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ABSTRACT
In simulation studies of crystallization, the size of the largest crystalline nucleus is often used as a reaction coordinate to monitor the progress
of the nucleation process. Here, we investigate, for the case of homogeneous ice nucleation, whether the nucleus size exhibits Markovian
dynamics, as assumed in classical nucleation theory. Using 300 independent nucleation trajectories generated by molecular dynamics, we
evaluate the mean recurrence time required to reach selected values of the largest nucleus size. Early recurrences consistently take longer than
later ones, revealing a clear history dependence and thus non-Markovian dynamics. To identify the slow modes underlying this behavior, we
analyze several structural descriptors of the nucleus, observing subtle but systematic differences between nuclei at early and late recurrences.
By training a neural network on 2700 short trajectories to learn the committor, we identify relevant collective variables. Based on these features,
symbolic regression provides a compact approximation of the committor, that is, an improved reaction coordinate, which we subsequently
test for Markovian dynamics.

© 2026 Author(s). All article content, except where otherwise noted, is licensed under a Creative Commons Attribution (CC BY) license
(https://creativecommons.org/licenses/by/4.0/). https://doi.org/10.1063/5.0314412

I. INTRODUCTION

Homogeneous ice nucleation is a fundamental process1,2 whose
microscopic mechanism remains only partially understood and con-
tinues to attract significant attention.3–5 Classical nucleation theory
(CNT)6,7 is often used to describe this phenomenon, sometimes
as part of computational approaches such as seeding.8–10 Accord-
ing to this theory, crystallization proceeds via the formation of an
ice nucleus in the supercooled liquid. A nucleation barrier hin-
ders growth, and only nuclei that, by a rare fluctuation, reach the
critical size corresponding to this barrier can grow further and com-
plete crystallization. In its standard formulation, CNT relies on the
Markovian dynamics of nucleus size;11 however, generalizations that
include memory effects have been derived.12 In addition, CNT relies
on several simplifying assumptions, such as the sphericity of the
nucleus and the presence of a single crystalline phase. Moreover,
CNT typically neglects subtleties in the thermodynamics of curved
interfaces.13–15 In crystalline solids, additional complications arise
from strained states, defects, composition, or faceting. Although

it has been suggested that such complexities may be subsumed
into suitably chosen bulk reference states,16–19 their impact on the
Markovian behavior of the process is unclear.

The assumptions made in CNT restrict the description of the
nucleation process to a coarse-grained coordinate that omits many
relevant slow degrees of freedom. Particularly in ice nucleation,
assuming a single crystalline phase neglects the possible stacking of
hexagonal (Ih) and cubic (Ic) ice20–26 or the fivefold twin bound-
ary defect identified in Ref. 27. In Refs. 28 and 29, structural and
dynamical heterogeneities of supercooled water were identified as
key factors influencing the ice nucleation process. Beyond ice, stud-
ies on colloids have shown that prestructured surface particles play
an important role in nucleation—an effect that is not captured by the
nucleus n alone.30 For the Lennard-Jones (LJ) system, the dynam-
ics of the largest nucleus size is manifestly non-Markovian,12,31 and
Moroni et al. demonstrated that crystallinity, shape, and structural
composition (BCC/HCP/FCC) contribute importantly to the reac-
tion coordinate.32 Together, these studies show that crystallization
cannot, in general, be reduced to one-dimensional kinetics along
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the largest cluster size alone and that memory effects arise naturally
when essential slow variables are omitted. While mean first-passage-
time approaches allow steady-state nucleation rates to be extracted
without assuming Markovian dynamics along a chosen collective
variable,33,34 they do not address the origin or consequences of such
memory effects. This type of behavior is not unique to crystalliza-
tion; slow and history-dependent dynamics have also been observed
in a variety of other nucleation processes.35–37

Here, using unbiased nucleation trajectories of the mW model
obtained by straightforward molecular dynamics, we show that the
dynamics projected onto the largest nucleus size n exhibit clear sig-
natures of non-Markovian behavior. In particular, we show that
the average recurrence time needed to reach a certain nucleus size
strongly depends on the number of times that the particular nucleus
size has been reached before, which is a clear memory effect. This
strategy has been used previously to reveal pronounced memory
effects in the nucleation dynamics of the LJ system.31 We then ana-
lyze a broad set of structural descriptors and use a machine-learned
committor to identify additional collective variables relevant to the
reaction coordinate. Interestingly, an analysis of the dynamics of the
approximated committor indicates that it displays signatures of non-
Markovian behavior. The committor is considered to be the optimal
reaction coordinate;38,39 hence, our results suggest that even further
features should be considered.

The remainder of the article is organized as follows. In Sec. II,
we describe the simulation setup, the structural analysis of the crys-
talline nuclei, and the machine-learning workflow used to construct
an approximate committor. In Sec. III, we first quantify the non-
Markovian dynamics of the largest nucleus size (Sec. III A), then
analyze structural features associated with this behavior (Sec. III B),
introduce a machine-learned reaction coordinate based on the com-
mittor (Sec. III C), and finally compare the Markovian behavior of
the largest nucleus size with that of the committor-based coordinate
(Sec. III D). In Sec. IV, we summarize our main findings and discuss
their implications for constructing improved reaction coordinates
for ice nucleation and related rare-event processes.

II. METHODS
Molecular dynamics simulations of the coarse-grained

mW water model40 were carried out with the Large-scale
Atomic/Molecular Massively Parallel Simulator (LAMMPS)41 using
the parametrization of Ref. 42. Each system contained N = 12 800
molecules in a periodic cubic box. Simulations were performed
at T = 222 K and p = 1 bar using a Nosé–Hoover thermostat and
barostat. Under these conditions, spontaneous nucleation occurs
on accessible timescales of nanoseconds, ensuring that no bias is
required and allowing a clean assessment of the memory effects of
the largest nucleus size.

We employed the CHILL+ algorithm43 via OVITO44 to clas-
sify each molecule as liquid, cubic ice (Ic), hexagonal ice (Ih), or
others. Clusters of ice-like molecules (Ic plus Ih) were identified
using a 3.5 Å cutoff distance. The number of molecules in the largest
cluster (n = nIc + nIh) was then recorded along 300 independent
nucleation trajectories. Figure 1 shows a snapshot of a nucleus that
spontaneously formed. For each trajectory, the times tn at which n
crossed selected threshold values from below were determined. A
recurrence time, τn, was defined as tn(i) − tn(i − 1), where i indexes

FIG. 1. Snapshot of a crystalline nucleus with Ih-like and Ic-like molecules shown
in blue and cyan, respectively, embedded in the supercooled liquid, with molecules
depicted partially transparently.

successive upward crossings of n. Figure 2(a) shows n(t) for two
example trajectories, including an inset clarifying how recurrence
times are obtained. Recurrence times were grouped in blocks of four
crossings, and the three recurrence intervals within each block were
averaged. The block-averaged recurrence times were then averaged
over all trajectories. The mean first-passage time to reach a certain n
is shown in Fig. 2(b).

Structural features for the molecules of the largest nucleus were
obtained with OVITO44 and pyscal.45 OVITO was used to compute
the Ic/Ih composition, the radius of gyration Rg , the components
of the gyration tensor (used to determine shape metrics such as the
asphericity K), and the mean and standard deviation of the Voronoi
molecular volume V and coordination number C. Pyscal was used to
compute the tetrahedrality parameter of Uttormark et al.,46 θ, as well
as the Lechner–Dellago order parameters q̄4 and q̄6.47 Molecular fea-
tures were averaged among the nucleus molecules. Several additional
features were derived from these quantities to facilitate the training
of the neural network.

The training of the committor neural network follows the
workflow described by Jung et al.48 We employ a multilayer per-
ceptron (see supplementary material for network architecture) and
train on N = 2700 fleeting trajectories, each labeled yi = −1 if state
A (liquid, n < 10) or yi = 1 if state B (solid, n > 60) was reached.
The initial configurations for these trajectories are obtained by
uniformly sampling configurations where n is between 10 and 60
molecules from the original 300 trajectories and then reinitializ-
ing the velocities. We define the predicted committor as pB(x, w)
= 1/(1 + exp(−q(x, w))) with x being the normalized input col-
lective variables and w being the network weights. The loss func-
tion for training the network is accordingly L(w∣θ) = ∑N

i=0 log
[1 + exp (yiq(xi, w)]. We train a committee of 10 neural networks
with a batch size of 16 samples each for 100 epochs using a cosine
annealing learning rate schedule between 10−2 and 10−6. We esti-
mate attribution values as in Jung et al.48 by permutation of the input
features, followed by symbolic regression using dCGP,49 keeping the
four most important features. In contrast to previous studies, we
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FIG. 2. (a) Time evolution of the largest cluster size n for two example trajectories,
shown in black and red. The inset zooms in on one part of the trajectory where,
if we define the threshold to be n = 20 (horizontal line), we find three crossing
times t′20 (vertical lines), hence defining two recurrence times (the time difference
between the second and first, and the third and second crossings). The second
upward crossing occurs shortly after the first, causing the corresponding verti-
cal lines to appear merged into a single thicker line. (b) Mean first-passage time
(MFPT) with respect to n.

perform the regression with respect to the network output instead
of the shooting data, as our initial dataset includes only one shot
per point. The regression is run 8 times for 300 generations, allow-
ing for summation, subtraction, multiplication, division, square, and
cube operators. We then select the best-fitting expression that rea-
sonably extrapolates for values outside of the training range (e.g.,
large cluster sizes should yield high committor probabilities).

III. RESULTS
A. Non-Markovian dynamics of the nucleus size

A Markovian description of nucleation, as postulated in CNT,
assumes that the future evolution of the largest cluster size n depends
only on its current value. To test this assumption, we analyze the
statistics of upward crossings of selected thresholds of n. Figure 3
shows the mean recurrence times ⟨τn⟩ for blocks of four consecu-
tive crossings. If the dynamics projected onto n were Markovian, all
blocks at a given n would yield identical recurrence times. Instead,
the first block exhibits systematically longer recurrence times—up
to nearly twice those of later blocks—demonstrating that trajec-
tories reaching the same n retain memory of how they reached

FIG. 3. Mean recurrence times ⟨τn⟩ as a function of the largest nucleus size
threshold, averaged over blocks of four consecutive crossings. The first block
(solid line + circles in blue) reaches recurrence times that are about twice as long,
revealing non-Markovian behavior. The non-Markovian behavior originates mostly
in the first crossing of the first block, and the effect is larger around the critical
cluster size.

that value. This block dependence constitutes a clear signature of
non-Markovian behavior.

Further evidence for non-Markovian dynamics is provided in
Fig. 4, which reports the average minimum and maximum values
of the nucleus size explored between consecutive crossings of n. The
first block clearly explores systematically smaller nuclei, both in their
minima and maxima, compared to later blocks. The strong depen-
dence of these excursion ranges on the crossing index indicates that
the system retains some memory of previous states, at least in the
initial stage of nucleation.

Together, these observations demonstrate unambiguously that
the dynamics of the largest nucleus size, n, is intrinsically non-
Markovian. Consequently, n alone cannot serve as a complete
reaction coordinate for nucleation. Naturally, some arbitrariness

FIG. 4. Average maximum (solid) and minimum (dashed) values of n visited during
excursions between threshold crossings per block, ⟨ne⟩. The first block, ⟨ne⟩1,
shows both maximum and minimum values that are systematically lower than
those of later blocks, highlighting the non-Markovian dynamics of n.
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is inherent in the definition of n, and one could argue that our
specific criterion for identifying the largest nucleus might itself be
responsible for the observed non-Markovian behavior—that is, a dif-
ferent definition of n might yield a coordinate with more Markovian
dynamics. We acknowledge this possibility; however, we emphasize
that our definition follows standard practices in the ice-nucleation
community.43,50–57 In studies where cubic ice is not considered, the
largest cluster is identified using criteria based solely on q̄6,10,58,59

and alternative definitions of n have also been used.24,28 A system-
atic comparison of the dynamics of n for different definitions is an
interesting subject for future work.

B. Structural features
What the largest nucleus size lacks to be Markovian may lie

in subtle structural relaxations. To probe this hypothesis, we com-
puted a series of structural descriptors for the molecules belonging
to the largest ice nucleus at every time step of each trajectory. These
descriptors were chosen to capture local structural motifs that may
be overlooked when using only the largest nucleus size.

To account for the crystalline composition of the nucleus,
we computed the ratio nIh(c)/n, where nIh(c) is the number of
hexagonal(cubic) ice-like molecules within the largest nucleus. To
characterize tetrahedral arrangements, we evaluated the Uttormark
tetrahedral order parameter θ for each molecule of the largest
nucleus and averaged it over them, obtaining Θ. In this convention,
lower values of θ (and hence of Θ) correspond to more tetrahe-
dral local environments. To quantify local crystallinity, we computed
the local order parameters q̄4 and q̄6 and averaged them over the
molecules in the largest nucleus, yielding Q̄4 and Q̄6, respectively.

To characterize the overall geometry of the nucleus, we first
computed its radius of gyration Rg . We then assessed the shape of
the nucleus using the eigenvalues of the gyration tensor, denoted by
λ1 ≤ λ2 ≤ λ3. From these, we obtained the anisotropy I ,

I = 3
2
( λ2

1 + λ2
2 + λ2

3

(λ1 + λ2 + λ3)2 −
1
3
), (1)

the acylindricity J ,

J = λ2 − λ1, (2)

and the asphericity K,

K = λ3 −
1
2
(λ1 + λ2). (3)

We also attempted to detect additional information on density
inhomogeneities within the nucleus through the mean and standard
deviation of the Voronoi molecular volumes, Vm and Vσ , respec-
tively. Analogously, for the Voronoi-based coordination number of
the molecules in the nucleus, we defined Cm and Cσ as the mean
and standard deviation of the coordination number distribution,
respectively.

Finally, we combined these primary descriptors into a set of
derived features that emphasize different physical aspects of the
nucleus and might ease the training of the network. Specifically, we
defined

E1 = n ⋅ Q̄6, (4)

E2 =
K
R2

g
, (5)

E3 =
Vσ

Vm
, (6)

E4 =
Cσ

Cm
, (7)

E5 =
1 + E3 + E4 − Q̄6

3
, (8)

E6 =
n

R3
g

. (9)

Here, E1 measures an “ordered” nucleus size, E2 combines shape
anisotropy with nucleus compactness, E3 and E4 quantify relative
fluctuations in Voronoi volume and coordination, E5 mixes density
heterogeneity and local order into a single descriptor, and E6 is a
measure of the effective number density of the nucleus.

Similar to the procedure used to compute ⟨τn⟩, we evaluate the
average value of each structural descriptor within each occurrence
block for a given threshold n. This allows us to determine whether
a particular structural feature changes between early and late occur-
rences of the same largest nucleus size. From this analysis, we see
that several descriptors do not differ among blocks, but Q̄6, Q̄4, Θ,
and Cm exhibit small but systematic differences between occurrence
blocks, as shown in Fig. 5. Early occurrences of a given nucleus
size tend to display slightly lower orientational order and reduced
tetrahedral arrangement compared with later ones. We recall that a
higher Θ means less tetrahedral arrangement. The coordination also
increases modestly across blocks for the larger nuclei. These trends
may suggest that the internal structure of clusters of a given size
evolves during the trajectory and retains memory of the history of
the system, consistent with the recurrence-time analysis.

It is worth stressing, however, that the interpretation of indi-
vidual descriptors in this block analysis must be approached with
caution. The differences observed between blocks do not, by them-
selves, determine how a given descriptor affects the nucleation
probability, because its influence may be outweighed or even coun-
terbalanced by other, more relevant variables. In particular, nuclei
appearing in the first block could, in principle, carry a structural sig-
nature that would favor nucleation, yet at the same time exhibit other
characteristics that have a much stronger and opposite impact on the
nucleation probability.

Although the variations in any single feature are small, taken
together, they suggest that nucleation proceeds along additional slow
directions of configuration space that are not captured by the largest
nucleus size alone. Identifying whether any of these descriptors plays
a relevant role requires further analysis. In Subsection III C, we
address this by performing a committor analysis based on extensive
sets of short trajectories, followed by machine-learning classification
and symbolic regression to determine which structural features are
essential components of the reaction coordinate.

C. Machine-learned reaction coordinate
The previous analyses have shown that the largest nucleus size

alone is not sufficient to predict the future behavior of the system.
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FIG. 5. (a) ⟨Q̄6⟩, (b) ⟨Q̄4⟩, (c) ⟨Θ⟩, and (d) ⟨Cm⟩ for the largest nucleus, averaged per occurrence block for each threshold value. The legend in panel (a) applies to all
panels.

Therefore, we aim to find a better reaction coordinate to describe
nucleation that minimizes non-Markovian behavior. In general, the
ideal reaction coordinate for a rare event such as nucleation is the
committor pB(x),

38,39 which describes the probability that a trajec-
tory started from a certain configuration x transitions to the ice
phase. While the ground-truth committor as a function of all Carte-
sian coordinates is analytically intractable and can only be obtained
by resource-intensive simulations, Jung et al.48 have shown that a
neural network can approximate the committor as a function of a set
of relevant collective variables. Leveraging these findings, we train a
neural network on 2700 fleeting trajectories to predict the committor
for ice nucleation to find additional important degrees of freedom,
together with their contribution to the nucleation probability.

We first perform a correlation analysis on our broad set of col-
lective variables by calculating their cross-correlations [Fig. 6(a)].
Based on these results, we removed variables that strongly corre-
lated with the nucleus size, namely E1, nIc, and Rg , as they interfere
with the later attribution analysis. After training the neural net-
work, we see that it can successfully distinguish configurations from
which the system tends to transition to ice or fall back to the liquid

state [Fig. 6(b)]. Each input feature of the network is then assigned
an attribution corresponding to its importance to the predicted
committor [Fig. 6(c)]. We observe that, although the nucleus size
remains the most important parameter for predicting the commit-
tor probability by a clear margin, multiple other collective variables
contribute to the network prediction.

Based on these findings, we perform symbolic regression to
find a human-readable expression for the nucleation committor
probability. We include as inputs the four most important features:
the nucleus size n, the order parameter averaged over the nucleus
molecules Q̄6, the number of hexagonal ice molecules nIh, and the
tetrahedrality parameter averaged over the nucleus molecules Θ.
Using these features, the best-fitting expression that also extrapolates
well to larger nuclei is

pB(ñ, Q̃6, Θ̃) = sig(0.216ñ 3 + 1.421ñ + 0.518 Q̃6 + 0.193 Θ̃ + 0.803),
(10)

where sig(x) = 1/[1 + exp(−x)], and ñ, Q̃6, and Θ̃ are the normal-
ized input features:
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FIG. 6. (a) Correlation matrix for a selection of collective variables that describe the nucleus geometry. (b) Distribution of network-predicted committor values for trajectories
that ended in the liquid (State A) or solid state (State B). The histograms for the ten neural networks in the committee are depicted on top of each other. (c) Network
attribution values for each input collective variable obtained by permuting each feature separately and observing its impact on the loss function. Higher values indicate
important features for the prediction of the committor. (d) Comparison of the neural network predicted committor with the committor obtained from symbolic regression.

ñ = n − 34.624
14.722

, (11)

Q̃6 =
Q̄6 − 0.467

0.018
, (12)

Θ̃ = Θ − 0.125
0.021

. (13)

Notably, nIh, which has the third-highest network attribution, is not
present in the fitted expression, most likely due to its correlation with
the largest nucleus size. Still, the committor obtained via the simple
analytical expression matches the network-predicted committor well
[Fig. 6(d)].

Looking at the committor landscape as a function of these three
parameters (Fig. 7), we see that an increasing nucleus size is still the
best predictor for a successful phase transition. However, especially
for critical nuclei with a committor of ∼0.5, we also observe that the
crystallinity of the nucleus, captured by the Q̄6 parameter, is essen-
tial for predicting the committor of the system. This is apparent

FIG. 7. Committor landscape as a function of the nucleus size n, the nucleus-
averaged Lechner–Dellago order parameter Q̄6, and the nucleus-averaged tetra-
hedrality parameter Θ. Each point represents the initial point of a fleeting
trajectory in the dataset and is colored according to the network-predicted com-
mittor. The dashed lines represent the pB ≈ 0.5 isocommittor lines for different
tetrahedralities Θ.
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in Fig. 7, where the pB ≈ 0.5 isocommittor line is tilted, indicating
that for the same nucleus size (e.g., 27 molecules), the Q̄6 para-
meter can determine whether the nucleus tends to grow or vanish.
In addition, the distilled committor expression indicates that a high
Θ, corresponding to low tetrahedrality, generally increases the com-
mitment probability to the ice state. Interestingly, the block analysis
indicated that early crossings with increased recurrence times are
correlated with low tetrahedrality. However, at the same time, these
early crossings are associated with low Q̄6, which possibly negates
the nucleation-promoting effect of low tetrahedrality.

D. Comparing memory effects between n and pB

We further illustrate the non-Markovian behavior of the largest
nucleus size n by examining the block-averaged values of pB at
upward crossings of n. If n were a Markovian reaction coordinate,
all crossings of a given n would have the same average committor.
Instead, as shown in Fig. 8(a), configurations belonging to the first
occurrence block systematically exhibit lower values of pB than those
from later blocks. In other words, nuclei with the same size n are
less likely to keep growing when they are encountered early in the
trajectory. This dependence of the growth probability on the trajec-
tory history confirms, once again, that n alone does not provide a
Markovian description of the dynamics.

Having further established the non-Markovian dynamics of n,
we now examine whether the approximate committor pB offers a
more Markovian representation. Since pB incorporates additional
structural information and correlates strongly with the probability
that a configuration will proceed to the ice basin, one may expect it to
reduce the memory effects observed when projecting the dynamics
onto n. Figure 8(b) reports the mean recurrence time ⟨τpB⟩ required
to return to a given threshold of pB. As in the case of n, the first
block of crossings (1–4) displays longer recurrence times than later
blocks, indicating that memory effects persist. This is not surpris-
ing; the additional structural descriptors used to construct pB are
unlikely to span all remaining slow degrees of freedom, and there-
fore, even an improved reaction coordinate may not be perfectly
Markovian.

The comparison is made explicit in Fig. 8(c), which shows
the block-to-block difference Δ⟨τRC⟩1–2 = ⟨τ⟩1–4 − ⟨τ⟩5–8 for the nor-
malized largest nucleus size and pB from both the neural network
and the symbolic regression. For n, we use the normalization
(n − nA)/(nB − nA). Across most of the reaction pathway, Δ⟨τRC⟩1–2
is only slightly smaller for the pB estimations than for n, confirm-
ing that pB exhibits modestly improved Markovian behavior. The
fact that the difference remains nonzero over the entire range shows
that the committor-based mapping does not eliminate memory
effects.

Overall, these results demonstrate that pB provides a modest
improvement over n in terms of Markovian behavior, yet it still does
not constitute a fully memoryless reaction coordinate. Additional
slow degrees of freedom—not captured by either n or the structural
descriptors used to build pB—continue to influence the dynamics.
Nevertheless, the workflow established here provides a robust foun-
dation for future efforts aimed at refining reaction coordinates for
ice nucleation by explicitly assessing the memory effects of their
projected dynamics. Beyond testing additional structural features, a
possible direction is to incorporate descriptors of the surrounding

FIG. 8. (a) Recurrence-block-averaged committor ⟨pB⟩ as a function of the largest
nucleus size threshold, evaluated over successive blocks of four upward cross-
ings. (b) Mean recurrence time ⟨τpB ⟩ return to a given value of pB, again averaged
over blocks of four crossings. (c) Difference between the first and second blocks of
recurrence times, Δ⟨τRC⟩1–2, for three reaction coordinates (RC): the normalized
cluster size (n − nA)/(nB − nA) and both pB from the neural network (NN) and
symbolic regression (SR). The Δ⟨τRC⟩1–2 of pB from symbolic regression agrees
well with that from the neural network.

supercooled liquid, rather than focusing exclusively on the nucleus,
together with molecular momenta as a proxy for local temperature.
Such an approach may help capture liquid-state heterogeneities28,29

and non-isothermal effects associated with latent heat,37,60,61

both of which have been suggested to influence nucleation
dynamics.
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IV. CONCLUSIONS
In this work, we have examined whether the size of the largest

ice nucleus, n, provides a Markovian description of homogeneous
ice nucleation in supercooled water. Using 300 unbiased trajecto-
ries for mW water, we showed that the dynamics projected onto n
exhibit clear and systematic history dependence: early crossings of a
given n require significantly longer recurrence times than later ones.
This behavior provides direct evidence that the nucleus size n alone
is not a Markovian reaction coordinate for ice nucleation. Further
support comes from analyzing the average minimum and maximum
values of n explored between consecutive upward crossings; during
the early occurrences, systematically smaller nuclei are visited, again
reflecting history dependence.

We probed the origin of these memory effects by analyzing a
broad set of structural descriptors of the nucleus. Although the dif-
ferences are modest in magnitude, several features—including local
crystalline order, tetrahedrality, and coordination—display system-
atic trends between early and late occurrences, indicating that struc-
tural relaxation proceeds along additional slow degrees of freedom
that are not captured by the cluster size alone.

To identify which of these additional variables are most rel-
evant, we trained a neural network to learn the committor from
2700 short trajectories. An attribution analysis based on this neu-
ral network showed that, in addition to the nucleus size, struc-
tural descriptors such as Q̄6 and tetrahedrality play a significant
role in determining the nucleation probability. Using this informa-
tion, symbolic regression yielded a compact, approximate analytical
expression for the committor pB, providing an interpretable and
testable improved reaction coordinate.

Comparing the memory effects of n and pB shows that the
committor-based coordinate is modestly more Markovian, although
memory effects persist. The residual memory suggests that the net-
work still misses additional slow modes that influence the dynamics.
The reason for this could simply be insufficient training data or
possibly an incomplete set of relevant input features. For instance,
parameters that characterize the surrounding liquid phase, which are
neglected here, could play a role in the nucleation process.

Overall, our study establishes a quantitative framework for
assessing the Markovian behavior of proposed reaction coordinates
for ice nucleation. The workflow introduced here, which can also
be applied to trajectories obtained with Transition Path Sampling62

or other trajectory-based rare-event methods, provides the basis for
constructing improved low-dimensional coordinates. The approach
can easily be extended to more realistic water models with richer
structural descriptions, as well as to entirely different nucleation
processes.

SUPPLEMENTARY MATERIAL

See the supplementary material for a summary of the structural
features and the neural network architecture.
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