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It is shown that a semiclassical Rabi model with parity-time (PT ) symmetry possesses quasiexact solutions,

which can be found using the Lie-algebraic approach. These solutions are located precisely at the exceptional

points of the spectrum, the boundaries of the PT -symmetric phase. The corresponding constraints on the model

parameters can be interpreted as a resonance relationship between the constant and periodic driving terms.

For sufficiently large resonance ratio and judiciously chosen parameters, we find that the time evolution of

the complete qubit can be described exactly.

DOI: 10.1103/2h1h-svtx

I. INTRODUCTION

The concept of parity-time (PT ) symmetry [1,2] and its

experimental verification in optics [3,4] has motivated a wide

range of research on this topic. In recent years, experimental

evidence for parity-time symmetries has been found in diverse

fields, such as microresonators [5], microcavities [6], quantum

critical phenomena [7], quantum circuits [8], quantum walks

[9], photonic crystals [10], sensor telemetry [11], wireless

power transfer [12], integrated electronics [13] and photonics

[14], and photonic topological insulators [15].

On the other hand, the Rabi model [16], which successfully

explains the simplest manifestation of light-matter interaction

by coupling a two-level system to a single radiation mode, has

been the subject of recent research due to its applications in

various physical and interdisciplinary fields, including quan-

tum optics, communication technology, quantum information

technology, laser physics, and solid-state physics [17]. Nu-

merous current investigations combine the Rabi model with

PT symmetry from both theoretical and experimental per-

spectives.

In Ref. [17], a non-Hermitian semiclassical Rabi model

with an imaginary periodic driving term was studied in the

Floquet picture and shown to exhibit (broken) PT sym-

metry. The authors applied a perturbative approach beyond

the rotating-wave approximation and showed that the non-

Hermitian analog of the Bloch-Siegert shift appears in the case
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of maximum PT symmetry breaking. Experimental imple-

mentations of these models include spatially modulated loss

waveguides (see, for example, Ref. [18]). The stabilization of

a non-Hermitian Rabi Hamiltonian by a periodic driving field

and its correspondence to the band structure of a particular

lattice Hamiltonian via the Floquet operator is addressed in

Ref. [19].

In a very recent experimental survey, PT symmetry-

breaking transitions are reported using single ultracold atoms

[20]. Anisotropic and asymmetric generalizations of the quan-

tum Rabi model, with periodic driving, have been analyzed

in the Floquet picture [21]. A generalized adiabatic approxi-

mation has been applied to the PT -symmetric quantum Rabi

model, and the so-called exceptional points (EPs) are dis-

cussed in depth in relation to their Hermitian analog, the

Juddian level crossings [22]. On the other hand, multiphoton

resonances, where simultaneous production of several pho-

tons can occur by downconversion of a high-frequency pump,

are of great importance in the study of phase-space crys-

tals [23], quantum error correction [24], and superconducting

cavities, where notable features are observed, including the

higher order squeezing [25].

In a related study, Xie et al. [26] investigated the effect of a

periodic modulation on the PT symmetry of a non-Hermitian

Rabi model with periodic excitation and balanced gain and

loss terms. They showed that, under the multiple-photon res-

onance conditions, the model admits exact Floquet solutions

for certain special parameter ratios. In this work, we revisit

the model by exploring its hidden algebraic structure within

the framework of quasiexact solvability, and further extend the

results through detailed numerical investigations. Especially,

we note the existence of two linearly independent exact Flo-

quet solutions for (almost) the same parameter set. The paper

is organized as follows: first, we review the model studied in

Ref. [26]. Then, we show that, through appropriate transfor-

mations, the resulting ordinary differential equation can be

written in terms of sl (2) generators in a finite-dimensional
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representation if certain constraints on the parameters are

satisfied [27]; these are then interpreted as resonance condi-

tions. Next, we present the numerical results and analysis of

the n photon constraints, the Floquet quasienergy spectrum,

and the time evolution of the “nearly degenerate” Floquet

states mentioned above. The conclusions are presented in the

last section. Supplementary numerical data and analysis are

included in Appendixes A and B.

II. FORMULATION AND GENERAL SOLUTION

VIA LIE-ALGEBRAIC APPROACH

We consider the following non-Hermitian time-dependent

Hamiltonian [26]:

H = i
γ

2
σz +

ν(t )

2
σx, (1)

where σx,z are Pauli matrices acting on a pseudospinor

�(t )T = (a1(t ), a2(t ))T and ν(t ) = ν0 + ν1 cos(ωt ), being ν1

and ω the modulation amplitude and frequency, respectively,

while ν0 represents the qubit splitting energy. In addition,

γ denotes the strength of the loss/gain term, characteristic

of PT -symmetric dissipative systems. Hence, the two-level

probability amplitudes a1(t ) and a2(t ) satisfy the coupled

first-order differential equations:

i
da1(τ )

dτ
=

ν(τ )

2ω
a2(τ ) + i

γ

2ω
a1(τ ),

i
da2(τ )

dτ
=

ν(τ )

2ω
a1(τ ) − i

γ

2ω
a2(τ ), (2)

coming from the Schrödinger equation H�(t ) = i∂t�(t ),

where we have set τ = ωt and h̄ = 1. Following Ref. [26],

we introduce the combinations

c1(τ ) = (a1(τ ) + a2(τ ))/2, c2(τ ) = (a1(τ ) − a2(τ ))/2,

(3)

which yield after decoupling the second-order ODEs [26],

d2c1(τ )

dτ 2
+

(

ν2(τ )

4ω2
+

i

2ω

dν(τ )

dτ
−

γ 2

4ω2

)

c1(τ ) = 0,

d2c2(τ )

dτ 2
+

(

ν2(τ )

4ω2
−

i

2ω

dν(τ )

dτ
−

γ 2

4ω2

)

c2(τ ) = 0. (4)

Formally, these decoupled equations resemble one-

dimensional, time-independent Schrödinger equations where

the position coordinate is replaced by the time t , the

energy eigenvalue is negative (−γ 2/4), and the potentials

−ν2(t )/4 ∓ iν̇(t )/2 are bounded but not real: They become

PT symmetric if ν(t ) is even in t , as in our case.

Let us now define the complex variable z(τ ) and the func-

tions φ j (z):

z = eiτ and c j (z) = e
ν1
2ω

cos(τ )z− ν0
2ω φ j (z), j = 1, 2. (5)

After eliminating φ2(z), we obtain the following second-order

differential equation for φ1(z) ≡ φ(z) [26]:

z2 d2φ(z)

dz2
+

( ν1

2ω
z2 +

(

1 −
ν0

ω

)

z −
ν1

2ω

)dφ(z)

dz

+
(

γ 2 − ν2
1

4ω2
+

ν1

2ω

(

1 −
ν0

ω

)

z

)

φ(z) = 0. (6)

This equation has the form of an eigenvalue equation H̃φ(z) =
λφ(z) with fixed eigenvalue λ = 0. We will now show that

the differential operator H̃ on Eq. (6) has a hidden alge-

braic structure if certain conditions are met, which will be

specified later. This means that H̃ can be expressed as an

element of the universal enveloping algebra of sl (2), acting

on a finite-dimensional representation. The general form of

such a quasiexactly solvable (QES) operator is [27–29]

Hqes = C++J+
n J+

n + C+0J+
n J0

n + C+−J+
n J−

n + C0−J0
n J−

n

+ C–J−
n J−

n + C+J+
n + C0J0

n + C−J−
n + C, (7)

in which the generators of sl (2) are represented by these first-

order differential operators:

J+
n = z2 d

dz
− n z, J0

n = z
d

dz
−

n

2
, J−

n =
d

dz
. (8)

They satisfy the commutation relations

[J+
n , J−

n ] = −2J0
n ,

[

J±
n , J0

n

]

= ∓J±
n , (9)

and correspond thus to the oscillator representation of sl (2)

with Bargmann index −n/2. For a nonnegative integer n,

any product of operators (8) leaves invariant the (n + 1)-

dimensional space of polynomials Pn[z] = 〈1, z, z2, . . . , zn〉
with maximum order n because the ascending ladder opera-

tor J+
n annihilates zn, which is therefore the highest weight

vector of the (2 j + 1)-dimensional representation of sl (2)

with j = n/2. The constant function is annihilated by J−
n ,

which is the lowest weight vector (n = 0 corresponds to the

trivial representation with J±,0
0 〈1〉 = 0). In other words, Hqes

preserves the finite-dimensional space of polynomials of the

form

φn(z) =
n

∑

m=0

dmzm. (10)

Substituting Eq. (8) into Eq. (7), the operator Hqes is given by

a second-order differential operator with polynomial coeffi-

cients:

Hqes = P4(z)
d2

dz2
+ P3(z)

d

dz
+ P2(z),

in which

P4(z) = C++z4 + C+0z3 + C+−z2 + C0−z + C−−,

P3(z) = C++(2 − 2n)z3 +
(

C+ + C+0

(

1 −
3n

2

))

z2

+ (C0 − nC+−)z +
(

C− −
n

2
C0−

)

,

P2(z) = C++n(n − 1)z2 +
(

n2

2
C+0 − nC+

)

z +
(

C −
n

2
C0

)

.

(11)

Now, when comparing Eq. (6) with Eq. (11), we find that if

the constraint

ν0 = (n + 1)ω (12)

013097-2
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is satisfied, then the Eq. (6) can be written as H̃φn(z) = 0 and

H̃ is given in terms of J±
n :

H̃ = J+
n J−

n +
ν1

2ω
(J+

n − J−
n ) +

γ 2 − ν2
1

4ω2
. (13)

The condition (12) that fixes ν0 in terms of ω and n is neces-

sary to cancel terms proportional to z in Eq. (6) that cannot be

absorbed into an expression containing J+
n . Since H̃ leaves the

space Pn[z] invariant, it can be expressed as a matrix H̃n of di-

mension (n + 1) × (n + 1). Using v0 = 1, v1 = z, . . . , vn =
zn as a basis, we obtain the matrix elements of J±

n and J+
n J−

n
from Eq. (8) as

J+
n (i, j) = −(n − j)δi, j+1, J−

n (i, j) = jδi, j−1,

J+
n J−

n (i, j) = ( j − n − 1) jδi, j, i, j = 0, . . . , n. (14)

Therefore, H̃n is a tridiagonal matrix with elements

H̃n(i, j) =
[

( j − n − 1) j +
γ 2 − ν2

1

4ω2

]

δi, j

−
ν1

2ω
[(n − j)δi, j+1 + jδi, j−1]. (15)

The condition for the existence of a nontrivial solution of

H̃nφn = 0 is det(H̃n) = 0, which implies a second condition

that the parameters ν1, γ , and ω must satisfy. We then present

explicit solutions for n = 0, 1, 2 and subsequently the con-

straints on the determinants for n up to 5.

For n = 0, that is ν0/ω = 1, we have φ0(z) = d0 for which

the equation H̃0 φ0(z) = 0 becomes (ν2
1 − γ 2)d0 = 0. Thus, a

nontrivial solution requires ν2
1 = γ 2, meaning that the driving

amplitude ν1 equals the gain/loss strength γ (both quantities

can be chosen positive without loss of generality). This con-

dition does not depend on the driving frequency ω, so this

special solution does not imply a resonance phenomenon in

the strict sense.

For n = 1, that is ν0/ω = 2, we have for φ1(z) = d0 + d1z
in the basis given above φ1 = (d0, d1)T for which the equa-

tion H̃1φ1(z) = 0 reads

(

γ 2−ν2
1

4ω2 − ν1

2ω

− ν1

2ω

γ 2−ν2
1

4ω2 − 1

)

(

d0

d1

)

= 0.

The condition det(H̃1) = 0 yields

(

ν2
1 − γ 2

)2 = 4ω2γ 2, (16)

and the coefficients d0, d1 satisfy

d1

d0

=
γ 2 − ν2

1

2ων1

.

We observe that in this case, the condition on ν1 and γ

involves the driving frequency ω, so it corresponds to a res-

onance between the gain/loss process and the driving. From

Eq. (16), explicit solutions of ν2
1/ω2 are obtained as

ν2
1

ω2
=

γ 2

ω2
±

2γ

ω
.

For n = 2, meaning ν0/ω = 3, the matrix equa-

tion H̃2 φ2(z) = 0 is
⎛

⎜

⎜

⎜

⎝

γ 2−ν2
1

4ω2 − ν1

2ω
0

− ν1

ω

γ 2−ν2
1

4ω2 − 2 − ν1

ω

0 −
ν1

2ω

γ 2−ν2
1

4ω2 − 2

⎞

⎟

⎟

⎟

⎠

⎛

⎜

⎝

d0

d1

d2

⎞

⎟

⎠
= 0.

The determinant condition reads now
(

ν2
1

ω2
−

γ 2

ω2

)3

− 16

(

ν2
1

ω2
−

γ 2

ω2

)

γ 2

ω2
− 64

γ 2

ω2
= 0, (17)

and, consequently, a nontrivial solution for the matrix equa-

tion is obtained as

d1 =
4ων1

(

γ 2 − ν2
1 − 8ω2

)

8ω2
(

ν2
1 − 2γ 2

)

+
(

γ 2 − ν2
1

)2 + 64ω4
d0,

d2 =
8ω2ν2

1

8ω2
(

ν2
1 − 2γ 2

)

+
(

γ 2 − ν2
1

)2 + 64ω4
d0. (18)

From Eq. (17), we obtain three solutions for
ν2

1

ω2 in the form

given by Cardano’s formula, which are

ν2
1

ω2
=

(

1 +
4

ξ

3

√

2

3

)

γ 2

ω2
+ 2

(

2

3

)2/3

ξ,

ν2
1

ω2
=

(

1 −
4

ξ

3

√

−
2

3

)

γ 2

ω2
+ 2

(

−
2

3

)2/3

ξ,

ν2
1

ω2
=

(

1 +
4

ξ
(−1)2/3 3

√

2

3

)

γ 2

ω2
− 2

3
√

−1

(

2

3

)2/3

ξ,

where ξ =
3

√

9γ 2

ω2 +
√

81γ 4ω2−12γ 6

ω3 .

Similarly, the determining conditions can be calculated for

larger values of n. Let us summarize our results found explic-

itly for n = 0, 1, ..., 5, or equivalently, for ν0

ω
= 1, 2, ..., 6:

ν0

ω
= 1 :

(

ν2
1

ω2
−

γ 2

ω2

)

= 0,

ν0

ω
= 2 :

(

ν2
1

ω2
−

γ 2

ω2

)2

− 4
γ 2

ω2
= 0,

ν0

ω
= 3 :

(

ν2
1

ω2
−

γ 2

ω2

)3

− 16

(

ν2
1

ω2
−

γ 2

ω2

)

γ 2

ω2
− 64

γ 2

ω2
= 0,

ν0

ω
= 4 :

(

ν2
1

ω2
−

γ 2

ω2

)4

− 40

(

ν2
1

ω2
−

γ 2

ω2

)2
γ 2

ω2
+ 48

(

11
γ 2

ω2
− 8

ν2
1

ω2

)

γ 2

ω2
− 2304

γ 2

ω2
= 0,
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FIG. 1. The restrictions given by Eq. (19) for n photons, n = 0, 1, 2, 3, 4, and 5.

ν0

ω
= 5 :

(

γ 2

ω2
−

ν2
1

ω2

)5

− 80

(

γ 2

ω2
−

ν2
1

ω2

)3
γ 2

ω2
+ 64

(

37γ 4

ω4
−

58γ 2ν2
1

ω2ω2
+

21ν4
1

ω4

)

γ 2

ω2

− 6144

(

5γ 2

ω2
−

3ν2
1

ω2

)

γ 2

ω2
+ 147 456

γ 2

ω2
= 0,

ν0

ω
= 6 :

(

γ 2

ω2
−

ν2
1

ω2

)6

− 140

(

γ 2

ω2
−

ν2
1

ω2

)4
γ 2

ω2
+ 112

(

69γ 2

ω2
−

32ν2
1

ω2

)(

γ 2

ω2
−

ν2
1

ω2

)2
γ 2

ω2

− 64

(

3281γ 4

ω4
−

4352
(

γ 2ν2
1

)

ω4
+

1296ν4
1

ω4

)

γ 2

ω2
+ 20 480

(

137γ 2

ω2
−

72ν2
1

ω2

)

γ 2

ω2
− 14 745 600

γ 2

ω2
= 0. (19)

We will now illustrate these conditions numerically in Fig. 1,

and analyze how Floquet degeneracy varies with the modula-

tion amplitude ν1, loss/gain strength γ , and photon index n′ =
n + 1 = 1, 2, .... Furthermore, in order to subsequently eval-

uate the time evolution of nearly degenerate Floquet states,

we show in Fig. 3 the numerical results obtained from the

21-photon resonance condition, corresponding to n = 20 in

Eq. (15). However, we do not report the explicit form of the

condition in this case due to its large length and complexity,

as it is the determinant condition of the 21 × 21 parametric

matrix.

A. Numerical results and discussion

1. The n-photon constraints for n = 0, 1, 2, 3, 4, 5, and 20

The behavior of ν2
1/ω2 in terms of γ 2/ω2, for the six

conditions given in Eq. (19), is illustrated separately in Fig. 1.

We observe that the general pattern of solution points starting

with n � 1 is similar for all n with given parity (even or odd

n) and large ν2
1 and γ 2. This is illustrated in Fig. 2, where

the solution sets for (n1, n2) = (2, 4) and (3,5) are compared.

The solution set for n1 < n2 is very close to a subset of the

solutions for n2 if ν2
1 and γ 2 are sufficiently large. On the

013097-4
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FIG. 2. The crossing points for doublets (n1, n2) = (2, 4) on the left and (n1, n2) = (3, 5) on the right.

other hand, for small ν2
1 , there are large deviations between the

solution sets for n1 and n2, as shown in the insets in Fig. 2. For

ν1 = 0 all solutions for γ 2 are obtained using the equations

(n + 1 − j) j = γ 2/(4ω2), j = 0, . . . , n. (20)

This leads to doubly degenerate solutions for j and j′ =
(n + 1 − j), which means that for this value of the gain/loss

strength γ , there are two possible Floquet solutions with

φ1(t ) = ei jωt and φ1(t ) = ei(n+1− j)ωt .

FIG. 3. Plot of the restriction of n photons for n = 20. Dou-

bly degenerate solutions corresponding to the pairs j = 1, . . . , n

and j ′ = (n + 1 − j) in Eq. (20) occur for ν1 = 0 and
γ 2

ω2 =
{80, 152, 216, 272, 320, 360, 392, 416, 432, 440}.

Our numerical results suggest that these degeneracies at

the trivial point ν1 = 0 develop into two types for small but

nonzero values of ν1. In one case, the degenerate points di-

verge rapidly for ν2
1 > 0 as can be seen, for example, for n = 2

in Fig. 1. In the other case, the two solutions remain very close

for ν2
1 > 0, implying quasidegeneracy even for nonzero ν1.

The “nearly degenerate” points are more clearly pronounced

for pairs ( j, j′) = (1, n) and large n, as can be seen in Fig. 3

for n = 20.

2. Floquet quasienergy spectrum

In this section, we numerically illustrate the behavior of the

imaginary parts of the Floquet quasienergy spectrum of the

PT -symmetric Rabi model [Eq. (1)], as a function of ν1/ω.

We focus on two cases not reported in Ref. [26], namely the

five- and six-photon resonances, corresponding to n = 4 and

5 in ν0 = (n + 1)ω, respectively. Furthermore, we briefly de-

scribe the Floquet-theory-based procedure for time-periodic

Hamiltonians [19,30–33]. We note that the Rabi model in

Eq. (1) is time periodic, H (t + T ) = H (t ), with T = 2π
ω

. We

begin with the Schrödinger equation [33],

i
d

dt
U (t ) = H (t )U (t ), (21)

for the time-evolution operator U (t ), with initial condition

U (0) = 1. Next, as a direct consequence of Floquet’s the-

orem, it is easy to show that the Floquet modes satisfy the

relation

U (T )ψ j (0) = e−iε j T ψ j (0), j = 1, 2, (22)

where ψ j (0) are the eigenvectors of the one-period propa-

gator U (T ) = T̂ e−i
∫ T

0
H (t ) dt , with T̂ being the time-ordering

operator and ε j the corresponding quasienergies. Therefore,

the quasienergies ε j are determined directly by taking the

logarithm of the eigenvalues of the operator U (T ), multiplied

by i/T . The matrix operator U (T ) is calculated numerically

by solving the Schrödinger Eq. (21) for U (t ), t ∈ [0, T ],

013097-5
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FIG. 4. Imaginary part of the Floquet quasienergies, Im(ε/ω), as a function of ν1/ω for ν0 = 5ω and different values of γ /ω. Without

loss of generality, we fix ω = 1. The circles represent the EPs corresponding to the exact Floquet solutions, identified numerically by the

multiphoton condition (19) for ν0/ω = 5. In (a), the EPs correspond to ν1/ω ≈ 0.3391 and 1.5664, in (b) to ν1/ω ≈ 0.2423, 0.8820, and

3.1381, in (c) to ν1/ω ≈ 1.9887, 3.2468, and 6.9949, in (d) to ν1/ω ≈ 5.6552, in (e) to ν1/ω ≈ 4.2849, and in (f) to ν1/ω ≈ 2.6117.

where H (t ) := H (t ; γ , ν1) is the Rabi Hamiltonian in Eq.

(1). The function NDSolveValue from Mathematica 12 is

used. For fixed value of γ /ω, the two eigenvalues of the

operator U (T ) are computed for values of ν1/ω ranging over

the given interval, with step size of 0.001. In Figs. 4 and 5,

we illustrate the imaginary parts of ε j/ω as a function of the

parameter ν1/ω, for the parameter region corresponding to

the five- and six-photon resonances. Without loss of gener-

ality, we fix ω = 1. These figures show that at ν1 = 0, for
γ

ω
< ν0

ω
(respectively,

γ

ω
> ν0

ω
), the PT symmetry is unbroken

FIG. 5. The same as in Fig. 4, now for ν0 = 6ω, where the circles indicating the EPs were identified numerically using the multiphoton

relation (19) for ν0/ω = 6: in (a) the EPs correspond to ν1/ω ≈ 0.2879 and 1.3762, in (b) ν1/ω ≈ 0.7395 and 2.6737, in (c) ν1/ω ≈
2.7280, 4.3070, and 8.2392, in (d) ν1/ω ≈ 7.2415, in (e) ν1/ω ≈ 5.8105, and in (f) ν1/ω ≈ 4.5058.
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FIG. 6. Population inversions W [�](t ) corresponding to the nearly degenerate Floquet states ψ [�](t ), � = 1, 2, computed numerically for

Example 1, (
γ 2

ω2 ≈ 76.5695,
ν2

1

ω2 = 30) in Fig. 3 (numerical details given in Appendix A).

(respectively, it is broken) and the quasienergies are real with

Im(ε/ω) = 0 [respectively, complex with Im(ε/ω) 
= 0]. This

is due to the fact that at ν1 = 0, the time-dependent Hamil-

tonian (1) reduces to a static Hamiltonian H = 1
2
(
iγ ν0

ν0 −iγ ),

whose eigenvalues are given by ± 1
2

√
ν2

0 − γ 2. On the other

hand, we see that as ν1 increases, PT symmetry breaking

becomes more pronounced, as indicated by the appearance

of the EPs and loop structures in the quasienergy spectrum.

PT symmetry breaking means that the Floquet quasienergies

acquire imaginary parts and the system becomes unstable with

one positive Lyapunov exponent. These are the “loops.” The

two quasienergies are real and different if the imaginary part

vanishes and the system shows stable, quasiperiodic behav-

ior. This is the PT -symmetric phase. At the border of the

PT -symmetric phase, the two Floquet exponents become de-

generate and the Floquet operator is no longer diagonalizable.

These are the EPs. One of the time-dependent solutions is then

quasiexact if γ is related to ν1 by the two last conditions in Eq.

(19) for ν0/ω = 5, respectively ν0/ω = 6.

3. Time evolution of nearly degenerate Floquet states for n = 20

In this section, we numerically evaluate the time evolution

of population inversions for nearly degenerate Floquet states

and their superposition. To this end, we focus on the case n =
20, whose 21-photon constraint was numerically illustrated

in Fig. 3; here, we observe that at certain points (
γ 2

ω2 ,
ν2

1

ω2 ) in

parameter space, the model exhibits a near degeneracy. In par-

ticular, the leftmost line in this figure splits into two branches

above
ν2

1

ω2 ≈ 100, and below this value the lines are nearly

degenerate, (
γ 2

ω2 ,
ν2

1

ω2 )[1] � (
γ 2

ω2 ,
ν2

1

ω2 )[2]. This means that for the

parameter value (
γ 2

ω2 ,
ν2

1

ω2 )[1], not just one exact Floquet solution

(c[1]
1 (t ), c[1]

2 (t ))T exists but another solution (c[2]
1 (t ), c[2]

2 (t ))T

whose time development is very accurately described by the

quasiexact solution corresponding to the minimally deviating

parameter (
γ 2

ω2 ,
ν2

1

ω2 )[2]. As the second solution has initial val-

ues linearly independent from the first, the time development

of the complete qubit is exactly computable for this special

parameter value if the resonance ratio ν0/ω is sufficiently

large.

The nearly degenerate points are determined numerically

using the determinant condition det(H̃20) = 0, where the 21-

dimensional matrix H̃20 is given by Eq. (15). See Examples 1

and 2 below, and Appendix A for more numerical details. At

the nearly degenerate point (
γ 2

ω2 ,
ν2

1

ω2 )[1], the matrix H̃20 has a

null vector with an exact zero eigenvalue, and an eigenvector

associated with an almost-zero eigenvalue ε, which we denote

by d[0] := d[1] and d[ε] := d[2], respectively. These two sets

d[�], � = 1, 2 are introduced into the polynomial function φ(z)

in Eq. (10) with z(t ) = eiωt , and we obtain the corresponding

time-dependent functions φ[�](t ) =
∑20

m=0 d [�]
m eimωt . Now, we

can proceed to the time evolution of the nearly degenerate

Floquet states ψ [�](t ). The function c[�]
1 (t ) from Eq. (5) is now

given explicitly by

c[�]
1 (t ) = e

ν1
2ω

cos(ωt ) e− iν0t
2

20
∑

m=0

d [�]
m eimωt .

On the other hand, using the equations of motion (2) and

taking into account Eq. (3), the function c[�]
2 (t ) is easily de-

FIG. 7. Population inversion W sup(t ) for the state ψ sup(t ) = α ψ [1](t ) + β ψ [2](t ) in Example 1. On the left for β = α = 1√
2
, on the right

for β = 3α = 3√
10

.
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FIG. 8. W sup(t ) for the state ψ sup(t ) = α ψ [1](t ) + β ψ [2](t ), α = sin θ , and β = cos θ , in Example 1.

termined as a function of c[�]
1 (t ) as

c[�]
2 (t ) =

2

γ

(

d

dt
c[�]

1 (t ) −
ν(t )

2i
c[�]

1 (t )

)

.

Consequently, having determined c[�]
j (t ), j = 1, 2, and mak-

ing use of transformations (3), the “normalized” time-

dependent Floquet states and the associated population

inversions are given, respectively, by

ψ [�](t ) =
(
∣

∣a[�]
1 (t )

∣

∣

2 +
∣

∣a[�]
2 (t )

∣

∣

2)− 1
2

(

a[�]
1 (t )

a[�]
2 (t )

)

=

(

ψ
[�]
1 (t )

ψ
[�]
2 (t )

)

and

W [�](t ) =
∣

∣ψ
[�]
1 (t )

∣

∣

2 −
∣

∣ψ
[�]
2 (t )

∣

∣

2
, � = 1, 2. (23)

We consider now an arbitrary superposition of these states,

ψ sup(t ) = α ψ [1](t ) + β ψ [2](t ) =
(

asup

1 (t ), asup

2 (t )
)T

,

where α, β ∈ C. Using the transformations (3), the compo-

nents of the spinor c j are

csup

1 (t ) = α c[1]
1 (t )+ β c[2]

1 (t ), csup

2 (t ) = α c[1]
2 (t )+ β c[2]

2 (t ),

and consequently, the population inversion for the “normal-

ized” superposition ψ
sup

N (t ) = (ψ
sup

1 (t ), ψ
sup

2 (t ))T is given by

W sup(t ) = |ψ sup

1 (t )|2 − |ψ sup

2 (t )|2. Next, we present the nu-

merical results for W [�](t ) and W sup(t ) for two distinct almost

degenerate points on the leftmost line of Fig. 3. Example 1

corresponds to the point (
γ 2

ω2 ≈ 76.5695,
ν2

1

ω2 = 30), illustrated

in Figs. 6–8.

Example 2 corresponds to the point (
γ 2

ω2 ≈ 71.6246,
ν2

1

ω2 =
70), which is shown in Figs. 9–11. For the superposition coef-

ficients, we use the parametrization α = sin θ and β = cos θ ,

with θ ∈ [0, π
2

].

As a particular result, we observe that at t = 0, both nearly

degenerate states ψ [�](t ), � = 1, 2, have zero population inver-

sion, W [�](0) ≈ 0, indicating that their “initial components”

are equally populated. The relevant numerical data, including

eigenvalues, eigenvectors, and spinor components, for Exam-

ples 1 and 2, are provided in detail in Appendix A.

III. CONCLUSIONS

In this work, we considered the algebraic structure of a

special PT -symmetric semiclassical Rabi model. It turns out

that the condition for the existence of a finite-dimensional

invariant subspace has the form of a resonance condition

between the driving frequency and the constant term of

the driving: ν0/ω = n + 1. The time-dependent Schrödinger

equation then has a quasiexact solution corresponding to

a so-called EPs at the edge of the PT -symmetric region

in parameter space [26]. The invariant subspace belongs to

the spin-(n/2) representation of sl (2) [27], since the time-

dependent Hamiltonian can be written in terms of sl (2)

FIG. 9. Population inversions W [�](t ) corresponding to the nearly degenerate Floquet states ψ [�](t ), � = 1, 2, computed numerically for

Example 2, (
γ 2

ω2 ≈ 71.6246,
ν2

1

ω2 = 70) in Fig. 3 (see numerical details in Appendix A).
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FIG. 10. Population inversion W sup(t ) for the state ψ sup(t ) = α ψ [1](t ) + β ψ [2](t ) in Example 2. On the left for β = α = 1√
2
, on the right

for β = 3α = 3√
10

.

generators acting in this representation. This allows to give

determinant expressions for the additional relation between

the driving strength ν1 and the dissipative coupling γ in

closed form. The trivial representation n = 0 is a special

case, in which the gain/loss term exactly balances the driv-

ing and leads to the simplest type of exceptional point. The

quasiexact solution is usually unique for a given parameter

set {ν0/ω, ν1/ω, γ /ω}, with the exception of the case with

time-independent driving, ν1 = 0, where two Floquet solu-

tions exist. Interestingly, some of the two possible Floquet

solutions for fixed gain/loss γ continue to exist approximately

with high accuracy for ν1 
= 0 if the quotient ν0/ω is a large in-

teger. This means that the full two-level system has an exactly

known time evolution, which could be of use for applications

in quantum information technology employing driven qubits

with balanced gain and loss.

We observe that Eq. (6) belongs to the class of double

confluent Heun equations [34]. It has two irregular singular

points of s-rank two at z = 0 and z = ∞, which are created

by a confluence of two pairs of regular singular points (the

same class is sometimes called ‘biconfluent’ [35,36]). If the

exponents of second kind vanish both at z = 0 and z = ∞,

and therefore allow a Frobenius expansion of the solution

around z = 0, it can be expressed as a polynomial in z if

certain constraints on the parameters are satisfied [35,36].

These restrictions are reduced in our case to the condition (12)

and the annulment of the determinant of the matrix (15).

It seems that the class of PT -symmetric systems contains

other QES models that provide a deeper understanding of

the solution structure. We are working to conduct a fairly

comprehensive study of this interesting exploration.
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FIG. 11. W sup(t ) for the state ψ sup(t ) = α ψ [1](t ) + β ψ [2](t ), α = sin θ , and β = cos θ , in Example 2.
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APPENDIX A: NUMERICAL DATA FOR TIME

EVOLUTION OF NEARLY DEGENERATE

FLOQUET STATES FOR n = 20

In this Appendix, we provide the relevant numerical data

supporting the figures and discussion in Examples 1 and 2

in Sec. II A 3, which were used to evaluate the population

inversions of the nearly degenerate Floquet states for n = 20.

All computations performed using Mathematica 12 with

100 digits of precision; the results presented here are duly

rounded.

1. Example 1: Nearly degenerate point

(
γ

2

ω2 ≈ 76.5695,
ν

2
1

ω2 = 30) in Fig. 3

The results for this example are presented in Figs. 6–8.

First, it should be mentioned that the rounded value of the

parameter
γ 2

ω2 ≈ 76.5695 was used in our calculations as a

symbolic representation of the second root of a polynomial

of degree 21 in the form of

Root[−10 460 353 203 000 000 000 000 000 000 000 + · · · + 215 839 12x19 − 6790x20 + x21, 2],

as a Root object in Mathematica 12, which was determined numerically using the determinant condition det(H̃20) = 0. As

mentioned in Sec. II A 3, at any fixed pair (
γ 2

ω2 ,
ν2

1

ω2 ) located on a nearly degenerate line in Fig. 3, matrix H̃20 has a null vector

corresponding to the exact zero eigenvalue (denoted by d[1]) and an eigenvector associated with an almost-zero eigenvalue ε

(denoted by d[2]). In this example, the almost-zero eigenvalue is ε ≈ −3.155 × 10−6, and the eigenvectors d[�], � = 1, 2, are the

following:

d[1] ≈

⎛

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎝

−0.020 353 4915

−0.086 526 6915

0.335 564 7364

−0.528 538 6941

0.533 661 3134

−0.399 400 2305

0.238 452 9392

−0.118 807 0667

0.051 005 3685

−0.019 513 9025

0.007 452 8874

−0.004 819 8592

0.008 214 7473

−0.018 896 5950

0.040 825 3726

−0.077 005 6234

0.122 396 5468

−0.157 063 0643

0.152 366 5430

−0.099 233 4752

0.032 516 6852

⎞

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎠

, d[2] ≈

⎛

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎝

0.020 355 0543

0.086 533 3588

−0.335 590 4883

0.528 578 9548

−0.533 700 9539

0.399 426 3730

−0.238 455 9100

0.118 763 1507

−0.050 827 0501

0.018 909 1468

−0.005 539 0449

−0.000 824 1033

0.007 082 3516

−0.018 598 0293

0.040 753 2473

−0.076 993 3274

0.122 401 5998

−0.157 074 0918

0.152 378 0174

−0.099 241 0654

0.032 519 1847

⎞

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎠

,

which are approximately half symmetric and half antisymmetric. The angle between the vectors is easily computed as

ϑ ≈ 2.561 528 rad, confirming numerically that vectors are far from being parallel or antiparallel. As observed in Fig. 6, the

initial population inversion of each nearly degenerate Floquet state is almost zero: W [1](0) ≈ W [2](0) ≈ 0. The corresponding

numerical data at t = 0 are

φ[1](0) ≈ −0.007 701 5541, φ[2](0) ≈ 0.010 856 3748,

c[1]
1 (0) ≈ −0.119 108 5102, c[1]

2 (0) ≈ 0.119 108 5102 i,

c[2]
1 (0) ≈ 0.167 899 4402, c[2]

2 (0) ≈ 0.167 899 4540 i,

a[1]
1 (0) ≈ −0.119 108 5102 + 0.119 108 5102 i, a[1]

2 (0) ≈ −0.119 108 510 2 − 0.119 108 5102 i,

a[2]
1 (0) ≈ 0.167 899 4402 + 0.167 899 4540 i, a[2]

2 (0) ≈ 0.167 899 440 2 − 0.167 899 4540 i.

Accordingly, the “normalized” nearly degenerate states are determined as

ψ [1](0) ≈
(

−0.5 + 0.5 i
−0.5 − 0.5 i

)

, ψ [2](0) ≈
(

0.499 999 9794 + 0.500 000 0206 i
0.499 999 9794 − 0.500 000 0206 i

)

,

which obviously confirm the almost-zero initial population inversions of each state. On the other hand, the inner product of

the vectors ψ [�](0) and the angle between them are, respectively, computed as 〈ψ [1](0) | ψ [2](0)〉 ≈ 4.1204 × 10−8 ≈ 0 and
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ϑ̃ ≈ 1.570 796 rad ≈ π
2

, indicating that the nearly degenerate states ψ [1](0) and ψ [2](0) are indeed almost orthogonal and linearly

independent.

2. Example 2: Nearly degenerate point (
γ

2

ω2 ≈ 71.6246,
ν

2
1

ω2 = 70) in Fig. 3

The results corresponding to this example are illustrated in Figs. 9–11. Let us mention, again, that the rounded parameter

value
γ 2

ω2 ≈ 71.6246 was used in our computation as a symbolic representation of an algebraic number in the form of

Root[−558 545 864 083 284 007 000 000 000 000 000 000 000 + · · · + 27 105 512x19 − 7630x20 + x21, 2],

as a Root object in Mathematica 12, which was determined numerically using the determinant condition det(H̃20) = 0. In this

case, the almost-zero eigenvalue is ε ≈ −0.004 5225, and the eigenvectors d[�] are

d[1] ≈

⎛

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎝

−0.008 022 9890

−0.000 778 9301

0.082 054 0768

−0.240 863 8702

0.402 206 3995

−0.480 834 7967

0.452 222 4593

−0.353 248 4265

0.238 744 6380

−0.146 662 5957

0.090 720 4408

−0.069 400 0277

0.075 911 1251

−0.102 140 1965

0.137 291 2067

−0.165 862 6138

0.170 533 5595

−0.142 079 7483

0.089 644 0796

−0.038 011 8567

0.008 115 5549

⎞

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎠

, d[2] ≈

⎛

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎝

0.008 160 5886

0.000 801 1116

−0.083 481 5872

0.244 969 4825

−0.408 866 0361

0.488 308 6216

−0.458 075 6536

0.355 070 6308

−0.233 767 4304

0.130 307 5629

−0.054 614 1023

−0.000 242 2858

0.046 040 6791

−0.090 917 6190

0.134 502 1422

−0.166 752 3105

0.172 759 1078

−0.144 297 9423

0.091 132 0483

−0.038 659 7426

0.008 255 7845

⎞

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎠

.

The angle between the vectors in this case is ϑ ≈ 2.432 619 rad. As in the previous example, it is observed in Fig. 9 that the

initial population inversions are almost zero for both nearly degenerate states, W [�](0) ≈ 0. The relevant numerical data at t = 0

are the following:

φ[1](0) ≈ −0.000 462 5107, φ[2](0) ≈ 0.000 633 0503,

c[1]
1 (0) ≈ −0.030 332 3440, c[1]

2 (0) ≈ 0.030 332 3440 i,

c[2]
1 (0) ≈ 0.041 516 6595, c[2]

2 (0) ≈ 0.041 521 9021 i,

a[1]
1 (0) ≈ −0.030 332 344 0 + 0.030 332 3440 i, a[1]

2 (0) ≈ −0.030 332 344 0 − 0.030 332 3440 i,

a[2]
1 (0) ≈ 0.041 516 659 5 + 0.041 521 9021 i, a[2]

2 (0) ≈ 0.041 516 659 5 − 0.041 521 9021 i.

The “normalized” nearly degenerate states are accordingly determined as

ψ [1](0) ≈
(

−0.5 + 0.5 i
−0.5 − 0.5 i

)

, ψ [2](0) ≈
(

0.499 968 4320 + 0.500 031 5660 i
0.499 968 4320 − 0.500 031 5660 i

)

,

confirming, obviously, the almost-zero initial population inversions. The inner product of the vectors ψ [�](0) and the angle

between them are, respectively, computed as 〈ψ [1](0) | ψ [2](0)〉 ≈ 0.000 063 13 ≈ 0 and ϑ̃ ≈ 1.570 7332 rad ≈ π
2

, indicating,

again, that the nearly degenerate states are almost orthogonal and linearly independent at t = 0.

APPENDIX B: EFFECTIVE AND QES POTENTIALS ASSOCIATED WITH THE MODEL

In this Appendix, we analyze the Schrödinger-like potentials associated with the Rabi model in its original form [Eq. (6)],

and in its sl (2) Lie-algebraic form, Eq. (13). We begin with the first case. Using the equivalence problem for second-order

differential operators [29], the Eq. (6) can be transformed into a Schrödinger-like equation. We do not analyze the rigorous

spectral equivalence of the operators in terms of the boundary conditions here, as that is beyond the scope of this study. Let us
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first consider H �(z) = 0 with

−H = P (z)
d2

dz2
+ Q(z)

d

dz
+ R(z),

and P (z) > 0. Then using the change of variable

x = ϕ(z) =
∫ z dy

√
P (y)

, (B1)

and the gauge factor μ(z) = |P (z)|− 1
4 exp{

∫ z Q(y)

2P (y)
dy}, we arrive at μ(z) H

1
μ(z)

= − d2

dx2 + V (x), in which the potential has the

form

V (x) =
{

3P ′2(z) − 8Q(z)P ′(z) + 4Q2(z)

16P (z)
− R(z) +

1

2
Q′(z) −

1

4
P ′′(z)

}
∣

∣

∣

∣

z=ϕ−1(x)

. (B2)

The corresponding Schrödinger wave function is then given by �̃(x) = μ(ϕ−1(x))�(ϕ−1(x)). In our case, from Eq. (6), we get

P (z) = z2,

Q(z) =
ν1

2ω
z2 +

(

1 −
ν0

ω

)

z −
ν1

2ω
,

R(z) =
γ 2 − ν2

1

4ω2
+

ν1

2ω

(

1 −
ν0

ω

)

z,

from which, together with Eq. (B1), we obtain z = ex. The corresponding Schrödinger-like potential (B2) is then explicitly

obtained as

V (x) =
(

ν2
1 − 2γ 2 + 2ν2

0

8ω2
+

ν2
1 z2

16ω2
+

ν2
1

(16ω2)z2
+

ν1(ν0 − ω)z

4ω2
+

ν1(ν0 + ω)

(4ω2)z

)

∣

∣

∣

∣

∣

z=ex

=
ν2

1 − 2γ 2 + 2ν2
0 + ν1(4ν0 cosh x + ν1 cosh 2x − 4ω sinh x)

8ω2
.

Recalling z = eiωt , the obtained potential simplifies to

Veff(t ) =
ν2

1 − 2γ 2 + 2ν2
0 + ν1(4ν0 cos(ωt ) + ν1 cos(2ωt ))

8ω2
− i

ν1

2ω
sin(ωt ). (B3)

It is easily checked that V (−t ) = V ∗(t ), which reflects the PT -symmetric structure of the underlying Hamiltonian.

In a similar way, by applying the outlined method to the Rabi model in its sl (2) Lie-algebraic form [Eq. (13)], one obtains

the following associated QES potential [27,29]:

Vqes(t ) =
ν2

1 − 2γ 2 + 2(n + 1)2ω2 + ν1(4(n + 1)ω cos(ωt ) + ν1 cos(2ωt ))

8ω2
− i

ν1

2ω
sin(ωt ),

which explicitly depends on the parameter n, dimension of the invariant subspace of polynomials. As a result, a finite part of

the spectrum, the first n + 1 solutions, can be computed algebraically (as discussed in Sec. II). As can be seen, Vqes(t ) coincides

with the effective potential (B3), taking into account the quasiexact solvability constraint (12), i.e., ν0 = (n + 1)ω. The obtained

potential visually resembles the PT -symmetric periodic Khare-Mandal or complex Razavy potential, discussed in Ref. [37].
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