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In this work, we propose a theory for the kinetics of emulsions in which a continuous supply of matter feeds
droplet growth. We consider cases where growth is either limited by bulk diffusion or the transport through
the droplets’ interfaces. Our theory extends the Lifshitz-Slyozov-Wagner (LSW) theory by two types of matter
supply, where either the supersaturation is maintained or the supply rate is constant. In emulsions with maintained
supersaturation, we find a decoupling of droplets at all times, with the droplet size distribution narrowing
in the diffusion-limited regime and a drifting distribution of a fixed shape in the interface-resistance-limited
case. In emulsions with a constant matter supply, there is a transition between narrowing and broadening in the
diffusion-limited regime, and the distribution is nonuniversal. For the interface-resistance-limited regime, there
is no transition to narrowing, and we find a universal law governing coarsening kinetics that is valid for any
constant matter supply. The average radius evolves according to a power law that is independent of the matter
supply, and we find a closed-form expression for the droplet size distribution function. Our theory is relevant to
biological systems, such as biomolecular condensates in living cells, since droplet material is not conserved and
the growth of small droplets is proposed to be interface-resistance-limited.

DOI: 10.1103/3wnw-921f

I. INTRODUCTION

When a liquid mixture of immiscible components under-
goes phase separation, many small droplets are nucleated
[1–3]. This emulsion coarsens with the average droplet size
increasing over time. Such coarsening typically involves the
growth of larger droplets at the expense of smaller ones, which
shrink and eventually dissolve, a phenomenon commonly re-
ferred to as Ostwald ripening. On long-time scales, a finite
system settles at thermodynamic equilibrium corresponding
to a single droplet.

Coarsening kinetics is relevant across various length-scales
and occurs in very different systems, ranging from cloud for-
mation and initiation of precipitation [4], over annealing of
polymer blends [5], exsolution in feldspar minerals [6], to the
coarsening of biomolecular condensates such as P granules
or stress granules in living cells [7–9]. Interestingly, such
biomolecular condensates behave like liquid droplets that can
fuse and grow by diffusive influx through droplet interfaces.
For example, nuclear bodies dominantly coarsen via fusion,
and the transport through the interface is the rate-limiting
process [10]. In general, ripening inside a living cell is ex-
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pected to differ from classical ripening in passive systems that
tend toward thermodynamic equilibrium, since the cellular
environment is maintained away from equilibrium. Among
others, a crucial difference to passive systems involves the
synthesis of droplet components and, thereby, the supply of
droplet matter.

The kinetics of coarsening depend on whether the order
parameter is conserved or not [1,3]. Examples of order pa-
rameters are the total droplet matter or the magnetization. For
a nonconserved order parameter, droplet matter or magnetiza-
tion is locally created or destroyed. The classic example is
the Lenz-Ising model, where the magnetization is not con-
served as spin orientations can flip. These spin flips move
the interface (grain boundary) and drive coarsening, favoring
domains with smaller surface-to-volume ratios whose average
size grows 〈R〉 ∝ t1/2. When the order parameter is conserved,
the total droplet matter, for example, can only be redistributed
in space by local exchanges with other components, for exam-
ple, by diffusion relative to a solvent. Coarsening in conserved
emulsions where molecular components diffuse is governed
by the Lifshitz-Slyozov and Wagner theory (LSW) [11,12].
The classical LSW theory describes Ostwald ripening [13,14],
which corresponds to the diffusion-limited coarsening of an
emulsion with a broadening droplet size distribution. The
average radius follows a power law, 〈R〉 ∝ t1/3, by which
the distribution can be rescaled, yielding a universal shape
that is independent of physical parameters and the initial
condition.
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FIG. 1. Emulsion supplied by droplet matter. (a) Illustration of
an emulsion coupled to a reservoir (red) supplying the system with
matter, leading to growing droplets. (b) The matter supply J is
switched on at time t∗. Supply cases: (i) To keep the supersaturation
constant, the matter supply J ∝ t2 increases since droplets grow in
time. (ii) Constant matter supply (orange).

Wagner also formulated the ripening theory of coarsening
in the interface-resistance-limited regime [12], which arises
when the transfer of mass across the interface is slower than
the diffusion of material toward the interface. This regime is
relevant at the early stage of coarsening when droplets are
small, such that the transfer of material across the interface is
slower than the relaxation of the concentration gradients. The
key result of Wagner’s theory is a universal and broadening
droplet size distribution with an average droplet size follow-
ing a power law 〈R〉 ∝ t1/2. The time scales associated with
the transport across the interface are governed by interfacial
resistance. Recently, interfacial resistance has been suggested
to be relevant in biomolecular condensate dynamics [15–18]
and coacervate systems [19–21].

When emulsions are maintained away from equilibrium
by the supply of energy or matter, they are called active
[22–25]. Their coarsening can differ from that of passive
emulsions, as their dynamics are governed by both conserved
and nonconserved fields [26]. Mixtures with chemical re-
actions can realize such active emulsions maintained away
from equilibrium [22], giving rise to novel dynamic behav-
iors that include the spontaneous formation of stable liquid
shells [27,28], droplet division [29], accelerated ripening [30],
or suppression of Ostwald ripening [31], as well as bubbly
phase separation [32]. More recently, dynamic theories for
emulsion dynamics have been proposed, leading to ripening
arrest [33] and reversed ripening [26,34]. Emulsions main-
tained away from equilibrium by constant matter supply in the
diffusion-limited regime were shown to give a narrowing and
nonuniversal droplet size distribution, where the prefactor and
the scaling exponent of the moments depend on the driving
strength [35,36]. However, it remains elusive how emulsions
with matter supply differ between diffusion- and interface-
resistance-limited transport, as well as how different matter
supplies relevant for biological systems and chemical systems
affect the emulsion dynamics.

In this work, we present a theoretical framework which
extends the LSW theory [11,12] to emulsions subject to two
types of matter supply: (i) constant supersaturation and (ii)
constant matter supply [Figs. 1(a) and 1(b)]. In this frame-
work, we account for the interplay between diffusive fluxes
from the bulk and molecular transport through the inter-
face, which both drive the growth and shrinkage of droplets.
Our theory can explain the time evolution of droplet size

distributions for each type of matter supply and unravel the
physical mechanisms underlying the universality of coarsen-
ing in emulsions with matter supply.

II. THEORY FOR EMULSION KINETICS
WITH MATTER SUPPLY

Emulsion dynamics composed of N droplets

The emulsion consists of N (t ) spherical droplets of radii
Ri (i = 1, ..., N) in a volume Vsys. The total droplet phase vol-
ume is thus given by Vd(t ) = ∑N (t )

i=1 (4π/3)Ri(t )3. We consider
droplets as dilute in the system, implying that the total droplet
volume is small compared to the system size, Vd(t ) � Vsys.
Concentrations inside droplets are considered to be homo-
geneous and constant, given by the equilibrium value cin =
cin,(0).

Droplets are coupled via a coarse-grained homogeneous
background concentration c̄(t ) that exceeds the dilute phase’s
equilibrium concentration c(0) (supersaturated case) ensur-
ing thermodynamic stability of droplets. The coarse-grained
background concentration of the dilute phase evolves accord-
ing to

d

dt
c̄(t ) = −cin,(0)

Vsys

d

dt

N (t )∑
i=1

4π

3
Ri(t )3 + J (t ), (1)

where the first term describes the gain/loss contributions when
droplets shrink/grow, and J (t ) is the external matter supply
density (see Appendix A). We consider two cases of supply:

(i) The matter supply density J (t ) = cin,(0)V −1
sys dVd(t )/dt

with dc̄/dt = 0, that fixes the coarse-grained concentration c̄,
maintaining supersaturation

ε = c̄

c(0)
− 1 = const. (2)

(ii) Constant matter supply,

J = const, (3)

with J = 0 corresponding to the case of a passive emulsion
without matter supply.
For an emulsion with a constant equilibrium concentration
inside cin,(0) � c(0) (strong phase separation), the interface
speed of droplet i reads

d

dt
Ri(t ) = − jout|Ri

cin,(0)
, (4)

where jout|Ri is the normal flux evaluated outside at the
interface in the laboratory frame. This flux jout|Ri can be
determined by solving the diffusion equation for the back-
ground field in the near-field of each droplet i. We note
that the diffusion equation results from linearizing the Cahn-
Hilliard equation around the equilibrium concentration c(0).
The diffusion equation is in turn solved using a quasistatic
approximation, neglecting transients in the diffusion equa-
tion [Eq. (A1)]. In this approximation, the concentration field
satisfies a Laplace equation ∇2cout(r) = 0. Here, r is the ra-
dial position considering the spherically symmetric droplets
with ∇2 denoting the Laplace operator in spherical symmetric
coordinates. The solutions obtained describe the near-field
concentration with the boundary conditions c(r → ∞) =
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c̄(t ), and c(r = Ri ) = c(Ri ). From this solution, we find the
diffusive flux at the interface jout|Ri = Dout(c(Ri ) − c̄(t ))/Ri.

The deviation of the concentration at the interface from
its equilibrium value acts as a thermodynamic driving force,
giving rise to an interfacial flux [12]

jout
k

∣∣
Ri

= k(ceq(Ri ) − c(Ri )), (5)

governed by interfacial conductivity k (see Appendix B). For
a finite droplet, the equilibrium concentration is given by the
Gibbs-Thomson relationship

ceq(Ri ) � c(0)

(
1 + �γ

Ri

)
. (6)

It describes how the equilibrium concentration c(0) of the
dilute phase for a flat interface (thermodynamic limit) is
affected by droplet size Ri, with the capillary length �γ �
2γ /(kBT cin,(0)), and γ denoting the surface tension.

At the interface, the diffusive flux must be balanced by the
flux that takes into account interface conductivity k, jout

k |Ri =
jout|Ri . From the balance of the fluxes, we can solve for the
concentration at the interface [12]

c(Ri ) = Doutc̄(t ) + kRiceq(Ri )

Dout + kRi
, (7)

which is characterized by the diffusion constant of the dilute
phase Dout and the interfacial conductivity k describing an
effect referred to as interfacial resistance [15–21].

Equations (7) and (5) imply that the nondimensional quan-
tity

β(Ri ) = kRi

Dout
, (8)

characterizes the transition between diffusion-limited trans-
port (β � 1) and interface-resistance-limited transport (β �
1). We note that for large radii Ri, β � 1, and thus droplet
growth is always diffusion-limited when droplets are big
enough. Similarly, we introduce a nondimensional quantity

β̄(〈R〉) = k〈R〉
Dout

, (9)

for an ensemble of droplets with a mean radius 〈R〉 =∑N
i Ri/N . This quantity distinguishes diffusion-limited trans-

port (β̄ � 1) and interface-resistance-limited transport (β̄ �
1) for an ensemble of many droplets.

The growth of droplet i accounting for both transport by
diffusion and interface-resistance is given by

d

dt
Ri(t ) = k

1 + β(Ri(t ))

1

cin,(0)
(c̄(t ) − ceq(Ri(t ))). (10)

For diffusion-limited transport (β � 1), we find [11,12]

d

dt
Ri(t ) = Dout

Ri(t )

1

cin,(0)
(c̄(t ) − ceq(Ri(t ))), (11)

while for interface-resistance-limited transport (β � 1) [12],

d

dt
Ri(t ) = k

cin,(0)
(c̄(t ) − ceq(Ri(t ))). (12)

In summary, the kinetics of emulsions with matter supply is
governed by the dynamics of the coarse-grained concentration
[Eq. (1)], coupled to the dynamic equations for each droplet

radius [Eq. (10)]. We use these equations to study the dynam-
ics of a single droplet (Sec. III) and two droplets (Sec. IV)
in the presence of matter supply. In Sec. V, we consider
emulsions in the thermodynamic limit (N → ∞, N/Vsys fixed)
and derive the corresponding continuum theory to obtain the
dynamic droplet size distribution with matter supply.

III. SINGLE DROPLET DYNAMICS

The case of a single droplet (N = 1) is depicted in
Fig. 2(a). The dynamic Eqs. (1) and (10) take for N = 1 the
following form:

d

dt
c̄(t ) = −4πcin,(0)

Vsys
R(t )2 dR(t )

dt
+ J (t ), (13a)

d

dt
R(t ) = k

1 + β(R(t ))

1

cin,(0)
(c̄(t ) − ceq(R(t ))), (13b)

with the concentration ceq(R) at the droplet interface R given
by Eq. (6) and the nondimensional quantity β defined in
Eq. (8).

Figures 2(b) and 2(c) show the difference in the concentra-
tion profile in the two regimes: (b) Diffusion-limited growth
(β → ∞) and (c) interface-resistance-limited growth (β →
0), respectively. In the diffusion-limited regime [Fig. 2(b)], the
concentration profile has a radial dependence. For the case of
droplet growth, the concentration increases from the interface
and approaches the coarse-grained dilute phase concentration
c̄ far away from the interface. In contrast, in the interface-
resistance-limited regime [Fig. 2(c)], the concentration profile
is approximately flat and equal to c̄ since diffusion is fast
compared to the rate-limiting transport through the interface.
These features are related to the near-field and arise from
the quasistatic assumption and the boundary condition far
from the interface, c̄. Since matter supply exclusively affects
the coarse-grained dilute phase concentration c̄, the near-field
concentration profiles depicted in Figs. 2(b) and 2(c) are inde-
pendent of the type of matter supply [see Eqs. (2) and (3)].

We now discuss single droplet growth in the diffusion-
limited regime [see Figs. 2(d) and 2(e)]. The results for the
interface-resistance-limited regime are depicted in Figs. 8(a)
and 8(b) in the Appendix. We find that the presence of matter
supply strongly alters the droplet growth kinetics of a single
droplet relative to the passive case. In the passive case, the
droplet can only grow by picking up the droplet material that
exceeds the Gibbs-Thomson concentration ceq(R), leading to
a vanishing droplet growth and a stationary droplet radius on
long times when the excess concentration is depleted (blue
line in Figs. 2(d) and 2(e)].

Supplying matter by maintaining the supersaturation con-
stant [Eq. (2)], or supplying matter with a constant supply
density J [Eq. (3)], gives rise to a fast and indefinite growth
of the droplet (red and orange line in Figs. 2(d) and 2(e),
respectively) compared to the passive system. The growth rate
remains finite and decreases slowly. This decrease arises from
the R−1 term in Eq. (13b) that dominates the growth law at
late times. In other words, for diffusion-limited transport, a
large droplet grows only very slowly when matter is supplied
by maintaining a fixed supersaturation.
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FIG. 2. Single droplet in a system coupled to a material reservoir. (a) Illustration of a droplet of radius R in a system of size Rsys � R. Far
away from the droplet interface, at the system’s boundary, the matter is supplied from the reservoir. Due to fast diffusion, we assume no spatial
gradients of the droplet material concentration at the system’s boundary. (b) Illustration of the concentration profile in the diffusion-limited
regime. The concentration is constant inside the droplet, while outside it relaxes to c̄ with a spatial dependence ∝ R/r. (c) Illustration of
the concentration profile in the interface-resistance-limited regime. Due to fast diffusion, the concentration outside relaxes instantaneously to
c̄. (d) Growth of the droplet in the diffusion-limited regime for the three supply cases. In the presence of a matter supply, the radius grows
indefinitely, while in the passive case, the growth ceases close to equilibrium. τ = �2

γ /Dout in the log-log plot; �γ denotes the capillary length.
(e) Growth speed of the droplet radius R as a function of time in the log-log plot. In the case of constant supersaturation, there is a regime of
accelerated growth that decreases and follows the R−1 law at late times. The same slowdown is valid for a constant matter supply, and it starts
when the droplet is large enough such that the R−1 term in the growth law dominates the R−2 term. For the passive case, the growth speed
decreases as R−2. Results shown in panels (d) and (e) were obtained solving Eqs. (13), for the diffusion-limited regime with the parameters
given in Table I.

The growth of a single droplet in the interface-resistance-
limited regime is different [see Appendix Figs. 8(a), 8(b)].
There is also a slowdown of growth for the case of constant
matter supply due to the decrease of the concentration c̄(t )
with time [Eq. (13a)]. In other words, a constant matter supply
density J does not provide enough material for droplets of
increasing size such that their growth rate decreases. There
is, however, no slowdown of growth in the case of constant
supersaturation, where the droplet grows at a constant speed
proportional to (kc̄). While in the diffusion-limited regime,
droplet growth is governed by concentration gradients near
the interface, which become infinitesimally small for very
large droplets, in contrast, in the interface-resistance-limited
regime, growth is proportional to the difference between the
bulk concentration and the equilibrium concentration, which
becomes constant for large droplets. This behavior can be
intuitively understood by noting that diffusion is a bulk pro-
cess, with the rate of material transport scaling with the
droplet’s volume, whereas interface-resistance-limited growth
depends only on the surface area available for the material
transport through the interface. As the droplet becomes very
large, the volume-to-surface ratio increases, making diffusion
increasingly slower relative to the interface kinetics, which

explains why growth slows down in the diffusion-limited
regime.

IV. DYNAMICS OF TWO DROPLETS

We next discuss the behavior of two droplets (N = 2)
competing for the shared droplet material c̄ in the diffusion-
and interface-resistance-limited growth regime, in the pres-
ence of matter supply. To this end, we solve the dynamical
system of equations, in which each droplet Ri evolves ac-
cording to Eq. (10) coupled via Eq. (1), and specified to the
case N = 2:

d

dt
c̄(t ) = −4πcin,(0)

Vsys

∑
i=1,2

Ri(t )2 dRi(t )

dt
+ J (t ), (14a)

d

dt
Ri(t ) = k

1 + β(Ri(t ))

1

cin,(0)
(c̄(t ) − ceq(Ri(t ))), (14b)

with the equilibrium interface concentration ceq(Ri ) [Eq. (6)]
and the nondimensional quantity β [Eq. (8)].

We solve Eqs. (14) for the two cases of supply and compare
to the case without supply (J = 0) with the corresponding
results shown in Figs. 3(a)–3(c). For the constant supply

TABLE I. Parameter choices for single droplet dynamics. Time and radius are nondimensionalized as t/τ and R/�γ . For the nondimensional
matter supply density J/J0, where J0 = c(0)/τ .

Figure Vd(0)/Vsys c(0)/cin,(0) ε(0) Rc(0)/�γ J/J0 Comments

Figs. 2(d) and 2(e) 1.75 × 10−5 10−3 0.07 14.28 2.82 τ = �2
γ /Dout

Fig. 8 1.75 × 10−5 10−3 0.07 14.28 0.564 τ = �γ /k
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FIG. 3. Dynamics of two droplets in the diffusion-limited regime. Phase portrait of two droplets with radii (R1, R2) in the (a) passive,
(b) constant supersaturation, and (c) and (d) the case with constant matter supply. Black lines and arrows indicate the flow field lines (Ṙ1, Ṙ2),
and colored solid lines the separatrices. A separatrix splits the phase portraits into domains that differ in the asymptotic behavior at long times.
Solid disks represent stable fixed points, and open circles are unstable fixed points. (a) In the passive case, there are three domains of dynamics.
Droplets with radii smaller than the critical radius always shrink and dissolve, and there are two domains within which either R1 or R2 will
not dissolve but reach the steady state. (b) For the constant supersaturation, there are three domains where one or both droplets shrink. The
domain in the upper right corner describes the growth of both droplets. This growth is indefinite, and there is no stable fixed point. (c) At
early times and for the constant supply, the dynamics are similar to those of the constant supersaturation. This similarity arises because droplet
material is in excess, and the small droplets grow initially indefinitely. (d) At a late time and for the constant supply, the dynamics are similar
to the passive case since droplets grew to large sizes where the constant matter supply is growth-limiting. As a result, there are two stable
fixed points and a single droplet persisting over large times. From Eq. (15), the transition between (c) and (d) corresponds to the size threshold
4π (R3

1 + R3
2 )/(3Vsys) � Jt/cin,(0). Results were obtained solving Eqs. (14b), (15) for the diffusion-limited regime with the parameters given in

Table II.

(J = const.) and the passive (J = 0) case, we use the solution
of the integrated Eq. (14a) which reads

c̄(t ) = c̄(0) − 4πcin,(0)

3Vsys

∑
i=1,2

Ri(t )3 + J t, (15)

while for the constant supersaturation case, the coarse-grained
background concentration is constant with c̄ = c̄(0).

The competition between two droplets can be represented
as phase portraits, as used previously for chemically active
emulsions [31]. Figure 3 depicts the dynamics of two droplet
radii described by Eqs. (14) in the diffusion-limited growth.
Stable and unstable steady states are shown as closed and open
circles, respectively.

For the passive case [see Fig. 3(a)], there is a distinct
unstable steady state (Rc, Rc) with two large droplets of equal
size, where Rc is the critical radius. When (at least) one
of the droplets exceeds this critical radius, the bigger one
grows at the expense of the other one, leading to a single
droplet in steady state. The corresponding stable steady state
radius is set by the total amount of droplet material in the
system.

The phase portraits of the cases with matter supply strongly
differ to the passive case. Supplying matter using a constant

supersaturation, there is no stable fixed point for two droplets;
see Fig. 3(b). Droplets larger than the critical radius will grow
indefinitely.

The case of constant matter supply [Figs. 3(c) and 3(d)] is
more subtle with a phase portrait that is time-dependent.

At early times, when droplets are still small, the phase
portrait is more similar to the case of constant supersaturation.
The reason is that droplets can initially grow by taking up
droplet material from the surroundings, while hardly affecting
the supersaturation level, ε(t ) � ε(0).

At later times, when droplets have grown big enough and
have started to deplete the supersaturation despite the constant
matter supply, droplet growth gets limited by the matter sup-
ply rate. This results in stable fixed points reminiscent of the
passive case, where one of the droplets persists in the system.
However, in contrast to the passive case, this single droplet is
slowly growing, moving the fixed point to larger droplet sizes.

We note that the phase portraits for interface-resistance-
limited transport are similar. In particular, qualitative features
such as the nullclines, fixed points, and the separatrix do not
change. This is because the nullclines dR/dt = 0 are indepen-
dent of the prefactor Dout/kR for the two regimes, and the
phase portrait only depends on the brackets of the growth
law, which is identical for the diffusion- and the interface-
resistance-limited regime.

TABLE II. Parameter choices for the dynamics of two droplets. Time and radius are nondimensionalized as t/τ , where τ = �2
γ /Dout and

R/�γ .

Figure Vsys/�
3
γ c(0)/cin,(0) ε(0) Rc(0)/�γ Comments

Fig. 3 2.68 × 108 2.5 × 10−3 0.16 6.07 (c,d) Jt/c(0) = 0.064
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V. DYNAMICS OF THE DROPLET SIZE DISTRIBUTION
WITH MATTER SUPPLY

This section discusses an emulsion with matter supply
in the thermodynamic limit, where the total droplet number
N → ∞, and the system size Vsys → ∞ with a finite droplet
number density n(t ) = limN,Vsys→∞ N (t )/Vsys. We derive the
corresponding continuum theory for the droplet distribution
function N (R, t ) and the corresponding droplet size distribu-
tion function from the discrete model proposed in Sec. II A.
To this end, we define the droplet distribution function for an
emulsion with N droplets:

N (R, t ) = lim
N,Vsys→∞

1

Vsys

N (t )∑
i=1

δ(R − Ri(t )). (16)

The droplet number density is

n(t ) =
∫ ∞

0
dR N (R, t ), (17)

such that N (R, t )dR/n(t ) is the normalized droplet size dis-
tribution function.

In the absence of nucleation and fusion of droplets, the
droplet distribution obeys a continuity equation

∂tN (R, t ) + ∂R(Ṙ(R)N (R, t )) = 0, (18)

and the droplet number density n(t ) can only change due to
droplets vanishing through dissolution at R = 0:

d

dt
n(t ) = −(Ṙ(t )N (R, t ))|R=0, (19)

where we abbreviate Ṙ = dR/dt . Furthermore, the k-th mo-
ment of the distribution is

〈Rk (t )〉 =
∫ ∞

0 dR Rk (t )N (R, t )∫ ∞
0 dRN (R, t )

, (20)

and we define the droplet phase volume fraction 
(t ):


(t ) =
∫ ∞

0
dR

4π

3
R3(t )N (R, t ), (21)

which maps in the continuum limit according to


(t ) = lim
N,Vsys→∞

1

Vsys

N (t )∑
i=1

4π

3
R3

i (t ). (22)

Thus, the discrete dynamic Eqs. (1) and (10) for the emulsion
with matter supply take the form

d

dt
c̄(t ) = −cin,(0) d

dt

(t ) + J (t ), (23a)

d

dt
R(t ) = k

1 + β(R)

1

cin,(0)
(c̄(t ) − ceq(R)), (23b)

with the evolution of the droplet size distribution given by
Eq. (18). In Eqs. (23), we have used the definition of the
droplet phase volume fraction [Eq. (21)], the nondimensional
quantity β(R) = kR/Dout, and ceq(R) is the equilibrium con-
centration at R which is given by the Gibbs-Thomson relation.

The matter supply density J (t ) affects the shape of the
droplet size distribution and its moments, such as the average
radius or the standard deviation. In the following, we study

emulsions with matter supply and compare the results to pas-
sive emulsions without matter supply (J = 0).

The LSW theory of Ostwald ripening governs the dy-
namics of passive emulsion [11,12], serving as an essential
reference system for this work that discusses the effects of
matter supply on emulsion dynamics. Below, we summarize
the key results of the LSW theory, which provides an analyti-
cal solution for the universal droplet size distribution reached
at long times in a passive emulsion (no matter supply). The
universal droplet size distribution can be obtained by sepa-
rating the time-dependent function g(t ) and the distribution
of the rescaled droplet size h(ρ)ρ in the droplet distribution
function:

N (R, t ) = g(t )h(ρ)ρ, ρ = R/Rc, (24)

where ρ is the droplet radius rescaled by the criti-
cal radius Rc = �γ /ε, with ε = c̄(t )/c(0) − 1, such that
N (R, t )Rc(t )dρ/n(t ) is the scaled droplet size distribution.

For passive emulsions, the droplet size distribution broad-
ens in time for both cases, diffusion-limited and interface-
resistance-limited transport. Lifshitz-Slyozov and Wagner
calculated the asymptotic solution of the distribution function,
from which they found that in the case of diffusion-limited
transport, the average radius follows [11,12]

〈R(t )〉 =
(

4Doutc(0)�γ

9cin,(0)
t

) 1
3

, (25)

while for the interface-resistance-limited case [12],

〈R(t )〉 = 8

9

(
kc(0)�γ

2cin,(0)
t

) 1
2

. (26)

The average radius 〈R(t )〉 rescaled by the critical radius
Rc(t )

κ := 〈R(t )〉
Rc(t )

(27)

turns out to be an important quantity that characterizes ripen-
ing dynamics of emulsions. This quantity can be calculated
from the distribution of the rescaled droplet size h(ρ)ρ. For
passive emulsions governed by the LSW theory,

κ =
∫ ∞

0 h(ρ)ρ2dρ∫ ∞
0 h(ρ)ρ dρ

. (28)

In the diffusion-limited regime, κ = 1, while in the interface-
resistance-limited regime, κ = 8/9. The distribution of the
rescaled droplet size h(ρ)ρ in the passive case of the
diffusion-limited transport reads [11,12]

h(ρ) ρ = ρ2

(
3

3 + ρ

) 7
3

(
3
2

3
2 − ρ

) 11
3

exp

(
− ρ

3
2 − ρ

)
,

0 � ρ � 3

2
, (29)

and in the interface-resistance-limited regime, we have [12]

h(ρ)ρ = ρ

(
2

2 − ρ

)5

exp

(
− 3ρ

2 − ρ

)
, 0 � ρ � 2. (30)
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The time-dependent contribution to the droplet distribution
N (R, t ) [defined via Eq. (24)] is given by

g(t ) = 3
(0)

4πRc(t )4
∫ ∞

0 ρ4h(ρ)dρ
, (31)

with the asymptotic solution of the critical radius in the
diffusion-limited regime Rc(t ) = (4Doutc(0)�γ t /(9cin,(0)))

1/3
,

and in the interface-resistance-limited regime, Rc(t ) =
(kc(0)�γ t /(2cin,(0)))

1/2
. In the following sections, we study the

behavior of the droplet size distribution and its moments in the
presence of matter supply, and compare them to the passive
case corresponding to vanishing matter supply (J = 0).

A. Constant supersaturation

Keeping the supersaturation, ε = c̄/c(0) − 1, constant re-
quires that the matter supply density J (t ) balances the changes
of the droplet phase volume fraction at all times such that the
coarse-grained concentration value c̄ does not change in time.
This balance corresponds to the left-hand side of Eq. (23a)
being zero, i.e., J (t ) = cin,(0)d
(t )/dt , with a constant c̄ in
Eq. (23b) and

d

dt
R(t ) = k

1 + β(R)

c(0)

cin,(0)

(
ε − �γ

R

)
. (32)

Each droplet size R(t ) evolves independently in time (de-
coupled growth). In other words, in an emulsion with constant
supersaturation ε, the growth of every droplet is independent
of the emulsion kinetics, and there is no competition for the
droplet material among the droplets. Furthermore, a constant
supersaturation ε implies a constant critical radius Rc = �γ /ε.
Droplets with R > Rc at t = 0 in N (R, t = 0) will not dis-
solve leading to droplet density n(t ) that is conserved. Each
droplet grows by absorbing droplet material from the fixed
coarse-grained background concentration.

After droplets grew to sizes corresponding to the decreas-
ing tail of dR(t )/dt [see Eq. (32)], due to the decoupling of
droplets in the emulsion for constant ε, the droplet size distri-
bution narrows. The mechanism of narrowing relies on larger
droplets grow more slowly than smaller ones, which has been
discussed for spatially heterogeneous quenches in emulsions
[38]. The phenomenon of a narrowing droplet size distribution
implies that the higher-order moments are small compared to
the lower moments at each instance of time during narrowing.
Therefore, we will focus on the average droplet radius and the
radius standard deviation in the following.

Since droplets are decoupled from each other, and every
droplet follows the growth law Eq. (32) independently, we can
replace R by the average radius 〈R〉. The average radius thus
follows,

d

dt
〈R(t )〉 � k

1 + β̄(〈R〉)

c(0)ε

cin,(0)
, (33)

where β̄ = k〈R〉/Dout. The term �γ /〈R〉 can be neglected since
at later times ε � �γ /〈R〉. Note that for constant supersatu-
ration, droplets grow indefinitely with a positive growth rate
d〈R(t )〉/dt > 0.

Equation (33) can be solved analytically. For diffusion-
limited transport (β̄ � 1), compared to the passive solution

Eq. (25), we find

〈R(t )〉 =
(

2
Dout ε c(0)

cin,(0)
t

) 1
2

. (34)

For the interface-resistance-limited transport, the aver-
age radius for constant supersaturation evolves according
to (β̄ � 1),

〈R(t )〉 = k ε c(0)

cin,(0)
t . (35)

Please note the fast growth relative to the reference solution
of the passive case [Eq. (26)].

We numerically solve Eqs. (18) and (32) for constant su-
persaturation ε. By varying the initial value of β̄(〈R〉), for the
same initial droplet radii, we distinguish between diffusion-
and interface-resistance-limited regimes. Figure 4(a) shows
the results of the average radius for the different initial choices
of β̄ indicated in Fig. 4(b). There is a crossover in the scaling
of the average radius at time t
 from the linear scaling to a
t1/2 power law. Due to the increase of β̄, the system is always
governed by the diffusion-limited kinetics at late times [see
Fig. 4(b)]. Moreover, after the initial regime of dissolution
of droplets that are smaller than the critical radius (R < Rc),
droplets stop dissolving [Fig. 4(c)]. Thus, the droplet number
density n(t ) is indeed constant for longer times for the case
where the supersaturation is kept constant.

The time change of the variance, σ 2 = 〈R2〉 − 〈R〉2, can be
expressed as

d

dt
σ 2 = d

dt
〈R2〉 − 2〈R〉 d

dt
〈R〉. (36)

Now we express the r.h.s. of the above equation using the
continuity Eq. (18), the definition Eq. (20), and the growth law
Eq. (32). Moreover, we neglect the (�γ /R)-term considering
big enough droplets and assume constant number density n:

d

dt
σ 2(t ) � 2

n

[(∫ ∞

0
dR

kR

1 + β(R)
N (R, t )

)
−〈R〉

∫ ∞

0
dR

k

1 + β(R)
N (R, t )

]
, (37)

where, after partial integration, we have assumed vanishing
boundary terms at R = 0,∞.

In the diffusion-limited regime, where for all droplets in
the ensemble, β(R) � 1, we obtain

d

dt
σ 2(t ) � 2Dout c(0)ε

cin,(0)

(
1 − 〈R〉

〈
1

R

〉)
. (38)

Since 1/R for R > 0 is a convex function, we use Jensen’s
inequality [39]. For the inequality to be valid, the condi-
tions satisfied by the droplet distribution N (R, t ) are N (R >

0, t ) � 0, otherwise N (R � 0, t ) = 0, the moments must be
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FIG. 4. Coarsening kinetics in an emulsion with constant supersaturation. (a) Average radius as a function of time t = t/τ , τ = �2
γ /Dout.

The solid lines correspond to different initial choices of β(〈R(0)〉). Depending on the initial choice, the growth of emulsion is determined
by diffusion- or interface-resistance-limited transport, with the average radius following t1/2 or t power law, respectively. The star marks the
crossover between the two regimes for a particular initial condition. (b) The crossover from the interface-resistance to diffusion-limited regime
happens when β(〈R〉) � 1, indicated by the star. (c) After all droplets smaller than the critical radius have dissolved, the droplet number density
saturates at a constant value. (d) After an initial regime of droplet dissolution, the standard deviation decreases. (e) In the diffusion-limited
regime, the droplet size distribution function narrows towards a delta peak and is not universal. (f) In the interface-resistance-limited regime,
the droplet size distribution function drifts with increasing velocity in space, maintaining a fixed shape and a constant standard deviation.
Results were obtained solving Eqs. (18), (32) for constant supersaturation ε, with the parameters given in Table III. The numerical code to
create the results can be found in [37].

finite, and the droplet size distribution function normalizable.
For the special case of N (R, t ) being a delta function, the
equality sign holds, while for all other distributions, the in-
equality is fulfilled. It is only important that 1/R is convex,
which is the case for R > 0, implying 〈R〉〈1/R〉 � 1. We con-
clude for the r.h.s. of Eq. (38) that, due to Jensen’s inequality,
the variance (l.h.s.) decreases in time:

d

dt
σ 2(t ) � 0. (39)

Consistent with the results depicted in Figs. 4(d) and 4(e),
the droplet size distribution function in the diffusion-limited
regime for emulsions with constant supersaturation narrows
and approaches a delta function with time. The initial in-
crease of the standard deviation in Fig. 4(d) corresponds to
the regime when there are still droplets with R < Rc that are

dissolving [Fig. 4(c)]. Equation (37) and the result Eq. (39)
are valid in the regime of n = const.

Now, let us turn to the case of interface-resistance-limited
transport, where for all droplets in the ensemble, β(R) � 1.
In this case, Eq. (37) gives

d

dt
σ 2(t ) = 0, (40)

meaning that the width of the distribution is steady. Indeed,
the droplet size distribution in the interface-resistance-limited
regime with constant supersaturation moves with a constant
shape and drifts for increasing velocity in the R space [see
Fig. 4(f)]. Note that for cases initialized in the interface-
resistance-limited regime with small enough radii (〈R〉 �
k/Dout), the droplet distribution will eventually crossover to
the diffusion-limited regime, transiting from a drifting distri-

TABLE III. Parameter choices for the dynamics of emulsions. Time and radius are nondimensionalized as t/τ , where τ = �2
γ /Dout, and

R/�γ , where Dout and �γ are fixed. For the nondimensional matter supply density J/J0, where J0 = Doutc(0)/�2
γ . The initial droplet radii are

initialized by the choice of N (R, 0)Rc(0)/n(0) either Eq. (29) or Eq. (30) depending if kRc(0)/Dout > 1 or kRc(0)/Dout < 1, respectively.

Figure k�γ /Dout c(0)/cin,(0) Rc(0)/�γ 〈R(0)〉/�γ Comments

Fig. 4 [10−6, 10−2, 1, 104] 5 × 10−3 0.33 0.33 varying k
Figs. 5, 10(a) 1012 5 × 10−3 0.33 0.33 varying J/J0

Figs. 6, 10(b) 10−3 5 × 10−3 0.33 0.29 varying J/J0
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FIG. 5. Nonuniversal coarsening kinetics in an emulsion with constant matter supply in the diffusion-limited regime. (a) Average radius
for different values of constant supply density J . The supply is switched on at t∗, with time rescaled as t → t/τ , and τ = �2

γ /Dout. (b) The
average radius rescaled by the critical radius for different values of supply. The droplet size distribution function narrows for κ > 2 (red dashed
line). For the supply such that κ < 3/2, the coarsening converges to a broadening distribution function, for which κ relaxes to κ = 3/2 [35].
Since, in this limit, the asymptotic solution of the distribution function depends on the number density at the time the supply starts, we term
it semiuniversal. For κ > 3/2, its value depends on the matter supply J/n(t∗) = 4π�γ c(0)Dout(κ − 1). (c) Droplet number density converges
to a constant value (red dashed line). (d) Standard deviation crosses from the broadening to the narrowing regime with the increasing supply
density J . The color code for the supply strength is indicated in (a). (e) The droplet size distribution functions at different times (indicated
by different colors that are hardly visible due to the almost perfect collapse) collapse for each matter supply in the broadening regime when
rescaling the radius by the critical radius. The choice of supply strength corresponds to the broadening regime. The color code represents
different times for measuring the distribution function, while the line style corresponds to the strength of the supply density. (f) The droplet
size distribution function narrows towards a delta peak for a supply in the narrowing regime. The color code represents the measurement times,
with yellow indicating early times and blue indicating late times. Results were obtained solving Eqs. (18), (23) for different values of constant
matter supply density J , with the parameters given in Table III. The numerical code to create the results can be found in [37].

bution of a fixed shape to a narrowing droplet size distribution
N (R, t ).

B. Constant matter supply

For a constant matter supply, the coarse-grained back-
ground concentration c̄(t ) and the droplet radii Ri(t ) are
coupled in general [Eqs. (23a), (21)]. This coupling becomes
quasistatic when matter is supplied at a rate much slower
compared to droplet growth, such that droplets approximately
absorb any excess, and there is hardly any supersatura-
tion [ε � 0, Eq. (2)]. In this case, the time changes of the
coarse-grained background concentration are quasistatic with
dc̄/dt � 0, leading to a dynamic equation for the droplet
phase volume fraction 
(t ) defined in Eq. (21):

cin,(0) d

dt

(t ) � J. (41)

In contrast to the passive case where 
(t ) is constant, the
constant matter supply breaks the conservation law and the
droplet phase volume fraction increases linearly in time.

In the following, we discuss the dependence of the coars-
ening kinetics on the matter supply density J . We study the

dynamics of the droplet size distribution function for lin-
early increasing droplet phase volume fraction, and compare
it to the universal ripening dynamics of the passive case.
We will distinguish between the diffusion-limited regime
(β̄ � 1), which was studied in the literature [35,36], and the
interface-resistance-limited transport (β̄ � 1). To distinguish
the diffusion-limited from the interface-resistance-limited
regimes, we consider an ensemble of droplets with the nondi-
mensional quantity β̄ = k〈R〉/Dout. We numerically solve
Eqs. (18) and (23) for different values of constant matter
supply density J and using parameter values and initial droplet
radii corresponding to the two regimes.

1. Diffusion-limited regime

We first revisit the diffusion-limited regime [35,36], where
the droplet number density approaches a constant for long
times [Fig. 5(c)]. The average radius exhibits scaling behav-
ior with time 〈R〉 � A t1/3, where the prefactor A depends
on the matter supply density J [35], see Fig. 5(a). For the
standard deviation scaling law, both the prefactor and the
exponent depend on the matter supply density J [35], see
Fig. 5(d). The droplet size distribution function changes from
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×

×
×

FIG. 6. Universal coarsening kinetics in an emulsion with constant matter supply in the interface-resistance-limited regime. (a) The average
radius after an initial transient acceleration ∝ t1/3, converges to a new power law that is independent of the supply strength [orange dashed
line, Eq. (51)]. The supply is switched on at t∗, with time rescaled as t → t/τ , and τ = �2

γ /Dout. (b) The parameter κ converges to a constant
value that is supply independent, κ ≈ 1.19. It is above the passive value κ = 8/9 (gray dashed). (c) The droplet number density follows
the power law ∝ t−1/2 (orange dashed-dotted line). For a very high supply, the droplet number density is transiently constant (red dashed).
(d) The standard deviation is increasing for all supply strengths. The droplet size distribution function stays transiently constant in shape in the
interface-resistance-limited regime and converges at late times to the universal behavior Eq. (56) with Rc(t ) in Eq. (47) (orange dashed). (e)
Droplet size distribution function N (R, t )�γ /n(t ) at early times for a supply density such that droplet dissolution transiently ceases. Droplets
in this regime are transiently decoupled, and the emulsion evolves with a constant standard deviation. The distribution function drifts in space
with a fixed shape. The color code represents the different times at which the distributions were calculated, with yellow for early and blue for
the late times. (f) Late time asymptotic behavior of the droplet size distribution function, when the average radius converges to Eq. (51). In the
regime of broadening, the scaled droplet size distribution is universal, N (R, t )Rc(t )dρ/n(t ) = h(ρ )ρdρ/4. For the passive case (gray dashed),
we use Eq. (30). The analytical solution matches the numerical time-series results. The solution for the passive case is indicated in the gray
dashed line. Results were obtained solving Eqs. (18), (23) for different values of constant matter supply density J , with the parameters given
in Table III. The numerical code to create the results can be found in [37].

broadening to narrowing over time. The crossover oc-
curs when J � 4πn(t )Dout�γ c(0), corresponding to 〈R(t )〉 �
2Rc(t ), or κ � 2 [Figs. 5(b) and 5(d)] [35,36]. As discussed in
Ref. [35], the average radius rescaled by the critical radius κ

[Eq. (27)] relaxes to κ = 3/2 at late times but only for the
values of supply such that κ (t∗) � 3/2 [Fig. 5(e)]. For the
cases with matter supply such that κ > 3/2, we confirm that
the emulsion evolves towards a monodispersed distribution
peaked at 〈R〉, which depends on the matter supply (blue vs
green lines in Fig. 5(b), and Ref. [35]). In the regime of
narrowing droplet size distribution (κ > 2), the droplet size
distribution is not universal and depends on the initial condi-
tions (Fig. 5(f) and Ref. [35]).

2. Interface-resistance-limited regime

We now discuss the interface-resistance-limited regime, in
which we find a universal droplet size distribution N (R, t )
which broadens with time [Figs. 6(d) and 6(e)]. The univer-
sal distribution function can be obtained analytically using a
method similar to that used in the LSW theory for the passive
case [11,12].

a. Droplet size distribution. Due to diffusive exchanges
among droplets of different sizes and the dissolution of
droplets, the droplet size distribution N (R, t ) changes in time.
Dissolution leads to a boundary condition at R = 0, which can
be obtained by substituting in Eq. (19) the growth law for a
single droplet [Eq. (23b)] in the interface-resistance-limited
regime (β � 1). Thus, the time evolution of the droplet num-
ber density can be written as

d

dt
n(t ) = −

(
k

c(0)�γ

cin,(0)

1

R
N (R, t )

)∣∣∣∣∣
R=0

. (42)

Analogously to Eq. (24), we make an ansatz for the droplet
distribution

N (R, t ) = g(t )h(ρ)ρ (43)

being the product of a time-dependent function g(t ), and a
time-independent function h(ρ)ρ of the rescaled radius ρ =
R/Rc. To ensure that the number density n(t ) [Eq. (42)] is
finite for small R, we impose h(ρ)ρ � ρ for small ρ, with
h(ρ = 0) = 1.
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b. Time-dependent part g(t ) of the droplet distribution. In
the first step, we determine g(t ). Using the rate of change of
the droplet phase volume fraction [Eq. (41)], the definition
of the droplet phase volume fraction 
(t ) [Eq. (21)] and the
separation ansatz N (R, t ) = g(t )h(ρ)ρ, we obtain

g(t ) = 3(
(0) + t J/cin,(0))

4πRc(t )4
∫ ∞

0 ρ4h(ρ)dρ
. (44)

c. Dynamics of the critical radius. Next, we aim to find
the solution of the critical radius in the presence of a constant
matter supply. Substituting in Eq. (42) the definition of the
droplet number density n(t ) [Eq. (17)], together with the sep-
aration ansatz [Eq. (43)] and the solution for g(t ) [Eq. (44)],
we find the dynamics of the critical radius in the presence of
constant matter supply:

d

dt
Rc = kc(0)�γ

3cin,(0)α
R−1

c + J/cin,(0)

3(
(0) + Jt/cin,(0))
Rc, (45)

where α = ∫ ∞
0 h(ρ)ρdρ is the normalization of the distri-

bution of the rescaled droplet size h(ρ)ρ. The solution of
Eq. (45) for the critical radius

Rc(t )2 =
(

Rc(0)2 − 6K
(0)

J/cin,(0)

)(
1 + Jt/cin,(0)


(0)

) 2
3

+ 6K
(0)

J/cin,(0)
+ 6Kt, (46)

where Rc(0) is the critical radius at t = 0. Moreover, we
abbreviated K = kc(0)�γ /(3cin,(0)α). We are interested in the
asymptotic behavior of the critical radius at long times t →
∞. The solution Rc(t )2 has three contributions of the order of
t2/3, t0, t .

In the limit t → ∞, we can determine the asymptotic so-
lution:

Rc(t ) =
√

6Kt (1 + O(t−1/3)). (47)

Using the abbreviation K , Eq. (47) gives the asymptotic crit-
ical radius Rc(t ) = (2kc(0)�γ t/(cin,(0)α))1/2 (see Appendix D
how to obtain the asymptotic solution). Note that Eqs. (21),
(41), (44) and the solution of Rc(t ) give a constraint for the
distribution function to be normalizable. Due to a linear in-
crease of the droplet phase volume fraction, and t1/2 scaling
of the critical radius, it follows that

∫ ∞
0 dρ ρ4h(ρ) = const.

Furthermore, Eqs. (44), (17) and the solution of Rc(t ) imply
that the droplet number density is decreasing.

d. Time-independent part h(ρ) of the droplet distribution.
To obtain the full droplet size distribution [Eq. (43)], we
determine its time-independent part h(ρ). Specifically, h(ρ)
is calculated in the asymptotic limit by using the asymptotic
critical radius [Eq. (47)]. Solving the continuity equation (18)
for 
(0) cin,(0) � Jt , using Eq. (44), gives a differential equa-
tion for the distribution of the normalized droplet size (see
Appendix E for detailed calculation):

h′(ρ)(ρ2α−1 − ρ + 1) + h(ρ)(3ρα−1 − 1) = 0. (48)

A well-defined solution to Eq. (48) exists on a finite
support ρ ∈ [0, 2], for α = 4 (for detailed calculation see

Appendix F), and reads:

h(ρ)ρ = ρ

(
2

2 − ρ

)3

exp

(
− ρ

2 − ρ

)
, 0 � ρ � 2. (49)

For the value of α = 4, the critical radius Rc(t ) =
(kc(0)�γ t/(2cin,(0)))1/2 and is identical to the passive case. This
result is consistent with the reported convergence of the criti-
cal radius to the corresponding passive case [see Appendix D,
Fig. 10(b)]. We note that the distribution of the rescaled
droplet size h(ρ)ρ [Eq. (49)] is independent of physical pa-
rameters (matter supply, transport coefficients, etc.) and time,
satisfying the properties of a universal distribution.

e. Universal droplet size distribution. In summary, for
interface-resistance-limited transport and constant matter sup-
ply, we found a closed-form expression of the droplet
distribution N (R, t ),

N (R, t ) = J̃ t

Rc(t )4

ρ

(2 − ρ)3
exp

(
− ρ

2 − ρ

)
, ρ = R

Rc
,

(50)

where the scaled matter supply rate J̃ = 6J/(πcin,(0)
∫ 2

0 ρ4

h(ρ)dρ). Using Eq. (49), we have J̃ = −J (πcin,(0)(32 + 56e
Ei(−1)))−1, where Ei(−1) = − ∫ ∞

1 dt e−t/t ≈ 0.219 is the
exponential integral. The scaled droplet size distribution N
(R, t )Rc(t )dρ/n(t ) = h(ρ)ρdρ/4, in the asymptotic regime, is
universal and independent of matter supply density J .

3. Dynamics of the droplet size distribution
in the interface-resistance-limited regime

Let us return to how this universal distribution emerges in
time. Figures 6(a)–6(f) show how the droplet size distribution
and its moments change in time for different matter supply
densities J . In the following, we compare the analytical and
numerical solutions to the passive case without matter supply.

a. Rescaled average radius. When switching on the matter
supply at time t∗, the average radius 〈R〉 strongly increases,
transiting to an intermediate power-law scaling with 〈R〉 ∝
t1/3 (Fig. 6(a), red dashed). This initial increase is more
pronounced for larger J . Over longer times, the average ra-
dius approaches a value equal for all J but different from
the passive system. The rescaled average radius, κ = 〈R〉/Rc,
approaches a supply-independent value that can be calcu-
lated analytically. Using the definition of the average radius
[Eq. (20)] and the separation ansatz Eq. (43):

κ =
∫ 2

0 ρ2h(ρ)dρ∫ 2
0 ρh(ρ)dρ

. (51)

Note that κ = 〈ρ〉h(ρ)ρ can be understood as an average of the
rescaled radius ρ using the distribution of the rescaled droplet
size, h(ρ)ρ. Substituting the solution h(ρ) [Eq. (49)] above,
we find κ = −2eEi(−1) ≈ 1.19, which is indicated as orange
dashed line in Fig. 6(b). The average radius is thus 〈R(t )〉 �
1.19(kc(0)�γ t/(2cin,(0)))

1/2
[orange dashed line in Fig. 6(a)],

compared to the average radius of the passive case Eq. (26)
[gray dashed line in Fig. 6(a)].

b. Power laws on intermediate time-scales. In the inter-
mediate t1/3-scaling regime of the average radius, we find
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that the number density of droplets n(t ) is conserved and
the standard deviation constant [Figs. 6(c) and 6(d)]. We can
understand these results in the quasistatic limit [Eq. (41)],
where the droplet phase volume fraction scales as 
(t ) ∝ J t .
The general definition of the average volume 〈V 〉 = 
(t )/n(t )
can be expressed in terms of 
(t ) and n(t ). Since the droplet
size distribution function has a constant standard deviation
in the transient regime, we can assume that 〈R〉 ∝ 〈V 〉1/3.
Thus, we see that when 〈R〉 ∝ t1/3, the droplet number density
n(t ) = const. and thereby is conserved within the intermediate
t1/3-scaling regime.

c. Arrest of droplet dissolution. The constant number den-
sity, and thus the arrest of dissolution, can also be understood
from the dynamics of the coarse-grained background concen-
tration c̄. In Appendix G, specifically Eq. (G4), we give the
solution of the coarse-grained background concentration in
the quasistatic limit, dc̄/dt � 0, in the interface-resistance-
limited regime. It determines that in this regime, the critical
radius is given by

Rc(t ) = 〈R(t )2〉
〈R(t )〉 + J (8π n(t )kc(0)�γ )−1

(52)

and the growth law

d

dt
R(t ) = k

c(0)�γ

cin,(0)

(
〈R(t )〉
〈R(t )2〉 + J (8π n(t )kc(0)�γ )−1

〈R(t )2〉 − 1

R

)
(53)

is governed by the dynamics of the droplet size distribution
and its moments, as well as the matter supply density. De-
pending on which term dominates the growth, droplets can be
coupled or grow independently.

When the supply is introduced at time t∗, the sudden
decrease of the critical radius [Eq. (52)] due to the matter
supply density J , transiently diminishes the dissolution of
droplets. Thus, droplets are decoupled from each other, and
the growth law for dR/dt [Eq. (53)] is transiently dominated
by the J term rather than the distribution of the droplet sizes,
which becomes transiently constant [Fig. 6(d)]. This behavior
is, however, restricted to short times [Fig. 6(c)], and as the
droplet phase volume fraction 
(t ) increases further, the num-
ber density is not constant anymore, and the average radius
crosses to the new and universal t1/2-power-law behavior. The
coarsening is then dominated by the first term on the r.h.s.
of Eq. (53). At all times, droplets are coupled to each other
and grow depending on all other droplets. The broadening
size distribution marks this regime, while a narrowing and
monodispersed emulsion, as in the diffusion-limited regime,
corresponds to the decoupling of droplets.

d. Asymptotic power laws. The analytical solution of the
droplet distribution N (R, t ) can be used to determine the
asymptotic power law behavior of the droplet number den-
sity n(t ). In the long-time t1/2-scaling regime of the average
radius, the droplet number density decays with the power
law n(t ) ∝ t−1/2 [Fig. 6(c)]. This finding can be confirmed
analytically by substituting Eq. (50) and Eq. (47) into the
definition of the droplet number density [Eq. (17)]:

n(t ) = t− 1
2

J̃

2

(
kc(0)�γ

2cin,(0)

)− 3
2

. (54)

Note that for the passive case in the interface-resistance-
limited regime, the droplet number density follows n(t ) ∝
t−3/2 [12].

e. Width of distribution. Using the analytical solution of
the droplet distribution N (R, t ), Eq. (50), we can also de-
termine higher moments such as the standard deviation σ =√

〈R2〉 − 〈R〉2 of the droplet size distribution on long time-
scales, which is given by a critical radius times a constant:

σ (t ) = Rc(t )

(∫ 2
0 ρ3h(ρ)dρ∫ 2
0 ρh(ρ)dρ

− κ2

) 1
2

. (55)

The constant of multiplication after the evaluation of the inte-
grals is

2
√

−eEi(−1)(eEi(−1) + 4) − 2 ≈ 0.35, (56)

such that σ (t ) ≈ 0.35 Rc. This analytical result is independent
of J , and agrees with the results of the standard deviation for
different strengths of the matter supply density [orange dashed
line in Fig. 6(d)]. The droplet size distribution is broadening,
and on large time scales, the standard deviation, as well as
the average radius, follow a supply-independent and universal
power-law behavior, which is different from that of a passive
emulsion. We note that the dependence on the critical radius,
σ (t ) ∝ Rc(t ), is the same as in passive emulsions. However, it
differs in terms of the prefactor, which results from the altered
distribution of the rescaled droplet size [Eq. (49)] compared
to passive systems.

In summary, the key finding of this section is that emul-
sions with matter supply evolve according to a universal
coarsening kinetics in the regime of interface-resistance-
limited growth (Figs. 6(b) and 6(f)]. An intermediate coars-
ening regime exists when the number density is constant for
intermittent times due to a higher supply density J , for which
the critical radius decreases to a value at which droplets stop
dissolving. In this regime, the average radius evolves with a
t1/3 power law, and the distribution function drifts along the
axis of the droplet radius R with a fixed shape and an increas-
ing velocity [Fig. 6(e)]. However, at late times, the coarsening
becomes independent of the initial conditions and universal
for all supply strengths. At late times, droplets will grow with
the same universal power law and converge to the same uni-
versal distribution function (Figs. 6(a) and 6(f)]. This strongly
contrasts the nonuniversal and supply-dependent coarsening
kinetics for the diffusion-limited transport in emulsions with
constant matter supply (see Fig. 5 and Ref. [35]).

VI. DISCUSSION

In this work, we developed the theory for the kinetics
of emulsions with matter supply. It extends the seminal
LSW theory for passive systems for diffusion- and interface-
resistance-limited transport by matter supply. Moreover, we
generalize more recent work with constant matter supply
[35,36] to interface-resistance-limited transport and cases
where a chemostat maintains a constant supersaturation. In a
nutshell, we discuss how the matter supply affects the coars-
ening kinetics of emulsions.

The main universal regimes with and without matter sup-
ply, and for both diffusion-limited and interface-resistance-

045420-12



KINETIC THEORY OF EMULSIONS WITH MATTER … PHYSICAL REVIEW E 113, 045420 (2026)

FIG. 7. Summary of the universality classes in emulsions with matter supply. The parameter β̄(〈R〉) distinguishes the diffusion- and
interface-resistance-limited transports. For the three cases of matter supply, we show the types of universality classes that emerge in the system
and the asymptotic solution governing the behavior of the emulsion. For passive emulsions without matter supply (J = 0), the emulsion
coarsens according to the LSW theory. It is essential to note that for interface-resistance-limited processes, in the presence of diffusion, a
transition to the diffusion-limited regime occurs at very late times. This is because as the average radius increases, so does β̄(〈R〉). The
universal classes are defined for asymptotic times when the system is in its respective growth regime and relaxed to its asymptotic solution.
We found universal coarsening kinetics for constant matter supply, and β̄ � 1. The emulsion evolves at late times according to the universal
solution Eq. (49), independent of matter supply. The distribution function is broadening, and the critical radius converges to the passive
solution. In the diffusion-limited regime, only for κ < 3/2, the coarsening kinetics is semiuniversal since it depends on the number density at
the time of the supply switch t∗, such that if J < 2πn(t∗)�γ coutDout, κ relaxes to κ = 3/2. For a supply such that κ > 3/2, the coarsening is
nonuniversal and depends on J . For J = 4πn(t∗)�γ coutDout, there is a crossover from a broadening to a narrowing distribution function [35,36].
This crossover indicates a loss of coupling between the droplets and a convergence to a monodispersed emulsion, with a delta peak centered
at the average radius. For constant supersaturation, we found novel coarsening kinetics, where droplets evolve according to a new power law
behavior 〈R〉 ∝ t1/2, t , for β̄(〈R〉) � 1, β̄(〈R〉) � 1, respectively. In the interface-resistance-limited regime, the distribution drifts in space with
a fixed shape and increasing velocity. In the diffusion-limited regime, it is centered as a delta peak around the average radius 〈R〉. The case of
constant supersaturation is the limit of independent growth of all droplets, which is in contrast to coupled growth in the passive case.

limited transport are summarized in Fig. 7. The value of the
nondimensional quantity β̄(〈R〉) = k〈R〉/Dout distinguishes
diffusion-limited transport (β̄ � 1) and interface-resistance-
limited transport (β̄ � 1) for an ensemble of droplets of
average radius 〈R〉. Here, the key kinetic parameters are the
interfacial conductivity k and the diffusion coefficient Dout of
the background field between the droplets. The matter supply
J determines the dynamics of the emulsions, particularly for
time-dependent fluxes that maintain a constant supersatura-
tion. For passive systems, the matter supply J is zero.

The dynamics with and without matter supply differ largely
by the coupling between the droplets via the dilute phase.
Without matter supply (J = 0), passive emulsions are com-
pletely coupled through the background concentration of the
dilute phase. Matter supply J can transiently or fully decou-
ple droplets depending on the rate-limiting transport process,
either limited by diffusion in the dilute phase or resisting

transport through the interface. In the interface-resistance-
limited regime with a constant matter supply, droplets are
weakly coupled, leading to scaling laws on intermediate time
scales and transient decoupling, marked by a constant stan-
dard deviation, Figs. 6(d) and 6(e). On long time scales, when
droplets become large enough, they affect the background
concentration of the dilute phase and thus become coupled
again, marked by a broadening distribution, Figs. 6(d) and
6(f). For the diffusion-limited regime, droplets either remain
weakly coupled and the distribution continues to broaden
or, for sufficiently high supply, droplets grow independently
of one another, and the distribution continuously narrows,
Figs. 5(d)–5(f). Thus, for constant matter supply, over long
times, the slowest growth process controls the behavior of the
emulsion.

However, when the supersaturation is maintained con-
stant, the decoupling of droplets persists over time, with a
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constant droplet number density for both diffusion-limited and
interface-resistance-limited transport.

There is universal coarsening behavior in the presence of
matter supply that depends on the nondimensional quantity β̄

and the matter supply density J (t ) (Fig. 7). We find novel scal-
ing laws for the moments of the droplet size distribution and
a universal (time- and parameter-independent) shape of the
droplet size distribution function. In the interface-resistance-
limited regime, we describe a novel universal coarsening
kinetics for constant matter supply. We derived the distri-
bution function, which is independent of matter supply and
universal, and different from passive emulsions.

The critical radius converges to the one for the passive
system [Fig. 10(b)]. The emulsion behavior is different in
the diffusion-limited regime (see Fig. 5 and Refs. [35,36]),
in which the droplet kinetics depend on the initial conditions
and the strength of the matter supply.

Finally, for constant supersaturation, we found nonuniver-
sal droplet size distributions independently of the rate-limiting
process. For interface-resistance-limited transport, the droplet
size distribution drifts with a fixed shape in space, and in the
diffusion-limited case, the droplet size distribution narrows
towards a delta peak.

Our theory on emulsion dynamics with matter supply is
relevant for chemically fueled emulsions. The matter supply J
can effectively be realized by a chemical reaction in which
a precursor molecular component undergoes a fuel-driven
chemical reaction. Previous studies have reported accelerated
Ostwald ripening in chemically fueled emulsions, with the
average radius increasing with the same power-law behav-
ior as the passive system in diffusion-limited transport [30].
However, the prefactor of the power law was shown to be
determined by the chemical reaction rates. In light of our
work, this corresponds to the prefactor set by the matter
supply J , with 〈R〉 � A t1/3, where the prefactor A depends
on J [35], see Fig. 5(a). At early times, this supply rate
was approximately constant when the precursors were in
excess, since the chemical reaction was shown to be well
modeled by a first-order chemical reaction [40,41]. In short,
accelerated ripening results from a matter supply of droplet
material.

We hypothesize that our theory on emulsion dynamics
with matter supply could apply to the growth of biomolecular
condensates in living cells. Active biochemical regulation is
known to change kinetic timescales of emulsions in cells
[42]. Recent experimental evidence shows that the nucleolus
average volume grows proportional to t3 in Caenorhabditis
elegans [43], corresponding to a linear scaling of the nucleolus
average radius. This scaling is consistent with our predic-
tion of emulsion dynamics at fixed supersaturation. Reference
[43] proposed a model that supported the idea of condensate
growth driven by rRNA transcription, which is a form of
matter supply. More generally, due to ongoing protein pro-
duction in cells, biomolecular condensates can be exposed
to supersaturated concentration levels that are approximately
constant (ε = const). This setting enables droplet growth that
is significantly faster than that of passive systems without
a matter supply. This accelerated growth law could enable
biological cells to rapidly grow large numbers of condensates
by bringing nearly all nucleated condensates to a mature size.
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APPENDIX A: DERIVATION OF THE COARSE-GRAINED
BACKGROUND CONCENTRATION DYNAMICS

The concentration outside the droplets follows a diffusion
equation,

∂t c
out(r, t ) = −∇ · jout, (A1)

where jout = −Dout∇cout(r, t ), and ∂t cin = 0, such that jin =
0. The boundary condition for the flux is

jout · n
∣∣
∂V = J (t )

S
, (A2)

where J (t ) is the in general time-dependent matter supply rate.
Moreover, S is the surface area of the box that corresponds

to the boundary of the emulsion. We assume that in the far
field, the concentration outside is constant in space, such that
we can introduce the coarse-grained homogeneous concentra-
tion outside:

c̄(t ) = 1

Vsys − Vd(t )

∫
Vsys−Vd(t )

d3r cout(r, t ). (A3)

Using the boundary condition

d

dt
c̄(t ) = J (t )

Vsys − Vd(t )
− 4πcin,(0)

Vsys − Vd(t )

N (t )∑
i

R2
i

dRi

dt
, (A4)

for Vsys � Vd(t ), we obtain

d

dt
c̄(t ) = J (t )

Vsys
− 4πcin,(0)

Vsys

N (t )∑
i

R2
i

dRi

dt
, (A5)

where J (t )/Vsys has units of concentration per time.

APPENDIX B: DERIVATION OF THE
INTERFACE-RESISTANCE-LIMITED

GROWTH LAW

Here, we derive the relationship between the interface
fluxes and the chemical potential differences across the in-
terface. To this end, we consider a reference frame in which
the interface is at rest. Irreversible thermodynamics suggests
a nonlinear relationship between chemical potentials and the
flux at the interface R [18]:

j|R = k̄
(
e

μin

kBT − e
μout

kBT
)
, (B1)
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where the origin of the nonlinear (exponential) dependence
on the chemical potentials μin/out can be argued similarly to
chemical reactions [44]. The coefficient k̄ has units [k̄] =
(concentration) · (length/time) and characterizes the relax-
ation of the chemical potentials at the interface. We can write
the chemical potential μin/out in both phases in terms of the
activity coefficient γ in/out of both phases at equilibrium using

μin/out = μin/out,0 + kBT log (γ in/outcin/out). (B2)

At phase equilibrium, the partition coefficient

P := cin,eq(R)

cout, eq(R)
(B3)

can thus be expressed as

P = γ out

γ in
. (B4)

In the following, we consider the case where the con-
centration inside is approximately equal to the equilibrium
concentration inside (cin � cin,eq(R)). Substituting the chem-
ical potentials [Eq. (B2)] into the flux through the interface
[Eq. (B1)], we obtain

j|R = k̄γ in

(
cin,eq(R) − γ out

γ in
cout(R)

)
= k̄γ inP(cout,eq(R) − cout(R)), (B5)

where we used the definition of the partition coefficient
[Eq. (B3)] to obtain the last line. We introduce the speed of
relaxation at the interface R,

k := k̄ γ inP, (B6)

and express the normal flux of droplet material evaluated
outside and at the interface in the laboratory frame as

jk
out

∣∣
R = k(ceq(R) − c(R)), (B7)

where ceq(R) is the outside equilibrium concentration, which
is given by the Gibbs-Thomson relation [Eq. (6)]. For brevity,
we have dropped the superscript ‘out’ for the concentrations
and introduced it for the flux to indicate the equilibrium inside
conditions.

APPENDIX C: SINGLE AND TWO DROPLETS IN THE
INTERFACE-RESISTANCE-LIMITED REGIME

Figure 8 depicts analogous results to Fig. 2 for the
interface-resistance-limited regime.

APPENDIX D: ASYMPTOTIC SCALING
OF THE CRITICAL RADIUS

In the main text, we considered the long-time asymptotic
behavior of the critical radius Rc(t ) determined by Eq. (46).
In this section, we discuss the behavior of this equation, par-
ticularly its scaling behavior at early and late times.

Figure 9 shows the full solution of Eq. (46) (gray) and com-
pares its evolution to the leading order term

√
6Kt (brown),

FIG. 8. Single droplet in a system coupled to a material reservoir.
Results for the interface-resistance-limited regime. (a) Growth of the
droplet for the three supply cases. In the presence of matter supply,
the radius grows indefinitely, while in the passive case, the growth
ceases close to equilibrium. τ = �γ /k in the log-log plot, �γ denotes
the capillary length. (b) Growth speed of the droplet radius R as a
function of time in the log-log plot. For the constant supersaturation,
the growth speed plateaus at a constant value. Results were obtained
solving Eqs. (13b) for the interface-resistance-limited regime with
the parameters given in Table I.

Eq. (47), and the square-root of the remaining term (purple):

Rc(t )2 − 6Kt

= 6K
(0)

J/cin,(0)
+

(
1 + Jt/cin,(0)


(0)

)2/3(
Rc(0)2 − 6K
(0)

J/cin,(0)

)
.

(D1)

We note that the t1/3 contribution is only relevant at early
times [Fig. 9(a)], and at long times Eq. (46) converges to√

6Kt , Figs. 9(b) and 9(c).
We now discuss the behavior of the critical radius at early

times (t � 0). Using the binomial expansion gives(
1 + Jt/cin,(0)


(0)

)2/3

= 1 + 2

3

Jt/cin,(0)


(0)
+ O(t2). (D2)

Inserting the expansion in Eq. (46), the critical radius at early
times can be written as

R̃c(t ) =
√

Rc(0)2 + 2t

(
K + Rc(0)2

J/cin,(0)

3
(0)

)
+ O(t2),

(D3)
where K = kc(0)�γ /(3cin,(0)α). We note that R̃c(t ) is an ap-
proximation of the critical radius Rc(t ) at early times.
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FIG. 9. Early and late time behavior of the critical radius. The solution Rc(t ), Eq. (46), is shown in gray, the leading order term
√

6Kt , which
is also the t → ∞ approximation, Eq. (47), in brown, the t1/3 contribution, Eq. (D1), in purple, and the t � 0 approximation R̃c(t ), Eq. (D3), in
pink. The chosen parameter values are consistent with the numerical simulation of emulsion kinetics, Fig. 6, with 
(0) = 0.1, Rc(0)/�γ = 0.4,
Jτ/c(0)

in = 10−6, and Kτ/�2
γ = 10−4, where τ = �γ /k. (a) At early times, R̃c(t ) successfully approximates the solution Eq. (46). (b) At late

times, the solution converges to the leading order term approximation
√

6Kt (c) Log-log plot to visualize the long time asymptotic behavior.

While at early times the t1/2 order also dominates the
dynamics of the critical radius, the effect of matter supply is
non-negligible. This approximation works very well at early
times [pink line in Fig. 9(a)].

As discussed in the main text, at late times the critical
radius converges to Rc = √

6Kt [Eq. (47)], which is indepen-
dent of matter supply density J; see brown line in Fig. 9(b).
Furthermore, numerical results for the interface-resistance-
limited regime show that the critical radius converges to the
critical radius of the passive emulsion (which is valid for
α = 4 in the definition of K); see Fig. 10(b).

APPENDIX E: DERIVATION OF THE DIFFERENTIAL
EQUATION FOR THE RESCALED DISTRIBUTION

OF THE DROPLET SIZES

In the following, we want to show the derivation of
Eq. (48). Using the separation ansatz N (R, t ) = g(t )h(ρ)ρ,
with ρ = R/Rc, the first term of the continuity equation (18),
∂tN (R, t ) is

∂tN (R, t ) = h(ρ)ρ
dg(t )

dt
+ g(t )h′(ρ)ρ

dρ

dt
+ g(t )h(ρ)

dρ

dt
,

(E1)

where h′(ρ) = dh(ρ)/dρ. Using the definition of g(t ) Eq. (44)
for the choice 
(0)cin,(0) � tJ , and dρ/dt = −ρR−1

c dRc/dt ,
it follows:

∂tN (R, t ) = h(ρ)ρ

(
−4g(t )R−1

c (t )
dRc(t )

dt
+ g(t )

t

)
− g(t )ρR−1

c (t )
dRc(t )

dt
(h′(ρ)ρ + h(ρ)). (E2)

We use the dynamics of the critical radius, R−1
c dRc/dt =

KR−2
c + t−1/3, where K = kc(0)�γ /(3cin,(0)α) and


(0)cin,(0) � tJ . In this limit, we obtain the asymptotic
solution, Rc(t )2 = 6Kt , which no longer depends on J .
Equation (E2) then gives

∂tN (R, t ) = −3KRc(t )−2g(t )(3h(ρ)ρ + h′(ρ)ρ2). (E3)

Using the growth law Eq. (23b) in the interface-resistance-
limited regime, with Rc = �γ c(0)/(c̄(t ) − c(0)), the second

FIG. 10. Convergence of the critical radius in emulsions with
constant matter supply. The critical radius for emulsions with matter
supply converges to the passive solution (gray dashed line). It is
consistent with the results in Eq. (47). (a) Diffusion-limited regime.
The orange and yellow solid lines correspond to the emulsion that is
narrowing, and thus, which is not expected to converge to the passive
solution. (b) Interface-resistance-limited regime. The orange solid
line corresponds to the emulsion with a transiently constant standard
deviation, for which the critical radius had not yet converged to the
passive solution. Results were obtained solving Eqs. (18) and (23)
for different values of constant matter supply density J , with the
parameters given in Table III. The values of J and the color code
in (a) correspond to Fig. 5 and in (b) to Fig. 6.
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term of the continuity equation (18), ∂R(dR/dt N (R, t )) is

∂R

(
dR(t )

dt
N (R, t )

)
= 3αKR−2

c g(t )(h(ρ) + ρh′(ρ) − h′(ρ)).

(E4)

Taking the sum of Eqs. (E3), (E4), and dividing both sides by
−3KR−2

c α−1g(t ) gives Eq. (48). We note that the separation
of the rescaled radius ρ and time t was successful since there
is no explicit time dependence in the equation above.

APPENDIX F: SOLUTION OF THE DIFFERENTIAL
EQUATION FOR THE DISTRIBUTION OF THE RESCALED

DROPLET SIZE

To solve Eq. (48) for h(ρ), we need to find the range
of α for which the physical solution exists. We first rewrite
Eq. (48) as

dh(ρ)

h(ρ)
= −dρ

3ρ α−1 − 1

ρ2α−1 − ρ + 1
. (F1)

We want to find the physical solution of h(ρ), which describes
the distribution of droplet sizes during coarsening. For the
problem of coarsening, we can assume that the physical so-
lution of h(ρ) exists on a finite support, with the left bound
set by ρ = 0 and the upper bound by the maximum size of the
droplets.

On the finite support, there should be no singularity. We
thus integrate both sides of the equation above on a finite
support:

ln

(
h(ρ)

h(0)

)
= −3

2

∫ ρ

0
dρ ′ 2ρ ′ α−1 − 1

ρ ′2α−1 − ρ ′ + 1

− 1

2

∫ ρ

0
dρ ′ 1

ρ ′2α−1 − ρ ′ + 1
, (F2)

where an upper bound of the supporter has still to be deter-
mined.

We have performed the decomposition of the fraction in
the integrand. The first integral can be easily integrated, and it
gives

h(ρ) − h(0) = |Q(ρ)|− 3
2 exp

(
− 1

2

∫ ρ

0
dρ ′ 1

Q(ρ ′)

)
, (F3)

for h(ρ) > 0. The discriminant of the quadratic term Q(ρ) =
ρ2α−1 − ρ + 1, is � = √

1 − 4α−1, and two roots ρ2,1 =
(1 ± �)/2α−1, where ρ2 > ρ1. For the finite support to be
well defined, h(ρ) must vanish at ρ = ρ2,1. We thus need to
analyze the solution near the roots.

Here, we discuss the solutions of Eq. (F3) for the following
three cases of α and �: (i) 0 < α < 4, � < 0, (ii) α > 4, � >

0 (iii) α = 4, � = 0. These are exactly the regimes arising
from the quadratic structure of the denominator, and leading
to a finite support of the integral. We will show: Case (i)
contradicts the assumption of a finite support, with the support
being infinite, and the droplet distribution not normalizable.
Case (ii) leads to a solution with higher-order derivatives
diverging close to the upper bound, which is inconsistent with
the solution having no singularity within the support. The
only physical solution consistent with the assumption of a

finite support and the condition of decreasing droplet number
density is case (iii).

(i) For 0 < α < 4, � < 0, and there are no real roots of
Q. Both terms on the r.h.s. of Eq. (F3) never diverge, and no
algebraic poles emerge from these factors. This contradicts the
assumption of finite support, as the solution never vanishes for
any upper bound, and the support is infinite. The distribution
function is thus not normalizable.

(ii) For α > 4, � > 0, the first term leads to a multiplica-
tive algebraic factor, with a power-law divergence. For the
term in the exponent, we use partial fraction decomposition,
which, after integration, leads to

h(ρ)

C
= α

3
2 |(ρ − ρ2)|− 3

2 − 1
2� · |(ρ − ρ1)|− 3

2 + 1
2� , (F4)

where C contains all integration constants. Since 0 < ρ1 <

ρ2, the finite range is determined by ρ ∈ [0, ρ1].
Let us analyze the local behavior near the root ρ → ρ1,

such that δ1 ≡ |ρ − ρ1| → 0:

h(ρ)

C
→ α

3
2 |ρ1 − ρ2|− 3

2 − 1
2� · δ1

− 3
2 + 1

2� , ρ → ρ1. (F5)

For α > 4.5, there is a power-law divergence at ρ = ρ1, and
the solution blows up (analogous calculation gives a diver-
gence at the larger root ρ2 for every α > 4). For the higher
order derivatives, it follows that near the root ρ → ρ1:

h(n)(ρ)

C
→ α

3
2 |ρ1 − ρ2|− 3

2 − 1
2� · δ1

− 3
2 −n+ 1

2� , ρ → ρ1.

(F6)
The range of α > 4, for which the higher order derivatives are
well defined close to the root, decreases with the order n.

There are different lines of argument for finding the
physical value of the separation constant α. Lifshitz and
Slyozov [11] argued that the only stable solution is when h(ρ)
and all its derivatives go to zero at ρ1, so that to the right of
ρ1 the solution is identically zero [11]. This corresponds to
case (iii) when the two roots are identical, ρ1 = ρ2. Another
line of argument is presented in Ref. [1], which uses the fixed
point analysis of dρ/dt , ρ = R/Rc. In our case, dR/dt =
kc(0)�γ (R−1

c − R−1)/cin,(0) and Rc(t ) = (2kc(0)�γ t/α)1/2

lead to

dρ

dt
= α

2t
(1 − ρ−1 − α−1ρ). (F7)

For α < 4, there are no fixed points of the dynamical equation,
and every droplet shrinks monotonically and disappears in
finite time. For α > 4, there are two fixed points: an unsta-
ble ρ1 < ρ2 and a stable fixed point ρ2 (note the numerical
values of these fixed points are the same as the roots dis-
cussed before). If we start at ρ(0) > ρ1, the trajectory is
pulled into the stable fixed point ρ2. The approach towards
ρ2 is exponential in time, and since each droplet exponen-
tially locks at R = Rcρ2, there is no significant population
of droplets that can shrink and dissolve. If we have such a
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fixed point structure with stable and unstable fixed points,
the droplet number density cannot decrease. This property
contradicts our result of a decreasing droplet number density
[Fig. 6(c)].

For α = 4, the two roots merge, and the fixed point is a
saddle-node. Due to a nonlinear term that now dominates the
dynamical equation, the approach towards the root is a slow
algebraic relaxation. Since exponential locking is impossible,
droplets do not synchronize exponentially fast to a common
size, but instead, the growth of some droplets is compensated
by the shrinkage of others. This allows for the algebraic de-
crease of the droplet number density in time.

(iii) For � = 0 corresponding α = 4, the two roots coin-
cide ρ1 = ρ2 = 2. The solution is

h(ρ)

C
=

(
2

2 − ρ

)3

exp

( −2

2 − ρ

)
. (F8)

Near ρ → 2, the exponential singularity blows up faster than
the power-law singularity. It maintains h(ρ) → 0 from one
side, for ρ ↗ 2, while h(ρ) → ∞ from the other. All the
derivatives of the solution are zero at ρ = 2.

We conclude that the only physical solution of h(ρ) exists
on a finite domain 0 � ρ < 2, for the choice of α = 4, while
h(ρ) = 0 for ρ � 2. Using Eq. (F8) and the definition of α =∫ 2

0 ρh(ρ)dρ, with the choice α = 4, we find Eq. (49).

APPENDIX G: SOLUTION OF THE COARSE-GRAINED
BACKGROUND CONCENTRATION

IN THE QUASISTATIC LIMIT

In the following, we will calculate the coarse-grained back-
ground concentration c̄(t ) in the quasistatic limit. For constant
matter supply, in the quasistatic limit, we have shown that the
rate of change of the droplet phase volume fraction d
(t )/dt
[Eq. (41)], is proportional to the matter supply rate J/cin,(0).
From the definition of the droplet phase volume fraction 
(t )
[Eq. (21)], its rate of change is given by

d

dt

(t ) = 4π

∫ Rmax

0
dR R2(t )

dR(t )

dt
N (R, t )

+ 4π

3

∫ Rmax

0
dR R3(t )∂tN (R, t ). (G1)

From the discussion in Appendix E, we know that the distri-
bution function lives on a finite support R ∈ [0, Rmax], where
N (R, t ) vanishes at the lower and upper bounds.

Using the continuity equation Eq. (18), we rewrite the
partial derivative ∂tN (R, t ), which leads to

d

dt

(t ) = 4π

∫ Rmax

0
dR R2(t )

dR(t )

dt
N (R, t )

− 4π

3

∫ Rmax

0
dR R3(t )∂R

(
dR(t )

dt
N (R, t )

)
. (G2)

Performing partial integration of the second term in the sum
gives

d

dt

(t ) = 8π

∫ Rmax

0
dR R2(t )

dR(t )

dt
N (R, t )

− 4π

3
R3(t )

dR(t )

dt
N (R, t )

∣∣∣∣Rmax

0

. (G3)

For R = 0, there are no more droplets due to the dissolution,
such that N (R = 0, t ) = 0. For small radii, the growth law
dR/dt ∝ −R−1(1 + β(R))−1. Thus, the term R3(t )dR/dt ∝
R, R2, in the diffusion-limited and interface-resistance-limited
regime, respectively, and it vanishes for R = 0. For the upper
limit, we consider a finite cutoff Rmax, at which the droplet
size density vanishes. Furthermore, the terms R3(t )dR/dt ∝
R2 and R3 in the diffusion-limited and interface-resistance-
limited regimes, respectively, are well defined for large and
finite droplets. Thus, the boundary term in Eq. (G3) vanishes.

We are only interested in the interface-resistance-limited
regime. Using for the r.h.s. of Eq. (41), the rate of change
of the droplet phase volume fraction d
/dt [Eq. (G3)], and
the growth law dR/dt (Eq. (23b) for β � 1), we solve for
the coarse-grained background concentration c̄(t ) in the qua-
sistatic limit:

c̄(t )

c(0)
= 1 + �γ

〈R(t )〉
〈R(t )2〉 + J (8π kc(0))−1

〈R(t )2〉n(t )
, (G4)

where we have used the definition of the k-th moment Eq. (20)
and the number density Eq. (17).

The background concentration c̄(t ) is set by two contri-
butions, one related to the droplet size density N (R, t ) and
the other one arising from the matter supply density J . Sim-
ilarly, both contributions affect the critical radius Rc(t ) =
�γ c(0)/(c̄(t ) − c(0)). Without matter supply (J = 0), we obtain
the solution of Wagner [12] for the quasistatic solution of the
coarse-grained background concentration in a passive emul-
sion with a conserved droplet phase volume fraction 
(t ).

Inserting the solution Eq. (G4) into Eq. (23b), and using
the Gibbs-Thomson relation for the equilibrium concentration
ceq(R) [Eq. (6)], gives Eq. (53). It describes the droplet growth
in the quasistatic limit for β � 1 and J = const.
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