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Abstract
Epistemic ensembles are systems of knowledge-based agents capable of accessing, sharing, and updating information about
themselves and their peers. These agents can operate on shared or local epistemic states through actions that dynamically
alter the knowledge of some or all members of the ensemble. To support abstract reasoning over such systems, we introduce
the notion of focus set — a selected set of logical formulæ that provide an abstraction from the underlying system state. Based
on this abstraction, we define global and distributed symbolic representations of epistemic states, along with representable
epistemic actions that enable efficient symbolic updates. For formal analysis, we define a generic operational semantics
and develop and relate three complementary semantic frameworks: (1) a semantic environment, where system states are
modelled as epistemic states, (2) a symbolic environment, where knowledge is represented as sets of logical formulæ, and
(3) a distributed environment, represented by a family of local knowledge bases where each agent has its own local symbolic
state. We establish a correspondence between these environments via a notion of relative elementary equivalence. Our main
result demonstrates that equivalent configurations simulate each other’s behaviour and satisfy the same dynamic epistemic
formulæ, ensuring representational consistency across all three perspectives. This provides a robust foundation for reasoning
about distributed knowledge and belief dynamics in cooperative multi-agent systems.

Keywords Ensembles · Epistemic logic · Multi-agent systems · Knowledge bases · Abstraction · Symbolic execution

1 Introduction

Ensembles [22, 33] are collective systems composed of dy-
namically interacting autonomic entities. In epistemic en-
sembles [19], these entities are epistemic agents — agents
that possess knowledge and beliefs about themselves and
others. These agents engage in epistemic actions to commu-
nicate and collaborate, operating in global or local knowledge
contexts. An epistemic action typically involves making an
agent’s knowledge or beliefs known to other agents, thereby
updating the collective epistemic state of the ensemble. Ap-
plications of the epistemic approach to ensembles include

epistemic planning (see, e.g., [4]), gossip protocols (see,
e.g., [31]), knowledge puzzles (see, e.g., [29, 30]), and the
specification of behavioural properties of ensembles (see,
e.g., [26]).

This paper extends our earlier work Hennicker et al.
[19, 20] and, in particular, our REoCAS 2024 paper [21].
In Hennicker et al. [19], we introduced the concept of epis-
temic ensembles in a semantic environment characterized by
a single epistemic state. Subsequently, in Hennicker et al.
[20], we investigated epistemic processes and their interac-
tion with symbolic environments, still within the context of
a single semantic epistemic state. In Hennicker et al. [21],
we considered an extended notion of semantic environment
consisting not only of a single epistemic state but of a class
of epistemic states.

In the present work, we advance this line of research by
addressing also truly distributed epistemic ensembles, where
individual agents maintain local symbolic states. We base our
approach on a common generic operational semantics (cf.
[18]) for epistemic processes and investigate the ensemble
behaviour across three complementary frameworks:
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Fig. 1 Three equivalent variants of executing epistemic ensembles: global semantic, global symbolic, and distributed symbolic (see Ex. 2.1, and
Figs. 2, 3 and 4)

– In a semantic global environment that is modelled by a
global epistemic state; this environment is represented us-
ing a pointed Kripke structure, the standard formalism
for describing knowledge states, for instance, in game-
theoretic contexts.

– In a symbolic global environment that captures the collec-
tive knowledge through a global knowledge base consist-
ing of a set of epistemic formulæ.

– In a distributed symbolic environment that represents de-
centralized knowledge using a family of local knowledge
bases, where each agent maintains its own symbolic state.

Agent behaviour within an ensemble is specified using a
lightweight process algebra featuring guards and recursion.
Each agent has its own process and we require that it has
sufficient knowledge to decide its guards and to execute its
actions. The ensemble’s operational semantics are generi-
cally defined via conditional transitions over uninterpreted
agent actions. Both global and local properties of epistemic
ensembles are specified using propositional dynamic logic,
interpreted over compound ensemble actions.

While traditional Kripke structures offer a well-establi-
shed means of modelling epistemic states, they tend to scale
poorly due to their combinatorial complexity. Symbolic en-
vironments offer a more compact and scalable alternative.
However, the complete theory of knowledge is typically
infinite—and even when finite, it often consists of a pro-
hibitively large set of formulæ. To manage this complexity,
we introduce a predefined finite set of focus formulæ that se-
lectively capture relevant global knowledge about the agents.

From a software development perspective, the combina-
tion of agent processes and the semantic environment con-
stitutes a high-level description of the ensemble. This (con-
structive) specification is first implemented by transitioning
from the semantic to the symbolic environment, and then
further refined by introducing local environments for each
agent, resulting in a truly distributed ensemble.

To relate these environments, we introduce a notion of rel-
ative elementary equivalence, whereby two semantic config-
urations are considered equivalent if they validate the same
formulæ from the focus set of formulæ — or, in the dis-
tributed setting, from a corresponding family of such sets.

Our main contribution lies in the comparative study of
the three semantic frameworks introduced above. In the se-
mantic global environment, agent actions are interpreted via
pointed action models, and their effects are captured using
product updates on Kripke structures [1, 2]. In both symbolic
environments, i.e., in the global and in the distributed one,
we employ weakest liberal precondition reasoning [1, 14] to
define the effect of actions.

We show how the equivalence between epistemic, global
symbolic, and distributed local symbolic states can be main-
tained under action updates. To ensure this, we introduce
the notions of action representability — and, in the dis-
tributed setting, local action representability and disjunction
witnesses. These concepts provide sufficient conditions for
updates to preserve equivalence.

Our main result demonstrates that ensemble configura-
tions — across semantic and symbolic global environments,
as well as distributed symbolic environments — can sim-
ulate one another and satisfy the same dynamic ensemble
formulæ. We illustrate these equivalences by the first steps
of a single ensemble in the three different environments in
Fig. 1.

Related work Research on using epistemic logic in sys-
tem modelling and programming began with the seminal
works on Dynamic Epistemic Logic (DEL, see [2, 30]) and
knowledge-based programs [15]. DEL focuses on modelling
and verifying knowledge changes induced by action execu-
tion. We use DEL’s reduction rules to define the weakest
liberal precondition, which also underpin many foundational
results of DEL, such as soundness and completeness [1, 2], as
well as the definition of a sequent calculus [32]. Knowledge-
based programs consider systems of concurrently running
agents with local state variables. van Benthem et al. [28] ex-
amine protocols based on DEL and, as Parikh and Ramanu-
jam [25], system properties in epistemic temporal logic.

Our work is based on a process-oriented description of
dynamic system behaviour [12], in alignment with modern
languages for ensembles such as SCEL [13], CARMA [7],
and DEECo [9]. However, these languages rely on communi-
cation mechanisms like message passing and predicate-based
communication, rather than epistemic actions. Our symbolic
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semantics for epistemic representation is related to the syn-
tactic structures in Hennicker et al. [19] and belief bases in
Lorini et al. [23]. While Lorini et al.’s work is also based
on DEL, it lacks a process-algebraic setting and uses spe-
cialised forms of knowledge update operations. In contrast,
we consider general action models and we use a distribution
from global to local symbolic states.

Local epistemic states and local epistemic actions were
introduced by Bolander and Andersen [5]. Our local knowl-
edge bases can be seen as symbolic counterparts to these lo-
cal epistemic states, while our locally representable actions
correspond to local epistemic actions in their model. How-
ever, the focus of our work differs significantly: Whereas
Bolander and Andersen [5] investigate the decidability of
epistemic planning, our primary interest lies in specifying
ensemble properties in terms of a propositional dynamic
logic and analysing the relationships between different envi-
ronmental frameworks for epistemic ensembles.

The transition from a global specification to a distributed,
local implementation has been considered for several for-
malisms, like Message Sequence Charts [16], transition sys-
tems and process algebras [11, 27], or (multi-party) session
types [10]. However, we are not aware of any symbolic ap-
proach.

Differences to conference version In the conference
version [21], we investigated an abstraction from seman-
tic epistemic states to global symbolic knowledge bases and
showed that the abstraction preserves and reflects dynamic
ensemble properties. Here, we add distribution as a second
development step: Building on the previous global abstrac-
tion we demonstrate how a global symbolic knowledge base
can be faithfully distributed into a family of local knowledge
bases, one for each agent. We prove that this refinement pre-
serves and reflects dynamic ensemble properties. We illus-
trate this development chain by a running example inspired
by Witzel and Zvesper [34] and we include all proofs.

Structure of the paper We first introduce epistemic en-
sembles and their generic operational semantics in Sect. 2
and dynamic ensemble formulæ in Sect. 3. The agent actions
of epistemic ensembles are interpreted by action models in
Sect. 4. Section 5 and Sect. 6 present the global semantic
and the global symbolic environment of epistemic ensem-
bles. The equivalence of these semantics is shown in Sect. 7.
In Sect. 8 we introduce distributed symbolic states and in
Sect. 9 we show the equivalence of global symbolic seman-
tics with local symbolic semantics and, using the results of
Sect. 7, as a corollary the equivalence of all three semantics.
We conclude in Sect. 10.

2 Epistemic ensembles

An epistemic ensemble is formed by a collection of agents
which run concurrently to accomplish a certain task. In the
epistemic context, collaboration of agents is achieved by the
execution of agent actions where agents inform other agents
about (parts of) their knowledge, which may concern them-
selves, other agents, or the environment. Each agent follows
a certain protocol which is given by an epistemic process de-
scription. In this section we introduce the syntactic notions
for building epistemic ensembles and we provide a generic
operational semantics for epistemic ensembles which will
be instantiated later on for executing ensembles in semantic,
symbolic, and distributed symbolic environments.

Epistemic formulæ Epistemic formulæ provide the
means to describe knowledge; see, e.g., Baltag and Renne
[1], Fagin et al. [15], van Ditmarsch et al. [30]. An epistemic
signature Σ = (Π, 𝐴) consists of a set Π of (atomic) proposi-
tions and a set 𝐴 of agents. The set F of epistemic formulæ
𝜑 over Σ = (Π, 𝐴) is defined by the following grammar:

𝜑 ::= 𝑝 | true | ¬𝜑 | 𝜑1 ∧ 𝜑2 | K𝑎 𝜑

where 𝑝 ∈ Π and 𝑎 ∈ 𝐴.

The epistemic formula K𝑎 𝜑 is to be read as “agent 𝑎 knows
𝜑”. We use the usual Boolean shorthand notations like false
for ¬true, 𝜑1 ∨ 𝜑2 for ¬(¬𝜑1 ∧ ¬𝜑2), etc. Moreover, we
write M𝑎 𝜑 for ¬K𝑎 ¬𝜑; this latter epistemic modality is dual
to K𝑎 and to be read as “agent 𝑎 deems 𝜑 possible”. For each
𝑎 ∈ 𝐴, the set F ↾ 𝑎 of 𝑎-epistemic formulæ 𝜑𝑎 having an
𝑎-modality as their top operator, is given by the following
grammar:

𝜑𝑎 ::= true | ¬𝜑𝑎 | 𝜑𝑎,1 ∧ 𝜑𝑎,2 | K𝑎 𝜑 where 𝜑 ∈F.

Since in our ensembles each agent’s behaviour will solely
depend on its own knowledge, only formulæ from F ↾ 𝑎 are
eligible for a process for agent 𝑎, as these can be decided
autonomously. Thus, for any 𝜑 ∈ F we define the set of
possible agents of 𝜑 by ags(𝜑) = {𝑎 ∈ 𝐴 | 𝜑 ∈ F ↾ 𝑎}. In
particular, ags(𝜑) is either a singleton, or 𝐴 (if no K𝑎 occurs
in 𝜑), or ∅.

Example 2.1
Our running example is inspired by Witzel and Zvesper [34].
We consider a set of two agents 𝐴2 = {1,2} each one holding
a bit x𝑖 ∈ Π2 = {x1,x2}. The epistemic signature is Σ2 =
(Π2, 𝐴2). In a situation where x1 is true, the 1-formula K1 x1
expresses that agent 1 knows this. The 2-formula K2 x1 ∨

K2¬x1 says that agent 2 knows the value of x1 but we cannot
infer its concrete value; we abbreviate this by K2 𝑥1, using
an italic font for designating that we refer to the value. The
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1-formula ¬K1 K2 𝑥1 expresses that agent 1 does not know
whether agent 2 knows the value of x1. Hence, ags(K1 x1) =
{1} = ags(¬K1 K2 𝑥1). However, that agent 1 knows x1 or
agent 2 knows x1 is not governed by a single agent, i.e.,
ags(K1 x1 ∨ K2 x1) = ∅.

Epistemic ensemble signatures Our formalisation of
epistemic ensembles is based on the notion of an epistemic
ensemble signature Σ̌ = (Σ, N⃗) consisting of an epistemic
signature Σ = (Π, 𝐴) and an 𝐴-family N⃗ = (N𝑎)𝑎∈𝐴 of pair-
wise disjoint sets N𝑎 of agent action symbols, briefly called
agent actions. Each set N𝑎 determines which actions are pos-
sible for agent 𝑎. We write

⋃︁
N⃗ for

⋃︁
𝑎∈𝐴N𝑎 and for each

𝜂 ∈
⋃︁

N⃗ we set ags(𝜂) = {𝑎} if 𝜂 ∈ N𝑎 .

Example 2.2
Continuing Ex. 2.1 we introduce an action stop and two
actions snd1→2

los (K1 x1) and snd1→2
los (K1¬x1) for agent 1. The

sending actions are used to express that agent 1 sends the
value of x1 to agent 2 depending whether it knows that x1
is true or false, but, in each case, the information transfer is
unreliable or lossy since agent 2 may be too far away. Thus,
the action symbols for agent 1 are

N2,1 = {stop, snd1→2
los (K1 x1), snd1→2

los (K1¬x1)} .

On the other hand, agent 2 (when it got the value of x1) may
acknowledge in a reliable way the reception with the action
snd2→1

rel (K2 𝑥1), i.e.,

N2,2 = {snd2→1
rel (K2 𝑥1)} .

(Recall that K2 𝑥1 abbreviates K2 x1 ∨ K2¬x1.)

General assumption
In the sequel, we always assume given an epistemic ensemble
signature Σ̌ = (Σ, N⃗) with underlying epistemic signature
Σ = (Π, 𝐴).

Epistemic processes We consider an epistemic process
language for describing the behaviour of agents which par-
ticipate in an epistemic ensemble. The set 𝒫 of epistemic
processes 𝑃 over Σ̌ is defined by the grammar

𝑃 ::= 0 | 𝜂.𝑃 | 𝜑 ⊃ 𝑃 | 𝑃1 + 𝑃2 | 𝜇𝑋 . 𝑃 | 𝑋

where 0 represents the inactive process, 𝜂.𝑃 prefixes 𝑃 with
an agent action 𝜂 ∈

⋃︁
N⃗, 𝜑 ⊃ 𝑃 is a guarded process with con-

dition 𝜑 ∈F, 𝑃1 + 𝑃2 denotes the non-deterministic choice
between processes 𝑃1 and 𝑃2, 𝜇𝑋 . 𝑃 is a recursive process,
and 𝑋 is a process variable typically used in recursive process
definitions.

The operational semantics of epistemic processes is given

by conditional transitions 𝑃
ˆ︁𝜑:𝜂
↩−−→ 𝑃′ relating a process 𝑃 via

Table 1 Rules for epistemic processes

𝜂.𝑃
true:𝜂
↩−−−→ 𝑃

𝑃
ˆ︁𝜑:𝜂
↩−−→ 𝑃′

𝜑 ⊃ 𝑃
ˆ︁𝜑∧𝜑:𝜂
↩−−−−→ 𝑃′

𝑃ℓ
ˆ︁𝜑:𝜂
↩−−→ 𝑃′ℓ

𝑃1 + 𝑃2
ˆ︁𝜑:𝜂
↩−−→ 𝑃′ℓ

for ℓ ∈ {1, 2}
𝑃{𝑋 ↦→ 𝜇𝑋 . 𝑃}

ˆ︁𝜑:𝜂
↩−−→ 𝑃′

𝜇𝑋 . 𝑃
ˆ︁𝜑:𝜂
↩−−→ 𝑃′

a guard ˆ︁𝜑 ∈ F and an agent action 𝜂 ∈
⋃︁

N⃗ with another
process 𝑃′. The transitions are defined inductively by the
rules in Table 1, where successive guards are conjoined and
true represents the empty guard. The operational semantic
rules are generic and syntax-based; the evaluation of guards
and applicability as well as effects of actions are instantiated
through the environment in which processes run (considered
later in Sects. 5, 6 and 8).

Epistemic processes are used to describe the behaviour of
single agents. But not any process expression in 𝒫 is eligible
for any agent process. For instance, a process 𝜂.0 can be car-
ried out by an agent 𝑎 only if the action symbol 𝜂 represents
an action of 𝑎, i.e., 𝜂 ∈ N𝑎 . Similarly, any compound process
can only be executed by agents that can execute each of its
parts. For any process 𝑃 ∈ 𝒫 the set ags(𝑃) of agents that
can meaningfully execute 𝑃 is inductively defined by

ags(0) = 𝐴

ags(𝜂.𝑃) = ags(𝜂) ∩ ags(𝑃)

ags(𝜑 ⊃ 𝑃) = ags(𝜑) ∩ ags(𝑃)

ags(𝑃1 + 𝑃2) = ags(𝑃1) ∩ ags(𝑃2)

ags(𝜇𝑋 . 𝑃) = ags(𝑃)

ags(𝑋) = 𝐴

For executing a process 𝑃 ∈ 𝒫 the following kind of subject
reduction holds:

Lemma 2.1
If 𝑃

ˆ︁𝜑:𝜂
↩−−→ 𝑃′, then ags(𝑃) ⊆ ags(ˆ︁𝜑) ∩ ags(𝜂) ∩ ags(𝑃′).

Proof
We proceed by induction on the derivation of the conditional

transition 𝑃
ˆ︁𝜑:𝜂
↩−−→ 𝑃′ by the rules in Table 1.

For 𝜂.𝑃
true:𝜂
↩−−−−→ 𝑃, we have ags(𝜂.𝑃) = ags(𝜂) ∩ ags(𝑃) ⊆

ags(true) ∩ ags(𝜂) ∩ ags(𝑃).

For 𝜑 ⊃ 𝑃
ˆ︁𝜑∧𝜑:𝜂
↩−−−−−→ 𝑃′, we have ags(𝑃) ⊆ ags(ˆ︁𝜑)∩ags(𝜂)∩

ags(𝑃′) as the induction hypothesis and thus we obtain
ags(𝜑 ⊃ 𝑃) = ags(𝜑) ∩ ags(𝑃) ⊆ ags(𝜑) ∩ ags(ˆ︁𝜑) ∩ ags(𝜂) ∩
ags(𝑃′) = ags(ˆ︁𝜑 ∧ 𝜑) ∩ ags(𝜂) ∩ ags(𝑃′).

For 𝑃1 + 𝑃2
ˆ︁𝜑:𝜂
↩−−→ 𝑃′ℓ with ℓ ∈ {1,2}, we have ags(𝑃ℓ ) ⊆

ags(ˆ︁𝜑) ∩ ags(𝜂) ∩ ags(𝑃′ℓ ) as the induction hypothesis and
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thus we obtain ags(𝑃1 +𝑃2) = ags(𝑃1) ∩ags(𝑃2) ⊆ ags(ˆ︁𝜑) ∩
ags(𝜂) ∩ ags(𝑃′ℓ ).

For 𝜇𝑋 . 𝑃
ˆ︁𝜑:𝜂
↩−−→ 𝑃′, we have ags(𝑃{𝑋 ↦→ 𝜇𝑋 . 𝑃}) ⊆

ags(ˆ︁𝜑) ∩ ags(𝜂) ∩ ags(𝑃′) as the induction hypothesis and
thus ags(𝜇𝑋 . 𝑃) = ags(𝑃) ⊆ ags(ˆ︁𝜑) ∩ ags(𝜂) ∩ ags(𝑃′) us-
ing that ags(𝑃{𝑋 ↦→ 𝜇𝑋 . 𝑃}) = ags(𝑃). □

Epistemic ensembles Now we have all ingredients to
define epistemic ensembles as families of epistemic agent
processes. Formally, an epistemic ensemble over Σ̌ is given
by a family 𝐸 = (𝑎 : 𝑃𝑎)𝑎∈𝐴 such that, for each 𝑎 ∈ 𝐴, 𝑃𝑎 is
an epistemic process in 𝒫 with 𝑎 ∈ ags(𝑃𝑎), i.e., 𝑎 is allowed
to perform 𝑃𝑎 .

For notational reasons and for defining the operational
semantics of ensembles, we also consider (sub-)families (𝑎 :
𝑃𝑎)𝑎∈𝐺 of agent processes with 𝐺 ⊆ 𝐴; their composition
(𝑎1 : 𝑃𝑎1)𝑎1∈𝐺1 ∥ (𝑎2 : 𝑃𝑎2)𝑎2∈𝐺2 for disjoint 𝐺1, 𝐺2 ⊆ 𝐴 as
the family (𝑎 : 𝑃𝑎)𝑎∈𝐺1∪𝐺2 ; and, for 𝑖 ∈ 𝐴, the singleton 𝑖 : 𝑃𝑖
which stands for (𝑎 : 𝑃𝑎)𝑎∈{𝑖} .

Example 2.3
Relying on the epistemic ensemble signature developed
in Ex. 2.1 and Ex. 2.2, we consider the following simple
epistemic ensemble Sys with two processes Ag1 for agent 1
and Ag2 for agent 2. In the process descriptions we abbrevi-
ate, as above, for each 𝑎 ∈ {1,2}, the formula K𝑎 x1∨K𝑎 ¬x1
by K𝑎 𝑥1 (𝑥1 written in italics).

Ag1 = 𝜇𝑋 .
(︁
¬K1 K2 𝑥1 ⊃

(K1 x1 ⊃ snd1→2
los (K1 x1).𝑋 +

K1¬x1 ⊃ snd1→2
los (K1¬x1).𝑋) +

K1 K2 𝑥1 ⊃ stop.0
)︁

Ag2 = K2 𝑥1 ⊃ snd2→1
rel (K2 𝑥1).0

Sys = 1 : Ag1 ∥ 2 : Ag2

By snd1→2
los (K1 x1) and snd1→2

los (K1¬x1) agent 1 repeatedly
tells agent 2 the value of x1 (in an unreliable way) until it is
sure that agent 2 knows the value; when having indeed learnt
the value of x1, agent 2 acknowledges this fact (in a reliable
way) to agent 1 with snd2→1

rel (K2 𝑥1).

The generic operational semantics of epistemic ensem-
bles is given by conditional transitions ↩−→ relating an en-
semble 𝐸 via a guard ˆ︁𝜑 ∈ F and an agent action 𝜂 with
another ensemble 𝐸 ′ according to the following rule which
is based on the rules for processes:

𝑎 : 𝑃𝑎 ∥ 𝐸
ˆ︁𝜑:𝜂
↩−−→ 𝑎 : 𝑃′𝑎 ∥ 𝐸 if 𝑃𝑎

ˆ︁𝜑:𝜂
↩−−→ 𝑃′𝑎 (∗)

Note that each ensemble step is well-defined, since 𝑎 ∈
ags(𝑃𝑎) implies 𝑎 ∈ ags(𝑃′𝑎) by Lem. 2.1, and thus 𝑎 : 𝑃′𝑎 ∥𝐸
is again an ensemble. Moreover, the ordering of processes in

an ensemble is irrelevant since they are families, i.e., func-
tions mapping agents to processes.

The rule (*) is formulated in a generic way without consid-
ering evaluations of guards and effects of actions. It provides,
however, a convenient basis for concrete instantiations.

3 Dynamic epistemic ensemble logic

So far we have considered a constructive approach for rep-
resenting epistemic ensembles with local processes for each
agent. We are now interested in a declarative language for ex-
pressing and specifying behavioural properties of epistemic
ensembles from a global perspective. For this purpose we
use formulæ in the style of propositional dynamic logic [17]
where regular expressions of agent actions, called compound
ensemble actions, are used as modalities. In contrast to local
agent processes, we have now a global view where actions
of different agents can be combined and properties of whole
ensembles can be stated.

The set 𝒞 of compound ensemble actions over Σ̌ is defined
by the following grammar:

𝜆 ::= 𝜂 | 𝜑? | 𝜆1 + 𝜆2 | 𝜆1;𝜆2 | 𝜆
∗

where 𝜂 ∈
⋃︁

N⃗ and 𝜑 ∈F.

Besides agent actions the compound ensemble actions in-
clude a test 𝜑? on an epistemic formula 𝜑 ∈ F, non-
deterministic choices 𝜆1 +𝜆2 of compound ensemble actions
𝜆1 and 𝜆2, sequential compositions 𝜆1;𝜆2, and sequential
loops 𝜆∗.

Following the style of propositional dynamic logic the
set D of epistemic ensemble formulæ over Σ̌ is defined by
the following grammar where compound ensemble actions
are used as modalities:

𝜓 ::= true | 𝜑 | ¬𝜓 | 𝜓1 ∧ 𝜓2 | [𝜆]𝜓

where 𝜑 ∈F and 𝜆 ∈ 𝒞.

The formula [𝜆]𝜓 is to be read as “after all possible execu-
tions of the compound action 𝜆 formula 𝜓 holds”. We use the
usual abbreviations like false or ∨ as before, and we write
⟨𝜆⟩𝜓 for ¬[𝜆]¬𝜓; this latter dynamic modality is dual to [𝜆]
and to be read as “there is some execution of 𝜆 such that 𝜓
holds afterwards”.

Example 3.1
For our two-agents system we are interested in the follow-
ing properties, in which we abbreviate the compound action
stop + snd1→2

los (K1 x1) + snd1→2
los (K1¬x1) + snd2→1

rel (K2 𝑥1) by
“some”:
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Table 2 Rules for witnessing compound ensemble actions

(𝐸, ˆ︁𝜑 : 𝜂, 𝐸′ ) :: 𝜂 if 𝐸
ˆ︁𝜑:𝜂
↩−−→ 𝐸′

(𝐸, 𝜑 : 𝜖 , 𝐸 ) :: 𝜑?

(𝐸, 𝜎, 𝐸′ ) :: 𝜆ℓ
(𝐸, 𝜎, 𝐸′ ) :: 𝜆1 + 𝜆2

for ℓ ∈ {1, 2}

(𝐸, 𝜎1, 𝐸
′ ) :: 𝜆1 (𝐸′, 𝜎2, 𝐸

′′ ) :: 𝜆2

(𝐸, 𝜎1 · 𝜎2, 𝐸′′ ) :: 𝜆1;𝜆2

(𝐸, true : 𝜖 , 𝐸 ) :: 𝜆∗

(𝐸, 𝜎, 𝐸′ ) :: 𝜆 (𝐸′, 𝜎′, 𝐸′′ ) :: 𝜆∗

(𝐸, 𝜎 · 𝜎′, 𝐸′′ ) :: 𝜆∗

1. “As long as agent 1 does not know that agent 2 knows the
value of x1 the ensemble will not stop”:

[some∗]¬K1 K2 𝑥1→ ⟨some⟩true

2. “Whenever agent 1 tells the value of x1 to agent 2, it is
possible that agent 2 will eventually know the value”:

[some∗; (snd1→2
los (K1 x1) + snd1→2

los (K1¬x1))]

⟨some∗⟩K2 𝑥1

We cannot provide a formal satisfaction relation here say-
ing when an epistemic ensemble satisfies an epistemic en-
semble formula, since we cannot talk yet about satisfaction
of ensemble formulæ as long as we do not have a concrete
formalisation of epistemic states and of the effect of agent
actions on them. But we can already now provide a definition
to capture, for each compound ensemble action 𝜆, which se-
quences𝜎 = (ˆ︁𝜑1 : 𝜂𝜖1 ) . . . (ˆ︁𝜑𝑘 : 𝜂𝜖𝑘 ) of guard and agent action
pairs can be executed when moving stepwise from an ensem-
ble 𝐸 to an ensemble 𝐸 ′ in accordance with rule (*) from
above. Thereby concatenation of such two sequences 𝜎1 and
𝜎2 is denoted by 𝜎1 · 𝜎2 and 𝜖 denotes an artificial empty
agent action. The inductive rules in Table 2 define when
a (stepwise) move (𝐸,𝜎, 𝐸 ′) is a witness for a compound
ensemble action 𝜆, written (𝐸,𝜎, 𝐸 ′) :: 𝜆.

4 Action models for agent actions

Going to a concrete interpretation of ensembles a crucial
step is to assign meaning to the agent actions occurring in
an epistemic ensemble signature. A direct way would be to
fix a domain for modelling states and to associate to each
agent action 𝜂 a relation (or a proper function) which models
the effect of 𝜂. This has been done, for instance, by Fagin
et al. [15] who associate to (joint) agent actions a so-called
“global state transformer”; or by van Ditmarsch et al. [30]
by epistemic learning actions and their updates. In our work

we pursue a different approach and use the notion of “action
model” introduced by Baltag et al. [2] to provide meaning
for agent actions. The advantage is that action models still
have a syntactic flavour and thus are still independent of
the particular denotations used for epistemic states. Most
approaches use action models in the context of Kripke struc-
tures as mathematical objects for epistemic states on which
updates caused by actions are defined. But, in principle, ac-
tion models allow also other domains for interpretation. For
instance, in Hennicker et al. [20] we have provided an inter-
pretation using symbolic states. Therefore, our idea is here to
use action models as an intermediate step to assign an “ab-
stract” interpretation to agent actions. Then we will consider
two concrete frameworks (a Kripke style and a symbolic ap-
proach) where updates caused by action model applications
are uniquely determined.

An action model 𝑈 = (𝑄, 𝐹,pre) over an epistemic sig-
nature Σ = (Π, 𝐴) consists of a set 𝑄 of events, an 𝐴-family
𝐹 = (𝐹𝑎 ⊆ 𝑄 × 𝑄)𝑎∈𝐴 of action accessibility relations 𝐹𝑎 ,
and an action precondition function pre : 𝑄→F. We as-
sume that the accessibility relations 𝐹𝑎 are equivalences.1
For any agent 𝑎 ∈ 𝐴, (𝑞, 𝑞′) ∈ 𝐹𝑎 models that 𝑎 cannot distin-
guish between occurrences of events 𝑞 and 𝑞′. For any event
𝑞 ∈ 𝑄, the epistemic formula pre(𝑞) determines a condition
under which 𝑞 can happen. An epistemic action 𝔲 = (𝑈, 𝑞) is
a pointed action model which selects an actual event 𝑞 ∈ 𝑄.
We set 𝐹 (𝔲)𝑎 = {𝑞′ ∈ 𝑄 | (𝑞, 𝑞′) ∈ 𝐹𝑎} for 𝑎 ∈ 𝐴, and write
pre(𝔲) for pre(𝑞) and 𝔲 · 𝑞′ for (𝑈, 𝑞′) when 𝑞′ ∈ 𝑄. The
class of epistemic actions over Σ is denoted by𝒰. The set of
possible agents for an epistemic action 𝔲 ∈ 𝒰 is defined by
ags(𝔲) = ags(pre(𝔲)). The idea is that an action 𝜂 ∈ N𝑎 of
an agent 𝑎 should only be interpreted by an epistemic action
whose precondition is an 𝑎-formula.

Example 4.1
A group announcement of a formula 𝜑 ∈F to a group 𝐴∗ ⊆ 𝐴
of agents is modelled by the epistemic action (𝑈grp(𝐴∗, 𝜑), k)
graphically represented as

𝜑

k

true

n

𝐴
𝐴 \ 𝐴∗

𝐴

The action model𝑈grp(𝐴∗, 𝜑) has two events k and n. Event
k represents the announcement of 𝜑 which should only hap-
pen if 𝜑 holds and therefore pregrp,𝜑 (k) = 𝜑; only agents
in the group 𝐴∗ can recognise this event which is indicated
by the bidirectional accessibility arrows connecting k to n.
All other agents consider it possible that nothing happened
which is represented by n having no proper precondition, i.e.,
pregrp,𝜑 (n) = true. The possible agents of (𝑈grp(𝐴∗, 𝜑), k)

1 This fits with our choice of Kripke structures in Sect. 5; see the
“action model closure theorem” by Baltag and Renne [1].
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are given by ags(𝜑), the possible agents of (𝑈grp (𝐴∗, 𝜑),n)
are ags(true) = 𝐴.

Epistemic choice actions We also consider non-deter-
ministic epistemic actions, similarly to van Ditmarsch et al.
[30]. They model alternatives which are not under the control
of an agent but are selected by the environment. Formally,
an epistemic choice action over Σ is a finite, non-empty set
𝛼 ⊆ 𝒰 of epistemic actions. The class of epistemic choice
actions over Σ is denoted by 𝒜 . The possible agents of an
𝛼 ∈ 𝒜 are ags(𝛼) =

⋂︁
𝔲∈𝛼 ags(𝔲).

Example 4.2
For agents 𝑎, 𝑎′ ∈ 𝐴, the epistemic choice action 𝛼los =
{𝔲k,𝔲n} with 𝔲k = (𝑈grp({𝑎

′}, 𝜑𝑎), k) and 𝔲n =𝑈grp({𝑎
′},

𝜑𝑎),n)models a lossy sending of the information 𝜑𝑎 ∈F ↾ 𝑎
from 𝑎 to agent 𝑎′, in the sense that afterwards 𝑎′ may know
𝜑𝑎 if 𝑎′ is aware of the announcement (modelled by 𝔲k),
but need not if the announcement is lost (modelled by 𝔲n).
In any case, 𝑎 cannot recognise whether the announcement
was successful. Similarly, a reliable sending is defined by
the (singleton) choice action 𝛼rel = {(𝑈grp ({𝑎, 𝑎

′}, 𝜑𝑎), k)}
which is modelled by a group announcement of 𝜑𝑎 such that
both agents recognise that the message did work. It holds
that ags(𝛼los) = ags(𝛼rel) = {𝑎}.

Let us now come back to our epistemic ensemble signature
Σ̌ = (Σ, N⃗) with Σ = (Π, 𝐴). An epistemic action interpreta-
tion for the agent actions in

⋃︁
N⃗ is a function act :

⋃︁
N⃗→𝒜

such that for all 𝑎 ∈ 𝐴 and 𝜂 ∈ N𝑎 it holds 𝑎 ∈ ags(act(𝜂)).

Example 4.3
For the agent actions in Ex. 2.2 we use the epistemic action
interpretation act2 with

act2 (snd1→2
los (K1 x1)) = {(𝑈grp ({2},K1 x1), k),

(𝑈grp ({2},K1 x1),n)}

act2(snd1→2
los (K1¬x1)) = {(𝑈grp ({2},K1¬x1), k),

(𝑈grp ({2},K1¬x1),n)}

act2(stop) = {(𝑈grp ({1,2}, true), k)}

act2(snd2→1
rel (K2 𝑥1)) = {(𝑈grp ({1,2},K2 𝑥1), k)}

such that the interpretation of stop is the announcement of
true to the agents 1 and 2.

5 Epistemic ensembles in a semantic
environment

To execute an epistemic ensemble we need an environment
where knowledge formulæ, in particular process guards and
change of knowledge caused by agent actions, are interpreted.
This section is based on the traditional possible worlds model
of epistemic logic; see, e.g., Fagin et al. [15].

Epistemic states An epistemic structure 𝐾 = (𝑊, 𝐸, 𝐿),
also called Kripke model in Baltag and Renne [1] and van
Ditmarsch et al. [30], or Kripke structure in Fagin et al.
[15], over the epistemic signature Σ = (Π, 𝐴) is given by
a set 𝑊 of worlds, an 𝐴-family 𝐸 = (𝐸𝑎 ⊆ 𝑊 ×𝑊)𝑎∈𝐴 of
epistemic accessibility relations, and a labelling 𝐿 :𝑊 →
℘Π which determines for each world 𝑤 ∈𝑊 the set of atomic
propositions which hold in 𝑤. As in the traditional “logic of
knowledge” [15], we assume that the accessibility relations
are equivalences. For any agent 𝑎, (𝑤,𝑤′) ∈ 𝐸𝑎 models that
agent 𝑎 cannot distinguish the two worlds 𝑤 and 𝑤′. An
epistemic state 𝔎 = (𝐾,𝑤) selects a world 𝑤 ∈𝑊 considered
as the actual world. Thus epistemic states are pointed Kripke
structures. The class of epistemic states over Σ is denoted
by 𝒮.

The satisfaction of an epistemic formula 𝜑 ∈ F by an
epistemic structure 𝐾 = (𝑊, 𝐸, 𝐿) ∈ 𝒮 at a world 𝑤 ∈ 𝑊 ,
written 𝐾,𝑤 |= 𝜑, is inductively defined by:

𝐾,𝑤 |= 𝑝 ⇐⇒ 𝑝 ∈ 𝐿(𝑤)

𝐾,𝑤 |= true

𝐾,𝑤 |= ¬𝜑 ⇐⇒ not 𝐾,𝑤 |= 𝜑

𝐾,𝑤 |= 𝜑1 ∧ 𝜑2 ⇐⇒ 𝐾,𝑤 |= 𝜑1 and 𝐾,𝑤 |= 𝜑2

𝐾,𝑤 |= K𝑎 𝜑 ⇐⇒ 𝐾,𝑤′ |= 𝜑 for all 𝑤′ ∈𝑊
with (𝑤,𝑤′) ∈ 𝐸𝑎

Hence, an agent 𝑎 knows 𝜑 at point 𝑤 if 𝜑 holds in all worlds
𝑤′ which 𝑎 cannot distinguish from 𝑤. For an epistemic
state 𝔎 = (𝐾,𝑤) ∈ 𝒮 and for 𝜑 ∈ F, we define 𝔎 |= 𝜑 by
𝐾,𝑤 |= 𝜑 and for Φ ⊆F we define 𝔎 |= Φ by 𝔎 |= 𝜑 for all
𝜑 ∈Φ. A formula 𝜑 ∈F is a logical consequence ofΦ ⊆F,
writtenΦ |= 𝜑, if 𝔎 |= 𝜑 for all 𝔎 with 𝔎 |= Φ. We write |= 𝜑
for ∅ |= 𝜑, i.e., 𝜑 is a tautology.

Example 5.1
The following diagram represents graphically an epistemic
state 𝔎0 = (𝐾0, 𝑤0) in which x1 is true and agent 1 knows
this, but agent 2 does not. Indeed, agent 2 cannot distinguish
between the actual world 𝑤0 and the possible world 𝑤1. The
self-loops represent reflexivity of the accessibility relations.
Note that 𝔎0 |=2 K1 x1, 𝔎0 |=2 ¬K2 x1, and 𝔎0 |=2 K1¬K2 x1.

{x1}

𝑤0

∅

𝑤1

1, 2
2

1, 2

A state 𝔎′0 with 𝔎′0 |= K1¬x1 and 𝔎′0 |= K1¬K2¬x1 is ob-
tained by reversing the labelling of 𝐾0:

∅

𝑤0
{x1}

𝑤1

1, 2
2

1, 2
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Epistemic updates The product update (𝑊, 𝐸, 𝐿) ◁
(𝑄, 𝐹,pre) of an epistemic structure 𝐾 = (𝑊, 𝐸, 𝐿) and an
action model 𝑈 = (𝑄, 𝐹,pre) over Σ = (Π, 𝐴) yields the
epistemic structure (𝑊 ′, 𝐸 ′, 𝐿′) with

𝑊 ′ = {(𝑤, 𝑞) ∈𝑊 ×𝑄 | 𝐾,𝑤 |= pre(𝑞)} ,

𝐸 ′𝑎 = {((𝑤, 𝑞), (𝑤
′, 𝑞′)) | (𝑤,𝑤′) ∈ 𝐸𝑎, (𝑞, 𝑞

′) ∈ 𝐹𝑎}

for all 𝑎 ∈ 𝐴, and

𝐿′ (𝑤, 𝑞) = 𝐿(𝑤) for all (𝑤, 𝑞) ∈𝑊 ′.

Let 𝔎 = (𝐾,𝑤) ∈ 𝒮 be an epistemic state and 𝔲 = (𝑈, 𝑞) ∈
𝒰 be an epistemic action. If 𝔎 |= pre(𝑞), then the product
update𝔎◁ 𝔲 of𝔎 and 𝔲 is defined and given by the epistemic
state

𝔎 ◁ 𝔲 = (𝐾 ◁ 𝑈, (𝑤, 𝑞)) ∈ 𝒮 .

Example 5.2
Applying the action (𝑈grp({2},K1 x1), k) to the epistemic
state (𝐾0, 𝑤0) in Ex. 5.1, we obtain the epistemic state
(𝐾1, (𝑤0, k)) shown, without reflexive accessibility edges,
below. The world (𝑤1, k) does not appear since (𝐾0, 𝑤1) ̸|=2
K1 x1 which is the precondition of k.

{x1}(𝑤0,n) ∅ (𝑤1,n)

{x1}(𝑤0, k)

2
1

It holds that (𝐾1, (𝑤0, k)) |=2 K2 K1 x1 but also (𝐾1, (𝑤0,

k)) |=2 ¬K1 K2 K1 x1, i.e., 2 knows that 1 knows that x1
holds, but 1 does not know that 2 knows this. If we ap-
ply the epistemic action (𝑈grp({2},K1 x1),n) to (𝐾0, 𝑤0),
we obtain the epistemic state (𝐾1, (𝑤0,n)). Note that there
(𝐾1, (𝑤0,n)) |=2 ¬K2 K1 x1.

Semantic environments As in Hennicker et al. [19, 20]
we choose for our semantic environments epistemic states
𝔎 ∈ 𝒮. Note that this differs from the conference version
[21], where we used non-empty classes of epistemic states
as semantic environments; this approach, however, turned
out to complicate matters without providing new insights.

The semantics of an epistemic choice action 𝛼 ∈ 𝒜 is
given by the relation

⟦𝛼⟧ = {(𝔎,𝔎 ◁ 𝔲) ∈ 𝒮 × 𝒮 | 𝔲 ∈ 𝛼, 𝔎 |= pre(𝔲)} .

Ensemble configurations We are now ready to define
the execution of ensembles in semantic environments. Given
the epistemic ensemble signature Σ̌ = (Σ, N⃗), an epistemic
ensemble configuration over Σ̌ is a pair (𝐸,𝔎) of an ensem-
ble 𝐸 over Σ̌ and an epistemic state 𝔎 ∈ 𝒮. The ensemble

semantics over Σ̌ w.r.t. an epistemic action interpretation
act :

⋃︁
N⃗→𝒜 is the ternary relation −→act between configu-

rations, agent actions and (successor) configurations defined
by interpreting the generic operational ensemble semantics,
given by rule (*) in Sect. 2, in the semantic environment of
epistemic states:

(𝐸,𝔎)
𝜂
−→act (𝐸 ′,𝔎′) if 𝐸

ˆ︁𝜑:𝜂
↩−−→ 𝐸 ′, 𝔎 |= ˆ︁𝜑, and
(𝔎,𝔎′) ∈ ⟦act(𝜂)⟧

Example 5.3
Consider again the bit transmission ensemble of Ex. 2.3 with
its agent actions interpreted as in Ex. 4.3. As initial epis-
temic state first consider 𝔎0 of Ex. 5.1 which satisfies K1 x1;
then only snd1→2

los (K1 x1) can be executed. The corresponding
infinite transition system starting from the ensemble configu-
ration (1 : Ag1 ∥ 2 : Ag2,𝔎0) is shown in Fig. 2. Analogously,
if the initial epistemic state is 𝔎′0 of Ex. 5.1, which satisfies
K1¬x1, then only snd1→2

los (K1¬x1) is executable. Note that
in both cases also the value of x2 is fixed, though execution
does not depend on it. When the ensemble reaches a con-
figuration with an epistemic state satisfying K1 K2 𝑥1, e.g.,
(1 : Ag1 ∥ 2 : 0,𝔎0 ◁2 𝔲k

x1
◁2 𝔲2), then stop can be executed.

Satisfaction of epistemic ensemble formulæ Finally
we are now also able to define when an epistemic ensemble
formula (cf. Sect. 3) is satisfied by an ensemble configuration.
As a preparation we define the semantics of guard-action se-
quences 𝜎 = (ˆ︁𝜑1 : 𝜂𝜖1 ) . . . (ˆ︁𝜑𝑘 : 𝜂𝜖𝑘 ) relating epistemic states
inductively by

⟦ˆ︁𝜑 : 𝜖⟧act = {(𝔎,𝔎) ∈ 𝒮 × 𝒮 | 𝔎 |= ˆ︁𝜑} ,

⟦ˆ︁𝜑 : 𝜂⟧act = {(𝔎,𝔎′) ∈ ⟦act(𝜂)⟧ | 𝔎 |= ˆ︁𝜑} ,

⟦𝜎1 · 𝜎2⟧
act = ⟦𝜎1⟧

act; ⟦𝜎2⟧
act (relational composition)

The semantics of a compound ensemble action 𝜆 ∈ 𝒞 relating
ensemble configurations relies on the definition of witnesses
in Sect. 3 and is given by the relation

⟦𝜆⟧act = {((𝐸,𝔎), (𝐸 ′,𝔎′)) | (𝐸,𝜎, 𝐸 ′) :: 𝜆,
(𝔎,𝔎′) ∈ ⟦𝜎⟧act} .

The satisfaction of an epistemic ensemble formula 𝜓 ∈D
by an ensemble configuration (𝐸,𝔎) w.r.t. act :

⋃︁
N⃗→𝒜 is

inductively defined along the form of 𝜓:

(𝐸,𝔎) |=act 𝜑 ⇐⇒ 𝔎 |= 𝜑

(𝐸,𝔎) |=act true

(𝐸,𝔎) |=act ¬𝜓 ⇐⇒ not (𝐸,𝔎) |=act 𝜓

(𝐸,𝔎) |=act 𝜓1 ∧ 𝜓2 ⇐⇒ (𝐸,𝔎) |=act 𝜓1 and
(𝐸,𝔎) |=act 𝜓2
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Fig. 2 Semantic global realisation: Excerpt of the infinite transi-
tion system for the semantic bit transmission ensemble started in
𝔎000 = 𝔎0 with𝔎0 |=2 K1 x1 (see Ex. 5.1), 𝔲k

x1
= (𝑈grp ({2},K1 x1 ) , k) ,

𝔲n
x1 = (𝑈grp ({2},K1 x1 ) , n) , and 𝔲2 = (𝑈grp ({1, 2},K2 𝑥1 ) , k) (see

Ex. 4.3). The index scheme is 𝔎0𝑖0 = 𝔎000 ◁2 (𝔲n
x1 )
𝑖 , 𝔎1𝑖 𝑗 = 𝔎0𝑖0 ◁2

𝔲k
x1 ◁2 (𝔲n

x1 )
𝑗 , and 𝔎2𝑖 𝑗 = 𝔎1𝑖 𝑗 ◁2 𝔲2. The upward transitions from

the configurations with𝔎10 𝑗 choose 𝔲k
x1 ; the annotation snd1→2

los (K1 x1 )

pertains to both transitions outgoing from 𝔎1𝑖0, one for each choice

(𝐸,𝔎) |=act [𝜆]𝜓 ⇐⇒ (𝐸 ′,𝔎′) |=act 𝜓 for all (𝐸 ′,𝔎′)
with ((𝐸,𝔎), (𝐸 ′,𝔎′)) ∈ ⟦𝜆⟧act

Example 5.4
The ensemble configuration (Sys,𝔎0) for the bit transmission
ensemble Sys from Ex. 2.3 and the epistemic state 𝔎0 from
Ex. 5.1 satisfies both dynamic ensemble formulæ of Ex. 3.1;
the same is true for (Sys,𝔎′0).

6 Epistemic ensembles in a symbolic
environment

We are now going to execute ensembles in a symbolic en-
vironment which allows for a more compact representation
of epistemic states represented by sets of epistemic formulæ,
i.e., knowledge bases. For doing this we extend the approach
of Hennicker et al. [20] to deal with ensembles. A symbolic
epistemic signature (Σ,Φ) extends the epistemic signature
Σ = (Π, 𝐴) by a finite set of epistemic formulæΦ ⊆F which
are in the focus of evaluation; we require that each 𝜑 ∈ Φ is
neither a tautology (i.e., |= 𝜑↔ true) nor a contradiction
(i.e., |= 𝜑↔ false). Focusing on a finite set allows for ef-

fective computations and decisions; including tautologies or
contradictions would not lead to any additional knowledge.

Example 6.1
For the scenario of Ex. 2.3 a possible set of focus formulæ is
{K1 x1, K1¬x1, K2 𝑥1, K1 K2 𝑥1, ¬K1 K2 𝑥1}, which directly
reflects the conditions used in the ensemble (as before we
write K𝑎 𝑥1 for K𝑎 x1 ∨ K𝑎 ¬x1).

Symbolic epistemic states A symbolic epistemic state
over (Σ,Φ) is a subset Γ ⊆ Φ. The set of symbolic epistemic
states over (Σ,Φ) is denoted by 𝒮Φ.

Any set of focus formulæ Φ can be enlarged by con-
structing the Boolean closure bcl(Φ) of Φ consisting of the
epistemic formulæ 𝜙 defined by

𝜙 ::= 𝜑 | true | ¬𝜙 | 𝜙1 ∧ 𝜙2 where 𝜑 ∈Φ.

For example, in Ex. 6.1, ¬K1 K2 𝑥1 can be omitted.
The symbolic satisfaction relation Γ |=Φ 𝜙 between sym-

bolic states Γ ∈ 𝒮Φ and formulæ 𝜙 ∈ bcl(Φ) is defined as:

if 𝜑 ∈Φ: Γ |=Φ 𝜑 ⇐⇒ 𝜑 ∈ Γ

Γ |=Φ true
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if ¬𝜙 ∉ Φ: Γ |=Φ ¬𝜙 ⇐⇒ not Γ |=Φ 𝜙

if 𝜙1 ∧ 𝜙2 ∉ Φ: Γ |=Φ 𝜙1 ∧ 𝜙2 ⇐⇒ Γ |=Φ 𝜙1 and
Γ |=Φ 𝜙2

Symbolic epistemic updates To define the symbolic up-
date of a symbolic epistemic state Γ ∈ 𝒮Φ w.r.t. an epistemic
action 𝔲 ∈ 𝒰, we utilise the notion of weakest liberal pre-
condition [14]. Let 𝔲 ∈ 𝒰 be an epistemic action and 𝜑 ∈F.
A formula 𝜌 ∈F is a weakest liberal precondition of 𝔲 for
𝜑 if the following holds for all 𝔎 ∈ 𝒮:

𝔎 |= 𝜌 ⇐⇒
(︁
𝔎 |= pre(𝔲) implies 𝔎 ◁ 𝔲 |= 𝜑

)︁
(wlp)

The set of the weakest liberal precondition formulæ of 𝔲
for 𝜑 is denoted byWlp(𝔲, 𝜑). Obviously, if 𝜌, 𝜌′ ∈Wlp(𝔲, 𝜑),
then |= 𝜌↔ 𝜌′. There is indeed, for any 𝔲 ∈ 𝒰 and any
𝜑 ∈ F, a formula wlp(𝔲, 𝜑) ∈Wlp(𝔲, 𝜑) that can be recur-
sively computed by the function wlp :𝒰×F→F defined
in accordance with the reduction rules originally stated in the
context of dynamic epistemic logic (DEL) in van Ditmarsch
et al. [30, pp. 162sqq.] and Baltag and Renne [1, p. 37]:

wlp(𝔲, 𝑝) = pre(𝔲) → 𝑝

wlp(𝔲, true) = true

wlp(𝔲,¬𝜑) = pre(𝔲) →¬wlp(𝔲, 𝜑)

wlp(𝔲, 𝜑1 ∧ 𝜑2) = wlp(𝔲, 𝜑1) ∧wlp(𝔲, 𝜑2)

wlp(𝔲,K𝑎 𝜑) = pre(𝔲) →
⋀︁
𝑞∈𝐹 (𝔲)𝑎 K𝑎 wlp(𝔲 · 𝑞, 𝜑)

For a 𝔲 ∈ 𝒰 and a 𝜑 ∈F, define the set of weakest liberal
preconditions of 𝔲 for 𝜑 given that pre(𝔲) holds by

Wlp(𝔲, 𝜑)/pre(𝔲) =

{𝜌 ∈F | |= pre(𝔲) → (wlp(𝔲, 𝜑) ↔ 𝜌)} .

We are now ready to define symbolic epistemic updates of
symbolic states Γ. The idea is to consider all focus formulæ
having a weakest liberal precondition 𝜌 ∈ bcl(Φ) such that
Γ |=Φ 𝜌 given that pre(𝔲) holds. The symbolic epistemic
update Γ ◁Φ 𝔲 of a symbolic epistemic state Γ ∈ 𝒮Φ by an
epistemic action 𝔲 ∈ 𝒰 is defined as

Γ ◁Φ 𝔲 = {𝜑′ ∈Φ | ex. 𝜌 ∈Wlp(𝔲, 𝜑′)/pre(𝔲) ∩ bcl(Φ)
s. t. Γ |=Φ 𝜌} .

Symbolic environments A key notion to obtain compat-
ibility of epistemic actions in semantic and symbolic en-
vironments is the notion of Φ-representability. We call an
epistemic action 𝔲 ∈ 𝒰 representable w.r.t. a set Φ of focus
formulæ if, on the one hand, its precondition is equivalent to
some epistemic formula in the Boolean closure of Φ and, on
the other hand, for each 𝜑 ∈Φ, the weakest liberal precondi-
tion formula wlp(𝔲, 𝜑) is also equivalent to some formula in

the Boolean closure of Φ, but now pre(𝔲) can be assumed.
More formally, an 𝔲 ∈ 𝒰 is Φ-representable if

1. Pre(𝔲) ∩ bcl(Φ) ≠ ∅, where Pre(𝔲) = {𝜌 ∈ F | |=
pre(𝔲) ↔ 𝜌};

2. Wlp(𝔲, 𝜑)/pre(𝔲) ∩ bcl(Φ) ≠ ∅ for all 𝜑 ∈Φ.

The class of such epistemic actions is denoted by 𝒰Φ. An
epistemic choice action 𝛼 ∈ 𝒜 is Φ-representable if all 𝔲 ∈
𝛼 are Φ-representable; the class of such epistemic choice
actions is denoted by 𝒜Φ.

Example 6.2
For the scenario of Ex. 2.3 consider the preliminary set of
focus formulæΦ(0)2 = {K1 x1,K1¬x1,K2 𝑥1,K1 K2 𝑥1} (as be-
fore we write K𝑎 𝑥1 for K𝑎 x1 ∨ K𝑎 ¬x1). The epistemic ac-
tions occurring in the act2-interpretations of snd1→2

los (K1 x1),
snd1→2

los (K1¬x1), and snd2→1
rel (K2 𝑥1) (see Ex. 4.3) are 𝔲𝑞𝜑 =

(𝑈grp({2},K1 𝜑), 𝑞) for 𝜑 ∈ {x1,¬x1}, 𝑞 ∈ {k,n} and 𝔲2 =
(𝑈grp({1,2},K2 𝑥1), k). All these actions have a precondi-
tion that is expressible over Φ(0)2 . Table 3 shows possible
representatives 𝜌 satisfying |=2 pre(𝔲)→ (wlp2 (𝔲, 𝜑)↔ 𝜌).2

Indeed, 𝔲2 is not Φ(0)2 -representable, but becomes Φ2-
representable for Φ2 = Φ

(0)
2 ∪ {K1 M2 x1,K1 M2¬x1}.

The symbolic semantics of a Φ-representable epistemic
choice action 𝛼 ∈ 𝒜Φ is given by the relation

⟦𝛼⟧Φ = {(Γ,Γ ◁Φ 𝔲) ∈ 𝒮Φ ×𝒮Φ | 𝔲 ∈ 𝛼,
ex. 𝜌 ∈ Pre(𝔲) ∩ bcl(Φ) s. t. Γ |=Φ 𝜌} .

A symbolic epistemic ensemble signature (Σ̌,Φ) consists
of an epistemic ensemble signature Σ̌ = (Σ, N⃗) and a set of
focus formulæ Φ such that (Σ,Φ) is a symbolic epistemic
signature. An ensemble 𝐸 over Σ̌ is an ensemble over (Σ̌,Φ)
if all guards occurring in 𝐸 are in bcl(Φ). An epistemic
action interpretation act :

⋃︁
N⃗→𝒜 is a Φ-interpretation if

act(𝜂) ∈ 𝒜Φ for all 𝜂 ∈
⋃︁

N⃗. A symbolic epistemic ensem-
ble configuration over (Σ̌,Φ) is a pair (𝐸,Γ) of an ensem-
ble 𝐸 over (Σ̌,Φ) and a symbolic epistemic state Γ ∈ 𝒮Φ.
The symbolic ensemble semantics over (Σ̌,Φ) w.r.t. a Φ-
interpretation act :

⋃︁
N⃗→𝒜Φ is the ternary relation −→act

Φ
between symbolic configurations, agent actions and (succes-
sor) configurations defined by interpreting the operational
ensemble semantics, given by rule (*) in Sect. 2, in the envi-
ronment of symbolic epistemic states:

(𝐸,Γ)
𝜂
−→act

Φ (𝐸
′,Γ′) if 𝐸

ˆ︁𝜙:𝜂
↩−−→ 𝐸 ′, Γ |=Φ ˆ︁𝜙, and
(Γ,Γ′) ∈ ⟦act(𝜂)⟧Φ

2 Computed with a small Maude tool available at https://github.com/
AlexanderKnapp/epistemic.git.

Springer

https://github.com/AlexanderKnapp/epistemic.git
https://github.com/AlexanderKnapp/epistemic.git


Epistemic ensembles in semantic, symbolic, and distributed environments

Table 3 Representatives 𝜌
satisfying |=2 pre(𝔲) →
(wlp2 (𝔲, 𝜑

′ ) ↔ 𝜌)

𝜑′ 𝔲

𝔲k
x1 𝔲k

¬x1 𝔲n
x1 𝔲n

¬x1 𝔲2

K1 x1 true false K1 x1 K1 x1 K1 M2 x1

K1 ¬x1 false true K1 ¬x1 K1 ¬x1 K1 M2 ¬x1

K2 𝑥1 true true K2 𝑥1 K2 𝑥1 true
K1 K2 𝑥1 K1 K2 𝑥1 K1 K2 𝑥1 K1 K2 𝑥1 K1 K2 𝑥1 true
K1 M2 x1 true false K1 M2 x1 ¬K1 ¬x1 ∧ K1 M2 x1 K1 M2 x1

K1 M2 ¬x1 false true ¬K1 x1 ∧ K1 M2 ¬x1 K1 M2 ¬x1 K1 M2 ¬x1

Example 6.3
Fig. 3 shows the transition system for the bit transmission
ensemble over Φ2 when started in a (global) symbolic state
that contains K1 x1 but not K1 K2 𝑥1. This start ensemble
configuration is 1 : Ag1 ∥ 2 : Ag2, {K1 x1}.

Satisfaction of epistemic ensemble formulæ The sym-
bolic semantics of a guard-agent action sequence 𝜎 = (ˆ︁𝜙1 :
𝜂𝜖1 ) . . . (

ˆ︁𝜙𝑘 : 𝜂𝜖𝑘 ) with all guards ˆ︁𝜙𝑖 formulæ in bcl(Φ) w.r.t.
the Φ-interpretation act is inductively given by

⟦ˆ︁𝜙 : 𝜖⟧act
Φ = {(Γ,Γ) ∈ (𝒮Φ)2 | Γ |=Φ ˆ︁𝜙} ,

⟦ˆ︁𝜙 : 𝜂⟧act
Φ = {(Γ,Γ′) ∈ ⟦act(𝜂)⟧Φ | Γ |=Φ ˆ︁𝜙} ,

⟦𝜎1 · 𝜎2⟧
act
Φ = ⟦𝜎1⟧

act
Φ ; ⟦𝜎2⟧

act
Φ (rel. comp.)

The set of compound ensemble actions 𝜆 ∈ 𝒞 with all tests
in 𝜆 formulæ in bcl(Φ) is denoted 𝒞Φ. The semantics of a
𝜆 ∈ 𝒞Φ w.r.t. act is given by the relation

⟦𝜆⟧act
Φ = {((𝐸,Γ), (𝐸 ′,Γ′)) | (𝐸,𝜎, 𝐸 ′) :: 𝜆,

(Γ,Γ′) ∈ ⟦𝜎⟧act
Φ } .

The epistemic ensemble formulæ DΦ over (Σ̌,Φ) are
the epistemic ensemble formulæ over Σ̌ that only contain
basic, non-dynamic formulæ 𝜙 ∈F that are in bcl(Φ). The
satisfaction of a 𝜓 ∈ DΦ by a symbolic epistemic ensemble
configuration (𝐸,Γ) w.r.t.Φ-interpretation act :

⋃︁
N⃗→𝒜Φ

is inductively defined along the structure of 𝜓:

(𝐸,Γ) |=act
Φ 𝜙 ⇐⇒ Γ |=Φ 𝜙

(𝐸,Γ) |=act
Φ true

(𝐸,Γ) |=act
Φ ¬𝜓 ⇐⇒ not (𝐸,Γ) |=act

Φ 𝜓

(𝐸,Γ) |=act
Φ 𝜓1 ∧ 𝜓2 ⇐⇒ (𝐸,Γ) |=act

Φ 𝜓1 and
(𝐸,Γ) |=act

Φ 𝜓2

(𝐸,Γ) |=act
Φ [𝜆]𝜓 ⇐⇒ (𝐸

′,Γ′) |=act
Φ 𝜓 for all (𝐸 ′,Γ′)

with ((𝐸,Γ), (𝐸 ′,Γ′)) ∈ ⟦𝜆⟧act
Φ

Fig. 3 Symbolic global realisation: Finite transition system for
the symbolic bit transmission ensemble started in {K1 x1}
with 𝔲k

x1
= (𝑈grp ({2},K1 x1 ) , k) , 𝔲n

x1
= (𝑈grp ({2},K1 x1 ) , n) , and

𝔲2 = (𝑈grp ({1, 2},K2 𝑥1 ) , k) (see Ex. 4.3). The chosen epistemic ac-
tion from a composite action is indicated in gray

7 Relating ensembles in semantic and
symbolic environments

We are now interested in relating ensembles which are exe-
cuted in a semantic environment and in a symbolic environ-
ment. First, we introduce a notion ofΦ-equivalence between
semantic and symbolic states and we lift this equivalence to
a mutual simulation of ensemble configurations. Our main
results show that ensembles running in equivalent semantic
and symbolic environments mutually simulate each other and
hence satisfy the same dynamic epistemic ensemble logic
formulæ.

For achieving such a simulation, we move from a concrete
semantic state 𝔎 to its abstract symbolic state representation
given by the (finite) Φ-theory of 𝔎, i.e., ThΦ (𝔎) = {𝜑 ∈ Φ |
𝔎 |= 𝜑}. Let us mention that, in contrast to symbolic updates,
update operations on semantic epistemic states tend to be-
come large quickly due to the product update construction
which may duplicate the set of possible worlds (see [20]).
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Epistemic state equivalence We say that an epistemic
state 𝔎 ∈ 𝒮 and a symbolic epistemic state Γ ∈ 𝒮Φ are Φ-
equivalent, written 𝔎 ≡Φ Γ, if for all 𝜑 ∈ Φ it holds that
𝔎 |= 𝜑 if, and only if, 𝜑 ∈ Γ.

Example 7.1
The initial epistemic state 𝔎0 for the bit transmission ensem-
ble in the semantic environment, see Ex. 5.3, isΦ2-equivalent
to {K1 x1,K1 M2 x1}. Note that the initial symbolic epistemic
state {K1 x1} used in Ex. 6.3 does not contain K1 M2 x1; in-
deed, the execution of snd1→2

los (K1 x1) does not depend on this
formula, and it is added after the successful transmission of
K1 x1.

The next lemma shows that state equivalence w.r.t. Φ can
be lifted to the infinite Boolean closure of Φ.

Lemma 7.1
Let 𝔎 ∈ 𝒮 and Γ ∈ 𝒮Φ. Then 𝔎 ≡Φ Γ if, and only if, for all
𝜙 ∈ bcl(Φ) it holds that 𝔎 |= 𝜙 iff Γ |=Φ 𝜙.

Proof
“⇒”: Assume 𝔎 ≡Φ Γ. The proof is performed by structural
induction on the form of 𝜙.

Case 𝜙 = 𝜑 ∈ Φ: Then 𝔎 |= 𝜑 iff (since 𝔎 ≡Φ Γ) 𝜑 ∈ Γ iff
Γ |=Φ 𝜑.

Case true: 𝔎 |= true and Γ |=Φ true hold.
Case ¬𝜙 with ¬𝜙 ∉ Φ: 𝔎 |= ¬𝜙 iff not 𝔎 |= 𝜙 iff (by

induction hypothesis) not Γ |=Φ 𝜙 iff (since ¬𝜙 ∉ Φ) Γ |=Φ
¬𝜙.

Case 𝜙1∧𝜙2 with 𝜙1∧𝜙2 ∉ Φ:𝔎 |= 𝜙1∧𝜙2 iff𝔎 |= 𝜙1 and
𝔎 |= 𝜙2 iff (by induction hypothesis) Γ |=Φ 𝜙1 and Γ |=Φ 𝜙2
iff (since 𝜙1 ∧ 𝜙2 ∉ Φ) Γ |=Φ 𝜙1 ∧ 𝜙2.

“⇐”: Since Φ ⊆ bcl(Φ), the assumption implies 𝔎 |=
𝜑 ⇐⇒ Γ |=Φ 𝜑 ⇐⇒ 𝜑 ∈ Γ for all 𝜑 ∈ Φ; hence, 𝔎 ≡Φ Γ.

□

The following lemma shows that semantic and symbolic
state equivalence is preserved by performing updates w.r.t.
theΦ-representable actions𝒰Φ. This is a crucial fact for our
subsequent results.

Lemma 7.2
Let 𝔎 ∈ 𝒮 and Γ ∈ 𝒮Φ with 𝔎 ≡Φ Γ. Let 𝔲 ∈ 𝒰Φ such that
𝔎 |= pre(𝔲). Then 𝔎 ◁ 𝔲 ≡Φ Γ ◁Φ 𝔲.

Proof
Let 𝜑 ∈ Φ and let first 𝔎 ◁ 𝔲 |= 𝜑 hold, i.e., 𝔎 |= wlp(𝔲, 𝜑).
Since 𝔲 isΦ-representable, there is a 𝜌 ∈Wlp(𝔲, 𝜑)/pre(𝔲) ∩
bcl(Φ). By 𝔎 |= pre(𝔲) it follows that 𝔎 |= 𝜌, and by 𝔎 ≡Φ Γ
and Lem. 7.1 that Γ |=Φ 𝜌, i.e., 𝜑 ∈ Γ ◁Φ 𝔲.

Now let conversely 𝜑 ∈ Γ◁Φ 𝔲 hold, i.e., Γ |=Φ 𝜌 for some
𝜌 ∈Wlp(𝔲, 𝜑)/pre(𝔲) ∩ bcl(Φ). By 𝔎 ≡Φ Γ and Lem. 7.1
it follows that 𝔎 |= 𝜌. By 𝔎 |= pre(𝔲) we obtain that 𝔎 |=
wlp(𝔲, 𝜑), i.e., 𝔎 ◁ 𝔲 |= 𝜑. □

Lemma 7.2 is extended to epistemic choice actions as
follows.

Lemma 7.3
Let 𝔎 ∈ 𝒮 and Γ ∈ 𝒮Φ with 𝔎 ≡Φ Γ. Let 𝛼 ∈ 𝒜Φ. Then the
following holds:

1. If (𝔎,𝔎′) ∈ ⟦𝛼⟧, then there is a Γ′ ∈ 𝒮Φ such that
(Γ,Γ′) ∈ ⟦𝛼⟧Φ and 𝔎′ ≡Φ Γ′.

2. If (Γ,Γ′) ∈ ⟦𝛼⟧Φ, then there is a 𝔎′ ∈ 𝒮 such that
(𝔎,𝔎′) ∈ ⟦𝛼⟧ and 𝔎′ ≡Φ Γ′.

Proof
(1) Let (𝔎,𝔎′) ∈ ⟦𝛼⟧. Then there is a 𝔲 ∈ 𝛼 such that 𝔎′ =
𝔎◁ 𝔲 and𝔎 |= pre(𝔲). By Lem. 7.1 and 𝔲 ∈ 𝒰Φ it holds that
there is a 𝜌 ∈ Pre(𝔲) ∩ bcl(Φ) such that Γ |=Φ 𝜌 and hence
(Γ,Γ′) ∈ ⟦𝛼⟧Φ with Γ′ = Γ ◁Φ 𝔲. By Lem. 7.2, 𝔎 ◁ 𝔲 ≡Φ
Γ ◁Φ 𝔲, i.e., 𝔎′ ≡Φ Γ′.

(2) Let (Γ,Γ′) ∈ ⟦𝛼⟧Φ. Then there is a 𝔲 ∈ 𝛼 such that
Γ′ = Γ ◁Φ 𝔲 and Γ |=Φ 𝜌 for some 𝜌 ∈ Pre(𝔲) ∩ bcl(Φ). By
Lem. 7.1 and 𝔲 ∈ 𝒰Φ it holds that 𝔎 |= pre(𝔲) and hence
(𝔎,𝔎′) ∈ ⟦𝛼⟧ with 𝔎′ = 𝔎 ◁ 𝔲. By Lem. 7.2, 𝔎 ◁ 𝔲 ≡Φ

Γ ◁Φ 𝔲, i.e., 𝔎′ ≡Φ Γ′. □

Ensemble configuration equivalence As a conse-
quence of Lem. 7.3 we can prove that semantic and symbolic
ensemble configurations mutually simulate action execution
while preserving Φ-equivalence.

Proposition 7.1
Let (𝐸,𝔎) be an epistemic ensemble configuration over Σ̌
and (𝐸,Γ) a symbolic epistemic ensemble configuration over
(Σ̌,Φ). Let 𝜂 ∈

⋃︁
N⃗ be an agent action, and let𝔎 ≡Φ Γ hold.

1. If (𝐸,𝔎)
𝜂
−→act (𝐸 ′,𝔎′), then there is a Γ′ ∈ 𝒮Φ such that

(𝐸,Γ)
𝜂
−→act

Φ (𝐸
′,Γ′) and 𝔎′ ≡Φ Γ′.

2. If (𝐸,Γ)
𝜂
−→act

Φ (𝐸
′,Γ′), then there is a 𝔎′ ∈ 𝒮 such that

(𝐸,𝔎)
𝜂
−→act (𝐸 ′,𝔎′) and 𝔎′ ≡Φ Γ′.

Proof

(1) Let (𝐸,𝔎)
𝜂
−→act (𝐸 ′,𝔎′) be given. Then there is a 𝐸

ˆ︁𝜑:𝜂
↩−−→

𝐸 ′ with𝔎 |= ˆ︁𝜑 and (𝔎,𝔎′) ∈ ⟦act(𝜂)⟧. Since𝔎 ≡Φ Γ and ˆ︁𝜑 ∈

bcl(Φ) we have, by Lem. 7.1, Γ |=Φ ˆ︁𝜑 and, by Lem. 7.3(1),
there exists a Γ′ ∈ 𝒮Φ such that (Γ,Γ′) ∈ ⟦act(𝜂)⟧Φ and
𝔎′ ≡Φ Γ′. Therefore (𝐸,Γ)

𝜂
−→act

Φ (𝐸
′,Γ′) and 𝔎′ ≡Φ Γ′.

(2) Let (𝐸,Γ)
𝜂
−→act

Φ (𝐸
′,Γ′) be given. Then there is a

𝐸
ˆ︁𝜙:𝜂
↩−−→ 𝐸 ′ with Γ |=Φ ˆ︁𝜙 and (Γ,Γ′) ∈ ⟦act(𝜂)⟧Φ. Since𝔎 ≡Φ

Γ we have, by Lem. 7.1, 𝔎 |= ˆ︁𝜙 and, by Lem. 7.3(2), there
exists 𝔎′ ∈ 𝒮 such that (𝔎,𝔎′) ∈ ⟦act(𝜂)⟧ and 𝔎′ ≡Φ Γ′.
Therefore (𝐸,𝔎)

𝜂
−→act (𝐸 ′,𝔎′) and 𝔎′ ≡Φ Γ′. □
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The Φ-equivalence 𝔎 ≡Φ Γ between semantic and sym-
bolic epistemic states induces a (Φ,act)-equivalence be-
tween semantic and symbolic epistemic ensemble config-
urations defined as (𝐸,𝔎) ≡act

Φ (𝐸,Γ) if 𝔎 ≡Φ Γ. The next
proposition lifts Prop. 7.1 to compound epistemic actions:

Proposition 7.2
Let 𝜆 ∈ 𝒞Φ and let (𝐸,𝔎) ≡act

Φ (𝐸,Γ) hold.

1. If ((𝐸,𝔎), (𝐸 ′,𝔎′)) ∈ ⟦𝜆⟧act, then there is a Γ′ ∈ 𝒮Φ such
that ((𝐸,Γ), (𝐸 ′,Γ′)) ∈ ⟦𝜆⟧act

Φ and (𝐸 ′,𝔎′) ≡act
Φ (𝐸

′,Γ′).
2. If ((𝐸,Γ), (𝐸 ′,Γ′)) ∈ ⟦𝜆⟧act

Φ , then there is a 𝔎′ ∈ 𝒮

such that ((𝐸,𝔎), (𝐸 ′,𝔎′)) ∈ ⟦𝜆⟧act and (𝐸 ′,𝔎′) ≡act
Φ

(𝐸 ′,Γ′).

Proof
This follows by structural induction on the form of 𝜆 ∈ 𝒞Φ,
where 𝜂 ∈

⋃︁
N⃗ is covered by Prop. 7.1, 𝜙? with 𝜙 ∈ bcl(Φ)

by Lem. 7.1, and all other cases follow directly from the
induction hypothesis. □

Finally, (Φ,act)-equivalent ensemble configurations sat-
isfy the same dynamic ensemble logic formulæ. Thus sym-
bolic epistemic ensemble configurations can be considered
as correct realisations of semantic epistemic ensemble con-
figurations.

Theorem 7.1
Let (𝐸,𝔎) ≡act

Φ (𝐸,Γ) hold. Then for all 𝜓 ∈ DΦ, it holds
that (𝐸,𝔎) |=act 𝜓 ⇐⇒ (𝐸,Γ) |=act

Φ 𝜓.

Proof
This follows by structural induction on the form of 𝜓 ∈DΦ,
where [𝜆]𝜓 is a consequence of Prop. 7.2. □

8 Distributed symbolic epistemic ensembles

In the last section we have considered a refinement step
which allows us to realise epistemic ensemble configurations
(𝐸,𝔎), using semantic epistemic states 𝔎 ∈ 𝒮, by epistemic
ensemble configurations (𝐸,Γ) relying on symbolic epis-
temic states Γ ∈ 𝒮Φ. Such Γs can be considered as knowl-
edge bases giving a global view on the current epistemic
state of the whole ensemble. It is, however, more realistic
and natural to distribute the global knowledge base into a
family of local knowledge bases such that our ensemble be-
comes a truly distributed system where any agent has its own
local symbolic state. Thus we will end up in distributed sym-
bolic epistemic ensemble configurations (𝑎 : (𝑃𝑎,Λ𝑎))𝑎∈𝐴
with local symbolic epistemic states Λ𝑎 , one for each agent
𝑎 ∈ 𝐴.

A distributed symbolic epistemic signature (Σ, Φ⃗) is given
by an epistemic signature Σ = (Π, 𝐴) and an 𝐴-family
Φ⃗ = (Φ𝑎)𝑎∈𝐴 of finite sets of local focus formulæ such that
Φ𝑎 ⊆F ↾ 𝑎 and no 𝜑 ∈

⋃︁
Φ⃗ =

⋃︁
𝑎∈𝐴Φ𝑎 is a tautology or a

contradiction.

Distributed symbolic epistemic states A distributed
symbolic epistemic state over (Σ, Φ⃗) is an 𝐴-family Λ⃗ =
(Λ𝑎)𝑎∈𝐴 with Λ𝑎 ⊆ Φ𝑎 for all 𝑎 ∈ 𝐴. The set of such states
is denoted by 𝒮Φ⃗. For a Λ⃗ ∈ 𝒮Φ⃗ and a 𝜙 ∈

⋃︁
bcl(Φ⃗) =

⋃︁
𝑎∈𝐴 bcl(Φ𝑎) we define Λ⃗ |=Φ⃗ 𝜙 if, and only if, Λ𝑎 |=Φ𝑎

𝜙 for all 𝑎 ∈ ags(𝜙). Note that, in general,
⋃︁

bcl(Φ⃗) ⊊
bcl(

⋃︁
Φ⃗).

Distributed symbolic epistemic updates The notion of
symbolic update is extended pointwise to the distributed
case. The distributed symbolic epistemic update Λ⃗◁Φ⃗ 𝔲 of a
distributed symbolic epistemic state Λ⃗ ∈ 𝒮Φ⃗ by an epistemic
action 𝔲 ∈ 𝒰 is defined as the 𝐴-family

Λ⃗ ◁Φ⃗ 𝔲 = (Λ𝑎 ◁
Φ𝑎 𝔲)𝑎∈𝐴 .

Distributed symbolic environments We adjust the no-
tion of representability of epistemic actions in Sect. 6 to
the distributed case and say that an 𝔲 ∈ 𝒰 is locally Φ⃗-
representable if

1. Pre(𝔲) ∩
⋃︁

bcl(Φ⃗) ≠ ∅;
2. Wlp(𝔲, 𝜑′𝑎)/pre(𝔲) ∩ bcl(Φ𝑎) ≠ ∅ for all 𝜑′𝑎 ∈Φ𝑎 , 𝑎 ∈ 𝐴.

This means that the precondition of 𝔲 is equivalent to some
local agent formula in the Boolean closure

⋃︁
𝑎∈𝐴 bcl(Φ𝑎)

and the weakest liberal precondition preserves locality. The
class of such epistemic actions is denoted by 𝒰Φ⃗. An epis-
temic choice action 𝛼 ∈ 𝒜 is locally Φ⃗-representable if all
𝔲 ∈ 𝛼 are locally Φ⃗-representable; the class of such epistemic
choice actions is denoted by 𝒜Φ⃗.

The distributed symbolic semantics of a locally Φ⃗-
representable epistemic choice action 𝛼 ∈ 𝒜Φ⃗ is given by
the relation

⟦𝛼⟧Φ⃗ = {(Λ⃗, Λ⃗ ◁Φ⃗ 𝔲) ∈ 𝒮Φ⃗ ×𝒮Φ⃗ | 𝔲 ∈ 𝛼,
ex. 𝜌 ∈ Pre(𝔲) ∩

⋃︁
bcl(Φ⃗) s. t. Λ⃗ |=Φ⃗ 𝜌} .

The notions of the next paragraph are direct extensions of
their non-distributed counterparts:

A distributed symbolic epistemic ensemble signature
(Σ̌, Φ⃗) consists of an epistemic ensemble signature Σ̌ =
(Σ, N⃗) and an 𝐴-family of focus formulæ Φ⃗ = (Φ𝑎)𝑎∈𝐴 such
that (Σ, Φ⃗) is a distributed symbolic epistemic signature. An
ensemble 𝐸 over Σ̌ is an ensemble over (Σ̌, Φ⃗) if all guards
occurring in 𝐸 are in

⋃︁
bcl(Φ⃗). An epistemic action interpre-

tation act :
⋃︁

N⃗→𝒜 is a Φ⃗-interpretation if act(𝜂) ∈ 𝒜Φ⃗

for all 𝜂 ∈
⋃︁

N⃗.
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Fig. 4 Symbolic distributed realisation: Finite transition system
for the distributed symbolic bit transmission ensemble started in
Λ2,1 = {K1 x1} and Λ2,2 = ∅ with 𝔲k

x1
= (𝑈grp ({2},K1 x1 ) , k) ,

𝔲n
x1 = (𝑈grp ({2},K1 x1 ) , n) , and 𝔲2 = (𝑈grp ({1, 2},K2 𝑥1 ) , k) (see

Ex. 4.3)

Distributed symbolic epistemic ensemble configurations
over (Σ, Φ⃗) add a local knowledge base to each agent.
For defining such configurations, we consider families
(𝑎 : (𝑃𝑎,Λ𝑎))𝑎∈𝐺 , now of pairs of agent processes and
local symbolic epistemic states with 𝐺 ⊆ 𝐴 such that
𝑎 ∈ ags(𝑃𝑎) and Λ𝑎 ⊆ Φ𝑎 for each 𝑎 ∈ 𝐺 . The composi-
tion (𝑎1 : (𝑃𝑎1 ,Λ𝑎1))𝑎1∈𝐺1 ∥ (𝑎2 : (𝑃𝑎2 ,Λ𝑎2 ))𝑎2∈𝐺2 of sub-
families for disjoint 𝐺1, 𝐺2 ⊆ 𝐴 is given by the family
(𝑎 : (𝑃𝑎,Λ𝑎))𝑎∈𝐺1∪𝐺2 ; and the singleton 𝑖 : (𝑃𝑖 ,Λ𝑖) stands
for (𝑎 : (𝑃𝑎,Λ𝑎))𝑎∈{𝑖} . A distributed symbolic epistemic
ensemble configuration over (Σ, Φ⃗) is a family 𝐷⃗ = (𝑎 :
(𝑃𝑎,Λ𝑎))𝑎∈𝐴 such that (𝑎 : 𝑃𝑎)𝑎∈𝐴 is an ensemble over
(Σ̌, Φ⃗) and (Λ𝑎)𝑎∈𝐴 a distributed symbolic epistemic state
in 𝒮Φ⃗. The distributed symbolic ensemble semantics over
(Σ̌, Φ⃗) w.r.t. a Φ⃗-interpretation act :

⋃︁
N⃗ → 𝒜Φ⃗ is the

ternary relation =⇒act
Φ⃗

between distributed configurations,
agent actions and (successor) configurations defined by

(𝑎 : (𝑃𝑎,Λ𝑎))𝑎∈𝐴
𝜂
=⇒act

Φ⃗
(𝑎 : (𝑃′𝑎,Λ

′
𝑎))𝑎∈𝐴

if (𝑎 : 𝑃𝑎)𝑎∈𝐴
ˆ︁𝜙:𝜂
↩−−→ (𝑎 : 𝑃′𝑎)𝑎∈𝐴, Λ⃗ |=Φ⃗ ˆ︁𝜙, and

((Λ𝑎)𝑎∈𝐴, (Λ′𝑎)𝑎∈𝐴) ∈ ⟦act(𝜂)⟧Φ⃗

Example 8.1
How we continue with Ex. 6.2 for the distributed case
is shown in Fig. 4. The start ensemble configuration is
1 : (Ag1, {K1 x1}) ∥ 2 : (Ag2, ∅).

Satisfaction of epistemic ensemble formulæ The dis-
tributed symbolic semantics of a guard-agent action sequence

𝜎 = (ˆ︁𝜙1 : 𝜂𝜖1 ) . . . (ˆ︁𝜙𝑘 : 𝜂𝜖𝑘 ) with all guards ˆ︁𝜙𝑖 formulæ in
⋃︁

bcl(Φ⃗) w.r.t. the Φ⃗-interpretation act is inductively given
by

⟦ˆ︁𝜙 : 𝜖⟧act
Φ⃗
= {(Λ⃗, Λ⃗) ∈ (𝒮Φ⃗)2 | Λ⃗ |=Φ⃗ ˆ︁𝜙} ,

⟦ˆ︁𝜙 : 𝜂⟧act
Φ⃗
= {(Λ⃗, Λ⃗′) ∈ ⟦act(𝜂)⟧Φ⃗ | Λ⃗ |=Φ⃗ ˆ︁𝜙} ,

⟦𝜎1 · 𝜎2⟧
act
Φ⃗
= ⟦𝜎1⟧

act
Φ⃗

; ⟦𝜎2⟧
act
Φ⃗

(rel. comp.)

The set of compound ensemble actions 𝜆 ∈ 𝒞 with all tests
in 𝜆 formulæ in

⋃︁
bcl(Φ⃗) is denoted 𝒞Φ⃗. The semantics of

a 𝜆 ∈ 𝒞Φ⃗ w.r.t. act is given by the relation

⟦𝜆⟧act
Φ⃗
= {((𝑎 : (𝑃𝑎,Λ𝑎))𝑎∈𝐴, (𝑎 : (𝑃′𝑎,Λ

′
𝑎))𝑎∈𝐴) |

((𝑎 : 𝑃𝑎)𝑎∈𝐴, 𝜎, (𝑎 : 𝑃′𝑎)𝑎∈𝐴) :: 𝜆,
((Λ𝑎)𝑎∈𝐴, (Λ′𝑎)𝑎∈𝐴) ∈ ⟦𝜎⟧

act
Φ⃗
} .

The epistemic ensemble formulæ D Φ⃗ over (Σ̌, Φ⃗) are the
epistemic ensemble formulæ over Σ̌ that only contain sub-
formulæ 𝜙 ∈

⋃︁
bcl(Φ⃗). The satisfaction of a 𝜓 ∈ D Φ⃗ by a

distributed symbolic epistemic ensemble configuration 𝐷⃗ =
(𝑎 : (𝑃𝑎,Λ𝑎))𝑎∈𝐴 w.r.t. the Φ⃗-interpretation act :

⋃︁
N⃗→

𝒜Φ⃗ is inductively defined along the structure of 𝜓:

(𝑎 : (𝑃𝑎,Λ𝑎))𝑎∈𝐴 |=act
Φ⃗
𝜙 ⇐⇒ (Λ𝑎)𝑎∈𝐴 |=

Φ⃗ 𝜙

𝐷⃗ |=act
Φ⃗

true

𝐷⃗ |=act
Φ⃗
¬𝜓 ⇐⇒ not 𝐷⃗ |=act

Φ⃗
𝜓

𝐷⃗ |=act
Φ⃗
𝜓1 ∧ 𝜓2 ⇐⇒ 𝐷⃗ |=act

Φ⃗
𝜓1 and 𝐷⃗ |=act

Φ⃗
𝜓2

𝐷⃗ |=act
Φ⃗
[𝜆]𝜓 ⇐⇒ 𝐷⃗′ |=act

Φ⃗
𝜓 for all 𝐷⃗′

with (𝐷⃗, 𝐷⃗′) ∈ ⟦𝜆⟧act
Φ⃗

9 Relating ensembles in symbolic and
distributed environments

We are now interested in relating ensembles which are exe-
cuted in a (global) symbolic environment and in a distributed
symbolic environment. After some preliminary technical
statements, we introduce a notion of local Φ⃗-equivalence
between symbolic and distributed symbolic states and we
lift this equivalence to a mutual simulation of ensemble con-
figurations. Our main results show that ensembles running in
equivalent symbolic and distributed symbolic environments
mutually simulate each other and hence satisfy the same
dynamic epistemic ensemble logic formulæ.

The following lemma shows that each formula that has
more than one agent is either a tautology or a contradiction.
Such formulæ are excluded from the set of focus formulæ.
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Consequently, we deal only with agents whose formulæ do
not overlap.

Lemma 9.1
If |ags(𝜑) | > 1 for some 𝜑 ∈F, then |= 𝜑↔ true or |= 𝜑↔
false.

Proof
By induction on the structure of 𝜑 ∈F. □

A symbolic epistemic state Γ ∈ 𝒮Φ is satisfiable if there is
a 𝔎 ∈ 𝒮 with 𝔎 |= Γ; it has Φ-disjunction witnesses if for all
subsets Φ∗ ⊆ Φ, Γ |=

⋁︁
Φ∗ implies that there is a (witness)

𝜑 ∈ Φ∗ with 𝜑 ∈ Γ. Being satisfiable and providing disjunc-
tion witnesses guarantees that there is a semantic epistemic
state satisfying exactly the focus formulæ in Γ.

Example 9.1
For our focus formulæ Φ2 of Ex. 6.2 the symbolic epistemic
state Γ0 = {K2 𝑥1} is satisfiable and has Φ2-disjunction wit-
nesses (recall that K2 𝑥1 abbreviates K2 x1 ∨ K2¬x1). But if
we add 𝜑1 = K2 x1 and 𝜑2 = K2¬x1 to obtain the focus for-
mulæ Φ′2, then Γ0 does not have Φ′2-disjunction witnesses,
since {K2 𝑥1} |= 𝜑1 ∨ 𝜑2, but neither K2 x1 ∈ {K2 𝑥1} nor
K2¬x1 ∈ {K2 𝑥1}.

Similarly, for the focus formulæ Φ′ = {K1 x1,¬K1 x1} and
the symbolic epistemic state Γ1 = ∅ it holds that Γ1 |= K1 x1∨

¬K1 x1, but K1 x1 ∉ ∅ and ¬K1 x1 ∉ ∅; thus Γ1 does not have
Φ′-disjunction witnesses.

Lemma 9.2
Let Γ ∈ 𝒮Φ. Γ is satisfiable and has Φ-disjunction witnesses
if, and only if, there is a 𝔎 ∈ 𝒮 with 𝔎 ≡Φ Γ.

Proof
Let first Γ be satisfiable and have Φ-disjunction witnesses.
As Γ is satisfiable there is a 𝔎 ∈ 𝒮 with 𝔎 |= Γ. Assume
for a contradiction that for the finite set Φ \ Γ each 𝔎 ∈ 𝒮
with 𝔎 |= Γ satisfies 𝔎 |=

⋁︁
(Φ \ Γ), i.e., Γ |=

⋁︁
(Φ \ Γ).

Then 𝜑 ∈ Γ for some 𝜑 ∈ Φ \ Γ by Γ having Φ-disjunction
witnesses, which contradicts 𝜑 ∉ Γ. Hence there is a 𝔎 ∈ 𝒮
with 𝔎 |= 𝜑 for each 𝜑 ∈ Γ and 𝔎 ̸ |= 𝜑 for each 𝜑 ∈ Φ \ Γ,
i.e., 𝔎 ≡Φ Γ.

Let conversely 𝔎 ≡Φ Γ hold for some 𝔎 ∈ 𝒮. Then Γ is
satisfiable. If Γ |=

⋁︁
Φ∗ for some Φ∗ ⊆ Φ, then 𝔎 |=

⋁︁
Φ∗

as 𝔎 |= Γ, and hence 𝔎 |= 𝜑 for some 𝜑 ∈ Φ∗; since 𝜑 ∈ Φ
and𝔎 ≡Φ Γ it holds that 𝜑 ∈ Γ, and thus Γ hasΦ-disjunction
witnesses. □

Corollary 9.1
Let Γ ∈ 𝒮Φ be satisfiable and have Φ-disjunction wit-
nesses. Let 𝔲 ∈ 𝒰Φ such that Γ |=Φ 𝜌𝔲 for some 𝜌𝔲 ∈
Pre(𝔲) ∩ bcl(Φ). Then Γ ◁Φ 𝔲 is satisfiable and has Φ-
disjunction witnesses.

Proof
By Lem. 9.2, there is a 𝔎 ∈ 𝒮 with 𝔎 ≡Φ Γ. By Lem. 7.1 and
𝜌𝔲 ∈ Pre(𝔲),𝔎 |= pre(𝔲). Thus𝔎◁ 𝔲 ≡Φ Γ◁Φ𝔲 by Lem. 7.2
and hence Γ ◁Φ 𝔲 is satisfiable and has Φ-disjunction wit-
nesses by Lem. 9.2. □

To establish a relationship between global symbolic states
and families of local symbolic states we introduce the notion
of Φ⃗-equivalence. For doing this we must assume that the
global set Φ is distributable.

A Φ ⊆ F is 𝐴-distributable and the 𝐴-family Φ⃗ =
(Φ𝑎)𝑎∈𝐴 is its distribution if Φ =

⋃︁
𝑎∈𝐴Φ𝑎 and Φ𝑎 =

Φ ∩F ↾ 𝑎 for all 𝑎 ∈ 𝐴. Let Φ be 𝐴-distributable with dis-
tribution Φ⃗. We say that a symbolic epistemic state Γ ∈ 𝒮Φ

and a distributed symbolic epistemic state Λ⃗ ∈ 𝒮Φ⃗ are Φ⃗-
equivalent, written Γ ≡Φ⃗ Λ⃗, if for all 𝑎 ∈ 𝐴 and 𝜑𝑎 ∈ Φ𝑎 it
holds that 𝜑𝑎 ∈ Γ if, and only if, 𝜑𝑎 ∈ Λ𝑎 .

Lemma 9.3
Let Λ⃗ ∈ 𝒮Φ⃗ and 𝜑𝑎 ∈ Φ𝑎 for some 𝑎 ∈ 𝐴. Then Λ⃗ |=Φ⃗ 𝜑𝑎 if,
and only if, Λ𝑎 |=Φ𝑎 𝜑𝑎 .

Proof
By definition, Λ⃗ |=Φ⃗ 𝜑𝑎 if, and only if, Λ𝑎′ |=Φ𝑎′ 𝜑𝑎 for
all 𝑎′ ∈ ags(𝜑𝑎). But ags(𝜑𝑎) = {𝑎} by Lem. 9.1, since Φ
contains neither tautologies nor contradictions. □

Lemma 9.4
Let Γ ∈ 𝒮Φ and Λ⃗ ∈ 𝒮Φ⃗. Then Γ ≡Φ⃗ Λ⃗ if, and only if, for all
𝜙 ∈

⋃︁
bcl(Φ⃗) it holds that Γ |=Φ 𝜙 iff Λ⃗ |=Φ⃗ 𝜙.

Proof
“⇒”: Assume Γ ≡Φ⃗ Λ⃗. The proof is performed by structural
induction on the form of 𝜙.

Case 𝜙 = 𝜑𝑎 ∈Φ𝑎: Then Γ |=Φ 𝜑𝑎 iff (by the definition of
symbolic satisfaction in Sect. 6) 𝜑𝑎 ∈ Γ iff (since Γ ≡Φ⃗ Λ⃗)
𝜑𝑎 ∈ Λ𝑎 iff (by the definition of symbolic satisfaction in
Sect. 6) Λ𝑎 |=Φ𝑎 𝜑𝑎 iff (by Lem. 9.3) Λ⃗ |=Φ⃗ 𝜑𝑎 .

Case true: Γ |=Φ true and Λ⃗ |=Φ⃗ true hold.
Case ¬𝜙 with ¬𝜙 ∉ Φ: Γ |=Φ ¬𝜙 iff not Γ |=Φ 𝜙 iff (by

induction hypothesis) not Λ⃗ |=Φ⃗ 𝜙 iff (since ¬𝜙 ∉ Φ) Λ⃗ |=Φ⃗
¬𝜙.

Case 𝜙1 ∧ 𝜙2 with 𝜙1 ∧ 𝜙2 ∉ Φ: Γ |=Φ 𝜙1 ∧ 𝜙2 iff Γ |=Φ

𝜙1 and Γ |=Φ 𝜙2 iff (by induction hypothesis) Λ⃗ |=Φ⃗ 𝜙1 and
Λ⃗ |=Φ⃗ 𝜙2 iff (since 𝜙1 ∧ 𝜙2 ∉ Φ) Λ⃗ |=Φ⃗ 𝜙1 ∧ 𝜙2.

“⇐”: Since Φ ⊆
⋃︁

bcl(Φ⃗), the assumption implies 𝜑𝑎 ∈
Γ ⇐⇒ Γ |=Φ 𝜑𝑎 ⇐⇒ Λ⃗ |=Φ⃗ 𝜑𝑎 ⇐⇒ 𝜑𝑎 ∈ Λ𝑎 for all 𝑎 ∈
𝐴 and 𝜑𝑎 ∈Φ𝑎; hence, Γ ≡Φ⃗ Λ⃗. □

The following lemma is crucial for establishing the de-
sired relationship between configurations starting in global
symbolic and distributed symbolic environments.
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Lemma 9.5
Let Γ ∈ 𝒮Φ be satisfiable and have Φ-disjunction witnesses.
Let Λ⃗ ∈ 𝒮Φ⃗ with Γ ≡Φ⃗ Λ⃗. Let 𝔲 ∈ 𝒰Φ⃗ such that Γ |=Φ 𝜌𝔲 for
some 𝜌𝔲 ∈ Pre(𝔲) ∩ bcl(Φ). Then Γ ◁Φ 𝔲 ≡Φ⃗ Λ⃗ ◁Φ⃗ 𝔲.

Proof
Let 𝜑′𝑎 ∈ Φ𝑎 and let first 𝜑′𝑎 ∈ Γ ◁Φ 𝔲 hold, i.e., let
𝜌 ∈Wlp(𝔲, 𝜑′𝑎)/pre(𝔲) ∩ bcl(Φ) such that Γ |=Φ 𝜌. Since
𝔲 is locally Φ⃗-representable there is some 𝜌𝑎 ∈Wlp(𝔲, 𝜑′𝑎)/
pre(𝔲) ∩bcl(Φ𝑎). We show that Γ |=Φ 𝜌𝑎; then using Γ ≡Φ⃗ Λ⃗
and Lem. 9.4 we obtain Λ⃗ |=Φ⃗ 𝜌𝑎 and hence Λ𝑎 |=Φ𝑎 𝜌𝑎 ,
i.e., 𝜑′𝑎 ∈ Λ𝑎 ◁Φ𝑎 𝔲. Now by Lem. 9.2 and Γ’s satisfia-
bility and provision of Φ-disjunction witnesses, there is a
𝔎 ∈ 𝒮 such that 𝔎 ≡Φ Γ. From Γ |=Φ 𝜌𝔲 and Γ |=Φ 𝜌 it fol-
lows 𝔎 |= pre(𝔲) and 𝔎 |= 𝜌 by Lem. 7.1, hence 𝔎 |= 𝜌𝑎 , as
|= pre(𝔲) → (𝜌↔ 𝜌𝑎), and thus Γ |=Φ 𝜌𝑎 again by Lem. 7.1.

Now let conversely 𝜑′𝑎 ∈ Λ𝑎 ◁Φ𝑎 𝔲 hold, i.e., Λ𝑎 |=Φ𝑎 𝜌𝑎
for some 𝜌𝑎 ∈Wlp(𝔲, 𝜑′𝑎)/pre(𝔲) ∩ bcl(Φ𝑎). By Γ ≡Φ Λ⃗
and Lem. 9.4 it follows that Γ |=Φ 𝜌𝑎 , i.e., 𝜑′𝑎 ∈ Γ◁Φ 𝔲 since
𝜌𝑎 ∈ bcl(Φ𝑎) ⊆ bcl(Φ). □

Lemma 9.5 is extended to epistemic choice actions as
follows.

Lemma 9.6
Let Γ ∈ 𝒮Φ and Λ⃗ ∈ 𝒮Φ⃗ with Γ ≡Φ⃗ Λ⃗. Let 𝛼 ∈ 𝒜Φ⃗. Then the
following holds:

1. If (Γ,Γ′) ∈ ⟦𝛼⟧Φ, then there is a Λ⃗′ ∈ 𝒮Φ⃗ such that
(Λ⃗, Λ⃗′) ∈ ⟦𝛼⟧Φ⃗ and Γ′ ≡Φ⃗ Λ⃗′.

2. If (Λ⃗, Λ⃗′) ∈ ⟦𝛼⟧Φ⃗, then there is a Γ′ ∈ 𝒮Φ such that
(Γ,Γ′) ∈ ⟦𝛼⟧Φ and Γ′ ≡Φ Λ⃗′.

Proof
Analogous to Lem. 7.3. □

Ensemble configuration simulation The next proposi-
tion extends Lem. 9.6 to epistemic ensembles running in
global symbolic and in distributed symbolic environments.

Proposition 9.1
Let ((𝑎 : 𝑃𝑎)𝑎∈𝐴,Γ) be a symbolic epistemic ensemble con-
figuration over (Σ̌,Φ) and let (𝑎 : (𝑃𝑎,Λ𝑎))𝑎∈𝐴 be a dis-
tributed symbolic epistemic ensemble configuration over
(Σ̌, Φ⃗). Let 𝜂 ∈

⋃︁
N⃗ be an agent action, and let Γ ≡Φ⃗

(Λ𝑎)𝑎∈𝐴 hold.

1. If ((𝑎 : 𝑃𝑎)𝑎∈𝐴,Γ)
𝜂
−→act

Φ ((𝑎 : 𝑃′𝑎)𝑎∈𝐴,Γ′), then there is

a (Λ′𝑎)𝑎∈𝐴 ∈ 𝒮Φ⃗ such that (𝑎 : (𝑃𝑎,Λ𝑎))𝑎∈𝐴
𝜂
=⇒act

Φ⃗
(𝑎 :

(𝑃′𝑎,Λ
′
𝑎))𝑎∈𝐴 and Γ′ ≡Φ⃗ (Λ′𝑎)𝑎∈𝐴.

2. If (𝑎 : (𝑃𝑎,Λ𝑎))𝑎∈𝐴
𝜂
=⇒act

Φ⃗
(𝑎 : (𝑃′𝑎,Λ′𝑎))𝑎∈𝐴, then there

is a Γ′ ∈ 𝒮Φ such that ((𝑎 : 𝑃𝑎)𝑎∈𝐴,Γ)
𝜂
−→act

Φ ((𝑎 :
𝑃′𝑎)𝑎∈𝐴,Γ

′) and Γ′ ≡Φ⃗ (Λ′𝑎)𝑎∈𝐴.

Proof
Analogous to Prop. 7.1. □

A symbolic ensemble configuration ((𝑎 : 𝑃𝑎)𝑎∈𝐴,Γ)
and a distributed symbolic ensemble configuration (𝑎 :
(𝑃𝑎,Λ𝑎))𝑎∈𝐴 are (Φ⃗,act)-equivalent, written ((𝑎 : 𝑃𝑎)𝑎∈𝐴,
Γ) ≡act

Φ⃗
(𝑎 : (𝑃𝑎,Λ𝑎))𝑎∈𝐴 if Γ ≡Φ⃗ (Λ𝑎)𝑎∈𝐴 are Φ⃗-equivalent.

The following Prop. 9.2 provides the preparation for our fi-
nal Thm. 9.1 which shows that (Φ⃗,act)-equivalent ensemble
configurations with global symbolic and with distributed
symbolic states satisfy the same formulæ of our dynamic
epistemic ensemble logic. Thus epistemic ensemble config-
urations with distributed symbolic states can be considered
as correct realisations of ensemble configurations with global
symbolic states.

Proposition 9.2
Let 𝜆 ∈ 𝒞Φ⃗ and let (𝐸,Γ) ≡act

Φ⃗
𝐷⃗ hold.

1. If ((𝐸,Γ), (𝐸 ′,Γ′)) ∈ ⟦𝜆⟧act
Φ , then there is a 𝐷⃗′ such that

(𝐷⃗, 𝐷⃗′) ∈ ⟦𝜆⟧act
Φ⃗

and (𝐸 ′,Γ′) ≡act
Φ⃗
𝐷⃗′.

2. If (𝐷⃗, 𝐷⃗′) ∈ ⟦𝜆⟧act
Φ⃗

, then there are an 𝐸 ′ and a Γ′ ∈ 𝒮Φ

such that ((𝐸,Γ), (𝐸 ′,Γ′)) ∈ ⟦𝜆⟧act
Φ and (𝐸 ′,Γ′) ≡act

Φ 𝐷⃗′.

Proof
Analogous to Prop. 7.2. □

Theorem 9.1
Let (𝐸,Γ) ≡act

Φ⃗
𝐷⃗ hold. Then for all 𝜓 ∈ D Φ⃗, it holds that

(𝐸,Γ) |=act
Φ 𝜓 ⇐⇒ 𝐷⃗ |=act

Φ⃗
𝜓.

Proof
Analogous to Thm. 7.1. □

The combination of our simulations from Sect. 7 and this
section completes our two step development methodology:
An ensemble configuration with a concrete epistemic state
can be faithfully realised by the same ensemble but with
a global symbolic epistemic state; this can in turn be repre-
sented by a distributed ensemble with local knowledge bases.

Corollary 9.2
Let the equivalences

((𝑎 : 𝑃𝑎)𝑎∈𝐴,𝔎)

≡act
Φ ((𝑎 : 𝑃𝑎)𝑎∈𝐴,Γ)

≡act
Φ⃗
(𝑎 : (𝑃𝑎,Λ𝑎))𝑎∈𝐴
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hold. Then for all 𝜓 ∈D Φ⃗, it holds that

((𝑎 : 𝑃𝑎)𝑎∈𝐴,𝔎) |=act 𝜓

⇐⇒ ((𝑎 : 𝑃𝑎)𝑎∈𝐴,Γ) |=act
Φ 𝜓

⇐⇒ (𝑎 : (𝑃𝑎,Λ𝑎))𝑎∈𝐴 |=act
Φ⃗
𝜓 .

10 Conclusions

Epistemic ensembles are families of interacting knowledge-
based processes. Based on a common generic operational
semantics, we presented three complementary mathematical
semantics for such ensembles: one in a semantic environ-
ment defined by global epistemic states, one in a symbolic
environment defined by a global knowledge base, and a dis-
tributed symbolic semantics with local knowledge bases. Our
main result is a two-step development methodology for epis-
temic ensembles: Starting from the traditional Kripke struc-
ture model of epistemic states we move to global symbolic
epistemic states (w.r.t. to a finite set of focus formulæ) which
in turn are realised by distributed symbolic knowledge bases.
As a direct consequence we get that ensemble descriptions
in equivalent environments satisfy the same dynamic logic
properties.

In this paper, we presented only small-scale examples; in
future work, we aim to address larger case studies across
various application domains, such as multi-robot systems
(see, e.g., [6]), autonomic clouds (see, e.g., [24]), and e-
mobility (see, e.g., [8]). These could form the basis for a
general implementation framework for distributed epistemic
ensembles. We also intend to extend our approach to en-
sembles with distributed local states (see, e.g., [5]) and to
LLM-assisted software development [3].
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