is bounded uniformly in j (cf. Lemma C.6).
We infer that

ˆ

Ω

u divpA∇φq dx “
ˆ

Γ

Qφ dx @φ P C2pΩq : φ|BΩ “ 0.

and hence u is the unique very weak solution of (1.1). As we have already discussed we
find that u P W 1,8pΩq is (the unique) solution of (1.1). The claim follows. �
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Remark 3.14. Examining the proof once again we can infer from (3.25) and the fact
that by Lemma B.5 the Lipschitz norm is lower semicontinuous with respect to uniform
convergence that for a solution u of (1.1) with data A,Q,Γ as in Main Theorem 1.2 one
has

||u||W 1,8 ď C̃p||Q||C0,α , λ, ||A||W 1,q , rΓs1,α, distpΓ, BΩqq.
Here we have used that for pΓjqjPN chosen as in the previous proof one has distpΓj, BΩq Ñ
distpΓ, BΩq and rΓjs1,α ď CprΓs1,αq. Notice that the latter estimate leads to the compli-

cation that C̃ might be larger than the constant in (3.25).

4. Optimality discussion

4.1. Optimality of the condition on Γ. The regularity requirement that Γ “ BΩ1 P
C1,α can not be substantially weakened. Indeed, we show that for some Γ “ BΩ1 P C0,1

the conclusion of Main Theorem 1.2 is false.
For our argument we will use an explicit representation for solutions in terms of the

Green’s function for ´∆.

Proposition 4.1 ([26, p.44]). Let Γ “ BΩ1 P C0,1, Q P L8pΓq and let GΩ : Ω ˆ Ω Ñ
R Y t8u be Green’s function for ´∆ in Ω. Then the unique solution of

#

´∆u “ Q Hn´1 Γ, in Ω

u “ 0 on BΩ

is given by

upxq “
ˆ

Γ

GΩpx, yqQpyq dHn´1pyq for a.e. x P Ω.

Using this we find the following nonexistence result for Lipschitz solutions.

Lemma 4.2. There exists a Lipschitz hypersurface Γ “ BΩ1 P C0,1 such that in Ω “
B1p0q Ă R

2 the problem

#

´∆u “ Hn´1 Γ in B1p0q,
u “ 0 on BB1p0q

admits no solution in W 1,8pΩq.

Proof. We look at the following rectangular equilateral triangle

Γ :“ pr0, 1
2
s ˆ t0uq Y pt0u ˆ r0, 1

2
sq Y tpt, 1

2
´ tq : t P r0, 1

2
su “: Γ1 Y Γ2 Y Γ3.

Then clearly Γ “ BΩ1 for a domain Ω1 ĂĂ B1p0q with Lipschitz boundary. Let now
G : B1p0q ˆB1p0q Ñ R be Green’s function for ´∆ in B1p0q. Proposition 4.1 yields that
then

upxq “
ˆ

Γ

Gpx, yq dHn´1pyq @x P B1p0q. (4.1)

Now we recall that

Gpx, yq “ ´ 1

2π
plog |x ´ y| ` hxpyqq @x, y P B1p0q,
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where hx P C8pB1p0qq is the unique harmonic function such that hxpzq “ ´ log |x ´ z|
for all z P BB1p0q. Let ǫ P p0, 1

4
q be such that B2ǫp0q X Γ3 “ H. Since x ÞÑ hx depends

smoothly on x in Bǫp0q we have by (4.1) that

´2πupxq “
ˆ

Γ1

log |x´ y| dHn´1pyq `
ˆ

Γ2

log |x ´ y| dHn´1pyq ` Rpxq @x P Bǫp0q

for some function R that is smooth on Bǫp0q. This implies that for x P Bǫp0qzpΓ1 Y Γ2q
there holds

´2πB1upxq “
ˆ

Γ1

x1 ´ y1

|x ´ y|2 dHn´1pyq `
ˆ

Γ2

x1 ´ y1

|x ´ y|2 dHn´1pyq ` B1Rpxq.

Now for x “ px1, x2q P Bǫp0qzΓ one has

ˆ

Γ1

x1 ´ y1

|x´ y|2 dHn´1pyq “
ˆ 1

2

0

x1 ´ t

px1 ´ tq2 ` x22
dt “ ´1

2
logppx1 ´ 1

2
q2`x22q` 1

2
logpx21 `x22q

and

ˆ

Γ2

x1 ´ y1

|x ´ y|2 dHn´1pyq “
ˆ 1

2

0

x1

x21 ` px2 ´ tq2 dt “ ´arctan

ˆ

x2 ´ 1
2

x1

˙

` arctan

ˆ

x2

x1

˙

.

Notice that the second integral lies in L8pBǫp0qq and the first integral takes the form

log |x| ` R̃ for some R̃ P L8pBǫp0qq (recalling that ǫ ă 1
4

ă 1
2
). We infer that on Bǫp0qzΓ

there holds
B1upxq “ log |x| ` R̄pxq,

where R̄ lies in L8pBǫp0qq. It follows that B1u R L8pB1p0qq. �

Remark 4.3. We have discussed in the introduction that for α P r0, 1q one has that
the growth property µpBrpxqq ď Crn´2`α (for all x P R

n and r ą 0) implies that the
solution of the measure-valued Dirichlet problem (1.4) lies in C0,αpΩq. For Lipschitz
manifolds, the growth property of the measure µ “ Hn´1 Γ is satisfied with α “ 1, cf.
Lemma 2.1. However as we have seen, the solution does not necessarily lie in C0,1pΩq. In
[17, Discussion after Theorem 2.9] it is said that the limit case of the regularity statement
for α “ 1 is not yet well-understood. Our counterexample shows that the growth property
is not sufficient to deduce regularity.

Remark 4.4. This example can also be seen as an explicit example for failure of the duality
method in the case of p “ 8, which we shall explain now. It is a classical result that for
all F P LppΩq, 1 ă p ă 8 the equation

#

´∆u “ divpF q in Ω,

u “ 0 on BΩ

has a unique weak solution u P W 1,p
0 pΩq, cf. [3] and references therein. For F P L8pΩq, it

is in general not true that u P W 1,8
0 pΩq. This is shown by a very implicit contradiction

argument in [23, Remark 3.7]. Using the insight above we can now give an explicit
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counterexample: Let Γ Ă B1p0q be the triangle in the proof of Lemma 4.2. By Lemma
2.1 there must exist some F P L8pB1p0qq such that in the sense of distributionsHn´1 Γ “
divpF q. For such F we have seen in Lemma 4.2 that

#

´∆u “ divpF qr“ Hn´1 Γs in B1p0q,
u “ 0 on BB1p0q

has a solution which does not lie in W 1,8pΩq.
4.2. Optimality of the condition on A. We show in this section that it is not possible
to weaken the assumption of Main Theorem 1.2 to A P W 1,qpΩ;Rnˆnq for any q ă n.
The case A P W 1,npΩ;Rnˆnq is an interesting limit case and not yet fully understood,
but the details would go beyond the scope of this article. Our example is just a slight
modification of [21, Section 5], where regularity of (the gradient of) A-harmonic functions
for irregular coefficients A is studied. The measure term actually has no major impact
on the irregularity phenomenon exposed in [21, Section 5].

Lemma 4.5. Suppose that n “ 2. Then for each q ă n there exists some A P W 1,q
0 pΩ;Rnˆnq,

some Γ “ BΩ1 P C8 and some Q P C8pΓq such that the solution to (1.1) does not lie in
W 1,8pΩq.

Proof. We consider for µ P p0, 1q the set Ω “ B2p0q Ă R
2 and Γ “ BB1p0q. We define

A : Ω Ñ R
2ˆ2 via

Apx, yq “
˜

1 ´ p1 ´ µ2q y2

x2`y2
p1 ´ µ2q xy

x2`y2

p1 ´ µ2q xy

x2`y2
1 ´ p1 ´ µ2q x2

x2`y2

¸

.

One readily checks that A is symmetric and uniformly elliptic and A P W 1,qpB2p0q,R2ˆ2q
for all q ă 2. Next we define

u1px, yq :“ x

px2 ` y2q 1´µ
2

px, yq P B2p0q.

Moreover let u2 P C8pB2p0qzB1p0qq be the unique solution to the A-harmonic Dirichlet
problem

$

’

&

’

%

divpA∇u2q “ 0 in B2p0qzB1p0q,
u2px, yq “ 0 on BB1p0q,
u2px, yq “ ´ 1

21´µx on BB2p0q.

Such smooth solution exists as the restriction of A to B2p0qzB1p0q satisfies A P C8pB2p0qzB1p0qq
and the prescribed boundary data are smooth. We now extend u2 to the whole of B2p0q
by defining u2px, yq “ 0 for all px, yq P B1p0q. We will not rename this extension. Observe

that this extension is Lipschitz continuous on B2p0q. One readily checks that there holds
(pointwise) divpA∇u1q “ 0 on B2p0qzt0u and divpA∇u2q “ 0 on B2p0qzBB1p0q. Next
we define u :“ u1 ` u2, which clearly has zero boundary trace on BB2p0q. As shown
in [21, Section 5] one has that ∇u1 P LppB2p0qq if and only if p ă 2

1´µ
. In particular

∇u “ ∇u1 ` ∇u2 R L8pB2p0qq. It remains to show that u solves a problem of the form
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(1.1). As 2 ă 2
1´µ

we obtain that u P W
1,2
0 pB2p0qq and check that for φ P C8

0 pB2p0qq
there holds

ˆ

Ω

pA∇u,∇φq dx “
ˆ

B2p0q
pA∇u1,∇φq `

ˆ

B2p0qzB1p0q
pA∇u2,∇φq

“ lim
ǫÑ0

ˆ

B2p0qzBǫp0q
pA∇u1,∇φq `

ˆ

BpB2p0qzB1p0qq
pA∇u2, νqφ dHn´1

“ ´ lim
ǫÑ0

ˆ

BBǫp0q
pA∇u1, νqφ dHn´1 ´

ˆ

BB1p0q
pA∇u2, px, yqT qφ dHn´1.

Noticing next that A P L8pB2p0q;R2ˆ2q we infer that

ˇ

ˇ

ˇ

ˇ

ˆ

BBǫp0q
pA∇u1, νqφ dHn´1

ˇ

ˇ

ˇ

ˇ

ď ||A||L8 ||φ||L8

ˆ

BBǫp0q
|∇u1| dHn´1

ď C||A||8||φ||8
ǫ1´µ

p2πǫq Ñ 0 pǫ Ñ 0q.

In particular we obtain that for Q :“ ´pA∇u2, px, yqT q|BB1p0q P C8pBB1p0qq one has

ˆ

Ω

pA∇u,∇φq dx “
ˆ

BB1p0q
Qφ dHn´1 @φ P C8

0 pΩq.

By density and the fact that A P L8 this also holds true for φ P W 1,2
0 pΩq. In particular

for arbitrary φ P W 2,2pΩq XW
1,2
0 pΩq we may integrate by parts and obtain (as u has zero

boundary trace)

ˆ

Ω

u divpA∇φq dx “
ˆ

BB1p0q
Qφ dHn´1 @φ P W 2,2pΩq X W

1,2
0 pΩq,

showing that u is a weak solution of an equation of type (1.1). The claim follows. �

Remark 4.6. The limit case µ Ñ 0 in the previous example shows actually that for
general (symmetric and uniformly elliptic) A P L8 no more regularity than W 1,2

0 pΩq can
be obtained. In particular we observe that the best possible regularity depends vitally on
the W 1,q-regularity of the coefficients in A. For q ă n the optimal regularity is W 1,2

0 pΩq
and for q ą n the optimal regularity is W 1,8

0 pΩq. This jump shows again that the case
q “ n is very interesting.

5. Applications to Free boundary problems

Equations like (1.1) appear in many free boundary problems, for example in the
thin obstacle problem, cf [10, Equation 3.8]. Here we illustrate two further examples
specifically, both of which consider adhesive free boundary problems.
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5.1. The Bernoulli problem. A solution of Bernoulli’s problem (in the sense of [14])
is a pair consisting of a suitably smooth function u : Ω Ñ R and a suitably regular subset
S ĂĂ Ω that satisfies

$

’

’

’

&

’

’

’

%

∆u “ 0 in ΩzS,
u “ 0 on BΩ,
u “ 1 on BS,

Bu
Bν “ Q on S.

(5.1)

In [14] it is observed that one can find a one-parameter family of solutions around a given
(suitably regular, hyperbolic) prototype solution. This is done by means of a carefully
chosen evolution equation. For the derivation of the evolution law it is possible to profit
from [14, Proposition 4.3], saying that u is a solution of (5.1) if and only if

$

’

&

’

%

´∆u “ Q Hn´1 BS in Ω,

u “ 0 on BΩ,
u ” 1 on S.

(5.2)

This result requires some regularity of S and uses the normal jump of the single layer
potential, cf. Remark 3.8. Regularity of (5.2) can be studied with the methods developed
in this article, with optimal regularity requirements on S. Possibly, this can also help
for the study of the derived evolution equation under less regularity assumptions on the
needed prototype solution. Moreover, the Bernoulli problem can be considered for other
operators than ´∆.

5.2. The biharmonic Alt-Caffarelli Problem. Recently, the biharmonic Alt-Caffarelli
problem has raised a lot of interest, cf. [6], [7], [25], [15]. This is the minimization of

Epuq :“
ˆ

Ω

p∆uq2 dx ` |tx P Ω : upxq ą 0u|

among all u P W 2,2pΩq such that u|BΩ “ u0 for some u0 P C8pΩq, u0 ą 0. Here | ¨ |
denotes the Lebesgue measure. Minimizers of this problem have to find an optimal
balance between bending (measured by the first summand) and positivity (measured by
the second summand). Since u0 ą 0 it will however require some bending to leave
the positivity region, which is why the interests of both terms are conflicting. The set
Γ :“ tu “ 0u is where the functional loses its regularity and is hence considered the
free boundary of the problem. In [25, Theorem 1.4] it is shown that in dimension two
(i.e. if Ω Ă R

2) minimizers lie in C2pΩq and satisfy ∇u ‰ 0 on Γ “ tu “ 0u. Moreover
Γ “ BΩ1 for some C2-smooth domain Ω1 ĂĂ Ω. Additionally, each minimizer u satisfies
the equation

ˆ

Ω

∆u∆φ dx “
ˆ

Γ

1

|∇u|φ dx @φ P W 2,2pΩq X W
1,2
0 pΩq. (5.3)

Our results can therefore be used to study further regularity of minimizers. Indeed, if we
define w :“ ∆u P L2pΩq then (5.3) yields that w is a very weak solution of

#

´∆w “ Q Hn´1 Γ in Ω,

w “ 0 on BΩ,
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with Q :“ 1
|∇u| P C1pΓq. We infer from our Main Theorem 1.2 that w “ ∆u P W 1,8pΩq.

By elliptic regularity this also implies u P W 3,ppΩq for all p P p1,8q. It will be subject of
future research whether also u P W 3,8pΩq. This would make Γ “ tu “ 0u a C2,1-manifold
as ∇u does not vanish on the level set Γ. We remark also that Theorem 1.2 paves the
way for the study of the A´biharmonic Alt-Caffarelli problem, i.e. the minimization of

Epuq :“
ˆ

Ω

|divpApxq∇upxqq|2 dx ` |tx P Ω : upxq ą 0u|

under the same boundary conditions as above.

Appendix A. Very weak solutions

In this appendix we show that (under mild conditions) very weak solutions are also
weak solutions, as already discussed in the introduction. In the case of A “ Idnˆn this
is already studied in [26, Section 3.1]. The mild condition we need additionally is that
A P W 1,qpΩ;Rnˆnq for some q ą n.

Lemma A.1. Let Ω Ă R
n be a smooth domain, n ě 2. Suppose that A P W 1,qpΩ;Rnˆnq

for some q ą n and let p P r2, ns. Then for each g P LppΩq there exists a unique
ψ P W 2,ppΩq X W

1,p
0 pΩq such that

divpA∇ψq “ g pointwise a.e..

Proof. Let pApkqqkPN Ă C8pΩ;Rnˆnq be such that Apkq Ñ A in W 1,qpΩ;Rnˆnq. We denote

the coefficients of Apkq by a
pkq
ij for i, j “ 1, ..., n. By elliptic regularity (cf. [11, Theorem

9.15]) there exist ψk P W 2,ppΩq X W
1,p
0 pΩq such that (pointwise a.e.) there holds

n
ÿ

i,j“1

a
pkq
ij B2

ijψk ` pdivpApkqq,∇ψkq “ g, (A.1)

i.e. pointwise a.e. there holds
divpApkq

∇ψkq “ g. (A.2)

We define next the differential operator

Lku :“
n

ÿ

i,j“1

a
pkq
ij B2

iju.

For all k P N, Lk satisfies the prerequisites of [11, Lemma 9.17] and therefore there exist
constants Ck (cf. [11, Lemma 9.15]) depending only on Ω, p, the ellipticity constant of
Apkq and the L8-norm of Apkq and the moduli of continuity of Apkq such that

||u||W 2,p ď Ck||Lku||Lp @u P W 2,ppΩq X W
1,p
0 pΩq.

As Apkq converges to A in C0,γ for γ “ 1 ´ n
q

ą 0 the moduli of continuity and the

ellipticity constants can all be uniformly controlled in k and hence one can find a uniform
C̄ ą 0 such that for all k P N there holds

||u||W 2,p ď C̄||Lku||Lp @u P W 2,ppΩq X W
1,p
0 pΩq. (A.3)
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The PDE (A.1) can now also be viewed as follows

Lkψk “ g ´ pdivpApkqq,∇ψkq.

We infer from (A.3) and Hölder’s inequality

||ψk||W 2,p ď C̄||Lkψk||Lp ď C̄||g ´ pdivpAkq,∇ψkq||Lp

ď C̄p||g||Lp ` ||pdivpApkqq,∇ψkq||Lpq
ď C̄p||g||Lp ` ||divpApkqq||Lq ||∇ψk||

L
qp
q´p

q
“ C̄p||g||Lp ` ||divpApkqq||Lq ||ψk||

W
1,

qp
q´p

0

q, (A.4)

We next intend to bound the right hand side uniformly in k. Notice that q ą n implies

that qp

q´p
ă np

n´p
and hence W 2,ppΩq X W

1,p
0 pΩq embeds compactly into W

1, qp
q´p

0 pΩq. Since

also qp

q´p
ě p ě 2 we observe that

W 2,ppΩq X W
1,p
0 pΩq c

ãÑ W
1, qp

q´p

0 pΩq ãÑ W
1,2
0 pΩq

forms a Banach triple (i.e. the first embedding is compact and the second is continuous).
It follows that for each ǫ ą 0 there exists Dpǫq ą 0 independent of k such that

||ψk||
W

1,
qp
q´p

0

ď ǫ||ψk||W 2,p ` Dpǫq||ψk||W 1,2
0

.

Using this in (A.4) with ǫ :“ 1
2C̄ supkPN ||divpApkqq||Lq`1

(and callingD :“ Dpǫq “ DpC̄, ||A||W 1,qq)
we infer from (A.4) that

||ψk||W 2,p ď 1

2
||ψk||W 2,p ` C̄||g||Lp ` C̄D||divpApkqq||Lq ||ψk||W 1,2

0

.

In particular

||ψk||W 2,p ď 2C̄p1 ` Dqp||g||Lp ` ||divpApkqq||Lq ||ψk||W 1,2
0

q. (A.5)

It remains to bound ||ψk||W 1,2
0

uniformly in k. To that end we use (A.2), which yields (if

λk is the ellipticity constant of Apkq)
ˆ

Ω

|∇ψk|2 dx ď 1

λk

ˆ

Ω

pApkq
∇ψk,∇ψkq dx “ ´ 1

λk

ˆ

Ω

divpApkq
∇ψkqψk dx “ ´ 1

λk

ˆ

Ω

gψk dx.

We infer

||ψk||2
W

1,2
0

ď C1pΩq
λk

||g||Lp||ψk||L2 ď C2pΩq
λk

||g||Lp||ψk||
W

1,2
0

,

where CipΩq, i “ 1, 2 depend on the volume and the optimal Poincare constant of Ω.
Since Apkq Ñ A in C0,γ one can also bound the reciprocals of the ellipticity constants 1

λk

uniformly in k by 1
λ̃
. We infer

||ψk||W 1,2
0

ď C2pΩq
λ̃

||g||Lp.
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Using this uniform bound in (A.5) and the fact that ||divpApkqq||Lq is uniformly bounded
in k we infer that pψkqkPN is uniformly bounded in W 2,ppΩq X W

1,p
0 pΩq. Hence we may

extract a weakly convergent subsequence (which we do not relabel) and a limit ψ P
W 2,ppΩq XW

1,p
0 pΩq such that ψk á ψ weakly in W 2,p. We show now that divpA∇ψq “ g

pointwise a.e.. To this end fix η P C8
0 pΩq. Then using that Apkq Ñ A in C0,γ and ψk Ñ ψ

in W 1,p we find
ˆ

Ω

divpA∇ψqη “ ´
ˆ

Ω

pA∇ψ,∇ηq dx “ ´ lim
kÑ8

ˆ

Ω

pApkq
∇ψk,∇ηq dx

“ lim
kÑ8

ˆ

Ω

divpApkq
∇ψkqη dx “ lim

kÑ8

ˆ

Ω

gη dx “
ˆ

Ω

gη dx.

Since η P C8
0 pΩq was arbitrary we conclude divpA∇ψq “ g pointwise a.e..

Step 2. Uniqueness. By linearity it suffices to show that for each ψ P W 2,ppΩq XW
1,p
0 pΩq

such that divpA∇ψq “ 0 a.e. in Ω there must hold ψ “ 0 a.e. in Ω. To this end we
choose η P C8

0 pΩq arbitrary and infer

0 “
ˆ

Ω

divpA∇ψqη dx “
ˆ

Ω

pA∇ψ,∇ηq dx.

Approximating ψ in W 1,2
0 with C8

0 pΩq- functions we infer

0 “
ˆ

Ω

pA∇ψ,∇ψq dx ě λ

ˆ

Ω

|∇ψ|2 dx,

whereupon we conclude that ψ ” const. The fact that ψ P W 1,p
0 pΩq yields that ψ ” 0. �

Lemma A.2. Let Ω Ă R
n, n ě 2 be a smooth domain and Γ ĂĂ Ω be a Lipschitz

hypersurface. Further assume Q P L8pΓq and A P W 1,qpΩ;Rnˆnq. Let u P L2pΩq. Then
the following are equivalent

p1q ´
ˆ

Ω

u divpA∇φq dx “
ˆ

Γ

Qφ dHn´1 @φ P W 2,2pΩq X W
1,2
0 pΩq,

p11q ´
ˆ

Ω

u divpA∇φq dx “
ˆ

Γ

Qφ dHn´1 @φ P C2pΩq : φ|BΩ “ 0,

p2q u P W 1,2
0 pΩq and

ˆ

Ω

pA∇u,∇φq dx “
ˆ

Γ

Qφ dx @φ P C8
0 pΩq. (A.6)

Proof. Equivalence of p1q and p11q follows immediately by density, cf. Lemma B.2. We
show first p1q ñ p2q. For fixed f P C8

0 pΩ;Rnq observe that by Lemma A.1 there exists
some φ P W 2,2pΩq X W

1,2
0 pΩq, such that there holds (pointwise a.e.)

divpA∇φq “ divpfq.

Multiplying by some ψ P C8
0 pΩq and integrating we find

ˆ

Ω

pApxq∇φ,∇ψq dx “ ´
ˆ

Ω

divpfqψ dx @ψ P C8
0 pΩq.
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Taking the closure, we find that this equation holds also true for all ψ P W
1,2
0 pΩq. We

observe that

λ

ˆ

Ω

|∇φ|2 dx ď
ˆ

Ω

pApxq∇φ,∇φq dx “ ´
ˆ

Ω

divpfqφ dx “
ˆ

Ω

pf,∇φq dx.

The Cauchy-Schwarz inequality yields then ||φ||W 1,2
0

“ ||∇φ||L2 ď 1
λ

||f ||L2 . For the com-

putation to come we recall that by Lemma 2.1

T pψq :“
ˆ

Γ

Qψ dHn´1 pψ P C8
0 pΩqq

extends to a linear continuous functional in pW 1,2
0 pΩqq˚. Using this we find

´
ˆ

Ω

u divpfq dx “ ´
ˆ

Ω

u divpA∇φq dx “
ˆ

Γ

Qφ dHn´1 ď C1||φ||
W

1,2
0

pΩq ď C2||f ||L2pΩ;Rnq.

In particular we infer that

S : C8
0 pΩ;Rnq Ñ R, Spfq :“ ´

ˆ

Ω

u divpfq dx

extends to a functional in L2pΩ;Rnq˚, whereupon one finds g P L2pΩ;Rnq such that

´
ˆ

Ω

u divpfq dx “
ˆ

Ω

pg, fq dx @f P C8
0 pΩ;Rnq.

Setting f “ vej for v P C8
0 pΩq and j “ 1, ..., n one readily checks that u is weakly

differentiable and ∇u “ g P L2pΩq. We have obtained that u P W 1,2pΩq. We next show
(A.6). First notice that by smoothness of Ω there exist punqnPN Ă C8pΩq such that
un Ñ u in W 1,2pΩq. By the classical Gauss divergence theorem we then infer for each
φ P C2pΩq s.t. φ

ˇ

ˇ

BΩ “ 0 that

ˆ

Γ

Qφ dHn´1 “ ´
ˆ

Ω

udivpA∇φq dx “ ´ lim
nÑ8

ˆ

Ω

undivpA∇φq dx

“ lim
nÑ8

ˆ

´
ˆ

BΩ
unpApxq∇φ, νΩq dHn´1 `

ˆ

Ω

pApxq∇un,∇φq dx
˙

“ ´
ˆ

BΩ
trBΩpuqpApxq∇φ, νΩq dHn´1 `

ˆ

Ω

pApxq∇u,∇φq dx,

where we have used continuity of the Sobolev trace operator in the last step. To simplify
notation we write only u instead of trBΩpuq in the sequel. Plugging in any φ P C8

0 pΩq we
infer that the integral formula in (A.6) holds true. It remains to show that u P W 1,2

0 pΩq,
i.e. trBΩpuq “ 0. To that end look at φ “ ψdΩ, where dΩ : BǫpBΩq Ñ R, is the signed
distance function for BΩ, ǫ ă distpΓ, BΩq is chosen small enough such that dΩ is smooth,
and ψ P C8

0 pBǫpBΩqq is arbitrary. Then we have

0 “
ˆ

Γ

QpψdΩq dHn´1 “ ´
ˆ

BΩ
upApxq∇pψdΩq, νΩq dHn´1 `

ˆ

Ω

pApxq∇u,∇pψdΩqq dx.
(A.7)
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Since ∇dΩ “ νΩ on BΩ we infer
ˆ

BΩ
upApxq∇pψdΩq, νΩq dHn´1 “

ˆ

BΩ
upApxqνΩ, νΩqψ dHn´1.

Moreover, observe that ψdΩ
ˇ

ˇ

Ω
P W 1,2

0 pΩqXCpΩq and hence there exists pηmqmPN Ă C8
0 pΩq

such that ηm Ñ ψdΩ in W 1,2pΩq and also uniformly, see Lemma B.1. Therefore we can
rearrange the last summand in (A.7) (by using the already derived (A.6))

ˆ

Ω

pApxq∇u,∇pψdΩqq dx “ lim
mÑ8

ˆ

Ω

pApxq∇u,∇ηmq dx

“ lim
mÑ8

ˆ

Γ

Qηm dHn´1 “
ˆ

Γ

QpψdΩq dHn´1 “ 0.

Hence (A.7) yields

0 “
ˆ

BΩ
upApxqνΩ, νΩqψ dHn´1 @ψ P C8

0 pBǫpBΩqq.

This implies upApxqνΩ, νΩq “ 0 a.e. on BΩ and thus by ellipticity of A one infers u “ 0
on BΩ. In particular u P W 1,2

0 pΩq and the claim is shown. Next we turn to p2q ñ p1q. If
u P W 1,2

0 pΩq then there exists pukqkPN Ă C8
0 pΩq such that uk Ñ u in W 1,2pΩq. For each

φ P C2pΩq s.t. φ
ˇ

ˇ

BΩ “ 0 we then infer

´
ˆ

Ω

u divpApxq∇φq dx “ ´ lim
kÑ8

ˆ

Ω

uk divpApxq∇φq dx “ lim
kÑ8

ˆ

Ω

pApxq∇uk,∇φq dx

“
ˆ

Ω

pApxq∇u,∇φq dx.

Now we observe that φ P W 1,2
0 pΩq XCpΩq and we choose (due to Lemma B.1) pφnqnPN Ă

C8
0 pΩq such that φn Ñ φ in W 1,2pΩq and uniformly. Hence

ˆ

Ω

pApxq∇u,∇φq dx “ lim
nÑ8

ˆ

Ω

pApxq∇u,∇φnq dx “
ˆ

Γ

Qφn dHn´1 “
ˆ

Γ

Qφ dHn´1.

The previous two equations yield

´
ˆ

Ω

u divpApxq∇φq dx “
ˆ

Γ

Qφ dHn´1 @φ P C2pΩq : φ
ˇ

ˇ

BΩ “ 0.

�

Appendix B. Some approximation and regularity results

Here we collect some technical lemmas that have been useful for the course of our
argument.

Lemma B.1. Let Ω Ă R
n be C1-smooth and η P W

1,q
0 pΩq X CpΩq for some q P p1,8q.

Then there exists a sequence pηjqjPN Ă C8
0 pΩq such that ηj Ñ η in W

1,q
0 pΩq and ηj Ñ η

in CpΩq.
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Proof. For each j P N the function

η̃j “
ˆ

η ´ 1

j

˙`
´

ˆ

η ` 1

j

˙´

has compact support in Ω. Clearly, η̃j Ñ η in CpΩq. Moreover, by the dominated
convergence theorem and Stampacchia’s Lemma (cf. [18, Lemma A.4,Chapter 2]) one
infers

ˆ

Ω

|∇η̃j ´ ∇η|q dx “
ˆ

t|η|ă 1

j
u

|∇η|q dx Ñ
ˆ

tη“0u
|∇η|q dx “ 0. pj Ñ 8q.

This also implies that η̃j Ñ η in W 1,q
0 pΩq. Let now pψǫqǫą0 be the standard mollifier. For

each j P N one can choose ǫj ą 0 such that ηj :“ η̃j ˚ ψǫj P C8
0 pΩq and

||η̃j ˚ ψǫj ´ η̃j ||W 1,qpΩq ` ||η̃j ˚ ψǫj ´ η̃j ||C0pΩq ă 1

j
.

A straightforward application of the triangle inequality and the previous observations
shows that then

ηj :“ η̃j ˚ ψǫj Ñ η in W 1,qpΩq and CpΩq.
�

Lemma B.2. Let Ω Ă R
n be a smooth domain. Then the closure of C2pΩq X W

1,2
0 pΩq

with respect to the W 2,2-norm is W 2,2pΩq X W
1,2
0 pΩq.

Proof. Let v P W 2,2pΩq X W
1,2
0 pΩq. Then v lies in the domain of the Dirichlet Laplacian

∆0, a densely defined and sectorial operator. Hence ∆0 generates an analytic semigroup

pet∆0qtě0 in L2pΩq. Next we set vj :“ e
1

j
∆0v for all j P N. We claim that vj P C2pΩq X

W
1,2
0 pΩq and vj Ñ v in W 2,2pΩq. The first assertion follows easily from the fact that

by [20, Proposition 2.1.1] vj lies in the domain of ∆k
0 for all k P N and hence actually

in C8pΩq X W
1,2
0 pΩq. Moreover since v lies in the domain of ∆0, [20, Proposition 2.1.4]

yields

||∆0v ´ ∆0vj ||L2 “ ||∆0pe 1

j
∆0v ´ vq||L2 Ñ 0 pj Ñ 8q.

Since ∆0 :W
2,2pΩqXW 1,2

0 pΩq Ñ L2pΩq is an isomorphism we infer that also ||v´vj ||W 2,2 Ñ
0 as j Ñ 8. �

Lemma B.3. Let f : Rnzt0u Ñ R be locally Lipschitz continuous. Then the map I :
p0,8q Ñ R

s ÞÑ
ˆ

BBsp0q
fpyq dHn´1pyq

is locally Lipschitz continuous on p0,8q.

Proof.

Iprq ´ Ipsq “
ˆ

BBrp0q
fpyq dHn´1pyq ´

ˆ

BBsp0q
fpyq dHn´1pyq
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“
ˆ

BBrp0q
fpyq dHn´1pyq ´

´s

r

¯n´1
ˆ

BBrp0q
fp s

r
yq dHn´1pyq

“
ˆ

1 ´
´s

r

¯n´1
˙
ˆ

BBrp0q
fpyq dHn´1pyq `

´s

r

¯n´1
ˆ

BBrp0q
pfpyq ´ fp s

r
yqq dHn´1pyq.

Now for each y P BBrp0q one has

|fpyq ´ fp s
r
yq| ď ||f ||

W 1,8pBsp0qzBrp0qq|y ´ s
r
y| ď ||f ||

W 1,8pBsp0qzBrp0qq|r ´ s|

and
ˇ

ˇ

ˇ

ˇ

ˆ

1 ´
´s

r

¯n´1
˙
ˆ

BBrp0q
fpyq dHn´1pyq

ˇ

ˇ

ˇ

ˇ

ď ||f ||L8pBBrpyqqωn|rn´1 ´ sn´1|

“ ||f ||L8pBBrpyqqωn

˜

n´2
ÿ

k“0

rksn´2´k

¸

|r ´ s|.

With the previous two equations we infer

|Iprq ´ Ipsq| ď Lpr, sq|r ´ s|,

where

Lpr, sq :“ ||f ||
W 1,8pBsp0qzBrp0qq ` ||f ||L8pBBrpyqqωn

˜

n´2
ÿ

k“0

rksn´2´k

¸

is clearly locally bounded in p0,8q2. The local Lipschitz property follows. �

Lemma B.4. One has BV pΩq X W
1,1
loc pΩq “ W 1,1pΩq.

Proof. If w P BV pΩq X W
1,1
loc pΩq then for all open sets U ĂĂ Ω and i “ 1, ..., n we have

ˆ

U

|Biw| dx “ sup
φPC1

0
pUq,||φ||8ď1

ˆ

U

Biw φ dx “ sup
φPC1

0
pUq,||φ||8ď1

´
ˆ

U

w Biφ dx

“ sup
φPC1

0
pUq,||φ||8ď1

ˆ

U

w divp´φeiq dx ď |Dw|pUq ď |Dw|pΩq.

As Ω can be monotonically exhausted by countably many sets pUjqjPN, Uj Ă Uj`1 ĂĂ Ω
we infer by the monotonce convergence theorem that |Biw| P L1pΩq. The claim follows.

�

Lemma B.5. Let Ω Ă R
n be a bounded domain, pvkqkPN Ă W 1,8pΩq be a sequence

such that p||vk||W 1,8pΩqqkPN is uniformly bounded in k. Then there exists a subsequence

pvlkqkPN P N and some v P W 1,8pΩq such that pvlkqkPN converges to v uniformly on Ω,
weakly in W 1,ppΩq for all p P p1,8q. Further, one has

||v||W 1,8pΩq ď lim inf
kÑ8

||vlk ||W 1,8pΩq. (B.1)
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Proof. One readily checks that pvkqkPN satisfies all the prerequisites of the Arzela-Ascoli
theorem, which explains the existence of a uniformly convergent subsequence and a limit
v P C0pΩq. Choosing a further subsequence and using a standard diagonal sequence
argument one can find a subsequence that converges weakly in W 1,rpΩq for all r P N.
One readily checks that the limit of this subsequence must also be v. Let now pvlkqkPN
be this subsequence. If now p P p1,8q is arbitrary we can choose some number r P N

such that r ą p. Observing that W 1,rpΩq Ă W 1,ppΩq (and hence W 1,ppΩq˚ Ă W 1,rpΩq˚)
we obtain that vlk á v in W 1,ppΩq. For the norm estimate (B.1) observe that by uniform
convergence we have

||v||L8pΩq “ lim
kÑ8

||vlk ||L8pΩq. (B.2)

Now for the gradients we observe

||∇v||L8pΩq “ lim
pÑ8

||∇v||LppΩq ď lim sup
pÑ8

lim inf
kÑ8

||∇vlk ||LppΩq

ď lim sup
pÑ8

lim inf
kÑ8

||∇vlk ||L8pΩq|Ω| 1

p “ lim inf
kÑ8

||∇vlk ||L8pΩq.

This and (B.2) yields

||v||W 1,8pΩq ď lim inf
kÑ8

||vlk ||W 1,8pΩq.

�

Lemma B.6. Let y P C1pra, bs,Rq be such that y1ptq “ fpt, yptqq for all t P ra, bs for some
f P C0,αpR2q. Then

||y||C1,αpra,bsq ď ||y||8 ` r2 ` pb´ aq1´αsp1 ` ||f ||C0,αpR2qq2

Proof. First derive the estimate

|yptq ´ ypsq| “
ˆ s

t

|fpu, ypuqq| du ď ||f ||8|t´ s|. (B.3)

In particular

|yptq ´ ypsq| ď ||f ||8pb ´ aq1´α|t ´ s|α.

Moreover we infer using (B.3)

|y1ptq ´ y1psq| “ |fpt, yptqq ´ fps, ypsqq| ď ||f ||C0,αp|t ´ s|2 ` |yptq ´ ypsq|2qα
2

“ ||f ||C0,αp1 ` ||f ||28qα
2 |t´ s|α.

Now note that p1` ||f ||28qα
2 ď p1` ||f ||8qα ď 1` ||f ||8. The previous computations yield

||y||C1,α ď ||y||8 ` ||y1||8 ` rysC0,α ` ry1sC0,α

ď ||y||8 ` ||f ||8 ` pb ´ aq1´α||f ||8 ` ||f ||C0,αp1 ` ||f ||8q.

The claim follows estimating all ||f ||8 by ||f ||C0,α and some elementary estimates. �
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Lemma B.7. Let B Ă R
m be an open ball and h P C0,αpB;Rq. For z P B and v P

R
m, |v| “ 1 we define t`pz, vq to be the supremum of all t P R such that z ` tv P B and

similarly t´pz, vq to be the infimum. Define

yz,vptq :“ hpz ` tvq t P rt´pz, vq, t`pz, vqs.

Then
||h||C0,αpBq ď 2 sup

zPB,|v|“1

||yz,v||C0,αprt´pz,lq,t`pz,lqsq.

Proof. It is straightforward to show that

||h||8 “ sup
zPB,|v|“1

||yz,v||L8prt´pz,vq,t`pz,vqsq.

We next show the corresponding estimate for rhsC0,αpBq. Let x1, x2 P B, x1 ‰ x2. Define

z :“ x1 and v :“ x2´x1

|x2´x1| now observe that by convexity of B

z ` tv “ x1 ` t
|x2´x1| px2 ´ x1q P B @t P r0, |x2 ´ x1|s.

this implies that t´pz, vq ď 0 ď |x2 ´ x1| ď t`pz, vq. Now

|hpx2q ´ hpx1q| “ |yz,vp|x1 ´ x2|q ´ yz,vp0q| ď ryz,vsC0,αprt´pz,vq,t`pz,vqs| |x1 ´ x2| ´ 0|α

ď sup
zPB,|v|“1

ryz,vsC0,αprt´pz,vq,t`pz,vqs|x1 ´ x2|α.

We infer that rhsC0,αpBq ď supzPB,|v|“1ryz,vsC0,αprt´pz,vq,t`pz,vqs and the claim follows. �

Lemma B.8. Let for A Ă R closed and α ą 0 f : A Ñ R be α´Hölder continuous in
the sense that

|fpxq ´ fpyq| ď H |x´ y|α @x, y P A
for some H ą 0. Then there exists some f̄ : Rn Ñ R such that f̄ |A “ f and

|f̄pxq ´ f̄pyq| ď H |x ´ y|α @x, y P R
n.

In particular rf̄sC0,α “ rf sC0,α.

Proof. This is readily checked choosing

f̄pzq :“ inf
xPA

tfpxq ` H |z ´ x|αu pz P R
nq.

We remark that the subadditivity of z ÞÑ zα plays an important role in this proof. �

Lemma B.9. Let K Ă Ω be compact and Q P C0,αpKq. Then there exists some pQjqjPN Ă
C8pΩq such that Qj Ñ Q uniformly on K and limjÑ8 ||Qj ||C0,αpKq “ ||Q||C0,αpKq.

Proof. By Lemma B.8 we may actually assume that Q P C0,αpRnq (without making the
Hölder seminorm larger). Next let Qǫ :“ Q ˚φǫ where pφǫqǫą0 is the standard mollifier. A
standard result yields that Qǫ Ñ Q uniformly on K. The lower semicontinuity of r¨sC0,α

with respect to uniform convergence yields

rQsC0,αpKq ď lim inf
ǫÑ0

rQǫsC0,αpKq. (B.4)
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Now observe also that for all x1, x2 P K there holds

|Qǫpx1q ´ Qǫpx2q| “
ˇ

ˇ

ˇ

ˇ

ˆ

Qpyqφǫpx1 ´ yq dy ´
ˆ

Qpyqφǫpx2 ´ yq dy
ˇ

ˇ

ˇ

ˇ

ď
ˇ

ˇ

ˇ

ˇ

ˆ

pQpx1 ´ zq ´ Qpx2 ´ zqqφǫpzq dz
ˇ

ˇ

ˇ

ˇ

ď
ˆ

|Qpx1 ´ zq ´ Qpx2 ´ zq|φǫpzq dz

ď
ˆ

rQsC0,αpRnq|x1 ´ z ´ px2 ´ zq|αφǫpzq dz ď rQsC0,αpKq|x1 ´ x2|α.

This yields rQǫsC0,αpKq ď rQsC0,αpKq and together with (B.4) we conclude that rQsC0,αpKq “
limǫÑ0rQǫsC0,αpKq. All in all we infer that

||Q||C0,αpKq “ ||Q||8 ` rQsC0,αpKq “ lim
ǫÑ0

||Qǫ||8 ` rQǫsC0,αpKq “ lim
ǫÑ0

||Qǫ||C0,αpKq.

�

Appendix C. C1,α-hypersurfaces

In this section we collect some facts about C1,α-boundaries that we use. In the fol-
lowing we will always look at Γ “ BΩ1 for a compact C1,α-domain Ω1 ĂĂ R

n.
An important tool that we use is the regularized signed distance function, ρ : Rn Ñ R

introduced in [19]. This is a function ρ P C8pRnzΓq X C0,1pRnq such that ρ ă 0 on Ω1,
ρ ą 0 on R

nzΩ1 and

1

2
ď |ρpxq|

distpx,Γq ď 2, and
1

2
ď |∇ρpxq| ď 2 @x P R

nzΓ.

We see from [19, Theorem 2.1] (used with ζpzq “ zα), that for Γ “ BΩ1 P C1,α there exists
a regularized signed distance function ρ, which fulfills in addition

|∇ρpxq ´ ∇ρpyq| ď 10rΓs1,α|x ´ y|α @x, y P R
n. (C.1)

(We remark that for obtaining the previous equation we need to demand that the graph
representations fi of Γ (cf. (2.2)) must lie in C1,αp4U iq instead of just C1,αpU iq. This
is why the counterintuitive constant 4 appears in our definition of a representation). In
particular ρ extends to a C1,α-function on R

n. As ρ ” 0 on Γ the derivative ∇ρ must
point in normal direction, which means that the outward unit normal ν : Γ Ñ R

n satisfies

νpxq “ ∇ρpxq
|∇ρpxq| @x P Γ.

This, (C.1) and the fact that 1
2

ď |∇ρ| ď 2 on R
n implies

|νpxq ´ νpyq| ď CprΓs1,αq|x ´ y|α @x, y P Γ. (C.2)

As a consequence one finds that if Πx denotes the orthogonal projection on TxΓ then
(with | ¨ | denoting the operator norm) there holds

|Πx ´ Πy| ď CprΓs1,αq|x ´ y|α @x, y P Γ. (C.3)
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In the following we prove some further geometric estimates for C1,α-hypersurfaces and
check that the constants appearing in them only depend on rΓs1,α. In the end we will
show that one can approximate each C1,α-hypersurface Γ with C8-hypersurfaces pΓjqjPN
such that rΓjs1,α is uniformly bounded in terms of rΓs1,α.
Lemma C.1. Let Γ be a C1,α-hypersurface. Then there exists CprΓs1,αq ą 0 such that

pνpxq, x ´ yq ď CprΓs1,αq|x ´ y|1`α @x, y P Γ.

Proof. Let x, y P Γ be arbitrary. The mean value theorem on R
n yields that there exists

some ξ P R
n on the line segement connecting x and y which satisfies

p∇ρpξq, x´ yq “ ρpxq ´ ρpyq “ 0.

We infer

p∇ρpxq, x ´ yq “ p∇ρpxq ´ ∇ρpξq, x´ yq ď |∇ρpxq ´ ∇ρpξq| |x ´ y|.

Using (C.1) we can bound the first factor by 10rΓs1,α|x ´ ξ|α. Since ξ lies on the line
segment connecting x and y we also have |x ´ ξ|α ď |x ´ y|α. Hence we obtain

p∇ρpxq, x ´ yq ď 10rΓs1,α|x´ y|1`α.

The claim follows then from ν “ ∇ρ

|∇ρ| and |∇ρ| ě 1
2
. �

Next we show that the intrinsic distance and the Euclidean norm are comparable on
a C1,α hypersurface and the constant in the comparison estimate only depends on rΓs1,α.
Lemma C.2. Let Γ ĂĂ R

n be an n´1 dimensional C1,α-hypersurface. Then there exists
C “ CprΓs1,αq ą 1 such that for all y, z P Γ one has |y´z| ď distΓpy, zq ď CprΓs1,αq|y´z|,
where

distΓpy, zq :“ inf

"
ˆ 1

0

|γ1psq| ds : γ P C1,αpr0, 1s; Γq : γp0q “ y, γp1q “ z

*

.

Proof. We use [4, Theorem 1.1]. For a compact C1-submanifold S of Rn one can define

γ0pSq :“ maxtγ1pSq, γ2pSqu

where
γ1pSq :“ sup

xPS,Rą0
inf

vPRn,|v|“1
Ix,Rpvq,

Ix,Rpvq :“ 1

Hn´1pS X BRpxqq

ˆ

SXBRpxq
|νpyq ´ v| dHn´1pyq pv P R

n, |v| “ 1q

and

γ2pSq :“ inf
xPS,Rą0

sup
yPSXBRpxq,vParginfIx,R

pv, x´ yq
R

,

where arginf is meant among all v P R
n s.t. |v| “ 1. Now [4, Theorem 1.1] states that

there exists ǫ “ ǫpnq ą 0 and C “ Cpnq ą 0 such that γ0pSq ď ǫ implies that
ˇ

ˇ

ˇ

ˇ

distΓpx, yq
|x´ y| ´ 1

ˇ

ˇ

ˇ

ˇ

ď Cpnqγ0pSq log 1
γ0pSq @x, y P Γ.
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Next we look at the compact submanifold S :“ ΓXBspzq Ă Γ for some arbitrary z P R
n,

s ą 0. Fix x P S. One has (with C “ CprΓs1,αq defined as in (C.2))

inf
|v|“1

Ix,Rpvq ď Ix,Rpνpxqq “
 

SXBRpxq
|νpyq ´ νpxq| dHn´1pyq

ď C

 

SXBRpxq
|y ´ x|α ď Cp2sqα. (C.4)

and thus γ1pΓ X Bspzqq ď DprΓs1,αqsα. Moreover for each v P arginfIx,R we have

|v ´ νpxq| “
 

SXBrpxq
|v ´ νpxq| dHn´1pyq

ď
 

SXBrpxq
|νpyq ´ v| dHn´1pyq `

 

SXBrpxq
|νpyq ´ νpxq| dHn´1pyq

ď 2

 

SXBrpxq
|νpyq ´ νpxq| ď 2DprΓs1,αqsα.

Therefore we have that for each v P arginfIx,R and y P S X BRpxq there holds

pv, x´ yq
R

“ pv ´ νpxq, x ´ yq
R

` pνpxq, x ´ yq
R

ď 2DprΓs1,αqsα |x ´ y|
R

` CprΓs1,αq |x ´ y|1`α

R

ď 2DprΓs1,αqsα |x ´ y|
R

` CprΓs1,αqp2sqα |x ´ y|
R

ď 2DprΓs1,αqsα ` CprΓs1,αqp2sqα.

This implies that

γ2pΓ X Bspzqq “ EprΓs1,αqsα.
From this and the discussion after (C.4) we infer that s ă s0prΓs1,αq implies that γ0pΓ X
Bspzqq ď ǫpnq and hence for all s ă s0prΓs1,αq one has

ˇ

ˇ

ˇ

ˇ

ˇ

distΓXBspzqpx, yq
|x´ y| ´ 1

ˇ

ˇ

ˇ

ˇ

ˇ

ď Cpnq sup
tPp0,ǫpnqq

t log 1
t

ă 8. (C.5)

Now suppose that x, y P Γ. If |x ´ y| ě 1
2
s0prΓs1,αq then one has

distΓpx, yq
|x ´ y| ď 2diamΓpΓq

s0prΓs1,αq ,

where diamΓ denotes the intrinsic diameter of Γ, which we bound later in terms of rΓs1,α.
If |x´ y| ă 1

2
s0prΓs1,αq then one has by (C.5)

distΓpx, yq
|x ´ y| “ distΓXBspxqpx, yq

|x ´ y| ď Cpnq sup
tPp0,ǫpnqq

t log 1
t
.
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Choosing

C1 :“
2diamΓpΓq
s0prΓs1,αq ` Cpnq sup

tPp0,ǫpnqq
t log 1

t

we infer from the previous computations that distΓpx, yq ď C1|x ´ y|. To show that C1

depends only on rΓs1,α it remains to prove that diamΓpΓq is bounded in terms of rΓs1,α.
To this end pick a representation pOi, Ui, Vi, fi, i “ 1, ...,Mq and let Γi be as in (2.2), i.e.
Γi X Γi`1 ‰ H. Choose arbitrary xi P Γi X Γi`1 for all i “ 1, ...,M . Now let y, z P Γ be
arbitrary. Without loss of generality we may assume y P Γi and z P Γj for some i ď j.
Now we estimate

distΓpy, zq ď distΓpy, xiq `
j´1
ÿ

l“i

distΓpxl`1, xlq ` distΓpz, xjq. (C.6)

Observe that each summand is the distance of two points lying in the same subset Γi. For
any two y1, y2 P Γi, corresponding to the values pz1, fpz1qq, pz2, fpz2qq for some z1, z2 P Ui

one sees that
γptq :“ Oippz1 ` tpz2 ´ z1q, fpz1 ` tpz2 ´ z1qqq

lies in C1,αpr0, 1s; Γq and connects y1, y2. (Notice that we have used here that Ui is a ball).
Therefore

distΓpy1, y2q ď
ˆ 1

0

|γ1ptq| dt ď |z1 ´ z2| ` |fpz1q ´ fpz2q| ď p1 ` ||Dfi||8q|z1 ´ z2|

ď p1 ` ||Dfi||8q|y1 ´ y2| ď p1 ` ||Dfi||8qdiampΓq ď CprΓs1,αq.

We infer from (C.6) (and the fact that M is bounded by rΓs1,α, cf. (2.2) f.) that

distΓpy, zq ď MCprΓs1,αq ď C̃prΓs1,αq.

Since y, z P Γ were arbitrary the diameter bound follows. �

Lemma C.3. Let Γ Ă R
n be an pn ´ 1q-dimensional C1,α-hypersurface. Then there

exists some r1 “ r1prΓs1,αq ą 0 such that for all r ă r1 and for all x0 P Γ the hypersurface
ΓXBrpx0q can be covered by a single graph of a C1,α-function u : W Ñ R with vanishing
gradient at the preimage of x0 and Lipschitz-norm bounded by 1. The radius r1 and
||u||C1,α depend only on rΓs1,α.
Proof. Let C1 “ C1prΓs1,αq be the constant from Lemma C.2 and C2 “ C2prΓs1,αq be the
constant from (C.3). Next we let r1 “ r1prΓs1,αq ą 0 be chosen such that

rα1 mint2αp1 ` C1qαC1C2, C2u “ 1

2
.

Now fix x P Γ arbitrary. Let ΠK
x “ I ´ Πx be the orthogonal projection on TxΓ

K. Let
r ď r1 and y, z P Γ X Brpxq be arbitrary. Fix ǫ ą 0 and choose some γ P C1,αpr0, 1s; Γq
such that γp0q “ y, γp1q “ z, Lpγq :“

´ 1

0
|γ1psq| ds ď p1 ` ǫqdistΓpy, zq. Observe that for

all t P r0, 1s one has γ1ptq P TγptqΓ and distΓpγptq, yq ď Lpγ|r0,tsq ď Lpγq ď p1`ǫqdistpy, zq.
We compute

|ΠK
x y ´ ΠK

x z| “
ˇ

ˇ

ˇ

ˇ

ΠK
x

ˆ 1

0

γ1psq ds
ˇ

ˇ

ˇ

ˇ

“
ˇ

ˇ

ˇ

ˇ

ˆ 1

0

ΠK
x γ

1psq ds
ˇ

ˇ

ˇ

ˇ

“
ˇ

ˇ

ˇ

ˇ

ˆ 1

0

ΠK
xΠγpsqγ

1psq ds
ˇ

ˇ

ˇ

ˇ
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“
ˇ

ˇ

ˇ

ˇ

ˆ 1

0

ΠK
x pΠγpsq ´ Πxqγ1psq ds

ˇ

ˇ

ˇ

ˇ

ď
ˆ 1

0

|ΠK
x ||Πγpsq ´ Πx||γ1psq| ds ď

(C.3)
C2

ˆ 1

0

|γpsq ´ x|α|γ1psq| ds

ď C2

ˆ 1

0

p|γpsq ´ y| ` |y ´ x|qα|γ1psq| ds ď C2

ˆ 1

0

pdistΓpγpsq, yq ` rqα|γ1psq| ds

ď C2pp1 ` ǫqdistΓpz, yq ` rqα
ˆ 1

0

|γ1psq| ds ď C2pp1 ` ǫqdistΓpz, yq ` rqαp1 ` ǫqdistΓpy, zq

ď C2pp1 ` ǫqpdistΓpz, xq ` distΓpx, yqq ` rqαp1 ` ǫqdistΓpy, zq
ď C2C1pp1 ` ǫqC1p|x ´ z| ` |y ´ z|q ` rqαp1 ` ǫq|y ´ z|
ď p1 ` ǫqC1C2p2p1 ` ǫqC1 ` 1qαrα|y ´ z|.

Letting ǫ Ñ 0 and using r ď r1 we obtain

|ΠK
x y ´ ΠK

x z| ď 1

2
|y ´ z| ď 1

2
|Πxy ´ Πxz| ` 1

2
|ΠK

x y ´ ΠK
x z|.

Rearranging we obtain

|ΠK
x y ´ ΠK

x z| ď |Πxy ´ Πxz| @y, z P Γ X Brpxq, (C.7)

and one also concludes immediately

|y ´ z| ď
?
2|Πxy ´ Πxz| @y, z P Γ X Brpxq. (C.8)

We conclude from (C.7) that Πx is injective on Γ X Brpxq, call W its image, and infer
from (C.8) that the inverse of pΠx|ΓXBrpxqq´1 : W Ñ Γ X Brpxq is Lipschitz continuous.
We infer that Πx : Γ XBrpxq Ñ W is a homeomorphism. Hence Γ XBrpxq is a Lipschitz
graph over TxΓ. Since Γ X Brpxq is a C1,α-submanifold, one obtains that this graph
representation must be a C1,α-graph. This means

Γ X Brpxq “ Otpx1, fpx1qq : x1 P W u

for some C1,α function f : W Ñ R and some orthogonal matrix O such that O ¨
spanpe1, ..., en´1q “ TxΓ. By the choice of O we also infer ∇fpx1q “ 0 if x1 is the preimage
of x. The Lipschitz continuity with constant 1 of f follows immediately from (C.7). It
only remains to show that the C1,α-norm of f can be bounded in terms of rΓs1,α. Notice
first that the Lipschitz estimate implies ||∇f ||L8pW q ď 1. Define hpzq :“ z?

1`|z|2
and

observe that for all z1, z2 P B1p0q one has

|z1 ´ z2| “ |h´1phpz1qq ´ h´1phpz2qq| ď ||∇h´1||8|hpz1q ´ hpz2q| ď
?
2|hpz1q ´ hpz2q|.

Therefore we obtain for x1, y1 P W

|∇fpx1q ´ ∇fpy1q| ď
?
2|hp∇fpx1qq ´ hp∇fpy1qq| ď

?
2|νppx1, fpx1qqq ´ νppy1, fpy1qq|

ď
?
2CprΓs1,αq|px1, fpx1qq ´ py1, fpy1qq|α ď C̃prΓs1,αq |x1 ´ y1|α,

where we used in the last step again that f is Lipschitz continuous with rf s0,1 ď 1. �
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Lemma C.4. Suppose that Γ Ă R
n is an pn ´ 1q-dimensional C1,α-hypersurface. Let

r1 “ r1prΓs1,αq be as in Lemma C.3. Then there exists C “ CprΓs1,αq such that for all
x0 P Γ one has

ˇ

ˇ

ˇ

ˇ

ˆ

ΓXBrpx0q
px´ x0q dHn´1pxq

ˇ

ˇ

ˇ

ˇ

ď Crn`α @r ă r1.

Proof. After performing a translation and rotation we may assume x0 “ 0 and that
Γ X Br1p0q can be written as

Γ X Br1p0q “ tpx, upxqq : x P W1u.

for some u P C1,αpW1q such that up0q “ ∇up0q “ 0, u is Lipschitz with Lipschitz constant
1 and ||u||C1,αpW q ď CprΓs1,αq. As a consequence, for all r ă r1 there holds

Γ XBrp0q “ tpx, upxqq : x P W u

with W :“ pid ` uenq´1pBrp0qq. We now claim that for all x1 P W one has |upx1q| ď
C̃prΓs1,αq|x1|1`α. Indeed, for all x1 P W there holds with Lemma C.1

|upx1q ´ ∇upx1q ¨ x1| “ |pνppx1, upx1qq, px1, upx1qqq|
a

1 ` |∇upx1q|2

“ |pνppx1, upx1qq, px1, upx1qq ´ p0, up0qqq|
a

1 ` |∇upx1q|2

ď CprΓs1,αq|px1, upx1qq|1`α.

Using up0q “ 0 and that u is Lipschitz with Lipschitz constant 1 one finds that the right

hand side is bounded by
?
2
1`α

CprΓs1,αq|x1|1`α “: C̄prΓs1,αq|x1|1`α. Using that by Lemma
C.3 the C1,α-norm of u can be bounded in terms of rΓs1,α we find

|upx1q| ď |∇upx1q ¨ x1| ` C̄prΓs1,αq|x1|1`α ď |∇upx1q| |x1| ` C̄prΓs1,αq|x|1`α

ď |∇upx1q ´ ∇up0q| |x1| ` C̄prΓs1,αq|x1|1`α ď C̃prΓs1,αq|x1|1`α.

Now define fpsq :“ s

b

1 ` C̃prΓs1,αq2s2α. We claim that then

Bf´1prqp0q Ă W Ă Brp0q.

Indeed, for the second inclusion observe that if x P W then px, upxqq P Brp0q and hence
r2 ą |x|2 ` upxq2. In particular r2 ą |x|2 and thus |x| ă r. Now we turn to the first
inclusion. If fp|x|q ă r then

|x|2 ` upxq2 ď |x|2 ` C̃prΓs1,αq2|x|2`2α “ |x|2p1 ` C̃prΓs1,αq2|x|2αq “ fp|x|q2 ă r2

and hence px, upxqq P Brp0q, implying x P W by the definition of W . Now we turn to the
integral we want to estimate

ˆ

ΓXBrp0q
x dHn´1pxq “

ˆ

W

ˆ

x1

upx1q

˙

a

1 ` |∇upx1q|2 dx1.

For the last component observe that
ˇ

ˇ

ˇ

ˇ

ˆ

W

upx1q
a

1 ` |∇upx1q|2 dx1
ˇ

ˇ

ˇ

ˇ

ď
ˆ

W

|upx1q|
a

1 ` |∇upx1q|2 dx1
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ď
a

1 ` ||∇u||28
ˆ

W

|upx1q| dx1

“
?
2

ˆ

Brp0q
C̃prΓs1,αq|x1|1`α dx1

ď
?
2C̃prΓs1,αqcpnqrn´1r1`α ď C̃prΓs1,αqrn`α.

For the first n´ 1 components observe
ˆ

W

x1
i

a

1 ` |∇upx1q|2 dx1

“
a

1 ` |∇up0q|2
ˆ

W

x1
i dx

1 `
ˆ

W

x1
ip

a

1 ` |∇upx1q|2 ´
a

1 ` |∇up0q|2q dx1.

Now observe that

p
a

1 ` |∇upx1q|2 ´
a

1 ` |∇up0q|2q ď DprΓs1,αq|x1|α

and hence the absolute value of last summand is bounded by
ˇ

ˇ

ˇ

ˇ

ˆ

W

x1
ip

a

1 ` |∇upx1q|2 ´
a

1 ` |∇up0q|2q dx1
i

ˇ

ˇ

ˇ

ˇ

ď
ˆ

Brp0q
D|x1||x1|α dx1 ď Drn`α.

For the first summand we conclude by symmetry of Bf´1prqp0q with respect to x ÞÑ ´x
ˇ

ˇ

ˇ

ˇ

ˆ

W

x1
i dx

1
ˇ

ˇ

ˇ

ˇ

“
ˇ

ˇ

ˇ

ˇ

ˇ

ˆ

W

x1
i dx

1 ´
ˆ

B
f´1prqp0q

x1
i dx

1

ˇ

ˇ

ˇ

ˇ

ˇ

ď
ˆ

W zB
f´1prqp0q

|x1
i| dx1

ď
ˆ

Brp0qzB
f´1prqp0q

|x1| dx1 ď αnrprn´1 ´ f´1prqn´1q. (C.9)

Now we estimate

r ´ f´1prq “ f´1pfprqq ´ f´1prq “
ˆ fprq

r

pf´1q1psq ds “
ˆ fprq

r

1

f 1pf´1psqq ds.

Recalling that fpsq “ s

b

1 ` C̃prΓs1,αq2s2α we find f 1psq ě 1 for all s ą 0. Therefore the

previous two equations yield

r ´ f´1prq ď fprq ´ r “ r

ˆ

b

1 ` C̃prΓs1,αq2r2α ´ 1

˙

“ C̃prΓs1,αq2r1`2α

1 `
b

1 ` C̃prΓs1,αq2r2α
ď C̃prΓs1,αq2r1`2α.

We conclude (using f´1prq ď r) that

|rn´1´f´1prqn´1| “ pr´f´1prqq
ˇ

ˇ

ˇ

ˇ

ˇ

n´2
ÿ

i“0

rif´1prqn´2´i

ˇ

ˇ

ˇ

ˇ

ˇ

ď pr´f´1prqqnrn´2 ď C̃prΓs1,αq2rn´1`2α.

Together with (C.9) the claim follows. �
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Lemma C.5. Let Γ “ BΩ1 ĂĂ Ω be a C1,α-boundary. Then there exists a sequence
pΓj “ BΩ1

jqjPN of C8-boundaries such that Ω1
j Ą Ω1 and

(1) supxPΓj
distpx,Γq Ñ 0 as j Ñ 8.

(2) Hn´1 Γj
˚á Hn´1 Γ in CpΩq˚ in the sense that for each f P CpΩq one has

´

Γj
f dHn´1 Ñ

´

Γ
f dHn´1.

(3) There exists some C “ CprΓs1,αq ą 0 independent of j such that rΓjs1,α ď C.

Proof. Let pOi, Ui, Vi, fi, i “ 1, ...,Mq represent Γ in the sense of (2.2) and be such that

M
ÿ

i“1

sup
xPVi

|x| ` 1 ` |Ui| ` ||fi||C1,αp4Uiq ď rΓs1,α ` 1. (C.10)

Fix also a regularized signed distance function ρ. We will show that Ω1
j :“ tρ ă 1

j
u and

Γj “ BΩ1
j satisfies the desired properties. Property (1) is clear since |ρ| ě 1

2
distp¨,Γq.

Property (2) is straightforward to show with the definition of ρ and the fact that the
level sets of ρ are regular. Next we proceed to property (3). To this end we first show
the following
Intermediate claim. p∇ρpxq, Oienq ‰ 0 for all x P Oip4Ui ˆViqXΓ and i “ 1, ...,M . To
show the intermediate claim notice that for each x1 P 4Ui one has ρpOipx1, fipx1qqq “ 0.
We infer by taking the derivative with respect to x1

l pl “ 1, ..., n´ 1q

Bnpρ ˝ OiqBx1
l
fipx1q “ ´Blpρ ˝ Oiq.

Taking squares and summing over all l we find

rBnpρ ˝ Oiqs2|∇fi|2 “ |∇pρ ˝ Oiq|2 ´ rBnpρ ˝ Oiqs2.

This and |∇ρ|2 ě 1
4
yields

rBnpρ ˝ Oiqs2 ě 1

4p1 ` ||∇fi||28q ě 1

4rΓs21,α
.

since Bnpρ ˝ Oiq “ p∇ρ ˝ Oi, Oienq, the intermediate claim is shown.
For s P p0,8q define now

ζpsq :“ 1

2
b

1 ` rΓs21,α
s ´ 10rΓs1,αs1`α.

Note that there exists some δ0 “ δ0prΓsr1,αsq such that for each δ ă δ0 the equation
ζpsq “ δ has two positive solutions s1, s2 P p0,8q. Let sδ ą 0 be the unique smallest
positive solution of ζpsq “ δ. One readily checks that limδÑ0 sδ “ 0.

Now choose some δ P p0, δ0q small enough such that

‚ On B3δpΓq X Oip4Ui ˆ Viq there holds |p∇ρ, Oienq| ě 1
8rΓs2

1,α
for all i P t1, ...,Mu,

‚ B3δpΓq Ă ŤM

i“1OipUi ˆ Viq,
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‚ 2sδ ă diampVi X ty : y ą fipx1quq for all i P t1, ....,Mu.

Without loss of generality we assume in the following p∇ρ, Oienq ą 0 on B3δpΓq. We next
derive a uniform bound for rΓjs1,α for all j P N such that 1

j
ă δ. We do so by giving an

explicit representation for Γj . Let i P t1, ...,Mu. For x1 P 4Ui we define

hpx1q :“ infty P Vi, y ą fipx1q : ρpOipx1, yqq “ δu.

We claim that the number hpx1q is well-defined and lies in Vi. Indeed, if we assume
ρpOipx1, yqq ă δ for all y P Vi, y ą fipx1q then one has (with ξ being a certain point on
the line segment between Oipx1, yq and Oipx1, fipx1qq)

δ ą ρpOipx1, yqq “ ρpOipx1, yqq ´ ρpOipx1, fipx1qqq “ ∇ρpξq ¨Oi

ˆ

0
y ´ fipx1q

˙

“ ∇ρpOipx1, fipx1qqq ¨Oi

ˆ

0
y ´ fipx1q

˙

´ p∇ρpξq ´ ∇ρpOipx1, fipx1qqqq ¨Oi

ˆ

0
y ´ fipx1q

˙

“ |∇ρ|pOipx1, fipx1qqqνpOipx1, fipx1qq ¨Oi

ˆ

0
y ´ fipx1q

˙

´ p∇ρpξq ´ ∇ρpOipx1, fipx1qqqq ¨Oi

ˆ

0
y ´ fipx1q

˙

“ |∇ρ|pOipx1, fipx1qqq 1
a

1 ` |∇fipx1q|2
Oi

ˆ

´∇fipx1q
1

˙

¨Oi

ˆ

0
y ´ fipx1q

˙

´ p∇ρpξq ´ ∇ρpOipx1, fipx1qqqq ¨Oi

ˆ

0
y ´ fipx1q

˙

“ |∇ρ|pOipx1, fipx1qqq 1
a

1 ` |∇fipx1q|2

ˆ

´∇fipx1q
1

˙

¨
ˆ

0
y ´ fipx1q

˙

´ p∇ρpξq ´ ∇ρpOipx1, fipx1qqqq ¨Oi

ˆ

0
y ´ fipx1q

˙

“ |∇ρ|pOipx1, fipx1qqq 1
a

1 ` |∇fipx1q|2
py ´ fipx1qq

´ p∇ρpξq ´ ∇ρpOipx1, fipx1qqqq ¨Oi

ˆ

0
y ´ fipx1q

˙

ě |∇ρ|pOipx1, fipx1qqq 1
a

1 ` |∇fipx1q|2
py ´ fipx1qq

´ ||∇ρ||C0,α |y ´ fipx1q|1`α

ě 1

2
b

1 ` rΓs21,α
|y ´ fipx1q| ´ 10rΓs1,α|y ´ fipx1q|1`α “ ζp|y ´ fipx1q|q.

We have shown that for all y P Vi, y ą fipx1q one has |y ´ fipx1q| P ζ´1pp´8, δqq X p0,8q.
Notice that ζ´1pp´8, δqqXp0,8q “ p0, sδqYpsp2q

δ ,8q for some s
p2q
δ ą sδ (the other solution

of ζpsq “ δ). Notice that Vi Q y ÞÑ |y ´ fipx1q| is continuous and takes arbitrarily small
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values for y P Vi close to fipx1q. Since Vi X ty : y ą fipx1qu is an interval (i.e. connected)

and p0, sδq Y psp2q
δ ,8q is disconnected we conclude

|y ´ fipx1q| ă sδ @y P Vi, y ą fipx1q.
In particular, for all y1, y2 P Vi X ty : y ą fipx1qu one has

|y1 ´ y2| ď |y1 ´ fipx1q| ` |y2 ´ fipx1q| ă 2sδ,

contradicting diampVi X ty : y ă fipx1quq ą 2sδ. Hence hpx1q P Vi is well-defined.
We also note that hpx1q is the only value y P Vi such that ρpOipx1, yqq “ δ. Indeed,

ByρpOipx1, yqq “ p∇ρpOipx1, yqq, Oienq ą 0 if Oipx1, yq P B3δpΓq and if Oipx1, yq P B3δpΓqC
one has ρpOipx1, yqq ě 1

2
distpOipx1, yq,Γq ě 3

2
δ. Hence y ÞÑ ρpOipx1, yqq must strictly

increase until it reaches the level 3
2
δ and can never drop below 3

2
δ from there. This shows

that the value δ is attained exactly once. We therefore obtain

tρ “ δu X Oip4Ui ˆ Viq “ Oitpx1, hpx1qq : x1 P 4Uiu @i “ 1, ...,M. (C.11)

In particular, ρpOipx1, hpx1qqq “ δ for all x1 P 4Ui. This also implies that h P C1,αp4Uiq.
Moreover for all v P R

n´1 : |v| “ 1 one has (if Bv denotes the directional derivative with
respect to v)

Bvhpx1q “ ´ Bvpρ ˝ Oiqpx1, hpx1qq
Bnpρ ˝ Oiqpx1, hpx1qq px1 P 4Uiq. (C.12)

We now intend to bound ||h||C1,αp4Uiq independently of δ with a constant in terms of

rΓs1,α. For a fixed z P 4Ui and v P R
n´1 : |v| “ 1 look at the function yz,vptq :“ hpz` tvq,

t P r´a´
z,v, a

`
z,vs where (if zi is the center and ri is the radius of 4Ui) one defines

a˘
z,v “ ´pz ´ zi, vq

2
˘

c

pz ´ zi, vq2
4

` r2i ´ |z ´ zi|2 (C.13)

which are exactly the two unique numbers t˘ P R such that z ` t˘v lie in Bp4Uiq. Then
(C.12) yields that

y1
z,vptq “ ´ Bvpρ ˝ Oiqpz ` tv, yz,vptqq

Bnpρ ˝ Oiqpz ` tv, yz,vptqq pt P ra´
z,v, a

`
z,vsq

and therefore by Lemma B.6 one has

||y1
z,v||C1,α ď ||yz,v||8 ` p2 ` pa`

z,l ´ a´
z,lq1´αqp1 ` || Bvpρ˝Oiq

Bnpρ˝Oiq ||C0,αpOT
i

tρ“δuqq2, (C.14)

where we have used that px1, hpx1qq P OT
i tρ “ δu for all x1 P 4Ui by (C.11). Noticing now

that on OT
i tρ “ δu Ă OT

i B3δpΓq one has

Bnpρ ˝ Oiq “ p∇ρ ˝ Oi, Oienq ě 1

8rΓs21,α
and ∇ρ P C0,αpRnq one readily checks that || Blpρ˝Oiq

Bnpρ˝Oiq ||C0,αpOT
i tρ“δuq ď CprΓs1,αq. Going

back to (C.14) and using that yz,v “ hpz ` tvq P Vi for all t P ra´
z,v, a

`
z,vs as well as by

(C.13) |a`
z,l ´ a´

zl
| ď 2ri “ 2p 1

ωn
|4Ui|q

1

n “ 8p 1
ωn

|Ui|q
1

n one has

||y1
z,v||C1,α ď sup

xPVi

|x| ` p2 ` 8 1

ω
1{n
n

p|Ui|q
1´α
n qCprΓs1,αq ď CprΓs1,αq.
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This and Lemma B.7 yield that also ||h||C1,αp4Uiq ď CprΓs1,αq. From now on we will

explicitly write the dependence of h on i and δ, i.e. h “ hδi : 4Ui Ñ R for any i “ 1, ...,M

and δ as above. Observe by the fact that tρ “ δu Ă B3δpΓq Ă ŤM
i“1OipUi ˆViq and (C.11)

that

tρ “ δu “
M
ď

i“1

tρ “ δu X OipUi ˆ Viq

“
M
ď

i“1

OirpUi ˆ Viq X tpx1, hδi px1qq : x1 P Uius.

Recalling that hδi P C1,α and ||hδi ||C1,αp4U iq ď CprΓs1,αq we find that Oi, Ui, Vi, h
δ
i , i “

1, ...,M is a representation of tρ “ δu. Therefore

rtρ “ δus1,α ď
M
ÿ

i“1

sup
xPVi

|x| ` 1 ` |Ui| ` ||hδi ||C1,αpUiq ď CprΓs1,αq,

where we used (C.10) and the fact thatM is bounded by rΓs1,α in the last step. Observing
that δ “ 1

j0
for j0 large enough is a possible choice, Property (3) follows. �

Lemma C.6. Let Γ “ BΩ1 P C1,α. Then Hn´1pΓq ď p1 ` rΓs1,αq2.

Proof. Let ǫ ą 0 and Oi, Ui, Vi, fi, i “ 1, ...,M be a representation of Γ such that

M
ÿ

i“1

sup
xPVi

|x| ` |Ui| ` 1 ` ||fi||C1,αp4Uiq ď rΓs1,α ` 1.

Then one infers from (2.2)

H
n´1pΓq ď

M
ÿ

i“1

ˆ

Ui

a

1 ` |∇fi|2 dx1 ď
M
ÿ

i“1

ˆ

Ui

p1 ` |∇fi|q dx1

ď
M
ÿ

i“1

|Ui| ` |Ui| ||fi||C1,α ď
M
ÿ

i“1

|Ui| ` p1 ` rΓs1,αq||fi||C1,αpUiq

ď p1 ` rΓs1,αq
M
ÿ

i“1

p|Ui| ` ||fi||C1,αpUiqq ď p1 ` rΓs1,αqprΓs1,α ` 1q.

The claim follows. �

Appendix D. The space L8pRnq X BV pRnq
In this section we prove some useful integral formulas that hold for functions in the

set L8pRnq X BV pRnq. Here we derive some important tools to deal with functions in
this class.

We first recall some facts about BV -functions. For v P BV pRnq and U Ă R
n open

one can define

|Dv|pUq :“ sup
φPC1

c pU ;Rnq,||φ||ď1

ˆ

Rn

v divpφq dx.
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By [9, Chapter 5] |Dv| extends uniquely to a finite Radon measure on R
n, called the total

variation measure. This measure has the property that there exists a Borel measurable
function σv : R

n Ñ R
n, |σv| “ 1 a.e. and

ˆ

Rn

v divpφq dx “
ˆ

Rn

pφ, σvq d|Dv| @φ P C1
c pRnq.

We further define for v P BV pRnq the precise representative

v˚pxq :“ lim
rÑ0

 

Brpxq
vpyq dy,

which exists for Hn´1 a.e. x P R
n by [9, Theorem 5.20] (and not just Lebesgue almost-

everywhere). If pφǫqǫą0 is the standard mollifier (defined as in [9, Section 4.2]) one can
define vǫ :“ v ˚ φǫ which then lies in C8pRnq X BV pRnq. For v P BV pRnq it is shown
in [9, Theorem 5.20] that vǫ Ñ v˚ as Hn´1 a.e. as ǫ Ñ 0 (and not just Lebesgue almost
everywhere). We will need also the following

Lemma D.1. Let v P BV pRnq and U Ă R
n be open. Then for any ǫ ą 0 there holds

ˆ

U

|∇vǫpxq| dx ď |Dv|pBǫpUqq

Proof. Let U, v be as in the statement. Then

ˆ

U

|Bivǫpxq| dx “
ˆ

U

ˇ

ˇ

ˇ

ˇ

ˆ

Rn

vpyqBxi
φǫpx´ yq dy

ˇ

ˇ

ˇ

ˇ

dx “
ˆ

U

ˇ

ˇ

ˇ

ˇ

ˆ

Rn

vpyqByiφǫpx ´ yq dy
ˇ

ˇ

ˇ

ˇ

dx

“
ˆ

U

ˇ

ˇ

ˇ

ˇ

ˆ

Rn

vpyqdivpφǫpx´ ¨qeiqpyq dy
ˇ

ˇ

ˇ

ˇ

dx

“
ˆ

U

ˇ

ˇ

ˇ

ˇ

ˆ

Rn

φǫpx ´ yqpσvpyq, eiq d|Dv|pyq
ˇ

ˇ

ˇ

ˇ

dx ď
ˆ

U

ˆ

Rn

φǫpx ´ yqd|Dv|pyq dx

“
ˆ

Rn

ˆ
ˆ

U

φǫpx´ yq dx
˙

d|Dv|pyq ď
ˆ

Rn

χ
BǫpUqpyq d|Dv|pyq

ď |Dv|pBǫpUqq,

where the last step is due to the fact that

0 ď
ˆ

U

φǫpx ´ yq dx ď
ˆ

Rn

φǫpx ´ yq dx “ 1

and if y R BǫpUq then the fact that sptpφǫq Ă Bǫp0q implies

ˆ

U

φǫpx´ yq dx “ 0.

�
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Lemma D.2 (Radial integration for BV -functions). Let v P BV pRnq X L8pRnq have
compact support in R

n. Then

ˆ

Rn

vpxq dx “
ˆ 8

0

ˆ

BBsp0q
v˚pxq dHn´1pxq ds

Proof. Notice that
ffl

Brpxq vpyq dy Ñ v˚pxq as r Ñ 0 for Lebesgue a.e x P R
n and |v˚pxq| ď

||v||L8χB1psptpvqqpxq for all x P R
n and r P p0, 1q. Thus the dominated convergence theorem

yields
ˆ

Rn

vpxq dx “
ˆ

Rn

v˚pxq dx “ lim
rÑ0

ˆ

Rn

ˆ
 

Brpxq
vpyq dy

˙

dx.

Now observe that for fixed r P p0, 1q the map f : Rn Ñ R, x ÞÑ
ffl

Brpxq vpyq dy is continuous.
Indeed this follows immediately from the estimate

|fpx1q ´ fpx2q| ď |Brpx1q∆Brpx2q|
|Brp0q| ||v||L8.

Since radial integration is available for continuous functions one has

ˆ

Rn

vpxq dx “ lim
rÑ0

ˆ 8

0

ˆ

BBsp0q

ˆ
 

Brpxq
vpyq dy

˙

dHn´1pxq ds.

We can now use the dominated convergence theorem again to switch the limit and the
first two integrals (with the same dominating function as above) and obtain

ˆ

Rn

vpxq dx “
ˆ 8

0

ˆ

BBsp0q
v˚pxq dHn´1pxq ds.

�

Lemma D.3. Let v P BV pRnq X L8pRnq and f P C0pRn ˆ Rq. Let

A :“ ts P p0,8q : t ÞÑ |Dv|pBtp0qqis continuous at su.

Then p0,8qzA is countable and the map I : A Ñ R

Iprq :“
ˆ

BBrp0q
fpx, v˚pxqq dHn´1pxq

is continuous on A.

Proof. Since t ÞÑ |Dv|pBtp0qq is monotone it can only have a countable set of discontinu-
ities. Hence p0,8qzA is countable. We notice that at each point s P A there holds

|Dv|pBBsp0qq “ |Dv|pBsp0qzBsp0qq “ lim
nÑ8

|Dv|pBs`1{np0qzBsp0qq
“ lim

nÑ8
|Dv|pBs`1{np0qq ´ |Dv|pBsp0qq “ 0.
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We first assume additionally that f “ fpx, pq P C1pRn ˆRq. Let pφǫqǫą0 be the standard
mollifier. Since by [9, Theorem 5.20] vǫ :“ v ˚ φǫ converges to v

˚ Hn´1 a.e. we have (by
the dominated convergence theorem)

ˆ

BBrp0q
fpx, v˚pxqq dHn´1pxq “ lim

ǫÓ0

ˆ

BBrp0q
fpx, vǫpxqq dHn´1pxq.

To find an integrable dominating function we have used that by Young’s convolution
inequality ||vǫ||L8 “ ||v ˚ φǫ||L8 ď ||v||L8||φǫ||L1 ď ||v||L8 and f is uniformly bounded on
BBrp0q ˆ r´||v||L8, ||v||L8s. Now for 0 ă r ď r ă 8 we estimate for r, s P AX rr, rs, r ď s

Iprq ´ Ipsq “
ˇ

ˇ

ˇ

ˇ

ˆ

BBrp0q
fpx, v˚pxqq dHn´1pxq ´

ˆ

BBsp0q
fpx, v˚pxqq dHn´1pxq

ˇ

ˇ

ˇ

ˇ

“ lim
ǫÓ0

ˇ

ˇ

ˇ

ˇ

ˆ

BBrp0q
fpx, vǫpxqq dHn´1pxq ´

ˆ

BBsp0q
fpx, vǫpxqq dHn´1pxq

ˇ

ˇ

ˇ

ˇ

“ lim
ǫÓ0

ˇ

ˇ

ˇ

ˇ

1

r

ˆ

BBrp0q
pfpx, vǫpxqqx, x

r
q dHn´1pxq ´ 1

s

ˆ

BBsp0q
pfpx, vǫpxqqx, x

s
q dHn´1pxq

ˇ

ˇ

ˇ

ˇ

“ lim
ǫÓ0

ˇ

ˇ

ˇ

ˇ

1

r

ˆ

Brp0q
divpfpx, vǫpxqqxq dx´ 1

s

ˆ

Bsp0q
divpfpx, vǫpxqqxq dx

ˇ

ˇ

ˇ

ˇ

ď lim
ǫÓ0

ˇ

ˇ

ˇ

ˇ

n

r

ˆ

Brp0q
fpx, vǫpxqq dx´ n

s

ˆ

Bsp0q
fpx, vǫpxqq dx

ˇ

ˇ

ˇ

ˇ

` lim
ǫÓ0

ˇ

ˇ

ˇ

ˇ

1

r

ˆ

Brp0q
pDxfpx, vǫpxqq, xq dx ´ 1

s

ˆ

Bsp0q
pDxfpx, vǫpxqq, xq dx

ˇ

ˇ

ˇ

ˇ

` lim
ǫÓ0

ˇ

ˇ

ˇ

ˇ

1

r

ˆ

Brp0q
Bpfpx, vǫpxqqp∇vǫpxq, xq dx ´ 1

s

ˆ

Bsp0q
Bpfpx, vǫpxqqp∇vǫpxq, xq dx

ˇ

ˇ

ˇ

ˇ

“ (I) + (II) + (III).

In the first two terms one can (thanks to the fact that f and px, pq ÞÑ pDxfpx, pq, xq, is
uniformly bounded on Brp0q ˆ r´||v||L8, ||v||L8s) let ǫ Ñ 0 and obtain

(I)+ (II) “
ˇ

ˇ

ˇ

ˇ

n

r

ˆ

Brp0q
fpx, v˚pxqq dx ´ n

s

ˆ

Bsp0q
fpx, v˚pxqq dx

ˇ

ˇ

ˇ

ˇ

`
ˇ

ˇ

ˇ

ˇ

1

r

ˆ

Brp0q
pDxfpx, v˚pxqq, xq dx ´ 1

s

ˆ

Bsp0q
pDxfpx, v˚pxqq, xq dx

ˇ

ˇ

ˇ

ˇ

.

This expression is obviously continuous in r, s, again by boundedness of f and px, pq ÞÑ
pDxfpx, pq, xq on Brp0q ˆ r´||v||L8 , ||v||L8s. For pIIIq we estimate

(III) “
ˇ

ˇ

ˇ

ˇ

1

r

ˆ

Brp0q
Bpfpx, vǫpxqqp∇vǫpxq, xq dx ´ 1

s

ˆ

Bsp0q
Bpfpx, vǫpxqqp∇vǫpxq, xq dx

ˇ

ˇ

ˇ

ˇ

ď
ˇ

ˇ

ˇ

ˇ

1

r
´ 1

s

ˇ

ˇ

ˇ

ˇ

ˆ

Brp0q
|Bpfpx, vǫpxqqp∇vǫpxq, xq| dx

` 1

s

ˆ

Bsp0qzBrp0q
|Bpfpx, vǫpxqqp∇vǫpxq, xq| dx.
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Now we let M :“ suppx,pqPBrp0qˆr´||v||L8 ,||v||L8s |Bpfpx, pq| and infer

(III) ď M
ˇ

ˇ

ˇ
1 ´ r

s

ˇ

ˇ

ˇ

ˆ

Brp0q
|∇vǫpxq| dx ` M

ˆ

Bsp0qzBrp0q
|∇vǫpxq| dx.

We now use Lemma D.1 to estimate

(III) ď M
ˇ

ˇ

ˇ
1 ´ r

s

ˇ

ˇ

ˇ
|Dv|pRnq ` M |Dv|pBǫpBsp0qzBrp0qq

ď M
ˇ

ˇ

ˇ
1 ´ r

s

ˇ

ˇ

ˇ
|Dv|pRnq ` M |Dv|pBs`ǫp0qzBr´ǫp0qq.

Letting ǫ Ó 0 continuity properties of Radon measures and the fact that s P A yield that

(III) ď M
ˇ

ˇ

ˇ
1 ´ r

s

ˇ

ˇ

ˇ
|Dv|pRnq ` M |Dv|pBsp0qzBrp0qq

“ M
ˇ

ˇ

ˇ
1 ´ r

s

ˇ

ˇ

ˇ
|Dv|pRnq ` Mp|Dv|pBsp0qq ´ |Dv|pBrp0qqq ` M |Dv|pBBsp0qq

“ M
ˇ

ˇ

ˇ
1 ´ r

s

ˇ

ˇ

ˇ
|Dv|pRnq ` Mp|Dv|pBsp0qq ´ |Dv|pBrp0qqq.

Since t ÞÑ |Dv|pBtp0qq is continuous on A we have thus found a continuous function
g : A Ñ R such that

|Iprq ´ Ipsq| ď |gprq ´ gpsq| @r, s P A.
This implies continuity of I on A. Finally, to obtain the result for any continuius f P
C0pRn ˆRq, we approximate f uniformly by a sequence of C1 function and argue by the
Definiton of I that continuity of I on A is preserved by this uniform approximation. �

Appendix E. The signed distance function

In this section let Γ “ BΩ1 P Ck for some k ě 2. In this appendix we recall some
properties of the signed distance function of Γ and derive some useful formulas. The
signed distance function dΓ : Ω Ñ R is defined as

dΓpxq :“

$

’

&

’

%

distpx,Γq x P Ω2 :“ ΩzΩ1,

0 x P Γ,

´distpx,Γq x P Ω1.

One readily checks that dΓ and |dΓ| “ distp¨,Γq are Lipschitz continuous functions. In
a small tubular neighborhood Bǫ0pΓq :“ tx P R

n : distpx,Γq ă ǫ0u one can however
still obtain more regularity for dΓ. By [11, Lemma 14.16] one has that dΓ P CkpBǫ0pΓqq
and ∇dΓ “ ν ˝ πΓ, where ν denotes the outward pointing unit normal of Ω1 on Γ and
πΓ : Bǫ0pΓq Ñ Γ denotes the nearest point projection on Γ which lies in Ck´1pBǫ0pΓqq, cf.
[11, Eq. (14.96)]. Next we derive some helpful formulas for test functions involving dΓ.
We remark that ǫ0 “ ǫ0pΓq can be chosen independent of k.

Lemma E.1. Let Q0 P W 2,spΩq for some s ą n and let Γ “ BΩ1 P C2 with outer unit
normal ν. Further let dΓ : Bǫ0pΓq Ñ R be the signed distance function of Γ and ǫ ă ǫ0.
Then (distributionally in C8

0 pBǫpΓqq1) there holds

B2
ij

ˆ

Q0

2
|dΓ|

˙

“ Q0νiνjH
n´1 Γ ` B2

ijp
Q0

2
dΓqpχΩ2 ´ χΩ1q. (E.1)
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Proof. Let φ P C8
0 pBǫpΓqq be arbitrary but fixed. Denote by ν “ νΩ

1
and νΩ

2
the outer

unit normals of Ω1,Ω2 respectively. Then using integration by parts and dΓ|Γ “ 0

ˆ

Q0

2
|dΓ|B2

ijφ dx “ ´
ˆ

Ω1

Q0

2
dΓB2

ijφ dx `
ˆ

Ω2

Q0

2
dΓB2

ijφ dx

“ ´
ˆ

BΩ1

Q0

2
dΓν

Ω1

i Bjφ dHn´1 `
ˆ

BΩ2

Q0

2
dΓν

Ω2

i Bjφ dHn´1

`
ˆ

Ω1

Bi

ˆ

Q0

2
dΓ

˙

Bjφ dx ´
ˆ

Ω2

Bi

ˆ

Q0

2
dΓ

˙

Bjφ dx

“
ˆ

Ω1

Bi

ˆ

Q0

2
dΓ

˙

Bjφ dx ´
ˆ

Ω2

Bi

ˆ

Q0

2
dΓ

˙

Bjφ dx

“
ˆ

BΩ1

Bi

ˆ

Q0

2
dΓ

˙

νΩ
1

j φ dHn´1 ´
ˆ

BΩ2

Bi

ˆ

Q0

2
dΓ

˙

νΩ
2

j φ dHn´1

´
ˆ

Ω1

B2
ij

ˆ

Q0

2
dΓ

˙

φ dx `
ˆ

Ω2

B2
ij

ˆ

Q0

2
dΓ

˙

φ dx.

Noticing that BΩ1 X supppφq “ BΩ2 X supppφq “ Γ and νΩ
2

j “ ´νΩ1

j on Γ we infer

ˆ

Ω

Q0

2
|dΓ|B2

ijφ dx “
ˆ

Γ

BipQ0dΓqνj dHn´1 `
ˆ

gijφ dx,

where gij :“ B2
ijpQ0

2
dΓqpχΩ2 ´ χΩ1q P LspBǫpΓqq. Now notice that on Γ one has

BipQ0dΓq “ BipQ0qdΓ ` Q0BidΓ “ 0 ` Q0νi “ Q0νi.

Thus we infer
ˆ

Ω

Q0

2
|dΓ|B2

ijφ dx “
ˆ

Γ

Q0νiνjφ dHn´1 `
ˆ

Ω

gijφ dx,

which was asserted. �

Corollary E.2. Let Γ “ BΩ1 P C2 and Q0 P W 2,spΩq for some s ą n. Then ∇
`

Q0

2
|dΓ|

˘

P
BV pBǫpΓqq.

Proof. Let φ “ pφ1, ..., φnq P C8
0 pBǫpΓq;Rnq. Then we compute for j “ 1, ..., n

ˆ

Ω

Bj

`

Q0

2
|dΓ|

˘

divpφq dx “
n

ÿ

k“1

ˆ

Ω

Bj

`

Q0

2
|dΓ|

˘

Bkφk dx “ ´
n

ÿ

k“1

ˆ

Ω

`

Q0

2
|dΓ|

˘

B2
jkφk dx.

Now we use (E.1) to find (with the notation gij :“ B2
ijpQ0

2
dΓqpχΩ2 ´χΩ1q P LspBǫpΓqq that

ˆ

Ω

Bj

`

Q0

2
|dΓ|

˘

divpφq dx “ ´
n

ÿ

k“1

ˆ
ˆ

Γ

Q0νjνkφk dH
n´1 `

ˆ

Ω

gikφk

˙

.

One readily checks that the term on the right hand side is bounded by
˜

n
ÿ

k“1

||Q0||L8H
n´1pΓq ` ||gjk||L1pBǫpΓqq

¸

||φ||L8 “: Cj||φ||L8 .
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Notice that Cj ă 8 since LspBǫpΓqq Ă L1pBǫpΓqq. Using the fact that each C1
c pBǫpΓqq-

function can be uniformly approximated by C8
c pBǫpΓqq-functions we find

ˆ

Ω

Bj

`

Q0

2
|dΓ|

˘

divpφq dx ď Cj||φ||8 @φ P C1
c pBǫpΓq;Rnq,

implying that Bj

`

Q0

2
|dΓ|

˘

P BV pBǫpΓqq. Since j P t1, ..., nu was arbitrary the claim is
shown. �

Lemma E.3. Let Γ “ BΩ1 P Ck, k ě 2 and Q0 P W k,spΩq, s ą n. Then
`

Q0

2
|dΓ|

˘

P
W k,spΩ1 X BǫpΓqq X W k,spΩ2 X BǫpΓqq.

Proof. This follows immediately from the fact that on Ω1 X BǫpΓq there holds

ˆ

Q0

2
|dΓ|

˙

“ ´Q0

2
dΓ,

and dΓ extends to a function in CkpΩ1 X BǫpΓqq “ CkppΩ1 X BǫpΓqq Y Γq. Hence all
derivatives up to order k are bounded. The product rule in W k,s yields then the de-
sired W k,spΩ1 X BǫpΓqq-regularity. On Ω2 X BǫpΓq the same regularity can be obtained
analogously. �

Appendix F. A maximum principle for BV -solutions

In this appendix we introduce a nonclassical maximum principle for so-called BV -
solutions of

#

´divpApxq∇uq “ 0 in D,

u “ h on BD.
(F.1)

This concept of solution is defined as follows.

Definition F.1. Let D Ă R
n be a C8-smooth domain, A P W 2,spD;Rnˆnq ps ą nq and

h P L1pBDq. We say u P BV pDq is a BV -solution of (F.1) if trBDpuq “ h and

ˆ

D

upxq divpApxq∇ηpxqq dx “ 0 @η P C8
0 pDq.

If a BV -solution u lies additionally in W 1,ppDq for some p P p1,8q then it is easy to
see that it is a usual weak solution of the problem and hence established methods like
regularity theory, maximum principles etc. can be used. However it is not clear whether a
BV -solution lies in some higher Sobolev space. It was a longstanding conjecture by Serrin
(cf. [28]) under which conditions on the coefficient matrix Apxq further interior regularity
can be obtained. In [2, Theorem A.1.2], Brezis presents a presumably optimal condition:
For Dini-continuous coefficients Apxq further interior regularity can be obtained. We will
use this further regularity to obtain a maximum principle.

Lemma F.2. Let D Ă R
n be a C8-smooth domain, A P W 2,spD;Rnˆnq, ps ą nq and

suppose that ψ P BV pDq is a BV-solution of (F.1) for some h P W 1,spRnq. Then

||ψ||L8pDq ď ||h||L8pBDq
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Proof. Observe first that by [2, Theorem A.1.2] ψ P BV pDqXW 1,2
loc pDq. This in particular

implies (cf. Lemma B.4) that ψ P W 1,1pDq and

ˆ

Ω

pApxq∇ψpxq,∇ηpxqq dx “ 0 @η P C8
0 pΩq. (F.2)

We infer that ψ is a weak W 1,1-solution of

#

divpApxq∇ψpxqq “ 0 in D,

ψ “ h on BD.
(F.3)

in the sense that trBDpψq “ h and (F.2) holds. We next observe that the concept of a
W 1,1-solution just introduced is a notion that characterises ψ uniquely. Indeed, if ψ1, ψ2

are two W 1,1-solutions of (F.3) (i.e. satisfying (F.2) and having the same boundary
trace) then ψ1 ´ψ2 lies in W

1,1
0 pDq and also satisfies (F.2). By [2, Theorem A5.1, second

sentence] we infer ψ1 ´ ψ2 “ 0. We claim next that for each h P W 1,spRnq there exists a
weak W 1,1-solution of (F.3) which additionally lies in W 1,spDq. To this end notice that

A∇h P LspDq and hence by [3, Theorem 1.1] there exists a unique ψ̃ P W
1,s
0 pDq weak

solution of
#

´divpA∇ψ̃q “ divpA∇hq in D,

ψ̃ “ 0 on BD.
(F.4)

We now define ψ̄ :“ ψ̃ ` h and assert that ψ̄ is a weak W 1,1-solution. Indeed, trBDpψ̄q “
trBDpψ̃ ` hq “ 0 ` h|BD “ h on BD. Moreover for each η P C8

0 pΩq there holds by (F.4)

ˆ

D

pApxq∇ψ̄pxq,∇ηpxqq dx “
ˆ

D

pApxq∇ψ̃pxq,∇ηpxqq dx`
ˆ

D

pA∇hpxq,∇ηpxqq dx

“ ´
ˆ

D

pA∇hpxq,∇ηpxqq dx `
ˆ

D

pA∇hpxq,∇ηpxqq dx “ 0.

By the previous uniqueness discussion for W 1,1-solutions of (F.3) we have ψ “ ψ̄ and
thus ψ P W 1,spDq. In particular, ψ P CpDq by Sobolev embedding. Now, the classical
maximum principle implies the claim. �
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vol. 80, Birkhäuser Verlag, Basel, 1984. MR775682

[14] Antoine Henrot and Michiaki Onodera, Hyperbolic solutions to Bernoulli’s free boundary prob-

lem, Arch. Ration. Mech. Anal. 240 (2021), no. 2, 761–784, DOI 10.1007/s00205-021-01620-z.
MR4244819

[15] Hans-Christoph Grunau and Marius Müller, A biharmonic analogue of the Alt-Caffarelli problem,
Preprint (2023).

[16] Eberhard Hopf, A remark on linear elliptic differential equations of second order, Proc. Amer. Math.
Soc. 3 (1952), 791–793, DOI 10.2307/2032182. MR50126
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