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Quantum information transfer is funda-
mental for scalable quantum computing in
any potential platform and architecture.
Hole spin qubits, owing to their intrin-
sic spin-orbit interaction (SOI), promise
fast quantum operations which are funda-
mental for the implementation of quantum
gates. Yet, the influence of SOI in quan-
tum transfer protocols remains an open
question. Here, we investigate flying spin
qubits mediated by SOI, using shortcuts to
adiabaticity protocols, i.e., the long-range
transfer of spin qubits and the quantum
distribution of entangled pairs in semicon-
ductor quantum dot arrays. We show that
electric field manipulation allows dynam-
ical control of the SOI, enabling simulta-
neously the implementation of quantum
gates during the transfer, with the poten-
tial to significantly accelerate quantum al-
gorithms. By harnessing the ability to per-
form quantum gates in parallel with the
transfer, we implement dynamical decou-
pling schemes to focus and preserve the
spin state, leading to higher transfer fi-
delity.

1 Introduction
In the late nineties, Loss and Divizenzo proposed
semiconductor quantum dots (QDs) networks as
a platform for a quantum computer [1, 2]. For al-
most a decade, the research focused on achieving
one- and two-qubit operations in GaAs single and
double QDs [3–6] and on how to mitigate charge
and spin decoherence in these systems [7], a crit-
ical concern in quantum computing. Hereafter,
the development of quantum dots arrays (QDAs)
[8–13] marked a significant step toward scalabil-
D. Fernández-Fernández: david.fernandez@csic.es
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Figure 1: (a) Schematic picture of a linear five quantum
dots array. Controlling the tunneling rates between the
dots allows for the long-range transfer of spin qubits.
Due to the presence of spin-orbit interaction, the trans-
fer can be performed while simultaneously performing
quantum operations. (b) Illustration of a triple quan-
tum dot populated with a single particle. Each energy
level of the dot is defined with the parameter εi. The
particle can tunnel between adjacent dots i and i + 1
with a spin-conserving rate τC,i. Due to the finite SOI,
the particle can also tunnel to its neighboring dots with
a spin-flip probability τF,i.

ity, opening the doors to new functionalities with
applications in quantum computation, quantum
information, and quantum simulation [14–19].

Triple quantum dots (TQDs) arranged linearly
exhibit direct transport of electron spin states be-
tween outer dots, effectively using a QDA as a
spin bus [20–23]. In parallel, direct charge trans-
fer between outer dots, which has been termed
long-range transfer, has been observed in pho-
toassisted tunneling experiments within a closed
TQD system [24]. Additionally, theoretical inves-
tigations have explored long-range photoassisted
tunneling in TQDs [25–29]. Recent years have
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witnessed the implementation of longer QDAs to
increase the number of qubits and the complex-
ity of quantum operations. However, existing de-
vices often lack high connectivity between qubits,
a critical hurdle in simulating more complex sys-
tems. To increase the number of problems that
can be addressed with a quantum chip, the use of
more dense architectures is desirable. To address
the challenge of signal fan-out [30, 31], reducing
the number of input terminals through a cross-
bar network [32, 33] has been proposed as a solu-
tion. Another approach to scalability is the use of
sparse QDAs, eliminating qubit crosstalk and en-
abling integrated classical electronics [34]. In this
architecture, distant elements within a quantum
chip are connected via quantum links or couplers.
Examples of them are electromagnetic cavities
[35], surface acoustic waves [36], bucket brigade
[37–39], or conveyor modes [40–43], which facil-
itate the exchange of information between com-
puting nodes [44–46].

The framework proposed in this work allows
the performance of quantum operations on qubits
while they are coherently transferred, leading to
"flying qubits" [47–49], and the control of non-
local entanglement with the advantages of scal-
ing up over static qubits. Already built based
on quantum photonic [47] and electronic [48, 49]
systems, a flying qubit architecture serves as a
communication link for quantum computers [50]
and secure data transmission for the quantum in-
ternet [51]. In this work, we investigate QDAs
as quantum links between elements of a quan-
tum chip, enabling coherent quantum informa-
tion transfer via a flying spin qubit directly be-
tween the outer dots due to the presence of dark
states (DSs) [52–57], as schematically shown in
Fig. 1 (a). The use of long-range transfer pro-
tocols via DSs reduces drastically the popula-
tion of the intermediate sites during the shut-
tling, decreasing its sensibility to noises occur-
ring in this area. Spin-orbit interaction (SOI)
has been treated [58–66] as a source of decoher-
ence during transfer [67], although it can be ad-
vantageous for achieving high-fidelity quantum
gates [68]. We explore the long-range transfer
of quantum information in QDAs under the in-
fluence of SOI which leads to a fast and robust
entanglement distribution, a crucial element for
quantum computing. Furthermore, we propose a
protocol for flying spin qubits, i.e., transferring

spin qubits while simultaneously performing uni-
versal one-qubit gates. Importantly, by control-
ling the effects of SOI, we demonstrate how to
implement dynamical decoupling schemes along-
side the transfer process, enhancing its fidelity.
We extend our analysis to investigate the effects
of strong SOI on the long-range transfer where
Coulomb interaction plays an important role. We
develop a rapid protocol for distributing entan-
gled pairs in a QDA and perform long-range spin
transfer in the half-filling regime. Have already
been implemented experimentally [69], Shortcuts
to adiabaticity (STA) protocols are employed [70]
to efficiently accelerate adiabatic processes and
enable high-fidelity transfer [55, 56].

Our proposal simultaneously combines coher-
ence, tunability, long-range transfer, and quan-
tum gates implementation. The existence of DSs
is not limited to systems with a single particle,
but also persist in systems where the interac-
tion between particles is present. Our results are
valid for both electron [71–76] spins and hole spin
[77, 78] qubits in planar QDAs under high SOI
in different semiconductor materials, such as ger-
manium or silicon, and can also be extended to
other semiconductor QDA implementations such
as QDs in nanowires [79]. However, our primary
focus is on hole spin qubits, where the intrinsic
high SOI plays an important role [80], allowing
for rapid coherent spin rotations through electric
dipole spin resonance [81].

The manuscript is organized as follows. In
Sec. 2, we introduce the theoretical model for the
QDA and the SOI. In Sec. 3, we demonstrate how
dark states arise in a TQD even in the presence
of SOI and how they can be used for long-range
transfer. In Sec. 4, we discuss and compare dif-
ferent protocols for long-range spin qubit trans-
fer. In Sec. 5, we illustrate how the addition of
SOI modifies the DSs and how its control enables
the implementation of quantum gates during the
transfer process. In Sec. 6, we explore practi-
cal applications of the proposed quantum gates
during the transfer, including the preparation of
distant entangled pairs and the implementation
of dynamical decoupling schemes. In Sec. 7, we
explore two different scenarios with multiple par-
ticles in the QDA and demonstrate how DSs, in
combination with SOI, play a crucial role in the
long-range transfer of quantum information. Fi-
nally, in Sec. 8, we summarize our findings.
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2 Theoretical model
We consider a linear QDA (see Fig. 1 (b)) with
a total of N sites, populated with heavy holes
with nearest-neighbor couplings, described by an
Anderson-Hubbard model (ℏ = 1) [82]

H = H0 +Hτ +HSOI. (1)

The original Hamiltonian reads

H0 =
∑

i

εini + U
∑

i

ni↑ni↓ + EZ

2
∑

i

(ni↑ − ni↓),

(2)
where εi is the onsite energy of the dot i-th dot
with i = {1, 2, . . . , N}, U is the Coulomb re-
pulsion on each dot, and EZ = gµBB the Zee-
man splitting given by external magnetic field.
The second term in Eq. (1) represents the spin-
conserving tunneling between nearest-neighbor
QDs as

Hτ = −
∑
i,σ

(
τC,ia

†
iσai+1σ + h. c.

)
. (3)

Here, aiσ (a†
iσ) is the fermionic annihilation (cre-

ation) operator at site i with spin σ = {↑, ↓}, and
τC,i the spin-conserving tunneling rate between
the i-th and the i+ 1-th QDs. For simplicity, we
only consider one orbital per dot. The last term
in Eq. (1) models the SOI present for holes in
semiconductor QDs. We consider holes in Si or
Ge planar QDs, which present cubic Rashba SOI
[83–88]

HSOI = iα(σ+π
3
− − σ−π

3
+). (4)

The canonical momentum reads π = p+eA, and
the ladder operators are defined as π± = πx ±
iπy and σ± = (σx ± iσy)/2, with σx,y,z the Pauli
matrices. Following [86], we obtain the matrix
elements for the spin-flip tunneling rates as

⟨i ↑|HSOI |i+ 1 ↓⟩ = −τF,i,

⟨i ↓|HSOI |i+ 1 ↑⟩ = τ∗
F,i.

(5)

Other elements can be obtained by imposing her-
miticity on the total Hamiltonian. The SOI term
can be written in terms of the spin-flip tunneling
rates between nearest neighbors as

HSOI =
∑

i

(
τ∗

F,ia
†
i↑ai+1↓ − τF,ia

†
i↓ai+1↑ + h. c.

)
.

(6)
Without loss of generality, we restrict ourselves

to real tunneling rates τC,i, τF,i ∈ R (see Ap-
pendix A for more details on the calculation of
the spin-flip tunneling rate). In the following sec-
tions, the shuttling protocol will be based on the
dynamic control of the tunneling rates, both spin-
conserving τC,i(t) and spin-flip τF,i(t). It is im-
portant to note that the dynamical control of SOI
via electrical field manipulation is experimentally
feasible, as demonstrated in [89].

3 Dark states in a TQD with SOI

Our first aim is the long-range transfer of a sin-
gle spin qubit prepared in a certain state across
a linear QDA. To reduce relaxation and dephas-
ing effects, we investigate the direct transfer from
the leftmost to the rightmost site, reducing as
much as possible the population in the intermedi-
ate dots. The minimal system for direct transfer
is a TQD array populated with a single particle.

To obtain a long-range spin qubit transfer, we
fix the QDs energy levels at εi = 0. With no
magnetic field applied to the system, the spin en-
ergy levels are degenerated. We search for zero-
energy modes that directly connect the edge dots
of the chain with no population in the middle
dot. These coherent superpositions are termed
dark states (DSs). By exact diagonalization of
the total Hamiltonian, and defining xSOI as the
ratio between spin-flip and the spin-conserving
tunneling rates xSOI ≡ τF,i/τC,i [85, 90], we find
two DSs which read:

|DS1⟩ = sin θ |↑, 0, 0⟩ − cos θ
x2

SOI + 1

[
(1 − x2

SOI) |0, 0, ↑⟩ + 2xSOI |0, 0, ↓⟩
]
,

|DS2⟩ = sin θ |↓, 0, 0⟩ + cos θ
x2

SOI + 1

[
(1 − x2

SOI) |0, 0, ↓⟩ + 2xSOI |0, 0, ↑⟩
]
,

(7)

where we have defined tan θ ≡ τC,2/τC,1. At the beginning of the transfer protocol, the system is
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initialized in a DS by populating only the left-
most QD, i.e., τC,1 ≪ τC,2. The particle can be
adiabatically transferred to the rightmost QD by
tuning the ratio between the tunneling rates, un-
til τC,1 ≫ τC,2.

It is important to note that for the correct cre-
ation of the DS, the leftmost QD and the right-
most QD must be in resonance. Therefore, the
only parameters that can drive long-range trans-
fer using the DS are the tunneling rates τC,i and
τF,i, while the on-site energies εi should remain
fixed during the transfer process.

For simplicity, until otherwise stated, we will
focus on |DS1⟩ in Eq. (7), but similar results can
be obtained considering |DS2⟩. Note that any
linear combination of |DS1⟩ and |DS2⟩ is also a
zero-energy eigenvalue of the total Hamiltonian,
so the initial state of the particle can be any su-
perposition of spin up and spin down.

The initialization in an experimental setup
should be conducted with large barriers between
the dots, ensuring that the ground state of the
system corresponds to a single isolated particle
in the leftmost dot. At this stage, the resonance
condition between the dots can be relaxed. Af-
ter loading a single particle into the system, the
QDs are brought into resonance, and the transfer
protocol is initiated.

Due to systematic errors, small deviations from
the ideal resonance condition can be expected in
an experimental implementation. In addition, the
control of the SOI via a plunger gate can intro-
duce modifications in the onsite energies, deviat-
ing from the ideal condition of resonance. How-
ever, the DSs are robust against these errors, pro-
vided that first and last remains resonant. In
Appendix C, we show that long-range transfer is
still feasible with small deviations from the ideal
resonance condition.

The requirement of zero magnetic field is cru-
cial for the existence of DSs with a single particle
in the presence of SOI, as it requires degeneracy
between the spin states. However, we will show
in Sec. 5 that the addition of SOI can be used to
control the final spin state of the particle after the
transfer, enabling the implementation of a general
one-qubit gate. If the QDA is used as a quantum
bus, connecting different computing nodes which
require a non-zero magnetic field to operate, local
magnetic fields through the entire quantum chip
should be applied. Other solution to circumvent

this limitation is to introduce an AC electric field
to drive photoassisted transitions between states
with different spin projections, thereby recover-
ing an effective resonance condition [81]. When
considering multiparticle systems, the presence of
a high magnetic field is required for a high-fidelity
long-range transfer, as shown in Sec. 7.

4 Comparison between transfer proto-
cols
In this section, we investigate different protocols
to transfer a spin qubit in a TQD. As shown in
Eq. (7), the existence of the DSs is independent
of the present of a non-zero SOI. To isolate the
role of the DS in the long-range transfer, we fix
the contribution from the SOI so that xSOI = 1,
obtaining the dark state which reads

|DS1(xSOI = 1)⟩ = sin θ |↑, 0, 0⟩ − cos θ |0, 0, ↓⟩ ,
(8)

where, by tuning θ from π/2 to 0, the spin is
inverted during the transfer. The condition on
xSOI will be relaxed later to explore the effects of
SOI on the transfer.

The system is initialized in the state
|Ψ(t = 0)⟩ = |↑, 0, 0⟩. We compare each protocol
through its fidelity, which is defined as the final
population of the rightmost QD with a spin-down
particle F ≡ | ⟨0, 0, ↓|Ψ(T )⟩ |2, where T repre-
sents the total time of the protocol. The max-
imum population of the middle dot is given by
P2 ≡ max(

∑
σ |⟨0, σ, 0|Ψ(t)⟩|2).

One of the simplest protocols for the transfer
of a single particle consists of two linear ramps at
tunneling rates given by

τC,1(t) = τ0
T
t,

τC,2(t) = τ0 − τ0
T
t,

(9)

where τ0 represents the maximum tunneling rate.
An illustrative example of pulse shapes can be
seen in Fig. 2 (a). It is worth noting that spin-flip
tunneling rates also evolve with time, following
τF,i(t) = xSOIτC,i(t).

Another protocol of great interest in the lit-
erature for quantum control is coherent transfer
by adiabatic passage (CTAP) [52, 55]. In CTAP,
pulses are defined by Gaussian shapes as follows

τC,1(2) = τ0 exp
(

−(t− T/2 ∓ σCTAP)2

σ2
CTAP

)
, (10)
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Figure 2: (a-c) Pulse shapes for (a) linear ramps, (b)
CTAP, and (c) STA. (d-f) Overlap between the dark
state |DS1(t)⟩ and the time-dependent wave function
|Ψ(t)⟩ during the state transfer implemented with (d)
linear ramps, (e) CTAP, and (f) STA, applied in a TQD.
The colors for the right column represent the total time
of the protocol in units of [2π/τ0], shown in (e). Note
that the y axis scale for the right column is different for
each protocol.

where σCTAP is a free parameter that determines
the standard deviation of the control pulse, with
the pulse shape depicted in Fig. 2 (b).

To enhance long-range transfer, we explore
STA schemes [70, 91], which speeds up adiabatic
protocols increasing the transfer fidelity. In this
work, we adopt the inverse engineering frame-
work. We propose an ansatz for the state evo-
lution and analytically solve the time-dependent
Schrödinger equation to obtain the pulse shapes
that should be applied for the transfer. Crucially,
our ansatz allows for the controlled population in
the middle dot at intermediate times, with the
maximum population tuned through the pulse
strength. The ansatz for the wave function reads

|Ψ(t)⟩ = cos η cosχ |↑, 0, 0⟩ − sinχ cos η |0, 0, ↓⟩

+ i
sin η√

2
(|0, ↑, 0⟩ + |0, ↓, 0⟩),

(11)

where η and χ are some auxiliary time-dependent
functions. We will see later that the pulses ob-
tained with IE are valid for arbitrary values of

xSOI. By introducing Eq. (11) into the time-
dependent Schrödinger equation i∂t |Ψ(t)⟩ =
H(t) |Ψ(t)⟩ we obtain the following expressions

τC,1(t) = (η̇ cosχ+ χ̇ cot η sinχ)/
√

2,
τC,2(t) = (−η̇ sinχ+ χ̇ cot η cosχ)/

√
2.

(12)

The boundary conditions for the required initial
and final states are η(0) = η(T ) = χ(0) = 0,
and χ(T ) = π/2. We can also impose smooth
pulses by using additional boundary conditions
in derivatives χ̇(0) = χ̇(T ) = χ̈(0) = χ̈(T ) =
η̇(0) = η̇(T ) = 0. We use a common choice for
smooth pulses, a Gutman 1-3 trajectory, which
consists of a linear term and the two lowest odd
Fourier components. The explicit expressions for
the auxiliary functions are

χ(t) =π t

2T − 1
3 sin

(2πt
T

)
+ 1

24 sin
(4πt
T

)
,

η(t) = arctan(χ̇/α0),
(13)

where α0 is an arbitrary constant controlling both
the maximum pulse strength τ0 ∝ α0 and the to-
tal population in the middle dot P2(t) ≡ sin2 η(t).
An example of pulse shapes is shown in Fig. 2 (c).

The coefficients for each Fourier component in
Eq. (13) can be fine-tuned to minimize the pop-
ulation in the intermediate dot. Employing more
Fourier components enhances transfer fidelity at
the cost of more intricate pulse shapes. How-
ever, optimizing these parameters requires an ex-
haustive search and falls outside the scope of this
work.

The maximum population in the middle dot
occurs at the midpoint of the transfer and is given
by

P2 ≡ P2(T/2) = (4π/3)2

(4π/3)2 + T 2α2
0
. (14)

When the total protocol time is significantly
short, compared to the maximum pulse strength
Tα0 ≪ 1, the middle dot is maximally populated
P2 → 1. In such a case, the adiabatic condition
cannot be fulfilled, but the precise engineering of
pulses obtained with IE ensures that the system
ends in the desired final state. To reduce the mid-
dle dot population, longer total times or stronger
pulses must be used.

We compute the evolution with the total
Hamiltonian given in Eq. (1), accounting for the
time-dependent tunneling rates dictated by each
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protocol. Subsequently, we calculate the overlap
between the time-dependent wave function and
|DS1(t)⟩ during the transfer and define the fidelity
as the overlap at t = T . The results for different
total times are depicted in Fig. 2 (d-f). Since all
protocols start with τC,2 ≫ τC,1, the initial state
|↑, 0, 0⟩ corresponds to the DS in the limit t → 0,
which produces an overlap close to one at early
times.

Fig. 2 (d) shows that by using linear ramp
pulses, the overlap remains close to one for all
total times examined here. The most significant
deviation from the DS during the transfer occurs
in the middle of the protocol, around t ∼ T/2.
This behavior is also observed in all the other
protocols. As the dynamics approaches the adi-
abatic limit at longer times, the state remains in
the DS, reducing the total middle dot population
and achieving complete transference to the third
QD. However, even if the overlap is close to one,
the oscillatory behavior of the overlap makes lin-
ear ramps highly sensitive to the total transfer
time. A slight deviation in time results in sub-
stantial differences in transfer fidelity. When us-
ing CTAP pulses (Fig. 2 (e)), the overlap with
the DS drops in the middle of the protocol, but
it recovers at later times. If the imposed transfer
time is too short, the drop is too severe, making it
impossible to achieve high-fidelity transfers. On
the other hand, the STA protocol (Fig. 2 (f)) be-
haves qualitatively similar to CTAP for shorter
times t < T/2. However, due to the precise engi-
neering of the pulses, STA consistently achieves a
perfect overlap with the DS at the end of the pro-
tocol, regardless of the total time of the protocol.
This results in high robustness against timing er-
rors.

DS-mediated state transfer extended to ar-
rays of more than three sites provided that the
QDA has an odd number of sites [52, 55, 56].
The transfer for N > 3 can be obtained us-
ing the tunneling sequence of straddling pulses
[52, 92, 93]. This sequence consists of a pulse
in the tunneling rates between the first and sec-
ond sites and between the last two sites, as for
the TQD case. The barriers between the middle
dots, termed bulk barriers, are raised and low-
ered simultaneously with a time-dependent func-
tion such as τC,i = τs exp

(
−(t− T/2)2/(2σ2

bulk)
)

with 1 < i < N − 1 and τs being the maximum
value for straddling pulses. If we impose large

straddling pulses τs ≫ τ0, the system can be re-
duced to a three-site system with renormalized
tunneling rates τ ′

C,1 = −τC,1/
√

(N − 1)/2 and
τ ′

C,2 = (−1)(N−1)/2τC,N−1/
√

(N − 1)/2, and sim-
ilarly, with renormalized spin-flip tunneling rates
τ ′

F,1 and τ ′
F,2 (see Appendix B for more informa-

tion about how to obtain the effective model).
These two pulses are usually referred to as pump
and Stokes pulses, respectively.

To benchmark the long-range transfer proto-
cols discussed above, we compare them with
the traditional sequential transfer protocol, also
known as the bucket-brigade mode, where the
tunneling rates between all neighboring dots are
maintained at a constant value, and the driving
parameter is the detuning between QDs. Initially,
the particle is trapped in one QD due to a sig-
nificant detuning from neighboring dots. Subse-
quently, the detuning is gradually reduced until
the ground state corresponds to the particle be-
ing trapped in the neighboring dot. If this ramp
is sufficiently slow (adiabatic), the particle is se-
quentially transferred from one QD to its neigh-
bor, reaching the final site after a total of N − 1
sequences. Here, we define the maximum value
of the detuning as εmax, and the minimum value
at εmin = 0.

We define T̃ as the minimal protocol time
needed to obtain a quantum state transfer with
fidelity of F = 99%. In Fig. 3 (a), we show the re-
sults for different protocols versus the number of
sites in the QDA. The total time needed using a
linear ramp grows exponentially with the number
of sites. On the contrary, an STA pulse reaches
a high-fidelity transfer with moderate times. For
very large arrays, the CTAP and STA protocols
approach each other. Since the straddling pulses
in the bulk are the same for both protocols, this
result is expected. However, this assumption can
not be extrapolated to linear pulses, where the
time necessary to achieve a 99% fidelity abruptly
increases with the length of the chain as com-
pared with the other protocols. Both STA and
CTAP outperform sequential transfer, demon-
strating the superiority of employing long-range
transfer in long chains. Furthermore, as shown
in Fig. 3 (a), STA is much faster than CTAP for
intermediate QDA lengths, making it the most
efficient protocol for long-range transfer.

Another advantage of long-range transfer is the
reduction of the effects of pure dephasing com-
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Figure 3: (a) Time needed to reach a 99% fidelity
for different protocols, versus the number of sites in
the QDA. The transfer is obtained by sequential trans-
fer (crosses, brown), linear pulse (pentagons, orange),
CTAP (squares, purple), and STA (circles, green). The
maximum straddling tunneling rate is τs = 3τ0. For
sequential transfer εmax = 20τ0. (b) Transfer infi-
delity as a function of the total protocol time for dif-
ferent protocols for a seven QDA. The value of the
dephasing is γ = 0 (solid), γ = 0.05 µeV (dashed),
and γ = 0.1 µeV (dotted). Maximum tunneling rates
are τs = 10τ0 = 100 µeV. For sequential transfer
εmax = 200 µeV. Other parameters, common for both
panels, σCTAP = σbulk = T/6.

pared to sequential transfer. To simulate this ef-
fect, we solve the Lindblad master equation [94]
with jump operators Li = √

γiσ
i
z, where γi is the

dephasing rate for the i-th QD. We assume the
same dephasing rate γi = γ for all quantum dots
and compute the fidelity F as the average of the
transfer fidelity for different initial spin polariza-
tion. Fig. 3 (b) shows the fidelity as a function of
the dephasing rate γ for different protocols. Since
long-range transfer protocols do not populate the
intermediate dots, the fidelity is less affected by
dephasing, as compared with other protocols, ob-
taining a higher fidelity for the same dephasing
rate. The advantage of STA or CTAP over se-
quential transfer is even more evident for higher
dephasing rates and longer QDAs (not shown).
In Appendix D we give a brief discussion on the
effects of charge noise on the transfer fidelity for
different protocols.

Finally, it is important to note that for the

transfer, it is crucial to maintain the resonance
condition between the first and last QDs. How-
ever, due to the long-range nature of the DS, the
transfer fidelity is not sensitive to the presence
of small local magnetic fields in the intermediate
dots. We have verified numerically that a mag-
netic field with a Zeeman splitting EZ ≲ τ0 in
the intermediate dots does not drastically affect
the transfer fidelity. For instance, for an N = 11
QDA with other parameters given by the ones
used in Fig. 3(a), the fidelity drop from EZ = 0
to EZ = τ0 is less than 1% for the STA protocol.

5 Role of SOI in the dark state
Let us perform a detailed analysis of DSs in a
chain with an odd number of QDs, N = 2k + 1,
where k ∈ N. In the limit τs ≫ τ0, we derive a
solution as follows:

|DS1⟩ = sin θ |↑1⟩ − cos θ [cosϑ/2 |↑N ⟩
+ sinϑ/2 |↓N ⟩] ,

|DS2⟩ = sin θ |↓1⟩ − cos θ [− sinϑ/2 |↑N ⟩
+ cosϑ/2 |↓N ⟩] .

(15)

Here, the mixing angle between spin states at the
last site is given by

ϑ ≡ 2(N − 1) arctan(xSOI). (16)

This outcome reveals the dependence of the spin
polarization of the transferred particle on the
number of QDs in the array and on the strength
of the SOI, which can be modulated through ex-
ternal electric fields. For the case of N = 3,
the spin is inverted in the transfer for xSOI =
1. On the contrary, spin-conserving transfer oc-
curs at xSOI = 0, where the SOI is zero. In
Fig. 4 (a), simulations of the spin polarization at
the rightmost QD after a long-range transfer car-
ried out with STA are shown. The values of xSOI
that yield long-range spin-conserving and spin-
flip transfers are in agreement with the analytical
results discussed above.

For N = 5, solutions for spin-flip transfer
(ϑ = (2k + 1)π) emerge at xSOI =

√
2 ± 1.

On the other hand, for a spin-conserving trans-
fer (ϑ = 2kπ), there are three possible solu-
tions. These correspond to the absence of SOI
xSOI = 0, equal spin-conserving and spin-flip
tunneling rates xSOI = 1, and absence of spin-
conserving tunneling rate xSOI → ∞. Similar re-
sults are expected for higher values of N . These
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Figure 4: The population of the rightmost dot after a
long-range transfer as a function of xSOI = τF,i/τC,i for
(a) N = 3, (b) N = 5, and (c) N = 7. The spin is
initialized at the left-most QD with spin up, and it is
transferred to the right-most QD ending with spin up
(solid red line), or with spin down (dashed blue line).
(d) Spin polarization at the right-most QD at the end
of the protocol as a function of xSOI and N is an odd
number (blue: spin down, red: spin up). The protocol
used for the pump and Stokes pulses is an STA pulse,
with a maximum value of max(τC,1) = max(τC,N−1) =
τ0
√

(N − 1)/2, while the intermediate tunneling rates
are straddling pulses with Gaussian shapes centered at
T/2, with width σbulk = T/6 and maximum strength
of τs = 15τ0

√
(N − 1)/2. The total protocol time is

T = 20π/τ0.

predictions are closely aligned with the numerical
results presented in Fig. 4 (b-c).

In addition, we simulate various chain lengths
for long-range transfer using an STA protocol
and compute the final polarization defined as
P ≡ | ⟨↑N |Ψ(T )⟩ |2 − | ⟨↓N |Ψ(T )⟩ |2. As in pre-
vious cases, the system is initialized in the state
|↑1⟩. The results are displayed in Fig. 4 (d),
where blue regions (P = −1) represent spin-flip
transfers, while red ones (P = 1) indicate spin-
conserving ones. The analysis is limited to chains
with an odd number of QDs since only these sys-
tems, in the case of a single particle, exhibit dark
states. As described in Appendix B, the effec-
tive tunneling rates decrease as 1/

√
(N − 1)/2

for increasing site number. To counteract this
effect, we increase the pulse strength by a factor√

(N − 1)/2, ensuring that the effective tunnel-
ing rate remains consistent across all QDA. At
xSOI = 1, we observe the alternating behavior
of the spin polarization with the number of QDs

mentioned above. The results resemble an in-
terference pattern with an increasing fringe fre-
quency as the chain length increases.

5.1 Simultaneous one-qubit gate and quantum
transfer
As we have discussed previously, the presence of
SOI produces the spin rotation of the particle
during the transfer. One can tune this rotation
by controlling the effective Rashba interaction. In
the present setup, the spin rotation takes place
around the y axis in the Bloch sphere. Conse-
quently, the final unitary transformation, after
tracing out the spatial part, can be represented
as

RY (ϑ) =
(

cosϑ/2 − sinϑ/2
sinϑ/2 cosϑ/2

)
. (17)

To determine the final rotation angle, the time-
dependent Schrödinger equation is solved numer-
ically. In Fig. 5 (a), we compare these numer-
ical results with the analytical prediction pro-
vided in Eq. (16), showing an excellent agree-
ment. Here, we introduce the parameter χSOI,
defined as χSOI ≡ (1/xSOI + 1)−1.

To enable arbitrary one-qubit gates, it is imper-
ative to have the capability for two-axis control.
This requirement can be achieved by introducing
an effective SOI with a complex phase. In this
case, the DSs take the form

|DS1⟩ = sin θ |↑1⟩ − cos θ [cosϑ/2 |↑N ⟩

+eiφ sinϑ/2 |↓N ⟩
]
,

|DS2⟩ = sin θ |↓1⟩ − cos θ [− sinϑ/2 |↑N ⟩

+eiφ cosϑ/2 |↓N ⟩
]
.

(18)

As discussed in [89, 95–97], to apply a peri-
odic electric field to the sample, implies that the
Rashba SOI acquires a complex phase as α =
α0e

i(ωt+ϕ). This also implies a time dependent
spin-flip tunneling rate τF,i(t) = |τF,i(t)|ei(ωt+ϕ),
where ω is the frequency and ϕ the phase of the
drive. Depending on the specific pulse protocol
considered (STA, CTAP, or linear), the SO ampli-
tude α0 becomes time-dependent in a particular
fashion.

The effect of periodic driving on the spin-flip
tunneling rate allows the control of the rotation
axis through the frequency and phase of the driv-
ing. If the driving frequency is sufficiently low,
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Figure 5: (a) Spin rotation angle versus the parameter
χSOI. Long-range transfer is obtained using STA pulses
in a QDA with a total of N = 3 (blue, circles), N = 5
(green, triangles), and N = 7 (orange, squares) sites.
Both numerical (markers) and analytical results (solid
lines) are shown. (b) Sketch of the rotation angles in
the Bloch sphere. The rotation angle ϑ is given by the
SOI parameter χSOI, while the rotation vector is defined
via the azimuth angle φ. This angle is modified by the
driving frequency of the Rashba term. (c) An univer-
sal one-qubit gate can be implemented by combining a
maximum of three rotations around two perpendicular
axes. This can be obtained by dividing the total QDA
into three subarrays, so each rotation is performed in a
different subarray.

the particle dynamics follows the DS, and the
final phase between the spin-up and spin-down
states is determined by φ ≡ ωT + ϕ. For φ = 0,
the rotation occurs around the x-axis, while for
φ = π/2 the rotation takes place around the y-
axis. Here, we only mention these two possibil-
ities, but any rotation vector in the x-y plane
can be chosen by modifying the driving phase. A
schematic representation is provided in Fig. 5 (b).

The control of the SOI can be obtained through
a global electric field applied to the sample, while
plunger gates on top of the QDs can be used to
locally control the tunneling rates, compensating
for any deviations produced by the control of the
SOI. Note that the gate needed to control the SOI
is not depicted in the schematic representation of
the QDA in Fig. 1 (a).

Combining three rotations around two perpen-
dicular axes, any one-qubit gate can be imple-
mented [98]. Moreover, if the rotation axes can
be adjusted freely within a set plane, such as the
x-y plane, then achieving a one-qubit gate only

requires two rotation steps [99]. In Fig. 5 (c),
we show a possible implementation of a universal
one-qubit gate. The total QDA is divided into
three subarrays, each containing three QDs. The
first and third subarrays are used to implement
rotations around the y-axis, while the second sub-
array is used to implement a rotation around
the x-axis. Usual one-qubit gates times for spin
qubits T1Q ∼ 10−100 ns [100], both for electrons
and holes, are comparable with the timescales of
the long-range transfer protocols presented here.

6 Applications for simultaneous quan-
tum gates during transfer

In the following section, we will discuss two appli-
cations of quantum gates implemented simultane-
ously than the long-range transfer. These appli-
cations motivate the use of the SOI to speed up
the generation of entangled pairs and to enhance
the robustness of the transfer, respectively.

6.1 Quantum entanglement distribution

The use of simultaneous one-qubit gates in par-
allel with the transfer of quantum information is
also advantageous for the distribution of quantum
entanglement, see Fig. 6. The goal is to generate
entanglement between two distant qubits that are
not directly coupled to each other. However, they
are coupled to a third qubit, which can be shut-
tled between them, using the long-range transfer
protocols discussed above. Due to the non-zero
SOI, one can use the second shuttling depicted
in Fig. 6 to perform two quantum gates simulta-
neously to the transfer, speeding up the protocol.
The final Bell pair between the distant qubits can
be chosen via the quantum gates performed dur-
ing the shuttling, while the ancilla qubit recov-
ers its original quantum state after the protocol.
In this example, outer qubits represent distant
quantum cores, which are operated individually,
and the ancilla qubit would denote a particle in-
side a quantum bus connecting both cores.

6.2 Dynamical decoupling

In experimental devices there exists a small but
finite hyperfine interaction (HFI) that can induce
spin decoherence and relaxation. We model the
HFI as a quasistatic Gaussian noise, which gives
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Figure 6: Quantum circuit for a distributed quantum
state preparation mediated by a quantum bus. The outer
qubits are initialized at |0⟩L,R, while the initial state of
the qubit inside the quantum bus (ancilla qubit) is arbi-
trary |χ⟩C, and it is transferred via a long-range protocol
(red lines). During the second transfer, two one-qubit
gates (X and H) are applied to the ancilla qubit, speed-
ing up the protocol. The final state for the outer qubits
is the Bell pair |Ψ−⟩L,R ≡ (|0⟩L⊗|1⟩R−|1⟩L⊗|0⟩R)/

√
2,

and the ancilla qubit recovers its initial state.

rise to local fluctuating magnetic fields charac-
terized by a zero mean and a standard deviation
of σhf . The timescale of the hyperfine interac-
tion is long enough so that the random magnetic
fields remain constant during the transfer. These
fluctuating magnetic fields introduce errors in the
transfer process and also induce dephasing in the
moving spin qubit.

To improve the robustness of the protocol, we
can leverage the opportunity to apply quantum
gates in parallel with the transfer. We show be-
low that it is possible to implement a dynami-
cal decoupling (DD) protocol while transferring,
and, as a proof of concept, we consider the Hahn
echo protocol. The Hahn echo protocol involves a
sequence of three pulses around one rotation vec-
tor. It has already been implemented in standing
spin qubits in semiconductor QDs [38, 101, 102].
In our setup, the natural rotation axis is the y-
axis. The first and third quantum gates introduce
a rotation angle of π/2, while the second gate is
characterized by a rotation angle of π. Ideally,
after the complete sequence, the qubit returns to
its initial state. A schematic representation of the
dynamical decoupling protocols explained below
is shown in Appendix E.

In our system, we divide the total QDA into
a total of three subarrays of length n3 each, to
perform long-range transfers. The total length of
the QDA is given byN = 3×n3−2, accounting for
the two QDs shared between adjacent subarrays.
During each transfer, the rotation angle is fixed
by tuning the SOI. We refer to this method as a
three-steps DD.

However, when very long arrays are considered,
the increasing number of dots in the subarrays
can lead to lower quantum gate fidelity, and to
address this issue, we propose an alternative ap-
proach. The total QDA is divided into five subar-
rays. The first, third, and fifth subarrays consist
of three sites each, in which we apply the quan-
tum gates required by the Hahn echo protocol.
The remaining subarrays, the second and fourth,
consist of any odd number of sites n5, in which the
identity quantum gate are applied. The value of
xSOI in this region is chosen so that the spin is not
rotated during the transfer (ϑ = kπ). Any possi-
ble errors during the shuttlings in the second and
fourth subarrays are corrected by the dynamical
decoupling protocol applied in the smaller subar-
rays. The total length of the array is given by
N = 3×3+2×n5 −4, so this approach is termed
five-steps DD. Ideally, the intermediate subarrays
are chosen to be as long as possible, with n5 ≫ 3.

To benchmark these protocols, we compare
their results with those obtained by dividing the
total QDA similarly but without applying quan-
tum gates to the transferred qubit. The min-
imum length of the QDA that can be used to
compare both proposals is N = 19. For all long-
range transfers during the dynamical decoupling
schemes, we use the STA protocol, since it is the
fastest one.

The results presented in Fig. 7 (a-b) demon-
strate the effectiveness of various transfer proto-
cols. Here, we define direct transfer as the long-
range transfer between outer dots with a SOI so
that the transferred qubit remains in the same po-
larization as the initial state. The spin dephasing
time is given by T ∗

2 = ℏ/σhf [103], and the val-
ues considered here are in line with the dephas-
ing time observed in hole spin qubits [100]. We
conducted multiple shuttle operations, initializ-
ing the particle in the left QD with a random
spin state and averaging the transfer fidelity over
different realizations of random hyperfine inter-
actions. In particular, the fidelity obtained with
sequential passages (see blue line in Fig. 7 (a)) re-
mains low even in the absence of hyperfine inter-
action. However, this protocol exhibits increased
robustness against errors because it does not rely
on the energy levels being in resonance, as in the
case where the protocol is based on the existence
of DSs.

The fidelity for the direct transfer protocol,
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Figure 7: Average transfer fidelity for sequential (blue,
circles), direct (green, stars), 3-steps without DD (red,
open triangles), 3-steps with DD (orange, full triangles),
5-steps without DD (gray, open pentagons), and 5-steps
with DD (violet, full pentagons). Each point represents
an average over multiple random initial spin states and
a random initialization of the Gaussian noise. In panel
(a), transfer fidelity as a function of spin dephasing for
a single shuttling. In panel (b), multiple forward and
reverse shuttlings are performed, while the noise strength
is fixed at σhf = 2 neV. Solid lines represent fits for the
numerical data, see main text. For both panels, N = 19,
τ0 = 1 µeV, and T ∼ 300 ns.

while achieving high values in the limit of low
hyperfine strength, decreases substantially as the
hyperfine strength increases. As we show in Fig. 7
(open triangles and open pentagons), dividing the
total QDA into smaller subarrays enhances ro-
bustness. Furthermore, applying the dynamical
decoupling sequence simultaneously to the trans-
fer yields significant improvements in fidelity (full
triangles and full pentagons). These results high-
light the advantage of executing quantum gates
simultaneously to quantum state transfer.

To quantitatively assess the performance of dy-
namical decoupling protocols, we fitted the fi-
delity to an exponential decay of the form [41]

F = F0
2
[
1 + exp

(
−(σhf/σ

∗
hf)2

)]
, (19)

where F0 and σ∗
hf are the fitting parameters. The

value of σ∗
hf is indicative of the robustness of the

protocol. In a real-case scenario, the particle
must experience multiple shuttlings to connect

distant quantum computing nodes, as shown in
the previous example. To study the performance
of the DD protocols in this scenario, we consider
multiple forward and reverse shuttlings. Here, we
fit the numerical data to an exponential decay of
the form [38]

F = F0 exp(−n/n∗) + Fsat, (20)

where n∗ defines the number of shuttles after
which fidelity drops to 1/e of its initial value, and
Fsat is the saturation value of the fidelity.

The results for the fitting parameters are shown
in Table 1, where we can see that the application
of the DD sequence significantly improves the ro-
bustness. Our results show that by including a
DD scheme during the shuttling, the qubit trans-
fer is more robust against hyperfine interaction,
and a larger number of shuttles can be performed
before the fidelity significantly drops.

In practice, the successful implementation of
this protocol in an experimental device requires
a fast switch of the SOI. However, this can be
challenging on some devices. A workaround is to
take advantage of the fact that the rotation an-
gles depend not only on the value of xSOI but also
on the number of sites. Setting a specific value of
xSOI and determining the required QDA length,
we can effectively apply the dynamical decoupling
sequence. For example, with xSOI ∼ 0.414, we
can divide the total QDA into three sections con-
sisting of three, five, and three QDs, respectively.
In this configuration, a rotation of RY (π/2) is ap-
plied during transfer in sections with three QDs,
while the intermediate section with five QDs is
subject to a quantum gate of RY (π), effectively
implementing the Hahn echo protocol.

Furthermore, due to the ability to perform
rotations in different axes, such as the x- and
y-axes, these ideas can be extended to more
complex dynamical decoupling protocols, such as
the Carr-Purcell-Meiboom-Gill (CPMG) scheme
[104, 105]. To implement the CPMG scheme,
the QDA must be divided into a minimum of
four subarrays, with rotations following the se-
quence RX(π/2), RY (π), RY (π), RX(π/2). Ad-
ditionally, applying simultaneous quantum gates
during the long-range transfer can facilitate pe-
riodic repetitions of high-order dynamical decou-
pling sequences, leading to stroboscopic satura-
tion. However, implementing these advanced
schemes falls beyond the scope of the present
work.

Accepted in Quantum 2024-11-18, click title to verify. Published under CC-BY 4.0. 11



Sequential Direct Three-steps Three-steps (DD) Five-steps Five-steps (DD)

F0 0.842 0.990 0.996 0.996 0.997 0.997

σ∗
hf [neV] 31.1 12.1 14.7 16.0 17.5 20.0

n∗ 521 12.5 21.6 32.37 37.8 45.8

Table 1: Fitting parameters (see Eqs. (19, 20)) for the sequential, direct, three- and five-steps protocols versus the
noise strength and number of shuttles. The protocols in which dynamical decoupling is applied are denoted by (DD),
other protocols do not include quantum gates during the shuttling.

7 Multiparticle systems
Our flying qubit architecture works not only for
a single particle but also for interacting system,
where the Coulomb repulsion between particles
plays a crucial role. Here we present two different
scenarios in which the presence of SOI is crucial
to obtain the desired results.

7.1 Quantum state distribution

In this scenario, we aim to transfer quantum
information encoded in the spin of two entan-
gled spins. We initialize the system in a maxi-
mally entangled state, either a singlet or triplet
state, which can be represented as |T0/S(1, 1)⟩ ≡
(|↑, ↓⟩±|↓, ↑⟩)/

√
2. Subsequently, we separate the

entangled pair into distant sites of the QDA by
tuning the tunneling rates. The schematic illus-
tration of this idea can be found in Fig. 8 (a).

The minimal system for investigating long-
range quantum state distribution with two par-
ticles, in terms of DSs, consists of a quadruple
QDA [56]. Initially, the entangled pair is located
at the left-most QD and its neighbor. We con-
sider the singlet state |Ψ(0)⟩ = |S12⟩, with the
particles located at dots 1 and 2. Similar results
can be obtained when the entangled pair is ini-
tialized in the unpolarized triplet state.

Inspired by similar protocols in Ref. [56], we
use specific pulse shapes:

τC,1(3) = ∓τ0

[
tanh

(
t− b

c

)
∓ 1

]
,

τC,2 = aτ0

[
tanh

(
t− b2
c

)
+ 1

]
.

(21)

Here, a = 20, b = T/7, b2 = 3T/5, and c =
T/14. Recall that T is the total protocol time.
These pulse shapes are depicted in Fig. 8 (b). The
free parameters (a, b, and c) can be further fine-
tuned for improved transfer robustness, although

Quantum state
distribution
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Figure 8: (a) Schematic picture of the state distribution
of an entangled pair of spin qubits across a quadruple
QD, by adiabatically modifying the tunneling barriers
τi(t). (b) Pulses used for the state distribution, note that
the intermediate tunneling rate τC,2 is downscaled by a
factor of 20. (c) Dynamics of a quadruple QD populated
with two particles, initialized in the singlet state, after
applying the pulses shown in (b). The parameters are:
xSOI = 1, T = 50π/τ0 a = 20, b = T/7, b2 = 3T/5,
c = T/14, EZ = 600τ0, and U = 2500τ0.

detailed parameter optimization is not within the
scope of this work.

The results obtained using these pulses are dis-
played in Fig. 8 (c). Notably, the intermediate
dot (labeled as 3) remains unpopulated during
the transfer. As the time reaches t ∼ T/2, sin-
glet and triplet states distributed at the ends of
the QDA begin to oscillate. The coupling be-
tween these states is due to the nonzero SOI. By
selecting the total transfer time, a long-range dis-
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tribution that preserves spin can be achieved at
tτ0/2π ∼ 45. On the other hand, if the transfer
protocol ends at tτ0/2π ∼ 35, the final state is
the triplet state. In the latter case, the quantum
gate implemented simultaneously to the transfer
effectively acts as a Z gate applied to one of the
two entangled qubits.

For a more detailed analysis of the quantum
state distribution, we define the final spin polar-
ization at a given time during the transfer proto-
col, as follows

PS(T )(t) ≡
∣∣∣〈S(T 0)1,4

∣∣∣Ψ(t)
〉∣∣∣2. (22)

Fig. 9 (a) illustrates that, for negligible spin-flip
tunneling rate (i.e., xSOI → 0), the distributed
pair remains in the singlet state. However, as
we increase the SOI to xSOI ≥ 0.5, the system
starts to oscillate between the singlet and triplet
states. Higher values of xSOI result in a higher
oscillation frequency, enabling high-fidelity state
distribution plus a change in the spin polarization
at shorter total times.

The final spin polarization can also be con-
trolled by adjusting the magnetic field applied to
the sample, as shown in Fig. 9 (b). If the mag-
netic field is not high enough, the polarized triplet
states (T±) are close in energy to the singlet and
the unpolarized triplet states. The coupling to
polarized triplet states acts as a leakage out of
the computational basis. Thus, the high-fidelity
transfer can only be achieved if EZ ≫ τ0.

7.2 Half-filling regime

Another situation in which the presence of SOI
is advantageous for the application of long-range
transfer is a QDA in the half-filling regime. This
situation involves a system of N sites with a to-
tal of N particles, where all QDs are in resonance

and a magnetic field is applied perpendicular to
the QD plane. In the limit of a large Coulomb
interaction, where U is much larger than the
other energy scales of our problem, we employ
a Schrieffer-Wolff transformation to trace out the
double-occupied states. In Fig. 10, we show the
different possible paths for second-order tunnel-
ing processes in the half-filling regime. If the ap-
plied magnetic field is sufficiently strong EZ ≫
τC,i, τF,i, the subspaces with fixed total spin pro-
jections are separated by a considerable energy

0.0

0.5

1.0

1.5

x
S
O

I

(a)

30 35 40 45 50

tτ0/2π

101

102

103

E
Z

/
τ 0

(b)
−1.0

−0.5

0.0

0.5

1.0

P S
−

P T

−1.0

−0.5

0.0

0.5

1.0

P S
−

P T

Figure 9: (a) Spin polarization PS − PT in quadruple
QDA after a state distribution, versus the protocol time
and xSOI. (b) Spin polarization versus the protocol time
and Zeeman splitting EZ . Other parameters are the
same as those used in Fig. 8.

gap. In this case, the coupling between states
is primarily governed by the spin-conserving tun-
neling rates, while the spin-flip tunneling rates
renormalize the energies of each level. For more
details on the effective exchange model, see Ap-
pendix F.

The matrix representation of the effective
Hamiltonian within the Sz = +1/2 subspace,
written on the basis of (|↓, ↑, ↑⟩ , |↑, ↓, ↑⟩ , |↑, ↑, ↓⟩),
can be expressed as

Heff =

−JCC
1 − JF F

2 JCC
1 0

JCC
1 −JCC

1 − JCC
2 JCC

2
0 JCC

2 −JCC
2 − JF F

1

. (23)

Here, Jab
i represents the exchange coupling be-

tween the dots i-th and (i + 1)-th, with Jab
i ≡

τa,iτb,i/U , where a, b = {C,F} represents the
spin-conserving and spin-flip tunneling rates, re-

spectively. A common factor EZ has been sub-
tracted from the diagonal elements of the Hamil-
tonian. We will mainly focus on the Sz = +1/2
subspace, although analogous results can be ap-

Accepted in Quantum 2024-11-18, click title to verify. Published under CC-BY 4.0. 13



∝ τ 2F
τF τF

τF τF

τF τC

τF τC

∝ τFτC

τC τC

τC τC

∝ τ 2C

Figure 10: Different possible paths for second-order
tunneling in the half-filling regime combining spin-
conserving and spin-flip tunneling rates. There exist
paths that are second order in the spin-conserving tun-
neling rate (top, green), second order in the spin-flip
tunneling rate (center, pink), and a combination be-
tween spin-conserving and spin-flip tunneling rate (bot-
tom, blue).

plied to the Sz = −1/2 subspace. The effective
Hamiltonian resembles a Λ system, with a central
state (|↑, ↓, ↑⟩) coupled to the other two states.
To simplify the notation, we define |i⟩ as the state
in which all dots are populated with a single spin-
up particle, except for the i-th site where there is
a spin-down particle.

For the achievement of long-range spin trans-
fer, it is imperative to have a DS, an instanta-
neous eigenstate that exclusively has weight in
the initial and final desired states. A condition
for the existence of this DS in a Λ system is that
E1 = E3, where Ei ≡ ⟨i|Heff |i⟩ [106]. In the
absence of SOI, this condition is satisfied only if
JCC

1 = JCC
2 at all times. However, when this

condition is imposed, the DS remains constant at
|DS⟩ = (|1⟩ + |3⟩)/

√
2 throughout the process,

without dependence on the tunneling rates, mak-
ing the spin transfer unachievable.

To enable long-range spin transfer without the
presence of SOI, it is necessary to apply magnetic
field gradients in combination with AC driving on
the tunneling barriers, wherein the pulse envelope

undergoes slow changes [57]. Nonetheless, gener-
ating large magnetic field gradients could pose
challenges in experimental setups, and AC fields
have the potential to induce heating in the sam-
ple, leading to significant transfer errors. These
challenges can be avoided by considering holes
that exhibit nonzero SOI.

Setting τF,i/τC,i = 1, i.e., JCC
i = JF F

i = Ji,
the Hamiltonian in Eq. (23), after subtracting a
common factor −(J1 + J2) in the diagonal ele-
ments, reads

Heff =

 0 J1 0
J1 0 J2
0 J2 0

. (24)

With this effective Hamiltonian, we perform
an STA protocol to transfer the spin qubit. For
this purpose, we consider an ansatz for the wave
function similar to the one presented in Eq. (11)
to determine time-dependent pulses J1 and J2 to
achieve long-range spin transfer of a single spin
in a TQD containing three particles. The system
is initially prepared in the state |1⟩.

We consider the DS obtained from the effective
Hamiltonian in Eq. (24):

|DS⟩ = sin θ |1⟩ − cos θ |3⟩ , (25)

where tan θ ≡ J2/J1, and perform the STA pro-
tocol to transfer the spin down between the outer
dots of the QDA.

It is interesting to note that the effective model
is the same as the one obtained for a single
particle with renormalized second-order hopping.
That means that the discussion regarding the dif-
ferent protocols and the effect of noise for the sin-
gle particle in the QDA is equivalent and can be
extended to the half-filling regime.

8 Conclusions
In this work, we investigate the control of flying
spin qubits in semiconductor quantum dot arrays
in the presence of spin-orbit interaction (SOI).
We demonstrate that the transfer fidelity can be
significantly enhanced by engineering the tunnel-
ing rates of the barriers appropriately. A detailed
analysis comparing various protocols reveals that
Shortcuts to Adiabaticity (STA) emerges as the
optimal protocol in terms of speed and minimal
population of the middle dots, ensuring rapid and
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high-fidelity transference even in the presence of
dephasing. Importantly, STA is the highest fi-
delity protocol for large quantum dot arrays, be-
ing therefore more suitable for scalability pur-
poses.

We introduce a new framework to control and
tune the spin rotations induced by SOI during
the transfer which allows simultaneously the im-
plementation of one-qubit quantum gates. Fur-
thermore, we propose how to implement dynam-
ical decoupling protocols to mitigate the effects
of hyperfine interaction and enhance transfer fi-
delity. The application of simultaneous one-qubit
gates during the transfer is advantageous to gen-
erate entanglement between two distant nodes.
Expanding our analysis to multiparticle systems,
we demonstrate that the presence of SOI facili-
tates long-range entanglement distribution across
the quantum dot array and enables long-range
spin transfer in the half-filling regime.

All the results shown here are highly dependent
on the existence of SOI, which plays a crucial role
in the control and manipulation of the flying spin
qubit. The presence of strong SOI is responsible
for the emergence of dark states with a mixture
of spin states, which are essential for the imple-
mentation of quantum gates during the shuttling.
Furthermore, for the multiparticle systems stud-
ied here, the long-range transfer of quantum in-
formation is only possible due to the presence of
SOI.

The generality of our results extends to both
holes and electron spin qubits in the presence
of SOI, hosted in different semiconductor mate-
rials such as germanium or silicon, nanowires,
or FinFET devices. In summary, our findings
not only advance the theoretical understanding
of quantum systems with SOI but also pave the
way for practical applications. They underscore
the advantageous role of SOI to implement long-
range quantum information transfer protocols in
quantum dot arrays, and show their feasibility
as quantum links between processors, enhancing
the quantum chip connectivity. Furthermore, the
integration of simultaneous quantum gates into
transfer protocols offers the potential for signifi-
cant acceleration of specific quantum information
procedures.
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A Effective spin-flip tunneling rate
In germanium or silicon, the Dresselhaus SOI
vanishes because the system does not present
bulk inversion asymmetry (BIA). Rashba interac-
tion, due to structure inversion asymmetry (SIA),
is the main SOI mechanism present in the mate-
rial. Furthermore, depending on the sample con-
figuration, the dominant term for Rashba SOI is
linear or cubic in momentum [107–110]. Finally,
this discussion can be extended to other semicon-
ductor materials, such as GaAs, after the inclu-
sion of BIA.

The model for a double QD in which a single
particle is confined along the out-of-plane (z) axis
[111, 112] can be described by a quartic harmonic
confining potential with dot separation 2a. Ad-
ditionally, there is an out-of-plane magnetic field
B resulting in a Zeeman splitting for the spin
degree of freedom. The Hamiltonian reads as fol-
lows [113, 114]

H0 =
π2

x + π2
y

2m∗ + 1
2m

∗ω2
0

(
(x2 − a2)2

4a2 + y2
)

+ g

2µBBσz,

(26)
where π = p + eA is the canonical momentum
and σi the Pauli matrices. The total Hamilto-
nian, taking into account Rashba (α) and Dressel-
haus (β) SOI, both with linear and cubic terms,
is described by H = H0 + HSOI, where HSOI ≡
H

(1)
α +H

(3)
α +H

(1)
β +H

(3)
β with

H(1)
α =iα(1)(σ−π+ − σ+π−),

H(3)
α =iα(3)(σ+π

3
− − σ−π

3
+),

H
(1)
β =β(1)(σ+π+ + σ−π−),

H
(3)
β =β(3)(σ+π−π+π− + σ−π+π−π+).

(27)
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The Hamiltonian in Eq. (26) can be exactly
solved by obtaining the Fock-Darwin states
ψFD

nl (x, y). Considering just a single orbital
per dot, we restrict ourselves to ψFD

00 (x, y) =
1√
πb

exp
{
−(x2 + y2)/2b2}, where we define b2 ≡

ℏ/m∗
√
ω2

0 + ω2
L, with the Larmor frequency ωL =

eB/2m∗. The magnetic vector potential is de-
fined in the symmetric gauge A = B(−y, x, 0)/2.
Transforming the Fock-Darwin states under this
gauge, they acquire a phase as

ψ
L/R
00 = e±iya/2l2BψFD

00 (x± a, y). (28)

The finite overlap between the left and right
wave functions is given by

S =
〈
ψL

00

∣∣∣ψR
00

〉
= exp

(
−a2m∗(ω2

0 + 2ω2
L)

ℏω

)
,

(29)
with ω ≡

√
ω2

0 + ω2
L.

We orthogonalize the Wannier states as
|L/R⟩ =

√
N(ψL/R

00 − γψ
R/L
00 ), where the normal-

ization is given by N = (1 − 2γS + γ2)−1 and

γ = (1 −
√

1 − S2)/S. The spin-flip terms for the
SOI Hamiltonian are given by:

⟨L ↓|H(1)
α |R ↑⟩ = −α(1)N(1 − γ2)am∗ω2

0
ω S,

⟨R ↓|H(1)
α |L ↑⟩ = α(1)N(1 − γ2)am∗ω2

0
ω S,

(30)

for the linear-in-momentum Rashba term, and

⟨L ↓|H(3)
α |R ↑⟩ = −α(3)N(1 − γ2)

(
am∗ω2

0
ω

)3
S,

⟨R ↓|H(3)
α |L ↑⟩ = α(3)N(1 − γ2)

(
am∗ω2

0
ω

)3
S,

(31)

for the cubic-in-momentum Rashba term. The
corresponding matrix elements for the linear- and
cubic-in-momentum Dresselhaus SOI are given by

⟨L ↓|H(1)
β |R ↑⟩ = iβ(1)N(1 − γ2)am∗ω2

0
ω S,

⟨R ↓|H(1)
β |L ↑⟩ = −iβ(1)N(1 − γ2)am∗ω2

0
ω S,

(32)

⟨L ↓|H(3)
β |R ↑⟩ = iβ(3)N(1 − γ2)am

∗2ω2
0

ω3 (a2m∗ω4
0 − 2ℏω(ω2

0 + 2ω2
L))S,

⟨R ↓|H(3)
β |L ↑⟩ = −iβ(3)N(1 − γ2)am

∗2ω2
0

ω3 (a2m∗ω4
0 − 2ℏω(ω2

0 + 2ω2
L))S.

(33)

We compute ⟨L ↓|HSOI |R ↑⟩ and
⟨R ↓|HSOI |L ↑⟩, while the other two matrix
elements can be obtained by imposing the
hermiticity of the resulting Hamiltonian. From
Eqs. (30-33) we obtain that by including the
linear or cubic term, both in the Rashba and
Dresselhaus SOI terms, the phenomenology of
the model remains the same, and the spin-flip
tunneling rate can be written as

−τF ≡ ⟨R ↓|HSOI |L ↑⟩ = − ⟨L ↓|HSOI |R ↑⟩ .
(34)

B Effective Model for a QDA with
N > 3
In this section, we obtain an effective model for
a linear QDA with more than three sites, popu-
lated with a single particle. To transfer the par-

ticle between the ends of the chain, we use strad-
dling pulses, with all intermediate tunneling rates
τC,k, with 1 < k < N − 1, equal to each other,
see Fig. 11. Setting τF,k = xSOIτC,k, and after
decoupling the leftmost and rightmost dots from
the rest of the array τC,1 = τC,N−1 = 0, we obtain
two DSs described by

|DS↑⟩ = 1√
(N − 1)/2

(N−1)/2∑
k=1

(A2k−1 |↑2k⟩

+B2k−1 |↓2k⟩) ,
(35)

|DS↓⟩ = 1√
(N − 1)/2

(N−1)/2∑
k=1

(B2k−1 |↑2k⟩

+A2k−1 |↓2k⟩) .
(36)
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Here, we have defined the functions

Ak = (−1)(k+1)/2 cos [arctan(xSOI)(1 − k)] ,
Bk = (−1)(k+1)/2 sin [arctan(xSOI)(1 − k)] .

(37)

In the limit of zero SOI, i.e., xSOI = 0, the
above expressions simplify as Ai = (−1)(i+1)/2

and Bi = 0, obtaining the same DSs as those

presented in [57], which only contain states with
the same spin projection.

The DSs shown in Eqs. (35), (36) represent
dressed states formed by all the dots in the bulk
of the QDA. We couple the edge QDs by setting
τC,1, τC,2 ≪ τC,k, which allows us to reduce the
large QDA to an effective six-level system on the
basis {|↑1⟩ , |↓1⟩ , |DS↑⟩ , |DS↓⟩ , |↑N ⟩ , |↓N ⟩}

H =



0 0 τ̃1(t) 0 0 0
0 0 0 τ̃1(t) 0 0

τ̃1(t) 0 0 0 −AN−2τ̃2(t) BN−2τ̃2(t)
0 τ̃1(t) 0 0 BN−2τ̃2(t) AN−2τ̃2(t)
0 0 −AN−2τ̃2(t) BN−2τ̃2(t) 0 0
0 0 BN−2τ̃2(t) AN−2τ̃2(t) 0 0


, (38)

with τ̃1(2)(t) = τC,1(2)(t)
√

2/(N − 1). In the
above equation, we have already used the fact
that A1 = −1 and B1 = 0. This system can be
identified with a QDA of three sites under trans-
formation

∣∣∣DS↑(↓)
〉

→ |↑ (↓)2⟩. The final spin
projection of the transferred particle depends on
the number of sites in the total QDA and the
value of the effective SOI. However, a long-range
transfer with a minimal population in the mid-
dle sites is possible even in large QDAs in the
presence of SOI.

C Dark states for out-of-resonance
conditions

Due to systematic errors in the experimental im-
plementation of virtual gates, the energy levels
of the system can be shifted, leading to a devia-
tion from the ideal Hamiltonian. The most cru-
cial requirement for the existence of DSs is that
the energy levels of the initial and final states
are degenerate. We compute the fidelity of spin
qubit transfer in the presence of randomly time-
constant and uncorrelated errors in the center
dots, i.e., εi → εi + δi for 2 ≤ i ≤ N − 1, where δi

is a random number uniformly distributed in the
interval [−δε, δε].

If Fig. 12, we show the infidelity of the differ-
ent protocols for a QDA with N = 3 and N = 15
sites. Since the distribution over 103 noise real-
izations is highly skew, we use the interquartile
range to represent the spread of the data, as the

mean value and the standard deviation are not
representative. We observe that, even in pres-
ence of moderate energy level fluctuations, the DS
remains present, allowing for long-range transfer
with high fidelity compared with the sequential
transfer. Given that δε ≪ εmax, the sequential
transfer is almost insensitive to the fluctuations
in the energy levels. However, for large QDAs,
the sequential transfer is not feasible due to very
low fidelity. Among the different long-range pro-
tocols, STA achieves the highest fidelity, outper-
forming the other ones.

D Charge noise
The success of quantum state transfer through a
quantum bus hinges on its resilience against ex-
perimental errors throughout the protocol. In the
context of spin qubits in semiconductor QDs, the
most significant source of noise arises from elec-
tric field fluctuations, often referred to as charge
noise.

We model charge noise by considering time-
dependent fluctuations in both the energy of each
QD and the barriers that define the tunneling
rates. We parameterize the charge noise as [115]

εn
i (t) = εi + δενi(t), (39)

τn
C,i(t) = τC,i(t) + δτ ν̃i(t). (40)

Here, the superscript n indicates the presence
of noise. Furthermore, we assume uncorrelated
noise terms, which means there are no spatial
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τk � τ1,2
τk τk

| ↑1〉
| ↑N 〉
| ↓N 〉

−AN−2τ̃2

BN−2τ̃2

τ̃1 |DS↑〉

Figure 11: Scheme of a linear N QDA, and straddling pulses τk applied to the intermediate dots. The system is
initialized with a spin-up particle in the leftmost QD. Depending on the number of sites and the effective SOI, the
transfer protocol conserves or inverts the spin of the particle. If the straddling pulse is much larger than the boundary
pulses τ1 and τ2, the dots in the bulk form a dressed state connecting the initial state with the final one. The effective
coupling rate between the dressed and the final states depends on the functions Ak and Bk, which are related to the
number of sites and the SOI ratio.
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Figure 12: Infidelity of different protocols in (a) N = 3
and (b) N = 15 QDA against the fluctuation strength
in the energy levels of the intermediate dots. Col-
ored solid lines represent the mean infidelity after 103

noise realizations, while the shaded area indicates the
interquartile range. Each different protocol is repre-
sented by a different color: STA (green), linear (or-
ange), CTAP (purple), and sequential (brown). Other
parameters are τs = 10τ0, T = 100/τ0, xSOI = 1,
σCTAP = σbulk = T/6. For the sequential transfer,
εmax = 100τ0 is used.

correlations between them, with ⟨νi(t)νj(t)⟩ =
⟨ν̃i(t)ν̃j(t)⟩ = δij and ⟨ν̃i(t)νj(t)⟩ = 0. To model
charge noise, we employ a characteristic spectral
density of pink noise, given by S(f) ∝ 1/f for
frequencies within the range fmin < f < fmax.
For frequencies below fmin, we assume white noise
without frequency dependence, and for frequen-
cies above fmax, we adopt Brownian noise with

S(f) ∝ 1/f2. The parameters δε and δτ repre-
sent the strength of the noise for detuning and
tunneling rates, respectively. The spin-flip tun-
neling rates in the presence of noise are defined
by the relation τn

F,i(t) = xSOIτ
n
C,i(t).

For simulating transfer under the influence of
charge noise, the system is initialized at |Ψ(0)⟩ =
|↑1⟩. We then average the solution of the time-
dependent Schrödinger equation over 103 inde-
pendent noise realizations. When charge noise is
present due to fluctuations in the energy levels,
Fig. 13 (a), the highest fidelity for a short time is
obtained with STA. For larger times, CTAP and
STA perform similarly to each other, obtaining
a transfer fidelity close to F ∼ 0.99. However,
the sequential protocol is more robust against
charge noise (dashed brown curve), so if the to-
tal protocol time is long enough, such that the
adiabatic condition is met, the fidelity is close to
F ∼ 0.999. On the other hand, the linear ramp
shows much worse results than the other ones.
Linear ramps are very sensitive to charge noise
in the energy levels and give rise to a maximum
fidelity lower than 0.9. Both CTAP and STA are
much more sensitive to errors in tunneling rates,
Fig. 13 (b), acquiring fidelities lower than in the
previous case. However, the sequential protocol
is still robust against this error, obtaining fideli-
ties close to the noiseless case with long protocol
times.

In a more realistic case, more noise sources af-
fect the system. Therefore, to improve the trans-
fer fidelity, it is mandatory to perform the trans-
fer as fast as possible. Furthermore, it is also
beneficial for quantum algorithms to speed up the
transfer between computing nodes so that the to-
tal algorithm is performed in a reasonable time.
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Figure 13: Average infidelity of a long-range transfer in
a seven QDA versus the total time of the protocol and
(a) noise in the detuning δε, (b) noise in the tunneling
rates δτ . Each different protocol is represented with a
color: STA (green), linear (orange), sequential (brown),
and CTAP (purple). Solid lines represent zero noise,
and dashed lines represent the infidelity in the presence
of noise. τ0 = 10 µeV, τs = 10τ0, εmax = 500 µeV,
fmin = 0.16 mHz and fmax = 100 kHz.

A more detailed analysis of the different noise
sources in a realistic set-up must be done to de-
termine which protocol is more desirable.

E Dynamical decoupling schemes

In this section, we present different protocols used
for the DD schemes discussed in the main text.
The schematics for the protocols are shown in
Fig. 14. In the sequential protocol, the spin qubit
is transported through all dots, and no quantum
gate is performed during the transfer. On the
contrary, the direct transfer protocol implies that
the middle dots are not populated, but DD is
not applied. On the other hand, when the linear
array is divided into three subarrays, we can per-
form different quantum gates during the trans-
fer. In the first and third subarrays, we per-
form an RY (π/2) rotation, and an RY (π) rota-

tion in the second one, performing a DD proto-
col simultaneously with the particle transfer. We
can also divide the total array into five subarrays,
so the DD is applied during the first, third, and
fifth subarrays. We benchmark the results of the
DD schemes by performing a similar transfer in
the absence of quantum gates applied during the
transfer.

F Half-filling regime Hamiltonian

In this section, we will derive the effective Hamil-
tonian for a linear QDA in the half-filling regime
with SOI, in the limit of high Coulomb inter-
action. To address this scenario, through a
Schriffer-Wolf transformation, we trace out the
double-occupied states, resulting in an effective
exchange Hamiltonian. We consider a double
QD populated with two particles. In Fig. 10 of
the main text, we illustrate the possible tunnel-
ing paths combining spin-conserving and spin-flip
tunneling rates that a particle can perform in a
DQD. The complete set of elements can be de-
rived through spin inversion.

The original Hamiltonian H0 is described in
Eq. (2) of the main text. Both the spin-
conserving tunneling term in Eq. (3), and the
effective SOI in Eq. (4), are treated as pertur-
bations to the original Hamiltonian via V =
Hτ +HSOI. We perform a Schrieffer-Wolff trans-
formation at first order, by solving: V +[S,H0] =
0. In the next step, we simplify the effective
model by considering U ≫ EZ , τC,i, τF,i. Finally,
the effective Hamiltonian, for εi = 0, given by
H ′ = H0 + [S, V ] /2, reads

H ′ =EZ(σ1
z + σ2

z) + 2JCF (σ1
xσ

2
z − σ1

zσ
2
x)

+ JCC(σ1
xσ

2
x + σ1

yσ
2
y + σ1

zσ
2
z − 1/4)

+ JF F (−σ1
xσ

2
x + σ1

yσ
2
y − σ1

zσ
2
z − 1/4),

(41)

where σi
α corresponds to the Pauli matrix α =

{x, y, z} acting at the i = {1, 2} site. The various
exchange couplings are denoted as Jab ≡ τaτb/U ,
where a, b = {C,F} represent the spin-conserving
and spin-flip tunneling rates, respectively. The
effective model can be extended to longer arrays,
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Figure 14: Schematics of different transfer protocols. In the top row, sequential (blue) and direct transfer (green)
protocols are depicted, which keep the particle’s spin projection constant during the transfer, denoted by the identity
gate (Id). In the middle row, we show two protocols that divide the linear array into three subarrays. During the
three-steps protocol (red), no quantum gates are applied in each long-range transfer. On the other hand, for the
three-steps DD protocol (orange), the quantum gates RY (π/2) and RY (π) are applied during the transfer. Finally,
in the bottom row, we show the five-steps (gray) and five-steps DD (violet) protocols, in which the linear array is
divided into five subarrays.

with an arbitrary number of sites, as
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(42)
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