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Abstract
The set of real matrices of upper-bounded rank is a real algebraic variety called the real
generic determinantal variety. An explicit description of the tangent cone to that variety is
given in Theorem 3.2 of Schneider and Uschmajew (SIAM J. Optim. 25(1):622–646, 2015).
The present paper shows that the proof therein is incomplete and provides a proof. It also
reviews equivalent descriptions of the tangent cone to that variety. Moreover, it shows that
the tangent cone and the algebraic tangent cone to that variety coincide, which is not true
for all real algebraic varieties.
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1 Introduction

Let ℕ be the set of nonnegative integers, F a field, and m,n, r ∈ ℕ such that r < min{m,n}.
The set

Fm×n
≤r := {︁

X ∈ Fm×n | rankX ≤ r
}︁

is the set of all matrices in Fm×n whose order-(r + 1) determinants are zero. Thus, since
the determinant is a polynomial function, Fm×n≤r is an affine algebraic subset of Fm×n, hence
an affine algebraic variety, known as the generic determinantal variety over F —term found
in [5, 19] and adopted in this paper—or simply the determinantal variety over F [27]; see
Sect. 7.1 for a brief review of definitions and results from algebraic and analytic geometry.

Many machine learning or signal processing tasks such as dimensionality reduction, col-
laborative filtering, and signal recovery can be formulated as an optimization problem on
ℝ

m×n≤r ; see, e.g., references in [37, §1]. This has motivated a thorough study of its geometry
[24, 25, 36, 41].

In his 1908 book Formulario Mathematico, Peano introduced an affine tangent cone
to a subset of a Euclidean affine space and used it to formulate a necessary condition for
optimality. This tangent cone was rediscovered independently by Bouligand and Severi in
1930. Historical investigations can be found in [12, 13]. Since then, with the development
of variational analysis, the tangent cone has proven to be a basic tool in constrained opti-
mization to describe admissible search directions and to formulate optimality conditions.
It is often called the Bouligand tangent cone, the contingent cone, or simply the tangent
cone [6, 33–35, 40].

The tangent cone also appears in other fields of mathematics. In geometric measure the-
ory, it plays an important role in the study of sets with positive reach [15, 16, 39]. In algebraic
and analytic geometry, the tangent cone to a real or complex algebraic or analytic variety
enables to study the local geometry of the variety around its singular points; see references
in Sect. 7.1. Over ℂ, the tangent cone always coincides with the algebraic tangent cone.
Over ℝ, the tangent cone is always included in the algebraic tangent cone, and the inclusion
can be strict.

Determinantal varieties over algebraically closed fields have been well studied in alge-
braic geometry; see, e.g., [5, Chapter II], [8, §1C], [19, Lecture 9], [27, Chap. 10], and [43]
and references therein. In particular, the algebraic tangent cone to the generic determinan-
tal variety over an arbitrary algebraically closed field has been explicitly known since the
eighties; see, e.g., [5, (2.2)] and [19, Example 20.5]. In contrast, the algebraic tangent cone
to the generic determinantal variety over ℝ seems to be unavailable in the literature. Further-
more, for that variety, it is a priori unclear whether the tangent cone can be deduced from
the algebraic tangent cone.

An explicit description of the tangent cone to the generic determinantal variety over ℝ is
given in [41, Theorem 3.2]; it is reviewed in Sect. 4 together with equivalent expressions.
These expressions coincide with that of the algebraic tangent cone to the generic determi-
nantal variety over algebraically closed fields, as detailed in Sects. 7.2 and 7.3. However,
we have detected a gap in [41, proof of Theorem 3.2], as detailed in Sect. 6, and we are
currently unaware of a complete proof in the literature.

A strategy to obtain a complete proof would be to adapt [9, proof of Theorem 6.1].
Indeed, [9, Theorem 6.1] describes explicitly the tangent cone to the intersection of ℝm×n≤r

and the unit sphere of ℝm×n endowed with the Frobenius inner product, which is also an
affine algebraic subset of ℝ

m×n. Since the intersection of two affine algebraic sets is an
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affine algebraic set, the tangent cone to the intersection of ℝm×n≤r and the unit sphere admits
the representation in (14), on which [9, proof of Theorem 6.1] is based. Discarding the unit
sphere constraint in that proof could yield a proof of [41, Theorem 3.2].

In this paper, we bring four contributions to the study of the geometry of the generic
determinantal variety over ℝ. First, in Sect. 6, we describe the aforementioned gap in [41,
proof of Theorem 3.2]. Second, in Sect. 5, we prove [41, Theorem 3.2]. In contrast with
the above-mentioned strategy based on [9, proof of Theorem 6.1], our proof, rooted in the
standard definition of the tangent cone in variational analysis, is shorter, explicit, and does
not rely on algebraic geometry concepts. Third, in Sect. 7.2, we deduce that the algebraic
tangent cone and the tangent cone to ℝ

m×n≤r coincide. Fourth, in Sect. A, we provide an
alternative proof of the part of [41, Theorem 3.2] for which [41, proof of Theorem 3.2]
contains a gap, in two versions, geometric and algebraic, which follows more closely the
strategy of [41, proof of Theorem 3.2] than the proof from Sect. 5. In view of its geometric
formulation, this proof is less matrix-specific than the one from Sect. 5 and it may lend itself
more nicely to extensions to other algebraic varieties.

The rest of the paper is organized as follows. Section 2 reviews the concepts of projection
and tangent cone in a Euclidean vector space. Section 3 introduces the matrix notation that is
used throughout the paper. Section 4 reviews several known descriptions of the tangent cone
to ℝ

m×n≤r . A complete proof of these descriptions is proposed in Sect. 5. The gap in [41, proof
of Theorem 3.2] is described in Sect. 6. Section 7 focuses on the algebraic tangent cone to
the generic determinantal variety. Conclusions are drawn in Sect. 8. Section A proposes
discussions and complements.

2 Projection and Tangent Cone in a Euclidean Vector Space

Let ℰ be a Euclidean vector space and S a nonempty subset of ℰ . The projection of x ∈ ℰ
onto S is PS(x) := argminy∈S∥x − y∥, which is a nonempty compact set if S is closed [40,
Example 1.20]. When PS(x) is a singleton, it is identified with its unique element. If S is
a linear subspace, then PS is a linear map from ℰ to S. The set S is called a cone if x ∈ S

implies αx ∈ S for all α ∈ [0,∞) [40, §3B]. A vector v ∈ ℰ is said to be tangent to S at
x ∈ S if there exist sequences (xi)i∈ℕ in S converging to x and (ti)i∈ℕ in (0,∞) such that
the sequence (

xi−x

ti
)i∈ℕ converges to v [40, Definition 6.1]. The set of all tangent vectors

to S at x ∈ S is a closed cone [40, Proposition 6.2] called the tangent cone to S at x and
denoted by TS(x). If S is a submanifold of ℰ locally around x ∈ S, then TS(x) coincides
with the tangent space to S at x [40, Example 6.8], whose orthogonal complement is the
normal space to S at x and denoted by NS(x). The following basic fact is used in Sect. 5.

Proposition 2.1 If S ⊆ ℰ is a closed cone, then TS(0) = S.

Proof Let us prove the inclusion S ⊆ TS(0). Let v ∈ S and (ti)i∈ℕ be a sequence in (0,∞)

converging to 0. Define xi := tiv for all i ∈ ℕ. Then, (xi)i∈ℕ is in S and converges to 0.
Moreover, for all i ∈ℕ, xi

ti
= v. Thus, (

xi

ti
)i∈ℕ converges to v and hence v ∈ TS(0).

Let us prove the converse inclusion. Let v ∈ TS(0). By definition, there exist sequences
(xi)i∈ℕ in S converging to 0 and (ti)i∈ℕ in (0,∞) such that (

xi

ti
)i∈ℕ converges to v. Since S

is a cone, (
xi

ti
)i∈ℕ is in S. Since S is closed, the limit v of (

xi

ti
)i∈ℕ is in S. □

3 Matrix Notation

Let F be a field. The image (also called the range or column space) of X ∈ Fm×n is imX :=
XF n, which is a linear subspace of Fm whose dimension is called the rank of X and denoted
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by rankX. For every r ∈ {0, . . . ,min{m,n}},
F m×n

r := {︁
X ∈ Fm×n | rankX = r

}︁
.

For every p,q ∈ℕ, 0p×q is the zero matrix in F p×q and Ip is the identity matrix in F p×p .
Let F be ℝ or ℂ. The conjugate transpose of X ∈ Fm×n is X∗ := X⊤ [23, §0.2.5]. For

every p,q ∈ℕ such that q ≥ p,

StF (p, q) := {︁
U ∈ F q×p | U ∗U = Ip

}︁

is a Stiefel manifold; see, e.g., [1, §3.3.2] for F = ℝ. The tensor product of two linear
subspaces 𝒰 ⊆ Fm and 𝒱 ⊆ F n can be regarded as a linear subspace of Fm×n as follows:

𝒰 ⊗ 𝒱 = {︁
Z ∈ Fm×n | imZ ⊆ 𝒰 and imZ∗ ⊆ 𝒱

}︁ ; (1)

see, e.g., [18, §1.1.1] for F = ℝ. In what follows, Fm×n is endowed with the Frobenius inner
product ⟨X,Y ⟩ := trY ∗X [23, (5.2.7)].

4 The Tangent Cone to the Real Generic Determinantal Variety

Several expressions for the tangent cone to ℝ
m×n≤r are reviewed in Theorem 4.1, based on the

stratification of ℝm×n≤r by the rank, and in Theorem 4.2, through matrix equations.
The tangent cone to ℝ

m×n≤r is closely related to the stratification of ℝm×n≤r that is induced
by the subadditive and lower semicontinuous function rank : ℝm×n → {0, . . . ,min{m,n}};
see [22] for more variational properties of the rank function. Specifically, ℝm×n≤r can be par-
titioned as

ℝ
m×n
≤r =

r⋃︂

r=0

ℝ
m×n
r ,

and, for every r ∈ {0, . . . ,min{m,n}}, ℝm×n
r is an embedded submanifold of ℝm×n of di-

mension (m + n − r)r [28, Example 8.14], whose closure is ℝ
m×n≤r (see, e.g., [36, Propo-

sition 2.1]), and that is connected except if m = n = r (see [20, Chap. 5, Proposition 1.14]
or [21, Proposition 4.1]). The closure property implies that the stratification satisfies the
condition of the frontier [32].

The main purpose of this paper is to provide a short yet detailed and complete proof of
Theorem 4.1, which describes the tangent cone to the generic determinantal variety over ℝ.
Such a proof can be found in Sect. 5. The description is based on the tangent and normal
spaces to ℝ

m×n
r and the projection onto the normal space, whose expressions are reviewed

below.

Theorem 4.1 Let X ∈ℝ
m×n≤r and r := rankX. Then,

T
ℝ

m×n≤r
(X) = T

ℝ
m×n
r

(X) +
(︂
N

ℝ
m×n
r

(X) ∩ℝ
m×n
≤r−r

)︂
(2)

= T
ℝ

m×n
r

(X) +ℝ
m×n
≤r−r (3)

=
{︃
Z ∈ℝ

m×n | rankPN
ℝ

m×n
r

(X)(Z) ≤ r − r

}︃
. (4)
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Equations (2) and (3) are respectively [24, (2.5) and (2.6)]. In view of the first equality
in (7) below, (2) is equivalent to the statement of [41, Theorem 3.2]; the proof therein is
discussed in Sect. 6 and completed in Sect. 5.

In the rest of this section, given r ∈ {0, . . . ,min{m,n}} and X ∈ ℝ
m×n
r , the tangent and

normal spaces to ℝ
m×n
r at X are expressed as functions of imX, imX⊤, and their orthogonal

complements by relying on orthonormal bases or tensor products of these subspaces. These
expressions enable to reformulate Theorem 4.1 via matrix equations in Theorem 4.2.

Let U ∈ Stℝ(r,m), U⊥ ∈ Stℝ(m− r,m), V ∈ Stℝ(r, n), and V⊥ ∈ Stℝ(n− r, n) such that
imU = imX, imU⊥ = (imX)⊥, imV = imX⊤, and imV⊥ = (imX⊤)⊥. Then,

N
ℝ

m×n
r

(X) = [U U⊥]
[︃

0r×r 0r×n−r

0m−r×r ℝ
m−r×n−r

]︃
[V V⊥]⊤ = U⊥ℝm−r×n−rV ⊤

⊥ , (5)

T
ℝ

m×n
r

(X) = [U U⊥]
[︃

ℝ
r×r

ℝ
r×n−r

ℝ
m−r×r 0m−r×n−r

]︃
[V V⊥]⊤. (6)

Equation (6) is given in [44, Proposition 2.1]. Equation (5) follows from (6). By (1), we can
rewrite (5) and (6) as

N
ℝ

m×n
r

(X) = (imX)⊥ ⊗ (imX⊤)⊥ = kerX⊤ ⊗ kerX, (7)

T
ℝ

m×n
r

(X) = (︁
(imX) ⊗ (imX⊤)

)︁+ (︁
(imX)⊥ ⊗ (imX⊤)

)︁+ (︁
(imX) ⊗ (imX⊤)⊥)︁ . (8)

The three terms in the right-hand side of (8) are mutually orthogonal linear subspaces of
ℝ

m×n. Furthermore, by (5) and (6), for all Z ∈ℝ
m×n,

PN
ℝ

m×n
r

(X)(Z) = [U U⊥]
[︄

0r×r 0r×n−r

0m−r×r U⊤
⊥ ZV⊥

]︄

[V V⊥]⊤ (9)

= U⊥U⊤
⊥ ZV⊥V ⊤

⊥ ,

PT
ℝ

m×n
r

(X)(Z) = [U U⊥]
[︃
U⊤ZV U⊤ZV⊥
U⊤

⊥ ZV 0m−r×n−r

]︃
[V V⊥]⊤ (10)

= UU⊤Z + ZV V ⊤ − UU⊤ZV V ⊤.

Equation (10) is used in Sect. A.3.

Theorem 4.2 Let X ∈ ℝ
m×n≤r and r := rankX. Let U ∈ Stℝ(r,m), U⊥ ∈ Stℝ(m − r,m), V ∈

Stℝ(r, n), and V⊥ ∈ Stℝ(n− r, n) such that imU = imX, imU⊥ = (imX)⊥, imV = imX⊤,
and imV⊥ = (imX⊤)⊥. Then,

T
ℝ

m×n≤r
(X) = [U U⊥]

[︃
ℝ

r×r
ℝ

r×n−r

ℝ
m−r×r

ℝ
m−r×n−r
≤r−r

]︃
[V V⊥]⊤

= {︁
Z ∈ ℝ

m×n | rankU⊤
⊥ ZV⊥ ≤ r − r

}︁
.

Proof By (5) and (6), the first equality is equivalent to (2) since

U⊥ℝm−r×n−rV ⊤
⊥ ∩ℝ

m×n
≤r−r = U⊥ℝ

m−r×n−r
≤r−r V ⊤

⊥ .
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By (9), the second equality is equivalent to (4) since, for all Z ∈ℝ
m×n,

rankU⊥U⊤
⊥ ZV⊥V ⊤

⊥ = rankU⊤
⊥ ZV⊥;

the inequality ≤ is clear, and the inequality ≥ holds as U⊤
⊥ ZV⊥ = U⊤

⊥ (U⊥U⊤
⊥ ZV⊥V ⊤

⊥ )V⊥.
□

5 Proof of Theorem 4.1

The novel part consists of Sect. 5.1. The rest of the proof is straightforward or known, and is
given for completeness. If X = 0m×n, then Theorem 4.1 follows from Proposition 2.1 since
ℝ

m×n≤r is a closed cone. Assume for the rest of the section that X ≠ 0m×n. The equality

T
ℝ

m×n
r

(X) +
(︂
N

ℝ
m×n
r

(X) ∩ℝ
m×n
≤r−r

)︂
=

{︃
Z ∈ℝ

m×n | rankPN
ℝ

m×n
r

(X)(Z) ≤ r − r

}︃
(11)

holds because, for all Z ∈ ℝ
m×n, Z = PT

ℝ
m×n
r

(X)(Z) + PN
ℝ

m×n
r

(X)(Z). Thus, to prove Theo-

rem 4.1, it suffices to establish the inclusions

T
ℝ

m×n≤r
(X) ⊆ T

ℝ
m×n
r

(X)+
(︂
N

ℝ
m×n
r

(X) ∩ℝ
m×n
≤r−r

)︂
⊆ T

ℝ
m×n
r

(X)+ℝ
m×n
≤r−r ⊆ T

ℝ
m×n≤r

(X). (12)

The second inclusion is clear. The first and third inclusions are established in Sects. 5.1
and 5.2, respectively.

5.1 Proof of the First Inclusion in (12)

5.1.1 Preliminaries

Let Z ∈ T
ℝ

m×n≤r

(X). By (11), it suffices to prove that

rankPN
ℝ

m×n
r

(X)(Z) ≤ r − r.

By the proof of the second equality in Theorem 4.2, rankPN
ℝ

m×n
r

(X)(Z) = rankU⊤
⊥ ZV⊥. By

definition, there exist sequences (Xi)i∈ℕ in ℝ
m×n≤r converging to X and (ti)i∈ℕ in (0,∞)

such that (
Xi−X

ti
)i∈ℕ converges to Z. The inequality rankU⊤

⊥ ZV⊥ ≤ r − r is established in
Sect. 5.1.2. Other proofs are proposed in Sect. A.

5.1.2 Main Inequality

For every i ∈ℕ, let U i⊥ ∈ Stℝ(m − r,m) such that imU i⊥ ⊆ (imXi)
⊥. Then, for all i ∈ℕ,

U⊤
i⊥Xi = 0m−r×n, U⊤

i⊥
Xi − X

ti
V⊥ = 0m−r×n−r .

By the Bolzano–Weierstrass theorem, since Stℝ(m − r,m) is closed and bounded, a subse-
quence (U ik⊥)k∈ℕ converges to U⊥ ∈ Stℝ(m − r,m). Thus,

U⊤
⊥X = 0m−r×n, U⊤

⊥ZV⊥ = 0m−r×n−r . (13)
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The first equality in (13) implies imU⊥ ⊆ (imX)⊥. Hence, since (imX)⊥ = imU⊥, it holds
that U⊥ = U⊥U⊤

⊥ U⊥. Therefore, U⊤
⊥ U⊥ ∈ Stℝ(m−r,m−r) and the second equality in (13)

yields U⊤
⊥U⊥(U⊤

⊥ ZV⊥) = 0m−r×n−r . Thus, imU⊤
⊥ ZV⊥ ⊆ (imU⊤

⊥ U⊥)⊥. Hence,

rankU⊤
⊥ ZV⊥ ≤ dim((imU⊤

⊥ U⊥)⊥) = (m − r) − rankU⊤
⊥ U⊥ = (m − r) − (m − r) = r − r.

5.2 Proof of the Third Inclusion in (12)

This section merely rephrases the first part of [41, proof of Theorem 3.2]. Let Z ∈
T
ℝ

m×n
r

(X) +ℝ
m×n
≤r−r . Then, Z = Z1 + Z2 with Z1 ∈ T

ℝ
m×n
r

(X) and Z2 ∈ ℝ
m×n
≤r−r . Hence, there

exist sequences (Yi)i∈ℕ in ℝ
m×n
r converging to X and (ti)i∈ℕ in (0,∞) such that (

Yi−X

ti
)i∈ℕ

converges to Z1. For all i ∈ ℕ, Xi := Yi + tiZ2 ∈ ℝ
m×n≤r and Xi−X

ti
= Yi−X

ti
+ Z2

i→∞−−−→ Z.
Therefore, Z ∈ T

ℝ
m×n≤r

(X).

6 The Gap in [41, proof of Theorem 3.2]

This section presents an example of a sequence (Xi)i∈ℕ\{0} in ℝ
m×n≤r converging to X ∈ ℝ

m×n
r

such that (i(Xi − X))i∈ℕ\{0} converges and rankPN
ℝ

m×n
r

(X)(Xi) > r − r for all i ∈ ℕ \ {0}.
This shows that the proof of the first inclusion in (12) proposed in [41, proof of Theorem 3.2]
is not entirely correct since, for all i ∈ ℕ \ {0}, PN

ℝ
m×n
r

(X)(i(Xi − X)) = iPN
ℝ

m×n
r

(X)(Xi) has

rank larger than r − r . Define m := n := 4, r := 3, r := 2,

X :=

⎡

⎢⎢
⎣

1 0 0 0
0 1 0 0
0 0 0 0
0 0 0 0

⎤

⎥⎥
⎦ , and Xi :=

⎡

⎢⎢
⎣

1 0 0 0
0 1 0 1

i

0 0 1
i

0
0 1

i
0 1

i2

⎤

⎥⎥
⎦ for all i ∈ℕ \ {0}.

Then, (Xi)i∈ℕ\{0} converges to X and

lim
i→∞

i(Xi − X) =

⎡

⎢⎢
⎣

0 0 0 0
0 0 0 1
0 0 1 0
0 1 0 0

⎤

⎥⎥
⎦ ∈ T

ℝ
m×n≤r

(X).

By (9), for all i ∈ℕ \ {0},

PN
ℝ

m×n
r

(X)(Xi) =

⎡

⎢⎢
⎣

0 0 0 0
0 0 0 0
0 0 1

i
0

0 0 0 1
i2

⎤

⎥⎥
⎦ .

Thus, for all i ∈ ℕ \ {0}, rankPN
ℝ

m×n
r

(X)(Xi) = 2 > 1.

Though, as we have just seen, rankPN
ℝ

m×n
r

(X)(Xi) > r − r for all i ∈ ℕ \ {0}, it does

hold that rank(Xi − Li) ≤ r − r , where Li is a nearest point to X + PT
ℝ

m×n
r

(X)(Xi − X) in

(X +PT
ℝ

m×n
r

(X)(Xi −X)+N
ℝ

m×n
r

(X))∩ℝ
m×n
r . This fact is proven and exploited in Sect. A,

where an alternative proof to that from Sect. 5.1.2 is given.
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7 The Algebraic Tangent Cone to the Generic Determinantal Variety

This section focuses on the algebraic tangent cone to the generic determinantal variety over
an algebraically closed field or ℝ. Section 7.1 reviews basic definitions and results from
algebraic and analytic geometry. Then, it is deduced in Sect. 7.2 that, for the generic deter-
minantal variety over ℝ, the algebraic tangent cone and the tangent cone coincide. Finally,
in Sect. 7.3, the expression for the algebraic tangent cone to Fm×n≤r given in [5, (2.2)] for
F =ℂ is shown to be equivalent to that of the tangent cone to that variety for F ∈ {ℝ,ℂ}.

7.1 Elements of Algebraic and Analytic Geometry

This section can readily be skipped by readers familiar with the concept of algebraic tangent
cone.

7.1.1 Affine Algebraic Sets

Let F be a field. A subset of F n is called an affine algebraic set if it is the set of common
roots of a set of polynomials with coefficients in F [31, Definition 1.2.1]. Without loss of
generality, the set of polynomials can be assumed to be finite and even to be a singleton
if F = ℝ. This definition is also given in [4, Chapter II], [7, Definition 2.1.1] for F a real
closed field, [10, §7.1] for F = ℂ, and [17, §1] for F = ℝ. An affine algebraic set is called
an affine variety in [11, Chap. 1, §2] and, for F algebraically closed, in [19, Lecture 1]. In
contrast, the term “affine algebraic variety” names an affine algebraic set “up to a biregular
isomorphism” in [31, Definitions 1.3.1 and 1.3.10] and, for F a real closed field, in [7,
Definition 3.2.9].

The adjective “affine” is used for distinction with projective algebraic sets and varieties,
which are defined in all the books cited in this section. The set Fm×n≤r , which is an affine
algebraic subset of Fm×n, can also be viewed as a projective algebraic set since determinants
are homogeneous polynomials. However, this is not the point of view chosen in this work.

7.1.2 Real and Complex Analytic Sets

Let F be ℝ or ℂ. A subset of F n is said to be analytic if it is locally the set of common zeros
of a set of analytic functions from F n to F ; see [31, Definition D.1.1] for F = ℂ and [17,
§1] for F =ℝ. Without loss of generality, the set of analytic functions can be assumed to be
finite if F = ℂ [46, §3] and to be a singleton if F = ℝ. An analytic subset of ℂn is called
a complex analytic variety in [26, 45, 46]. In contrast, the term “complex analytic variety”
names a more general object in [31, Definition D.2.1].

Analytic subsets of ℝ
n can have a pathological global behavior, which motivates the

following definition: a subset of ℝn is said to be ℂ-analytic if it is the real part of an analytic
subset of ℂn [47]. This definition also appears in [26]. Affine algebraic subsets of ℝn are
ℂ-analytic [47, §10].

7.1.3 Tangent Cones to Real and Complex Affine Algebraic Sets

This section compares several notions of tangent cone for real and complex affine algebraic
sets. Let F be a field and F [X1, . . . ,Xn] the polynomial ring in n indeterminates over F [11,
Chap. 1, §1]. For every f ∈ F [X1, . . . ,Xn] and x ∈ F n, there exists d ∈ ℕ such that f =∑︁d

i=0 fx,i , where each fx,i is a linear combination of
∏︁n

j=1(Xj − xj )
kj with kj ∈ ℕ and
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∑︁n

j=1 kj = i. If f ≠ 0, then there exists a smallest i ∈ {0, . . . , d} such that fx,i ≠ 0, and fx,i

is called the initial polynomial of f at x.
Let A be an affine algebraic subset of F n and x ∈ A. The algebraic tangent cone to A

at x is the set of common roots of the initial polynomials at x of all polynomials that are
zero on A; see [11, Chap. 9, §7, Definition 2] and, for F ∈ {ℝ,ℂ}, [46, §10], [26, Nota-
tion 1.6], [38, §2], and [10, §8.4]. Thus, the algebraic tangent cone to A at x is an affine
algebraic subset of F n.

Let F be ℝ or ℂ. A vector v ∈ F n is said to be tangent to A at x if there exist sequences
(xi)i∈ℕ in A converging to x and (αi)i∈ℕ in (0,∞) such that (αi(x − xi))i∈ℕ converges to
v; this definition is that given in Sect. 2 if F = ℝ and comes from [46, §8] if F = ℂ. The
tangent cone to A at x, denoted TA(x), is the set of all tangent vectors to A at x.

For F = ℂ, allowing (αi)i∈ℕ to be in ℂ does not change the defined cone [46, Re-
mark 8.2]. Moreover, the algebraic tangent cone and the tangent cone coincide [46, Theo-
rem 10.6]; see also [26, Notation 1.6], [38, §2], [10, §8.4], and [11, Chap. 9, §7, Theorem 6].

For F = ℝ, the cone obtained by allowing (αi)i∈ℕ to be in ℝ is called the symmetric
tangent cone in [17, §2.1] and the geometric tangent cone in [26, Definition 1.3] and [38,
§2]; it is TA(x)∪ (−TA(x)). The tangent cone is called the tangent semicone in [38, §2]. The
symmetric tangent cone is included in the algebraic tangent cone, and the inclusion can be
strict [26, 38].

Tangent vectors to A can be realized as tangents to analytic arcs contained in A:

TA(x) =
{︃
γ ′(0)

⃓⃓
⃓⃓ γ : [0, ε) → F n is analytic with ε ∈ (0,∞),

γ (0) = x, γ ([0, ε)) ⊆ A

}︃
. (14)

The inclusion ⊇ is clear. The inclusion ⊆ is stated in [10, §8.5, Proposition 2] for F = ℂ

and in [38, Proposition 2] for F = ℝ.

7.2 The Algebraic Tangent Cone to the Real Generic Determinantal Variety

The algebraic tangent cone to the generic determinantal variety over ℝ seems to be unavail-
able in the literature, which focuses on algebraically closed fields. However, the derivation
of the algebraic tangent cone to Fm×n≤r proposed in [19, Example 20.5] for F an algebraically
closed field is also valid for F = ℝ. The resulting expression for the algebraic tangent cone
to ℝ

m×n≤r turns out to coincide with those of the tangent cone to ℝ
m×n≤r reviewed in Sect. 4;

this coincidence does not hold for all real algebraic varieties, as recalled in Sect. 7.1.3. This
is recorded in Theorem 7.1. Nevertheless, we do not known how to deduce the tangent cone
to ℝ

m×n≤r from the algebraic tangent cone to ℝ
m×n≤r .

Theorem 7.1 Let F be an algebraically closed field or ℝ. Let X ∈ Fm×n≤r and r := rankX.
Let P ∈ F

m×m−r
m−r and Q ∈ F

n×n−r
n−r such that imP = kerX⊤ and imQ = kerX. Then:

1. the algebraic tangent cone to Fm×n≤r at X is

{︁
Z ∈ Fm×n | rankP ⊤ZQ ≤ r − r

}︁ ;

2. T
ℝ

m×n≤r

(X) equals the algebraic tangent cone to ℝ
m×n≤r at X.

Proof The second statement follows from the first and Theorem 4.2. Let us establish the first
statement.
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Let F be algebraically closed. There exist P̂ ∈ Fm×m
m and Q̂ ∈ F n×n

n such that P̂XQ̂ =
diag(Ir ,0m−r×n−r). By [19, Example 20.5], the algebraic tangent cone to Fm×n≤r at X is

{︂
Z ∈ Fm×n | rank P̂r+1:m,:ZQ̂:,r+1:n ≤ r − r

}︂
.

Furthermore, im (P̂r+1:m,:)⊤ = kerX⊤ and im Q̂:,r+1:n = kerX. Thus, there exist R ∈
F

m−r×m−r
m−r and S ∈ F

n−r×n−r
n−r such that P = (P̂r+1:m,:)⊤R and Q = Q̂:,r+1:nS. Hence, for

all Z ∈ Fm×n, rank P̂r+1:m,:ZQ̂:,r+1:n = rankP ⊤ZQ.
The argument given in [19, Example 20.5] also holds for F = ℝ since it does not rely

on the algebraic closedness of F . The only part that may require a verification is the irre-
ducibility. Again, the argument given in [19, Example 12.1] also holds for F = ℝ since it
does not rely on the algebraic closedness of F . Thus, the generic determinantal variety over
ℝ is irreducible, as also stated in [42, §III.B] without proof and in [49, §2.1.2] where the
given reference seems to focus on algebraically closed fields. □

7.3 An Expression Based on the Grassmann Manifold

Let F be ℝ or ℂ. For every vector space E over F and every p ∈ ℕ, the set Gr(p,E) of all
p-dimensional linear subspaces of E is a smooth manifold called a Grassmann manifold;
see, e.g., [1, §3.4.4] for F = ℝ. For every X ∈ Fm×n≤r ,

T
Fm×n≤r

(X) = {︁
Z ∈ Fm×n | ∃S ∈ Gr(n − r,kerX) : ZS ⊆ imX

}︁
, (15)

where ZS denotes the image of S under Z. For F =ℂ, this is [5, (2.2)]. In this section, this
expression is shown to be equivalent to that given in Theorem 7.1.

Let r := rankX. Let U ∈ StF (r,m), U⊥ ∈ StF (m − r,m), V ∈ StF (r, n), and V⊥ ∈
StF (n − r, n) such that imU = imX, imU⊥ = (imX)⊥, imV = imX∗, and imV⊥ =
(imX∗)⊥. Let Z ∈ Fm×n. Then, Z = [U U⊥]

[︃
U ∗ZV U ∗ZV⊥
U ∗

⊥ZV U ∗
⊥ZV⊥

]︃
[V V⊥]∗. The following

equivalences hold:

∃S ∈ Gr(n − r,kerX) such that ZS ⊆ imX

iff ∃W ∈ StF (n − r, n) such that imW ⊆ kerX and imZW ⊆ imX

iff ∃Y ∈ StF (n − r, n − r) such that imZV⊥Y ⊆ imU

iff ∃Y ∈ StF (n − r, n − r) such that U ∗
⊥ZV⊥Y = 0m−r×n−r

iff ∃Y ∈ StF (n − r, n − r) such that imY ⊆ kerU ∗
⊥ZV⊥

iff n − r ≤ dim kerU ∗
⊥ZV⊥

iff n − r ≤ n − r − rankU ∗
⊥ZV⊥

iff rankU ∗
⊥ZV⊥ ≤ r − r.

For F = ℂ, this is consistent with Theorem 7.1 because rankU ∗
⊥ZV⊥ = rankP ⊤ZQ since

imU⊥ = (imX)⊥ = kerX∗ = kerX⊤ = imP = imP and imV⊥ = (imX∗)⊥ = kerX.
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8 Conclusion

Given a field F , the set Fm×n≤r is an affine algebraic subset of Fm×n called the generic de-
terminantal variety over F . This paper has considered the tangent cone and the algebraic
tangent cone to ℝ

m×n≤r . The concepts of tangent cone to a nonempty subset of a Euclidean
vector space and of algebraic tangent cone to an affine algebraic set have been reviewed
respectively in Sects. 2 and 7.1.3.

The algebraic tangent cone to Fm×n≤r with F algebraically closed has been known since
the eighties in the algebraic geometry literature; see, e.g., [5, (2.2)] and [19, Example 20.5].
However, the case where F = ℝ does not seem to have been considered. A first contribution
of this paper is the observation that the derivation of the algebraic tangent cone to Fm×n≤r

proposed in [19, Example 20.5] for F algebraically closed is also valid for F = ℝ. This
yields the first statement of Theorem 7.1.

The second and main contribution of this paper is about the tangent cone to ℝ
m×n≤r , which

is explicitly described in [41, Theorem 3.2]. Having detected a gap in the proof therein,
as detailed in Sect. 6, and unaware of a complete proof, we have presented a proof in this
paper, relying on the standard definition of the tangent cone in variational analysis, reviewed
in Sect. 2. No proof based on algebraic geometry is known to us. The second statement of
Theorem 7.1 is the observation that the tangent cone and the algebraic tangent cone to ℝ

m×n≤r

coincide, which is not true for all real affine algebraic sets.

Appendix A: Discussions and Complements

Sects. A.1 and A.2 are each a substitute for Sect. 5.1.2. Those sections can be read inde-
pendently. The link between the two proofs given in Sects. A.1 and A.2, respectively, is
drawn in Sect. A.3. Section A.4 reviews four results in the literature through the lens of the
intersection rule for the tangent cone.

In what follows, for every Y ∈ ℝ
m×n and ρ ∈ (0,∞), B(Y,ρ) := {Ỹ ∈ ℝ

m×n | ∥Ỹ −Y∥ <

ρ} is the open ball of center Y and radius ρ in ℝ
m×n, and the singular values of Y are denoted

by σ1(Y ) ≥ · · · ≥ σmin{m,n}(Y ) ≥ 0.

A.1 A Geometric Proof

This proof relies on the differential-geometric concept of orthographic retraction. The proof
proposed in Sect. A.2 can be seen as an algebraic translation, as explained in Sect. A.3.

Only the case where Z ≠ 0m×n has to be considered. The sequence (PN
ℝ

m×n
r

(X)(
Xi−X

ti
))i∈ℕ

converges to PN
ℝ

m×n
r

(X)(Z). However, its elements can have a rank larger than r − r , as

proven in Sect. 6. The proof therefore decomposes PN
ℝ

m×n
r

(X)(
Xi−X

ti
) into two terms in

N
ℝ

m×n
r

(X), one converging to 0m×n and one of rank at most r − r . This decomposition

relies on the orthographic retraction on ℝ
m×n
r , denoted by Rorth; see [2, §4.4] and [3, §3.2].

There exists an open set OX ⊆ T
ℝ

m×n
r

(X) that contains 0m×n such that the map

Rorth
X : OX → ℝ

m×n
r : Y ↦→ P(X+Y+N

ℝ
m×n
r

(X))∩ℝm×n
r

(X + Y )
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is well defined and continuously differentiable. Moreover, for all Y ∈ OX , Rorth
X (Y ) − X −

Y ∈ N
ℝ

m×n
r

(X). The fact that Rorth is a retraction implies that

lim
OX∋Y→0m×n

∥Rorth
X (Y ) − (X + Y )∥

∥Y∥ = 0.

Since (PT
ℝ

m×n
r

(X)(Xi − X))i∈ℕ converges to 0m×n, it is asymptotically contained in OX .

Therefore, for all i ∈ ℕ large enough,

Li := Rorth
X (PT

ℝ
m×n
r

(X)(Xi − X))

is well defined, Li − X − PT
ℝ

m×n
r

(X)(Xi − X) ∈ N
ℝ

m×n
r

(X), and

PN
ℝ

m×n
r

(X)

(︃
Xi − X

ti

)︃
=

Li − X − PT
ℝ

m×n
r

(X)(Xi − X)

ti
+ Xi − Li

ti
, (A.1)

hence Xi − Li ∈ N
ℝ

m×n
r

(X). The first term converges to 0m×n: for all i ∈ℕ large enough,

⃦⃦
⃦⃦Li − X − PT

ℝ
m×n
r

(X)(Xi − X)

⃦⃦
⃦⃦

ti

= ∥Xi − X∥
ti⏞ ⏟⏟ ⏞

i→∞−−−→ ∥Z∥

⃦⃦
⃦⃦Li − X − PT

ℝ
m×n
r

(X)(Xi − X)

⃦⃦
⃦⃦

⃦⃦
⃦⃦PT

ℝ
m×n
r

(X)(Xi − X)

⃦⃦⃦
⃦

⏞ ⏟⏟ ⏞
i→∞−−−→ 0 since Rorth is a retraction

⃦⃦
⃦⃦PT

ℝ
m×n
r

(X)(Xi − X)

⃦⃦
⃦⃦

∥Xi − X∥
⏞ ⏟⏟ ⏞

≤1

i→∞−−−→ 0.

Hence, the second term (Xi − Li)/ti converges to PN
ℝ

m×n
r

(X)(Z) as i tends to infinity. It

remains to prove that rank(Xi −Li) ≤ r − r for all i ∈ ℕ large enough; the result will follow
by lower semicontinuity of the rank.

Let us show that imLi ∩ (imX)⊥ = {0m×1} for all i ∈ ℕ sufficiently large. In a nutshell,

this follows from Li

i→∞−−−→ X with rankLi = r = rankX for all i ∈ ℕ sufficiently large.
In detail, by contradiction, suppose not. Let N1 be the (infinite) set of all i ∈ ℕ such that
the subspace imLi ∩ (imX)⊥ does not reduce to {0m×1}. There exist (ui)i∈N1 in (imX)⊥
and (vi)i∈N1 in ℝ

n such that ui = Livi , vi ∈ (kerLi)
⊥ = imL⊤

i , and ∥ui∥ = 1. Thus, given
a singular value decomposition Li = UiΣiV

⊤
i , there exists ṽi ∈ ℝ

r such that vi = Vi ṽi .
Hence, ui = UiΣi ṽi and ṽi = Σ−1

i U⊤
i ui . Therefore, ∥vi∥ = ∥ṽi∥ ≤ ∥Σ−1

i ∥2∥U⊤
i ui∥ ≤

∥Σ−1
i ∥2∥U⊤

i ∥2∥ui∥ = 1
σr (Li )

, where ∥·∥2 is the spectral norm. By continuity of the singu-

lar values [23, Theorem 2.6.4], σr(Li)
i→∞−−−→ σr(X) ≠ 0. Thus, (vi)i∈N1 is bounded. By the

Bolzano–Weierstrass theorem, there exist N2 ⊆ N1 and N3 ⊆ N2 such that (ui)i∈N2 con-
verges to u ∈ (imX)⊥ and (vi)i∈N3 converges to v ∈ℝ

n. By continuity of the norm, ∥u∥ = 1.

Furthermore, since Li

i→∞−−−→ X and ui = Livi for all i ∈ N3, it holds that u = Xv. Hence,
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u ∈ imX ∩ (imX)⊥. This set being identically {0m×1}, we have u = 0m×1, a contradiction
with ∥u∥ = 1.

A similar argument yields that imL⊤
i ∩(imX⊤)⊥ = {0n×1} for all i ∈ℕ sufficiently large.

The final piece of the proof relies on the following result.

Lemma A.1 Let 𝒰1 and 𝒰2 be linear subspaces of ℝm such that 𝒰1 ∩ 𝒰2 = {0m×1}, 𝒱1 and
𝒱2 be linear subspaces of ℝn such that 𝒱1 ∩ 𝒱2 = {0n×1}, A1 ∈ 𝒰1 ⊗ 𝒱1, and A2 ∈ 𝒰2 ⊗ 𝒱2.
Then, rank(A1 + A2) = rankA1 + rankA2.

Proof For all i ∈ {1,2}, let Ui ∈ Stℝ(dim𝒰i,m) and Vi ∈ Stℝ(dim𝒱i, n) such that imUi = 𝒰i

and imVi = 𝒱i . By (1), for all i ∈ {1,2}, Ai = UiSiV
⊤
i with Si := U⊤

i AiVi and rankSi =
rankAi . Hence

A1 + A2 = [︁
U1 U2

]︁[︃ S1 0dim𝒰1×dim𝒱2

0dim𝒰2×dim𝒱1 S2

]︃[︃
V ⊤

1
V ⊤

2

]︃
,

where the first and last matrix factors have full rank. It follows that rank(A1 + A1) =
rankS1 + rankS2 = rankA1 + rankA2. □

Clearly, Li ∈ (imLi) ⊗ (imL⊤
i ). We have also seen that Xi − Li ∈ N

ℝ
m×n
r

(X) =
(imX)⊥ ⊗ (imX⊤)⊥. Finally, recall that imLi ∩ (imX)⊥ = {0m×1} and imL⊤

i ∩ (imX⊤)⊥ =
{0n×1} for all i ∈ℕ large enough. It thus follows from Lemma A.1 that rankLi + rank(Xi −
Li) = rankXi for all i ∈ℕ large enough. Hence rank(Xi − Li) = rankXi − rankLi ≤ r − r

for all i ∈ℕ large enough, which is what remained to be proven.

A.2 An Algebraic Translation

Define S := U⊤XV ∈ ℝ
r×r
r , Z̃1,1 := U⊤ZV , Z̃1,2 := U⊤ZV⊥, Z̃2,1 := U⊤

⊥ ZV , and Z̃2,2 :=
U⊤

⊥ ZV⊥. Then,

X = [U U⊥]
[︃

S 0r×n−r

0m−r×r 0m−r×n−r

]︃
[V V⊥]⊤, Z = [U U⊥]

[︃
Z̃1,1 Z̃1,2

Z̃2,1 Z̃2,2

]︃
[V V⊥]⊤.

It suffices to prove that rank Z̃2,2 ≤ r − r . For all i ∈ ℕ, define Ai := U⊤XiV , Ci :=
U⊤XiV⊥, Di := U⊤

⊥ XiV , and Ei := U⊤
⊥ XiV⊥ and observe that

Xi = [U U⊥]
[︃

Ai Ci

Di Ei

]︃
[V V⊥]⊤.

Moreover, (Ai)i∈ℕ, (Ci)i∈ℕ, (Di)i∈ℕ, (Ei)i∈ℕ, (
Ai−S

ti
)i∈ℕ, (

Ci

ti
)i∈ℕ, (

Di

ti
)i∈ℕ, and (

Ei

ti
)i∈ℕ re-

spectively converge to S, 0r×n−r , 0m−r×r , 0m−r×n−r , Z̃1,1, Z̃1,2, Z̃2,1, and Z̃2,2. Thus, there
exists i∗ ∈ ℕ such that, for all integers i ≥ i∗, Ai ∈ B(S,σr(S)). By the Eckart–Young theo-
rem [14], B(S,σr(S)) ⊆ℝ

r×r
r . Therefore, for all integers i ≥ i∗, Ai is invertible and

[U U⊥]⊤ Xi − X

ti
[V V⊥] =

[︄
Ai−S

ti

Ci

ti
Di

ti
0m−r×n−r

]︄

+
[︄

0r×r 0r×n−r

0m−r×r
DiA

−1
i

Ci

ti

]︄

(A.2)

+
[︄

0r×r 0r×n−r

0m−r×r
Ei−DiA

−1
i

Ci

ti

]︄

.
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By continuity of the matrix inversion,

lim
i→∞

DiA
−1
i Ci/ti = lim

i→∞
Di/ti lim

i→∞
A−1

i lim
i→∞

Ci = Z̃2,1S
−10r×n−r = 0m−r×n−r ,

hence

lim
i→∞

(Ei − DiA
−1
i Ci)/ti = Z̃2,2.

For all integers i ≥ i∗, since rankXi ≤ r , rankAi = r , and

[U U⊥]⊤Xi[V V⊥] =
[︃

Ir 0r×m−r

DiA
−1
i Im−r

]︃[︃
Ai 0r×n−r

0m−r×r Ei − DiA
−1
i Ci

]︃[︃
Ir A−1

i Ci

0n−r×r In−r

]︃
,

it holds that

rank(Ei − DiA
−1
i Ci) ≤ r − r.

By lower semicontinuity of the rank, it follows that rank Z̃2,2 ≤ r − r .

A.3 Link Between the Geometric Proof and Its Algebraic Translation

For all i ∈ℕ, by (10),

PT
ℝ

m×n
r

(X)(Xi − X) = [U U⊥]
[︃
Ai − S Ci

Di 0m−r×n−r

]︃
[V V⊥]⊤,

hence the first term in (A.2) equals [U U⊥]⊤PT
ℝ

m×n
r

(X)(
Xi−X

ti
)[V V⊥]. Moreover, for all i ∈ℕ

large enough, by [2, Proposition 24],

Li := Rorth
X (PT

ℝ
m×n
r

(X)(Xi − X)) = [U U⊥]
[︃

Ai

Di

]︃[︁
Ir A−1

i Ci

]︁ [V V⊥]⊤,

hence

Xi − Li =
[︃

0r×r 0r×n−r

0m−r×r Ei − DiA
−1
i Ci

]︃
.

Therefore, the second and third terms in (A.2) respectively equal the first and second terms
in (A.1). An artist view of the decomposition is proposed in Fig. 1.

A.4 The Tangent Cone to the Intersection of the Real Generic Determinantal Variety
and Another Set: Four Examples

The tangent cone to the intersection of two sets is always included in the intersection of the
tangent cones [40, Theorem 6.42]. In view of Theorem 4.2, [9, Theorem 6.1] shows that
the inclusion is an equality for ℝm×n≤r and the unit sphere {X ∈ ℝ

m×n | ∥X∥ = 1}. Similarly,
the tangent cone to the intersection of ℝ

m×n≤r and an affine subspace of ℝ
m×n equals the

intersection of the tangent cones [30, Lemma 3.6], the tangent cone to the intersection of
ℝ

m×n≤r and a level set of a smooth map h : ℝm×n → ℝ
q equals the intersection of the tangent

cones if the derivative of h at every point of the level set is surjective and h(XQ) = h(X) for
all X ∈ ℝ

m×n and Q ∈ Stℝ(n,n) [48, Corollary 2], and the tangent cone to the intersection
of ℝn×n≤r and the convex cone {X ∈ ℝ

n×n | X⊤ = X, X ⪰ 0} equals the intersection of the
tangent cones [29, Proposition 3.32].
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Fig. 1 Artist view of the decomposition used in the proofs of Sects. A.1 and A.2. The picture correctly repre-
sents the following aspects: PT

ℝ
m×n
r

(X)(Xi −X) is in T
ℝ

m×n
r

(X), Xi −Li and Li −X−PT
ℝ

m×n
r

(X)(Xi −X)

are in N
ℝ

m×n
r

(X), Li has rank r , and ∥Li − X − PT
ℝ

m×n
r

(X)(Xi − X)∥/∥PT
ℝ

m×n
r

(X)(Xi − X)∥ i→∞−−−−→ 0

since Rorth is a retraction. However, the picture is unfaithful in several respects: Xi , Li , and
X + PT

ℝ
m×n
r

(X)(Xi − X) are, in general, not aligned, and the smooth manifold ℝ
m×n
r does not look like

that regardless of m, n, and r
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