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Quantum dot arrays are a versatile platform for investigating coherent charge and spin transport, with
direct relevance for scalable quantum information processing. While long-range tunneling has been
extensively studied in triple quantum dots, the role of reduced symmetry in quadruple quantum dot

(QQD) systems remains largely unexplored. Here we show, employing a master equation approach,

that coherent long-range charge transfer can persist in QQDs even under reduced symmetry
configurations. We identify clear resonance conditions characterized by strongly suppressed
population of the intermediate dots, as well as distinctive signatures such as interference between
competing long-range channels and current blockade effects. Our results, obtained with
experimentally realistic parameters, establish that efficient long-range transfer does not require
perfect symmetry, and provide theoretical guidance for future experimental efforts to harness
coherent transport in extended quantum dot arrays for quantum technologies.

Quantum dots (QDs) constitute a highly controllable platform for exploring
fundamental quantum phenomena, coherent charge transport, and
potential applications in quantum information processing and quantum
computing architectures"’. Among various configurations, linear quantum
dot arrays have emerged as especially promising, owing to their ability to
support long-range coherent charge and spin transport mediated by virtual
occupation of intermediate dots, a process known as co-tunneling’™.

While spin transport is a key requirement for scaling up spin-based
quantum computing architectures, especially for implementing long-
distance spin qubit coupling, charge transport remains an essential and
experimentally accessible proxy for investigating the underlying coherent
tunneling mechanisms that enable such coupling. In particular, charge
dynamics directly reflect the structure of the energy spectrum, the strength
and symmetry of tunnel couplings, and the role of virtual intermediate
states. Studying charge transfer allows us to characterize and isolate regimes
where long-range tunneling dominates, including conditions under which
occupation of intermediate dots is strongly suppressed.

Substantial insight into coherent transport mechanisms has been
obtained from studies on double quantum dot (DQD)"** and triple quan-
tum dot (TQD) systems'*”’. In DQDs, spin blockade phenomena, arising
from Pauli exclusion, have been extensively studied and exploited for spin
qubit readout and coherent manipulation®. TQD systems have revealed
more intricate phenomena, including bipolar spin blockade”, coherent
superpositions avoiding intermediate dots”, and long-range spin and
charge transfer mediated by superexchange interactions’, where the
transfer occurs between not directly coupled QDs. These seminal

investigations established the pivotal role of coherent tunneling and spin-
dependent interactions in quantum dot arrays.

Extending these concepts to quadruple quantum dot (QQD)
systems™ ™ introduces additional complexity and richness due to the
increased number of degrees of freedom and an expanded parameter space.
As an example, Kondo effect” and Nagaoka’s ferromagnetism can be
observed in QQDs*. QQDs have also been proposed as quantum simulators
of the Wigner molecule”, rendering this system particularly interesting for
quantum simulation and quantum information applications.

Due to the symmetry of TQD arrays they exhibit perfect dark states,
eigenstates with minimal occupation of the intermediate dots, which are
crucial for long-range transport’’". In contrast, QQDs lack such internal
symmetry™, and dark states are expected to effectively appear only under
highly symmetric configurations. Also, the presence of cross-coupling
between the dots in an experimental device can further complicate the
emergence of dark states. This difficulty stems from the demanding tuning
requirements for multiple parameters, including tunneling amplitudes,
inter-dot Coulomb interactions, and gate-defined energy levels. Currently,
assisted machine learning techniques are proposed to simplify the tuning of
these parameters®”. However, the existence of long-range transport in
reduced symmetric configurations remains an open question.

In this work, we present a theoretical study of charge transport in a
linear QQD array coupled to electronic reservoirs where the symmetry
requirements are relaxed. Then, we focus on coherent long-range charge
transfer under explicitly non-symmetric configurations. Using a master
equation formalism in conjunction with an effective co-tunneling
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description, we systematically explore the parameter regimes that enable
long-range transport between distant QDs. We identify distinct resonant
conditions characterized by suppressed occupation of the intermediate sites.
While our study is theoretical, the parameters and conditions considered are
compatible with current experimental platforms, and we anticipate our
results will inform future experimental efforts™””.

Methods

Model for closed system

We aim to study electron spin qubits on GaAs planar QDs, where the
spin-orbit interaction is negligible. Furthermore, the main results of this
work can be extended to other materials with negligible spin-orbit
interaction.

We consider a minimal model comprising Anderson impurities line-
arly coupled to two fermionic leads, see Fig. la, described by the total
Hamiltonian H = H, + H, 4 + H coup- The first term describes the
quantum dot array populated by electrons, with a single orbital per site. This
term is modeled by a Fermi-Hubbard Hamiltonian, given by

. N=4 N=4 N—4V
Hy= Y e+ Y Uy + > 2y
i=1 i=1 i#f
N-1=3 s
+ > Ti<2iae<i+1>a+H~C-> (1)
=1o={14}
N=4X‘ —
1
T2 Se

where ¢; denotes the on-site energy of the i-th dot, U; is the on-site Coulomb
repulsion, V;; represents the inter-dot Coulomb repulsion, and 7; is the
hopping amplitude between adjacent sites i and i+ 1. The creation
(annihilation) operator ?:Z, (¢;,) creates (annihilates) an electron with spin o
at site 4, and 7; = > _#,, is the total occupation operator at site i, with
7i,, = & ¢, Note that no long-range hopping is considered in this model.
In GaAs lateral dots, interdot tunneling rates in the range 7; ~ 1 — 10 eV are
routinely achieved'*”””. These values set the relevant energy and time scales
for our simulations. Finally, we include a local Zeeman splitting

— -
Aj=gup B
_B>N7,- is the effective Overhauser magnetic field due to the hyperfine

~.i» Where yig is the Bohr magneton, g is the electron g-factor,

interaction with the nuclei, and g is the electron g-factor. Also, we have
defined the spin operators in second quantization as
_)

=3 ZJ o cm 7 o' Cior» Where 7 is the vector of Pauli matrices. During
all the calculations that follow, we have assumed a hyperfine interaction with

values”A® = [0.15,0.2,0.1,0.14] geV. The main conclusions of the paper
are 1ndependent ofthe spec1ﬁc values of the hyperfine interaction, as long as
they are in the range of typical values for GaAs QDs.

We restrict our analysis to the lowest orbital state in each QD, assuming
that the orbital level spacing is much larger than both the thermal energy and
the tunneling amplitudes, such that excited orbitals remain effectively
unpopulated. Although higher orbitals could, in principle, open additional
transport channels or renormalize the effective interactions, such effects are
strongly suppressed in the experimentally relevant regime considered here.
Our model is formulated for GaAs, where valley degrees of freedom are
absent. However, the core mechanism, namely, long-range transfer medi-
ated by virtual transitions, is expected to remain applicable to silicon QDs as
well, provided the valley splitting exceeds both the tunneling amplitudes and
thermal energy, Ays ~ 250 ueV > 1; ~ 10 yeV, kgT ~ 1 ueV**™. Never-
theless, valley splitting must be taken into account in regimes where high
detuning brings excited orbital states into resonance. Such scenarios lie
outside the scope of this work. Finally, in systems with small or fluctuating

valley splitting, transport resonances may broaden or split, complicating the
identification of coherent long-range transfer.

For simplification, we assume that the inter-dot Coulomb repulsion
depends only on the distance between the dots, i.e., Vi = V;;;«. The on-site
energies are determined by the applied voltage bias. Due to capacitive cross-
talk, these energies are not independent, and are expressed as a linear
combination of the voltages applied to the two outermost gates, see Fig. 1b,
as

& =g+ oV +apVy, (2)

where ¢ is a static energy offset, a; (g, is the lever arm associated with the
left (right) gate, and V) is the corresponding voltage bias. Without loss
of generality, we set the energy offsets of the first and last dots to zero, i.e.,
£10=&no=0. For concreteness, we adopt the lever arm values”:

o =(—85 —36, —12, —7)pueVmV "' and ap = ( -7, —12
—32, —81) peVmV~".

Model for open system
The leads are modeled by the Hamiltonian

Higpg, = Z Z Z slkdlkudlkw 3)

I=L,R

where El;«j (Ei ko) creates (annihilates) an electron in lead I with momentum
k, spin 0, and energy ¢j.
Finally, the coupling between the leads and the QDs is described by

N ot
HCOHP = 1; (yl,idlkacia + H'C'>7 (4)
ko

where y;; quantifies the coupling strength between lead I and dot i. We
assume a linear array of N dots, with the first and last dots coupled to the left
and right leads, respectively. Thus, the nonzero couplings are y; ; = y; and
YRN= Yr, While y ;= yr;= 0 for all other sites.

The charge current is obtained by solving the steady-state of the
Lindblad master equation for the reduced density matrix of the dots*:

;)ss = _i[H07/A)ss] + Eﬁss =0. (5)

Here, p  is the steady state reduced density matrix of the dots, and
the Liouvillian superoperator £ accounts for the coupling to the leads,
as well as spin relaxation and dephasing processes. A detailed derivation
of the Lindblad master equation is provided in the Supplementary Meth-
ods. For all the simulations presented in this work, unless otherwise
stated, we consider the coupling to the leads as I =0.28 yeV and
I'r=0.21peV, where I = ZnDL(R)|yL(R)|2, and Dy, is the density of
states of the leads.

In our model, the main decoherence mechanisms included are spin
relaxation (T}) and spin dephasing (T5), which enter the Lindblad equation
as incoherent processes. We do not include explicit mechanisms for charge
relaxation or pure charge dephasing. However, we study the primary impact
of charge dephasing on the charge transport properties in the Supplemen-
tary Note 1.

Our primary objective is to analyze long-range transport across a QQD
array, with electric current flowing from the left to right. To this end, we
examine the charge current as a function of the gate voltages applied to the
extremes of the quantum dot array. To compute the current operator, we
assume a positive bias direction, i.e., gy > g, where y; is the chemical
potential of lead L. Therefore, the charge current for the QQD is given by

IQQD = esumm,n (r;npirsn - r;;«Pffn)’ (6)
where T} is the transition rate from state |m) to state |n) due to a tunneling
event from the quantum dot array to one lead, and analogous for I, for a
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Fig. 1 | Schematic figure of the total system. a Linear quadruple quantum dot
(QQD) array, coupled to leads with rates I' g, defined by chemical potentials y; g.
Electrons can flow from the source (left lead) to the drain (right lead) through the
quantum dot array. Interdot tunneling rates are denoted by 7;. Each dot is char-
acterized by its on-site energy ¢;. When states (2,0, 0, 1) and (1, 0, 0, 2) are degenerate,
and the middle dots are out of resonance, long-range transport occurs between the
first and last dots, denoted with a gray dashed line. b Gates defining the QQD,
together with the source and drain leads. The plunger states V; and Vy are applied to
the first and fourth dots, respectively.
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Fig. 2 | Dynamics of the charge occupation for a single particle in a closed
quadruple quantum dot. The dynamics is represented for the original Hamiltonian
(solid lines), and the effective model (dashed lines), given by Eq. (8). The system
parameters are 7, =T, &, =&, =0, and &, = £3 = 107.

tunneling event from one lead to the quantum dot array. Here, pj5, is the
diagonal element of the density matrix in the steady state, which is obtained
by solving Eq. (5) with p,,, = 0.

We now introduce the notation for the quantum states considered.
Focusing on the charge sector, basis states are labeled by the site occupations
as |n,n,,ny,n,). The corresponding energy is denoted Ey o, 0
absence of an external magnetic field, these energies are independent of spin.
However, due to the presence of Coulomb interaction, the eigenenergies lift
the degeneracy between states with different spin configurations.

Throughout this manuscript, we consider configurations with a total
electron number ranging from 0 to 4. Simulations involving larger occu-
pation numbers (from 5 to 8 electrons) yield qualitatively similar results.

In this manuscript, we focus specifically on long-range transitions
between the first and last dots in the QQD array. To facilitate this, we define
a dark state |[DS) as an eigenstate of the system Hamiltonian that exhibits
zero population on the two central dots. It is important to note that this
definition of a dark state originates within the quantum state transfer
framework™~ and differs from its usage in the context of charge transport,
where a dark state is typically understood as one that does not contribute to
current flow'*”".

Results and discussion

One particle results

Closed system. We begin by analyzing the dynamics of a single electron
inanisolated QQD array, i.e., with I'; g = 0. In this regime, the spin degree
of freedom can be neglected, and the Hamiltonian simplifies to

T; (E;Eiﬂ + H.c.)7 7)

where we have neglected the hyperfine interaction term.

An exact diagonalization reveals that, in contrast to the TQD case, a
dark state is not present in the QQD array, even when all dots are in
resonance ¢; =¢. That is, there exists no eigenstate of the Hamiltonian
exhibiting an exact vanishing occupation of the central dots, see the Sup-
plementary Note 2 for more details.

Nonetheless, a high-order co-tunneling process can emerge when the
central dots are strongly detuned from the outer ones, enabling direct
tunneling between the first and last dots. The occupation of the intermediate
dots can be suppressed by tuning their on-site energies ¢;. In the limit
le,1, le51>>1€, 1, ley], 7;> @ third-order Schrieffer-Wolff transformation yields
an effective Hamiltonian involving only the outermost dots:

Hee = & + Bty + 1 (€12, + Hac), ®)

where the renormalized on-site energies are & = ¢; + 72/(¢; — &,) and
&, = & + 13 /(e, — &), and the effective hopping amplitude is

L _ThT { 1 1
et 2 (&, —&)(ey —&3) (84— &)y — &3)

| o

In the Supplementary Note 3, we provide a brief introduction to the
Schrieffer-Wolff transformation and the derivation of the above effective
Hamiltonian.

When the condition &, = &, is met, full charge transfer between the
outermost dots becomes possible with negligible population of the central
sites. This transfer is mediated by virtual transitions to the central dots, which
are energetically forbidden. Figure 2 illustrates how the dynamics governed
by the effective model closely replicate those of the full Hamiltonian, with
Rabi oscillations between the first and last dots (blue and red lines), and
minimal occupation of the intermediate dots (green and orange lines). The
rapid wiggling of the solid lines indicates the presence of coherent oscillations,
which are not present in the effective model (dashed lines). These low
amplitude oscillations are a consequence of the small but finite population of
the central dots, with a maximum population of ~3% on each of them.
Increasing the detuning of the central dots |, |, |¢;| leads to a suppression of
these oscillations, at the expense of reducing the effective tunneling amplitude
Te Which in turn reduces the Rabi oscillation frequency. Working with a
moderate tunneling rate of 7; ~1 eV, we estimate a transfer time ~100 ns.
This timescale is lower than the typical charge fluctuation time in GaAs QDs,
which is on the order of 1 ms™, indicating that the long-range transfer can
be achieved within the coherence time of the system.

Open system. When the QQD is coupled to the electronic reservoirs, a
current can flow through the system. This occurs only when a resonant
transition within the QQD is energetically allowed, and it is inside the
transport window. For a single particle, the region of positive charge
current is defined by the conditions y; >¢; and pr<e,. Outside this region,
the system resides in a Coulomb blockade regime, and the current
vanishes.
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Fig. 3 | Current and average charge in a quadruple quantum dot with a single
particle. Schematic representation of the system in a (a) highly symmetric config-
uration, and (b) an asymmetric configuration. The green ellipses denote the outer
dots, while the red ellipses denote the inner dots. The half circles represent the leads,
and the arrows indicate the tunneling directions with its thickness representing the
tunneling rates. ¢, d show the current on the quadruple quantum dot (Ioqp) as a
function of the detunings ¢, and e;. White dashed lines denote the analytical reso-
nance condition from Eq. (10). e, f show the average charge (left axis) and current
(right axis) along the white horizontal arrows in panels (¢, d), with &3 = 5 peV. Green
dot-dashed lines represent average charge in the outer dots, red dashed lines for the
inner dots, and the blue solid lines indicate the current. Vertical dashed lines mark
the position of the resonance. The parameters for the symmetric case (c, e) are

7; = [2,2,2] peV and &, = &4 = 0, while for the asymmetric case (d, f) are

7; =[2,1,3]ueV, e, =0, and g, = 0.4 peV.

Using the effective model from Eq. (8), the resonance condition
& = g, results in the relation

(e, — &)
24 (g, — &), — &)

(10)

& =&+

It is important to remark that when the condition of large detuning
between the outer and the inner dots is not fulfilled, the effective model is no
longer valid. In this case, even with &, = &,, the population of the middle
dots remains finite. To quantify the average charge occupation of each dot,
we define

(Q)) = tr(npy)- (11)

Figure 3 presents the charge current for the QQD, as a function of
detunings ¢, and &5 for two distinct configurations. We observe typical
currents in the range of Ioqp ~ 2 pA, which are measurable in state-of-the-
art experiments”. Based on this current, we estimate that the average time to
transfer a single electron across the QQD is in the order of
taqp =€e/lgqp ~100ns, which coincide with the timescale of the Rabi
oscillations in the effective model. Note that this time is larger than the spin
dephasing time T = 10 ns, indicating that the main features of the long-
range transport are not significantly affected by the spin dephasing. We will

2.0

1.5
— <
> =)
B =
® 1.0 ¢
s <

0.5

-1.0 L e L L 0.0

—1.0 -0.5 0.0 0.5 1.0
Vi [mV]

Fig. 4 | Current through the quadruple quantum dot array in the single-particle
regime. The current is shown as a function of the gate voltages applied to the left-
and right-most dots, V; and V, respectively. Dark green lines denote the region of
positive charge current, as described in Eq. (13). Black lines indicate various reso-
nance conditions. Dashed lines correspond to long-range transfers between first and
third, and second and fourth dots. With a dot-dashed line we denote a long-range
transition between the first and last dots. Lines fade out in regions of high current to
emphasize the current features. The parameters are 7; = [3,5,2] yeV, T, =10 ns,
Hrr) =+ 37.5ueV, &5 =7 eV, and e39 = =5 peV.

In the symmetric case, Fig. 3c—e, tunneling amplitudes are equal for all
dots, and the outer dots are in resonance. A pronounced current resonance
appears, though the population of the central dots remains non-zero, ie.,
(Q2) + (Qs) # 0. In the case of larger detuning for the inner dots, its
population is reduced. However, the effective tunneling amplitude T
drastically decreases, leading to a reduced current that is hard to observe in
real experiments.

To compare results, we also study an asymmetric configuration in
Fig. 3d-f, not only in terms of the on-site energies of the outer dots, but also
in the tunneling rates. In contrast to the symmetric configuration, close to
the resonant condition, a clear dip in the central dots population emerges. In
this situation, the central dots hybridize effectively, forming a single dot. The
resulting dynamics resemble those of a TQD, which supports a dark state
with vanishing central dot population.

Importantly, even in TQD systems coupled to the leads, where dynamics
become incoherent, the central dot population is no longer strictly zero, but
still exhibits a pronounced dip close to the resonance, similar to the one
shown in Fig. 3f. Such a dip is absent in the symmetric QQD configuration.
This observation underscores that long-range transport does not necessarily
require a highly symmetric configuration. Furthermore, the presence of a
finite dephasing time T, modifies both the current and the inner dots’
occupation, as can be seen in the Supplementary Note 1. As expected, systems
with low dephasing times exhibit a less pronounced dip in the inner dots’
occupation, making it difficult to observe long-range transport.

So far, we have focused on tuning the on-site energies to gain intuitive
insight into the system’s behavior. However, capacitive coupling among the
dots significantly alters the resonance conditions. Nevertheless, based on
prior results, we expect that transport signatures persist even under asym-
metries induced by lever arms. In Fig. 4, we show the charge current as a
function of the gate voltages V; and Vx.

In general, the transport window for the resonance between two states
ly,) =Iny,ny,....ny) and |y,) = |n},n),... 0y ), with associated
energies E, and E,, , is defined by the conditions

> _
Yy = E% Ewtlm,

study this effect in more detail in the Multiple particle results subsection in <E —E (12)
the Results and Discussion section. Hr =5y, v
Communications Physics| (2025)8:410 4
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Table 1 | Spin basis of single occupied states for three
electrons

Basis s S, Tensor basis
;;3/2)> 3/2 +3/2 |T,'T/Tk>
19 "2) 82 2 3 (Wt h) + 100 + 1))
1a5"?) 82 =i 35 (Habite) + by + Wity ) )
f/k3/2)> 3/2 —3/2 |¢/¢1¢k>
DGy 12 e 35 (Idite) = itte))
D) 12 -2 35 (11d4) — Wity )
1) V2o 2 () — i) — it ))
IDj ) 12 —e 25 (200a40e) = Wit = i)

The indices 1<i # j # k<N denote the QDs where the electrons are located.

where we have defined the states |1[/(L)> =In, —Ln,,..., nN> and
|1//(R)> =|n,ny, ..., ny — 1> as the states with one fewer electron in the
left- and right-most dots, respectively, and their corresponding energies
Eyuw and E,w. Across the entire work, we will denote the region of positive
current with dark green lines for the long-range transfer between the first
and last dots. In this subsection, we show the transport window for the states
ly,) = [1000) and |y,) = |0001), obtaining:

prze = o Vi +apVe,
Up=egy =

The transport window for other states can be obtained by using the
condition in Eq. (12) with the corresponding energies. Out of the transport
window, a small but finite current flows due to the finite temperature. Inside
the transport triangle, the current is maximum in a series of resonance
conditions, which are represented by the black lines. These resonances are
due to the possibility of a resonant transition between different energy levels
of the QQD. On the one hand, we have the long-range transfer between the
first and last dot of the array, labeled as 1000-0001. Note that we have
dropped kets in the states in order to simplify the notation. On the other
hand, other long-range transitions between the next nearest-neighbor dots,
labeled as 0100-0001, and 1000-0010, are also present. When these tran-
sitions meet, the current exhibits an avoiding crossing, which is a clear
signature of different coherent processes interfering with each other.

Black lines in Fig. 4 represent solutions to the resonance conditions. As
an example, for the 1000-0001 resonance we solve &; = &4, obtaining the
condition

(13)

oy Vi + agpVp.

V.= v, %" %L

5 Pagg — o (14)
By fitting the slope of this resonance, the corresponding lever arms can be
extracted.

We conclude that, even in the presence of decoherence and reduced
symmetry, manifested through detuned central dots and non-uniform
tunneling rates, the 1000-0001 long-range resonance remains observable. In
the Supplementary Note 1, we include a study of the effect of charge
dephasing on the current, showing that, even when working with state-of-
the-art dephasing times, long-range transport is still visible.

Multiple particle results

Closed system. The dynamics of the QQD array become significantly
richer when multiple electrons are introduced into the system. Here, we
concentrate on the scenarios involving two and three electrons.

Since the original Hamiltonian described in Eq. (1) in absence of
hyperfine interaction preservers total spin, the Hilbert space decomposes
naturally into subspaces labeled by the total spin quantum number s. For
two electrons, the total spin can adopt values of s = 1 (triplet states, T) or s = 0
(singlet states, S). In the case of three electrons, the total spin can adopt
values of s = 3/2 (quartet states, Q) or s = 1/2 (doublet states, D). We employ
Clebsch-Gordan coefficients to represent these spin states, given in Table 1.
In addition to these single-occupied states, doubly occupied states, denoted
by |S;0;), indicating a double occupancy at site i and single occupancy with
spin o at site i # j, also become relevant.

In practice, slow variations in the local Zeeman splitting, arising from
nuclear spin dynamics or g-factor inhomogeneity, break total spin con-
servation on microsecond timescales. However, since the considered local
Zeeman splitting is smaller than the coupling rates Agz) <1; and the trans-
port dynamics of interest occur on the order of ~ 100 ns, spin remains a
good quantum number over the relevant interval.

The system’s dynamics are thus enriched by competing coherent
processes. To elucidate the underlying physics, it is instructive to analyze
each spin sector independently. The simplest scenario is the s =3/2 sub-
space, where double occupancies are forbidden. It is worth noting that no
spin-flip processes are present in the closed system, so no coupling between
quartets and double-occupied states is possible. Under these conditions, the
sector closely resembles the single-particle, admitting long-range transfer
when Ejj10=Ep11- In such conditions, the central dots are maximally
occupied, yet exhibit no charge fluctuations during dynamics. This reso-
nance condition coincides exactly with the single-particle resonance given
by Eq. (14). Using Eq. (12), we find that the condition for positive current in
this regime is y4; >(E1110 — Eo110) and 4r<(Eo111 — Eo110). Near resonance, we
derive an effective two-state Hamiltonian effective model given by:

3/2 3/2
o) (a5

% 3/2 +3/2
+ EOlll (2-;—4/ )><Q23 / )’
([l )@+ e,

where the effective energies and hopping amplitudes can be found in the
Supplementary Note 4. By making the substitutions E; 119 — €4, E1101 — €3
Ei011 — &, and Ey;1; — €, we directly mapped to a single-particle scenario
by reinterpreting the process as hole transport between the outermost dots.
In the equation above we have focused on the s, = +-3/2 sector, but the same
results can be obtained for all the other s, values.

In the s = 1/2 subspace, analogous long-range transfer conditions
(Ev110= EO 111) remain valid. However, due to degeneracy between doublet
states |D 9 )y and |D/(J)) in the absence of magnetic fields, the resulting
effective model is 51gn1ﬁcantly more intricate, making the mapping to a
single-particle systems less straightforward.

Alternatively, double occupancy states permit another type of long-
range transport under the resonance E,qo; = Ej 02, characterized by minimal
intermediate-dot occupancy. An effective Hamiltonian describing this case
reads

Hes =Epn

(15)

I:Ieff :E2001|81¢4><81¢4| + E1002|S4J,1><S4¢1|
+ 7(1S;44)(S4d1] + Hee),

where the effective energies and hopping amplitudes can be found in the
Supplementary Note 5. Figure 5 shows the dynamics of the closed system,
which demonstrates that this effective model accurately captures the sys-
tem’s dynamics. At the bottom, we present a zoomed-in view of the
dynamics for the central dots, showing a population lower than 1%. Due to
this small population, the rapid oscillations for the outer dots, presented in
Fig. 2, are highly suppressed.

Here, we have shown the dynamics for the case of three particles, but
similar results can be obtained for two particles for the long-range reso-
nances 2000-1001 and 1100-0101.

(16)
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Fig. 5 | Dynamics of the charge occupation for three particles in a closed quad-
ruple quantum dot. The dynamics is shown for the original Hamiltonian (solid lines),
and the effective model (dashed lines), from Eq. (16). In the bottom, a zoomed-in view of
the dynamics is shown, to better visualize the small population of the central dots. System
parameters are given by 7;=T7=3 eV, ¢; = [—1836.2, —700, —655, —1714] peV,

U, = [1720, 1500, 1220, 1600] ueV, V, = [450, 200, 100] ueV..

Open system. Coupling the QQD to leads enables a finite current to flow
under suitable resonance conditions. A general resonance between two
charge configurations, |n;, n,, 15, n4> and |}, n}, nj, nﬁl>, is described by
a straight line in the V-V plane. Solving the resonance condition

R En ot the resulting line takes the form Vy=mV} +n,
where the slope is given by
4
m= M (17)

Z?:l ap(n; — ”i)'

Note that, in general, the slope m is not unique, and different resonances
may exhibit the same slope. For example, the transitions 2000-1001 and
1100 — 0101 share the same value of m. The intercept 7 is determined by the
Coulomb interaction and the on-site energies €, and &3, defined in Eq. (2).
It is this intercept that breaks the slope degeneracy, allowing us to
distinguish between different resonance lines. However, since the explicit
expression for # is lengthy and not relevant for the current discussion, its
derivation is provided in the Supplementary Note 6.

In Fig. 6a, we show the charge current near the 1100-0101 transition. In
this case, both singlet and triplet states contribute to the transport. Since we
are dealing with multiple resonance conditions with different initial and
final states, the transport triangle differs for each resonance condition. This
difference is clearly visible in the 1100-1001 resonance, where the current
rapidly decreases for V; > —1 mV. At the intersection of the 1100-0110 and
1100-0101 resonances, we observe a pronounced current drop.

This current blockade is a consequence of the resonance between the
first and third dots. To gain better insight into the current blockade, we focus
on the 1100-1001 resonance. For this resonance, out of the blockade region,
the current follows the path 1000 — 0100 — 1100 — 1001 — 1000. The first
step is the bottleneck of the process, since other paths are in resonance. That
is why, if the first and the second dots are in resonance, the current is
maximized, see Fig. 6b, c. However, when the first and the third dots are in
resonance, the path is given by 1000 — 0010 — 1010. The final state is out of
the transport window, and the current is blockaded, leading a sharp drop in
the current. Since double occupancy states are not involved in the blockade,
the same mechanism explains the blockade of triplet and singlet states. If the

[Iqan| [PA]

1100 — 0101 1000

100 20.0
15.8
11.5
7.2

3.0

72 [ueV]

[Iqqp| [PA]
s o
| |
N -

10° 1.00
0.75
0.51
0.26

0.01

10-1

10—2

[Iqap| [pA]
1/T2 [ns‘l]

Vi, [mV]

Fig. 6 | Current in the two-particle regime near the 1100 — 0101 resonance.

a Current map as a function of the gate voltages applied to the left- and right-most
dots, V; and Vy, respectively. Dark green lines indicate the region of positive current.
Black dashed and dot-dashed lines correspond to different resonance conditions, as
labeled. b, ¢ Current blockade for the 1100-1001 resonance. In (b), we show the
current for different values of the central tunneling amplitude 7, for T, = 10 ns, and
in (c), we show the current for different values of the dephasing time T, with

7, =5 peV. Vertical color-coded dashed lines indicate the position for the resonances
denoted on (a). Other parameters, common to all panels, are &,, = 8 peV and

€30 =10 peV, U; = [1500, 1650, 1220, 1800] eV, V; = [1000, 500, 333] yeV,

7; = [10, 20, 10] ueV, and gy = 1550 peV and pg = 1250 peV. All other parameters
are identical to those in Fig. 4.

tunneling rate between the second and the third dots is increased, even if
there are out of resonance, a finite current can flow through the system,
obtaining a less pronounced blockade, as shown in Fig. 6b. When the
dephasing time is reduced, see Fig. 6¢, the current blockade is slightly lifted,
but a clear current drop is still present.

It is important to note that the blockade also coincides with the reso-
nance E; 100 = Ey001 = Eo110- However, the presence of the state |0110) is not
necessary for the blockade to occur. This coincidence is due to the fact that
the interdot Coulomb repulsion is site independent, i.e, the repulsion energy
between two particles located between the first and the second dots is the
same as between the second and the third dots. The result is that the
resonant condition for the 1100-0110 transition is given by the same con-
dition as the 1000-0010 transition.

By modifying the bias voltage, and the detuning of the central dots, we
can focus on resonance conditions such that singlet states are mainly
involved in the transport while reducing the presence of triplet states, as
shown in Fig. 7. Here, only the resonance condition 1100-1001 carry any
contribution from the triplet states, as demonstrated by the absence of an
avoided crossing between the 2000-1001 and 1100-0101 transitions. In the
upper right corner, marked with a white arrow, we observe a fine line with
high current which corresponds to a three-particle resonance, given by
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Fig. 7 | Current map in the two-particle regime near the 2000 — 1001 resonance.
The current is shown as a function of the gate voltages applied to the left- and right-
most dots, V7 and Vy, respectively. Dark green lines indicate the region of positive
current. Black dashed and dot-dashed lines correspond to different resonance
conditions, as labeled. The detuning of the central dots is &9 = 800 peV and

€30 =9203.7 eV, and the bias are y; = 2500 peV and pg = 1900 peV. A white arrow
indicates the 2010-1101 resonance. All other parameters are identical to those

in Fig. 6.
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Fig. 8 | Current map in the three-particle regime near the 1110-0111 resonance.
The current is shown as a function of the gate voltages applied to the left- and right-most
dots, V; and Vj, respectively. Dark green lines indicate the region of positive current.
Black dashed and dot-dashed lines correspond to different resonance conditions, as
labeled. The detuning of the central dots is &, = €30 = —398 peV, and the Coulomb
repulsion is U; = [1720, 1500, 1220, 1600] ueV, V; = [280, 167, 100] yeV. All other
parameters are identical to those in Fig, 4.

2010-1101. This resonance is interesting since it corresponds to a tunneling
involving two electrons, in contrast to the previous cases, where only one
electron was involved in the tunneling process.

Going beyond the two-particle regime, more interesting phenomena
can be found when including an extra particle as show in Fig. 8, where we
show the charge current near the 1110-0111 transition. Here, both quartet
and doublet states contribute to the transport. Although there are no doubly
occupied states involved, long-range transfer remains possible. The results
bear a resemblance to the single-particle case, as seen by comparing with
Fig. 4 after applying the transformation Vyg) — — Vg(). This symmetry

arises from the interpretation of the 1110-0111 resonance as a long-range
hole transfer, equivalent to a single positively charged particle moving from
right to left.

The resonance condition for the 2001-1002 transition is given by

V. — Viloy —ay)+ U, — U,y
K Xjr — %4p ’

(18)

while the condition for positive current is y; > (Expo1 — Eio01) and
Ur < (E1002 — E1001)- However, one must ensure that this transport window
does not overlap with the regions where a fourth electron can enter the
system, which would significantly suppress the current. To avoid this, we
impose the additional constraints py; < (Ej;;n — Eoinn) and
Yr > (E1110 — Eq111)- Although the resonance condition is independent of
Yrry the positive current region depends explicitly on the chemical
potentials of the leads. These can be parametrized as pi1(r) = po £ Ap/2. With
this formulation, g, shifts the transport triangle across the V; = Vy line,
while Ay displaces it along the Vi = — V direction.

To satisfy the above constraints while avoiding the addition of an extra
particle, the system parameters must be selected carefully, with particular
attention to the interdot Coulomb interactions V;. We find that, for fixed
values of all other parameters, there exists only a narrow window of V; where
a positive current and visible long-range transfer coexist. This regime
typically occurs for large values of V.

Figure 9a displays the charge current as a function of the gate voltages
V1 and Vg for a representative set of parameters. The chosen configuration is
one of many that yields a high-current region associated with long-range
transfer. The resulting current is highly similar to the two-particle case
shown in Fig. 7. This similarity arises since the particle stuck in the last dot
does not affect the dynamics of the system, and only renormalizes the
different energies. Then, this particle can be traced out, leading to an
effective model with only two particles. Due to the complexity of the system,
multiple parameter combinations can produce similar results. Here, we
observe three distinct long-range transitions, 2001-1002, 1110-1002, and
2001-1011, each indicated by black lines. At the intersections of these
transitions, the current exhibits avoided crossings, which signal interference
between coherent transport processes. This is particularly clear in the upper
right region, where the 2001-1002 and 2001-1011 cross.

In contrast, at the crossing between 2001-1002 and 1101-1002, shown
in the zoomed view in Fig. 9a, a straight unperturbed resonance line appears.
To understand this behavior, we analyze the effective model near the triple
degeneracy point Eyyo; = Ejgo2 = Eii01- The corresponding four-level
Hamiltonian, expressed in the basis {|S$;1,), |D/1(2T/ 2)), |D(1J2r41 / 2)), [Sa1 1))
reads

s
&
|
o o

(19)
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T, 13 14 E,

Explicit expressions for the effective energies and hopping amplitudes are
provided in the Supplementary Note 5. Using the chosen working para-
meters, we find that |7,[>|7,|, |75, |7,|. Diagonalizing the Hamiltonian

reveals two pairs of eigenstates, in which |S;1,) and |D/1(£1/ 2

) weakly
coupled to the remaining states. Since [S,1,) is the only state within the
transport window, current is suppressed, and the system becomes trapped in
the first pair of states, leading to current blockade. Nonetheless, a dephasing
mechanism can induce leakage from the first pair of states to the second one
enabling a finite current. In the central region of the crossing in Fig. 9a, the
current flows via the sequence S, 1,) — |D/1(;;1/2)) — |D(1;1/2)) — |S,1,)-
Although |D'1(221/ %y and |D(£41 /2 are not directly coupled in the effective
Hamiltonian, dephasing enables transitions between them. This process is
schematically illustrated in Fig. 9b. In the limit of vanishing dephasing
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Fig. 9 | Current and energy diagram in the three-particle regime near the
2001-1002 resonance. a Current map as a function of the gate voltages applied to the
left- and right-most dots, V; and Vi, respectively. Dark green lines indicate the region of
positive current. Black dashed and dot-dashed lines represent different resonance con-
ditions, as labeled. The detuning of the center dots is & = 30 = —367 peV, and

U, = [1500, 1650, 1220, 1800] ueV, V; = [1000, 500, 333] ueV. A zoom-in on the
crossing between the 2001-1002 and 1101-1002 resonances is shown denoted by a red
square. b Schematic of the effective model for the 2001-1002-1101 resonance. Strong
coupling is depicted with a thick black line, while weak couplings are represented with
thin gray lines. A dephasing mechanism is represented by a red wavy line.

(T, — o), not shown here, the current in the central region of the antic-
rossing disappear.

During this section, we have found a zoo of different long-range
transport processes. The parameter sets used across the simulations are
chosen to highlight specific resonances and features, such as avoided
crossings, blockades, or symmetry effects. While not exhaustive, they reflect
typical experimental values and are robust under moderate variations. In the
Supplementary Note 6, we present the resonance conditions for two general
states, offering a unifying framework for the transport maps observed.

Conclusions
We have analyzed long-range transfer in a QQD array under conditions of
reduced symmetry. First, we investigated the single-particle regime. Using
experimentally feasible parameters, we found that direct transfer between
the first and last dots remains observable even in the presence of deco-
herence. An avoided crossing in the charge current, arising between distinct
long-range processes, serves as a clear signature of coherent interference. We
derived an effective model that accurately captures the system’s dynamics,
and obtained a simple analytical expression for the resonance condition
associated with long-range transfer.

We further explored how long-range transfer persists in an interacting
system with two and three electrons in the QQD. In this regime, we analyzed
the contributions of different spin sectors independently, finding visible

long-range transfers in all cases. In the case of two electrons, we find a
coherent spin blockade of the current, which survives even in the presence of
dephasing. For three particles in the s=3/2 sector, we demonstrated
that long-range transfer remains possible even when the central dots are
singly occupied, yielding results analogous to the single-particle case. For the
s=1/2 sector, we showed that the two distant doublet states, though
degenerate in the absence of magnetic fields, can be distinguished through
the influence of dephasing, which imprints a characteristic signature in the
charge current.

Although our work is theoretical in nature, it is grounded in experi-
mentally realistic parameters and device architectures. The phenomena we
predict of coherent long-range transfer, interference between resonant
channels, and current blockade effects are all accessible with present-day
measurement techniques. We therefore expect our results to serve not only
as a framework for understanding transport in extended quantum dot
arrays, but also as a guide for future experiments aiming to harness coherent
charge dynamics for scalable quantum technologies.

Data availability
All the data shown in the figures of this work can be reproduced using
custom codes (see the Code availability statement).

Code availability

All the codes needed to reproduce the results presented in this work are
available at™. The simulations are based on the Lindblad master equation,
which is solved using the QuTiP 5.1.1 library™.
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