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Abstract
Polyconvexity is an important concept in the analysis of energies related to elasticity. A
function W : Rd×d → R is called polyconvex if it can be written as a convex function in the
minors of the argument. We show that for isotropic functions it suffices to consider diagonal
matrices. For d = 3, this leads to a dimension reduction for the convex representative of
W from R

19 to R
7. Moreover, we present a new result for the polyconvexity of functions

formulated in the principal invariant of the left or right stretch tensor.

Mathematics Subject Classification Primary 49J10 · 74B20 · 74G65

1 Introduction

Many applications in elasticity aim to find global minimizers of functionals of the form

I : W 1,p(�) → R∞ := R ∪ {∞}; I (u) :=
∫

�

W (Du(x)) dx

for � ⊂ R
d with d ∈ {2, 3}. The weak lower semicontinuity of I plays an important role

in the direct method of calculus of variations. Under certain growth conditions from above
and from below, the quasiconvexity of W is equivalent to the weak lower semicontinuity of
I [35, 36], see also [13] for a detailed overview. Without the growth condition from above,
there are only a few results on the lower semicontinuity for quasiconvex integrands available
[28]. However, such a condition is very restrictive in finite strain theory, where often energies
are used with W (F) = ∞ if det(F) ≤ 0 and W (F) → ∞ for det(F) → 0.
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A sufficient condition for quasiconvexity is presented in [35], which is equivalent to
polyconvexity. One of the main advantages of polyconvexity is that no growth condition
from above is necessary to deduce the weak lower semicontinuity of I , cf. [2], [3], also
see [4] and [16] for an overview. Thus, polyconvexity is well suited for many problems in
elasticity.

Definition 1.1 (Polyconvexity for functions onRd×d )Ford ∈ N, a functionW : Rd×d → R∞
is said to be polyconvex if there exists a convex function G : RKd → R∞ such that

W (F) = G(M(F)) for all F ∈ R
d×d , (1)

whereM(F) ∈ R
Kd with Kd := ∑d

i=1

(d
i

)2
denotes the vector of all minors of F ∈ R

d×d . If
G can additionally be chosen to be lower semicontinuous, we call W lower semicontinuous
polyconvex.

The vector of minors can be identified for d = 2 by M(F) = (F, det(F)) ∈ R
5 and

for d = 3 by M(F) = (
F, adj(F)�, det(F)

) ∈ R
19. Note that lower semicontinuous

polyconvexity is the natural extension of the notion of polyconvexity for functions that can
attain the value ∞, cf. Remark 1.6 below for more details.

Many highly relevant energy densities in finite strain theory are isotropic, such as the
neo-Hookean, Saint Venant–Kirchhoff, Odgen hyperelastic and Mooney–Rivlin models.

Definition 1.2 (Isotropic functions) For d ∈ N, we call a functionW : Rd×d → R∞ isotropic
if

W (F) = W (R1FR2) for all F ∈ R
d×d , R1, R2 ∈ SO(d) , (2)

where SO(d) := {Q ∈ O(d) | det(Q) = 1} denotes the special orthogonal group which is a
subset of the orthogonal group O(d) := {Q ∈ R

d×d | Q�Q = 1}.

1.1 Main result

We aim to combine the notion of isotropy with polyconvexity, leading to a dimension reduc-
tion. As described in more detail below, one can decompose every matrix F ∈ R

d×d into a
product of the form

F = R1 diag(ν)R2 (3)

for R1, R2 ∈ SO(d) and a diagonal matrix diag(ν) with entries ν ∈ R
d . Together with (2),

we deduce that every isotropic function W is completely defined by its values on the set of
diagonal matrices. This leads to the identification of isotropic functions with �(d)-invariant
functions � : Rd → R∞ via

�(ν) = W (diag(ν)) for ν ∈ R
d , (4)

cf. Definition 2.3 and Lemma 2.4. The notion of polyconvexity can be transferred to functions
on R

d :

Definition 1.3 (Polyconvexity for functions on R
d ) A function � : Rd → R∞ is said to be

polyconvex if there exists a convex function g : Rkd → R∞ such that

�(ν) = g(m(ν)) for all ν ∈ R
d , (5)

where m(ν) ∈ R
kd and kd := 2d − 1 denotes the vector of all minors of ν ∈ R

d , i.e.

m(ν) = (ν1, ν2, ν1ν2) ∈ R
3 for d = 2 , (6)

m(ν) = (ν1, ν2, ν3, ν2ν3, ν1ν3, ν1ν2, ν1ν2ν3) ∈ R
7 for d = 3 . (7)
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For arbitrary dimension, m is given in (17). If g can additionally be chosen lower semicon-
tinuous, we call � lower semicontinuous polyconvex.

Our main result shows that the dimension reduction for isotropic functions can be trans-
ferred to polyconvexity:

Theorem 1.4 (Dimension reduction for polyconvexity of isotropic functions) Let d ∈ {2, 3}
and W : Rd×d → R∞ be isotropic and � : Rd → R∞ be given by (4). Then, the following
statements are equivalent:

(i) W is lower semicontinuous polyconvex,
(ii) there exists a lower semicontinuous convex function g : Rkd → R∞ such that

W (diag(ν)) = g(m(ν)) for all ν ∈ R
d , (8)

(iii) � is lower semicontinuous polyconvex (in the sense of Definition 1.3).

The minors of vectors m are related to the minors of quadratic matrices M by means of
diagonal matrices: The entries ofm(ν) are those entries ofM(diag(ν)), which are in general
non-trivial, cf.

M(diag(ν)) = (diag(ν), ν1ν2) for d = 2 ,

M(diag(ν)) = (diag(ν), diag(ν2ν3, ν1ν3, ν1ν2), ν1ν2ν3) for d = 3 .
(9)

Theorem 1.4 yields a dimension reduction for the convex representative G : RKd → R∞ of
(1) to a convex representative g : Rkd → R∞ in (5), where K2 = 5, K3 = 19 and k2 = 3,
k3 = 7.

In Theorem 2.1, we formulate Theorem 1.4 in terms of the signed singular values, which is
closer to the spirit of the dimension reduction result of Ball [2, Theorem 5.2]. The equivalence
of our main result encompasses two implications: One direction, namely the existence of g,
can be easily inferred from the polyconvexity of W through a restriction of the convex
representative G. The proof of the other direction is more involved and the main focus of
this paper.

Theorem 1.4 implies some symmetry condition on � and g, namely �(d)-invariance and
poly-�(d)-invariance, respectively, which is discussed below in Section 2.4. Finally, we note
that for finite-valued functions, we can deduce with Remark 1.6 that Theorem 1.4 remains
true without the lower semicontinuity of the convex representatives:

Corollary 1.5 (Dimension reduction for polyconvexity of finite isotropic functions) Let d ∈
{2, 3} and W : Rd×d → R be isotropic and� : Rd → R be given by (4). Then, the following
statements are equivalent:

(i) W is polyconvex,
(ii) there exists a convex function g : Rkd → R such that (8) is satisfied,
(iii) � is polyconvex (in the sense of Definition 1.3).

Remark 1.6 (On the lower semicontinuity of the convex representative) The notion of lower
semicontinuous polyconvexity is a natural extension of polyconvexity for functions that attain
the value ∞. Proofs for the weak lower semicontinuity of I ([2, 3], see also [6] and [12, 16,
39]) employ not only the polyconvexity ofW but also the lower semicontinuity of the convex
representative. Note that the convex representative cannot always be chosen with the same
regularity as the function itself [8, 9].

Every lower semicontinuous polyconvex function is also polyconvex.The reverse direction
holds for functions that attain only finite values, i.e.W : Rd×d → R. In this case, there exists
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a convex representativeG : Rd → R that also attains only finite values, cf. [16, Theorem 5.6].
Since every convex function with finite values is continuous (cf. [16, Theorem 2.31]), the
convex representative ofW is continuous and thusW is polyconvex. The same argumentation
can be transferred to the function �.

1.2 Motivation and overview on the literature

The dimension reduction for polyconvexity in terms of the (singed) singular values plays a
crucial role in the concept of polyconvexity. John Ball derived a sufficient, but not necessary,
criterion for the polyconvexity of isotropic functions in terms of the singular values (cf. [2,
Theorem 5.2]). He used this criterion to show the polyconvexity of some Odgen-type energy
densities in [2]. His criterion has proven to be particularly useful for the construction of
polyconvex functions and is employed in the verification of other polyconvexity criteria for
functions formulated in terms of principal stretches and invariants, e.g. [11, 42]. Compared
to the criterion in [2, Theorem 5.2], our criterion in Theorem 1.4 is not only sufficient
but also necessary, thereby expanding the range of applications to the following points:
(i) The possibility to apply the criterion for verifying the polyconvexity of any isotropic
polyconvex function. (ii) The verification of non-polyconvexity for isotropic functions. (iii)
The construction of polyconvex envelopes and optimal fitting of polyconvex functions in the
case of isotropy.

An isotropic function is convex if and only if its restriction to the set of diagonal matrices
is convex (see Proposition 2.6). Historically, this result was first shown for O(d) × O(d)-
invariant functions (functions that satisfy (2) also for R1, R2 ∈ O(d)) and the result was
formulated in terms of the singular values instead of diagonal matrices in [25, 43]. In [2,
31], this result was shown for O(d) × O(d)-invariant functions based on the von Neumann
inequality [34, 45]. For isotropic, i.e. SO(d) × SO(d)-invariant functions, the result was
established for d = 2 in [20]. For d ≥ 3, it was shown in [44] based on a convexity theorem
of [26]. A different proof based on a generalized vonNeumann inequality and signed singular
values was given in [22, 40].

Ball used his convexity result for O(d) × O(d)-invariant functions to derive his well-
established criterion for the polyconvexity of isotropic functions [2, Theorem 5.2]. Indeed,
the additional invariance simplifies the derivation; however, it is also one of the reasons why
it does not yield a necessary criterion. For d = 3, he applied the convexity criterion of
O(d) × O(d)-invariant functions for the first nine arguments of G, which belong to F , and
the second nine arguments, which belong to adj(F), separately. This introduces additional
restrictive symmetries, which are not even necessary for the polyconvexity of O(d) ×O(d)-
invariant functions.

In [7], the polyconvex envelope of O(2) × O(2)-invariant functions was characterized
by means of the singular values. This characterization provides an implicit criterion for a
function to be polyconvex. An only sufficient but less restrictive criterion than that of [2] was
presented in [41] for the polyconvexity of isotropic functions restricted to the set of matrices
with positive determinant and d = 2. Later, for d = 2, sufficient and necessary criteria for
the polyconvexity of isotropic functions were shown in [40, 46], requiring only the non-
decreasing property along several lines. Moreover, for d = 3 the polyconvexity criterion
of [2] was refined into a sufficient and less restrictive but still not necessary criterion in
[46]. For d ∈ {2, 3}, necessary and sufficient conditions for the polyconvexity of isotropic
functions defined on {F ∈ R

d×d | det(F) ≥ 0} by means of the singular values were derived
in [33]. They are not formulated in the form of the criterion of [2] but in a more implicit
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way. Afterwards, in [21] for d = 2, the notion of polyconvexity was reduced for isotropic
functions to the set of diagonal matrices or the signed singular values. This result corresponds
to our main result for d = 2. Compared to the previous necessary and sufficient results, it has
the advantage of not requiring any complicated-to-access non-decreasing properties along
certain lines; instead, it relies solely on the convexity of the function g. Hence, in the isotropic
setting, the polyconvexity criterion of [21] for d = 2 and our Theorem 1.4 for d ∈ {2, 3}
can be used directly for a dimension reduction of already existing methods in the field of
polyconvexity, for instance for determining whether a function is polyconvex, for computing
the polyconvex envelope or for fitting a polyconvex function. Such methods can be found
for example in [5, 14, 16, 18, 19]. At this point, it is essential that the polyconvex envelope
of O(d) ×O(d)-invariant or isotropic functions remains O(d) ×O(d)-invariant or isotropic,
respectively, which was shown in [7, 16].

For the related notion of rank-1 convexity, we refer to [1, 15, 17, 23, 46–48] for inves-
tigations on isotropic functions. However, the notion of rank-1 convexity or quasiconvexity
cannot be restricted for isotropic functions to diagonal matrices, which was shown in [20,
37]. Furthermore, investigation on the polyconvexity and rank-1 convexity for isotropic and,
additionally, isochoric functions can be found in [24, 32, 33] and a characterization of sym-
metric polyconvexity was given in [10]. The non-locality of polyconvexity is investigated in
[27]. Using diagonal matrices, it was showed that the Saint Venant–Kirchhoff model is not
polyconvex [38].

In this work, we order for d = 3 the minors of a matrix F ∈ R
d×d by M(F) =(

F, adj(F)�, det(F)
)
, while it is more common in the literature to arrange them by

(F, adj(F), det(F)). Of course, this order does not affect polyconvexity; we use our notation
solely because it is more convenient in one estimate.

Organization of the paper. This paper is mainly devoted to the presentation and proof
of Theorem 1.4. Statement (iii) is only a reformulation of (ii). The implication (i) ⇒ (ii) is
trivial, where g can be obtained by restricting the convex representative G to the image of
m. To show the crucial implication (iii) ⇒ (i), we use the polyconvex conjugation, which is
an extension of the Fenchel–Legendre conjugation to the setting of polyconvexity. It allows
us to trace the implication back to the same investigation but for elementary functions,
cf. Lemma 4.4. For this, we use a polynomial von Neumann type inequality based on a result
of [33].

What is more, isotropic energy densities in elasticity are often formulated in terms of the
principalmatrix invariants of the right or left stretch tensor. In [42], the polyconvexity criterion
for isotropic functions of [2] was used to derive a sufficient polyconvexity criterion for func-
tions formulated in terms of these invariants. We transfer this argumentation to our stronger
polyconvexity criterion and, thus, obtain a new sufficient criterion for the polyconvexity of
a function, which is formulated in terms of the elementary symmetric polynomials of the
signed singular values of F or the principal matrix invariants of the right or left stretch tensor.

The paper is organized as follows. In Section 2, we recap some general results on signed
singular values, the identification of isotropic and�(d)-invariant functions and the dimension
reduction for isotropic convex functions. Moreover, we discuss some invariance implications
for the function g of Theorem 1.4. In Section 3 , we present some elementary results on the
Fenchel–Legendre conjugation, its generalization to polyconvexity and the identification of
both. In Section 4, we use the polyconvex conjugation in the space of singular values to show
the main results. In Section 5, we use this characterization of polyconvexity in order to make
some remarks on polyconvexity with respect to matrix invariants.
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2 Singed singular values and isotropy

2.1 Singed singular value decomposition

For arbitrary d ∈ N, every matrix F ∈ R
d×d can be decomposed with the singular value

decomposition into the product of a diagonalmatrixwith non-negative entries and two orthog-
onal matrices, i.e. there exists R̃1, R̃2 ∈ O(d) and ν̃ ∈ [0,∞)d such that

F = R̃1 diag(ν̃)R̃2 , (10)

where diag(ν̃) ∈ R
d×d denotes the diagonal matrix with entries ν̃1, . . . , ν̃d ∈ [0,∞). We

call a vector ν̃ ∈ [0,∞)d resulting from the decomposition (10) singular values of F .
The singular value decomposition is not directly compatible with the concept of isotropy

since (2) holds only for R1, R2 ∈ SO(d) but not for arbitrary elements in O(d). This leads to
the singed singular value decomposition, a refinement of the singular value decomposition.
Essentially, one allows that the singular values ν̃ can be negative so that one can choose R1

and R2 with determinant 1:
For arbitrary d ∈ N, every matrix F ∈ R

d×d can be decomposed in the product of a
diagonal matrix and two orthogonal matrices with determinant one, i.e. there exists R1, R2 ∈
SO(d) and ν ∈ R

d such that
F = R1 diag(ν)R2 . (11)

We call a vector ν ∈ R
d resulting from the decomposition (11) signed singular values

of F . A singed singular value decomposition can be constructed with the singular value
decomposition as follows: Let R̃1, R̃2 ∈ O(d) and ν̃ ∈ [0,∞)d be given by the singular value
decomposition of F , i.e. they satisfy (10). We choose R1 = R̃1 diag(det(R1), 1, . . . , 1) ∈
SO(d), R2 = diag(det(R2), 1, . . . , 1)R̃2 ∈ SO(d) and ν = (det(R1) det(R2)ν̃1, . . . , ν̃d) ∈
R
d and deduce with (10) that the signed singular value decomposition (11) holds. The signed

singular value decomposition (11) is not unique. One can change the order of the entries of
ν arbitrarily and can also change the signs for an even number of the entries ν (by adjusting
R1 and R2 accordingly).

To be more precise: let S(d) be the symmetric group (which we identify with the corre-
sponding permutation matrices, wherever it is convenient) and

�(d) :=
{
S diag(ε) | S ∈ S(d), ε ∈ {−1, 1}d ,

d∏
i=1

εi = 1

}
.

The signed singular values are unique up to a multiplication by an element in �(d), i.e. ν is
a signed singular value of F ∈ R

d×d if and only if Sν is a signed singular value of F for all
S ∈ �(d).

In the context of elasticity theory, the signed singular values correspond, up to the sign,
to the singular values of the deformation gradient F , which are equal to the eigenvalues
of the symmetric and positive semidefinite right and left stretch tensors U , V , which are
defined via the right and left Cauchy–Green tensors C , B given by C = U 2 = F�F and
B = V 2 = FF�.We call amatrix F ∈ R

d×d symmetric if F = F� and positive semidefinite
if x�Fx ≥ 0 for all x ∈ R

d . Due to their physical meaning, isotropic energy densities are
often more naturally expressed in terms of the singular values or signed singular values and
thus in terms of ν rather than in terms of F .

Theorem 1.4 can be reformulated using the concept of signed singular values:
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Theorem 2.1 (Polyconvexity in terms of the signed singular values) Let d ∈ {2, 3}. An
isotropic function W : Rd×d → R∞ is lower semicontinuous polyconvex if and only if there
exists a lower semicontinuous convex function g : Rkd → R∞ with kd := 2d − 1 such that

W (F) = g(m(ν)) = g(ν1, ν2, ν1ν2) for d = 2,

W (F) = g(m(ν)) = g(ν1, ν2, ν3, ν2ν3, ν1ν3, ν1ν2, ν1ν2ν3) for d = 3
(12)

for all F ∈ R
d×d and for all choices of signed singular values ν ∈ R

d of F.

2.2 Isotropic and O(d)× O(d)-invariant functions

A function W : Rd×d → R∞ is called O(d) × O(d)-invariant if

W (F) = W (R1FR2) for all F ∈ R
d×d , R1, R2 ∈ O(d) . (13)

A functionW is said to be SO(d)×SO(d)-invariant if (2) is satisfied, i.e. (13) is satisfied for
R1, R2 ∈ SO(d). Thus, O(d)×O(d)-invariance is a stronger condition than SO(d)×SO(d)-
invariance.

Remark 2.2 (Alternative definition of isotropy) In Definition 1.2, we have defined the term
isotropic as SO(d) × SO(d)-invariance. Sometimes in the literature (e.g. [2]), the condition
isotropic is defined in the following equivalent manner: A functionW : Rd×d → R∞ is said
to be objective if

W (F) = W (RF) for all F ∈ R
d×d , R ∈ SO(d) .

A function W : Rd×d → R∞ is called isotropic if it is objective and

W (F) = W (RFR�) for all F ∈ R
d×d , R ∈ O(d) .

Using the singed singular value decomposition (11) and the SO(d) × SO(d)-invariance,
we observe that

W (F) = W (R1 diag(ν)R2) = W (diag(ν)) . (14)

Thus, every isotropic function is already completely prescribed by its values on the set of
diagonal matrices. We define for a given function W : Rd×d → R∞ the function � : Rd →
R∞ by � = W ◦ diag. The isotropy of W implies that the corresponding function � is
�(d)-invariant:

Definition 2.3 (�(d)-invariance) For d ∈ N, a function � : Rd → R∞ is called �(d)-
invariant if

�(ν) = �(Sν) for all ν ∈ R
d , S ∈ �(d) , i.e.

�(ν1, . . . , νi , . . . , ν j , . . . , νd) = �(ν1, . . . , ν j , . . . , νi , . . . , νd) ∀ν ∈ R
d , i < j ,

�(ν1, . . . , νi , . . . , ν j , . . . , νd) = �(ν1, . . . ,−νi , . . . ,−ν j , . . . , νd) ∀ν ∈ R
d , i < j .

As immediate consequence of the signed singular value decomposition, we obtain the fol-
lowing lemma (see also [16, Proposition 5.31]):

Lemma 2.4 (Identification of isotropic and �(d)-invariant functions) For d ∈ N, the space
of isotropic functions can be identified with the space of �(d)-invariant functions via the
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following bijectivity:

{W : Rd×d → R∞ | W is isotropic } ←→ {� : Rd → R∞ | � is �(d)-invariant} ,

W �−→ (ν �→ �(ν) := W (diag(ν)) ,

(F �→ W (F) := �(νF )) ←−� �,

where νF denote some choice of singed singular values of F.

So, we can write in particular for arbitrary F ∈ R
d×d and arbitrary signed singular values

νF of F :
W (F) = W (diag(νF )) = �(νF ) . (15)

The above identification of isotropic functions with �(d)-invariant functions can be
refined when considering the smaller class of O(d) × O(d)-invariant functions. Such func-
tions can be identified with S(d)-invariant functions �̃ : [0,∞)d → R∞. A function
�̃ : [0,∞) → R∞ is called S(d)-invariant if

�̃(ν) = �̃(Sν) for all ν ∈ [0,∞) , S ∈ S(d) ,

where we identified the permutation S ∈ S(d) with the permutation matrix, i.e. Sν =
(νS(1), . . . , νS(d)) for ν ∈ R

d . Using the singular value decomposition instead of the singed
singular value decomposition, we can adjust Lemma 2.4 as follows:

Lemma 2.5 (Identification of O(d) × O(d)- and S(d)-invariant functions) For d ∈ N the
space of O(d) ×O(d)-invariant functions can be identified with the space of S(d)-invariant
functions via the following bijectivity:{
W : Rd×d → R∞ |
W is O(d) × O(d)-invariant

}
←→ {�̃ : [0,∞)d → R∞ | �̃ is S(d)-invariant} ,

W �−→ (ν̃ �→ �̃(ν̃) := W (diag(ν̃)) ,

(F �→ W (F) := �̃(ν̃F )) ←−� �̃ ,

where ν̃F denotes some choice of singular values of F.

We note that one can also formulate Lemma 2.5 with functions � defined on the entire
R
d instead of [0,∞), when assuming additionally to the S(d)-invariance that �(ν) =

�(diag(ε)ν) for all ν ∈ R
d and ε ∈ {−1, 1}d .

In many applications, W is isotropic and attains the value ∞ when det(F) ≤ 0. In this
case, one can also formulateW bymeans of the singular values using the following separation
of cases:

W (F) =
{

�̃(ν̃F ) if det(F) > 0 for some singular values ν̃F of F ,

∞ if det(F) ≤ 0.
(16)

2.3 Dimension reduction for convex functions

An isotropic function is convex if and only if the corresponding �(d)-invariant function is
convex.

Proposition 2.6 (Convexity of isotropic functions) For d ∈ N, let W : Rd×d → R∞ be
isotropic and� : Rd → R∞ the corresponding�(d)-invariant function given by Lemma2.4.
Then, the following statements are equivalent:
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(i) W is convex and lower semicontinuous.
(ii) � is convex and lower semicontinuous.
(iii) W ◦ diag : Rd → R∞ is convex and lower semicontinuous.

The implication (i) ⇒ (i i) is trivial and the equivalence of (ii) and (iii) is an immediate
consequence of � = W ◦ diag given by Lemma 2.4. For a proof of the non-trivial direction,
see for instance [16].

Since every O(d) × O(d)-invariant function is also SO(d) × SO(d)-invariant, Proposi-
tion 2.6 can also be applied for those functions. The corresponding function � additionally
satisfies the symmetry �(ν) = �(diag(ε)ν) for all ν ∈ R

d and ε ∈ {−1, 1}d , which can
be replaced when considering only �̃ = �|[0,∞)d and assuming that �̃ is non-decreasing in
every argument:

Lemma 2.7 (Convexity of O(d)×O(d)-invariant functions)For d ∈ N, let W : Rd×d → R∞
beO(d)×O(d)-invariant and �̃ the corresponding S(d)-invariant function given by Lemma
2.5. Then, the following statements are equivalent:

(i) W is convex and lower semicontinuous.
(ii) �̃ is convex, lower semicontinuous and non-decreasing in every variable.

2.4 Polyconvexity and isotropy

We introduced the notion of polyconvexity for functions on R
d in Definition 1.3 using the

minors of vectors. For d ∈ {2, 3}, we defined the minor m(ν) of a vector ν ∈ R
d in (6).

For general dimension d ∈ R, we define m(ν) by the (in general) non-vanishing entries of
M(diag(ν)):

m : Rd → R
kd , ν �→ m(ν) :=

⎛
⎝∏

j∈K
ν j

⎞
⎠

K∈P({1,...,d})\∅
(with kd := 2d − 1) , (17)

where P(·) denotes the power set.
The classical concept of polyconvexity for functions on the set of matrices is not only

restricted to quadratic matrices but is also defined on the set R1×d and R
d×1, where it

is equivalent to classical convexity. In particular, it does not coincide with the notion of
polyconvexity from Definition 1.3.

For �(d)-invariant functions, the following notion of signed singular value polyconvex-
ity becomes helpful, which we define via the polyconvexity of the corresponding isotropic
function W :

Definition 2.8 (Singed singular value polyconvex functions) For d ∈ R
d , a �(d)-invariant

function� : Rd → R∞ is called signed singular value polyconvex if the corresponding func-
tionW : Rd×d → R∞, given by Lemma 2.4, is polyconvex.We call� lower semicontinuous
signed singular value polyconvex if W is lower semicontinous polyconvex.

Using this definition, we can reformulate Theorem 1.4 as follows: A�(d)-invariant function
� : Rd → R∞ is lower semicontinuous signed singular value polyconvex if and only if it is
lower semicontinuous polyconvex. One direction is trivial and given in the following Lemma
while the reverse direction is more involved and presented in the proof of Theorem 1.4 at the
end of Section 4.

Lemma 2.9 (Singed singular value polyconvexity implies polyconvexity) For d ∈ N, let
� : Rd → R∞ be �(d)-invariant and lower semicontinuous signed singular value polycon-
vex. Then, � is lower semicontinuous polyconvex.
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Proof LetW be the isotropic representative of� andG be given as the lower semicontinuous
convex representative of W , i.e. �(ν) = W (diag(ν)) = G(M(diag(ν))) for all ν ∈ R

d . We
define g as the restriction of G to the in general non-trivial values of M(diag(ν)) = m(ν),
which preserves the convexity and lower semicontinuity; thus, �(ν) = g(m(ν)) is lower
semicontinuous polyconvex. ��

The function G in the definition (1) and analogously g in (5) is not unique. However,
every choice of these functions has to be poly-isotropic or poly-�(d)-invariant, when W or
� is isotropic or �(d)-invariant, respectively.

Definition 2.10 (Poly-isotropic and poly-�(d)-invariant functions) Let d ∈ N. We call a
function G : Rd×d → R∞ poly-isotropic if

G(M(F)) = G(M(R1FR2)) for all F ∈ R
d×d and all R1, R2 ∈ SO(d) .

We call g : Rd → R∞ poly-�(d)-invariant if

g(m(ν)) = g(m(Sν)) for all ν ∈ R
d and all S ∈ �(d) .

Vice versa, every poly-isotropic function G induces some isotropic functionW and every
poly-�(d)-invariant function g induces some�(d)-invariant function�. With Theorem 1.4,
we can add polyconvexity to this statement:

Corollary 2.11 (Construction of isotropic polyconvex functions)Let d ∈ {2, 3} and g : Rd →
R∞ be lower semicontinuous, convex and poly-�(d)-invariant. Then, W : Rd×d → R∞ is
well-defined by W (F) := g(m(νF )) for νF some signed singular values of F and W is lower
semicontinuous polyconvex and isotropic.

Corollary 2.11 is particularly useful for the construction of polyconvex functions. In order to
construct a poly-�(d)-invariant function for d ∈ {2, 3}, it can be convenient to impose the
following stronger symmetry condition:

Lemma 2.12 (Separate �(d)-invariance) For d ∈ {2, 3}, let g : Rkd → R∞ satisfy

if d = 2 : g(x, z) = g(Sx, z) for all x ∈ R
2, z ∈ R, S ∈ �(2) ,

if d = 3 : g(x, y, z) = g(Sx, Sy, z) for all x, y ∈ R
3, z ∈ R, S ∈ �(3) .

(18)

Then, g is poly-�(d)-invariant.

Proof For d = 2, we obtain the poly-�(d)-invariance directly by choosing x = ν and
z = ν1ν2 in (18). For d = 3, we choose x = ν, y = (ν2ν3, ν1ν3, ν1ν2)

�, z = ν1ν2ν3 in
(18) and employ that

S

⎛
⎝ ν2ν3

ν1ν3
ν1ν2

⎞
⎠ =

⎛
⎝ (Sν)2(Sν)3

(Sν)1(Sν)3
(Sν)1(Sν)2

⎞
⎠ for all ν ∈ R

3, S ∈ �(3) . (19)

��

3 (Poly)convex conjugation

For d ∈ N and f : Rd → R∞ with f �≡ ∞, the Fenchel–Legendre conjugation, also called
convex conjugation, f ∗ : Rd → R∞ of f is given by

f ∗(y) = sup
x∈Rd

〈y, x〉 − f (x),
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where 〈·, ·〉 denotes the Euclidean scalar product. The dual convex conjugation f ∗∗ : Rd →
R := R ∪ {±∞} is defined by f ∗∗(x) := sup

y∈Rd
〈y, x〉 − f ∗(y).

The following Lemma collects some well-known properties of the convex conjugation,
see for instance [16]:

Lemma 3.1 (Basic results on the convex conjugation) For d ∈ N and functions f , g : Rd →
R∞ with f , g �≡ ∞, it holds:

(i) f ∗ and f ∗∗ are lower semicontinuous and convex.
(ii) f ∗∗ ≤ f .
(iii) if f ≤ g, there holds: g∗ ≥ f and f ∗∗ ≤ g∗∗.
(iv) if f is lower semicontinuous and convex, the identity f ∗∗ = f holds.

In particular, Lemma 3.1 implies that f ∗∗ is the lower semicontinuous convex envelope
of f : Rd → R∞.

The notion of polyconvexity lifts the set of matrices Rd×d to R
Kd via M and employs

the convexity in this higher dimensional space. Based on this, the convex conjugation can be
extended to a polyconvex conjugation, which was presented in [14] based on [29, 30]. For a
function W : Rd×d → R∞ with W �≡ ∞, its polyconvex conjugation W∧ : RKd → R∞ is
defined by

W∧(B) := sup
F∈Rd×d

〈B,M(F)〉 − W (F) .

We define the dual polyconvex conjugation W∧∨ : R
d×d → R∞ by W∧∨(F) :=

supB∈RKd 〈B,M(F)〉−W∧(B). This polyconvex conjugation can be transferred to functions
defined on Rd :

Definition 3.2 (Polyconvex conjugation) For d ∈ N and � : Rd → R∞ with � �≡ ∞, we
define the polyconvex conjugation �∧ : Rkd → R∞ by

�∧(β) := sup
ν∈Rd

〈β,m(ν)〉 − �(ν) .

We define the dual polyconvex conjugation �∧∨ : Rd → R by �∧∨(ν) := supβ∈Rkd 〈β,

m(ν)〉 − �∧(β).

For the sake of clarity, we note that

〈β,m(ν)〉 = β1ν1 + β2ν2 + β3ν1ν2 for d = 2 ,

〈β,m(ν)〉 = β1ν1 + β2ν2 + β3ν3 + β4ν2ν3 + β5ν1ν3 + β6ν1ν2 + β7ν1ν2ν3 for d = 3 .

The polyconvex conjugation can be identified with the convex conjugation as follows:

Lemma 3.3 (Identification of the convex and polyconvex conjugation) For d ∈ N, let
� : Rd → R∞ with � �≡ ∞ and define h : Rkd → R∞ by

h(x) :=
{

�(ν) if x = m(ν) ,

∞ else.
(20)

Then, �∧(β) = h∗(β) for all β ∈ R
kd and �∧∨(ν) = h∗∗(m(ν)) for all ν ∈ R

d .

Proof Since 〈β, x〉 − h(x) = −∞ for x not in the image of m, we obtain

�∧(β) = sup
ν∈Rd

〈β,m(ν)〉 − �(ν) = sup
x∈Rkd

〈β, x〉 − h(x) = h∗(β)
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for every β ∈ R
kd . Inserting this identity into the dual conjugations yields

�∧∨(ν) = sup
β∈Rkd

〈β,m(ν)〉 − �∧(β) = sup
β∈Rkd

〈β,m(ν)〉 − h∗(β) = h∗∗(m(ν)).

��
We translate Lemma 3.1 to the polyconvex conjugation:

Proposition 3.4 Let d ∈ N and �,� : Rd → R∞ with �,� �≡ ∞. Then, the following
statements hold:

(i) �∧∨ is lower semicontinuous polyconvex.
(ii) �∧∨ ≤ �.
(iii) if � ≤ �, then �∧ ≥ �∧ and �∧∨ ≤ �∧∨.
(iv) if � is lower semicontinuous polyconvex, then � = �∧∨.

Proof (i): With Lemma 3.3, we can identify the convex conjugation with the polyconvex
conjugation, i.e.�∧∨(ν) = h∗∗(m(ν)) for h given by (20). Since h∗∗ is lower semicontinuus
convex by Lemma 3.1, we obtain that �∧∨ is lower semicontinuous polyconvex.

(ii): Rearranging the terms in the definition of �∧ implies �(ν) ≥ 〈β,m(ν)〉 − �∧(β)

for every ν ∈ R
d and β ∈ R

kd . This inequality is preserved for the supremum over β ∈ R
kd

and we obtain �(ν) ≥ sup
β∈Rk

d

〈β,m(ν)〉 − �∧(β) = �∧∨(ν).

(iii): This statement is a direct consequence of the definition of the polyconvex conjugation.
(iv): Part (ii) shows � ≥ �∧∨, thus it is sufficient to show that � ≤ �∧∨. Let g be a

polyconvex lower semicontinuous representative of �. We note that

g∗(β) = sup
x∈Rkd

〈β, x〉 − g(x) ≥ sup
ν∈Rd

〈β,m(ν)〉 − g(m(ν)) = �∧(β) .

Applying the convex conjugation on this inequality yields g∗∗ ≤ �∧∗ (where the convex
conjugation has to be formally extended to functions that are identical to ∞). Since g is
lower semicontinuous and convex, we get with Lemma 3.1 that g = g∗∗ and can deduce for
arbitrary ν ∈ R

d :

�(ν) = g(m(ν)) = g∗∗(m(ν)) ≤ �∧∗(m(ν)) = sup
β∈Rkd

〈β,m(ν)〉 − �∧(β) = �∧∨(ν) .

��

4 Polyconvex conjugation for5(d)-invariant functions

In this section, we show that for �(d)-invariant functions the dual polyconvex conjugation
does not only provide a lower semicontinuous polyconvex function as deduced in Proposi-
tion 3.4, but that the resulting function is also lower semicontinuous signed singular value
polyconvex, i.e. the corresponding functionW : Rd×d → R∞ is lower semicontinuous poly-
convex.

Proposition 4.1 Let d ∈ {2, 3} and � : Rd → R∞ be �(d)-invariant. Then, �∧∨ is lower
semicontinuous signed singular value polyconvex.

In the first half of this section, we show that the elementary function ν �→ �β(ν) :=
max

S∈�(d)
〈β,m(Sν)〉 is lower semicontinuous signed singular value polyconvex, i.e. induces a
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lower semicontinuous polyconvex function on Rd×d . In the second half, we use this to show
Proposition 4.1 and, then, to deduce Theorem 1.4.

Elementary singed singular value polyconvex function

Proposition 4.2 (Elementary singed singular value polyconvex functions) Let d ∈ {2, 3}.
For every β ∈ R

kd , the mapping

�β : Rd → R , ν �→ �β(ν) := max
S∈�(d)

〈β,m(Sν)〉 ,

is �(d)-invariant and lower semicontinuous signed singular value polyconvex.

The proof of Proposition 4.2 is based on Lemma 4.4, which extends [33, Proposition 3.5]
to signed singular values. In order to convince ourselves that this extension is valid and to
give deeper insights, we recap intermediate results (see Lemma 4.3 and 4.4) and adapt the
proof of [33, Proposition 3.5].

Let P : RKd → R
kd denote the projection of RKd onto the non-trivial entries ofM ◦ diag

so that PM(diag(ν)) = m(ν) in particular. Let �: Rd×d × R
d×d → R

d×d be the Schur
product for matrices defined by the pointwise multiplication, i.e. A� B = (Ai j Bi j )i, j=1,...,d

for A, B ∈ R
d×d . We write A : B = ∑

i, j=1,...,d
Ai j Bi j for the Frobenius product of matrices

A, B ∈ R
d×d . We obtain analogously to [33, Lemma 3.3] the following result.

Lemma 4.3 Let d ∈ {2, 3}, β ∈ R
kd , ν ∈ R

d and R1, R2 ∈ SO(d). Then, it holds

〈β,P(M(R1 diag(ν)R2))〉 = (R1 � R�
2 ) : N + βkd

d∏
i=1

νi (21)

with

N =
{

(β1, β2)
� ⊗ ν for d = 2,

(β1, β2, β3)
� ⊗ ν + (β4, β5, β6)

� ⊗ ν̃ for d = 3
(22)

and ν̃ = (ν2ν3, ν1ν3, ν1ν2)
�.

In Lemma 4.4, we consider the supremum of A �→ A : N + c
∏d

i=1 νi over

Td := {A = R1 � R2 | R1, R2 ∈ SO(d)}.
A linear function over a compact set T always attains its maximum on ex(conv(T )), the
extremal points of the convex hull of T . For C, T ⊂ R

d×d with C convex, we define

conv(T ) :=
⎧⎨
⎩

d2+1∑
j=1

λ j A j | λ j ≥ 0,
d2+1∑
j=1

λ j = 1, A j ∈ T

⎫⎬
⎭ ,

ex(C) := {A ∈ C | C \ {A} is convex}.
For d ∈ {2, 3}, the set ex(conv(Td)) was explicitly computed and identified as �(d) in
[33, Proposition 3.4]. Together with Lemma 4.3, we can conclude the following polynomial
inequality of von Neumann type analogously to [33].

Lemma 4.4 (A polynomial inequality of von Neumann type) Let d ∈ {2, 3}, β ∈ R
kd and

ν ∈ R
d . Then,

sup
R1,R2∈SO(d)

〈β,P (M(R1 diag(ν)R2))〉 = max
S∈�(d)

〈β,m(ν)〉.
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Proof By the Krein–Milman theorem, linear functionals attain their extrema over a compact
and convex set on extremal points. Thus, we obtain with Lemma 4.3:

sup
R1,R2∈SO(d)

〈β,P (M(R1 diag(ν)R2))〉 = sup
R1,R2∈SO(d)

R1 � R�
2 : N + βkd

d∏
i=1

νi

= sup
A∈Td

A : N + βkd

d∏
i=1

νi = max
S∈�(d)

S : N + βkd

d∏
i=1

νi = max
S∈�(d)

〈β,m(Sν)〉 ,

where N is given by (22). The last step follows for d = 2 by

S : N = S : ((β1, β2)
� ⊗ ν) = 〈(β1, β2)

�, Sν〉
and for d = 3 with

S : N = S : ((β1, β2, β3)
� ⊗ ν + ((β4, β5, β6)

� ⊗ ν̃))

= 〈(β1, β2, β3)
�, Sν〉 + 〈(β4, β5, β6)

�, S̃ν〉.

and (19), where S̃ν =
⎛
⎝ (Sν)2(Sν)3

(Sν)1(Sν)3
(Sν)1(Sν)2

⎞
⎠. ��

Proof of Proposition 4.2 We show the result for d = 3, the case d = 2 follows similarly. We
note that for every β ∈ R

kd and R1, R2 ∈ SO(3), the mapping

(A, B, c) �→ 〈β,P(R1AR2, R1BR2, c)〉
is linear, thus convex and continuous. Since convexity and lower semicontinuity are preserved
for the supremum, the mapping

Gβ(A, B, c) := sup
R1,R2∈SO(3)

〈β,P(R1AR2, R1BR2, c)〉

is convex and lower semicontinuous. Thus, Wβ defined by

Wβ(F) := Gβ(F, adj(F)�, det(F)) = Gβ(M(F))

is lower semicontinuous polyconvex.Weobserve thatWβ is isotropic since for every R̃1, R̃2 ∈
SO(3):

Wβ(F) = sup
R1,R2∈SO(3)

〈β,P(R1FR2, R1 adj(F)�R2, det(F))〉

= sup
R1,R2∈SO(3)

〈β,P(R1 R̃1F R̃2R2, R1 R̃1 adj(F)� R̃2R2, det(F))〉

= sup
R1,R2∈SO(3)

〈β,P(R1 R̃1F R̃2R2, R1 adj(R̃1F R̃2)
�R2, det(F))〉

= Wβ(R̃1F R̃2) .

With Lemma 4.4, we can reduce the supremum over R1, R2 ∈ SO(3) to the following
maximum

Wβ(diag(ν)) = sup
R1,R2∈SO(3)

〈β,P(R1 diag(ν)R2, R1 adj(diag(ν))�R2, det(diag(ν))〉

= max
S∈�(3)

〈β,m(Sν)〉.
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Hence, ν �→ max
S∈�(3)

〈β,m(Sν)〉 is lower semicontinuous signed singular value polyconvex.

��
Proof of Proposition 4.1 We show the result for d = 3, where d = 2 can be treated analo-
gously. For S ∈ �(3) and β ∈ R

k3 , we define

S�
P β := (S�(β1, β2, β3)

�, S�(β4, β5, β6)
�, β7)

and note that S�
P : Rk3 → R

k3 is bijective since S is bijective on R
3. For arbitrary ν ∈ R

3

and ν̃ = (ν2ν3, ν1ν3, ν1ν2)
�, we obtain with (19):

〈S�
P β,m(ν)〉 = 〈S�(β1, β2, β3)

�, ν〉 + 〈S�(β4, β5, β6)
�, ν̃〉 + β7ν1ν2ν3

= 〈(β1, β2, β3)
�, Sν〉 + 〈(β4, β5, β6)

�, Sν̃〉 + β7ν1ν2ν3 = 〈β,m(Sν)〉 .

With the �(3)-invariance of �, we calculate for arbitrary S ∈ �(3) and β ∈ R
k3 using that

S : R3 → R
3 is bijective:

�∧(S�
P β) = sup

νS∈R3
〈S�

P β,m(ν)〉 − �(ν) = sup
ν∈R3

〈β,m(Sν)〉 − �(ν)

= sup
ν∈R3

〈β,m(ν)〉 − �(S−1ν) = sup
ν∈R3

〈β,m(ν)〉 − �(ν) = �∧(β)

We deduce further

�∧∨(ν) := sup
β∈Rk3

〈β,m(ν)〉 − �∧(β) = sup
β∈Rk3

max
S∈�(3)

〈S�
P β,m(ν)〉 − �∧(S�

P β)

= sup
β∈Rk3

max
S∈�(3)

〈β,m(Sν)〉 − �∧(β) .

By Proposition 4.2, for every β ∈ R
kd , the map ν �→ max

S∈�(d)
〈β,m(Sν)〉 is lower semicon-

tinuous signed singular value polyconvex. Subtracting the constant �∧(β) does not affect
this property. The lower semicontinuity as well as convexity are preserved for the supremum
over β ∈ R

kd and, thus, �∧∨ is lower semicontinuous signed singular value polyconvex.
��

With Proposition 3.4, we can show that �∧∨ provides the lower semicontinous signed
singular value polyconvex envelope of �.

Corollary 4.5 Let d ∈ {2, 3} and � : Rd �→ R∞ be isotropic. Then,

�∧∨(ν) = sup{�(ν) | � ≤ �, � is lower semicontinuous

signed singular value polyconvex}
and, thus, �∧∨(ν) ≤ SvPc� ≤ � for

SvPc�(ν) := sup {�(ν) | � ≤ �, � is signed singular value polyconvex} ,

where we implicitly assume that the functions � are �(d)-invariant since we have defined
signed singular value polyconvexity only for �(d)-invariant functions.

Proof We show Corollary 4.5 by contradiction. Assume there exist �, which is lower
semicontinuous signed singular value polyconvex, and ν0 ∈ R

d such that � ≤ � and
�∧∨(ν0) < �(ν0). The pointwise maximum max{�,�∧∨} is lower semicontinuous signed
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singular value polyconvex and since �∧∨ ≤ � (cf. Proposition 3.4(i)), we can assume with-
out loss of generality that �∧∨ ≤ � ≤ �. With Proposition 3.4(iv) and (iii), we deduce
� = �∧∨ ≤ �∧∨, which is a contradiction to �∧∨(ν0) < �(ν0).

The inequality �∧∨(ν) ≤ SvPc� ≤ � follows from the first part of Corollary 4.5. ��
Proof of Theorem 1.4 We have already observed that the desired result is equivalent to the
statement: A �(d)-invariant function � : Rd → R∞ is lower semicontinuous singed sin-
gular value polyconvex if and only if it is is lower semicontinuous polyconvex. The trivial
implication is shown in Lemma 2.9. For the reverse direction, let� be lower semicontinuous
polyconvex, i.e. there exists a lower semicontinuous convex function g such that g ◦m = �

holds. We choose h as in (20) and thus, g ≤ h. We deduce

�∧∨(ν)
Lemma 3.3= h∗∗(m(ν))

Lemma 3.1(iii)≥ g∗∗(m(ν))
Lemma 3.1(iv)= g(m(ν)) = �(ν) .

Proposition 3.4(ii) gives the reverse inequality �∧∨ ≤ � and, thus, �∧∨ = �. Proposition
3.4(i) shows that�∧∨ and, thus,� is lower semicontinuous signed singular value polyconvex.

��

5 Some remarks on polyconvexity with respect to matrix invariants

Isotropic functions W with W (F) = ∞ for det(F) < 0 can be formulated by means of
singular values as in (16). The singular values of F are given by the zeros of the characteristic
polynomial ofU = √

F�F . Since the coefficients of this polynomial are given by the matrix
invariants I (U ) one can express such a functionW bymeans of thematrix invariants, i.e. there
exists ψ : [0,∞)d → R∞ such that W (F) = ψ(I (U )) for det(F) > 0 and W (F) = ∞
else. For d = 3, the invariants of U are I (U ) = (tr(U ), tr(adj(U )), det(U )).

For d ∈ {2, 3} and ψ : [0,∞)d → R convex and non-decreasing in all but the last argu-
ment andW given as above, it was shown in [42] using the polyconvexity criterion of Ball [2,
Theorem 5.2] thatW is polyconvex. While, this particular choice of g weakens the criterion,
it can simplify its applications and allows the direct consideration of functions naturally for-
mulated in terms of matrix invariants. We adapt the approach of [42] and use Theorem 1.4
instead of [2, Theorem 5.2]. This leads to a new sufficient criterion for polyconvexity for
functions which are given in terms of the elementary symmetric polynomials of the signed
singular values. This new criterion replaces the restriction that ψ is non-decreasing by the
symmetry assumption (25).

We denote the elementary symmetric polynomials by e = e(x), i.e.

e : R2 → R
2, x �→ (x1 + x2, x1x2) for d = 2 ,

e : R3 → R
3, x �→ (x1 + x2 + x3, x2x3 + x1x3 + x1x2, x1x2x3) for d = 3 .

(23)

Lemma 5.1 (Injectivity of the elementary symmetric polynomials) Let e : Rd → R
d be

defined by (23). Then, e is injective up to permutations in S(d), i.e. e(x) = e(x̃) if and only
if x̃ = Sx for S ∈ S(d).

Proof Let x, x̃ ∈ R
d with e(x) = e(x̃) ∈ R

d . We identify the following polynomials

d∏
i=1

(λ − xi ) = λd −
d∑

i=1

λd−i (−1)i ei (x) = λd −
d∑

i=1

λd−i (−1)i ei (x̃) =
d∏

i=1

(λ − x̃i )

and the fundamental theorem of algebra implies x̃ = Sx for some S ∈ S(d). ��
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Due to the injectivity of e given in Lemma 5.1, for every S(d)-invariant function � : Rd →
R∞, i.e. �(ν) = �(Sν) for all ν ∈ R

d and S ∈ S(d), there exists a function ψ : Rd → R∞
such that

�(ν) = ψ(e(ν)) . (24)

The function ψ in (24) is uniquely defined on the image of e. The other way around, every
function ψ : Rd → R∞ defines a S(d)-invariant function � : Rd → R∞ via (24). However,
in our application of isotropic functions, � is not only S(d)- but also �(d)-invariant. Thus,
ψ has to satisfy the symmetry

ψ(e(ν)) = ψ(e(diag(ε)ν)) for all ν ∈ R
d and ε ∈ {−1, 1}d with

d∏
i=1

εi = 1 (25)

in order to generate a �(d)-invariant function � via (24).
With this at hand, we can formulate a sufficient condition for polyconvexity in terms of

ψ :

Proposition 5.2 Let d ∈ {2, 3} and assume that ψ : Rd → R∞ is convex, lower semicontin-
uous and satisfies (25). Then, � : Rd → R∞ given by (24) is lower semicontinuous signed
singular value polyconvex.

Proof We prove the result for d = 3; it follows in the same way for d = 2.
We choose g(ν1, ν2, ν3, μ1, μ2, μ3, δ) := ψ(ν1 + ν2 + ν3, μ1 + μ2 + μ3, δ). It can be

easily seen that g : Rk3 → R∞ is convex if and only if ψ is convex. Moreover, g is lower
semicontinuous if and only if ψ is lower semicontinuous. Theorem 2.1 implies that � is
lower semicontinuous signed singular value polyconvex. ��

Proposition 5.2 gives only a sufficient but not a necessary condition for the lower semi-
continuous signed singular value polyconvexity of �. The proof uses a specific choice of the
representative g based on ψ but does not exclude other choices for g.

We note that for F ∈ R
d×d with det(F) > 0, we can choose the signed singular values

positive, i.e. ν ∈ (0,∞)d and have e(ν) = I (U ) = (tr(U ), tr(adj(U )), det(U )), whereU is
the symmetric positive definite right stretch tensor of F , i.e. U 2 = F�F . As a consequence
of Proposition 5.2, we can replace the non-decreasing property in the polyconvexity criterion
of [42] by the symmetry assumption (25):

Corollary 5.3 Let d ∈ {2, 3} and ψ : Rd → R∞ be a convex and lower semicontinuous
function satisfying (25) and ψ(α1, . . . , αd) = ∞ for αd ≤ 0. Furthermore, let the function
W : Rd×d → R∞ be given by

W (F) =
{

ψ(I (U )) if det(F) > 0 ,

∞ if det(F) ≤ 0 ,

where U is the symmetric positive definite right stretch tensor of F, i.e. U 2 = F�F, and
I (U ) denotes its invariants, I (U ) = (tr(U ), tr(adj(U )), det(U )). Then, W is isotropic and
lower semicontinuous polyconvex.

6 Conclusion

We identified isotropic functions (W ) on R
d×d by �(d)-invariant functions (�) on R

d . For
functions on R

d , we use a notion of polyconvexity, which arises naturally when replacing
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the minors of matrices by minors of vectors. We introduced the notion of singed singular
value polyconvexity for�(d)-invariant functions via the polyconvexity of the corresponding
isotropic function. Using the polyconvex conjugation, an extension of the Fenchel–Legendre
transformation, we showed for�(d)-invariant functions that they are polyconvex if and only
if they are signed singular value polyconvex. This lead to our main result: isotropic functions
are polyconvex if and only if their restriction to the set of diagonal matrices is polyconvex.

It provides the following dimension reduction: Instead of seeking a convex representatives
G : Rkd → R∞, it suffices to seek for a convex representatives g : Rkd → R∞, with k2 = 3
instead of K2 = 5 and k3 = 7 instead of K3 = 19.

Furthermore, we derived a new criterion for the polyconvexity of isotropic functionswhich
are given in terms to the matrix invariants of the right stretch tensor

√
F�F instead of the

deformation gradient F or, more generally, the elementary symmetric polynomials of the
singular values of F .
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