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Accurate phonon transmission coefficients are essential for controlling heat transport and designing phononic

metamaterials. Conventional models for computing transmission coefficient are based on plane-wave solution
and spectrum weighting, limiting their ability to capture actual phonon transport dynamics in multi-interface
heterostructures. Here we develop an analytical framework that incorporates spatial coherence and validate it
against time-domain wave-packet simulations. We show that spatial coherence strongly affects transmission
in multi-interface systems, whereas it is negligible for a single interface. The developed framework is robust
for various wave-packet profiles and can accurately resolve both transmission coefficient and the wave-packet
dynamics in realistic multi-interface heterostructures. Our work provides a robust framework for exploring
coherence effects in phonon transport, which may offer guidelines for thermal management and design of

phononic metamaterials.

DOI: 10.1103/£2£5-kh75

I. INTRODUCTION

As the quanta of vibrational waves, phonons exhibit wave-
like characteristics [1,2]. In recent years, the wave nature of
phonons has garnered significant attention [3,4]. Both theoret-
ical and experimental works have revealed that this wavelike
behavior plays a crucial role in determining thermal properties
of various solids [5-11]. For example, Ravichandran er al.
[6] have highlighted the critical role of phonon coherence on
heat conduction in superlattices. The destructive interference
of phonons leads to the formation of phonon band gaps, which
in turn suppresses the lattice thermal conductivity. Moreover,
previous studies have demonstrated the feasibility to tailor the
density of states and the group velocity of thermal phonons
via interference phenomena [12—-15]. Consequently, exploring
phonon coherence and its manipulation strategy holds signif-
icant potential for controlling thermal transport properties in
solids [16].

Building on these insights, accounting for the coherence-
driven interference is crucial to study the phonon transport
across multilayer heterostructures [17-24]. However, conven-
tional theories are formulated at the single-interface level and
do not explicitly track the phase evolution between successive
interfaces, where interfacial spacing-dependent interference
can strongly modulate the overall transmission. Moreover, ex-
isting methods such as the atomistic Green’s function [25-27]
are typically built on a plane-wave picture, thus lacking a
characteristic length scale to quantify the phonon spatial co-
herence. Phonons in realistic materials have a finite coherent
length, as described by the wave packet with the finite broad-
ening as a characteristic length scale [28-31]. Consequently,
the plane-wave solution fails to capture the complex interplay
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between the wave-packet broadening and the finite interfacial
spacing, which can critically shape the phonon transmis-
sion in multi-interface systems [32]. Therefore, an analytical
framework beyond the plane-wave approximation is needed
to efficiently quantify the coherence effects on phonon trans-
mission in multi-interface systems.

More importantly, although existing methods such as
weighted-averaging approach can provide the estimation
of transmission coefficient, they do not provide direct ac-
cess to the waveform dynamics [33-35]. For example, the
spectrum-weighted approach [33] can estimate the transmis-
sion coefficient by combining plane-wave transmission with
spectral weights. It retains only intensity information and
discards the phase-resolved coherence among spectral com-
ponents, which are essential for the reconstruction of the
waveform dynamics. While the atomistic simulations can
probe the real-time dynamics of wave-packet propagation
[36], its application can be limited due to the computational
cost for large-scale systems. Therefore, it is highly desirable to
develop a theoretical framework that can efficiently model the
wave-packet dynamics in order to greatly reduce the reliance
on expensive time-domain simulations.

In this work, we theoretically investigate the effect of
phonon spatial coherence on interfacial phonon transmis-
sion and validate our findings through phonon wave-packet
simulations. Our results show that while spatial coherence
has negligible impact on phonon transmission across a sin-
gle interface, it plays a crucial role in the multi-interface
system. The phonon transmission coefficient obtained from
the plane-wave approximation fails to provide an accurate
assessment of the actual phonon transmission in the multiple-
interface system. To account for phonon spatial coherence,
we propose an analytical method that explicitly incorporates
finite spatial broadening. We demonstrate that the proposed
method not only can accurately predict phonon transmission

©2026 American Physical Society
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FIG. 1. (a) Schematic diagram of a single-interface system. The system consists of two graphene layers with different atomic masses. The
graphene layer on the left, with carbon atoms of mass 12 u, represents the incidence (reflection) region. The graphene layer on the right, where
the carbon atoms possess a varying mass of m in units of u, serves as the transmission region. (b) Transmission coefficients (left axis) obtained
using wave-packet (WP) simulation with an incident wave packet width of 173 A and wave vector k; = 0.177 (I/A) and TMM, along with
the differences (right axis) between these two methods. (c) Variation in the phonon broadening of the transmitted phonon wave packet with
different m during WP simulations (left panel). The dashed line represents the position of the interface. The relationship between the group
velocity (v,) and the broadening of the wave packet (0,) in material 2, normalized by the corresponding values (v; and o) in material 1 (right
panel). Here R, denotes the graphene lattice constant and is used as the reference length scale for the system length.

coefficient across multiple interfaces, but also can faithfully
resolve the dynamical behavior of finite-width wave-packet
propagation in multi-interface heterostructures. This work
provides a reliable framework for evaluating phonon transport
in the multiple-interface system and offers valuable guidances
for the design of phononic metamaterials.

The rest of the paper is organized as follows. The trans-
mission of a phonon wave packet across a single interface is
described in Sec. II. We then discuss in Sec. III the transmis-
sion of a phonon wave packet through multiple interfaces by
comparing results from the transfer matrix method (TMM),
wave-packet (WP) simulations, and the approach developed in
this work. Finally, the conclusions are summarized in Sec. IV.

II. TRANSMISSION OF A PHONON WAVE PACKET
ACROSS A SINGLE INTERFACE

A. Theory and simulation methods
for the single-interface system

As depicted with Fig. 1(a), we first consider a single inter-
face formed by two materials. A phonon mode is launched on
the left side of the interface, and we calculate the energy trans-
mission coefficient («) across the interface. For a single-mode
plane-wave phonon, the TMM is commonly used to calcu-
late the transmission coefficient, which can simultaneously
account for the wave vector and polarization [37]. To simplify
the analysis, we focus on the case of normal incidence along
the x direction (perpendicular to interface), for which no mode
conversion occurs [37].

Let u; be the atomic displacement of a given phonon mode
in material 7, and k; denotes the wave vector. In the incident
region (material 1), the atomic displacement amplitude can be

written as
_ ikyx —iwt —ikyx —iwt 1
u(x,t) = ape"e" +ay e e, (1)

where a;; and a;, are the amplitudes of the incident and
reflected waves, respectively. The atomic displacement in ma-
terial 2 can be expressed as

ur(x,1) = a e* e 2)

where a,; denotes the amplitude of the transmitted wave.

Next, the stress in material 1 and material 2 can be ex-
pressed by S;(x,t) = CIW, where C; is an appropriate
elastic constant. The displacement and stress must satisfy the
continuity conditions at the interface:

ul(xl’t): ”2(xl,t), (3a)

S1(x1, 1) = S$2(x1, 1), (3b)

where x; is the interface position [see Fig. 1(a)]. Note that
without loss of generality we can set a;; = 1. Based on the
above equations, the transmitted amplitude a,, can be ob-
tained as
2C1 k] 2,01 V1
Ciki +Coky  prvr + pova’

The energy fluxes for the incident wave and the transmitted
wave are given by [37]

“

as s

1

P = 5:016021)1(1%,,', (5
1

P, = Epzwzvzaﬁ,,, (©6)

where v; and v, denote the phonon velocity in material 1 and
material 2, respectively. Therefore, we can define the energy
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transmission coefficient « as
P
P

o (N
To validate the « calculated from the TMM, we employ the
phonon WP simulation approach [36,38] that can account for
the finite broadening of phonons in space to compute «. The
WP approach provides a phase-resolved real-space descrip-
tion of phonon propagation and thus naturally captures spatial
coherence, phase evolution, and interference effects. Owing to
these features, it has been widely used and benchmarked in the
literature for validating the coherent phonon transport theories
[38,39]. Since realistic effects such as interfacial roughness,
anharmonicity, and mode coupling can substantially degrade
phonon coherence [5,40], we exclude these effects in our sim-
ulations and only consider sharp interfaces at low temperature
where the coherent phonon transport is largely preserved.

It is worth noting that the phonon coherence underly-
ing the WP approach refers to the preservation of relative
phases among the constituent kK components within a selected
phonon branch, which is termed as intrinsic coherence [10]
and is particularly strong at low temperatures. At elevated
temperature, the phonon coherence can also originate from
the overlapping of phonon branches due to the anharmonicity
induced phonon mode broadening, which is termed as mutual
coherence [10] and becomes increasingly important at high
temperatures. When anharmonic broadening makes phonon
linewidths comparable to the frequency separation between
adjacent branches, these branches overlap in the frequency
domain and no longer behave as fully independent transport
channels [8]. In this work, we limit our investigation at low
temperature and focus on the intrinsic coherence of phonon
wave packet in real space.

The schematic diagram is depicted with Fig. 1(a), and the
whole simulation domain is a single-layer graphene. To create
the interface, material 1 is composed of carbon atoms with
mass of 12 u (atomic mass unit), while material 2 is composed
of artificial carbon atoms with varying mass m in the unit of u.
In this toy model, two materials share the same interaction
potential for simplicity but with different masses, and the
variation of mass is used to tune the mismatch degree between
two materials in order to obtain a smoothly varying trend. The
variation of m in our model provides a straightforward way
to tune the acoustic impedance contrast across the interface
without altering the bonding network. In order to examine the
validity of the developed theory, the range of m explored in
this work spans from the weak to strong impedance mismatch.

All structures have been optimized at 0 K. The WP sim-
ulation in this work was performed by using the LAMMPS
package [41] with the optimized Tersoff potential [42]. The
Tersoff type potential has been widely used in the literature for
various systems like graphene, #-BN, Si, and their interfaces
[43-48]. It should be pointed out that the momentum-space
transmission method (MSTM) does not depend on the specific
potential, and different potentials mainly influence the elas-
tic constants, which can be incorporated into the analytical
framework accordingly. Here, the C—C bond length is set as
1.44 A, and the time step is set at 0.5 fs. The atomistic system
used has a length of 8632 A, a width of 60 A, and a vacuum
layer in the z direction of 20 A. In material 1, the initial profile

of a Gaussian phonon wave packet with wave vector k; and
branch index A is set as [49]

_ =xp)?
iky (x—x.)

ujp(x, 0) = Aejge e >, ®)
where u ;g (x, 0) represents the § component of displacement
at t+ = 0 for atom j in primitive cell, and ¢}, is the phonon
eigenvector component. The wave packet has the amplitude A
and spatial broadening o} centered at x, in real space. Once k|
is specified, ¢, and w are determined from the phonon dis-
persion relation by diagonalizing the dynamical matrix. In this
work, we limit our simulation to the case of normally incident
wave packet with one-dimensional spatial broadening, as the
modeling of oblique phonon incidence would require a two-
dimensional wave packet with substantially larger simulation
domain. In our simulations, we use the transverse acoustic
(TA) phonon mode with k; = 0.177 (1 /A) as a representa-
tive example. The amplitude A is set as A = 0.01R,, where
Ry = 2.46 A corresponds to the graphene lattice constant and
is used as the length unit in our study. The spatial broadening
o1 is set as oy = 173 A. This value is consistent with typical
coherence lengths observed in experiments involving coherent
acoustic phonons in semiconductor systems, where similar
wave-packet broadening has been reported, particularly for
wavelengths on the order of tens of nanometers [5S0-54]. This
consistency ensures that our model parameters are physically
relevant in realistic system and can be experimentally acces-
sible.

B. Results and discussion for the single-interface system

In this work, we focus on the acoustic phonon branches,
which exhibit linear dispersion and relatively high group ve-
locities, enabling clear tracking of wave-packet propagation.
Moreover, given the fact that acoustic phonons dominate ther-
mal transport in most crystalline materials, investigating their
dynamics is essential for elucidating the fundamental mech-
anisms of phonon-mediated heat conduction. As shown in
Fig. 1(b), the phonon transmission coefficient « obtained from
TMM (solid line) matches well with wave-packet simulation
results (squares) when varying the mass in material 2. In fact,
the group velocity v of the acoustic branches in the linear
region is approximately independent of the wave vector. For
two graphene sheets with different atomic masses, the veloc-
ities of their acoustic branches are related by a multiplicative
factor as v, /v, = «/my/m;. Therefore, all modes within the
same linear acoustic branch exhibit the same « according to
Egs. (5)—(7). Consequently, in the case of a single interface,
o obtained from the phonon wave packet aligns with the
value predicted by the TMM. Moreover, the reflected and
transmitted waves retain the same waveform as the incident
wave [see Fig. 1(c)]. When m varies up to 50 u, the difference
between WP and TMM predictions remains negligible [below
2%, see circle in Fig. 1(b)]. This minor discrepancy is due to
the presence of interfacial phonon modes [55,56], which is ex-
cluded in the analytical framework. Unlike the hard-boundary
assumption used in the continuity equation during derivation,
molecular dynamics simulations inherently capture interfacial
phonon modes that deviate significantly from those in the
bulk material [57,58]. These interfacial modes are spatially
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localized and their amplitudes decay exponentially with the
distance away from the interface, leading to a gradual rather
than abrupt transition across the interface [59—-61]. Although
the interaction between phonons and these localized interfa-
cial modes may also sustain phase-correlated dynamics in the
near-interface region at low temperature [62], such dynamics
is conceptually different from the phonon spatial coherence
considered in this work, which refers to the propagation
of phase-preserving phonon wave packets with finite-width
across heterostructures. The presence of interfacial modes
alters the local phonon field, causing deviations from the
idealized hard-boundary model and thereby compromising the
accuracy of coherent-phonon transport predictions. Neverthe-
less, their overall impact on the transmission coefficient is
minor and can be safely neglected in the present analysis.

It is worth noting that the spatial coherence length of a
phonon wave packet varies across different materials and is
generally proportional to the phonon group velocity in each
material [63]. In material 2, its wave-packet broadening is thus
given by

0 = 2o, ©9)
v

The left panel of Fig. 1(c) illustrates the evolution of the
phonon wave packet as it propagates towards the right side
of the interface with varying mass. The top panel represents
the shape of the wave packet in material 1 at initial time
(t = 0 ps). The remaining three plots show the shape of the
wave packet at the same instantaneous time (+ = 10 ps) after
transmission into material 2 with varying mass. It is clearly
observed that as the mass in material 2 decreases, the broaden-
ing of the wave packet becomes more substantial. As shown in
the right panel of the Fig. 1(c), we compare the group velocity
and broadening of the wave packet propagating into material
2 with those of the initial wave packet in material 1. The
observed linear proportionality further confirms the validity
of Eq. (9). Although the variation in the spatial broadening of
phonon wave packet does not impact the transmission coef-
ficient in single-interface systems, it significantly influences
wave-packet transmission in multi-interface systems, which
will be discussed in the next section.

III. TRANSMISSION OF PHONON WAVE PACKET
THROUGH MULTIPLE INTERFACES

A. TMM theory for the multiple-interface system

Next, we consider a system with multiple interfaces, which
is more common in practical applications, such as superlat-
tices or thin film systems. We also consider the incidence
of plane-wave phonons or Gaussian wave-packet phonons to
a multi-interface system. Under the plane-wave assumption,
the TMM can also be used to obtain the final « for the
multiple-interface system because it accounts for multiple
transmissions and reflections between interfaces. The atomic
displacement amplitude in layer / can be expressed as

M](x, t) =ay, eik,xefia)t + ar., e*iklxe*iwt’ (10)

where a;; and a; , represent the amplitudes of transmitted and
reflected waves in layer /, respectively. Here, it is convenient
to introduce a 2 x 2 matrix h; defined as

b eik,,\: e—ik,x 1
I(x) - Clkleiklx _Clkle—iqu ’ ( )

where C; is the elastic constant in layer /. Besides, we define
two-component column vectors w; = [a; ;, a;.,]” for the first
layer and w; = [ay,, a,,,]T for the remaining layers. It is con-
venient to express the continuity condition of the displacement
and stress fields at the interfaces as

hy (Gep)wi = hy(xp)wo,
hy (x2)wa = h3(x2)ws, (12)
hn—l (—xn—l )Wn—l = hn (-xn—l )wn~

Eliminating the intermediate vectors Wwp ~ W,_; in
Eq. (12) yields a relation between the incident phonon wave
amplitudes w; and the transmitted phonon wave amplitudes
W, as

w, = Mwy, (13)
where M is the “transfer matrix” given by
L SV HEHRY) | MSTEHID) (1 MSTCIEY) i FRETCHIEY)
- ()] [y ()] (14)

The solution of Eq. (13) yields the amplitudes a,, of the
transmitted wave in the transmitted region and a; , of the
reflected wave in the incident region. The transmission coeffi-
cient « can then be obtained via Eq. (7).

However, due to the spatially varying amplitude of the
phonon wave packet, the situation in the multiple-interface
system differs fundamentally from that of a single interface.
In such system, the amplitude of the wave packet interact-
ing with each interface is nonuniform, as it is modulated
by a Gaussian envelope. As a result, each interface experi-
ences a different incident amplitude, making it difficult to
directly evaluate the overall transmission as in the case of
single interface. Moreover, since the wave packet does not
exhibit a stationary amplitude like a plane wave, the multi-
ple reflections and transmissions are wave-vector dependent.
These complications make the cumulative propagation in the
multiple-interface system highly nontrivial.

B. TMM and simulation results for the two-interface system

To demonstrate the effect of phonon spatial coherence on
the transmission coefficient « in the multiple-interface system,
we consider a two-interface heterostructure shown in Fig. 2(a)
as the simplest example. This heterostructure is composed of
a ™C isotopic graphene sheet with the length L sandwiched
by two !2C graphene sheets, which correspond to the inci-
dent region and transmission region, respectively. The same
approach can be further extended to the multiple-interface
system without loss of generality.

We first investigate the influence of wave-packet broad-
ening on phonon transmission by simulating wave packets
with different spatial widths and analyzing their behaviors
across varying interfacial length L. Significant differences

165302-4



EFFECT OF SPATIAL COHERENCE ON PHONON ...

PHYSICAL REVIEW B 113, 165302 (2026)

0.2 m=1 v oc=173A
A 5=8654
0.0 1 1 1 —— TMM
0 20 60 80 100

40
L (R)

(C) Interface 1/Interface 2
= |m=1and L=10 H
= P —
9 i
QE) <«—  Reflection ! Transmission
g m=1 and L=200 TT
— I —
% . 1
= <«—  Reflection !1 Transmission
S= | m=50 and L=10 []
5 » i — é7
1
g < Reflection I Transmission
N
= [m=50 and L=200 (]
o 1 —
E L1 @ #
<« <«—  Reflection .H Transmission
0 1000 2000 3000 4000 5000

x (Ry)

FIG. 2. (a) Structural schematic of a two-interface system. For simplicity, we employ a two-interface system consisting of two graphene
layers with different atomic masses. The carbon atoms on the left and right sides have a mass of 12 u, serving as the incidence and transmission
regions, respectively. The carbon atoms in the middle graphene layer have a mass of m. (b) The transmission coefficients of phonon wave
packets with wave vector k; = 0.177 (1/A) and different broadening through a middle layer with m = 1 u varying with the length L of the
interfacial layer. Phonon wave packets with larger broadening show better agreement with TMM, while those with smaller broadening exhibit
significant discrepancies from the TMM results. (c) The snapshots at t = 10 ps for the reflected and transmitted wave packets after passing
through the two-interface structure exhibit notable deviations from the initial Gaussian profile, particularly for larger m and L values. The o
of the incident phonon wave packet is set as o7 = 173 A. The vertical dashed lines denote the position of the interface.

are observed in Fig. 2(b) between the transmission coef-
ficients obtained from wave-packet (WP) simulations with
small spatial broadening o = 35A and o = 173 A (symbols)
and those from the TMM (solid line). As the interfacial length
L increases, the WP transmission exhibits characteristic os-
cillations superimposed on an overall decay. In particular,
broader wave packets (o = 865 A) result in a slower de-
cay of the transmission, as they more closely resemble the
plane-wave behavior. This trend demonstrates that spatial
broadening, closely related to the phonon coherence length,
plays a crucial role in determining transmission characteristics
in multi-interface systems. In contrast, the transmission pre-
dicted by the TMM shows purely periodic oscillations without
decay, corresponding to the idealized limit of infinitely broad
wave packets or perfectly coherent plane waves. This discrep-
ancy underscores the limitations of TMM in accounting for
finite coherence length effects on phonon transport in realistic
materials.

Another important finding is that the Gaussian wave packet
gradually deviates from its initial shape after passing through
multiple interfaces. Figure 2(c) presents snapshots at the same
time instance for the reflected and transmitted wave packets
under four representative configurations, highlighting how the
atomic mass and interfacial spacing influence wave-packet
evolution through cumulative transmission and reflection. In
the first panel (m = 1 and L = 10), the wave packet retains its
initial Gaussian profile, indicating minimal distortion under

weak modulation and short propagation distance. The sec-
ond panel (m =1 and L = 200) shows that even with the
same mass, a longer interfacial spacing introduces notable
distortion and spreading, as the wave packet undergoes strong
internal reflections and interference within the interfacial layer
in the middle.

Increasing the atomic mass in the interfacial layer leads
to stronger reflection and transmission amplitude mismatches
even for a small interfacial spacing (m = 50 and L = 10),
which in turn produce a more pronounced deviation from
the original wave-packet shape. The fourth panel (m = 50
and L = 200) combines both effects, large atomic mass and
long interfacial spacing, resulting in significant broadening,
asymmetry, and waveform reshaping in both transmitted and
reflected components. These comparisons clearly demonstrate
that the increase of both atomic mass and interfacial spacing
can amplify the cumulative effect of multiple reflections and
transmissions, leading to more substantial deviations from the
initial wave-packet shape. This result emphasizes the critical
role of internal interference dynamics on phonon transport
across layered media.

These results indicate that the transmission of the wave
packet differs significantly from that obtained using the TMM
in the presence of finite spatial broadening. For the multiple
interfaces, using the plane-wave assumption to estimate the
phonon transmission coefficient can lead to significant de-
viations from the actual situation. Therefore, it is essential
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to develop effective approaches for precisely assessing the
transmission coefficient of phonon wave packets, accounting
for the spatial broadening effect.

C. MSTM theory for the multiple-interface system

The observed discrepancy between wave-packet simula-
tions and the TMM results underscores the limitations of
conventional analytical approaches that assume perfectly co-
herent and infinitely extended plane waves. Therefore, it
becomes essential to develop new computational frameworks
that go beyond idealized assumptions and explicitly incor-
porate the spatial coherence effect. Here, we propose the
momentum-space transmission method (MSTM) for the an-
alytical determination of the transmission coefficient « in
multi-interface systems, which can consider the spatial co-
herence in phonon transport processes, a missing feature in
purely plane-wave-based models like the TMM. For sim-
plicity, we also illustrate this method using the simple
two-interface model shown in Fig. 2(a). The same principle
can be straightforwardly extended to the multiple-interface
system with increased calculation complexity. In these analyt-
ical calculations, we set the same parameters as those used in
wave-packet simulations, including the incident wave vector
and waveform, as well as the mass and elastic constants for
each material in the system.

In the momentum space, the initial wave packet in the
incident region can be written as

AR (k)

K|t =0) = B«/Eale_[ ]e""*«, (15)
{ )

which describes the Fourier transform of a real-space
Gaussian wave packet of Eq. (8). Here, B is the am-
plitude of the wave packet in momentum space, k’
represents the wave-vector variable and k; represents
wave vector of the incident wave packet, and x, is the center
position of the wave packet in real space. Its time evolution is
then given by

+00

(kly (1)) =/ (klgp e (K [yt = 0)dk’,  (16)

—00

where ¢p denotes the eigenmodes that contribute to the
formation of the wave packet. These states are expressed
explicitly in coordinate representation as

a e + al,,e_”“‘, X < X
SR SR
xlge) = az e +ar, e, xy<x<xy  (17)
a3,,e””‘, X > X

where k" = \/%k/ represents the wave vector in material 2,
while x; and x; are the positions of interface 1 and interface 2,
respectively. The incident amplitude is set as a; ; = 1 and the
rest coefficients a; ,, az;, az,r, and az, are determined by the
continuity condition of the wave function, similar to Eq. (3) in
the TMM, and can be expressed as
i (Qk” Cik'
ayr =

= _ - inlk” _ 7ik/(xz7x1)’
2a\cw Czk”)sm[ (2 — x1)]e

(18)

1 Ck'\ _ovinr
— 1 —i(k'+k )(xzfxl)’ 19
az 50 < + _Czk")e (19)

1 Cik’' i
= — (1= == —i(k'—k )(J«fz—/\fl)7 20
@, 29( czk”>e 20)
a3y =~ ), Q1)

3, o

where = cos[k” (x, — xl)]—é(ﬁﬁ—’,i'f + gz'—,lj)Sin[k”(xz —x1)].

Fourier transformation of (x|py) in Eq. (17) gives five
terms proportional to the coefficients a, ;, ai ., a2, az,r, and
as,;, respectively. Substituting these terms into Eq. (16) with
the initial state in Eq. (15), we obtain

B +00
(kly @) = imal N [g1.:(k") + g1.,(K") + g2, (K)
+ g2, (K) + g3, (k)]e®DaK’, (22)

where different terms are given by

ik oy — 20k — k)2
O(k/,t)z—ik/vl[_w_l_ik’xc_al( > l) 7
(23)
gk = meik’m—m/z’ 24)
a’ o .
g1k = et e 08
! —2idy 1 " i (2 —x1)/2
g2,t(k ) = C— & SIH[E(]C —k )(X2 — _xl)]e 2—X] , (26)
o 22 ] 1 i (a—x1)/2
8.k = Py Sm[i(k + k") (xy — x1)]e™* 2 . (27
—d, L ,
gs,;(k') _ ﬁezk (x2—x1) eftk(xzfxl)/2. (28)
— k' =i

In this framework, the wave-packet line shape can be de-
scribed by the term e?®). By specifying this term, one can
prescribe an arbitrary spectral profile, while the remaining
MSTM formulation provides a line-shape-independent trans-
fer kernel for modeling phonon transport across different
materials and interfaces.

The above derivation can be readily generalized to the
oblique phonon incidence. In that case, the complexity is
significantly enhanced in order to account for the multi-
ple polarizations and mode conversion, which requires a
polarization-resolved determination of the reflected and trans-
mitted amplitudes at each interface [52]. In order to reduce the
computational complexity and focus on the finite broadening
effect, we restrict our discussion to the normal-incidence case
in this work.

Previous work [64] has shown that if only the asymptotic
behavior and the transmission after the collision is of interest,
the structural terms g1 ;(k'), g1.-(k'), and g3 , (k) are sufficient.
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Therefore, we can calculate the transmission coefficient as

S [2i Res(gs, (k)| e~ &=k q

o = B )
JTE(2mi Res(gr - (K))? + |27 Res(gs  (k')[?) e~ ¥~k g

where Res is the notation for the residue. The MSTM frame-
work explicitly resolves the k-dependent transmission and
reflection, thereby capturing coherent interference effects,
which are generally absent in disorder-averaged or frequency-
only descriptions without the phase information [65,66].

D. MSTM and simulation results
for the two-interface system

To verify the accuracy of our proposed method and bet-
ter understand the role of phonon broadening, we study the
phonon transport across a two-interface heterostructure, as
illustrated in Fig. 2(a), by systematically varying two key
parameters of material 2: the atomic mass m and the length
L. In the following simulations and analytical calculations,
we use Gaussian wave packet with a fixed spatial width of
o=173A.

We first compare the transmission coefficient as a func-
tion of the interfacial layer mass for different lengths. When
the interfacial length is relatively short (L = 10Ry), the re-
sults obtained from the TMM, wave-packet simulations, and
MSTM are in good agreement [Fig. 3(a)]. This is primarily
because the relatively short spacing between two interfaces
means that the phonon wave packet does not undergo signifi-
cant attenuation or amplitude modulation during propagation.
Consequently, the wave packet preserves a shape and ampli-
tude profile similar to that of a plane wave at both interfaces,
making the TMM prediction equivalent to the MSTM result.

0.2 = wp
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———MSTM| (b)
10 20 30 40 50 0 10 20 30 40 50
m (u) m (u)

——MSTM

0.0
0

1.00

NN v
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0.98 \ |||l||':"
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FIG. 3. The transmission coefficients « obtained through WP
simulations, the TMM and MSTM versus the atomic mass m in
the interfacial layer with a fixed length of (a) L = 10R, and (b)
L = 200Ry. The transmission coefficients obtained through WP sim-
ulation, the TMM and MSTM versus the length L with a fixed atomic
mass of (¢) m =1 u and (d) m = 20 u. An incident wave vector
k= 0.177 (1 /A) is used for the WP simulations, TMM and MSTM
calculations, and the wave-packet width of 173 A is used for the WP
simulations and MSTM calculations.

(29)

(

This scenario effectively serves as a reference case, validating
the consistency between different approaches when the spatial
coherence effect can be neglected.

However, when the interfacial layer is sufficiently long
(L = 200Ry), the TMM results deviate substantially from the
wave-packet simulations with the variation of the interfacial
layer mass, whereas the MSTM continues to yield consistent
results [Fig. 3(b)]. This is because when the interfacial spacing
is sufficiently large, the spatial coherence effect can no longer
be neglected at multiple interfaces, which leads to strong
distortion and spreading of wave packet across the interfaces
[see Fig. 2(c)] and thus causes significant deviations from the
plane-wave assumption used in TMM.

After investigating the impact of interfacial layer length L,
we then discuss the influence of the atomic mass m of inter-
facial layer on phonon transmission. This variation effectively
mimics the scenario of phonon transport across different ma-
terials. We further compare the phonon transmission for two
representative cases: m = 1 and 20, as shown in Figs. 3(c) and
3(d), respectively. For the case of m = 1, the results from the
MSTM show excellent agreement with the wave-packet sim-
ulations, while the TMM result exhibits a gradual deviation
from the wave-packet simulations with the increase of interfa-
cial layer length L [Fig. 3(c)]. This deviation primarily arises
from wave-packet broadening over longer propagation dis-
tances, which leads to a non-negligible difference in phonon
amplitudes at the two interfaces, an effect not considered by
the TMM due to its underlying plane-wave assumption. Fur-
thermore, the phonon group velocity in the interfacial layer is
relatively high in this case, resulting in a broader wave-packet
envelope as described by Eq. (9). The high group velocity
allows the wave packet to maintain a slowly varying amplitude
over longer distances, thereby delaying the onset of significant
discrepancies. As a result, noticeable differences between the
TMM and wave-packet simulations emerge only when L be-
comes sufficiently large.

In contrast, when the atomic mass of interfacial layer is
increased (m = 20), the phonon group velocity becomes sig-
nificantly lower, leading to the reduced spatial broadening
of the phonon wave packet. This causes the amplitude to
vary more rapidly across the interfacial layer, resulting in a
more pronounced difference at two interfaces. As evident in
Fig. 3(d), the MSTM continues to provide consistent results
with the wave-packet simulations because it explicitly ac-
counts for the spatial broadening of the phonon wave packet.
However, the TMM results deviate significantly from the
wave-packet simulations for large L values due to its intrinsic
plane-wave assumption. This deviation in Fig. 3(d) is par-
ticularly pronounced compared to the lighter mass case in
Fig. 3(c).

When considering the spatial coherence, it is important
to note that the transmission coefficient o gradually con-
verges as the distance between the two interfaces increases.
This convergence occurs over a length scale closely re-
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FIG. 4. Wave-packet propagation process in the two-interface
graphene system obtained from the inverse Fourier transform of the
MSTM solution (solid line) and from the time-domain wave-packet
simulation (square) at (a) t =0 ps, (b) t =5 ps, (¢c) t = 10 ps for
the reflected wave, and (d) t = 10 ps for the transmitted wave. The
system parameters are L = 50R, and m = 20 u, and the incident
wave-packet width and wave vector are set as 173 A and ki, =0.177
(1/A), respectively.

lated to wave-packet broadening in the interfacial layer.
When the transmission converges, it indicates that the wave
packet has completely lost coherence between two interfaces.
Consequently, different interfaces behave independently, and
interference between multiple reflected components of the
wave packet is suppressed.

Moreover, the application of MSTM is not limited just to
the evaluation of transmission coefficient. Its key advantage is
that it retains the full inter-k phase correlations and provides a
closed-form k-space representation for a multi-interface stack,
which is directly equivalent to the time-domain wave-packet
simulations. In particular, MSTM yields analytic terms [e.g.,
gri(k), g1.-(K'), g2,(k'), g2.-(k'), g3.:(k")], which encode all
multiple reflections and interference inside the stack. With this
information, we can reconstruct the real-space wave packet
via an inverse Fourier transform at arbitrary times. This allows
us to resolve not only the integrated transmission, but also the
time-dependent evolution and distortion of the reflected and
transmitted wave packets in each region of the real space (i.e.,
the wave-packet dynamics in coordinate space), which cannot
be obtained from a simple spectrum-weighted plane-wave
model.

To demonstrate the above points, we take the two-interface
system with L = 50R, and m = 20 u as an example. Here we
consider an incident wave packet with width of 173 A and
wave vector k; = 0.177 (1/A). Figure 4 shows the recon-
structed wave packet from MSTM (solid line) at the initial
time (t = 0 ps), at the time snapshot when the packet en-
counters the interfaces (f = 5 ps), and at the time snapshot
when the transmission process is completed (r = 10 ps), in
comparison with the corresponding time-domain wave-packet
simulation results (squares). These three sets of results are

almost indistinguishable, demonstrating that MSTM faithfully
reproduces the real-space wave-packet evolution and wave-
form distortion at arbitrary time snapshots. This agreement
highlights the fact that MSTM has advantages over the simple
spectrum-weighted plane-wave model, as MSTM retains the
complete phase information required to fully describe the
coherent phonon wave-packet transport dynamics in multi-
interface heterostructures.

To further validate the accuracy and practical applica-
bility of the MSTM in realistic materials with different
dimensionalities, we use the two-interface system as an exam-
ple and construct realistic two-dimensional (2D) (graphene/
h-BN/graphene) and three-dimensional (3D) (Si/Ge/Si) het-
erostructures. After structure relaxation, both the MSTM and
wave-packet simulations are used to calculate the transmis-
sion coefficient in these realistic heterostructures for compar-
ison. For the 2D (graphene/h-BN/graphene) heterostructure,
we employ the optimized Tersoff potential [67] to describe the
interatomic interactions, and vary the thickness of the #2-BN
layer for validation. The incident wave packet with width
of 173 A and wave vector k; = 0.177 (1/A) is used in the
simulation. As shown in Fig. 5(a), the results from the MSTM
are in excellent agreement with those from the wave-packet
simulation. Similarly, for the 3D (Si/Ge/Si) structure, we use
the original Tersoff potential [68] to model the interaction,
with the incident wave vector set as k; = 0.057 (1 /A) and
the wave-packet width of 173 A. Figure 5(b) shows that the
MSTM also provides accurate predictions of the transmis-
sion coefficient in excellent agreement with those obtained
from the wave-packet simulation methods for 3D (Si/Ge/Si)
heterostructures. These results demonstrate the versatility and
accuracy of the MSTM for realistic materials with different
dimensionalities.

It should be pointed out that the application of MSTM
is not limited only to the two-interface system. To illus-
trate this point, we extend to examine the validity of the
MSTM in a three-interface system composed of 2D materials
as graphene/h-BN/graphene/h-BN, by varying the thickness
of the third layer (the second graphene sheet) and calcu-
lating the corresponding phonon transmission. As shown in
Fig. 5(c), the MSTM results consistently reproduce the in-
terference trends and show excellent agreement with the
wave-packet simulations, confirming that the MSTM can re-
liably describe the phonon transmission in multi-interface
heterostructures.

Finally, we discuss the shapes of the transmitted and
reflected wave packets predicted by the MSTM in the mo-
mentum space, after passing through a two-interface model
with fixed parameters (m = 50 and L = 200Ry). As shown
in Fig. 6(a), although the reflected and transmitted waves in
momentum space retain a Gaussian shape in general, the enve-
lope exhibits small oscillations arising from the wavelength-
dependent scattering at multiple interfaces, thereby distin-
guishing them from the original Gaussian wave packet.

Since phonons may exhibit different spectral line shapes
depending on their excitation conditions or the nature of the
system, other broadened profiles than Gaussian are also com-
monly encountered [69,70]. Therefore, we study the impact of
the line profile of phonon wave packet in order to verify the
applicability of the proposed method. In this regard, we apply
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FIG. 5. (a) The transmission coefficient « obtained from the
wave-packet simulation and MSTM for 2D graphene/h-BN/graphene
heterostructure with varying interfacial layer length L. The incident
wave packet with width of 173 A and wave vector k; = 0.177 (1 /A)
is used in the simulation. (b) The transmission coefficient obtained
from the wave-packet simulation and MSTM for 3D Si/Ge/Si het-
erostructure with varying interfacial layer length L. The incident
wave packet with width of 173 A and wave vector k; = 0.0575 (1/A)
is used in the simulation. (c) The transmission coefficient obtained
from the wave-packet simulation and MSTM for 2D graphene/h-
BN/graphene/h-BN heterostructure with varying length of the third
layer. The incident wave packet with width of 173 A and wave vector
ky =0.177 (1 /A) is used in the simulation. Here Ry and Rs; denote
the lattice constant of graphene and silicon, respectively.
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FIG. 6. (a) The shapes of the transmitted, reflected, and inci-
dent phonon wave packets in momentum space (m =50 u, L =
200Ry). The transmitted and reflected wave packets exhibit substan-
tial departures from this initial Gaussian shape. (b) The transmission
coefficient of Lorentzian phonon wave packet passing through a
two-interface system with L = SR, versus the atomic mass m. (c)
The shapes of the transmitted, reflected, and incident Lorentzian
phonon wave packets in momentum space (m = 50 u, L = 200Ry).
The transmitted and reflected wave packets also exhibit substantial
departures from initial Lorentzian shape. (d) The transmission coef-
ficients of Voigt phonon wave packet passing through a two-interface
graphene system with L = 5R, versus the atomic mass m. The Voigt
phonon wave-packet parameters are set as x = 0.3, y; = 100 A and
o1 =173 A and k; = 0.177 (1/A).

Lorentzian wave packets in real space for both numerical sim-
ulations and analytical calculations. Similar to the Gaussian
wave packet, the phonon wave packet with Lorentzian line
shape in real space can be expressed as

\x r(\

iky (x xc) -

ujp(x, t) = Agjige e, (30)

where the parameter y; determines the linewidth of the
Lorentzian phonon wave packet in material 1. In our simu-
lations, the parameter y; is set as y; = 100 A and the other
parameters are identical to those of the Gaussian wave packet.
As shown in Fig. 6(b), the wave-packet simulation results are
in agreement with the predictions by Eq. (29), further vali-
dating the universality of MSTM among different line shapes.
Additionally, similar to the case of Gaussian wave packets,
the transmitted and reflected waves obtained based on the
Lorentzian wave packets also exhibit significantly different
shapes compared to the original incident wave in momentum
space, as shown in Fig. 6(c).

In addition, we also adopt the Voigt function to further
validate that the MSTM is applicable to different waveforms.
The Voigt function, which combines Gaussian and Lorentzian
profiles, can be expressed as [71]

lx—=xc|

e

ik, (x—x()e— —iwt

uj,\ﬂ(x, t) = XAejwe

a—x)?

+ (1= Aejpe 1 e > (31
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where x controls the relative weight of the Gaussian and
Lorentzian components. In this work, the Voigt phonon wave-
packet parameters are set as x = 0.3, y; = 100A and o, =
173 Aand k; = 0.177 (1/A). As shown in the Fig. 6(d), the re-
sults from the MSTM are consistent with those obtained from
the wave-packet simulation. This agreement further validates
the applicability of MSTM in modeling phonon transport with
various line shapes, demonstrating its generality in capturing
the key features observed in the wave-packet approach.
Using a simplified model, this work only focused on the
finite broadening effect of wave-packet evolution and its im-
plications for phonon transmission across interfaces under
normal incidence. More specifically, the present MSTM is de-
signed to describe the transmission of coherent phonon wave
packets with finite width in regimes where the preservation
of phase coherence remains essential. Therefore, the current
formulation is most applicable to relatively low temperatures,
at which the dephasing anharmonic effect remains weak.
At high temperatures, however, anharmonic phonon-phonon
interactions and inelastic interfacial scattering become in-
creasingly important [72-75], which can reduce the phase
coherence and introduce energy redistribution or mode con-
version processes beyond the scope of the present model. In
this sense, the current MSTM should be targeted for resolving
coherent or near-coherent wave-packet transmission physics.
Moreover, a comprehensive evaluation of interfacial thermal
conductance should take into account phonon incidence from
various angles and polarizations, which introduces consid-
erable computational complexity. Future effort is required
for extending this approach to include multiangle and mul-
tipolarization effects. Additionally, a deeper understanding of
phonon transport across complex interfaces can be achieved
by further considering realistic material characteristics, such
as anisotropy, anharmonicity, interface roughness, as well as
incorporating multibranch effects and inelastic scattering.

IV. CONCLUSION

In summary, we have developed an analytical method
named MSTM to calculate the phonon transmission coef-
ficient across the interfaces taking into account the spatial
coherence of phonons. The validity of developed MSTM is ex-
amined against the phonon wave-packet simulations that can
explicitly monitor the propagation of phonons with finite spa-
tial broadening across various types of interfaces. It is found

that phonon spatial coherence has negligible impact on the
transmission coefficient across a single interface. However,
in the multi-interface system, such spatial coherence effect
significantly influences the phonon transmission coefficient
and distorts the phonon waveform. In this case, the MSTM can
provide consistent transmission with the phonon wave-packet
simulations, while the conventional theory breaks down due to
the use of plane-wave assumption. More importantly, MSTM
faithfully resolves the wave-packet dynamics at arbitrary
times during propagation, showing excellent agreement with
time-domain wave-packet simulations. This makes MSTM an
efficient surrogate for wave-packet simulations, which can
substantially reduce computational cost without sacrificing
accuracy. In addition, consistent MSTM predictions across
different wave-packet line shapes further confirm the broad
applicability of the developed framework. Our findings offer
physical insights and a valuable tool for investigating phonon
transmission across multilayered materials, which is highly
pertinent to the structural design of phononic metamaterials
and thermal interface materials.
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