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Abstract
We investigate the effect of spin–orbit interaction on the intra- and interdot particle dynamics of a
double quantum dot (QD) under ac electric fields. The former is modeled as an effective ac
magnetic field that produces electric-dipole spin resonance transitions, while the latter is
introduced via spin-flip tunneling amplitudes. We observe the appearance of non-trivial
spin-polarized dark states (DSs), arising from an ac-induced interference between photo-assisted
spin-conserving and spin-flip tunneling processes. These DSs can be employed to precisely
measure the spin–orbit coupling in QD systems. Furthermore, we show that the interplay between
photo-assisted transitions and spin-flip tunneling enables the system to operate as a highly tunable
spin filter. Finally, we investigate the operation of the system as a resonant flopping-mode qubit for
arbitrary ac voltage amplitudes, allowing for high tunability and enhanced qubit control
possibilities.

1. Introduction

Semiconductor spin qubits are among the most promising platforms for quantum computing [1–5], thanks
to their long coherence times and high scalability potential [6–8]. In these systems, qubits are encoded in the
spin states of electrons or holes localized in quantum dots (QDs).

Manipulation of the qubit states is achieved by applying an oscillating magnetic field through electron
spin resonance [9–11]. However, the localization of the required ac magnetic fields to address individual dots
is challenging [9]. To overcome this limitation, an effective ac magnetic field is generated by electrically
driving the particle in a material with strong spin–orbit coupling (SOC) [12–17], a magnetic field gradient
[18–20], a spatially dependent hyperfine field [21, 22], or modulated anisotropies of the effective g-factor
[23–25]. These techniques enable electrical manipulation via the electric-dipole spin resonance (EDSR),
which has been employed to obtain high-fidelity one- and two-qubit gates [26–30].

In a double quantum dot (DQD), the particle (electron or hole) is delocalized between the two sites,
giving rise to molecular-like orbitals. When an ac electric or magnetic field is applied, the resulting quantum
coherence can lead to unusual properties, such as dynamical localization of charge and spin [31–35], spin
filtering [36–38], and long-range transfer mediated by photo-assisted tunneling (PAT) [39–41]. These effects
can be analyzed using Floquet theory [42–44], a mathematical framework used to study the behavior of
periodically driven quantum systems. The time-dependent Schrödinger equation for the system is
transformed into a time-independent problem by introducing a set of Floquet states that describe the
system’s behavior over one period of the drive. By analyzing the properties of these states, Floquet theory
provides a powerful tool for understanding the steady-state behavior, response to external fields, and
transport properties of driven quantum systems. Although these phenomena have been widely studied both
theoretically and experimentally, the consequences of adding a strong SOC have only begun to be extensively
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analyzed in recent years [45–48]. In particular, the transport signatures under both strong SOC and large ac
voltage amplitudes have not been widely investigated.

Transport in this system is characterized by a spin-polarized current that arises from the finite probability
of spin-flip tunneling between states of opposite spin in different QDs. When an ac electric field is present,
these transitions can occur through the absorption or emission of one or more photons. We analyze the
current and spin polarization through the system, including the effect of excited states via an effective
magnetic field. Moreover, we find a set of non-trivial dark states (DSs) in a particular parameter
configuration where the interference between PAT spin-conserving and spin-flip transitions occurs. These
processes give rise to a complex and nonlinear current output with remarkable features, including a potential
read-out mechanism of the SOC. Finally, we explore the possibility of using the setup as a flopping-mode
qubit, which allows for fully coherent manipulation of the spin through virtual transitions between the QDs
in the presence of a strong SOC. The flopping-mode qubit has recently gained attention as a promising
platform for quantum computing in solid-state systems [49–52].

2. Theoretical framework

In this work, we aim to investigate the interference mechanisms between tunneling paths in a driven QD
array. However, in QD arrays with three or more sites, additional features such as long-range transfer
between distant QDs emerge. To focus on the primary consequences of adding an ac field in a system with
strong SOC, we restrict our attention to the minimal model of DQD. This represents the smallest non-trivial
scenario where interferences between different photoassisted interdot tunneling paths can be observed.

The time-dependent Hamiltonian of a DQD system reads as (ℏ= 1)

Ĥ(t) = Ĥ0(t)+ Ĥ1(t), (1)

Ĥ0(t) =
∑
η;σ

ϵη(t)d̂
†
η,σ d̂η,σ +

∑
η

Ez
2
σ̂z,η +

∑
η ̸=η ′;σ,σ ′

τη,σ;η ′σ ′

(
d̂†η,σ d̂η ′,σ ′ + h.c.

)
, (2)

Ĥ1(t) =
∑
η

βη(t)

2
σ̂x,η, (3)

where d̂η,σ (d̂†η,σ) is the annihilation (creation) operator at site η ∈ {L,R}, with spin σ ∈ {↑,↓}. The first
term in Ĥ0 represents the energy levels of the QDs, ϵη(t), which can be controlled by electric gates applied to
individual dots. In particular, we consider a sinusoidal time-dependent gate in the leftmost dot, given by
ϵη(t) = ϵη,0 + ϵac cos(ωt)δη,L. The second term is the Zeeman splitting due to the external magnetic field B
applied perpendicularly to the QDs plane, where Ez = gµBBz. The third term represents the hopping between
the dots, and we consider two possible tunneling paths: a spin-conserving path∝ δσ,σ of amplitude τ 0, and a
spin-flip path with σ ̸= σ ′ of amplitude τsf that arises due to the SOC, see figure 1. The direction of the SOC
determines the form of the spin-flip tunneling term, which is∝α · σ̂ where α is the SOC vector [50, 53].
Without loss of generality, we consider α in the y-direction, such that τsf ∈R (see appendix A). Note that we
neglect the Coulomb interaction term, as we focus on the single-particle dynamics.

The Hamiltonian above does not explicitly include the excited states of the QD confining potential.
However, when combined with the SOC and an ac electric field, the intra-dot dynamics leads to the
emergence of an effective magnetic field [54], which is utilized for manipulating spin qubits in EDSR
protocols. This effective magnetic field is contained in Ĥ1(t) in our model. We obtain this term through a
Schrieffer–Wolff transformation (SWT), and we present its derivation in appendix A. Under SOC, both the
inter- and intra-dot dynamics contribute to the spin motion in distinct ways [55–57]. Thus, we refer to this
term as the orbital magneto-electric effect (OME) to distinguish it from the similar effective magnetic field
that arises from the inter-dot dynamics of the spin, which we refer to as the tunneling magneto-electric effect
(TME). This effect appears as a result of a finite spin-flip tunneling amplitude, and we discuss it in more
detail in section 5.

The OME is orthogonal to the SOC vector, so it is oriented along the x-direction. Furthermore, if the
electric field is homogeneous along the axis of the DQD, the OME term is the same in both dots, denoted by
βL(t) = βR(t) = β(t). Here, we consider β(t) = βSO cos(ωt), where βSO ∈R. Note that the frequency of the
OME term is identical to that of ϵL(t) since it arises from the same applied voltage. We neglect the negligible
rotation of the spin axis produced by the static contribution of the electric field in the following (see
appendix A). Finally, we note that the OME term only appears for Ez ̸= 0 since it requires breaking
time-reversal symmetry. In the case where Ez is small, the hyperfine interaction may produce an equivalent
effect [54].

2



J. Phys. Mater. 6 (2023) 034004 D Fernández-Fernández et al

Figure 1. Schematic of a DQD system in the x− y plane, with unpolarized contacts on the left and right sides. Particles can enter
from the left lead with rate ΓS,L, and tunnel out to the right lead with rate ΓD,R. The system is subjected to a uniform magnetic
field applied along the z-direction. The particle can tunnel between QDs following a spin-conserving path τ 0. In addition to this
path, a spin-flip tunneling τsf is present due to the SOC. Finally, an ac electric field is applied to the left gate, denoted as ϵL(t). In
combination with the SOC, this gives rise to the OME term β(t) (see text for details).

The total Hamiltonian, written on the basis {|L ↑⟩, |L ↓⟩, |R ↑⟩, |R ↓⟩}, reads

Ĥ=


ϵL(t)+ Ez/2 β(t)/2 −τ0 −τsf
β(t)/2 ϵL(t)− Ez/2 τsf −τ0
−τ0 τsf ϵR + Ez/2 β(t)/2
−τsf −τ0 β(t)/2 ϵR − Ez/2

 . (4)

We introduce the parameter χ, which characterizes the relationship between the spin-conserving and
spin-flip tunneling amplitudes, as follows

χ≡ 1

τ0/τsf + 1
. (5)

In this expression, χ= 0 corresponds to τsf = 0, while χ= 1 corresponds to τ0 = 0. We normalize the
tunneling rates so that τ0 + τsf = τ . Most systems exhibit a much smaller spin-flip contribution to tunneling
compared to the spin-conserving one [58]. However, in certain cases, an applied external field can be used to
tune the SOC and therefore the spin-flip contribution, for instance in GaAs-based hole QDs [59, 60].
Additionally, synthetic SOC can be generated in DQDs via spin polarization in the external leads [61].
Hence, we consider arbitrary values of χ in the following.

To read out the current, we couple the QD chain to source (S) and drain (D) leads, where the coupling is
described by

ĤΓ =
∑
l,k,σ,η

(γl,η ĉ
†
l,k,σ d̂η,σ + h.c.), (6)

and ĉl,k,σ is the annihilation operator for a particle in the lead l= {S,D}, with spin σ and momentum k. We
assume the coupling between the leads and the QD chain to be spin-conserving. We further consider the
infinite bias limit, in which transport is unidirectional from source to drain, and all the sidebands couple
equally to the source lead. Hence, using the property of Bessel functions

∑
n Jn(ϵac/ω)

2 = 1, we neglect the
effect of the ac electric field on the renormalization of γl,η [39].

We investigate the dynamics of the system by analyzing its reduced density matrix ρ̂(t), which can be
described through the master equation under Markovian approximation

i
d

dt
ρ̂(t) = [Ĥ(t), ρ̂(t)]+Kρ̂(t), (7)

whereKρ̂ is the kernel superoperator for weak coupling in the infinite bias approximation, and is defined as

Kρ̂=
∑
σ

[
ΓS,L

(
d̂†L,σρ̂d̂L,σ −

1

2

{
d̂L,σ d̂

†
L,σ, ρ̂

})
+ΓD,R

(
d̂R,σρ̂d̂

†
R,σ −

1

2

{
d̂†R,σ d̂R,σ, ρ̂

})]
. (8)

Here, Γl,η represents the transition rates due to coupling with leads. These are calculated as
Γl,η = 2π/|γl,η|2Dl(ϵF), with Dl(ϵ) being the density of states of lead l and ϵF representing the Fermi energy.
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Our analysis focuses on strongly interacting QDs, where the energy difference between the single- and
double-occupied states is much larger than the rest of the energy scales of the system. This allows us to
investigate charge transport in the single-charge section of the stability diagram.

The steady-state current can be calculated as follows

I∞ = e
∑
σ

ΓD,Rρ
∞
Rσ, (9)

where ρ∞Rσ denotes the occupation of the rightmost dot with spin σ in the stationary state, averaged over one
period T= 2π/ω of the ac voltage. More formally, this is given by

ρ∞Rσ = lim
t→∞

1

T

ˆ t+T

t
ds⟨Rσ|ρ̂(s)|Rσ⟩. (10)

Finally, assuming an identical coupling to both leads, we set ΓS,L = ΓD,R = Γ.

3. Quantum transport in DQDwith spin–orbit interaction

When the electric field is close to zero, quantum transport occurs predominantly at zero detuning
δ ≡ ϵR,0 − ϵL,0 = 0, where the energy levels of the two dots are aligned. However, the presence of an ac field
changes this picture by allowing for PAT, where a particle can tunnel from one dot to the other by absorbing
or emitting a certain number of photons. An n− photon resonance occurs for δ = nω, with n ∈ Z.

When Ez ̸= 0, the degeneracy of the spin doublets is broken, resulting in a current that is in general spin
polarized. Several processes can be distinguished in this case, as schematized in figure 2. First, there are
spin-conserving resonances with either no photons (process 1), known as direct resonances, or with the
emission/absorption of a photon (process 4). These resonances occur at δ = nω, where the particle can
tunnel directly from one dot to the other. These resonances survive in the presence of a magnetic field, since
the difference in energy between a particle with the same spin in different dots is also δ. Moreover, since the
levels are now split in spin by the magnetic field, there can also be resonances when states with opposite spin
have the same energy, which is enabled by the presence of a spin-flip component in the tunneling amplitudes
(process 2). This occurs whenever δ =±Ez. In the presence of an ac bias, these resonances are accompanied
by a set of replicas due to PAT (process 3).

As a result, when the current is represented as a function of δ and Ez as in figures 2(a) and (b), we observe
both the usual resonances at δ = nω and a set of spin-flip resonances along the lines

δ+ nω =±Ez. (11)

In the δ− Ez representation of figure 2(a), these correspond to diagonal lines. Note that transport at these
resonances is not blocked when a particle tunnels from the source into the left dot with a direction that is not
energy-aligned with any state on the right dot (such as |L ↓⟩ in process 2 of figure 2). This is because the spin
states always have a small component of the opposite spin due to the finite spin-flip tunneling amplitude.
Alternatively, we can view the spin rotation as a result of virtual tunneling to the dot via the TME, which
causes the spin to align with the resonance.

While the basic picture described earlier provides a useful starting point, there are several deviations from
it that must be taken into account. One of these occurs in the vicinity of a PAT process involving n photons.
In this regime, the states in the two dots become strongly hybridized with energies

E± = δ± τ Jn
(ϵac
ω

)
, (12)

where Jn(z) is the nth-order Bessel function. As a result, the diagonal lines are no longer straight but curve
near Ez ≈±τ due to the resonance conditions with these energies. This effect is clearly visible in figure 2(a)
for the PAT resonances near Ez = 0, with the overall shape of these resonances closely following hyperbolas in
the δ− Ez representation.

Another deviation from the simple picture occurs near Ez =±ω, where the OME field induces resonant
transitions between the two spin states. In this regime, the spin-flip resonances do not intersect the
spin-conserving PAT resonances at δ =±ω but are instead repelled, creating a current-free gap between the
main resonances (process 1) and the spin-flip resonances (process 2). Additionally, at the main resonances
where δ= 0, the spin-flip resonances cross at Ez =±(τ +βSO) instead of simply crossing at Ez =±τ , as
discussed earlier. The spin-flip resonances remain hyperbolic but are vertically displaced from where they
would be for βSO = 0.
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Figure 2. Panel (a) shows the current through a DQD as a function of δ and Ez for χ= 0.1 and βSO = Ez/2. Four characteristic
processes are highlighted in the figure and labeled as processes 1–4. These processes are represented on the left side of the figure.
Process 1 corresponds to direct spin-conserving PAT through the two spin channels at δ= 0. Process 2 corresponds to direct
spin-flip PAT, occurring when the energy splitting due to the magnetic field Ez equals the detuning δ. Process 3 corresponds to
spin-flip PAT involving one photon, occurring when the energy splitting due to the magnetic field Ez equals the detuning δ±ω.
Process 4 corresponds to spin-conserving PAT involving one photon through the two spin channels at δ = ω. Panel (b) shows a
set of cuts at different values of Ez from panel (a) with a small offset of the y-axis for clarity. Panel (c) shows the spin polarization
of the current as a function of δ and Ez . Panel (d) shows the spin polarization (solid black line, left axis) and total current (dashed
red line, right axis) for Ez = 0.25ω as a function of δ, represented by the horizontal cut in panel (c). Other parameters are
ω = 10τ = 100Γ, and ϵac = 1.2ω.

Finally, when photo-assisted spin-flip resonances involving zero or one photon meet, they do not become
distorted (as at δ =±ω/2, Ez =±ω/2 in figure 2(a)) since they correspond to processes that transmit
different spin polarizations.

The spin polarization of the current is given by the expression

Pσ =
I∞↑ − I∞↓
I∞↑ + I∞↓

, (13)

where I∞σ = eΓρ∞R,σ . In figure 2(c), we present Pσ as a function of δ and Ez. As expected, the spin polarization
is non-zero at the spin-flip current branches, provided that only one path is active (either |L ↑⟩ → |R ↓⟩ or
|L ↓⟩ → |R ↑⟩). We can achieve a spin polarization close to 1, with the largest limitation being the overlap
of a spin-flip resonance with a spin-conserving PAT resonance. The width of spin-conserving resonances
can be tuned by reducing τ 0, and the separation between PATs can be increased by varying the ac voltage
frequency ω.

This setup offers several ways to control spin polarization. In figure 2(d), we show the polarization along
with the total current. By varying δ from δ ≃ 0.2ω to δ ≃ 0.8ω, we can shift from a direct PAT resonance
with a strong spin polarization in one direction to a one-photon PAT resonance with a strong spin
polarization in the opposite direction. Hence, polarization can be inverted without crossing the resonance at
δ= 0. Since δ is often one of the easiest parameters to control in experimental setups, this allows us to
generate highly tunable fully spin-polarized currents. Remarkably, this can be achieved even when the
spin-flip amplitude is considered very small (χ= 0.1). With a correct tuning of χ and τ (reducing the width
of the spin-conserving resonances), the spin polarization can be adjusted to an even larger degree.

We note a slight asymmetry in the spin polarization in the two adjacent highly polarized peaks at
δ ≃ 0.2ω and δ ≃ 0.8ω, resulting from the OME term. This is evident in figure 2(c), where the resonance
lines have different widths depending on whether they cross the Ez =±ω, δ =±ω points or not. For
βSO → 0, the current associated with the two resonances has the same absolute value of polarization (and is
close to Pσ =±1, respectively).

Tuning the frequency of the ac voltage allows for another method of generating spin-polarized currents
in the setup. The DQD is initialized in a configuration where direct resonances without photons are
energetically disfavored, and the voltage frequency is tuned to either the spin-conserving or the spin-flip
resonance with absorption or emission of photons. The resulting current is spin-polarized, with the
polarization defined by spin state in resonance. This enables fully electric control of the spin polarization of
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Figure 3. Current (a) and spin polarization (b) through a DQD as a function of δ and ϵac. In panel ((a), bottom), we observe the
appearance of satellite peaks close to the main resonances as the ac voltage amplitude increases from zero (green) to 3ω (blue) and
6ω (red). Additionally, in panel ((a), left) we observe coherent destruction of tunneling at certain values of δ = nω with n= 0
(pink), n= 1 (lime), and n= 2 (cyan). The zeros of the Bessel function Jn(ϵac/ω) are denoted by the horizontal solid lines. The
parameters used are ω = 10τ = 100Γ, Ez = 0.3ω, βSO = 0, and χ= 0.2.

the current without the need to modify the magnetic fields, allowing for fast control of the current under
experimental conditions.

The effect of varying the amplitude of the ac voltage is then studied. Due to Landau–Zener–Stückelberg
(LZS) interferences, if the QDs are in resonance at δ = nω, then photo-assisted transitions occur with a
tunneling amplitude that is renormalized by a Bessel function as [42, 43, 62]

τζ → τζJn
(ϵac
ω

)
, ζ ∈ {0, sf}. (14)

Crucially, both the spin-conserving and spin-flip amplitudes are modified by the presence of the ac field4.
This expression holds except at the points where the spin levels are in resonance with Ez =mω, as we will see
in the next sections.

The described system exhibits coherent destruction of tunneling (CDT) due to the presence of the ac
field. The CDT effect occurs when both spin-conserving and spin-flip tunneling rates are suppressed due to
destructive interference at the zeros of a given Bessel function. This effect is visible in figure 3(a), which
displays the current as a function of both δ and ϵac, where the main resonances are seen with thick parallel
lines along the ϵac axis. Spin-flip resonances are visible as two thinner lines at each side of the main
resonances. Cuts at several values of ϵac are shown in the bottom panel of figure 3(a), while the interference
pattern leading to CDT is shown in the left panel of the same figure. The solid lines in the left panel of
figure 3(a) denote the first zeros of Jn(ϵac/ω), which coincide with the dips in the current at δ = nω. In
addition, figure 3(b) displays the spin polarization for the LZS interferometry, where the main
spin-conserving resonances have an unpolarized spin current Pσ ∼ 0, since both spin-up and spin-down
channels are present with the same probability. On the other hand, the spin-flip resonances at δ = nω± Ez
are highly spin polarized Pσ ∼±1. It is clear from this figure that spin-flip resonances also exhibit the CDT
effect where Jn(ϵac/ω) = 0.

3.1. Effect of the OME
In this section, we will explore the impact of the OME term on the system dynamics. Although the amplitude
of the OME field induced by SOC is typically weaker than that of the electric voltage, it can still have a
significant effect near the spin resonances at Ez ≃ nω. In this regime, the effective ac magnetic field can

4 Note that this renormalization was already taken into account in equation (12).
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induce resonant transitions between the two spin states on the same QD. To examine this effect more closely,
we consider the Hamiltonian at any such resonance and perform the unitary transformation given by

Û(t) = exp

(
−inωtσ̂z

2

)
exp

(
−iϵac sin(ωt)(1+ τ̂z)

2ω

)
, (15)

where τ̂i are Pauli matrices associated to the charge (left/right dot) degree of freedom. The leftmost operator
takes the system into the rotating frame at the spin resonance, whereas the rightmost operator transforms the
system into the interacting picture with respect to the ac voltage. The unitary transformation effectively
removes the driving term from the Hamiltonian while turning the tunneling time-dependent. This
transformation allows us to work within a rotating-wave approximation (RWA)[44], where we can consider
arbitrary ac voltage amplitudes.

After applying the above transformation and employing the Jacobi–Anger expansion, the Hamiltonian
terms are modified as follows

⟨ησ|Ĥ0|ησ⟩= Ez → Ez − nω, (16a)

⟨Rσ|Ĥ0|Lσ⟩= τ0 → τ0

∞∑
k=−∞

Jk
(ϵac
ω

)
eikωt, (16b)

⟨R ↑ (↓)|Ĥ0|L ↓ (↑)⟩=±τsf →±τsf
∞∑

k=−∞

Jk
(ϵac
ω

)
ei(k∓n)ωt, (16c)

⟨η ↑ |Ĥ1|η ↓⟩= β (t)→ βSO
2

(
ei(n+1)ωt + ei(n−1)ωt

)
. (16d)

To obtain additional terms in the effective Hamiltonian, we impose hermiticity on the Hamiltonian. We
now focus on the avoided crossing at δ≈ 0, n= 1, as shown in figure 2, where the resonance n=−1 follows a
similar behavior. We apply the RWA, neglecting the time-dependent terms, which yields the effective
Hamiltonian

ĤRWA =


−δ/2 βSO/4 −τRWA

0 −τRWA
sf

βSO/4 −δ/2 −τRWA
sf −τRWA

0

−τRWA
0 −τRWA

sf δ/2 βSO/4

−τRWA
sf −τRWA

0 βSO/4 δ/2

 . (17)

Here, τRWA
0 = τ0J0(ϵac/ω) and τRWA

sf = τsfJ1(ϵac/ω). Note that at the resonance between the two spin levels,
the spin-conserving tunneling amplitude is renormalized by J0(z), while the spin-flip amplitude is
renormalized by J1(z), with z= ϵac/ω.

In this rotating frame, the OME term acts as a constant magnetic field, leading to a splitting βSO/2 of the
spins in the x-direction. The avoided crossing between the spin-conserving and spin-flip resonances
discussed above appears because the OME term produces a splitting between the spin states that is only
strong near the EDSR. As a result, resonant transport occurs when δ =±βSO/2. These new resonances
appear as side peaks next to the main resonance at δ= 0, as shown in figure 4(a). We observe that the
position of the resonances exhibits a linear relationship between detuning and βSO, as expected. However, for
βSO ≲ τ , the hybridization between states is large enough to distort this simple picture, in a similar way to
equation (12).

The above results hold true only when βSO/ω≪ 1, as required by the RWA. However, we can extend the
validity of our analysis by applying the following transformation to the original Hamiltonian

Û ′(t) = exp

(
−iβSO sin(ωt) σ̂x

2ω

)
. (18)

After this transformation, we apply Û(t) from equation (15). The total transformation eliminates the OME
term, but transforms the spin-flip and Zeeman splitting terms as

Ez
2
σ̂z →

Ez
2
cos

[
βSO
ω

sin(ωt)

]
σ̂z +

Ez
2
sin

[
βSO
ω

sin(ωt)

]
σ̂y, (19a)

τsfτ̂yσ̂y →τsfτ̂y cos

[
βSO
ω

sin(ωt)

]
σ̂y − τsfτ̂y sin

[
βSO
ω

sin(ωt)

]
σ̂z. (19b)
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Figure 4. Panel (a) shows the current through a DQD as a function of δ and βSO. Panel (b) displays a horizontal cut of panel (a) at
βSO = 0.4ω, where the black solid line corresponds to the current obtained from the original Hamiltonian given in equation (4),
and the red dashed line corresponds to the current obtained from the effective Hamiltonian given in equation (26). The current
exhibits two satellite peaks located at δ ≃±βSO/2, indicated by blue square and red diamond symbols. The energy level diagram
on the right-hand side of the figure illustrates the energy levels and tunneling paths for the effective Hamiltonian. The width of
the arrows denotes the tunneling amplitudes for each possible path, while the gray arrows represent tunneling paths that are less
favorable. Throughout the panels, we set Ez = ω, ϵac = 1.2ω, ω = 10τ = 100Γ and χ= 0.2.

The first term on the right-hand side of the expression for Ez reflects the renormalization effect due to the
ac magnetic field. This term modifies the Zeeman splitting by a factor J0(βSO/ω) compared to the result in
equation (17). When J0(βSO/ω) = 0 due to destructive interference, the Zeeman splitting is completely
suppressed in a process known as spin locking [35]. However, this suppression occurs for values of βSO
beyond those discussed in appendix A. In general, the main effect of this renormalization is that EDSR now
occurs at EzJ0(βSO/ω) = nω.

The second term on the expression for Ez reduces, for βSO/ω≪ 1, to the (phase-shifted) OME term. At
resonance n=±1, this corresponds to the substitution

βSO
2

→ EzJ1

(
βSO
ω

)
, (20)

as shown in equation (17). In the limit βSO/ω≪ 1 we recover the results shown above. When J1(βSO/ω) = 0,
the effective magnetic field is suppressed in a similar way to the case of spin locking. However, this effect
occurs for parameters beyond the scope of the approximations of appendix A and we do not consider it
further.

Regarding the transformed spin-flip term given in equation (19b), it may seem that the first term would
also produce a similar Bessel function renormalization. However, the spin-flip amplitude at an arbitrary βSO
allows sidebands to be generated from both the ac voltage and the OME term. The combination of these
sidebands yields a more complicated expression. After applying the transformation of equation (15) and
expanding the first term of equation (19b) using the Jacobi–Anger expansion, we obtain the following
expression

±τsf →
±τsf
2

∞∑
k=−∞

∞∑
k ′=−∞

Jk
(ϵac
ω

)
J2k ′

(
βSO
ω

)(
ei(−k∓n+2k ′)ωt + ei(−k∓n−2k ′)ωt

)
, (21)

where± corresponds to the sign of the two spin channels, as in equation (4). In the RWA, we find

±τsf →(∓1)n+1τRWA
sf , (22)

τRWA
sf =τsf

∞∑
k=−∞

J2k+n

(ϵac
ω

)
J2k

(
βSO
ω

)
. (23)

8
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Finally, consider the last term on equation (19b). After applying the transformation of equation (15), we
find a term∝ |L⟩⟨R|σ̂z with amplitude

τsf

∞∑
k=−∞

∞∑
k ′=0

Jk
(ϵac
ω

)
J2k ′+1

(
βSO
ω

)(
ei(k+2k ′+1)ωt − ei(k−2k ′−1)ωt

)
. (24)

In the RWA, only the terms with k=±(2k ′ + 1) contribute and we obtain the real tunneling rate

τRWA
si = τsf

∞∑
k=−∞

J2k+1

(ϵac
ω

)
J2k+1

(
βSO
ω

)
. (25)

This produces spin-conserving amplitudes of different absolute values depending on the direction of the
spin, i.e. the spin-conserving tunneling of a spin-down particle occurs with a tunneling amplitude different
from that of a spin-up particle. Note that this term arises only because of the combination of sidebands from
both the ac voltage and the OME term, resulting in a finite static component that contributes to the
Hamiltonian even in the RWA. Remarkably, both electric and magnetic sidebands arise from the same
applied voltage. In that sense, this is a constructive self-interference effect, in a similar way to virtual
tunneling processes that involve two PAT transitions [39, 41].

Let us now compare the results for arbitrary βSO with the Hamiltonian in the βSO ≪ ω limit,
equation (17). Again, let us focus on n= 1, δ≈ 0. We diagonalize the spin subspace by performing a rotation
around the y-axis by an angle θ ≡ arctan(ERWA

z /βRWA
SO ), where ERWA

z ≡ EzJ0 (βSO/ω)−ω and
βRWA
SO ≡ EzJ1(βSO/ω). Finally, the effective Hamiltonian in matrix form reads

ˆ̃H=


(Ẽz − δ)/2 0 −τ̃↑ −τ̃sf

0 (−Ẽz − δ)/2 −τ̃sf −τ̃↓
−τ̃↑ −τ̃sf (Ẽz + δ)/2 0
−τ̃sf −τ̃↓ 0 (−Ẽz + δ)/2

 , (26)

where we have defined the effective magnitudes as

Ẽz ≡
√
(ERWA

z )2 +(βRWA
SO )2, (27)

τ̃↑,↓ ≡ τRWA
0 ∓

[
sin(θ)τRWA

sf − cos(θ)τRWA
si

]
, (28)

τ̃sf ≡ cos(θ)τRWA
sf + sin(θ)τRWA

si . (29)

The effective model describes a DQD system subject to a homogeneous Zeeman splitting Ẽz, where the
tunneling rates for spin-up and spin-down channels are generally different, denoted as τ̃↑ and τ̃↓,
respectively, and there is also a spin-flip tunneling rate τ̃sf. When the OME term βSO is much smaller than the
driving frequency, the effective magnetic field can be approximated as Ẽz = βSO/2+O ((βSO/ω)

5), which
gives a linear relationship between the detuning δ and βSO for the resonant condition discussed earlier. Note
that the effective model is only applicable for small detunings, i.e. δ≪ ω.

The different tunneling rates τ̃↑,↓ contribute in a characteristic way to the current, leading to a significant
asymmetry between the two satellite peaks shown in figure 4(b), depending on the sign of the detuning δ.
This asymmetry arises fundamentally due to the fact that the magnitudes of the tunneling rates for spin-up
and spin-down channels are not equal, i.e. |τ̃↑| ̸= |τ̃↓|. The two satellite peaks occur when the energy levels of
the two dots with opposite spin are in resonance, as illustrated in figure 45. If δ < 0, the spin-down state of
the left dot is in resonance with the spin-up state of the right dot, and the dominant tunneling process is
through τ̃sf, while τ̃↓ can be neglected to first order. On the other hand, the spin-up energy level on the left
dot is out of resonance with an energy difference given by Ẽz, but a small but finite probability of tunneling to
the right dot exists due to τ̃↑ [63]. In the case of δ > 0, a similar situation occurs, except that the
non-resonant level (spin-down in this case) tunnels with an amplitude given by τ̃↓. Using equations (23),
(25) with k=−2,−1, . . . ,2 and the parameters shown in figure 4(b), we obtain τ̃↑ ≃ 0.06ω, τ̃↓ ≃ 0.04ω, and
τ̃sf ≃ 0.002ω. Since τ̃↑ > τ̃↓, the effective model predicts a higher current for the resonance at δ < 0, which is

5 Note that the spin-up and spin-down levels in the effective model are a non-trivial combination of the spin-up and spin-down levels
of our original model. However, the population of the left and right dots in the effective model of equation (26) still resembles the same
populations as in the original system of equation (4).
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consistent with the numerical results obtained from the original Hamiltonian. In figure 4(b), we compare the
current obtained both with the total Hamiltonian of equation (4) and with the effective Hamiltonian
equation (26), showing how the effective Hamiltonian predicts the presence of satellite peaks close to the
main resonance and the asymmetry in δ.

The fact that the asymmetry in δ is a consequence of |τ̃↑| ̸= |τ̃↓| can be further seen by calculating the
effective magnetic field due to the TME. This is shown in more detail in appendix C.

4. DS formation

DSs are a well-known feature in open quantum systems. They were first described in the context of the
optical response of electrons to laser pumping. In mesoscopic transport, a DS refers to a steady state in which
coherent interference results in a current blockade, even in a situation where current flow would be
expected [64–67]. In this specific setup, DSs correspond to a particle being confined to the left dot, as the
right dot would immediately empty through tunneling to the drain.

We will focus on the main resonances δ =mω,m ∈ Z, where non-zero current flow is expected. In this
case, as mentioned earlier, current blockade occurs due to the LZS interference pattern at the points where
Jm (ϵac/ω) = 0, yielding the aforementioned CDT. As described earlier, this renormalization is the same for
both the spin-conserving and spin-flip tunneling amplitudes. However, when the system is simultaneously in
a configuration in which the spin states are also in resonance with the ac voltage frequency Ez = nω, the
renormalization is not necessarily the same, as seen in the previous section. We will focus on this case in the
following.

Let us consider the Hamiltonian in the rotating frame, as given in equation (17), for an n-photon
resonance. First, let us assume βSO = 0, we will analyze below how the DSs are affected when we include a
non-zero OME term. In the case of a spin-up particle tunneling from the left to the right dot, emitting n
photons, the spin-flip tunneling rate is renormalized as τsf → τsfJ−n(ϵac/ω). On the other hand, if the particle
tunnels from the left dot with spin down, it will absorb n photons, so that τsf → τsfJn(ϵac/ω). This situation is
depicted schematically in figure 5(a). The effective Hamiltonian under an RWA then reads

Ĥ(n)
RWA =


0 0 −τ0J0(ϵac/ω) −τsfJn(ϵac/ω)
0 0 τsfJ−n(ϵac/ω) −τ0J0(ϵac/ω)

−τ0J0(ϵac/ω) τsfJ−n(ϵac/ω) 0 0
−τsfJn(ϵac/ω) −τ0J0(ϵac/ω) 0 0

 . (30)

When the number of photons is odd, the spin-flip term has the same sign for both spin directions because
J−n(z) = (−1)nJn(z). In the absence of magnetic field, time-reversal symmetry requires the spin-flip term to
be proportional to the Pauli matrix τ̂y, as discussed in appendix A. This form of tunneling prevents
destructive interference between the spin-conserving and spin-flip tunneling channels. On the contrary, for
odd numbers of emitted photons, the RWA Hamiltonian in equation (30) has a spin-flip term of the form
τ̂xσ̂x, which does not exhibit this protection. As a result, a combination of nonzero Ez (which breaks
time-reversal symmetry) and nonzero ϵac (which leads to PAT) allows the spin-conserving and spin-flip
paths to interfere destructively, leading to DSs.

We search for DSs of the form |DS⟩= cos(θ/2)|L ↑⟩+ eiφ sin(θ/2)|L ↓⟩ with an arbitrary relative phase φ
and a mixing angle θ. Using exact diagonalization of the Hamiltonian in equation (30), we find that DSs
occur when the ratio χ between the spin-conserving and spin-flip amplitudes satisfies the following
condition

χ̃(n) =
J0(ϵac/ω)

J0(ϵac/ω)± in+1Jn(ϵac/ω)
, (31)

where the superscript denotes the dependence of the DS on the resonance with the driving frequency
Ez = nω.

We impose χ̃(n) ∈R (see equation (5)), which means that the DS occurs only when an odd number of
photons are absorbed or emitted, i.e. n= 2k+ 1 for k ∈ Z. In particular, for Ez = 0 (n= 0), equation (31)
does not have a real solution, highlighting the need to break time-reversal symmetry to observe DS
formation. This dependence on the number of photons involved in the process is referred to as the odd–even
effect and has been observed in DQDs, both theoretically and experimentally [46, 47, 53, 68, 69]. This effect
is typically intrinsic to multilevel systems, in which multiple pathways destructively interfere with each other
[70].

In figures 5(b) and (c) we show the current through a DQD in the cases of n= 1 and n= 2, respectively.
In the former case, we plot the analytical prediction for the existence of a DS, equation (31), which is in

10



J. Phys. Mater. 6 (2023) 034004 D Fernández-Fernández et al

Figure 5. Panel (a) shows a scheme of a DQD system subjected to a magnetic field that induces a Zeeman splitting Ez = nω. The
spin-conserving tunneling rate is renormalized as τ0 → τ0J0(ϵac/ω), and the spin-flip rate becomes τsf → τsfJ±n(ϵac/ω). Panels
(b) and (c) show the current through the DQD as a function of χ and ϵac. The Zeeman splitting is Ez = ω (b) and Ez = 2ω (c),
and the detuning δ is set to zero. The dashed line corresponds to the analytical prediction for the DS condition χ̃(n), which only
has real solutions for odd n (see equation (31)). For n= 2, the DS condition cannot be satisfied. The parameters are
ω = 10τ = 100Γ and βSO = 0.

agreement with the numerical results. If the spin-conserving tunneling path is not available, i.e. τ0 = 0, or
equivalently χ= 1, then the only possible tunneling channel requires spin-flip, which is highly suppressed
because of the large energy gap between states with opposite spin produced by Ez. This results in a current
blockade unrelated to interference effects, and it is visible in the upper left corner of figure 5(b). For n= 2, we
observe that the only two situations where the current is suppressed coincide with χ≃ 1, ϵac = 0, and with
χ= 0, ϵac ≃ 2.4ω, as expected from the even–odd effect.

In an experimental device, in which the driving amplitude can be precisely tuned, the appearance of a
sharp decrease in current at a given ϵac can be used to determine the value of χ and hence the SOC strength.
To minimize the uncertainty of the measurement, several odd resonances for Ez = (2k+ 1)ω can be studied,
providing a precise way to characterize the SOC present in a given device.

Next, we fix the driving amplitude at ϵac = 2ω and consider arbitrary values of Ez. The corresponding
results are presented in figure 6(a). The DS at the exact resonant condition Ez = ω extends to non-resonant
values of Ez, forming a parabola in the Ez −χ plane. Again, we perform an exact diagonalization of the RWA
Hamiltonian given by equation (30) and look for DSs. Up to second order in (Ez −ω), these are found for
the condition

χ̃(1) =
J0(ϵac/ω)2 − |J0(ϵac/ω)J1(ϵac/ω)|

J0(ϵac/ω)2 − J1(ϵac/ω)2
− (Ez −ω)2

τ 2|J0(ϵac/ω)J1(ϵac/ω)|
+O

(
(Ez −ω)4

)
. (32)

The numerical results are consistent with our prediction, as shown in the inset of figure 6(a). However, the
validity of the RWA breaks down far from the resonance, rendering the equation above inapplicable.
Nevertheless, even if the dot levels are in resonance at δ= 0, a trivial DS at χ= 1 emerges in which Ez is no
longer in resonance with the driving, leading to the particle being blocked in the left QD, as explained earlier.

Moving on to the case of arbitrary OME term amplitudes, we observe a more complex situation. The
OME term induces rapid spin rotations inside the QDs, which can prevent current blockade in scenarios
where the particle would otherwise remain trapped in the left dot. This effect is particularly evident in
figure 6 for χ≃ 1. When βSO = 0 in figure 6(a), the current is blocked if Ez ̸= ω, whereas if βSO ̸= 0 in
figure 6(b), a non-zero current can flow. However, despite the complex behavior, DSs can still be found, now
extending to all values of Ez. Moreover, the steady-state spin projection is highly polarized, depending on
whether 0< Ez < ω (the particle remains in the left QD with spin down) or ω < Ez < 2ω (the final spin
projection is inverted). Additionally, it is worth mentioning that the DSs obtained far from the resonance
Ez ̸= ω are highly pure, with Tr(ρ2)≃ 1. These DSs could be used to store quantum information within a
QD without requiring modification of the tunneling from the leads or between the dots.

Since obtaining analytical results for the formation of DSs when βSO ̸= 0 in our system was not possible,
we turned to the Floquet formalism for insight. For a Hamiltonian that is periodic with a period T, the wave
function’s time evolution can be expressed as |Ψα(t)⟩= e−iεαt|ϕα(t)⟩, where εα are the quasienergies, and
|ϕα⟩ are the Floquet states obtained by diagonalizing the Floquet Hamiltonian Ĥ(t)≡ Ĥ(t)− i∂t.

The Von Neumann–Wigner theorem [71] asserts that crossings between distinct energy levels occur only
when the corresponding states belong to different representations of the system’s symmetry group.
Quasienergy crossings follow the same pattern and often indicate that the ac drive has restored the system’s
symmetry by suppressing relevant terms in the Hamiltonian [35]. At these crossings, the time evolution
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Figure 6. Current through a DQD as a function of χ and Ez for (a) βSO = 0, and (b) βSO = 0.2Ez. Darker colors indicate the
appearance of DSs. In panel (a), the inset shows a zoom into the DS near Ez ≃ ω, and the dashed black line represents the
analytical prediction given by equation (32). In panel (b), the dashed black line represents the DS predicted by the crossing of
Floquet quasienergies. Panel (c) shows the Floquet quasienergies for Ez = 0.7ω (dash-dotted line in panel (b)), with the energy
crossing highlighted by a circle. The parameters used are δ= 0, ω = 10τ = 100Γ, and ϵac = 2ω.

operator depends exponentially on the difference between the quasienergies, and in resonance, the unitary
time evolution matrix becomes the identity operator, freezing the long-term dynamics.

Although the quasienergies for βSO ̸= 0 were obtained numerically [72], their crossings match perfectly
with the location of the DS found by evolving the Lindblad master equation (see figure 6(b)). In figure 6(c),
we show the Floquet quasienergies for Ez = 0.7ω, where the crossing is at χ≃ 0.6, which agrees with the
numerical result for the open system.

5. Flopping mode qubit operation

We next focus on the situation in which the spin motion is confined to one of the dots and neglect the OME
term for simplicity. In this regime, the spin dynamics is governed by the interplay between the Zeeman
splitting and the TME as discussed in section 2. Our aim is to explore this regime as a possible
implementation of a solid-state qubit.

To obtain an effective Hamiltonian for an isolated spin in one of the dots with a constant electric field, we
can perform a SWT. This transformation allows us to obtain the dynamics in one energy subspace that is
weakly coupled and well separated in energy from another. In this case, we consider the states for each QD as
each of the energy subspaces, so the effective Hamiltonian after the SWT is valid provided that we are far
from the resonances (both spin-conserving and spin-flip ones), i.e. |δ| ≫ τ0, |δ± Ez| ≫ τsf.

Under these conditions, we can obtain an effective Hamiltonian that is second order in the tunneling and
contains all contributions due to virtual tunneling to the other dot. This effective Hamiltonian is given by

Ĥeff = Ĥ(0)
eff + Ĥ(2)

eff , (33)

Ĥ(0)
eff =

δ

2
τ̂z +

Ez
2
σ̂z, (34)

Ĥ(2)
eff =

τ̂z
2
(−δ(2) + b(2)z σ̂z + b(2)⊥ σ̂x), (35)

where

δ(2) =
2τ 20
δ

+ τ 2sf

(
1

δ+ Ez
+

1

δ− Ez

)
, (36a)

b(2)z = τ 2sf

(
1

δ+ Ez
− 1

δ− Ez

)
, (36b)

b(2)⊥ = τ0τsf

(
1

δ+ Ez
− 1

δ− Ez

)
. (36c)
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The first term in equation (35) consists of renormalization of the detuning δ due to virtual tunneling.
Similarly, the second term is a renormalization of Ez which arises from spin-flip tunneling to the right dot
and back. The third term arises due to the TME, which is an effective magnetic field perpendicular to the
external field direction. This field arises from a combination of spin-conserving and spin-flip tunneling,
where the spin virtually tunnels to the adjacent dot, flips its spin, and then tunnels back to the original dot
through the spin-conserving path, resulting in an effective spin rotation. As discussed in section 2, the TME
arises from the motion of the particle under the SOC (the inter-dot dynamics, in this case), and like the
OME, requires Ez ̸= 0 to break the time-reversal symmetry.

The effective magnetic field induced by TME can be used in a similar manner to that of the
flopping-mode qubit [49, 52]. However, the qubit cannot be manipulated via detuning alone due to the lack
of two-axis control unless the spin-flip and tunneling amplitudes can be manipulated independently,
i.e. unless χ itself can be tuned, e.g. by manipulating the overlap between the particle wave functions
centered at each dot [50], rapidly enough to avoid dephasing. Nonetheless, for a time-dependent detuning,
as discussed here, the TME allows for resonant manipulation of the qubit.

Let us consider the case where the amplitude of the ac gate signal is much smaller than the driving
frequency, i.e. ϵac ≪ ω. In this regime, we can apply the RWA and obtain an effective spin model for the
resonance condition Ez = ω. By applying the ac gate with a phase ϕ, we can achieve two-axis control of the
qubit, allowing for coherent manipulation of the qubit state

ĤRWA =
b(2)z

2
σ̂z −

b̃1,⊥
2

(
cosϕσ̂x + sinϕσ̂y

)
, (37)

where

b̃1,⊥ =
4ϵacτ0τsfEz
δ (δ2 − E2z)

. (38)

Otherwise, the frequency of the ac gate can be matched with the renormalized splitting of the two levels of

the qubit Ez + b(2)z . The correction to b̃1,⊥ in this case can be given as

b̃1,⊥ → b̃1,⊥ +
2ϵacτ0τsfb

(2)
z

(δ2 − E2z)
2 , (39)

which is small in the context of the previous approximations. In figure 7(a), we can see the dynamics of the
flopping-mode qubit using the effective Hamiltonian described above. For comparison, we also show the
results obtained by numerically integrating the equation of motion of a closed system under the original
Hamiltonian given by equation (4). Since both dot energy levels are out of resonance, with δ = ω/2, the
population of the right dot is small and the particle remains in the left dot. The results obtained demonstrate
that the effective model accurately reproduces the dynamics of the system.

The Rabi oscillation frequency of the effective model is given by

νR =
1

2π

√(
b(2)z

)2
+
(
b̃1,⊥

)2
. (40)

We compare the Rabi frequency of the effective RWA Hamiltonian with that obtained from the original
Hamiltonian; see figure 7(b). As expected, the results agree well for |δ− nω| ≫ τ .

However, this method of manipulation couples the spin with electric fluctuations due to the dependence

of b(2)z and b(2)⊥ on δ. In purified silicon, where the magnetic noise caused by the atomic nuclei is heavily
suppressed, this may be the main source of decoherence for the qubit [73, 74]. Unfortunately, in the low ac
gate amplitude described here, the flopping-mode qubit lacks a natural sweetspot [75, 76] where the system
is insensitive to electric noise to first order in the coupling to the bath. In particular, electric noise that enters

through b(2)z could only be efficiently suppressed at δ= 0, where the first derivative with respect to δ, i.e. the
noise susceptibility, vanishes. However, at this value, the qubit cannot be operated as the direct
spin-conserving transition is resonant. Fortunately, the perpendicular component of the effective magnetic
field of equation (38) can be made insensitive to noise to first order at δ =±Ez/

√
3, which can improve

qubit operation. This dynamical sweetspot [41, 77] is observed as a minimum of the Rabi frequency at
δ ≃ 0.58ω in figure 7(b).

In appendix B, we provide expressions for the TME at arbitrary ac detuning amplitudes. Unlike the
simple limit shown in equation (38), these expressions are quite complex, highlighting the fact that the
effective magnetic field arises from second-order virtual tunneling involving two PAT processes. In the
arbitrary-amplitude limit, as given in appendix B, we can achieve a fine degree of spin manipulation.
Furthermore, we can also obtain dynamical sweetspots for large ac gate amplitudes.
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Figure 7. Panel (a) shows the Rabi oscillations in a closed system described by the full Hamiltonian given by equation (4), plotted
as symbols. For comparison, the dynamics given by the RWA Hamiltonian (see equation (37)) is also shown as solid lines. The
Rabi frequency is denoted by νR and is shown in the figure. The parameters used in this panel are δ = ω/2 and τ = 0.1ω. In
panel (b), the Rabi frequency is shown as a function of detuning for different total tunneling rates, with results obtained using
both the full Hamiltonian (symbols) and the effective RWA Hamiltonian (solid lines). The total tunneling rate is τ = 0.05ω
(yellow, triangles), τ = 0.1ω (orange, squares), and τ = 0.2ω (brown, pentagons). Other parameters, common for both panels,
are ϵac = 0.2ω, Ez = ω, χ= 0.2, and βSO = 0.

6. Conclusions

We investigated the influence of SOC on spin transport in a periodically driven DQD system. Due to the
presence of a spin-flip tunneling path, the onsite energy difference between the dots can be tuned to achieve
highly spin-polarized currents. In this work, we propose several mechanisms for obtaining highly polarized
currents in both directions with fully electric control, enabling fast switching of the polarization under
experimental conditions.

The combination of the orbital dynamics inside the dots and the applied ac voltage results in the
appearance of an effective magnetic field that drives EDSR in the dots. The effect of this field can be most
clearly observed in the appearance of characteristic avoided crossings of the tunneling resonances near the
EDSR condition, where the ac voltage frequency is approximately equal to the Zeeman splitting. Under this
condition, tunneling results in novel phenomena, such as spin-dependent tunneling amplitudes due to the
constructive self-interference of the sidebands originating from the electric and effective magnetic fields.
Remarkably, both of these processes arise from the same ac voltage, with the electric field resulting directly
from the voltage, and the effective magnetic field incorporating the dynamics of the excited states of the
potential.

We also investigate the appearance of new DSs when the system is driven under the EDSR condition,
resulting from the interference between photo-assisted spin-conserving and spin-flip processes with different
numbers of photons involved. In the absence of a Zeeman splitting, time-reversal symmetry prevents
destructive interference between these two processes. However, in the presence of a magnetic field, together
with an ac voltage, these two paths can interfere and create DSs. These states exhibit a characteristic
even–odd effect, appearing only for odd sideband transitions. The current drop at the location of these DSs is
very sharp, allowing for the characterization of the SOC present in the system. These DSs could be valuable
for quantum information storage due to their high purity and spin polarization.

Finally, we investigate the viability of flopping-mode qubit operations when the particle is localized in
one of the dots. We provide expressions for the effective magnetic field arising from the interdot motion of
the particle under SOC for arbitrary ac-gate amplitudes and focus on the experimentally accessible case of
small gate amplitudes. In this situation, we identify a dynamical sweetspot induced by the ac voltage, where
the Rabi frequency is insensitive to charge noise to first order in detuning. This point of operation may be
significant for novel solid-state quantum computing platforms, such as isotopically purified silicon, where
decoherence due to the nuclear magnetic field can be suppressed, and electric noise may be the most relevant
source of decoherence.
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Appendix A. Effective model

In this appendix, we provide a brief overview of the origin of the OME term Ĥ1(t) in the Hamiltonian of
equation (1). To obtain the effective Hamiltonian on the basis employed in the main text, we follow a similar
derivation to [54, 78] and employ a SWT. We start by considering the Hamiltonian for a single particle in a
linear DQD (in the x-direction) under both electric and magnetic fields and in the presence of SOC modeled
by the spin–orbit vector α= (αx,αy,0) [79], that is compatible with a two-dimensional electron gas grown
along the [001] direction [80]. In our model, the z-direction corresponds to the direction normal to the QD
plane. We consider an electric field in the x-direction and a Zeeman splitting Ez in the z-direction. The
resulting Hamiltonian can be written as

Ĥ(x, t) = Ĥk +V(x)+ Ĥe (x, t)+ Ĥz + ĤSO, (A.1)

Ĥk = k2/2m, (A.2)

Ĥe (x, t) = exE(t) , (A.3)

Ĥz = Ezσ̂z/2, (A.4)

ĤSO =α · σ̂k. (A.5)

The scalar potential V(x) for the DQD exhibits two minima at±ℓ, near which the potential can be chosen as
harmonic Vosc (x) = (1/2)mω2

0x
2. In the tight-binding approximation, we first evaluate the local

Hamiltonians in each dot in the eigenfunctions of the individual harmonic potentials

|ψη,ν,σ⟩= |η,ν⟩|σ⟩, (A.6)

with ν ∈ N labeling the eigenstates of the harmonic potential and σ ∈ {↑,↓} the spin projection along the
z-axis. The orbital part |η,ν⟩ of these eigenfunctions can be obtained by diagonalizing the Hamiltonian
Ĥk +Vosc (x− ηℓ), with η =± corresponding to the left and right dots, as appropriate, and corresponds to a
Fock–Darwin function with shifted centers. Following this, around ηℓ we can write the terms of the
Hamiltonian as

Ĥk +Vosc (x− ηℓ) = ω0

(
â†â+ 1

)
, (A.7)

Ĥe (ηℓ, t) = el0E(t)
(
â† + â

)
+ eηE(t)ℓ, (A.8)

ĤSO =
i

2l0
α · σ̂

(
â† − â

)
, (A.9)

with â†, â the Fock operators of the oscillator and the Zeeman term unchanged. Moreover, we employ the
characteristic oscillator length l0 =

√
ω0/2m. We can separate this Hamiltonian into a part that is static in

the orbital dynamics

Ĥ(0)
η = ω0

(
â†â+ 1

)
+ eE(t)ηℓ+(Ez/2) σ̂z, (A.10)

and a dynamic part

Ĥ(1)
η = el0E(t)

(
â† + â

)
+(i/2l0)α · σ̂

(
â† − â

)
. (A.11)
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When projected into the ground state, the first part reduces to the usual description of single-state QDs.
However, if we project the second part as well, we will obtain an effective Hamiltonian that incorporates the

action of the SOC into the ground state. We do this by first performing a SWT Ĥ ′
η (t) = eΥ̂Ĥη (t)e−Υ̂. We

further consider the adiabatic approximation with respect to the electric field, valid provided that the driving
frequency is much lower than the oscillator frequency, i.e. ω≪ ω0. Then the anti-Hermitian operator Υ̂ is
given by [

Ĥ(0)
η ,Υ̂

]
= Ĥ(1)

η , (A.12)

resulting in

Υ̂ = ( f+ d · σ̂) â† − ( f ∗ + d∗ · σ̂) â, (A.13)

where

f = el0Eη (t)/ω0, (A.14)

dx =
1

2l0

iω0αx +αyEz
ω2
0 − E2z

, (A.15)

dy =
1

2l0

iω0αy −αxEz
ω2
0 − E2z

, (A.16)

dz = 0. (A.17)

The effective action of the SOC term in the ground state is described by the Hamiltonian

Ĥ(2)
η =

1

2

[
Υ̂,Ĥ(1)

η

]
=

1

2

{
[( f+ d · σ̂) ,(el0E(t)+ (i/2l0)α · σ̂)] â†â†

− [( f ∗ + d∗ · σ̂) ,(el0E(t)− (i/2l0)α · σ̂)] ââ
+ [( f+ d · σ̂) ,(el0E(t)− (i/2l0)α · σ̂)] â†â
+(el0E(t)− (i/2l0)α · σ̂)( f+ d · σ̂)
+ [(el0E(t)+ (i/2l0)α · σ̂) ,( f ∗ + d∗ · σ̂)] â†â
+( f ∗ + d∗ · σ̂)(el0E(t)+ (i/2l0)α · σ̂)} . (A.18)

The two-pair excitation processes
(
∝ ââ, â†â†

)
connect states that are separated in energy by 2ω0 and

therefore can be neglected in our effective Hamiltonian approximation, while the terms∝ â†â do not
contribute to the energy of the ground state. Hence, we find the following

Ĥ(2)
η =

−Ez||α||2

2l20 (ω
2
0 − E2z)

σ̂z +
EzeE(t)

ω2
0 − E2z

α⊥ · σ̂. (A.19)

where α⊥ = (αy,−αx,0). The first term shifts the Zeeman splitting to

Ẽz = Ez

(
1− ||α||2

2l20 (ω
2
0 − E2z)

)
, (A.20)

while the second term is the OME field that we sought. Crucially, it is oriented perpendicular to the direction
of the SOC field, i.e. to α. Note that both terms require Ez ̸= 0 to break the time-reversal symmetry.
Moreover, the constant part of the electric field E(t) in the second term will rotate the spin quantization axis.
However, this rotation is produced around the direction determined by α. As shown in the following, the
spin-flip amplitude is aligned in this direction and is unaffected by this rotation. The Zeeman splitting along
the new quantization axis is given by

Ẽz → Ẽz

√
1+

e2E20||α||4
(ω2

0 − E2z)
2
≈ Ẽz

(
1+

e2E20||α||4

2(ω2
0 − E2z)

2

)
, (A.21)

with E0 being the constant part of the electric field. This is a next-order effect compared to the shift from Ez

to Ẽz and can be ignored. The OME term is similarly rotated, but this is also a higher-order effect, and we
disregard it as well.

16



J. Phys. Mater. 6 (2023) 034004 D Fernández-Fernández et al

Regarding tunneling amplitudes, we consider orthonormal Wannier functions of the ground state of each
dot, defined as [50]

|wη,σ⟩=
1√
N
(|ψη,0,σ⟩+ γ|ψη̄,0,σ⟩), (A.22)

where N≡ 1− 2γS+ γ2, γ ≡ (1−
√
1− S2)/S, and S≡ ⟨ψL,0,σ|ψR,0,σ⟩ is the overlap between the dot wave

functions. Regardless of the particularities of V(x), we can consider a standard real-valued tunneling matrix
element τ 0 without loss of generality. The spin-flip tunneling amplitude can be obtained as

τsf = ⟨wLσ|ĤSO|wRσ ′⟩= 1− γ2

N
⟨σ|α · σ̂|σ ′⟩⟨L,0|k|R,0⟩, (A.23)

with |η,0⟩ the ground state of the respective harmonic oscillator, as defined above. The general form of the
expected value ⟨L,0|k|R,0⟩ can be determined by imposing time-reversal invariance of the spin–orbit
Hamiltonian, i.e. T ĤSOT −1 = ĤSO. In the most general way, the SOC Hamiltonian, written on the basis of
{|L ↑⟩, |L ↓⟩, |R ↑⟩, |R ↓⟩}, reads as follows

ĤSO =


0 0 0 τsf
0 0 −τ∗sf 0
0 −τsf 0 0
τ∗sf 0 0 0

 . (A.24)

Takingα along the y-direction, as considered throughout this work, we recover a term∝ τ̂yσ̂y, which yields a
real spin-flip matrix of the form

ĤSO =


0 0 0 τsf
0 0 −τsf 0
0 −τsf 0 0
τsf 0 0 0

 . (A.25)

The fact that the spin-flip tunneling term is∝ τ̂y is crucial. Otherwise, the spin-flip and spin-conserving
tunneling terms can interfere destructively. Consider, for instance, that the tunneling is of the form∝ τ̂xσ̂x.
By performing a π/2 rotation around the y-axis, we obtain

ĤT =


0 0 −τ0 + τsf 0
0 0 0 −τ0 − τsf

−τ0 + τsf 0 0 0
0 −τ0 − τsf 0 0

 , (A.26)

which can exhibit a DS when τ0 = τsf, i.e. when χ= 0.5. However, if, as here, we have a term∝ τ̂yσ̂y, the
rotation yields

ĤT =


0 0 −τ0 − iτsf 0
0 0 0 −τ0 + iτsf

−τ0 + iτsf 0 0 0
0 −τ0 − iτsf 0 0

 , (A.27)

preventing destructive interference.

Appendix B. TME for arbitrary ac amplitudes

In this appendix, we give the expressions for the TME terms in the time-dependent case with arbitrary ac
amplitudes. After a time-dependent SWT [81], we obtain an effective Hamiltonian up to second order in the
tunnel couplings, given by

Ĥ(2)
eff (t) =

τ̂z
2
{−δ(2) (t)+ b(2)z (t) σ̂z + [b(2)x (t) σ̂x + b(2)y (t) σ̂y]}, (B.1)

where the time-dependent detuning and Zeeman splittings are given by

δ(2) (t) =
∑
µ,ν

Jµ
(ϵac
ω

)
Jν
(ϵac
ω

)
cos[(µ− ν)ωt]×

[
2τ 20

δ− νω
+

τ 2sf
δ+ Ez + νω

+
τ 2sf

δ− Ez + νω

]
, (B.2)
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Figure B1. Rabi frequency as a function of driving amplitude for different total tunneling rates. The results are obtained using
three different Hamiltonians: the full Hamiltonian (represented by symbols), the low-amplitude effective RWA Hamiltonian given
by equation (37) in the main text (represented by dashed lines), and the RWA Hamiltonian taking into account up to five terms in
the infinite series given by equation (B.6) (represented by solid lines). The total tunneling rates considered are τ = 0.05ω (yellow,
triangles), τ = 0.1ω (orange, squares), and τ = 0.2ω (brown, pentagons). The other parameters used are Ez = ω, δ = ω/2,
χ= 0.2, and βSO = 0.

b(2)z (t) =
∑
µ,ν

Jµ
(ϵac
ω

)
Jν
(ϵac
ω

)
cos[(µ− ν)ωt]×

[
τ 2sf

δ+ Ez + νω
−

τ 2sf
δ− Ez + νω

]
. (B.3)

The magnetic field gradient in the perpendicular direction is given by

b(2)x (t) =
∑
µ,ν

Jµ
(ϵac
ω

)
Jν
(ϵac
ω

)
cos[(µ− ν)(ωt+ϕ)]×

[
τ0τsf

δ+ Ez − νω
− τ0τsf
δ− Ez − νω

]
(B.4)

b(2)y (t) =
∑
µ,ν

Jµ
(ϵac
ω

)
Jν
(ϵac
ω

)
sin[(µ− ν)(ωt+ϕ)]×

(
2τ0τsf
δ− νω

− τ0τsf
δ+ Ez − νω

− τ0τsf
δ− Ez − νω

)
. (B.5)

Note that these expressions involve two different photon numbers µ and ν, as they are virtual second-order
tunneling processes that involve two photo-assisted transitions [39, 41].

In an n-photon resonance Ez ≃ nω, the Hamiltonian in the RWA is given by

Ĥ(2)
n (t) =

τ̂z
2
{−δ̃(2) +(Ez + b̃(2)z − nω)σ̂z + b̃(2)n,⊥[cos(nϕ)σ̂x + sin(nϕ)σ̂y]}, (B.6)

where the diagonal terms are given by

δ̃(2) =
∑
ν

J2ν

(ϵac
ω

)[ 2τ 20
δ− νω

+
τ 2sf

δ+ Ez + νω
+

τ 2sf
δ− Ez + νω

]
, (B.7)

b̃(2)z =
∑
ν

J2ν

(ϵac
ω

)( τ 2sf
δ+ Ez + νω

−
τ 2sf

δ− Ez + νω

)
, (B.8)

and the off-diagonal term has an amplitude

b̃(2)n,⊥ =
∑
ν

Jν
(ϵac
ω

)
Jν+n

(ϵac
ω

)( τ0τsf
δ− νω

− τ0τsf
δ− Ez − νω

)
−
∑
ν

Jν
(ϵac
ω

)
Jν−n

(ϵac
ω

)( τ0τsf
δ− νω

− τ0τsf
δ+ Ez − νω

)
. (B.9)

In figure B1, we compare the Rabi frequency of a flopping-mode qubit obtained using the full
Hamiltonian with the results given by the effective RWA Hamiltonian shown above. To obtain numerical
results, we truncated the summations to ν =−2,−1, . . . ,2. Remarkably, we find that both results agree well,
even when working with tunneling rates as high as τ = 0.2ω. We also compare our results with the
prediction given by the low-amplitude effective Hamiltonian shown in equation (37) of the main text. In the
limit of ϵac < ω/2, all the results coincide.
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Appendix C. TME under the spin resonance condition: asymmetry in δ

To gain insight into the asymmetry in δ discussed in section 3.1 of the main text, we study the TME under
spin resonance. We consider the Hamiltonian of equation (26) in a situation where direct tunneling between
the two dots is energetically disfavored, which can be achieved by lowering τ . Since in this appendix we are
concerned with a qualitative understanding of the asymmetry, we do not regard the precise conditions of
validity and always assume a value of τ that makes the SWT valid. Under this condition, virtual tunneling
processes are dominant, and we can employ a SWT to obtain an effective Hamiltonian with the leading term
being of second order in the tunneling amplitudes, as done above for the flopping-mode operation in
section 5 of the main text. We apply these transformations in the frame discussed in section 3.1 leading to
equation (26), i.e. after applying equations (18) and (15) and working in the RWA. This is different from the
treatment of appendix B, where SWT was applied before RWA, which amounts to neglecting photo-assisted
virtual tunneling processes. However, a complete treatment of the TME in the presence of the OME lies
outside the scope of this work.

In this rotating frame, as discussed above, the βSO term plays a role analogous to the Zeeman splitting.
Applying the transformation yields the following effective spin model for the left dot

Ĥeff =
1

2

(
Ẽz + b̃(2)z

)
σ̂z +

b̃(2)⊥
2
σ̂x, (C.1)

where the effective magnetic field is given by

b̃(2)z =
τ̃ 2↓ − τ̃ 2↑
δ

+
2Ẽzτ̃ 2sf
Ẽ2z − δ2

, (C.2)

b̃(2)⊥ = τ̃sf

(
τ̃↓

Ẽz − δ
− τ̃↑

Ẽz + δ
− τ̃↑ + τ̃↓

δ

)
. (C.3)

The term b̃(2)z is non-zero only when there are spin-dependent tunneling amplitudes |τ̃↓| ̸= |τ̃↓|, and a finite
spin-flip tunneling rate τ̃sf. As a consequence, the effective Hamiltonian is not symmetric (nor
anti-symmetric) with respect to δ. However, it does exhibit reflection symmetry δ→−δ and ϵac →−ϵac.
Under this reflection, the effective tunneling rates transform as τ̃↑ ⇌ τ̃↓, and τ̃sf →−τ̃sf for an odd resonance
Ez = (2k+ 1)ω,k ∈ Z, as discussed in section 3.1.
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