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Abstract

This thesis develops a regularity theory for relaxed, LP-constrained minimisers of u-elliptic
variational integrals with linear growth integrands depending on C-elliptic operators A.
The class of C-elliptic operators includes, for example, the full gradient A = V, the
symmetric gradient A = ¢, and the deviatoric gradient A = dev V.

The natural strategy for proving existence of minimisers is based on the direct method
in the Calculus of Variations. Since the natural domain of definition WA-! is not weakly
compact and hence existence cannot be guaranteed, we have to perform a relaxation to
the space BVA D W41, However, we may encounter non-uniqueness due to the loss of
strict convexity for the relaxed problem. To address this issue in the context of regularity,
we adapt a vanishing viscosity approach of BECK and SCHMIDT, based on the Ekeland
variational principle, and extend it to an abstract framework that incorporates general
constraints.

For the symmetric gradient, we establish a Sobolev regularity theory parallel to that known
from the full gradient setting. In particular, bounded BV¢-minimisers of 3-elliptic problems
are locally in Wh!. Moreover, the regularity improves to WH4=# in the strict regime
p € (1,3). To subsequently relax the boundedness assumption, we study LP-bounded
minimisers for p > 2 and obtain W'!-regularity for u € (1,3 — %}, which again can be
improved in the strict regime.

Finally, in the two-dimensional setting, we consider C-elliptic operators induced by or-
thogonal projections as all these operators possess a common structural property. In this
framework, we prove that every BVA-minimiser of a p-elliptic linear growth problem with
p € (1,2) is Whi-regular for all ¢ > 1, generalising a result by GMEINEDER.
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1 | Introduction and Motivation

1.1 Outline of the Thesis and Contextualisation

Let Q € R™ with n > 2 be an open and bounded set with Lipschitz boundary 9. In
this thesis we give a contribution to the regularity theory for minimisers of the variational
principle

to minimise F[v; Q] := / f(Av)dz (1.1)
Q

among a suitable Dirichlet class %,, of admissible functions v: & — V subject to a
given boundary datum wug. In our case, f: W — R is a real-valued convex integrand of
linear growth depending on a first-order C-elliptic differential operator A between two
finite-dimensional vector spaces V and W. Such operators are given by

Av:i=) Ay, v:QCR"V, (1.2)

a=1

with linear maps A, € Z(V,W). We refer to Chapter 2 for precise definitions. By linear
growth we mean that there exist two constants ~,I" > 0 such that

ylz| < f(2) <T(1+z]) foral zeW. (1.3)

We observe that the class of C-elliptic operators includes the full and the symmetric
gradient, namely, A = V and A = ¢ where e(w) = 3(Vw + Vw') for w € CHR™;R"). In
case of the latter, such functionals arise naturally in the modelling of the elastic or plastic
behaviour of solids or fluids. In these theories, they play the role of model-related energies
in terms of the underlying displacement or velocity fields, respectively, while particular
choices of the integrands f allow to model different aspects of the material or fluid. We will
give a quick and concise introduction to a model stemming from plasticity in Section 1.2.
For further references we mention the works of ANZELOTTI et al. [AG80, AG82, Anz84] as
well as [DL76, NH81, OR83, Tem85, Lub90, FS00, DMDMO06].

Usually, the existence of minimisers is proved by exploiting the direct method in the
Calculus of Variations, cf. e.g. [Mor66, Giu03, Dac08,Rin18]. To this end, we first notice
that the functional F' is bounded from below on %, as f satisfies (1.3) and € is bounded.
This ensures the existence of a minimising sequence (u;) e, i.e.

lim Fluj; Q] = inf F[—; Q).

j—o00 Dy
The main idea of the direct method is to first find a suitable topology allowing to extract
a subsequence (uj,)sen of (u;);en converging to some element v. Second, if the functional



F is lower semi-continuous (with respect to the same topology), it follows that v is a
minimiser of F' because of

f F[—; Q.

0

inf F[—; Q] < Flv; Q] <liminf Flu;; Q] = lim Flu;,; Q] = in
Duyy j—o0 {—0 D,
However, similar to the by now well-studied full-gradient case A = V, there arise several
difficulties when running this procedure for linear growth functionals depending on more
general operators A. We highlight the three main issues:

* Due to the linear growth condition (1.3), the functional (1.1) is well defined on the
space
WAL(Q) == {v e LY V): Av e LY(Q; W)}

This space is the natural replacement for the usual Sobolev space WH1(Q; RN). It
turns out that it is not reflexive and consequently fails to be weakly compact. Thus,
we cannot expect to extract a converging subsequence from the minimising sequence
(uj)jen. The natural space for weak*-compactness, which compensates for the lack
of compactness of WA1(9), is

BVA(Q) = {v € LY(Q; V): Av € RMga (2 W)},

first introduced in [BDG20]. Moreover, there holds the strict inclusion WA1(Q) C
BVA(Q). Since the derivatives of such functions exist only as finite Radon measures,
we have to extend the functional F' in a lower semi-continuous way using a suitable
relaxation. This strategy requires the concept of functionals defined on measures.

x Another drawback is that Dirichlet classes are not preserved, since the trace operator
on BVA(Q) is not continuous with respect to the weak*-topology. In particular,
whenever (u;) e is a sequence in %, with u; = v in BVA(Q), we cannot conclude
that v € 9,,. Especially, we cannot expect that the weak*-limit of a converging
subsequence of a minimising sequence remains in %,,,.

+ Finally, due to the absence of non-trivial L!-estimates for singular integral operators,
no version of Korn’s inequality is available. This means that the estimate

IVullLio,2@®nvy) S [AullLi@w) for uwe CFR™V)

fails in general, except in trivial cases. This is underpinned by Ornstein’s Non-
Inequality [Orn62]. As a matter of fact, we have to avoid full gradients at all stages
in the estimates, which requires a very delicate analysis.

To overcome the first two issues, we extend the functional F to BVA(Q) in a lower
semi-continuous way. This can be obtained by setting

Floup[w; Q) = inf {lim inf Flw;; Q] (w))jen in uo + W?’I(Q) with w; — w in L(Q; V)} ,
Jj—o0

which is called the Lebesgue-Serrin relaxation of F' to BVA with respect to the Dirichlet

datum wg. Following the pioneering work of [GS64, Res68, GMS79], one can derive an

explicit representation formula using the Lebesgue-Radon-Nikodym decomposition for the
measure Au, cf. also [But89, ADM92, FM93] and the references therein. Recalling this



splitting into the absolutely continuous part A%u and the singular part A’u (with respect
to the Lebesgue measure) respectively, we infer
dA%y dAsy

Au= A% + A% = o Ayl
u=Atut A= Gor "+ e A

Subsequently, it can be shown that for u € BVA(Q) there holds the equality

_ dAy _{ dA%u .
FUO[U,Q]—/Qf<d$n> dl‘—l—/Qf <d]A5u) d Ayl

+ 0 f(traq(up — u) @A voq) dopn1,

Here, vy denotes the outer unit normal field along OS2 and the behaviour of the integrand
of f at infinity is encoded in the recession function

f°(2) == lim J(s2) =lim tf <E> for zeW.
s—o00 § t\0 t

We note that if f is of linear growth, then the recession function f*° is a well-defined,

1-homogeneous, lower semi-continuous and convex function taking only finite values. The

last condition cannot be guaranteed, if the linear growth condition from above is dropped.

We now introduce the notion of minimality, which we will use in the sequel:

Definition 1.1 (BV#- and local BV*-minimisers).

i) Given ug € BVA(Q), a map u € BVA(Q) is called BV*-minimiser with respect to
the Dirichlet datum ug if we have Fyo[u; Q] < Fyo[w; Q] for all w € BVA(Q).
i) A map u € BV (Q) is called local BVA-minimiser if we have F[u; U] < Fyw; U]

loc

for all U € Q with Lipschitz boundary OU and all w € BVA(U).

It is clear from the definition, that any (global) BV*-minimiser is also a local BV*-
minimiser. Using the direct method in the Calculus of Variations, it is shown in [Woz23,
Theorem 3.3] or [BDG20, Theorem 5.3], that there always exists a BVA-minimiser « under
our assumptions. The latter is the weak*-limit of a minimising sequence (u;)jen in Zy,,
cf. also Corollary 2.15. Moreover, we do not have a relaxation gap, meaning that the
consistency relation

inf F[—:Q] = min F [—;Q] = Fy,[u;Q 1.4
inf P10 = min T[] = Fugfus) (1.4

holds, cf. [AFP00,BS13] and [BEG26, Remark 3.7]. Since the recession function is in
general not strictly convex, it turns out that the whole functional F,[—;€] is not strictly
convex on BVA(Q). As a consequence, BV*-minimisers may be non-unique in general.
A classical example is the area integrand f: R™ — R given by f(z) = /1 + |2|?, which
admits the non-strictly convex recession function f°(z) = |z|.

As already mentioned above, the expression Awu exists only as a W-valued finite Radon
measure, while the full distributional gradient of a BV*-minimiser does not have to
belong to L! or the space of Radon measures due to Ornstein’s Non-Inequality. As a
consequence, results for linear growth functionals dealing with the full gradient cannot



be applied in our framework. In order to conclude that relaxed minimisers belong locally
to BV(Q) := BVVY(Q) or even to Wh1(Q;RY), we have to impose additional ellipticity
assumptions on the integrand f. One suitable scale is that of p-ellipticity, namely, a
CZ-integrand f: W — R is called p-elliptic for u > 1, if there exist two constants
0 < A <A < oo such that

€I’

(1+ 22
holds for all z,£ € W. This is a type of non-uniform ellipticity, since the ratio between
the largest and the lowest eigenvalue of V2f(z) blows up as |z| — oo at most at rate
|z|“~. This condition is inspired by works of BERNSTEIN on minimal surfaces [Ber12] and
LADYZHENSKAYA & URAL'TSEVA [LU70], cf. also [GMS79]. Later, BILDHAUER, FUCHS
and MINGIONE [BF02, Bil02, Bil03a, Bil03b, FMO00] studied such integrands in the linear
and the (p, ¢)-growth regime.

It is clear, that for u; < po any pp-elliptic integrand is also po-elliptic. Note also that
the case pu = 1 is excluded, since it turns out that there exist no integrands f satisfying
(1.5) in this regime'. Moreover, u = 3 displays a limit case (see below) and an example is
given by the area integrand f(z) = \/1+ |z|2. The latter appears in the study of minimal
graphs of codimension one. This is a very classical and well studied topic and we refer to
the monographs [Giug4, MM8&4] for a detailed treatment and additional references. Two
further examples for classes of u-elliptic integrands are given by

€1° 2
< (VI/(2)6.6) <A (1.5)

A—
(1+ 12

|z|  ps .
fu(2) ::/0 /0 (1+¢)"2zdtds for ze RV pu>1,

cf. [Bil03a, Example 3.9], and

B =

Bop = (1+(32+]z]2)§) for zeRY*". p>1 and s>0,

cf. [BS13, Section 3.1]. We will now discuss several known regularity results in order to
provide context for the results included in this thesis. The first result towards Sobolev
regularity in case of the full gradient A = V|, the framework of BV-minimisers, is due to
BILDHAUER [Bil02]. Based on a plain vanishing viscosity approximation, it is shown that
at least one BV-minimiser u satisfies

ue WH(QRY) n WP (Q; RY)

C

for some p > 1 whenever 1 < p < 14 % The Wl regularity remains true for 1+% <wpu<3
when adding the additional assumption of local boundedness, which can be justified by
means of maximum principles or Moser-type iterations. Clearly, the limitation of the
approach is that it may not cover all minimisers. We briefly indicate why this is the case:
As a first step, one defines for 6 € (0,1) the family of regularised functionals by

Fs[w; Q] == Flw; Q] + g/ IVw|* da.
Q

By standard methods for quadratic variational integrals, there exists a corresponding
sequence of unique minimisers (us)se(0,1) in uo + Wé’Q(Q; RY). As a next step, it is shown

't follows from [Bil03a, Remark 4.2] that if f satisfies the lower bound from (1.5) with y = 1, then it
must be of Llog L-growth. Moreover, this case would correspond to a uniformly bounded ellipticity ratio.



that this sequence (us)se(0,1) admits a converging minimising subsequence for the original
problem and thus, corresponds to one specific BV-minimiser v of F'. The minimality of us
allows to work with an Euler-Lagrange equation to derive certain uniform a priori estimates
satisfied by the sequence (Ua)ée(o,l)- In order to conclude the desired regularity result
for the minimiser, one tests the Euler-Lagrange inequality with a specific test function
involving the sequence and passes to the limit as § — 0 afterwards. Based on the Ekeland
variational principle, the above result was extended by BECK and SCHMIDT in [BS13], who
proved that the same result holds true for every relaxed minimiser in the same ellipticity
range 4 € (1,3]. The method was later refined by SCHMIDT in [Sch15a, Section 4.4] inspired
by results in [CKdN11]. In this approach, one starts with an arbitrary BV-minimiser u of
F, which can be approximated by a smooth sequence (u;);en that is already a minimising
sequence for F'. However, this sequence does not satisfy the corresponding Fuler-Lagrange
equation and hence, no estimates can be derived. In order to overcome this issue, one
applies the Ekeland variational principle to regularised and penalised functionals of the
form

Fj[w; Q] :/Qf(Vw) dx+]1€/g(1+|Vw|2)"dx—|—/g(w) dz,

Q

extended by infinity, on the space W=1(Q; R"). In this way, one obtains a minimising
sequence for F' on %,, consisting of almost-minimisers (v;);jcn of Fj close to the given
minimiser u. Here, g is chosen in a way to transfer the L>-bounds of (uj)jecn to the
new sequence (v;)jen. The almost-minimality of v; is quantified by a perturbation term
and turns out to be sufficient to derive an Euler-Lagrange inequality as an adequate
replacement to derive uniform estimates. This approach will be adopted in the subsequent
demonstration of our primary results, with further elaboration provided in the ensuing
remarks.

To proceed, we further mention [FPS25] for a Sobolev regularity result for non-autonomous
linear growth? integrals in BV (§2). Moreover, to the best of the authors knowledge, it is
not known, whether Sobolev regularity still holds true for the Dirichlet problem in the
autonomous case or if interior singularities might occur for p > 3. However, for non-
autonomous integrands with an additional smooth z-dependence there is a counterexample
presented in [Bil03a, Theorem 4.39]. This approach is based on methods from [GMST79],
giving a negative answer to the question in case p > 3. At the contrary, a positive result
holds for the Neumann problem, cf. [BBG20], where the authors provide a framework going
even beyond the scale of u-elliptic integrands. In particular, their outcome is applicable
for suitable u-elliptic linear growth integrands and every p € (1, 00).

A natural generalisation deals with functionals involving the symmetric gradient A = ¢ for
p-elliptic variational integrands of linear growth. In this case, it is convenient to abbreviate
BV#(2) by BD(Q2), the space of functions of bounded deformation. The first contribution
was given by GMEINEDER and KRISTENSEN [GK19], who derived a Sobolev regularity
result for the non-optimal range p < 1+ % based on fractional methods. This result was
later improved by GMEINEDER in [Gme20] to the range pu < 1+ %, known from the full
gradient case, using techniques heavily exploiting the specific structure of the symmetric
gradient.

2Non-autonomous refers to an explicit dependence on the spatial variable z in the integrand, namely,
f(z,u(z), Vu(z)). If there is no such an explicit dependence, we speak of autonomous integrands. The
linear growth condition is assumed with respect to the gradient variable.



A=V A = C-elliptic

1 1+3 1+ 2 3 1 1+3 1+ 2 3
} } } } 1% } } } t 1%
[Bil02] —— [Bil02,BS13] - -------- —_
GK19 BEG26
Gme20] -
[Woz23] —4™— e 9
[EL25] __n=2 , . n=2__,

Figure 1.1: Ellipticity range for the autonomous Dirichlet problem without (left) and with
L*-constraint (right).

At the present stage, the only result in this area dealing with more general C-elliptic
operators is due to WOzNIAK in [Woz23], which generalises the higher integrability and
Sobolev regularity from [GK19] for the non-optimal range 1 < p < 1+ % using that
fractional methods are more flexible. For the sake of clarity, we have collected some of the
described results in Figure 1.1 to give an overview. With these preparations in place, we
can now present the main results of this thesis:

* The missing piece in obtaining a Sobolev regularity theory on BD(2) that is completely
parallel to the full gradient case, is the ellipticity range 1 + % < u < 3. In order to
fill this gap, we consider BD-minimisers, which are a priori bounded (even if there
are no methods available to justify this in general). The upcoming result stems from
[BEG26] and is presented and extended in Chapter 5 of this thesis.

Theorem A (Theorem 5.1). Let Q@ C R"™ be open and bounded and consider a
variational integrand f € C2(ngxr§) which satisfies (1.3) and (1.5) with u € (1, 3].
Then any bounded BD-minimiser u € BD(Q2) N L (Q; R™) is of class Wll(;i(ﬂ, R"™)
with

|Vul log(1 + [Vul*) € Lig ().

* Our second result partly interpolates the ellipticity range between p =1 + % and
u = 3 by adding an additional super-quadratic LP-constraint for p > 2. Without
great effort, this can be done for the full and the symmetric gradient simultaneously.
More precisely, we derive the following result in case of the symmetric gradient, the
proof of which is included in Chapter 6.

Theorem B (Theorem 6.1). Let Q@ C R™ be open and bounded, p > 2 and consider a
variational integrand f € C?(R™X™) which satisfies (1.3) and (1.5) with p € (1,3 — %]

sym
Then any LP-bounded BD-minimiser v € BD(2) N LP(2; R™) is of class Wlléi(ﬂ, R"™)
with
[Vullog™ ! (1 + |Vul*) € Li,. (%),
_ 4 _ 2
where s, =2 — 5 = 5.

The restriction p > 2 is of a technical nature and we note that there holds p, — 14 %
as p — 1" := —25. Further details can be found in Remark 6.5 and the Outlook.



* In Chapter 7 we deal with general C-elliptic operators A induced by a projection
o+ R?*? — R?*? in two dimensions. As a speciality, all these operators share are
common structure. We present the results of [EL25] and show Sobolev regularity for
unconstrained BVA-minimisers in this setup. More precisely, since = 1+ % = 2 for
n = 2, we derive

Theorem C (Theorem 7.1). Let Q@ C R? be open and bounded and A be C-elliptic in
two dimensions induced by a projection. Moreover, let f € C2(%(A)) be a variational
integrand which satisfies (1.3) and (1.5) with p € (1,2). Then any BV -minimiser
w € BVA(Q) is of class WAL(Q) N WY (Q; R2) for all € [1,00) with

loc

3—u
Vu € expLy * ().
We note, that the same approach also allows to derive a similar result for the deviatoric
gradient A = dev V in all dimensions.

As previously indicated, the main strategy for proving our results will be an adaption of
the vanishing viscosity method proposed by SCHMIDT in his habilitation thesis [Schl5a].
More precisely, starting with an arbitrary minimiser u, we add suitable regularising and
penalising terms to our functionals in order to construct a minimising sequence (v;) e of
almost-minimisers staying close to w. This approach is based on the Ekeland variational
principle. As a consequence of the almost-minimality, every v; satisfies an Euler-Lagrange
inequality. Note that the latter also contains a contribution from the penalisation term
we were adding to our functionals. The whole setup has to be implemented in a way that
the LP-constraints contained in Theorem A and Theorem B are preserved by the sequence.
Although it is not necessary to treat constraints in Theorem C, the procedure will be
formulated in an abstract framework in Chapter 4. Let us already mention that, in order
to handle the L*°-bound from Theorem A, we have to allow for the penalisation term to
blow up. Therefore, a very delicate analysis is necessary including quantitative estimates
for the L°°-norm of the Ekeland sequence.

The key ingredient in order to show gradient integrability are weighted second-order
estimates derived from the Euler-Lagrange inequality in a differentiated version. Since
this Euler-Lagrange inequality is quantified in terms of perturbations, the latter must be
sufficiently weak to be controllable by the a priori bounds and at the same time sufficiently
strong to yield useful estimates. This can be achieved by extending the functional by
infinity to the space W~2! and applying the Ekeland variational principle there. Let us
briefly point out why we cannot use W~1! as the perturbation space as in [BS13], which
may be surprising at first stage: To this end, we recall that for the symmetric gradient
there holds

dijw’ = Bie(w)IY — dpe(w) @) + je(w)

for all vector fields w € C*°(R™; R™) and 4, j,¢ € {1,...,n}. Such a representation remains
true for C-elliptic differential operators induced by a projection in two dimensions, meaning
that we can represent the second derivative of a vector field by a linear combination of
derivatives of A, cf. Lemma 2.8. In order to derive the weighted estimates, we have to test
the Euler-Lagrange inequality with second-order quantities behaving approximately like
Avj. At this stage, the usage of W11 would destroy any estimates, since we only have

[Avjllw-11 S [Vl
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The right-hand side of the latter cannot be controlled because of Ornstein’s Non-Inequality.
However, the space W™2! turns out to be sufficiently weak as there holds

1Av;llw-21 S llojllr,

cf. Section 2.2.7. In strong contrast to the full gradient, the explicit structure of the
differential operator additionally comes into play. In the framework of the symmetric
gradient we have to perform subtle algebraic manipulations, in order to re-introduce the
symmetric gradients in the corresponding estimates. Even in the unconstrained case from
[Gme20] this step is already non-trivial and becomes even more delicate in our setup.
Namely, this re-introduction always comes with the price of additional pollution terms,
which may be difficult to treat. Again, in view of Ornstein’s Non-Inequality, the only
possibility to handle such pollution terms is to use the Euler-Lagrange inequality or a
differentiated version. However, these inequalities now contain additional terms coming
from the penalisation, which have to be controlled as well. In particular, we can not apply
the a priori bounds directly because of these additional contributions.

Without further structural assumptions on A it seems at the present stage extremely
challenging to apply the described method in order to obtain similar results for more
general C-elliptic operators in all dimensions. The main reason is the delicate interplay of
all issues indicated above. However, since all two-dimensional C-elliptic operators induced
by projections can be classified, we were able to tackle this case successfully. We close the
contextualisation by giving a brief outline of the structure of the thesis.

Systematic Outline: In the upcoming Section 1.2 we discuss a motivating example coming
from the theory of plasticity. Subsequently, we fix notation and introduce the underlying
function spaces together with the relevant theoretical background in Chapter 2. Since
a concise introduction into Korn-type inequalities can hardly be found in the literature,
we provide a self-contained overview in Chapter 3 including full proofs and references.
In Chapter 4 we implement a constrained version of a vanishing viscosity approximation
scheme based on the Ekeland variational principle in a very general framework. Although
this generality is not needed in the remaining part of the thesis, it might be useful for
future applications. In the main part of the thesis we focus on the special case of the
symmetric gradient A = e. More precisely, in Chapter 5 we give the proof of Theorem A,
namely that every L°°-bounded BD-minimiser of 3-elliptic variational integral has an
integrable gradient. In Chapter 6 we will give the proof of Theorem B. In particular,
we derive gradient integrability of BD-minimisers under an additional LP-constraint for
p > 2, partly interpolating the unconstrained and the L*-constraint regime. Finally,
we discuss the proof of Theorem C in Chapter 7. More precisely, we show that every
BVA-minimiser of a p-elliptic variational integral is exponentially integrable whenever A
is a C-elliptic differential operator induced by a projection &7 : R**? — R?*2 and p € (1,2).

We close this section and describe how the above mentioned thresholds for p are connected
with the nowadays well-studied non-standard (p, q)-growth functionals to manifest our
results. Because of © > 1 we observe from (1.5) that we have different growth behaviour
from above and below on the level of second derivatives. In this sense, u-elliptic integrands
show a similar behaviour as (p, ¢)-growth integrands, the latter meaning

vlzlP < f(z) < T(1+]2]9),



with p < ¢ and z € W. A convenient ellipticity assumption in this regime is given by
AP (L+1217)" < (V2F(2),6) S AlefP (1+]27)", (1.6)

for z,£€ € W. Hence, computing the growth difference on the level of second derivatives
in (1.6) results in (¢ —2) — (p —2) = ¢ — p. A systematic regularity theory for non-
standard growth functionals of (p, ¢)-type began with the seminal work of M ARCELLINI
[Mar89,Mar91] in the scalar case, whereas the vectorial case was first studied by MINGIONE
et. al. [ELM99a, ELM99b, ELMO04]. Typical bounds in this framework to obtain improved
local gradient integrability read

T4

» (unconstrained case) and ¢ <p+2 (L -constrained case),

2
n
for 2 < p < q. Phrased differently, the above inequalities can be expressed as bounds %p
and 2 on the growth difference ¢ — p for V2f. In analogy, the growth difference for V2 f
coming from the assumption of p-ellipticity (1.5) is given by p — 1 and therefore, one aims
for higher local gradient integrability for p < 1+ % in the unconstrained case and p < 3 in
the LY -constrained case. Here, ¢ —p = (¢ —2) — (p —2) corresponds to —1 — (—u) = pp—1,
while setting p = 1 results in the bound % For an exhaustive overview on further results
we refer to the survey article of MINGIONE [Min06] including also many additional references.

1.2 Motivations from Continuum Mechanics

Throughout the section, let 2 C R? be a physical body, i.e. an open bounded and connected
domain, whose smooth boundary splits in 92 = I'g UT'1, where I'y C 912 is open and we
have T'g = 9\ T; and I'; = 9Q \ T'y. For a more detailed description we refer e.g. to
[DL76, TMO1] or [PS78] for a more physical viewpoint.

In continuum mechanics it is common to describe the evolution of mechanical properties
for a continuous body € C R? by means of a deformation map ¢: Q x [0,00) — R3. To
keep the section as simple as possible, we only treat the static case, meaning that we only
consider deformation maps for fixed times, i.e.

©: Q= Q)
X = o(X) ==z

We assume that ¢ is sufficiently smooth, invertible and orientation preserving, that is
det(Vy) > 0. Moreover, it is convenient to call Q2 reference configuration and ¢(2) the
deformed configuration.

Since the energy of the deformed configuration remains unchanged when translating the
body, we introduce the displacement field uw = ¢ — id as a quantity measuring only relative
changes. With this notation, we define the deformation gradient F := V¢ as well as the
displacement gradient Vu = Vi — 1343, respectively. Moreover, since F' is in general not
rotation-invariant, we can use the polar decomposition to split FI(X) = R(X)U(X) for
every X € €, where R(X) denotes an orthogonal rotation. In order to get a rotation
invariant quantity we define the Cauchy-Green strain tensor field (corresponding to u) by



Figure 1.2: The deformation map ¢.

= Vu(X)" Vu(X) 4+ Vu(X)" + Vu(X) + T3x3.

/

Figure 1.3: Translations Figure 1.4: Rotations

Furthermore, it is convenient to introduce the Green-St. Venant strain tensor field (corre-
sponding to u) through

B(X) = %(C(X) Cags) = %(VU(X)T Vu(X) + Vu(X)T + Vu(X)).

This tensor field describes how a given deformation differs locally from a rigid body-motion.
For small strains, we can linearise this tensor field pointwise to deduce

E(X)= é(Vu(X) + Vu(X)T) = e(u(X)),

where e(u(X)) denotes the symmetric gradient. For a better understanding, we decompose
the linearised strain-tensor even further into

e(u) = (c(u) - édiv(u)]lgxg) + édiv(u)]lgxg — dev(e(u)) + %div(s(u))]lgxg,

where dev(e(u)) = e(u) — % div(u)l3x3 is the deviatoric symmetric gradient. This splitting
is often named wvolumetric-isochoric split. From a physical viewpoint, the deviatoric part
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describes the isochoric distortion of the body, i.e. changes in shape but not in volume,
cf. Figure 1.5. At the contrary, the remaining part involving the divergence, encodes the
volumetric dilation of the deformation illustrated in Figure 1.6.

Figure 1.5: Distortion ~ dev(e(u)) Figure 1.6: Dilation ~~ %div(u)]lgxy,

As a next step, we assume that time-independent exterior forces act on the body € in
reference configuration and that the equilibrium state is the deformed configuration (2).
More precisely, we consider volume forces described by some density f: Q — R? as well as
surface forces described by g: ' — R3. Assuming the axiom of Cauchy, one can prove the
existence of a Cauchy stress tensor field o: p(2) — R3*3, modelling inner forces per unit
area in a given direction. Moreover, assuming the conservation of angular momentum, it
can be shown that the tensor field o is symmetric, i.e. there holds o(z) = o(z) " for all
xr € p(Q).

We close the first part by mentioning that the Piola transform offers a way of transforming
tensor fields from the deformed to the reference configuration, which leads to the definition
of the First Piola-Kirchhoff stress tensor field P(X) arising as Piola-transform of the
Cauchy stress tensor. In the setting of linear elasticity the two notions coincide, and we
refer to [PS78, Section 2.5] for more details.

1.2.1 Introduction to the Theory of Linear Elasticity

In this section we assume f € L2(2;R?) as well as g € L?(I';; R?) for the force densities.
For the sake of simplicity, we only deal with the static case and refer to [DL76] for the time-
dependent case. In the linear elastic framework the displacement field for a hyperelastic
material solves the primal or strain variational problem given by

(Primal) := inf {/QW(s(u))dac/Qf~ud:1:/rlg-ud%2}, (1.7)

u,u=ug ON TI'y

where W : Rfyxn:f — R is the strain-energy density. In case of an isotropic material, the

latter is given by

W(F) = %tr(F)2 + u(F, F), (1.8)

where the constants A and p are called Lamé constants of the material. Moreover, if we
introduce the bulk-modulus k := A + 27“, we can rewrite the density (1.8) equivalently in
terms of

W(F) = gtr(F)2 + p{dev(F), dev(F)),

11



where dev(A4) = A — %tr(A)]lgxg denotes the deviatoric part of a matriz A € R3*3. More
generally, for non-isotropic materials the density is given by

1
W(F) = 5 (MF, F) forall FeR3:3

sym>

where M = (mjk¢)ijke is a fourth-order tensor satisfying the symmetry conditions
Mijke = Mijok = Myjike = Mygij  for all 4,5, k.0 € {1,2,3}.

Clearly, the isotropic case is included in the non-isotropic one when choosing
Mijke = N0ijOke + (000 — 04edj)  for 4,5k, € € {1,2,3}.

In both cases the natural function space for the minimisation problem (1.7) is W2(Q; R?),
since the densities are of quadratic growth. Under suitable additional assumptions there
exists a solution u of the minimisation problem and we can recover the stress tensor in the
isotropic case through Hooke’s law, namely

o=VW(e(u)) = %tr(é‘(u))]lgxg + 2pe(u)

A
= §div(u)]lg><3 +2pe(u) = k div(u)Lgxg + 2pdev(e(uw)).

In the non-isotropic case this connection is known as generalised Hooke’s law and given by

o = Me(u).

Instead of seeking for the displacement field, we can equivalently study the dual problem
in the sense of convex duality, which is a maximisation problem for the stress tensor. To
this end, we need the Legendre-Fenchel conjugate W* of W?, which can be computed in
the isotropic case by

! tr(F)? + i<deV(F),dev(F)).

*in
W(F) 18k 4u

More generally in the non-isotropic case, we infer
. 1
W(F) = S(DF,F),
where D = (djjke)ijre denotes the fourth order “inverted” temsor of M. We refer to

[Tem85, Remark 2.4 v)| for more details on the precise definition of ID. Again, the isotropic
case can be recovered from the non-isotropic one by writing

dijke = MO0 + 1(0ikje — 03005%) for i, k, 0 € {1,2,3}.

From [Tem85, Chapter 1, Lemma 2.2], we obtain the dual maximisation problem,

(dual) = sup{; /Q (Do, o) dz + /F (o) -uod%”Q}, (1.9)

o

3For a function f: R™ — R U {—00,00} the Legendre-Fenchel or convex conjugate is the function
i R™ - RU{—00,00} defined by f*(x*) := sup{(z*,x) — f(z): = € R™}, see e.g. [ETT76].

12



3x3
Sym

where the supremum is taken over all weak solutions o € L2(£; R2%3) of the problem

{—div(a) —f iQ,

ov =g on I'y.

Finally, under suitable assumptions we have the following strong duality result as a
consequence of the Fenchel duality theorem, cf. [ET76]:

Theorem 1.2 (Strong duality, [Tem&85, Chapter 1, Proposition 2.6]). Suppose that
H%(o) > 0. Then problem (1.7) and (1.9) are dual to each other together with

(primal) = (dual) € R.

Moreover, both problems have unique solutions u € W'2(Q; R*3) and o € L?(Q; R,
representing the displacement field and the stress tensor of the mechanical problem, respec-

tively. Both solutions o and u are related by the (generalised) Hooke’s law o = Me(u).

1.2.2 The Hencky Model for Perfect Plasticity

In our description of the linear elasticity model, we were seeking for displacement fields
u € WH2(Q; R?) and stress tensors o € L2(; ngxnf) For plasticity it turns out, that the
regularity requirement for o is still reasonable, whereas there is no hope for a priori Sobolev
regularity for u, since we expect the appearance of discontinuities. In the Hencky-model
for perfect plasticity, we consider variational problems on the domain

K={cecR¥3: Z(0) <0},

Sym

where Z : ]ngxrg — R is called yield function. The boundary 0K is called the yield surface
or plastic part, whereas the interior K° is the elastic part of the domain. Two classical

choices are given by

e the von Mises yield-condition, i.e. #*M (o) =3 |dev(0)|* — k2 with k € R and

e the Tresca yield-condition, i.e. FT(0) == max; j |o; — 0| — k, where o; denotes the
i-th eigenvalue of o and k£ € R.

We focus on the derivation of a variational model for the Hencky model with the von
Mises yield condition, which turns out to be a linear growth problem. For the model it
is convenient to start with the Legendre-Fenchel conjugate of the strain-energy density,
namely,

W) = {@u(F)? + & (dev(F),dev(F))  if FeK,

+o00 if not.

In other words, we take the same strain density as in the linear elastic case but only
if the tensors are elements of K. In contrast to the previous part, we cannot write
down the Legendre-Fenchel conjugate W in general. However, this is possible, if we
assume the decomposition K = dev(K) @ {(13x3 : ¢ € R} with dev(K) = R3** N K and
R3%% = {A € R33: tr(A) = 0}. In this setting, we get the splitting

dev

W(F) = gtr(F)z + WP (dev(F))

13
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_k_
V2
Figure 1.7: Von Mises integrand in the Hencky model of perfect plasticity.

where WP denotes the Legendre-Fenchel conjugate of (WP)*, the restriction of W* to

Ri:v?’ . In case of the von Mises yield condition, this function can be computed explicitly,

cf. [Tem85, Chapter 1, Section 4], leading to WP (dev(F)) = w(|dev(F)|) with

(AVARRVAN
oS

ps? if

sl
Vok|s| - g if s
Clearly, this function is of linear growth at infinity, cf. Figure 1.7. In conclusion, we can
formulate the variational problem for the displacement field. Using the same function
spaces as before, we seek displacement fields v: 8 — R among the class of competitors
€, = {v € WH2(Q;R3): v = ug on ['y}. This leads to the minimisation problem

inf {¥(e(v)) = L(v)},

VEG,

where we have set

/W /Q(dw( )de—i-/QWD(deV(e(v)))dac,

:/f-vda:+/ g-vdi?
Q I

Since the primal variational problem is a one of linear growth, we cannot expect to find a
solution u € WhH2(Q; Rg’yxrf{) as already indicated at the beginning. However, for the Hencky-
model with the von Mises yield condition the existence of a displacement field u € {v €
BD(9) : div(v) € L3(Q)} is shown in [AG80] for a relaxed problem. This example serves as
a strong motivation for the more general models studied in this thesis, demonstrating that
the results obtained are relevant and applicable even in concrete and practically significant
cases. Another class of models with linear growth integrands are related to limiting strain
models and we refer to [BMRS14, BBMS17] and the references therein. For more models

stemming from continuum mechanics we mention [DL76, NH81, OR83, Tem&5, FS00].

and
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2 | Preliminaries

2.1 General Notation

Throughout this thesis, we assume that the dimension n € IN satisfies n > 2. We mainly
use standard notation. Nevertheless, we briefly comment on some things to rule out
any potential source of confusion. For n,m € IN we equip R"™ and R™*"™ with the usual
Euclidean or Frobenius norm, respectively and denote both by |-|. The latter is induced
by the matrix inner product (A, B) := tr(A" B) for A, B € R"*™. Moreover, we write
B, (z9) = {x € R": |z — x0| < r} to denote an open ball with radius » > 0 centred at
xo € R™ as well as §"~! := {x € R": |z| = 1} for the sphere.

™ and ! indicate the n-dimensional Lebesgue and (n — 1)-dimensional Hausdorff
measure, respectively and we simply write dx, when integrating with respect to .Z".
Moreover, we set wy, := £"(B1(0)) and denote for a (Lebesgue) measurable set U C R"
with Z"(U) > 0 and f € L _(R";R™) the integral average by

loc

1
]{,f(x) dz = (f)v = M/Uf(x) dz.

If U = B, (z0) we simply write (f)rz, = (f)B, (x)- Furthermore, we denote the restriction
of a measure g on R™ to U by u L U. We use the abbreviation GL(n) for the general
linear group of all invertible square matrices in n dimensions. For two finite dimensional
inner product spaces V and W we denote the space of linear maps V' — W by Z(V, W)
or Hom(V, W). Moreover, for £ € N we use (O°(V; W) to indicate the space of W-valued
symmetric ¢-linear maps on V', which is the natural space for the ¢-th derivative of a
function f € C{(V; W), i.e. VEf(z) € QY(V, W) for 2 € V. For more details on multilinear
algebra we refer to [Fed69, Chapter 1] or [Gre67]. We use the notation a ® b := ab' for
the tensor product and a ® b == %(a ® b+ b® a) for the symmetric tensor product of two
vectors a,b € R™. Throughout the thesis, C, ¢ > 0 denote generic constants whose values
may vary from line to line. Their explicit dependencies are usually indicated, but their
precise values are only specified when necessary. Finally, we write a < b if there exists a
constant ¢ > 0 such that a < cb.

2.2 Function Spaces and Related Topics

For an open and bounded set 2 C R, 1 < p < oo and k € IN the Lebesgue and Sobolev
spaces LP(Q) and W*P(Q) are defined in the standard way. We refer to [Nec67, KJF77,
GT83,AF03] or [Giu03] for their definition and properties. Without further comment, we
also use vector-valued versions of these spaces, always assuming that the target space is
finite dimensional. In this section, we briefly revisit selected topics that we will use later
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in the thesis, assuming that the reader is familiar with the aforementioned underlying
function spaces.

In the following, let V' be a finite dimensional inner product space. By RM gy, (€;V) we
denote the space of (finite) V-valued Radon measures on €, short (finite) Radon measures.
For p € RMg,(2; V) we denote the total variation measure with |u| and the Lebesgue-
Radon-Nikodym decomposition into its absolutely continuous and and singular part with
respect to Z" is given by

du® du’
z"
dzn d |ps|

p=pttp’ = e (2.1)
Here, p® denotes the absolutely continuous part and p® the singular part of p with respect
to the Lebesgue measure. For y € RMg,(©;V) and 1 < p < oo, we denote V-valued
LP-space with respect to u by LE,(€2; V), becoming relevant when dealing with weighted
estimates. We refer to e.g [AFP00,EG15,HS65,Die69] for more details concerning measure
theory and real analysis. Finally, the space of all V-valued distributions is denoted by
2'(; V), cf. [Fed69,Sch51] for further properties.

2.2.1 Sobolev Spaces and Difference Quotients

At some stages of this thesis we will make use of probably well-known facts about Sobolev
functions. We collect them here for the sake of completeness.

Difference quotients. We briefly recall difference quotients and their basic properties and
refer to [Giu03, Section 8.1] or [GT83, Section 7.11] for further details. For h € R we set
Q= {x € Q:0< |h| <dist(z,00)}, allowing to define for s € {1,...n} and = € Q;, the
difference quotient in direction s by

fla+ hey) = f(@)

As,hf(x) = h

(2.2)

By es we denote the s-th unit vector in R". If f € W1P(Q), there holds A, f € WHP(Qy)
with 0;(Asnf) = Asp(0if). Moreover, if at least one of the two functions f or g has
support contained in €2y, the following discrete integration by parts formula holds

/ F(@)Aspg(z) dz = - / 9(£) A _p f(z) da. (2.3)
Q Q

The product rule and consequences. From [GT83, Section 7.3] we recall for u,v € Wh1(Q)
with uv and uVv +vVu € LL (Q) the product rule

loc

V(uwv) = uVv 4+ vVu. (2.4)

In particular, the assumptions are satisfied if u € W'?(Q) and v € W' (Q), where
p = p%l denotes the Holder-conjugate of p € [1,00]. As another direct consequence we

obtain for u € WP(Q) and ¢ € C%1(Q) that (u € WHP(Q), cf. [Mor66, Theorem 3.1.4].

Truncations: For k > 0 and ¢ > 0 we introduce the truncation operator at level k by
Tk(t) == max{k,t}. Obviously, T} is Lipschitz continuous. Therefore, for u € Wlloi(ﬂ),
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we can apply [Giu03, Theorem 3.24], to obtain that the composition T} o u belongs to
W) together with

loc
V(Ty ou)(x) = Ly<py(z) Vu(z). (2.5)

Here, we have used the shorthand notation {u < k} == {z € Q: u(x) < k}.

2.2.2 Lebesgue-Orlicz and Orlicz-Sobolev Spaces

Our main sources for this section will be [BS88, RR91]. However, we would also like to
mention [KR61,KJE77] and [AF03], even though dealing with the slightly stronger concept
of N-functions rather than Young functions. Now, let ®: [0,00) — [0,00] be a Young
function, meaning that we have the representation

O(t) = /Dt ¢(s)ds for t>0,

where ¢ : [0,00) — [0, 0] is a non-decreasing, left-continuous function, neither identical
to 0 nor co. We note that a Young function @ is convex on the domain where it is finite.
Moreover, we say that a Young-function belongs (globally) to the class Ag, if there exists a
constant ¢ > 0 such that

O(2t) <c®(t) forall t>0.

The function belongs (globally) to the class Va, if there exists a constant K > 1 such that

O(Kt) > 2KP(t) forall t>0.

The Vs-condition can be described equivalently using the Legendre-Fenchel conjugate
®* of a Young function ®. Namely, there holds & € Ay if and only if ®* € Vy. As a
meta-principle one can say that ® € As encodes that ® does not grow too fast, whereas
® € V5 means that ® does not grow too slow. Next, we define the Lebesgue-Orlicz space
as the space

L®(Q; V) == {u: Q — V measurable : ullLe vy < oo},

where [| - [|L#(q,) denotes the Luzemburg norm given by

lulle vy = {)\ >0: /Q‘I’ <|“(;)|> dz < 1}.

It is common in the literature to denote specific Orlicz spaces differently, namely, for
@, (t) = tlog®(1 + t?) with ¢t > 0 and o > 0 we use L®2(Q; V) := Llog® L(Q; V) as well as
LY8(Q; V) = expLA(Q; V) for Wp(t) := exp(t?) with ¢ > 0 and 3 > 0. We proceed and
define the corresponding Orlicz-Sobolev space WH®(€; V) through

WEE(Q; V) = {u € L2(Q; V): u is weakly differentiable and Vu € L®(Q; . Z(R"; V))}.
The Orlicz-Sobolev space WH®(€2; V) is a Banach space, when equipped with the norm

”UHWLWQ;V) = HUHUP(Q;V) + HVUHUP(Q;,%(JR";V))-
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2.2.3 Functions of Bounded A-variation — General Theory

In this section, we briefly recall the notion of functions of bounded A-variation first
introduced by BREIT, DIENING and GMEINEDER in [BDG20]. To this end, we consider a
first-order, linear, homogeneous, constant-coefficient differential operator A on R"™ of the
form (1.2) acting between two finite dimensional inner product spaces V' and W. Although
the theory extends to higher-order operators of this type, we restrict ourselves here to
the first-order case. Equivalently, A can be written in the form Au = &/[Vu|, where
o/ € Hom(V ® R™; W) is called part map of A. Moreover, we introduce the corresponding
(Fourier) symbol map A[]: V — W of A defined through

n

Afglo=v@at=> "Ag, £=(¢,... N ER", veEV

a=1

We call such an operator R-elliptic or simply elliptic, if the symbol map A[{]: V — W is
injective for all £ € R™\ {0}. Furthermore, we call it C-elliptic if the extended symbol map
AE]: V +iV — W +1W is injective for all £ € C™ \ {0}. Note that @4 =@ if A =V
is the full gradient, whereas ®4 = © if A = ¢ is the symmetric gradient. Moreover, for
¢ € CL(R™;R) and v € C}(R"; V) there holds the product rule

A(pv) = pAv+v®4 Vo (2.6)

As a consequence of [BDG20, Lemma 2.3], there exist two constants 0 < ¢ < C' < oo such
that
clv|lz] < |v®a z| < Clu||z| forall veV and ze C".

We will use these inequalities in the sequel with addressing it further. For an open and
bounded set 2 C R", a differential operator A as in (1.2) and 1 < p < oo, we introduce
the function space

WAP(Q) == {v € LP(Q; V) : Av € LP(Q; W)},
which is a Banach space with respect to the norm
Hu”WAvP(Q) = ||UHLP(Q;V) + HAUHLP(Q;W)-

As usual, we define Wé& P(Q) to be the closure of the test functions C°(Q2; V') with respect
to the || - |lywa.p()-norm. Let us further note that the space WA1(Q) is not reflexive and
therefore, not weakly compact; this can be seen by adapting the argument from [AF03, §3.5,
p. 62]. Additionally, we introduce the function space

BVA(Q) — {U c Ll(Q; V) cAv e RMﬁn(Q; W)}v

of functions of bounded A-variation. Clearly, A =V corresponds to the usual BV-space of
functions of bounded variation, see [VH85, AFP00], whereas for A = ¢ it reduces to the
space of functions of bounded deformation BD, cf. [TS80,5Suq79]. We will examine these two
examples in greater detail in Example 2.2. Moreover, we notice that W1(Q) € BVA(Q)
as a consequence of Ornstein’s Non-Inequality, see Theorem 3.8. In order to introduce a
norm on BVA(Q), we consider the dual or formally adjoint operator A*, defined as the
differential operator on R™ from W to V given by

Aty = Z Al Dyv, v:R" =W,
a=1
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where A, € Hom(W, V') denotes the adjoint map of A,. This allows to introduce the total
A-variation of u € L}, (Q; V) through

|Aul () = sup {/ (u, Ap)de : p € Ci(Q;W), lolloo < 1} ,
Q

making the space BV into a Banach space with respect to the norm

[ullya ) = lullu @) + [Aul ().

It can be shown, that |Au|(€2) coincides with the total variation of the W-valued Radon
measure Au. Furthermore, we introduce the (distributional) null-space of a differential
operator A by ker(A) .= {® € Z'(R™; V) : A® = 0}. As a consequence of [BDG20, Theorem
2.6], it contains only polynomials and in addition, there holds

A is C-elliptic <= dimker(A) < oco. (2.7)

It turns out that the notion of C-ellipticity is necessary (sometimes equivalent), to derive
results similar to the usual BV-case:

e In [BDG20] it is shown that C-ellipticity of A is equivalent to have a bounded linear
trace operator trpg: BVA(Q) — Llﬁﬂn,l(ﬁQ) on a Lipschitz domain Q C R". This
operator is continuous with respect to the A-strict topology of BVA () (see below).
We note that ellipticity is in general not sufficient and the deviatoric symmetric
gradient dev(e(u)) == e(u) — 2div(u)1,x, provides a counterexample for n = 2, cf.
[BDG20, Example 2.2].

e The notion of C-ellipticity is also equivalent to have Sobolev-type embedding theorems,
which was shown by GMEINEDER and RAITA in [GR19a]. Especially, there holds

WAL(Q) — LI V) (2.8)

for 1 < ¢ < 1" := %5 and the embedding is compact if 1 < g < 1*.

e Moreover, since C-ellipticity is equivalent to having a finite dimensional null-space,
we conclude the following theorem from the main result in [GR19b]:

Theorem 2.1. Let A be a C-elliptic differential operator of the form (1.2) and
p € [1,1%]. Then any function u € BV (Q) is LP-differentiable for £™-a.e. x € R™

loc
and there holds
dAu

dzn
for £"-a.e. x € R", where Vu denotes the approximate gradient' and </ the part
map of A.

() = & [Vul(z)

This allows the rewrite the Lebesgue-Radon-Nikodym decomposition of Awu into

dA%y dA%uy dA%uy
Au =A%+ A’u = z" Afu| = o [Vu].L"
u u+ Ay " + d[Aw] | Al [VulZ" + d[A]

AS
for u € BVA(Q). Finally, let us mention, that the above theorem was generalised
by RAITA in [Rail9] using the notion of elliptic and cancelling operators of VAN
SCHAFTINGEN in [VS13], cf. also [GRVS21]. The BD-case was treated in [Haj96].

1See e.g. [Fed69, Section 3.1.2] for a precise definition.
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We remark that there is also an extension operator available, whose construction will be
studied in further detail in the upcoming section. Moreover, similar to the BV-case there
are several notions of convergence: We say that a sequence (v;) e in BVA(Q) converges
tov € BVA(Q) as j — o0

e in the weak™-sense, in symbols v; X, if and only if v; — v strongly in LY(Q;V) and
Av; A Aw in the weak*-sense of W-valued Radon measures.

e in the A-strict sense, if and only if v; — v strongly in LY(Q; V) and |Av;| () —
|Av]| ().

e in the A-area-strict sense, if v; — v strongly in L'(Q; V) and (Av;)(Q2) — (Av)(9),
where we have abbreviated

(Aw)(Q) ::/Q\/l—i—\Adex—i—\Asw](Q) for weBVAQ).

Clearly, A-area-strict convergence implies A-strict convergence, which again implies weak®-
convergence. Next, we will briefly discuss the full, the symmetric and the deviatoric
gradient, since these three operators will be encountered again later in this thesis.

Example 2.2 (Full, symmetric and deviatoric gradient, [BDG20, Example 2.2]). The
following examples can be viewed as operators from V. =RN to W = RN*";

e In case of the full gradient Au = Vu for u: R" — RY it is clear that ker(V) contains
only constant functions. Moreover, there holds

ALE]n* = €[* Il for all ¢ €C"neCY,
and therefore, A is C-elliptic with finite dimensional null-space.

e For N = n and a map u: R™ — R"™ the symmetric gradient is defined as the
tensor field Au = e(u) = %(Vu +Vu'). In this case, the part map is given by
o (z) = %(2 +27) for 2 € R™™, which is the projection onto the symmetric matrices

REy - Moreover, ker(g) consist of all generators of rigid deformations

ker(e) ={z— Az +b: Ac R, beR"},

skew?

nxn

o ={AeR™": A= —A"} denote the skew-symmetric matrices. Since

where
we have

1 1 n
Afgnl® = 5 € [n* + 5 K€ m* - for all &n € C",
it follows that A is C-elliptic with finite dimensional kernel.

e For N =n and a map u: R™ — R" the deviatoric or trace-free gradient is defined
as the tensor field Au := dev Vu := Vu — %div(u)]lnxn. In this case the part map is
given by the projection onto the trace-free matrices sl(n) = {A € R™": tr(A4) = 0}7,

2The notation sl(n) comes from Lie theory, since the trace-free matrices form the Lie algebra of the Lie
group SL(n) == {4 € R™*": det(A) = 1}. For further information and details we refer to [Hum?78].
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namely o/ (z) = z — LICE N for z € R™"™. Moreover, ker(dev V) consists of all

n
generators of dilations and translations, i.e.

ker(devV) ={z — (x+b: (€ R, be R"}.
Since

1
n

AL = &P In* = —(&m)* for all &neCT,
it follows that A is C-elliptic with finite dimensional kernel.

Furthermore, we have the following characterisation of C-elliptic operator based on the
Hilbert Nullstellensatz [Hun74, VIII, Proposition 7.4] from algebraic geometry. It is
essentially due to SMITH [Smi70], but we also refer to [Kal94] and [GRVS21, Proposition
3.2] for a proof.

Lemma 2.3. Let A be a differential operator of the form (1.2). Then A is C-elliptic if
and only if there exists an integer d € IN and a homogeneous differential operator I from

W to VOt R™ such that V=T, 0 A.

We proceed with an approximation result, which is well known in the BV-setting, cf. [Bil03a,
KR10,Sch15b]. As we will need a slight modification fitting into our framework, we provide
a precise statement and sketch the main ideas of the proof.

Lemma 2.4 (A-area-strict approximation). Let @ C R™ be an open and bounded set with
Lipschitz boundary 0 oriented by vag: 0Q — $"1 and ug € WAL(Q). Then for every
function u € BVA(Q) there exists a sequence (u;)jen in ug + C2 (V) such that uj — u
in LY(Q; V) and

(Auy) () = (Au)(Q) + /m troo(u — up) @4 vaq| A1 as j — oo,

Additionally, if u € LP(Q; V) for 1 < p < oo, we can choose the sequence in a way such
that there holds uj € LP(; V) for j € N with uj — u in LP(Q; V) as j — oo. Finally, if
u,ug € L>®(Q; V), then there exists a constant ca = ca(Q,n) > 0 such that

ujllee ) < ca(llullie vy + lluollLeovy)  for all j € N.

Sketch of the proof. The proof is a straightforward modification of [BDG20, Proposition
4.24], using the construction of [Bil03a, Lemma B.2]. Since the proof is based on a
partition of unity as well as a mollification procedure, we can use the additional assumption
u € LP(€; V) to conclude that the mollification also converges in L? (see e.g. [GT83, Lemma
7.2]). This immediately implies the LP-convergence of the sequence, together with the
claimed estimates. O

We close this section with a Remark and an elementary Lemma on the range of A.

Remark 2.5 (Choice of W, [Ste26, Remark 2.3]). We notice that we can view a W-valued
differential operator also as a Z-valued one for every vector space W — Z. We now
consider the effective range Z(A) of A, given by

Z(A) = span(V @4 R") = span{A[¢Jv: £ € R", v € V'},
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cf. [BDG20, Section 5]. It turns out that Z(A) is minimal in the following sense: We
observe that pointwise there holds

AfgJi = ¢"Aii €V @a R"
a=1
Therefore, the Fourier inversion formula, leads to Au = (A[¢]u)Y. Hence, we have
Au € Z(A) for u € CH(Q; V), showing that Z(A) is (up to isomorphy) the smallest space
in which Au(z) takes values when x € R™ and u € C1(; V). Without loss of generality, it
is possible to assume that

W =2RA) —RV*" if V=RN,

which is justified in [CG22, Section 3] exploiting carefully the explicit identifications between
the involved vector spaces. However, working with abstract vector spaces V. and W may
have some advantages, e.g. when considering exterior differential forms, cf. [CG22, Section
5.1].

Lemma 2.6. Let A be a C-elliptic differential operator of the form (1.2). Then there
holds Z(A) = im(«7), where o/ € Hom(V ® R™; W) is the part map of A.

Proof. If n € span(V @ R™) we can find M € N, \; € R, v; € V and & € R" for
j€{l,..., M} such that

M M M

=Y XN ®a&) =Y NAGl =D N @) € im(), (2.9)
j=1 j=1 j=1

proving one inclusion. Conversely, we notice if n € im(.27), there exists P € V ® R"™ with

n = </ [P]. While this is trivial for P = 0, we can find for P # 0 some M € N together

with the representation (cf. [Gre67, Section 1.5]) P = Z;‘il vj ® &;, where v; and ; are

linearly independent vectors in V' and R", respectively for all j € {1,..., M}. Reversing

the argument in (2.9) yields the second inclusion and the claim follows. O

2.2.4 C-elliptic Operators in Two Dimensions

In the previous section we have seen that the part map of the symmetric and the deviatoric
gradient is given by a projection. It turns out that in two dimensions it is possible to
characterise all C-elliptic operators Au = &/[Vu| induced by an orthogonal projection
a7+ R?*? — R?*2. More precisely, all this operators share the presence of a one-dimensional
almost complementary part:*

Theorem 2.7 ([GLN23, Proposition 4.1]). Let A be C-elliptic differential operator of the
form (1.2) in two dimensions induced by a projection < : R**? — R?*2. Then there exist
a linear map £ € Hom(R?*2; R?*?) and & € GL(2) such that

{P - £(«|P]): P € R*?} = R@.
As a consequence, we can decompose all P € R?**? by means of
P = £(/[P)) + H(P)®, (2.10)

where b € Hom(R?*2;R) is a linear map.

3The complementary part of P € R**? with respect to « is given by P — o/ [P]. We refer to P — £(</[P])
as the almost complementary part where £ € Hom(]RQXZ; ]RQXZ) is the linear map from Theorem 2.7.
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Furthermore, in this explicit situation it is possible to specify the integer of Lemma 2.3:

Lemma 2.8. Let A be a C-elliptic differential operator of the form (1.2) in two dimen-
sions induced by a projection of : R**? — R2*2. Then there exists a first-order linear
homogeneous differential operator I from W to V. .® R™ such that V2> =L o A

Proof. The proof is based on the construction of the linear maps £ and h as well as the
matrix & from Theorem 2.7 derived in [GLN23, Proposition 4.1]. There it is shown that
only dim(im &) € {3,4} is possible, ruling out dimension two. Consequently, we have to
address only two cases:

o If dim(im %) = 4, we note that {e; ®a e;: 1 <i,j < 2} forms a basis for im «7. For
any & € GL(2) one can define then £ by its action on basis vectors

L(ei @a €j) = (ei @ ej) — &,
cf. [GLN23, Equation (4.6)]. In particular, we can choose & = 1345 to obtain

—(O1ug + O2uy + Oaug) O1us >

E(M[Vu]) = ( Doy —(01uy + Orug + Oguq)

for u € C¥ (R?;R?) . Hence, already all entries of the gradient Vu can be expressed
by a linear combination of the entries of £(</[Vu]), e.g.
ouy = —&([Vu])??) — (o7 [Vu)) 1D — g([Vu]) 2.

In particular, one could even use d = 1 in this case, but then also all entries of VZu
can be expressed by linear combination of the the entries of V.£(«7[Vu]).

e If dim(im &) = 3, we can find without loss of generality coefficients a11,a12 and age,
not all equal to zero such, that

e2 ®a €1 = aii (1 @a e1) +arz (€1 @a e2) + az (e2 DA e2)

and a1a2 + a1z # 0, cf. [GLN23, Equation (4.7)f.]. In this case, we can define £
through its action on basis vectors by

€; Qe if (Z,j)#(%l),

£(6i®Aej) = a1 a2
it (i) = (2.1).
b )= 2

This leads to

_ (O1u1 + a11 Our  Orug + ar2 oug
S(ﬂ[VU]) o ( 0 82U2 + a99 82u1> ’

and hence, we cannot express all the entries of the gradient Vu by a linear combination
of the entries of £(«[Vu]). However, differentiating all the entries yields

A1 £(A[Du)) D) 1 aqx 0 00 0 D2y
GQS(A[DU])(H) 0 1 aijl 0 0 0 8182’&1
HEADu)2 | [0 a2 0 1 0 0 d3uy
BLADu)ID | 710 0 a2 0 1 0 D2usy
o £(A[Du])?) 0 aza 0 0 1 0] |9102uz
O L(A[Du])(?2) 0 0 ap 0 0 1 d3us
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Since the determinant of the appearing 6 x 6-matrix satisfies —(a11a22 + a12) # 0, we
can express all the entries of V2u by a linear combination of the entries of V.£(A[Vu]).

This completes the proof. O

Remark 2.9 (Deviatoric Gradient). The structure from Lemma 2.8 also applies to the
trace-free or deviatoric gradient in all dimensions with Z(A) = sl(n), cf. Example 2.2.
More precisely, all the entries of the second derivative of a smooth vector field u: R™ — R"™
can be expressed by a linear combination of derivatives of A = dev 'V, i.e. in the above
Lemma we also have d = 2. Indeed, since this operator only applies on the diagonal
elements, the off-diagonal entries remain the same, meaning

(V)@ = (dev(Vu)@  fori#je{l,...,n}.

Moreover, we note that the diagonal elements of Vu cannot be expressed as linear combina-
tions of the entries of the elements of dev(Vu). However, this holds true if we increase the
order of differentiation, namely

n

8;(dev(Vu) ™ = 8; [ dyu; — %Z djuj ; ! 0i0ju; — %Z di0ju;
=1 j=1
’ jAi
n—1 . 1 < .
= , () _ = , (i5)
9 (Vu) - D 9j(dev(Vu)) ).

n

j=1

i
Hence, we found a first-order differential operator I from sl(n) to V. R™ such that there
holds V2> =L odev V.

2.2.5 Jones-Type Extension Operator

As already announced previously, this section provides the construction of an extension
operator in more detail. This operator was essentially developed by JONES [Jon81] and
used by GMEINEDER and RAITA [GR19a] in the context of C-elliptic differential operators
to overcome the lack of boundedness of singular integrals on L'.

We start by introducing a projection operator onto the finite dimensional null-space ker(A)
of a C-elliptic differential operator A. To this end, let U C R™ be a bounded set, which
will be a cube or a ball in the sequel. In order to construct a L'-bounded projection
operator Py : LY (U; RY) — ker(A) we choose an L?(U; R™)-orthonormal basis {1, ..., 74}
of ker(A) with respect to the averaged L2-inner product, where d := dim(ker(A)), and set

d

Pyvi=Y <][ wjvdg;) T, (2.11)
j=1 U
for v € LY(U; RY). Since each of the functions 7y,...,7q is in L®(U;RY), we conclude

that the operator Py is well-defined and L'-bounded. Next, we will rephrase and extend
[GR19a, Theorem 4.1] within our framework, commenting on the changes to the proof.

Theorem 2.10. Let p € [1,00] and 2,y C R™ be two open and bounded sets with Q € Qg
such that  has Lipschitz boundary 02. Then there exists a (norm-)bounded linear extension
operator 3: WAL(Q) — WAL(R?) with
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i) supp(Ju) C Qq for all u € WA1(Q),
i) 3: WhL(Q) — W' (),
iii) and there exists a constant ¢ = c(Q,n) > 0 such that ||Jullipory) < cllullie@ry)
for all uw € WAL(Q) NLP(Q;RY).

In order to discuss the proof of Theorem 2.10, we briefly recall the underlying construction
from [GR19a]. Towards this aim, let Q C R™ be an open and bounded Lipschitz domain.
For the construction of the extension operator we take a dyadic Whitney decomposition of
Q, i.e. a countable family #] of open, dyadic cubes () whose length is denoted by ¢(Q),
such that

(W1) the cubes from %] are pairwise disjoint with UQE% Q =9,
(W2) for all @ € #; there holds v/n f(Q) < dist(Q,9N) < 4v/nl(Q),
(W3) for Q,Q" € #1 with QN Q" # () we have
6Q)
Q')
(W4) and for every @ € # there exist at most 12" cubes Q' € #4 with QN Q" = 0 and
QNQ #0.

Similarly, we take a dyadic Whitney decomposition #4 of R™\ Q) and thereout the collection
#3 of all cubes Q € #5 with £(Q) < 3diam(®) 14 can be shown that for all Q € W3 there

< <4,

] =

16n
exists a reflected cube Q* € #; such that for some constant ¢ = ¢(€2) > 0 there holds
1 _ Q) :
- < <c¢ and dist(Q,Q") < cl(Q), 2.12

cf. [Jon81] or [DHHR11, Proposition 8.5.3, Lemma 8.5.4]. We may then blow up the cubes
from #3 with a suitable factor # > 1 sufficiently close to 1 such that the family (0Q)gecws
of cubes 0Q, having the same centre as Q and £(0Q) = 04(Q), satisfies 6Q C R" \ Q for
all @ € #3. This can be done in a way such that (0Q)gcys, yields a locally uniformly
finite cover of Jgey, @ and (W2)—(W4) as well as (2.12) still hold true, possibly with
worse constants. As a next step, we take a partition of unity (pgq) in C2°(R™ \ ©;[0,1])
subordinate to the covering (6Q)gews, which allows to set

]

u in
u = _
> 0ew; PP u in R™\ €,

where u € WA1(Q) and P denotes the projection onto ker(A) from (2.11). Imposing
natural growth assumptions on the derivatives of ygq it is shown in [GR19a, Section 4.1]
that J: WA1(Q) — WAL(R™) is a norm bounded linear operator. In order to address the
LP-stability, we first observe that we only have to consider the cases 1 < p < oo and p = o0,
as the case p = 1 is trivially satisfied. Towards the first aim, we take a cube @ € #3 and
observe

lpoPo-ullLomm0mn) < IIPo-ullLregm™) (2.13)

< c|[PorullLpirny < clPoullLrrry)-
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Here, the first inequality follows by definition of the partition of unity, whereas the second
is a consequence of the equivalence of all norms on a finite dimensional space with scaling.
The third inequality takes into account (2.12). Since ker(A) is finite dimensional, and
therefore, the LP- and L'-norms are equivalent on @, we can further estimate to infer

[PQullLeg+mrry < c]é* |Pg+u| dz < c]é* lul dz < cflullpp@mr) (2.14)

for a constant ¢ = ¢(n,,0) > 0. Here, the second inequality is a consequence of the
L!-boundedness of the projection. Finally, since the family (Q)gey; of blown-up Whitney
cubes still satisfy (W4) with worse constants, the number of overlapping cubes Q) with
Q@ € 5 is uniformly bounded by a constant ¢ = ¢(n,0) > 0. Therefore, the operator
J: LP(Q; RY) — LP(R™; RY) is a bounded linear operator.

In the second case, we replace the very left hand side of (2.13) by |(@eqPq+u)(z)| for
r € R™\ Q and repeat the above argument with p = oo.

Finally, in order to get the precise statement of Theorem 2.10 we take an open and bounded
set Q9 C R™ with Q € Qg and choose a localisation function g € C2°(€p;[0,1]) with
1o < o < 1g,. Setting Ju := pJu leads to an operator J: WALQ) — WAL(R™) having
all the desired properties of Theorem 2.10.

2.2.6 A-Orlicz-Sobolev Spaces

Let A be an elliptic differential operator of the form (1.2) and ® be a Young function. For
an open and bounded subset 2 C R™ we introduce the A-Orlicz Sobolev space by

WAL(Q V) = {u e L2(;V): Au e L¥(Q; W)},
which is a Banach space with respect to the norm
[ullwae @) = llullLe @y + |AullLe@w)-

In the special case of the symmetric gradient A = ¢ we use the notation EL®(Q; R?) ==
W&?®(Q; R"), which is convenient in the literature.

2.2.7 Negative Sobolev Spaces

The standard way to define the space W*P(Q) for p > 1 and k € N is to view it as

the dual space of Wé’p / (Q) where p' = z% is the Holder-conjugate of p. As a next step,
one then characterise the elements of this dual spaces as certain distributions, see e.g.
[KJE77, Section 5.9]. Unfortunately, we cannot follow the duality approach when dealing
with p = 1. However, motivated by the aforementioned characterisation, one can define
the spaces W"1(Q) as follows:

Definition 2.11. Let k € IN. We define the space W—51(Q; RY) as

{T € Z'(URY): T =) 0°T., To € LN RY), o € NG with |af < k}
|| <k
This linear space is canonically endowed with the norm

||T||W*’“!1(Q;RN) = 1nf{ Z ||Ta||L1(Q;]RN) T = Z 80‘Ta, Ta S Ll(Q’]RN>}
|| <k <k
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Lemma 2.12 (Properties of W51(Q; RY), [Gme20, Lemma 2.5]). Let Q C R™ be open
and k € IN. Then the following holds:

i) The space (W—FL(Q;RN), || - lw—#1(Qrn~)) is a Banach space.
ii) For every u € LY(;RY) and every 8 € N8 with |3| < k there holds
”aﬂu”w—’“vl(Q;RN) < HUHW\BHJ(Q;RN)‘

In this thesis, we will use Lemma 2.12 only in the cases k € {1,2}. In particular, we need
the trivial embedding W=51(Q; RY) ¢ W=21(Q; RY) which results in

T lw-21:8) < [ Tllw-11(ry) forall T € W HH(QRY). (2.15)

Furthermore, there holds for s € {1,...,n}, h > 0 and w € L}(Q; RY)

[0swllw-21(rry < wllw-11@my) < llwllLi@zyy, (2.16)
[0swllw-11ir~) < vl @myy, (2.17)
[As hwllw-11({weq: dist(@o0)>h}RN) < w1 @ry)- (2.18)

The last inequality immediately follows for w € C'(€2; RY) by means of the representation
formula

As,hw('r)

1
-2 /O w(x + they) dt,

from which the version for general w € L!(€; RY) follows by approximation.

2.3 Functionals Defined on Measures

Since the expression Au of a BVA function exists only as a finite W-valued Radon measure,
rather than a function, variational integrals must be formulated in the broader framework
involving measures. To this end, we say that a finite W-valued finite Radon-measure
1 € RMgp (Q; W) takes values in a convex cone’ K C W if u(B) € K holds for every Borel
set B C Q. In this case, we briefly write u € RMg, (2; K). Moreover, we notice that also
the Radon-Nikodym derivative % takes values in K.

Now, let K C W be a convex cone and f: K — R be a convex function of linear growth
from below, i.e. the first inequality in (1.3) holds. For an open and bounded set 2 C R"
and a finite Radon measure p € RMg,(2; K) taking values in K, we define the measures

f(w) by
sy = [ () a [ () i (2.19)

for Borel subsets U C €2, based on the Lebesgue-Radon-Nikodym decomposition (2.1). As
mentioned in the introduction, the recession function f°° is defined as

f°(z) == lim M = lim ¢f (%) for zeW.

8§—00 S t\0

4A convex cone is a subset K C W such that for all z,y € K and «, 8 > 0 there holds oz + fy € K.
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It is a well-defined, 1-homogeneous, lower semi-continuous and convex function on K,
cf. [GMST79, Proposition 1.1]. Note that, if we do not assume linear growth from above, we
only have f*: K — R U {oo}.

Remark 2.13 (Connection to convex analysis). The recession function f°° can also be
characterised in terms of convexr analysis. Namely, for a convex function f: R™ — RU{oo}
we consider the epigraph epi(f) = {(z,t) € R" x R: f(x) < t}. Moreover, for an non-
empty convexr set V. C R™ we define the reccession cone of V' as the set of all directions in
which V is unbounded, i.e.

rec(V) ={ye R":VA>0,zeV:z+AyecV}

For closed and convex sets V. C R"™ we have rec(V') = {0} if and only if V is bounded.
In terms of convex analayis, the recession function f°° is the function whose epigraph is
the recession cone of epi(f), i.e. epi(f™°) = rec(epi(f)). This characterisation provides a

geometric viewpoint illustrating how f°° encodes the asymptotic behaviour of f in a given
direction. For further details we refer to [Roc70, NGLSES, AT03].

The main (lower semi-)continuity result for functionals defined on measures is due to
RESHETNYAK [Res68] (see also [BS13, Theorem 2.4]). In our case the convex cone K is
Z(A) and we will use the theorem in the following version:

Theorem 2.14 (Reshetnyak (lower semi-)continuity theorem). Let Q@ C R™ be an open
and bounded set and let f: Z(A) — R be a convez function of linear growth from below.
For functions u,uy, ug, - -- € BV*(Q) we have

i) if u; — u in the weak*-sense in BVA(Q), then

f(Au)(Q) < liminf f(Au,;)(Q).

Jj—00

i) If in addition f is of linear growth from above and u; — u in the A-area-strict sense
in BVA(Q). then
F(A0)(Q) = lim f(Aa;)().
If Q has a Lipschitz boundary 02 oriented by vga: 02 — $" !, we can extend a function
u € BVA(Q) by some fixed uy € BVA(R") to the full space R”, to obtain an element of
BVA(R"). From (2.1) we get an additional boundary term and infer

Corollary 2.15. Let 2 C R™ be open and bounded with Lipschitz boundary 00 and
f: Z(A) — R be convex function satisfying (1.3). Then for every ug € BVA(Q) the
relaxed functional

_ dA%y [ dA%u .
Flu; Q] :_/Qf<d,$”>dm+/gf <d]&5uy>dm ul

+ e (traa(u — uy) ®a voq)d™ !
80

s lower semi-continuous with respect to weak*-convergence and continuous with respect to
A-area-strict-convergence in BVA(Q).
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2.4 The Ekeland Variational Principle

The Ekeland variational principle quantifies the following meta-principle: Namely, if we have
a point close to the infimum of a given functional, we can find a nearby almost-minimiser
v, which is even closer in a quantified way.

Proposition 2.16 (e-version of the Ekeland variational principle, [Eke74]). Let (X, d)
be a complete metric space and F: X — R U {oo} be a lower semi-continuous function
with respect to the metric topology which is bounded from below and not identically +oo.
Suppose, that for some u € X and some € > 0, there holds Flu] <infx F +¢e. Then there
ezrists v € X such that

i) d(u,v) < \/e.
ii) Flv] < Flu] and
iii) for all w € X there holds F[v] < Flw] + /e d(v,w).

The Ekeland variational principle has a nice geometric interpretation in the special case
that X is a Banach space with norm || - ||. If we have a point u € X which is e-close to the
infimum, we can find a point v € X lying in a y/z-neighbourhood of u, which is almost
minimising. The latter means, that the shifted cone

€ = (v, Fv]) + {(z,a) € X x R: a+ ve||z| < 0}

lies entirely under the graph of the function F' in X x R, see Figure 2.1. A more general
version can be found in [Eke74], whereas we refer to [AE84, Chapter 5, Section 3| for
further details.

inf FF+¢

&

‘U v

JE

Figure 2.1: Ekeland variational principle

2.5 Miscellanea

In this section, we collect various auxiliary results and remarks that complement the main
discussion.
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* V-functions. We briefly introduce some auxiliary functions V. For 1 < p < oo and a
real normed vector space (X, |- ), we define

Y
2

Vo(z) = (1+12")2 -1, zeX. (2.20)

As a consequence of [AG&8, Proposition 2.5], we obtain that for p > 2, there exist
two constants ¢ = ¢(p) and C = C(p) > 1 such that

clz|P <Vp(z) < CA+ |2]P). (2.21)

Moreover, if V = RV*" we can compute the derivatives explicitly to deduce

1y

A+ p—2)z® 2+ T (N xn)x(Nxn))-

VVp(2) = p(1 + |2
V2V, (2) = p(1 + |2[*)

p_
2
p_
2

As a consequence, we obtain the estimates
—1 -2
VVp(2)] Se(l+ 2117 and  |[V2V,(2)] < c(1+ 27 .

* Conver Integrands. We conclude this section by stating two well-known properties of
convex integrands that provide bounds for the gradient:

Lemma 2.17 ([Giu03, Lemma 5.2]). Let m € IN and f: R™ — [0,00) be a convex
function with f(z) <T'(1+ |z|) for all z € R™. Then f is Lipschitz continuous on
R™. Moreover, if f is of class C, then there holds

Vi) <e
for a constant ¢ = ¢(m,T") > 0.

Lemma 2.18 ([BS13, Lemma 2.8]). Letm € N, 1 <p < oo and g : R™ — [0,00) be a
conver function of class C* with g(0) < b and p-growth from below, i.e. g(x) > a|z|?,
with a,b > 0. Then

(Vg(z),z) > alz|? —b.

Proof. By convexity we have b > ¢(0) > g(z) — (Vg(x),z) > a|z|’ — (Vg(z), ), for
all z € R™, showing the claim. O

Moreover, we need the following well-known Lemma on the identification of pointwise
and weak limits in LP-spaces.

Lemma 2.19 ([GGZ74, Lemma 1.19], [BEG26, Lemma 3.4]). Let m € IN and
consider = 0.L™ L Q for some 6 € LL (% R>1). Suppose that (uj)jen in LZ(Q; R™)
converges

i) weakly in L7, (€ R™) to some function u € L2 (Q; R™), and

i) pointwisely £L"-a.e. to some measurable function v: Q — R™.

Then the limits coincide, i.e we have u = v.
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x FElementary Bounds. Finally, we recall some elementary, yet useful estimates, which
we will use in the sequel without addressing them further. For z € R there holds

2l S VI+ ]2 <14z

Moreover, the logarithm grows more slowly than any root, meaning that

log(1 + 1) < C(k) ¢F. (2.22)

holds for all z € R and & € IN. As an immediate consequence we derive the bound
log(1 + t2) < 4v/t.

x Fatensions of Integrands. Consider a function f: U — R defined on a subspace U
of R™*™, Then it is possible to introduce an inner product on U by restricting the
Hilbert-Schmidt inner product (-, -) from the ambient space R™*™ to U. It would be
natural to work with this inner product on U as we have V f(u) € U and V2 f(u)v € U
for all u,v € U. However, at later stages we have to treat expressions of the form

(Vf(u),A) and (V2f(u)A,B)

for u € U and general matrices A, B € R™*". In order to do so, we extend our given
function f from U to R™*™ by setting

f(z) = f(x(2)),

where 7: R"*™ — R™ "™ denotes the orthogonal projection onto the subspace U.
Clearly, if f is a convex function on U, then so is its extension f. Moreover, as
an immediate consequence of the chain rule, we conclude from f € C?(U) that
f € C?(R™) together with Vf(z) = Vf(n(z)) € U. Since the orthogonal projection
is self-adjoint, we also have

(Vf(2),A) = (Vf(n(2)), m(A)) = (Vf(n(2)), A)

and

(V2f(2)A, B) = (V2 f(r(2))n(A), n(B)) = (V> f(r(2))n(A), B)

for all z, A, B € R™*". Both quantities follow from the abstract (second-order) chain
rule for the (Fréchet) derivative, namely we have

df(2)(4) = d(f o m)(2)(A) = (df (n(2))dm(2))(A) = df(m(2))(m(A))
and

d*f(2)[A, B] = d*f(n(2))dn(2) A, dm(2) B] + d f (n(2))(d*x (2)[A, B])
= d*f(n(2))[r(A), 7(B)],

using d7m(z) = m and d?7(2) = 0 for all z € R™ ™, as 7 is a linear map. As a word of
caution, we note that if f is p-elliptic on U, we cannot conclude that f is p-elliptic
on all matrices. Indeed, taking directions in U immediately destroys any lower
bound of the type given in (1.5). Throughout this thesis, we will not address this
detail explicitly and consider, if necessary, always the extension to make sense of all
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appearing expressions. When dealing with symmetric gradients at later passages, we

will use the above construction for U = Rg'. Especially, using the orthogonal sum
decomposition
X
R <RI 6 R (2:23)

into symmetric and skew-symmetric matrices, we recover the well-known identity
<A,B> — <A’Bsym> + <A,BSkeW> _ <A, Bsym>

for A € R and B € R™". Here, BY™ := £(B + B') and B*V := (B - B")

Sym
denote the symmetric and skew-symmetric parts of B, respectively.
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3 | Korn-type Inequalities

This chapter presents sharp and generalised versions of Korn’s inequality. We begin with a
discussion of the Calderén-Zygmund theory and the theory of Fourier multipliers, which
are powerful tools for establishing such inequalities. These approaches rely on singular
integral estimates that are valid in LP-spaces for 1 < p < oo. However, it is crucial to note
that these methods fail at the endpoints due to the breakdown of boundedness properties
of singular integral operators in that setting.

Structure of the chapter: In Section 3.1, we introduce the main results from the Calderén-
Zygmund theory of singular integral operators, along with key concepts from the theory
of Fourier multipliers. In Section 3.2, we focus on Korn-type inequalities in L spaces for
1 < p < o0, outlining the classical results and emphasising the role of singular integral
estimates. We also discuss Ornstein’s Non—Inequality, which demonstrates the failure of
such estimates in the limiting case p = 1. Finally, Section 3.3 is devoted to Korn-type
inequalities in Orlicz spaces.

3.1 Calderén-Zygmund Theory and Fourier Multipliers

In this section, we briefly collect some facts from harmonic analysis. We will use the
following normalisation for the Fourier transform of a Schwartz function f € #(R"; C):

a T — 1 T efi:r{ T or n
FIHO =P = ooy [ @S tor gt (31)

More precisely, we consider for m € L>°(R"™; C) operators of the form
Tm: SR C) — L (R C), Tnf=F mf], (3.2)

where .# ! denotes the inverse Fourier transform'. Such operators are called Fourier-
multiplier operators. More specifically, we say that T, is a kernel operator, if there exists a

kernel & € LL_(R™\ {0}; C) such that & € L°(R"; C) and

loc
T(f)(a) = (R @)= [ S = 9)7(0) dy (33
holds for all x ¢ supp(f). Such a kernel satisfies the Hormander condition, if the map
R">yw— |R(z —y) — R(x)| dx (3.4)
{lz[>2]yl}

'Recall, that the Fourier transform is a linear isomorphism on the Schwartz space (R™; C), cf. [SW71].
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is uniformly bounded. By a famous and by now well-known theorem of CALDERON and
ZYGMUND [CZ52], later improved by HORMANDER [Hor60], such operators can be extended
to the scale of LP-spaces for 1 < p < co. More precisely, we have

Theorem 3.1 (Calderén-Zygmund, [Duo01, Theorem 5.1]). Let m € L>°(R"™; C) and T,
be a kernel operator as in (3.3) satisfying the Hormander condition (3.4). Then T,, extends
to a bounded linear operator T,,: LP(R™;C) — LP(R™;C) for all 1 < p < oo, i.e. there
exists a constant ¢ > 0 such that

||Tmf”LP(R";C) < CHf”LP(IR";C)‘

Moreover, T,, is of weak-type (1,1), i.e. there exists a constant ¢ > 0 such that

2"({z € R™: |8 (@) > AD) < SISl o,
for all X > 0.

We notice that the above theorem excludes kernel operators of principal value type, which
can be treated under additional assumptions on the kernel. We refer to [Ste70, Jou83,
Duo01, Abel2] for further details. A sufficient condition for a function m to be a Fourier
multiplier is provided by the Mikhlin multiplier theorem:

Theorem 3.2 (Mikhlin multiplier theorem, [Abel2, Theroem 4.23]). Let m: R™\ {0} — C
be an (n + 2)-times continuous differentiable function such that there holds

ogm(€)| < el forall €#£0 anda € N, |a| <n+2 (3.5)

for a constant ¢ > 0. Then for 1 < p < oo the Fourier multiplier operator T,, from
(3.2) is a kernel operator. More precisely, there exist a continuously differentiable kernel
K: R\ {0} — C such that (3.3) and

0%R(z)| < Clz| ™11 forall z+#0 and |o| <1, (3.6)
holds. FEspecially, T, extends to a bounded linear operator T,,: LP(R"™; C) — LP(R™; C).
Remark 3.3.

i) The Mikhlin multiplier theorem still holds true in a vector-valued framework for
lof < |§] +1, see [BL76, Theorem 6.1.6]. Moreover, (3.5) can be weakened, leading
to the Mikhlin-Hormander multiplier theorem, see [Duo01, Corollary 8.11]. For a good
overview regarding different versions of multiplier theorems we recommend [Gra21].

i) It can be shown that (3.6) implies the Hormander condition (3.4), see e.g. [Duo01,
Proposition 5.2].

iii) The Mikhlin condition (3.5) is satisfied if m: R™ \ {0} — C is homogeneous of degree
0, i.e. there holds m(Ax) = m(z) for all A > 0 and x € R™\ {0}. In particular, m is
constant along rays emanating from the origin and hence, m is completely determined
by the behaviour of its restriction to the sphere $"~1. More precisely, let m|gn—1 be of
class CF and notice that the derivatives 0%m are homogeneous of degree — || because
of

10%m(z)] = [N (@*m)(Az)|  for all X\ >0 and z € R™\ {0}.
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Choosing \ == |z| ™" and setting co = supjg=1 [0“m(0)| results in

x —
()

showing the validity of (3.5). Finally, we notice that in this specific situation the
kernel representation can be specified further and refer to [Duo01, Theorem 4.13].

0%m(z)| = |z

3.2 Korn-type Inequalities in L”-spaces and Ornstein’s Non—
Inequality

This section is devoted to Korn-type inequalities on the scale of LP-spaces, which turn out

to hold for 1 < p < oo. The latter is exactly the range for which it is known that singular

integrals as well as Fourier multipliers are bounded. Moreover, we discuss the failure of
such an inequality at the endpoints p = 1 and p = oo by stating known counterexamples.

The following inequality is essentially a consequence of the methods given in [CZ52];
however, since we were unable to locate a precise reference, we provide a proof based on
the Mikhlin multiplier theorem.

Theorem 3.4 (Korn-type-inequality). Let A be an elliptic operator of the form (1.2) and
1 < p < 0. Then there exists a constant ¢ = c¢(n,p) > 0 such that

[VllLe@n, 2@nvy) < cllAv||e@ew) (3.7)
for all v e C°(R™; V).

Proof. Let v € C°(R™; V) be arbitrary. Recalling standard properties for the Fourier
transform, cf. [SWT71], gives

— —

(0av)(§) =1&0(§) and  (Av)(£) = A[f](V(¢))

for o € {1,...,n}. Moreover, since A is elliptic, the Fourier symbol map A[{]: V — W is
injective and therefore, the composition A*[¢]JA[¢]: V — V is invertible. This allows to
rewrite

(@u0)(6) = 1€a(€) = 160 (A" AL ™ (A7 ALED(E))
= i€ ((AT[EJALE]) T A" [€](A)(6))
= ima(€)(A0)(€),

where mq (€) = £o (A*[€]A[€]) " A*[€]. By means of the Fourier inversion formula we obtain

Al
Al

Dov = Ca FHma(€)A(€)),

with a suitable constant ¢, € C. Since A[¢] is linear, it follows that m,, is homogeneous of
degree 0, namely for A > 0 we have

Ma(A) = Ma (A NEJANE]) TTANE = AaA (AT [EJA[EDAALE] = ma(©).
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In view of Remark 3.3 #ii), we conclude that m € C>*(R"™ \ {0}; Z(W;V)) satisfies
assumption (3.5) of the Mikhlin multiplier Theorem 3.2. Therefore, m, is a LP-Fourier
multiplier for every a € {1,...,n} and 1 < p < co. Finally, summing over alla =1,...,n
results in

[Vl|Le e, 2@ v)) < cllAv||Le@nw),
for a constant ¢ = ¢(n,p) > 0. This finishes the proof. O

The following Korn-type inequality for C-elliptic operators on the scale of LP-spaces is
well-known by results of ARONSZAJN [Aro55], NECAS [Nec66, HN70] and SMITH [Smi70],
cf. also [Res70,Kal94]. For a recent proof including more irregular John domains we refer to
[DG24]. However, for the sake of completeness, we give a quick proof on Lipschitz domains
based on the Jones-type extension operator from [GR19a] in the context of C-elliptic
differential operators:

Theorem 3.5. Let 2 C R™ be an open and bounded Lipschitz set, A be a C-elliptic
differential operator of the form (1.2) and 1 < p < oo. Then there exists a constant
c=c(n,p,Q) > 0 such that for all v € W'P(Q; V) there holds

[ollwie@) < c(lvllie@y + [A[lLe@w))- (3.8)

Proof. Let 1 < p < co. Since A is C-elliptic, which is, because of (2.7), equivalent to have
finite dimensional null-space there exists a bounded linear extension operator

Eq: WAP(Q) — WAP(R™),

cf. [GR19a, Theorem 4.1]. Moreover, we take an open and bounded set Qy C R™ with
Q € Qo, together with a cut-off function p € C2(R™; [0, 1]) satisfying 1o < ¢ < 1g,. To
obtain a compactly supported extension operator, we define Eqw := gEqw for w € WAP(Q),
which yields Eq: WAP(Q) — W? P(Qq), with supp(Eqw) C Q9. We now take an arbitrary
v € CX(R™; V) with supp(v) C Q. Using (3.7) together with the norm boundedness of the
extension operator, we infer
IVvllLe@; 2@y = V(EQu)llLe@; 2@nvy)

< c||[V(Eqv)llue (v, 2(®m;v))

< [ A(Equ)|Le mrsw)

< CHEQUHWA»P(]R") < CHUHWAW(Q)-
Finally, the previous inequality remains true in W?(Q; V) using a standard approximation

argument. Therefore, (3.8) follows and the proof is finished. O

Since many parts of this thesis are dealing with the symmetric gradient, we explicitly state
the classical Korn inequality in this framework:

Corollary 3.6 (Korn inequality in L?). Let  C R™ be an open and bounded Lipschitz set
and 1 < p < oo. Then there exists a constant ¢ = ¢(n,p) > 0 such that

[VVlLo nmaxny < clle(v) HLp(Rn;ngXn;l)a

for all v € Wé’p(Q;Rn). Moreover, for any v € WYP(Q;R™) there exists a constant
c=c(n,p,Q) >0 such that

HUHWLP(Q;R") < C(HU”LP(Q;R") + ||€(U)||Lp(g;]ng§1n )

36



Proof. Choose A =¢, V =R" and W = R%*" in the previous theorems. O

Sym

The failure of L'-estimates was demonstrated by ORNSTEIN, not just by giving a specific
counterexample, even by proving the impossibility of non-trivial estimates. This underscores
the necessity for alternative approaches in low-regularity settings. The original statement
reads as follows:

Theorem 3.7 (Ornstein Non—Inequality, [Orn62, Theorem 1]). Let {B,1Lq,..., Ly} be a
family of linearly independent linear, homogeneous differential operators in n-variables of
order k € IN. Then for any K > 0 there exists f € C(R™) with supp(f) C (0,1)" such
that

/ IBf| de > K and / IL; fl de < 1
R™ R
holds for all j € {1,...,(}.

Nowadays, various proofs and generalisations are available, which we aim to discuss. We
will begin by referencing [CEFMO05] for an elegant proof in the case of the symmetric gradient
using laminates. Moreover, [FG22] provides a concise proof of ORNSTEIN’S result in two
dimensions. KIRCHHEIM and KRISTENSEN derived a more modern proof resulting in a
more general statement in [KK11, KK16], allowing for an additional z-dependence.

Theorem 3.8 (Generalised Ornstein Non-Inequality [[KXK16, Theorem 1.3]). Let V, Wy, Wy
be three finite dimensional inner product spaces and consider two k-th order linear partial
differential operators with locally integrable coefficients ag) eLL R Z2(V,W,), i=1,2
defined by
Ai(z,D)p = al ()0
|| =k
for ¢ € C°(R™; V). Then there exists a constant ¢ > 0 such that

|A2(z, D)l mnywy < cllAi(z, D)ol memy Yo € CE(Q; V)

if and only if there exists T € L°(R"; £ (W1, W2)) with || T |10 (mn; 2w, ;ws)) < ¢ such that

dP(z) =T(x)aV(z) for L™-a.e. z € R",

« «
and all multi-indices o € N™ with |a| = k.

We also want to mention [KSW17] for an anisotropic version of the above result. In
summary, we emphasise that LP-estimates for differential operators derived via Calderén-
Zygmund estimates and Fourier multipliers can be obtained for all 1 < p < oo and even
for the weak L'-space. However, they fail for the limit case p = 1 except for trivial cases.
We close this section by pointing out that the other limit case p = co also fails due to the
results in [Mit58] and [dLM62].

3.3 Korn-type Inequalities in Orlicz Spaces

In this section we investigate Korn-type inequalities on the scale of Orlicz spaces. We
begin by mentioning several known results. In [BD12] BREIT and DIENING prove that an
inequality of the form

IVollLe @mnsny S le()llLequrmr (3.9)
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can only hold for all v € C2°(R™;R") if and only if ® € Vo N Ay. The same inequality
holds true if the symmetric gradient is replaced by a more general elliptic operator as
shown by CONTI and GMEINEDER in [CG22]. We point that the result is somehow natural
as & € Ay and @ € Vs loosely speaking mean that the norm || - ||;,# is not too close to
Il - ||Lee and || - ||z respectively, for which the Korn inequality fails. Moreover, it is possible
to weaken the assumption ¢ € Vo, N Ag by replacing the norm on the right-hand side of
(3.9) by a slightly weaker Orlicz norm due to results of CIANCHI [Cial4] for the symmetric
gradient. The following statement is a generalisation of [Cial4, Theorem 3.1] and can be
found in [Ste26, Theorem 5.1].

Theorem 3.9 (Korn-type inequality in Orlicz spaces). Let 2 C R™ be an open and bounded
set and A be an elliptic differential operator of the form (1.2). Moreover, let ¥ and ® be
Young functions such that

5Atfg)dsgq4d) and 54t@2f)dsg4f@ﬂ, (3.10)

hold for all t > 0 and some ¢ > 0. Then there exist a constant C > 0 such that
/ ®(|Vu|)dz < / U(C|Av|)dz  for all ve WyY (V). (3.11)
Q Q

We observe that, as a consequence of [Cial4d, Proposition 3.5], the conditions in (3.10)
imply that ¥ dominates ® globally, i.e. there exists a constant ¢ > 0 such that

U(t) < ®(ct) holds for all ¢ > 0.

Moreover, as a matter of fact, modular estimates in Orlicz spaces are always stronger than
Luxemburg norm one. Therefore, in view of (3.11), we obtain for v € W(l)’qj(Q; V) the

estimate
/q> N A dxg/\p A ) <
o \ClAv|| e qw) o \Av[Leomw)

and hence, by the definition of the Luxemburg norm, also

[VvllLe @, 2@mnvy) < CllAY[|Le 0w (3.12)

We now aim to prove a Korn-type inequality for balls on the scale of Orlicz spaces. To
this end, we first need to derive a Poincare-type inequality in Orlicz spaces, which is the
content of the following theorem:

Theorem 3.10 (Poincaré-type inequality). Let r > 0, 2o € R™ and B, (xg) C R™ be a ball,
A be a C-elliptic differential operator of the form (1.2) and ¥ be a Young function. Then
for every v € WAY(B,.(29)) there exists a constant ¢ = c¢(B,(z0), A) > 0 such that

peigizm v =pllLe®, 20)v) < cwnr [[Av]lLy (B, (0)w)- (3.13)

Proof. For the sake of simplicity we abbreviate B := B,.(xg). The result is an immediate
consequence of [DG24, Proposition 3.8.]. Namely, there exists a constant ¢ = ¢(A,B) > 0
such that for v € WA1(B) there holds the pointwise estimate

(v — HRU)(:U)} < c/ lz —y|" " |Av(y)| dy  for LM-ae. z € B, (3.14)
B
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where TI§ denotes the projection onto the kernel of A as constructed in [DG24], cf. also
Remark 4.5. As a next step, we define for x € B a Borel measure u,: #(B) — [0, 00) via

pa(A) = c/ lz—y/' " dy for Aec BB),
B

and set my == pz(B). Now, since |z — y| < diam(B) = 2r for all z,y € B, we can estimate

dy Z™(B)
My = C > c— =cwy,r for L"-ae. z e 3.15
/13 |z —y[""t T (diam(B))"~t (3.15)

Dividing (3.14) by m, and A := ||Av||,v g, and applying the Jensen inequality, we obtain
for L™-a.e. x €

v (W) <0 <][ [Av(y)] iz y)) S]][S‘I/ <W> g (y)

Therefore, integrating the above inequality over B with respect to the x-variable, in
conjunction with the Tonelli theorem, results in

Lo (= e [ fo (2502 i
—/B‘PCMA(?J)')/BI%Z\ o dyde
o (e

<1

The last inequality follows from the fact that v € WA¥(B). Using the lower bound (3.15)
together with the definition of the Luxemburg norm gives

[ = TR vllLe pv) < cwn 7l Av]|pe @), (3.16)

where ¢ = ¢(A,B) > 0. This leads to the desired inequality (3.13), since we can always
bound the left hand side from below by the infimum taken over all p € ker(A). This
finishes the proof. O

As a side remark, we refer to [GR19a, Proposition 4.2] for Poincaré-type inequalities
in LP-spaces on star-shaped domains, and to [DG24, Proposition 3.7] for those on John
domains. We proceed by giving the proof of the already announced Korn-type inequality
in Orlicz spaces.

Theorem 3.11 (Korn-type inequality). Let r > 0, xg € R™ and B,(xg) C R™ be a ball.
Moreover, let W and ® be Young functions such that (3.10) is satisfied. Then for each
B > 0 there exists a constant ¢ = ¢(®, ¥, B, (x9), A) > 0 such that

. 1
pellcgrf(A) V(v = p)llLe®B, o) 2®rV)) < C<1 + 7,) AL By, (20);W) (3.17)

for all v € WAY(By,(0)), where A is a C-elliptic differential operator of the form (1.2).

39



Proof. Let o € C2°(R™;[0,1]) be a cut-off function satisfying g, (5,) < 0 < 1p,, (z,) and
|Vo| < 2. Moreover, we recall from (3.16) that the Poincaré-type inequality

[0 = TR [lLe By, (20)v) < C@n T AV L By, 20y (3.18)

holds for a constant ¢ = ¢(B,(xg),A) > 0, where we have abbreviated HR = HKZT(%)
for the projection onto the kernel. Therefore, taking into account (3.12) on ©Q = Bs,(z0)
applied for the function o(v — I8 v) € W(l)’q](ng(:ro); V) in conjunction with (3.18), leads
to
IV (0 = TE0) L2 (B, (a0): 2 (R75))
< IV (e(v =TI 0) L2 By, (0)s 2 (Rm:v)
< cl|A(o(v — TR 0)|Lw By, (m0)w)

< C<|QA(U — T3 0)||1% (85, (s)w) + |(v = TT50) @4 VQHL‘I’(Bsr(xo);W))

< c(m(v B0 ey + 1Vl e 0 — Hﬁvumwwm)
1 B

< e { 1AVl By, @oyw) + - v~ HAUHL‘I’(BQT(QCO);V)

1
<o (14 1) 18 lhoqmn oy

This yields the desired inequality (3.17), as we can always bound the left-hand side from
below by the infimum taken over all p € ker(A), finishing the proof. O

As an immediate consequence, cf. also [Cial4, Example 3.11], we observe

Corollary 3.12. Letr >0, o € R™ and B, (z¢) C R™ be a ball. Then for all 5 > 0 there
exists a constant ¢ = ¢(B,B(x0), A) > 0 such that

1
inf [|[V(v— <ecl 14— )|[|Av||e 20): 3.19
pelglr(A) V(v p)HexpL,Bf-l (Br(z0); L(R™V)) ¢ < 7«> [Av] p LA (Bar(20);W) ( )

for all v € WAexP LB(BQT(QEO)), where A is a C-elliptic operator of the form (1.2).

Remark 3.13 (Korn-Type inequality on Lipschitz domains). It is possible to establish a
version of (3.17) without increasing the domains of integration on the right-hand side, i.e.
for a bounded Lipschitz domain 0 C R™ there holds

peli(gizz&) [v = pllLe@v) < cllAv|[Le o) (3.20)
if ® and U are Young functions satisfying (3.10). To this end, there are several strategies:
One can either copy the arguments from [Cial/, Theorem 8.3] in the more general framework
of C-elliptic operators or construct an extension operator in Orlicz-Sobolev spaces. For the
latter one can use abstract interpolation theory since the extension operator constructed in
[GR19a, Section 4.1] is bounded for p =1 and p = oco. Since we do not need (3.20) in this
generality, we will not go into further detail. Finally, we refer to [EL25, Remark 3.14],
which provides a step-by-step outline for proving the inequality in the case of C-elliptic
operators in two dimensions induced by a projection.
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Now we recall the abbreviations ®,(t) = tlog®(1 + t2) for t > 0 and « > 0 and set
A = ker(e). We conclude this section with a Korn—type inequality in logarithmic Orlicz
spaces, which falls beyond the scope of the above theorems since ®, € Ay \ Va. Moreover,
(3.10) is not satisfied for ®, and ®,—1 and therefore has to be refined. We refer to [Cial4]
for further details, noting that the subsequent inequality is essentially a combination of
results therein.

Lemma 3.14 (Scaled logarithmic Korn-type inequality). Let 2o € R™ and r > 0. For
every a > 1 there exists a constant ¢ = c(n, ) such that for every v € EM®e(B,.(xq)) there
holds v € Wh®a(B,.(z0); R™) with

|v

][ o1 (|V0]) da < ¢ 1+][ By () dx+]l o (|c())dz | . (3.21)
Br (o) Br (o) r Br (o)

Proof. By scaling, there is no loss of generality to 29 = 0 and = 1. From [Cial4, Theorem
3.13, Example 3.15], we conclude for all u € EL®2(B1(0)) the inequality

inf £ B 1(|V(0—p)| dz < e (1 +][ B (|2(u))) dx) , (3.22)
PEXJB1(0) B1(0)

with a constant ¢ = ¢(n, ) > 0. In the following, let P be the projection on B;(0) onto the
finite-dimensional space %, cf. (2.11). Since all norms are equivalent on finite dimensional
spaces, there exists a constant such that

sup |VPw(z)| < c][ |w| dz,
z€B1(0) B1(0

and consequently, using the monotonicity of ®,_1, also

][ O 1(|VPw|)dz < ¢ ®q1 ][ |w| dz (3.23)
B1(0) B1(0)

for all w € L(B1(0); R"*). As ®,_; is convex and doubling, i.e. ®, 1 € Ay, in the first
two steps, we have for any p € # with (u — p)g, (0) = 0 the chain of inequalities

][ o1 (Vo) d
B1(0)

<e ][ L BV pde e ][ L eIV EE—p)

+ c][ By _1(|VPY|) dz
B1(0)

(3.23)

< c][ O 1 (Vv —p))dx + ¢ Do <][ lv —p d:c)
B1(0) B1(0)
+c Dy ][ lv| dz
B1(0)
Sc][ S0 1(|V(v—p)))dz+¢ ][ O 1(jv])de |,
B1(0) B1(0)
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where the last inequality is true because of the classical Poincare-inequality and the
convexity of ®,_1. Moreover, we observe that it does not matter whether we take the
infimum in (3.22) over all p € J# or over all p € # with (v —p)g, (o) = 0. Therefore,
taking the infimum over all p € %" with (v — p)p, (o) = 0 in the above chain of inequalities
yield the desired inequality (3.21) for zyp = 0 and r = 1. Finally, since every function
v € L®2(B1(0); R") automatically belongs to L®o=1(B1(0); R") the proof is finished. [
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4 | General Ekeland-type Approximation

In this section, we present a generalised approximation strategy based on the Ekeland
variational principle, which allows us to account for an additional constraint. As already
mentioned in the introduction, this construction is crucial for overcoming the potential
non-uniqueness for BVA-minimisers. It enables us to construct a suitable minimising
sequence staying close to a given BV*-minimiser, which satisfies this constraint. This
procedure will form the basis for deriving regularity results for all BVA-minimisers in the
subsequent chapters.

We restrict ourselves to the case V = RN, N > 2 and W = Z(A) C RV*", turning out to
be sufficient for our purposes. As already mentioned before, this can be done without loss
of generality and we refer to Remark 2.5 for further details and references.

In the following, LP(€2; R") with p € [1,00] will play the role of the constraint space,
whereas we employ a regularising procedure in Wh4(Q; RV) for ¢ > 2. Finally, k € IN will
be the order of the negative Sobolev space W*1(Q; R") in which we aim to apply the
Ekeland variational principle.

Structure of the chapter: In Section 4.1 we construct a regular minimising sequence of
F subject to smooth boundary, associated with a fixed BVA-minimiser . Subsequent,
in Section 4.2 we derive initial (non-uniform) estimates for this sequence as well as an
Euler-Lagrange inequality and a differentiated version.

4.1 The Ekeland-type Viscosity Approximation

At the beginning, we recall the general framework: We consider the variational principle
to minimise F[v; Q] = / f(Av)dzx
Q

among the Dirichlet class 2, = uo + W(‘;& 1(Q). In our framework, f: W — R is a convex
integrand of linear growth (1.3) and A is a C-elliptic differential operator of the form (1.2).
The main objective of this section is to construct a suitable minimising sequence of F' which
stays close to a given BVA-minimiser subject to an additional LP-constraint. We observe
that whenever u € BVi_(Q) is a local BVA-minimiser of F, the restriction u|y € BVA(U)
to a relatively compact set U € Q with Lipschitz boundary oU, is a BV*-minimiser with
respect to its own boundary values. Therefore, it is not too restrictive to assume

u=uy € BVAQ)NLP(;RY) with m = [ullLe (umray, (4.1)

for some fixed p € [1,00]. We now begin the realisation of the vanishing viscosity method
based on the Ekeland variational principle. To simplify for the reader, we split the con-
struction into three steps. To keep track of the LP-constraint within the approximation
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scheme, it is necessary to deploy a very careful approximation procedure displayed in Step
1. Subsequent in Step 2, we introduce suitable stabilised and penalised integrands to define
new functionals F}. In the last Step 3, we apply the Ekeland variational principle to F}
and draw certain conclusions for the outcoming sequence of almost minimisers.

Step 1: Construction of a regular minimising sequence. Let p € [1,00] and u be an
arbitrary fixed LP-bounded BVA-minimiser of F. In view of Lemma 2.4, we obtain a
sequence (u;)jen in (up + CX(Q; RY)) NLP(Q; RY) satisfying

uj — u in the A-area-strict topology of BVA(Q), (4.2)
as j — oo. For future reference, we record the estimates
luj — ullpp@ryy < (Ca + 1)m, (4.3)

where C'y = C4(2,n) > 0, cf. Lemma 2.4, and m is specified in (4.1). Moreover, from
Corollary 2.15 we know that F',,[—; €] is continuous with respect to the A-area-strict
topology and therefore using the consistency relation (1.4), we obtain

lim Fluj; Q) = lim Fy,fuj; Q) = Fyplu; Q) = min Fo[— Q] = inf F[—; Q).

J—00 J—o0 BVA(Q) Dug

This means that the sequence (u;);jen is a minimising sequence for F'[—; Q] in the Dirichlet
class Z,,. If we extract a non-relabeled subsequence if necessary, we can ensure

1
Flujs® < inf Fl=50) 4+ o forall jeN. (4.4)

As a next step, we want to pass over to another sequence, which enjoys the same properties as
(uj)jen but has more regular boundary-values. Towards this aim, we recall for an open and
bounded domain Qy C R" with Q € g the extension operator J: WA1(Q) — W?’l(Qo)
from Theorem 2.10. It preserves LP-bounds in the sense that

J: WALQ) NP RY) — LP(Qp; RY)
is a bounded linear operator with respect to the LP-norm, and its operator norm is

1311 = sup{ |30/l (gmny - © € WAH(Q) N LA RY) )

We proceed by defining u := Jug and consider for j € IN the mollification u?Q = (0, *Uo)|0
with a scaled standard mollifier o, such that
40 — wollwas o) < gr—rs (45)
’ 7 8Lip(/f);?
14§ Loy < 1311 uolle@myy = 13]Im. (4.6)

Having constructed a sequence (u??) ey in WH4(Q; RY) N LP(Q; RY), we can introduce

J
approximate Dirichlet classes via

P; = u}m + W?’l(Q).
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Now, setting u; = u; — ug + u?Q € Py, we then conclude from (4.5) that

~ 1
i — ujllwar (o) = Hujaﬂ —uplwar ) < W (4.7)

7%
Moreover, from (4.1),(4.3) and (4.6) we infer that the LP-bounds are preserved when passing
to the sequence (%;)jen. Namely, for all j € IN there holds

1@ 1o vy < llug = uolluom) + 1452 @y < (1+Ca +II3l)m = M. (4.8)

As a last step, we show that the infimum of F[—; ] over %, can be approximated by the
corresponding infima taken over Z;, which in turn is almost attained for ;. To this end,
we notice that for all v,w € WA1(Q) we have

|Fv; Q) — Flw; Q)| < Lip(f)[|Av — Aw|l11 (0, 2(a))
and thus, we obtain
Flug + ¢; Q] < F[uf® + ¢; Q] + Lip(f)[|Auo — Aud®|p1 . 2(a))
Flud® + ;9] < Flug + ¢; Q) + Lip(f) | Auo — Aud?||11. 2(a))

for every perturbation ¢ € W1(Q). Hence, using (4.7), we can infimise on the right-hand
side over all ¢ € WAJ(Q) to infer the approximation property of the infima, namely

1
inf F[—; Q] —inf F[—; Q]| < —. (4.9)
9u0 Qj 8]

Using the specific choice ¢ = u; — 1o in combination with (4.4), we see that the infimum

of F[—;Q] on 2,, is almost attained by u;, meaning

~ 1 . 1
Fliy; 0] < Flugs ) + gz < Inf FI=0) 4 o5 (4.10)

for all j € IN. In conclusion, we have constructed a minimising sequence (4;);cn that
retains the essential properties: smoothness in €2, uniform LP-bounds, and convergence to
u in the A-area-strict topology, while additionally possessing more regular boundary values.

Step 2. Definition of reqularised and penalised functionals. In this section we will introduce
suitable stabilised and penalised variational integrals defined in terms of u;. To the latter
we want to apply the Ekeland variational principle from Proposition 2.16 at u;. Towards
this aim, we define for 7 € IN and ¢ > 1 the regularised and penalised functionals by

Fjlo; Q] = /ﬂfj’Q(Au) dot (/Qg () dx) it ue,

+o00 if uwe W rRH(QRN)\ 2.

Here, fj4: Z(A) — R denotes the regularised integrand given by

fiq(2) = f(z) + (1+ |z]2)% with A;, =1+ /Q(l + ]Aﬁj\Q)% dz, (4.11)

2Aj,qj2

whereas for the second term, which plays the role of a penalisation, we consider
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e a convex and increasing function T: RU{oo} — RU{oo} which is C! on the effective
domain dom(Y) := {t € R: T(t) < oo} and satisfies T(+00) = 400 and hence, also
limy_,o Y(t) = o0.

e a lower semi-continuous function g: R — R U {oo} such that the restriction glqom(q)
is of class C2, where dom(g) = {z € R": g(z) < oo}.

A natural assumption for a penalisation term is to require that

T (/Qg(v) dx) >0 (4.12)

holds for all measurable functions v: Q — RY whenever the integral on the left-hand is
well-defined and finite. Furthermore, a penalisation term should have no impact when
plugging in the original function wu;. Therefore, we additionally assume that

T </ g(%)dx) =0 forall jelN (4.13)
Q
For further reference, we compute
q =2
Ving(2) = V() + =1+ 2T 2 (4.14)
24,47
q—4
Vial2) = V2 + 5t (L )T (- 2z @2+ (L4 M), (415)
J»a

where 1 := 1 (nwn)x(Nxn) abbreviates the identity tensor. In conjunction with Lemma 2.17
this leads to

Viia(2) ST+ =L (1+ 2" <clg,T)(1+ 2% (4.16)
QAMJ
[V2q(2)] < [V2(2)] + ;5q3.2<1+\z|2>q52 SelqN1+[P)T. (@17)
7,4

In order to proceed we need a tailor-made lower semi-continuity result for functionals
extended from Dirichlet classes to negative Sobolev spaces. This is in the spirit of
[BS13, Lemma 2.6], [Gme20, Lemma 2.6] or [BEG26, Lemma 3.8], but for the readers
convenience we provide a full proof.

Lemma 4.1. Let g € (1,00) and k € IN be given. Moreover, let

o R: #(A) — R>o be a convex function that satisfies v|z|9 < R(z) < T'(1 + |2|?) for
some constants v,I' > 0 and all z € Z(A),

e T:RU{oo} - RU{oo} be a conver and increasing function,

e and g: RN — R U {oo} be a lower semi-continuous function.

Then, for every ug € Wh4(Q; RY), the functional

/ K(Au)dz + T (/ g(u) dx) ifu € Dy = up+ Wé’q(Q; RY),
+00 ifu € WRLQ: RN\ 2y,

is lower semi-continuous in the norm topology on W—F1(Q; RN).
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Proof. Throughout the proof we do not relabel subsequences and denote them with the
same index. Since we want to prove lower semi-continuity in the norm-topology of W51,
we start with a sequence (w;);jen in W51(Q; RY) converging to w in W=r1(Q; RY) as
j — oo. Without loss of generality, we can assume that, up to a subsequence, we have

lim §[w;] = liminf §lw;] < oo,

J—00 J]—00
since otherwise there is nothing to prove. First, by necessity, it follows w; € Z,,, for all
sufficiently large j. Using the lower bound v|z|? < £(z) and (4.12), we obtain that the
sequence (Aw;);en is uniformly bounded in LI(€; RY). Recalling w; € Z,,, we can use an
approximation argument, to apply the Korn-type inequality from Theorem 3.4 in the space
Wé’q(Q; RY), to conclude that (w;);en is also uniformly bounded in W4(Q; RY). Now,
standard weak compactness in Sobolev spaces allows to extract a subsequence converging
weakly in W1 to some limit @ € %,,, recalling that %,, is weakly closed, as the trace
operator is continuous in the weak topology. Extracting a further subsequence if necessary,
the Rellich-Kondrachov compactness theorem improves weak W!4-convergence to strong
L9-convergence. Using the embedding LI(Q; RY) — W*1(Q; RYN), cf. Lemma 2.12 ii),
we infer

lw — wllw-r1@ryy < lw —wjllw-ra@ryy + lwj — @l @ryy =0

as j — oo. This identifies the limit, namely there holds w = w. Passing to a further
subsequence if necessary, we may assume that w;(z) — w(z) for Z"-a.e. z € Q. Hence,
we infer liminf;_, g(w;j(x)) > g(w(x)), as g is lower semi-continuous. A direct application
of Fatou’s Lemma leads to

liminf/g(wj)dazz/liminfg(wj)dxz/g(w)da:.
Q Q

Jj—00 Q J—oo

Using the fact that T is increasing and convex, we obtain

tiinf T (/Qg(wj)dsg) > <njxggf/gg(wj)dx>
> 1 </Q lijrgglfg(wj)dx> > 1 (/Qg(w) da:) |

Finally, invoking standard results on weak lower semi-continuity for convex variational
integrals of superlinear growth, cf. e.g. [Dac08, Chapter 3], we obtain

(4.18)

lim inf/ R(Aw;)dx > / R(Aw)dz. (4.19)
J—00 o) O
Therefore, combining (4.18) and (4.19), the proof of the Lemma is finished. O

As a next step, we apply the Ekeland variational principle from Proposition 2.16 to the
functionals Fj[—; Q] at the point u; whenever j € IN is fixed.

Step 3: Application of the Ekeland-variational principle. As a direct consequence of
Lemma 4.1, we conclude the lower semi-continuity of Fj. Moreover, it is clear that F;[—; ]
is not identically +o0c on the Banach space W—%1(Q; R"Y), cf. Lemma 2.12. Exploiting the
definition of A;, in combination with (4.13), we obtain
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Fjluj; Q] < Flug; Q] + 572 < inf F[_’Q]—FALT'Q (4.20)
ug
(4.9) ) 1 ) 1
<P < R+
D 7 W=k 1(Q;RN) j

which means, that ; is j~!'-close to the infimum of Fj[—; Q] in W=*1(Q; RY). Hence,
we can apply the Ekeland variational principle from Proposition 2.16 to find an almost
minimiser v; € W51(Q; RY) satisfying

- 1
lvj — Gjllw—r1 (@mry < ; and (4.21)

1
Filvj; Q) < Fjlw; Q] + = |lv; — wllw-r1qry) forall we WRLQ; RY). (4.22)
'] bl
In the next proposition, we derive several conclusions from (4.21) and (4.22) and list some
immediate estimates for the Ekeland-type approximation sequence (v;);en-

Proposition 4.2 (Properties of the Ekeland sequence). Let (v;)jen be the Ekeland-type
approximation sequence from above. Then for every j € IN we have the following estimates:

1/. 2
/Q |Av;| do < 5 (}j%f(;F[—,Q] + ﬂ) (4.23)
! /(1+\A %)% d <2 (4.24)
5 UV, xr -y .
24;45% Ja ’ A
2
T </ g(vj)da:> <. (4.25)
Q J

Proof. Let j € IN be arbitrary. We test (4.22) with w = u;, which leads together with
(4.21) and (4.20), to

. 1 -
Fjlv;; ) < Filu;; Q) + EHUJ' = Uj[lw—k1 (M)

- 1 _ 7
< Fj[Uj;Q] + ]72 < IQQEF[_’Q} + 4]72

(4.26)

In particular, this implies that F}j[v;; Q] is finite and therefore, by definition of the function-
als, it follows v; € 2; "WHI(Q; RY) N LP(; RY). Especially, there holds im(v;) € dom(g).
Using the linear growth condition (1.3), we immediately obtain the first bound (4.23)

because of 5
7/ [Av;| dz < Floj; Q] < Fjloy; Q] < inf F[— Q] + —.
Q Pug J
Finally, (4.24) and (4.25) follow at once using v; € Z;, (4.26) and (4.9). More precisely,

we have

1 q
W/(lJer\g)gdeJrT (/ g(vj)d@“) = Fj[v;; Q] = Flo;; 9
Jal” JQ 0

< gf)F[—;Q] t e — Flv;: €
<inf F[—; Q] — Flv;; Q] + % < 32
i J J
This finishes the proof. ]
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Using a Poincaré-type inequality, we obtain the following L'-bound:

Corollary 4.3. Let (vj)jen be the Ekeland-type approximation sequence from above. Then
for every j € IN we have

1 /. 2 1
vl @ryy < c(Q,1) [7 <111£ Fl— Q] + ]2> + ]2} : (4.27)

Proof. By construction, we know that v; € Z; = U?Q + W?’I(Q; R?). Moreover, taking
into account (4.5) and (4.23), we can apply [GR19a, Lemma 2.12] to estimate

vl @myy < llv; —U HLl QRN) T HU HLl(Q;RN)

< c(Q) [ Av; — Aud|p i, za)) + 1602 r)

< @) 103 lusmay + 1 hwasco) (4.25)

<1 [i <inf Fl— 0] + ;) + 12} .

Duyg J
This gives the desired estimate and finishes the proof. O

Corollary 4.4. Let ¢ > 2 and (vj)jen be the Ekeland-type approximation sequence from
above. Then for every j € N the following estimate holds

1 /| 9 dg < {2+(1< £ F[— Q]+2>+1>q] (4.29)
— 5 (o r' S C|l—= 1mn oy -y .
24;43% Jo 32\ \ Zu 32) " 52

for a constant ¢ = ¢(q,Q,T', A) > 0.

Proof. Since 2 C R" is a Lipschitz domain and therefore also a John domain, it satisfies
the emanating chain condition with centre ball B, cf. [DG24]. Moreover, the Poincaré-type
inequality from [DG24, Theorem 3.7] (see also [GR19a, Proposition 4.2]) implies

/ |v; — Hﬁvj‘q dz < ¢(A,q) diam(Q)q/ |Av;|? dx,
Q Q

where II¥ denotes the projection onto the kernel of A constructed in [DG24]. Furthermore,
we observe that the inverse estimates from [DG24, Lemma 3.5] remain true for our domains
leading to

[ IRl do < 2" @)l < 2@ £ ol as)
Hence, we obtain
1/ lvj|? do < ! [/ }v-—HKU-‘q dJ:—!—/ ’Hgv’q dx}
24,452 ! 2A]q] ! ! /
O A)
< (g, /|Av |7 dz + ][!v]\ dz
24;45°
(q,Q,A)[/ 214 <][ )q}
< -7 14+ |Av;|7)2 doe + v;| dx
i | [ A v
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and therefore, taking into account (4.24) in combination with (4.27), we obtain

A ACGCEL 2 C16 5+ 7) |
— vilflde<e|l=+ (- inf F|[— Q|+ = | + = ,

for a constant ¢ = ¢(q,2,I';A) > 0. This yields the claimed estimate and the proof is
therefore complete. O

Remark 4.5 (Different projections). It is also possible to use the projection Py onto
ker(A) as constructed in (2.11) instead of the inverse estimates for 11§ . Namely, using
Pp(I5v;) = T8 v; and (2.14), we deduce

[vjllLamyy < llvj — PeojliLaryy + IPBY) [|Lamy)

< Jloj = R v llLaryy + PRV — v)llamn) + IPBY; llLamry)
< [l ~ Byl + £ s dx].

Hence, we can proceed as in the proof above.

With the help of the almost minimality condition (4.22) we can derive an Euler-Lagrange
inequality assuming a suitable finiteness condition. We already want to emphasise that the
estimates from Proposition 4.2 may not be sufficient to guarantee this condition and may
require refinement in certain applications.

Theorem 4.6 (Euler-Lagrange inequality). Let (v;)jen be the Ekeland-type approzimation
sequence from above. Moreover, let j € IN such that we have Fjlv; £ 6¢; Q] < oo whenever
0 € (0,1) and p € W(l]’q(Q;]RN). Then the following Euler-Lagrange inequality is valid

'/QWE’Q(A”J')’A@ dz + 1’ (/QG(%')dI> /Q<Vg(vj),s0> dz

1
< 3||‘70HW—’€71(Q;]RN)‘ (4.30)

Proof. Let j € IN such that Fjv; & 0p; ] < oo for ¢ € Wé’q(Q;]RN) and 6 € (0,1). In
this case, we can test (4.22) with w = vj = 0. Dividing the resulting inequality by 6 > 0
results in

Fjlvj; Q] — Fjlv; £ 0p; Q] 1
7 < ;H‘JOHW—’CJ(Q;RN)'

Passing to the limit 6 \, 0, we obtain the two one-sided Gateaux derivatives of F} in
direction +¢, which can be calculated explicitly by
iy Filvis Q] = Fjloj £09: 8] d
o\0 0 de

Fjlv; £ 05 Q]
6=0

— | [Tyt a0 a1 ([ steac) [ @ate).era].

In particular, all quantities on the right-hand side are well-defined and finite because of
im(v;) € dom(g). Therefore, we infer the validity of (4.30), which completes the proof. [

Remark 4.7 (Finiteness condition). Notice that the finiteness condition is trivially satisfied
if g only takes finite values. However, in Chapter 5 we will need a penalisation function
taking the value infinity. In order to fulfil the finiteness condition we have to improve the
estimates from Proposition 4.2 in a strict and quantified way.
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4.2 Non-Uniform Estimates

As a next step, we derive higher differentiability whenever the Euler-Lagrange inequality
(4.30) holds. Namely, we obtain the following result:

Lemma 4.8 (Non-uniform second-order estimates). Let (v;)jew be the Ekeland-type
approzimation sequence from above. Moreover, let ¢ > 2 and f € C*(Z(A)) satisfy (1.3)
as well as the estimate

€7

m forall z,& € Z(A) (4.31)

0 <(V2f(2)€,6) <A

for some A € (0,00). Then for every j € IN for which (4.30) holds, we have v; €
W22 RN) with

(1+ |Av; ) |0,Av; > € LL.(Q) forall se{l,...n}. (4.32)

Proof. For the sake of readability we divide the proof into two steps. Let zg € €2 be a point,
r, R two radii with 0 < r < R < dist(zg,902) and p € C°(;]0,1]) be a cut-off function
with 1g, (z,) < 0 < 1y (a)- Moreover, we consider an arbitrary direction s € {1,...,n}
and a step size 0 < h < $(dist(zo, ) — R).

Step 1: Fxistence of second derivatives. By construction of the Ekeland-type approximation
sequence, we have v; € WH(Q; RY). Therefore, the function ¢ = A, 5 (0*Aspv;) is
an admissible test function for the Euler-Lagrange inequality (4.30) from Theorem 4.6,
where Aj} denotes the difference quotient in direction s € {1,...,n} with step size
0 < h < 3(dist(zg, 9Q) — R), cf. (2.2). Next, using the product rule from (2.6), we obtain

A(QQAs,h’Uj) = QZAsyhA’Uj + ASJLU]‘ ®a 20V,

Performing a discrete integration by parts, cf. (2.3), and inserting the above formula yields

/Q<As7thj7q(Avj), Q2A57hAUj + Ag pvj @4 20Vo) dz
+ (/Q g(vj)dx> /Q<As,th(vj), Q2Asyh1)j> dz (4.33)
< 218k Bl s g
Therefore, switching the order of the terms leads to
[4+11:= /Q (A 1 Vi g(Av;), 02 Ag pAvj) do

+ (/Qg(vj)dm> /Q<As,hv9(vj)v 0* Ay pvj) da

1
3HAsﬁh(QQAS,hvj)HW—k’l(Q;]RN) - A)(As,thj,q(Avj),As,hvj ®a 20Vo)dx

= 1II +IV.

IN
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With the help of the fundamental theorem of calculus in combination with the chain rule,
we rewrite

A1 Vijq(Avj)(z) = %[ij,q(ﬁvj)(w + hes) — Vijg(Avj)(2)] (4.34)
1
— /0 Vij’q (Av;(z) + tle(vj)(z + hes) — Avj(z)]) dt Ay pAvj(z)

1
= / Vij,q(A’Uj (JJ) + thAsyhA’l}j (.I')) dt A&hAvj(x).
0

Motivated by the above representation formula, we introduce for £"-a.e. © € B, (x) the
family of symmetric bilinear forms B; ; p(x): Z(A) x Z(A) — R via

1
B, ()0, €] = /O (V20 (A (@) + thA g pAvy (@), €) di for all 1, € Z(A).

As a next step, we show that each of these bilinear forms is positive definite together
with suitable upper and lower bounds. This in turn, allows to use a version of the
Cauchy-Schwarz inequality in the sequel. To this end, we recall the following inequality

a2 ! -
)1+ 2P +2?) T < / (1+ |21 + tzo) 2 dt (4.35)
0

for all 21, z0 € Z(A), following from [Cam82, Lemma 2.VI]. Moreover, we observe
Avj(x) + thAs pAvj(x) = (1 — t)Av;(z) + tAvj(x + hes).
To obtain a lower bound, we recall the explicit formula (4.15) which leads, using (4.31)

and ((z ® z)n,n) = <Z777>2 >0 for z,n € RN*™ to

1 q—2
Bjan(@)6:8] > o = A /0 (14 [Avj(2) + thds p Avy(2)[*) = [¢]* dt

C()
A

> A (1 4 |Awy(2)2 + [hAapAv(2)[2) T JeP (4.36)

jqd?

—A<)(L+Mw<n”HAwu+h%W>gﬁa%

where we have used (4.35) in the second inequality. Towards an upper bound, we utilise
(4.17) in combination with (4.31) to infer the estimate

Bjena)ie.E <A | < :
I S0 (14 |Avj(x) + thA, hAvy(2)])2

c(q)
24, 452

< (g, A) (1 + [ B (2)]® + |Avj(z + he)2) T [¢]2.

As a direct consequence of the lower bound, we can estimate I by means of

T— /Q (DynVijg(Avj), PA(Ay ) da

dt

4.37)

1 2
/(1+|Axuj(x)+thAs,hAvj(x)\2)"2 €% dt (
0

= /Q B 5,0 (2)[0A(As 1v5), 0A(As pv;)] da (4.38)

—2
> c<q>~2 / (1 + ‘A.Uj(l’)ﬁ)% ‘QA(As7hvj)‘2 dz.
Ajqi® Ja
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An argument similar to that in (4.34) motivates the introduction of the bilinear form
Cisn(x): Z(A) x Z(A) — R, which is defined for any two elements 7,& € Z(A) by

1
& () €] = / (V2g(0; () + this vy (), €) dt,

As the function g is convex and of class C?, the above bilinear form is positive semi-definite.
Therefore, II admits a positive sign namely

Il = /Q (A nVg(v)), 0° A pvj) da = /Q €jsn(2)[0Ashvj; 05 pvj] d = 0.
Now, using inequality (2.18) for negative Sobolev spaces, we have
HI < ;ngAS,hvj’Ll(Q;]RN) < 0svjllL1ryy < Cla, D)|vjllwrary)-
In order to estimate IV, we take into account (4.33) to infer
IV =— /Q Bjs,n(2)[0A(As hv)), As pvj @a 2Vodz
<3 /Q B0 (@) [OA (A 0y, oA (A, )] da
1 (4.39)
+ 3 /Q B on(x)[Agnv; ®a 2V, Ay pv; ®a 2V da
= %I + % /Q B s n(2)[Aspv; ®a 2V, Ag pv; @4 2Vo] da.
While the first can be absorbed into I, we have to estimate the second term. For g > 2,

we apply Holder’s inequality with exponents q%’2 and 2, together with the upper bound
(4.37), and [Giu03, Lemma 8.1] to deduce

1
2/ B s n(2)[Ashv; ®a 2V, Ag pv; @4 2Vo|da
Q

< (g, A) / (14 Ay (@) + |Avy ( + hes) )2 |Agnv; @4 Vol do
Q

< (@ DIVl ey 11 + A0 152 18040510 )
< (@ NIVl w11+ 1A0s] 152 1000120 vy
In the same spirit, it follows immediately for ¢ = 2 that
% /(2%j757h($)[2VQ QA A pv5,2V0 @ Ag pvj]da < C(A)HVQ”%OO(Q;RN) H@sijiz(Q;]RN).
Collecting and combining all the previous estimates yields
/Q l0 Ay pAvy)|? da < /Q (1+ |Avj]2)q%2 lo Ay pAv;? da

<c(n, Q, A, 4, Aj, lvjllwreryy)s

(4.40)

where the constant on the right-hand side does not depend on h.
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Hence, taking into account (4.40), the sequence (A;pAwv;), is uniformly bounded in
L2(B,(w0); Z(A)) and therefore d5A (v;) exists in L?(B,(x0); Z(A)) by [Giu03, Lemma
8.2]. Since s € {1,...,n}, o € Qand 0 < r < R < dist(xo, 02) were arbitrarily chosen, we
can apply the Korn-type inequality (3.8) from Theorem 3.5 to conclude v; € w 2(9 ]RN ).

loc

Step 2: Weighted estimate. As another consequence of [Giu03, Lemma 8.2], we have the
strong convergence Ag ,Av; — 9sAv; in L2(K; Z(A)) for K € Q. Therefore, we can select
a suitable sequence (h;)ien in Rso with h; N\, 0 and Ag p,Av; — 0sAv; pointwise £"-a.e.
in K. Applying Fatou’s Lemma then implies

/( —1—|A\vj]) \(‘3 Aw;|? d:z:<hm1nf/(1+|AUJ|) |Agp, A da.
K

Since the right-hand side is bounded by the prev1ous reasoning of Step 1, we have also
proved the second claim (1 + |A\vj\ )z |0, AUJ| € LL (), finishing the proof. O

Invoking the second-order estimates from (5.17), we are allowed to differentiate the Euler-
Lagrange inequality from (5.16) to obtain a suitable differentiated version. This will be
the starting point for deriving weighted second-order estimates in the subsequent chapters.
To this end, it is convenient to abbreviate

0jq = Vfjq(Avy),

where §;, is given by (4.11) and v; € 2; N WH4(Q; RY) N LP(Q; RY) is the Ekeland-type
approximation function. Moreover, we briefly recall from our construction the inclusion
im(v;) € dom(g).

Lemma 4.9 (Differentiated Euler-Lagrange inequality). Let ¢ > 2 and f € C*(Z(A))
satisfy (1.3) and for some A € (0,00) the bound (4.31). Then, for every j € IN for which
the Euler-Lagrange inequality (4.30) holds, we have o4 € VVIOC (Q2(A)) with ¢ = q%’l.

Moreover, for all s € {1,...,n} and ¢ € Wé 1(Q; R™) there holds

1
[ 00 do 4 ( i g(vpdx) [ @:Va0). ) da| < Slelwsaamm. (@4)

Proof. We first prove that o;, € VVIOC (s 2(A)) for ¢ = %3, showing that the first

integral of (4.41) is well-defined. Recalling v; € Wﬁ)g(Q RY) from Lemma 4.8, we deduce
that o; is weakly differentiable with

050jq = V2fij(Av;)0sAv; for s {l,...n}.

Consequently, for ¢ = 2, it follows o, € Wlloz(ﬂ #(A)). For ¢ > 2 and U € Q we apply
2q 2 2q—2
q

— and to infer

Holder’s inequality with exponents

1050

T (U A(A)

= / (14 [Avy )T 77 [0, A0y [T da
U

—2 —2
= [ @ AP T (1 T 0, 7T da
U

< </U(1+Avj\2)gda:)2qq_22 (/(1+\Av]| )5 10, A d:c)
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To obtain the differentiated version of the Euler-Lagrange inequality (4.41), we test the
Euler-Lagrange inequality (4.30) with O for some arbitrary ¢ € C(Q;RY). Using
integration by parts in combination with (2.17), we then find

(4.42)

‘/Q@scrj,q,l&@ dz 4+ (/Qg(vj)dx> /Q@SVE(UJ‘),@ de
- ‘/Q<vfj’q(mj)"&\‘(as¢)>dx+ T </99(Uj)dﬂf) /Q (Vg(v)), 0sp) dz

IN

1
;HE)SQDHW*?J(Q;RN)

1
EH(PHW*J(Q;RN)'

IN

Finally, we could make sense of the above inequality for arbitrary ¢ € Wé’q(Q;RN )
using an approximation argument. To this end, let (¢r)renw be a smooth sequence in
C(Q; RY) such that ¢p — ¢ in WH(Q; RY) as & — oo. Because of the embedding
Wha(Q; RY) — WL Q; RY), we can pass to the limit in the right-hand side, whereas
for the left-hand side, we make use of 0, € whe (4 %(A)) to deduce

loc
‘/Q@saquw&@k —Ap)dz| < ”asaj,qHLq’(Q;g(A))||A\~90k — Apllao 2(a))-

Moreover, since g is of class C? on dom(g), we infer
105V gl Lo ;rry < 00 forall U & dom(g)

which leads, together with im(v;) € dom(g), to

/Q (0:Va(v;), 0 — 0 da| < Cllgk — ol

Therefore, we can pass to the limit on both sides of (4.42) completing the proof. O

In later passages, we will require estimates of the same type multiple times; to shorten the
arguments, we summarise them in the following lemma.

Lemma 4.10. Let f € C?(%(A)) satisfy, for some A € (0,00), the bound (4.31). Then,
for vectors w,e € R", a matriz Mt € RN*" and every z € Z(A) we have the estimates

(V2jq(2) (e @a (M), (e @4 (Nw)))
|w\2 ‘e|2 c 2 12 (4.43)
1+ 2%z T A }

< [A

if g =2 as well as

(Vj4(2) (e ®a (Mw)), (e @4 (Nw)))

2 2
<t (AR D ()2 )|
1412}z Ajg

(4.44)

forq > 2.
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Proof. By combining the explicit expression for V2§, ,(2) given in (4.15) with the estimate
from (4.31), a straightforward computation shows that

(Vj4(2) (e @ (Mw)), (e ®a (Nw)))

c(q)
Aj,qj2

< (V2 f(2)(e ®a (NMw)), (e @4 (Nw))) + (1+ 12T 19 o] Jef?

SN [ =€)

—2
S (14 12%) 2 90 Jw]® e
(1+ 22 Ajgd?

Now, the claimed estimate follows directly when applying in addition Young’s inequality
with exponents qfqz and { in the case ¢ > 2. This finishes the proof. O

We close this section and comment on a more general constraint space:

Remark 4.11 (General constraints). It is possible to use a more general function space
for the constraint instead of LP. We believe that it is possible to take any rearrangement-
invariant Banach function space X(Q; V') with norm || - ||x, ¢f. [BS88], if the following two
assumptions are satisfied:

e The statement of Lemma 2./ holds true with X-constraint, i.e. for ug € W1(Q) and
u € BVA(Q)NX(Q V) there exists a sequence (u;)jen in (ug+CX (V) NX(Q; V)
with u; — u A-area-strict and ||ujl|x < callul/x.

o The statement of Theorem 2.10 holds true with X-constraint: Let Q,Qy C R™ be two
open and bounded sets with Q € Qg such that Q has Lipschitz boundary 0€). Then
there exists a (norm-)bounded linear extension operator J: WA1(Q) — WAL(R")
such that

i) supp(Ju) C Qo for all u € BVA(Q),
i) 3: WhLQ) — Wi' (),

iii) and there exists a constant ¢ = ¢(2,n) > 0 such that ||Jul|x < c|lu||x for all
u € BVAQ) N X(Q; V).
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5 | Gradient Integrability for Bounded
BD-Minimisers

In this section, we present and extend the results from [BEG26]. More precisely, we
show for the whole ellipticity range u € (1,3] that every bounded relaxed minimiser
u € BDjoe(€2) N LS (€2 R™) of the variational principle

loc
to minimise F[v; Q] = / f(e(w))dz over v e Py, = ug+ LDo(Q),
Q

has a integrable gradient. The main result will be the following;:

Theorem 5.1 (Gradient integrability - L*°-constraint). Let Q@ C R™ be an open and
bounded set and consider a variational integrand f € CQ(ngXH?) which satisfies (1.3) and
(1.5) with p € (1,3]. Then any bounded local BD-minimiser u € BDjoc(2) N LS (2 R™) of
F is of class Wll(;i(ﬂ, R™). More specifically, for every subset U € Q) there exists a positive
constant ¢ = c(n, U\, A, v, T, |lullpeorn)) > 0 such that whenever Ba,(z0) € U we have
the bound

1 _
/ IVu|log(1 + |Vul?) dz < ¢ (1 + 7“2> (r” + 772 4 |Eul (Bgr(xo))>. (5.1)
B (zo

Structure of the chapter. In Section 5.1 we specify the correct application of the approxi-
mation scheme from Chapter 4. To do so, we have to improve certain estimates following
from the explicit construction. In Section 5.2 we prove weighted uniform estimates in order
to justify the limit passage in the proof of Theorem 5.1. Moreover, Section 5.3 is devoted
to the main theorem and the corresponding proof. Finally, we can improve the results, if
we restrict ourselves to a stricter ellipticity range namely p € (1,3). This is the content of
Theorem 5.11, the proof of which will be given in Section 5.4.

5.1 The Ekeland-type Viscosity Approximation

In this section, we apply the results from Chapter 4 to the symmetric gradient A = ¢
under a local L°°-constraint, focusing on the case ¢ = n + 1, where the higher-order
regularisation is essential for handling the L*°-constraint. Of course, the latter corresponds
to p = oo in the framework of Chapter 4. Moreover, as discussed in Example 2.2 we obtain
Z(A) = Ry, as the natural domain for the integrand f. Let us recall further the constant

M > 0, which was characterised in (4.8).
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We begin the construction by taking a constant Cyy > 0 for the Morrey embedding
1 —_
WL (Q: R™) s C%7 (Q; R™), cf. [AF03], such that every w € Wh1(Q; R") satisfies

lw(z) —w(y)| < Cumllwllwreirey |2 — y|ﬂ7}r1 for all z,y € Q. (5.2)

In the same spirit, we let Ck p+1 = Ckn+1(n,2) > 1 be a constant for the Korn-type
inequality from Corollary 3.6, i.e. for every w € WH"+1(Q; R™) there holds

lwliwinsi@mny < Ckntr (lwllin @rny + @)l @ruxm))- (5:3)

Moreover, for the blow-up rate of the norms He(ﬁj)||Ln+1(Q,]Ran) we may assume the
sisym
estimate

leGiplmss oumenspy < a00). (5.4)

where q: R>o — R is a convex function of class C? with q(t) — oo as t — co. We then
consider a convex and increasing function h: [0,2) — R>o which satisfies h = 0 on [0, 1],
and is strictly increasing for % <t < 2 with

(oo o () ) e e

The construction of such two functions is elementary and we briefly address to it in the
Appendix 5.5. As a next step, let g: R™ — R U {oco} be given by ¢(-) = g(|-|), where

. h(t) ito<t<2,
g(t) = .
400 if t > 2,

cf. Figure 5.1. We record that the function g is convex, lower semi-continuous, and its
restriction to Bz (0) is of class C2. In particular, we can define g: R™ — R>qU{oco} through
a(y) = g (§) to obtain a convex lower semi-continuous function, whose restriction to By (0)
is also of class C2. Clearly, g satisfies all relevant properties of Chapter 4, especially (4.12)
with T = id.

I
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
- "

1 2

Figure 5.1: The profile g of the penalisation function g

With this preparations we can now introduce regularised integrands f;: R — R through
fj = fjn+1, meaning
1 2, ntl . ~ |2y ntl
fi(z) = f(2) + W(l + 1207 with Aji=Ajnpn =1+ [ (L4 |e(uy)”) > da.
J Q
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Note, that we omit the g-dependence in the notation of f; as ¢ = n + 1 stays fixed until
the end of the chapter. Finally, we introduce regularised and penalised functionals by

Fylw; Q) = /ij(E(w)) ot /ﬂg (M) o Hwes (5.6)
+00 if we WL R") \ ;.

This functionals fit into the framework of Chapter 4 when choosing f; = §;n+1, 8 = 9(57)
and T = id. Hence, we obtain a Ekeland-type approximation sequence (v;);en of almost-
minimisers satisfying all the estimates from Proposition 4.2. However, because of the finite
blow-up of the function g, we have to sharpen these estimates in a quantified manner in
order to fulfil the finiteness condition from Theorem 4.6. We collect all a priori estimates
in the following proposition and give the proof of the remaining arguments:

Proposition 5.2 (Properties of the approximation sequence). Let (vj);jen be the Ekeland-
type approximation sequence from above. Then for every j € IN we have

1 2
e(v;)| dz < — ian—;Q+,), 5.7
[ et an < 2 (int Flsal+ 5.7)
]. 2 n+1 2
W/Q(H o)) F do <, (5.8)
sup vl (irr) < 2M, (5.9)
JjeEN

where 7 is as in the linear growth condition (1.3) and M as in (4.8). Moreover, there exist
an index jo € IN with jo = jo(n,Q, M) > 2 such that there holds

2 . .
vj][Lee (@,r7) < (1 — ]2) M < 2M for every j > jo. (5.10)
Proof. 1t is obvious that (4.23) and (4.24) correspond to (5.7) and (5.8). Moreover, since
v; € 2; N WL (Q:R™), and thus v; € C(©;R") using the Morrey embedding, it follows
sup |vj| <2M and Z"({z € Q: |vj(z)| >2M}) =0.
Q
This proves (5.9) when taking the supremum over all j € IN. Recalling the Korn-type

inequality from (5.3), we may now choose a sufficiently large index jy € IN>2 depending
only on n, €2 and M such that the inequalities

1 .
Cxnt1 <j5 and  Ck 1 MZL™(Q)7T <

are simultaneously satisfied. Clearly, (5.8) implies
1

1
le(ui)|lLntr (rmxny < AnFTATTL,

1
Since n > 2 and A; > 1 there holds 4#1 < 2 and A;“ < A; which yields the estimate
st(vj)|]Ln+1(Q,ngxmn) < 2A;. Therefore, in view of (5.3) and (5.9) we then derive

[ojllwrrt@rry < Cknta([jlluns@irey + l16(@i) In @mpz))

Sym

< Cinyr (2ML™(Q)7T 4 24;) < 44,57
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for all 7 > jo. Thus, as a consequence of the Morrey inequality (5.2), we find
v () — v;(y)| < 4C\A; 72|z —y[7 1 for all z,y € QL. (5.11)

Rephrasing (4.25) in our framework, we obtain the estimate

Vg 2 . .

g(—) de < 2 <1 for j>jo>2 (5.12)
/Q M J?

Moreover, recalling the basic inequality (a + b)™ < 2m~1(a™ + b™) for a,b € R>g and

m € IN in combination with (5.4), we infer

n—1 N\
Aj <1427 (L27(Q) + (a(5)"
Therefore, choosing t = 2 — jl in (5.5) leads to the estimate
1 4CMAJJ4 n(n+1) ) 1
— | ——— 2—— . 5.13
- (2 <g(2-3 (5.13)

3
2

ffren s 1y on(freaa(B2) - 1)
§(21— l) /Qg <UHJ> dr
J
21 (5.13) M \n+D)
5(2_%) < wn<4CMAjj4>
|vj ()]

In particular, this inequality implies that the set Qé‘/[ ={recQ: G~ >2- %} cannot
contain a ball of radius r; = (M/(4CmA;54))" . We now argue that |v;(z)| is strictly
below 2M with a quantified (j-dependent) estimate. For this purpose, we distinguish
points away from and close to the boundary, cf. Figure 5.2.

Hence, the strict monotonicity of g on [35,2) gives

IN

(5.

1
<

M
£

Figure 5.2: The geometric situation from the proof of the quantified L*°-bounds.
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Firstly, for z €  with dist(z,0Q) > r; (implying B, (z) C Q) and ‘UJ# > 2 — %, there
. 1 J—

exists y € Q with |z — y| < r; and % <2- % Since v; € Cw+ (Q; R™) with (5.11),

the definition of r; leads to

[vj(@)] _ |vi(®)] N 4CMAjj2’
M — M M

1 11
Pyl <2— -4 — <2 (5.14)
i

Secondly, for z € Q with dist(x, dQ) < rj, there exists a boundary point y € 9Q with
|z — y| < rj. Taking now advantage of v;(y) = u?ﬂ(y) combined with the bound (4.6), we
find in a similar way

o (@) _ W | 4Cu4,5°

1 1
< r—ylrt <14 = < 2. 5.15)

This case distinction implies

1
el < (2 5 ) .
and therefore the final claim (5.10) follows. This completes the proof of the Proposition. [

We point out that by construction and Korn’s inequality from Corollary 3.6, the value of
the extended functional Fj[w; ] can only be finite if w € Wit R™) N L% (5 R™).

loc

In particular, this is the case if w € C(Q;R") by virtue of the classical Morrey embedding
theorem.

As already mentioned, the strict j-dependent bound (5.10) is necessary to derive the Euler-
Lagrange inequality (4.30) from Theorem 4.6. Towards this aim, let ¢ € Wé’”“(ﬂ; R"™)
be arbitrary for which another application of Morrey’s inequality yields ¢ € C(Q;R™).
Moreover, we infer from (5.10) that there exists 6y > 0 sufficiently small such that
lvj + 0| < 2M whenever 6 € (0,6). In particular, the finiteness condition

Fjlvj £ 0p;) < 00

from Theorem 4.6 is fulfilled for all § € (0, min{6p, 1}) and therefore we infer

[neepeenas [ (vo(5).5) a

for all j > jo. Assuming the growth condition (4.31), we obtain from Lemma 4.8 the higher
regularity

1
< EHSDHW*?J(Q,IRTL) (5.16)

v € W2 (4 R") and (14 [e(v)]*)* 7 [:e(v)]” € Lise () (5.17)

loc

whenever j > jo and s € {1,...,n}. Omitting again the dependence on ¢ =n + 1, and de-
n+1
noting o; := V fj(e(v;)), we conclude from Lemma 4.9 the regularity o; € Wl’ m(QREXT)

Sym
as well as the differentiated Euler-Lagrange inequality

[isenctonas [ (0.(o(2)) ) o

forall s € {1,...,n}, ¢ € Wé’”“(ﬂ; R™) and j > jo. This will be the starting point to
derive uniform weighted second-order estimates.

1
< EHQP”W*M(Q;Rn), (5.18)
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Remark 5.3 (L>-threshold). The specific strategy as displayed above is necessary in
order to satisfy the finiteness condition from Remark J.7. The latter is crucial to conclude
the Euler-Lagrange-inequality (5.16). To this end, the key point is the quantified L>°-
bound (5.10), whereas the slightly weaker estimate ||vj ||y (qrn) < 2M turns out not to be
sufficient to derive the Fuler—Lagrange inequality in the requisite form. Indeed, even for
© € C(R™), Fjlvj +tw; Q] = oo then could potentially happen howsoever small |t| > 0
might be. Compared with the BV -setting considered in [BS13, Schi15a], the bound (5.10)
moreover controls the minimal distance of |[vj||1ec(q;rn) to the threshold 2M in a precisely
quantified way. This is also the chief reason for considering WY1 _stabilisations (instead
of Wh2_stabilisations considered in [Gme20]), letting us work with bounded and continuous
approximations.

Remark 5.4 (On bounded minimising sequences). In the BV -setting of [BS13], the specific
minimising sequence (uj)jen as chosen at the very beginning of the approximation scheme
of Chapter 4 can a priori be taken to belong to LY, (2;R"™). In the situation of [BS13],
this is achieved by possibly passing to the truncations

atm e if Ju(@)] > m,

RPN KC1€)) if Juj(z)] < m,

Uj (a?) =
for j € N and x € Q. The truncated sequence then satisfies |Vu;| < |Vu,|, but it is not
clear to us how to show that the same function satisfies a similar pointwise bound when
dealing with symmetric gradients. Hence, we use Lemma 2./.

5.2 Weighted Uniform Estimates

Now we will make use of the differentiated Euler-Lagrange inequality (5.18) to derive
weighted second-order estimates that are uniform in j € IN. These bounds will be the key
ingredient in order to prove gradient integrability in the next section.

Theorem 5.5 (Uniform second-order estimates). Let f € C*(RL5") satisfy (1.3) and, for
some A € (0,00), the bound (4.31). Then there exists a constant ¢ = ¢(n,I'; A, M) > 0
such that for every ball Ba,(xg) € Q and every localisation function o € C°(€; [0, 1]) with

1B, (20) < 0 < 1y, (29) and [VZ0| < (%)8 for s € {1,2,3} there holds
S [ TR Phe(wy), uew) da
k=1 BQT(Z'U)

1 1 2
< 02[/ <+2+T,+\e(vj)|> dz (5.19)
T B2T(x0) T T ]

n+1

+o / <1+1+|()!2>2d]
— — + |e(v; T
AJJQ Bar (o) r? ’

for all 5 > jo, with jo € IN as in Proposition 5.2.

Remark 5.6 (Uniform weighted second-order estimate). Recalling the estimates (5.7) and
(5.8), we see that all quantities at the right-hand side of (5.19) are uniformly bounded in
Jj > jo. Hence, assuming in addition that the integrand f satisfies (1.5), we can bound
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(5.19) further from below using the explicit formula for V2 f;(z) from (4.15). This results
m

1 e
/ o' (1+ |e(v;) )% |Ve(v)* dz + / o' (1 + |e(v)|}) T |Ve(vy)]? da
Bar (o) Bar (o)

24,52
c(n, T\, A, M) / <1 1 1"2)
< e(vj)|de+ | —+ = + — | Z"(Ba(x
r? [ B2r(m0)| ( ])| roor? J (Bar(20))
1 / o ntl 11
+— 1+ le(v; > dr+ -
o7 Qe e
Do\ A M 2 1 1
< dn, A4, ) [ian[;Q] - (1+r,> L)+ 1+ = <1+>} .
r 0 J J r

Remark 5.7 (Weighted estimates for the minimiser). In Theorem 5.1/, we will extract
similar estimates for every BD-minimiser u, which are crucial for obtaining higher-order
Sobolev regularity in the strict ellipticity regime p € (1,3), see Section 5./.

With the help of Lemma 4.10, we can now address the proof of Theorem 5.5.

Proof of Theorem 5.5. Given a point z¢ € £ and a radius r > 0 such that Bg,(xzg) € Q
we consider a localisation function o € CZ°(€;[0,1]) with 1 (5,) < 0 < 1g,, (4, and
Voo < (%)s for s € {1,2,3}. For the sake of readability, we divide the proof into several
steps.

Step 1: For k € {1,...,n} we use the product rule to compute
4 N 4 N 4 A 49 .
0" Oke(vj) = 0 e(Okvj) = =V " © Opv; + (0" Okvj).

Therefore, we can rewrite and rephrase the left-hand side of (5.19) to deduce
> [ (T )P0kl Poue() da
k=1

= Z /8k0§-im)g48k5(im)(vj)dx
Q

k,im=1
=3 Z /akaj(- )[81948;61)]( )+8mg48kv§) dz ( )
k,i,m=1 Q
+ Z /aka§im)5(im)(g48kvj)da:
k,i,m=1 2
= A+ B.

All integrals appearing are well-defined, recalling that dyo; = V2 f;(e(v;))dke(v;) in con-
junction with (4.17), and the weighted estimate from (5.17).

Step 2: FEstimate for A. Since Proposition 5.2 provides only estimates involving the
symmetric gradient, we have to smuggle in some terms to create symmetric derivatives.
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This gives rise to the following decomposition:

1 - m m
A= —5 Z /Qakaj(- )[82-@4(%11; )+8¢Q46mv§-k)] dz

k,im=1

RN (im) [ 45 (K) 1. (k)
—1—5 Z /Q(?kaj [&-Q 6mvj + Omo 61"1)]- ]dx

k,im=1

1 < i i
—5 Z /Qé?ka]( ™) [6m948¢v](-k) + amQ46kU](- )] dz

k,im=1

(5.21)

=TI+ II+1IIL

Next, we proceed by estimating the three appearing terms I, IT and III gradually. Exploiting
the symmetry of 0, i.e. 0j(z) € R for all z € Q (compare the discussion in Section 2.5),
yields the equality I = ITI. Moreover, we can rewrite the term in square brackets in I as

follows:

% 8i948kvj(~m) + 8ig48mv§k) = 403(Vo ® (e(vj)e))™  for all k,i,m e {1,...,n}.

Once again, we use the symmetry of o; in combination with the orthogonal sum decom-
position (2.23), the definition of o; and the Cauchy-Schwarz inequality for the associated
bilinear form of V2f;(e(v;)) as in the proof of Lemma 4.8. This leads to

I+ 110 < 21| = 8 Z/<8kaj,@3w®(é(vj)ek»dw
k=179

-3 kzﬂ/g;<8k0'j,ggvg®(S(Uj)ek)>dx

(5.22)

=813 [ (V) Phe(w), Ve © (c(wy)en) da
k=179

1
<

W~ |

3 /Q (V2 5(2(07)) 620k (v7). 020 (v;))
k=1

" / (V215(2(07))0V 0 ® (e(v)ex), 0V 0 © (£(v)ex)) da
k=1~

The first term on the right-hand side can be absorbed into the left-hand side of (5.20),
whereas the second is bounded thanks to the estimate |Vo| < 2 and (4.44) from Lemma 4.10
applied with M = r~1pl,,x,, w =rVp and e = £(v;)ey, for k € {1,...,n}. More precisely,
this results in

64Z/<V2fj(€(vj))QVQ® (e(v)er), 0V © (e(vj)er)) dx
k=174

cA c(n)

(5.23)
n+1
<= le(v;)] dx—l—,/ (1+|e(w))?) T da.
7 /Bzr(ﬂﬁo) ’ AJJQTQ Bay(z0) !
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We observe that II is the most difficult term, since we cannot produce quantities involving
the symmetric gradient directly. In order to overcome this issue, we first observe that by

symmetry of o, the components satisfy a( m) _ ](-mi) for i,m € {1,...,n}, which yields
Z / akU ) ZQ4amU( )
k,i,m=1

(k)

As the appearing derivatives Op,v ;| cannot be handled directly, we integrate by parts twice,
noting that all computations are justified due to the regularity estimate for v; in (5.17).
In this way, we obtain

Z / (im) Blkg‘l@mv( )+8Zg48mkv(k)] dz

k,im=1
Z / lm)@ kO } ) 4 O [ (@ )81'94} 8kvj(~k)> dx
k,im=1
(5.24)
Z / O™ 00" + ol By gt
k,im=1
+ 3maj(»im)8Z g48kv(k) + O'(Zm) Oim 948kvj(»k)> dx
=1I; + ...+ 1y,
where now the only derivatives of v; appearing in 11y, ... ,II; are of the form 8kvj(.k). After
summation over k € {1,...,n} this gives rise to the divergence of v;, which can be estimated
pointwisely by |e(v;)|. We proceed by estimating IIy, ..., II4 separately:
e On II;. Summing over k,7,m € {1,...,n}, we first rewrite the integrand of II; using
the symmetry of o; as
Z Ot ™ B gtv Z 00\ 0300 Sy
k,i,m=1 kyi,m =1
n
= Z<8gaj, (V2941)j) & €g>
=1
N (5.25)
= Z(@gaj, (VZ0';) @ ep)
(=1
n
= (V2[i(e(v))dee(v)), (V20 v)) © er).
(=1

By the product rule we next observe
V2Q4 =V (4Q3VQ) = 12Q2Vg ®Vo+ 4Q3V2Q,

and via the Cauchy—Schwarz inequality for the associated bilinear form of V2 f;(g(v;))
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we then find for II; the estimate'

11| = 12

Z/ (V2 fi(e(v)))0* e (vy), (Vo v;)Vo ® e) dw
=179
+4) / (V2 f;(e(v)))0%ue(v;), o(V20v;) © eg) da
=179

<

=

n
(=1

/Q (V2f;(e(v;)) 200 (v;), P ee(v;)) da (5.26)

#1603 [ (V21 (e(0)(Ve- )V ® er (Vo - 1) Voo er) do
/=1

+ 16()2/Q <V2fj(e(vj))g(v2g v;) © eg, 0(V30v;) © er) dz.
=1

For the second and the third integral on the right-hand side, we apply (4.44) from
Lemma 4.10, for the choices M = rVo® Vo, M = roV20, w = r‘lvj and e = ey for
¢€{1,...,n}. With [N < % (and dropping the factor (1+ |2|?)~ "2 in the first term)
we thus arrive at

1| < i;/Q<V2fj(€(vj))92566(vj),925é6(vj)>d$

2
S N -
r BQT(xO) r

() g ™
+ / . (<1+e<vj>| )54 ) e

e On II3. We initially proceed exactly as for II; and estimate by the Cauchy—Schwarz

inequality

1I3] =

Z /Q@faj’ (V94diV(Uj)) © eg) dx
/=1

=1

Z/ <V2fj (€(Uj))928g€(vj), o(Vodiv(v;)) ® €g> dx
=179

(5.28)
<

PN

zz:;/ﬁ (V2 £3((05))0* 0z (v)), 0°Ore(vy) ) A
+ 162/ (V2 fi(e(v))o(Vodiv(v;)) © e, 0(Vodiv(v;)) @ ef) da.
=179

We again use (4.43) from Lemma 4.10 with 0 = 71,5, w = rpVediv(v;) and
e =es for £ € {1,...,n}. Together with the pointwise estimate |div(v;)| < |e(vj)]

'Observe that (Vo ® Vo)v; © e = (Vo -v;)Vo ® eq.

66



this results in

thl = i ; /ﬂ (V2 £i(e(v5))0*0ue (v)), 0*Oue(v))) A (5.29)
c(n, A) o) -
r? /Bm(aco) | (UJ)’ drt T an A; ] 22 /BQT(Io)(l + |€(Uj)‘ ) dz.

e On Il;. By means of (4.17) together with [V3g| < %
with exponents ”*1

8 and Young’s inequality applied
and n 4+ 1 we can estimate

Z /ij e(vy)) (lkmg‘l)vj(-k)dx

kyim=1

c(n r)/ c(n) / -
vil doe 4+ —=— 1+ |e(v; 2 |v;| dx
rd B2r($0)’ i AJJZTB Bzr(xo)( e(ws) ) Jojl

1—\ . n . n+1
dnl) )/ ol 4 4 0(2)2/ ((1+\s(vj)|2)é“+ ol >dx.
" JBar(wo) T AjI*% JBar (o)

| =

(5.30)

Tn+1

e On II4. We proceed similarly as in the estimation of Iy, now additionally using the

pointwise estimate |div(v;)| < |e(v;)]. In view of Young’s inequality with exponents
Zﬂt and "‘2"1 we infer

ITLy| = / V£i(e(0;) ™ im0 0 d (5.31)
k,im=1
(n, F)/ (n) / N
< div(v;)| de + —=~= 14+ le(v; 2 |div(v;)| dz
2 BZr(wo)l (v5)] A2 BQT(mO)( le(vy)[7) 2 |div(vy)]
¢(n,T)
<

c(n) / 2y
v:)| dx + 1+ le(v; 2 dax.
& /BW@' el et o [ atletw)?)

Combining all the estimates form Step 2, we arrive at

A< Z ; /Q<v2fj(5(vj))928€5(vj)7 0% 0pe(vy)) dz

A
e PN O ey (5.32)
r Bar(z0)
c(n) 2y ntl |Uj|nJrl
— 1 ; dzx.
v [ (e - 0
Step 3: Estimating B. The estimate for the second term B, which is given as

B=Y" [ ho.ele'0u,)) do.
k=1

can be obtained by exploiting the differentiated Euler-Lagrange inequality stated in (5.18),
with the test function ¢ = 948kvj. However, we have to justify that this choice of ¢, even
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though it does not belong to Whm*1(; R"), is admissible in (5.18) for every fixed j > jo.
We recall that we have v; € WL TL(Q; R"™) N W22(Q; R") from (5.17) meaning that we

loc

can choose a sequence (h;);en in Rso with h; N\, 0 such that for & € {1,...,n} there holds

0* Apn,vj — 0Ok, strongly in L"*1(Q; R"), (5.33)
e(0*App,v;) — e(0*Okvj) ZL"-ae. in Q, (5.34)

as i — 0o. Next, we consider the Hilbert space H := L ;(Bap(wo); REYLY) with respect to
the weighted measure

= (1 +|e(v;)) "= £™ L Boy (o).

Rephrasing (4.40) in our framework yields that (e(0*Ag p,v;))ien is uniformly bounded in
H. Therefore, we can extract a non-relabeled subsequence converging weakly in ‘H whose
limit can be identified by the pointwise convergence (5.34) in combination with Lemma 2.19
as e(0'0kv;). In view of (5.17), the latter also belongs to 7—[

Recalling the estimate |V2f;(z)] < C(n, A)(1 + |2?)" T " for all z € Ry from (4.17)

combined with (5.17) and applying the Cauchy-Schwarz inequality, we notice that the
linear functional

Up:HoO3Y+— <ak0j,1/)> d$=/ <V2fj(5(vj))8ka(vj),w> dr € R
Bar(z0) Bar(xo)

is well-defined and belongs to the dual space H’. Hence, due to the weak convergence in
H, we have that Wi (e(0*Agp,v;)) — Vi(e(0*Okvj)), ie.

/<6k0ja5(04Ak,hin)>dx_>/<akaj75(94akvj)>dx as i — oo.
Q Q

Concerning the second term in the Euler-Lagrange inequality (5.18), we notice that
’Vzg (UM]H is uniformly bounded in Bg,(z) by the strict 1nequahty (5.10) together with
g € C%(B2(0)). Taking into account dyv; € L' (Q;R"?) ¢ LO+HI/?(Q;R™), and the
convergence (5.33), we then infer

/§2<8k<V9<E))7W>dx—>/{l<3k<V9(;\}})),Q4]?§Uj>dx as ¢ — oo.

Noticing that the limit on the right-hand side is non-negative by the strict convexity of g
on Bz(0), we can now take advantage of the differentiated Euler-Lagrange inequality (5.18),
applied with the test function ¢ = p*Ag v € VV1 n+1(Q;R”) for every k € {1,...,n}.
With the limit of the two integrals as established above, this yields

B < Z ([ etetaeans [ (ou(va(37)) 2001 o)
i 3 [0t dunmta+ [ (00 (%a(35)), 54 0

ZHQ A Vil w11 (@Rm)-
k=1
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Moreover, with the convergence (5.33) combined with the embedding L™+ (£; R") —
W-L1(Q; R™), the product rule and the inequalities in (2.16) and (2.17), we obtain for the
left-hand side of the previous inequality

. 4
Zli{go ‘|Q4Ak,hivj||wfl7l(Q;R”) < ||Q43k:“j||wfl’1(n;m) < (1 + ;)HUJ'HLl(Bzr(xo);]R")

for k € {1,...,n}. Therefore, we end up with

c(n) 1
B < = (1)l ey (535)

Step 4: Conclusion. We now return to the estimate (5.20) from Step 1. Taking advantage
of the estimate (5.32) for A from Step 2, where we can absorb the first term on the left-hand
side of (5.20), and of the estimate (5.35) for B from Step 3, we arrive at

n 4 2. Vi Vi Vi T
;/Bzr(mo)g <v 13(2(03))9he(v5), Ore( J)>d

T, A el 2l |
SL’Q’ )/ <‘€(Uj)|+|vj|+|ng| + 1 |.U]|+Th.}]|>dx
r Bay (20) r r j j

c(n) gymst |yt
1 ; dz.
+ A, %72 /Bgr(xo) <( +le(vi)|?) 2 + el x

We have employed the fact that the localisation function g is supported only inside of the
ball Bo,(z9). At this stage, we utilise the unicorn bound (5.9) on the L*>*-norm of v; on

the right-hand side. Finally, taking into account the elementary inequality g < % + ﬁ, we
then arrive at the precise estimate stated in the theorem, with the claimed dependence of
the constant ¢ = ¢(n, ', A, M) > 0. O

We conclude this subsection by commenting on a detail of the structure of the above proof
that may be non-standard.

Remark 5.8. For the estimation of the terms 11y and I3 in the above proof, it might
seem more natural and conceptually easier to employ the non-differentiated Euler-Lagrange
inequality (5.16) rather than its differentiated analogue (5.18). To be more specific, one
might be tempted to write

M= Y [ 0no™ oo™ dz = [ (div(o)),7)de = — [ (0j,e(r)) dz,  (5.36)
o 7 / Q Q

k,im=1

where 7 is defined in the obvious way. Then, if we aim to use (5.16), we are forced to
re-introduce the corresponding L°°-penalisation term, leading us to

i< [ epemnas+ [ (Ta() as] +| [ (Va( ). ) ae

Whereas the first term is conveniently controlled by (5.16), the available a priori bounds do
not exclude a potential blow-up of the second term as j — oo. Especially the strict bound
in (5.10) is not sufficient to rule out the possibility that

+ (5.37)

limsup ||vj [lLe (v;rn) = 2M
j—00
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holds on an open subset U € . In this case, uniform L'-bounds on (1) turn out to be
useless. This is the main reason for the more involved algebraic manipulations employed
in the above proof. However, the principal advantage is only usable through the passage
to the weighted second-order estimates: Proceeding in this way, the difficulties inherent in
(5.36)—(5.37) do not vanish completely but rather transfer to the appearance of second-order
quantities and two pollution terms in (5.26). It is thus a key point that our approach in
the above proof of Theorem 5.5 results in terms which are either absorbable or conveniently
controllable, which would not be the case for (5.36) and (5.37).

5.3 LlogL-Regularity in the Case y < 3

In this section we give the proof of the main Theorem 5.1 based on the weighted second
order estimates from the previous section. Namely we will give the

Proof of Theorem 5.1. We split the proof into four steps. To this end, let zg € Q and
r > 0 be a radius such that B, (20) € Q and p € C2°(€2;[0,1]) be a localisation function
with g (z0) < 0 < 1, (2) and [V7g| < (%)S for s € {1,2,3}. Moreover, we will a need a
special case of (2.22), namely,

log?(1 +t?) < 16t for all t > 0. (5.38)

Step 1: Derivation of a partially integrated Euler-Lagrange inequality. To weaken the
regularity requirements we make use of a partially integrated version of the Euler- Lagrange
inequality (5.16), cf. also Remark 5.10. Recalling v; € W22(Q; R™) from (5.17), w

loc
conclude V f(e(v))) € Wllog(ﬂ Reym ). Moreover, applying Lemma 4.9 for ¢ = n + 1 we
obtain V f;(e(vj)) € Wlloi(Q R ) for s = 21 and therefore,
n+1 n_l 7n7+L1 nxn
24, o1 (L)) T e(vy) = (Vi = V)(e(v)) € Wigo ™ (BRY).: (5.39)

Thus, we are allowed to perform an integration by parts in the regularisation term of the
Euler-Lagrange inequality (5.16). Exploiting the symmetry of V f; we infer that

Z/ny V) (E(0)) ™ 0 Z /8 (VF; = V)(e(v,)) ™) oD da
1,m=1 im=1

holds for all ¢ € Wé’"H(Q; R™). Therefore, the new partially integrated Euler-Lagrange
inequality reads

‘ / ICTEBTESS / O ((Vf; = V) (e) ™) da
' e (5.40)

IR

for all ¢ € Wé’”H(Q; R™). However, because of V f(e(v;)) € L=(; RS, (5.39) and

Sym

1
EHSDHW_Q*I(Q;]R")’

|9 G e <
I\ M Lo (Q;R™) ’
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cf. (5.10), we can approximate maps ¢ € Wé’l(Q; R"™)NL"F1(Q; R™) by C-functions in the
norm-topology of WH1(€; R™) N L™+ (Q; R™) to find that (5.40) holds for all competitors
Y E Wé’l(Q; R"™) N L*T1(Q; R™). Hence, the integration by parts in the regularisation term
allows to weaken the regularity requirement for the test functions.

Step 2: Admissibility of the test function. We want to take the logarithmic test function
¢ = 0*1og?(1 + |(v;)|*)v; in the Euler-Lagrange inequality (5.40) and argue shortly that
it belongs to the space W(l]’l(Q; R"™) N L"(©,R™). To simplify the notation, we suppress
the j-dependence in the notation of ¢, as it is clear from the context. Since v; € L>(Q; R")
cf. (5.6), and that the logarithm grows more slowly then any root, cf. (2.22), we obtain
@ € L™ (Q; R"™). Moreover, both terms of

log?(1 + [e(v;)[*)Vv; +v; @ V (log?(1 + [e(v))*))

are elements in L{ (£2;R™), which can be seen as follows: We immediately observe the
bound

|V (log®(1+ Je(v7)[*)] < 4(L + le(0) ") " le(vy)] [Ve(vy) [ log(L + |e(w)]*),  (5.41)

and therefore, using (5.38) and log(1 +#?) < 1+ |¢| for t € R, the claim follows for both
terms by means of v; € W22(Q: R™) from (5.17). Applying the product rule (2.4) and its

loc
consequences, we obtain in conclusion that ¢ is of class Wé’l(Q; R™) NL"H(Q; R™). Next,

we compute the symmetric gradient of ¢ directly, namely

e(p) = 0*log?(1 + [e(v;)[*)e(v))
+40°Vo ® log2(1 + \a(vj)IQ)vj + Q4V(log2(1 + \E(vj)IQ)) © vj.

Substituting this expression into (5.40) and rearranging the terms, we obtain
I:= /994 log?(1 + [e(v)) )V f(e(v))), e(v;)) de
<= | (V(el0). 40V 0 1031 + [e(wy) )
- [ V(). 017 (og 1+ o)) © 1) da

+ Z /Qam((vfj - Vf)(E(Uj))(im)) ot 10g2(1 + ]5(vj)|2)vj(.i) dz (5.42)

i,m=1

472 2 Ui\ Yy
- et ) (55 (3). 21
| eog+ 1etop) (Vo (55 ) 2 o
1
+ 5HQ4 log?(1 + |5(Uj)’2)ijW*271(Q;Rn)
— TT+ I+ IV + V + VL

Step 3: Estimating the appearing terms. From Lemma 2.18 and the elementary logarithmic
bound (5.38), we observe

[> ’Y/Q 0" le(vj)|log?(1 + |e(v))[*) dz — F/Q 0" log?(1 + |(vy)|*) da

(5.43)
> /Q 0" |e(v7)] 1og2(1 + |¢(0;)?) da — e(T) /Q o e(vy)] da.
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The first term of (5.43) is the crucial one for the Llog? L-regularity and therefore, after
restructuring the terms in (5.42), we have to estimate the right hand side of

7/ 0% le(v))]log(1 + |e(vj)*) de < T4+ T+ TV + V 4 VI + c(F)/ o* |e(v;)| da (5.44)
Q Q :

= II+1I+1IV+V + VI+ VIL

We argue the boundedness of the appearing terms successively, starting with II together
with VII. Towards this aim, we recall from Lemma 2.17 that f is Lipschitz continuous
with bound I' and that v; satisfies (5.9). Therefore, using again the elementary logarithmic
bound (5.38), we infer

I+ VII < 4/9@3 [V f(e(w)] Vol log? (1 + [e(v;)]?) |uj] d$+C(T)/QQ4 le(v)| da

1
< ¢, M) (1 + > / le(vj)] de.
r BQT(IO)

Recalling (5.41), we can apply Young’s inequality to treat III by means of

I < ¢(T', M) /Q o (1 + le()|!) " |e(u))] Ve (v) | log (L + [e(v7)[*) da

<7 | etlellogt (1 + le(wy) ) da (5.45)

+e(y.T, M) /Q o'(1 + |e(o) )% Ve (wy) 2 da.

In this way, we have produced a term that can be absorbed into the right-hand side of
(5.44) together with a controllable term, using the weighted estimates from Remark 5.6.
In a similar fashion, we treat IV, taking into account the estimate
c(n) 2y 21
0m(Vfj = V) (e(v)))] < sz(l + le(wy)7) 7 [Ve(vy)l,
J

which follows immediately from the explicit formula (5.39). Again, by Young’s inequality,
we proceed to deduce

c(n, M) n-1
Vs /994(1 +1e()?) T [Ve(v;)|log?(1 + le(v))[*) da

c(n, M n-1

< 2D [ 6+l [Ve(op P (5.46)
) Q
7M n—2
¢ ) [ ) 5 log (14 fe(wy) ) d
Aji% Ja

Combining the estimates form (5.45) and (5.46) and taking into consideration % —-1<

% -1 %, we can use the weighted second-order estimates from Theorem 5.5 as stated in
Remark 5.6, leading to

Y
ey <l /Q ot e (v;) 1og2(1 + [e(v;)[?) dz

c(n,’y,F,)\,A,M)[/ 1 1 72
+ evi)lde+ -+ =+ —).Z"(Bor(x
B [ e (G )2 Barleo)
1 n+1 11
+ —— (1472 / 1+ |e(v))?)2 doz+ ——|.
a7 [ A EeP) Ex
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We next focus on the treatment of V. By construction the restriction g|g, o) is finite, of
class C? and convex, meaning that we have the monotonicity inequality

0 <(Vg(y1) — Vg(y2),y1 — y2) < oo for all y1,y2 € Ba(0).
Recalling Vg(0) = 0 in conjunction with [|v;||pecq;rny < 2M, cf. (5.10), we apply the
above monotonicity inequality with y; = v;j(x) and y» = 0 to obtain

<Vg (%) ,UM]> >0 ZMa.ein (.

Hence, term V has a negative sign, namely,

i

V=- /Q ot log?(1 + \e(vj)]2)<Vg(M), %> dz <0. (5.47)

Finally, VI can be estimated by taking into account (2.15), (2.16), and, once more, the
logarithmic inequality (5.38), resulting

1 c(M)
VI = 26 og?(1 + 10 P23 0y < S0 o oy

,7 sym

This closes the estimation of all appearing terms and thus, collecting all the estimates from
above, (5.44) leads to

| ew)log L+ ewp)?) do
By (o)
< /Q o |e(0;) 1082 (1 + |e(v7)]?) da

1 1 1 1 1 1
<cll+-4—+- )| d = 42 ) L(Ba
—C< +r+r2+j>/mr<m>|€(m “<r3+r4+j> (Barfo)

c 1 - 11
+—— 1+>/ L+ e()]?) 2 doz+ ——
A2 < 2 BQT(%)( le(vi)[%) 2,3

1 1 1 1 1
< 1+ —=+- ‘ —+ =+ - "(Ba,
_C< +T2 +J) /Br(:co) ’6(%” dot <T3 +T4 +J>$ (Bar(z0))

n c 14 1 +11
j2 r2 j?”37

with a constant ¢ = ¢(n,~v, ', \, A, M) > 0.

(5.48)

Step 3: LDjoc-regularity. Our goal is now to use the Reshetnyak (lower semi-)continuity
Theorem 2.14 to show that E*u = 0 in B,.(z). To this end, we notice that (4.2), (4.7), and
(4.21) imply that

v —u as j—oo in W AH(QRM).
Moreover, (5.7) in combination with the compact embedding LD(£2) < L(Q; R™), cf. (2.8),

gives us a non-relabeled subsequence of (v;) e, such that v; 2w in BD(Q). In particular,
we infer from (5.48) that

hminf/ (0] log?(1 + [e(v;)[?) dar < c(l + ;) <r”_2 + |Eul (BQT(:UO))>
Br(.z‘())

j—00
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for a constant ¢ = c(n,v,I, \, A, M) > 0. Recalling the notation ®,(t) := tlog®(1 + ¢?)
from Section 2.2.2, we next consider the function ¢ : RZX" — [0,00) by ¢(2) := Po(|z]) for

Sym
z € R The corresponding recession function can be computed explicitly, namely, we
infer
gt o e JO iz =0
*®(z) == lim —= = lim |z|log*(1 +¢*|2|7) = 5.49
o) = Jim X = Jim o1 2 = o) T (649

Using v; — wu in BD(B,(20)) in combination with the lower semi-continuity part of
Theorem 2.14, we obtain

o [ dE*u s
/13r(a:0)¢(£u) ot /Br(a:o) ¢ < d ’Esu’> d B = (Z)(Eu)(BT(mO))

< lim inf ¢(Ev;) (B, (20)) < c(l + :2) <r"—2 + |Eul (B2r(x0)>)7

Jj—o0

(5.50)

with the constant ¢ = ¢(n,v, T, A\, A\, M) > 0 from above. In particular, the right-hand
side and thus, also the left-hand side of (5.50), is finite. Therefore, recalling the definition
of ¢*° from (5.49), we must have E*u = 0 on B, (x¢). Since By, (z9) € Q was arbitrary
we conclude Efu = 0 in Q. This gives u € LDjoc(2; R™) with &u = e(u), whereas (5.50)
encodes u € EM®2(B,.(xg)) with the corresponding estimate.

Step 4: Llog L-regularity. Taking into account (5.50) in combination with the Korn-type
inequality from Lemma 3.14 we are able to conclude the claimed L log L-regularity for the
gradient. More precisely, we have

/ |Vu|log(1+|Vu|2)d1::/ @ (|Vu|) dz
BT(IO Br(mo)

< c<r” +/BT($O) o, (:f) dz+/Br($O) <I>2(|6(u)|)d:v>
< c<1 + ;) (r™ + 7" + |Eu| (Bar(20)))

for every ball B, (zg) with Ba,(z¢) € ©Q and a constant ¢ = ¢(n,vy,I', A\, A, M) > 0. Finally,
from Theorem 2.10 and (4.8) we infer that M only depends on ©,n and m and therefore,
we get the desired estimate (5.1) completing the proof. O

We conclude this subsection with two remarks on the above proof, both concerning potential
improvements and its application to full gradient scenarios.

Remark 5.9 (WHLosL regularity for u = 3). The above proof yields that every locally
bounded BD-minimiser u of F' belongs to WIIOI; logL((): R™) with e(u) € Llog? Lie (€ Rem)
provided that p < 3. It is not clear to us whether the above strategy can be improved for
u =3 to obtain
. TRNXN : 1,Llog? 'L /. o0
e(u) € Llog? Lioe (4 RESY)  and in turn  uw € W (4 R™)

Sym loc

by Lemma 3.1/ (which is sharp) for some q > 2. To arrive at this conclusion, one might
be inclined to employ the test function ¢ = o*log?(1 + |e(v;)|*)v; in the partially integrated
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Euler-Lagrange inequality (5.40). When estimating term III by means of Young’s inequality
as above, we then have to control

2 [ 0+l 0g% D1 4 () o

By the uniform Llog? Lige-integrability of e(v;) or by absorption, this is possible only for
q < 2. In the full gradient case and subject to additional structure conditions on the
integrands f, this can be overcome by use of stronger weights in Theorem 5.5 (see e.g.
[BS13, Lemma 4.2], [Bil02, Lemma 3.2]). Here, however, the appearance of the symmetric
gradients seems to destroy any benefits of such additional assumptions on f, whereby the
local Llog? L-integrability of €(u) might be optimal. We refer to the upcoming Section 5.
for improvements for u-elliptic integrands with p € (1,3).

Remark 5.10 (Admissibility of competitors). The integration by parts in Step 1 of
the preceding proof is motivated by the fact that the Euler-Lagrange inequality (5.16)
requires competitors o € Wy (Q; R™). Aiming to test with ¢ = ¢*log?(1 + |e(v;)|*)vj,
we however cannot argue by analogous means as in (5.33) ff.. More precisely, we put
H = Lij (Bar(zo); RES), where pj = (1 4+ le(vj)lz)nT_l.i”" is the weighted measure as in

Sym
Step 8 of the proof of Theorem 5.5. Considering approrimations

p . 1 - m 7)|2
op = g4 log (1+BJ]~1)UJ- with th = 1 Z |Az~7hv](. )+Am,hv(- )‘

; and k=2, (5.51)

i,m=1

the desired Euler—Lagrange inequality satisfied by ¢ then would follow from Lemma 2.19
and

UecH, where ¥:H P (Vfi(e(v))), ) d
B2r(x0)

provided that (op)p>0 is bounded in H. Expanding the symmetric gradients €(pp) as

log(1 + B}})

412 h 4
log“(1 + B)e(v;) + 2 HO)
0" log™( 5]) (”]) 0V 1 th

VB4 (Vo') ©@log?(1 4 B )v; = It + I + T,

The corresponding version of Lemma /.8, cf. also (5.17), is too weak to conclude that
(M0, and so (e(on))nso, is bounded in H. This could be resolved by setting x = 1
in (5.51), but then comes at the cost of the substantially weaker regularity conclusion
u € BV (Q;R™) by the above proof of Theorem 5.1. The integration by parts circumuvents
this issue, and also provides a simplification in the full gradient case, see [BS13, Lemmma
5.3], where the Llog? Liyc-gradient integrability of local BV-minimisers only follows by use
of a two-step argument based on the analogue of (5.51) with k = 1.

5.4 Higher Gradient Integrability in the Case u < 3.
Assuming the slightly stronger p-ellipticity condition p € (1,3) allows us to derive higher

integrability of the gradient, which in turn implies improved Sobolev regularity. The goal
of this section is to provide a proof of the following theorem:
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Theorem 5.11 (Higher integrability for p € (1,3) — full result). Let Q C R™ be open and
bounded and consider a variational integrand f € C*(RI) which satisfies (1.3) and (1.5)
with p € (1,3). Then any bounded local BD-minimiser u € BDjoc(2) N LS (4 R™) of F is

loc
of class Wi H(Q; R™).

In order to prove Theorem 5.11 we proceed in two steps. First, we will work at the level of
the minimising sequence to conclude local Wi+ regularity for « = min{1,3 — u} after
passing to the limit, cf. Theorem 5.12. As a second step, we will improve this result for

€ (1,2), for which we currently only have o« = 1. Towards this claim, we will work at the
level of the minimiser. As a consequence of the weighted second-order estimates for the
sequence (v;)jeN, we derive a corresponding estimate for the minimiser u, together with
higher local higher integrability, cf. Theorem 5.14. This in turn, allows to use the standard
Euler-Lagrange equation, which holds for the minimiser u and allows to conclude also local
WA=k _regularity in this case, cf. Theorem 5.16. The entire procedure is illustrated in
Figure 5.3: The first step is shown in blue, and the second one in orange.

1+a
34k
of  —
N\ min{2,4 — u}
1+ ™o
| | | p

Figure 5.3: Regularity improvement

Theorem 5.12 (Higher Integrability for p € (1,3) — first result). Let Q@ C R"™ be open
and bounded and consider a variational integrand f € C*(RLY) which satisfies (1.3) and

(1.5) with p € (1,3). Then any bounded local BD-minimiser u € BDjoe(£2) N LY. (2, R™)

loc

of F is of class Wllcgi+a(Q, R"™) where o = min{1,3 — u}. More precisely, for every subset

U € Q there exist a constant ¢ = c(n, Q,v, I, \, A, [|ul|p oo ;rn)) > O such that whenever
Bor(z9) € U we have

/B,.(zo)(1 +le)f) ¥ do < c<1 + rl?> <Tn_2 + [Eul (Bzr(xo))> (5.52)

Remark 5.13. This result is consistent with that known from the BV-case derived by
BILDHAUER, cf. [Bil02, Remark 5.3], worked out explicitly by GMEINEDER in [Gmel0,
Theorem 1.4], after noting the equality 4 — max{2, u} = min{2,4 — u} for u € (1,3).

Proof. We split the proof into three steps. As usual, let g € Q and r > 0 be a radius
such that B, (z9) € Q. Moreover, let o € C°(€; [0, 1]) be a localisation function with
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1B, (zg) < 0 < 1, (g) and [V¥o| < (%)s for s € {1,2,3}. Since a < 1 we will use the
elementary estimate
t<(1+tH2 <1+t forall t>0. (5.53)

In the following, let j > jo where jo € IN denotes the index from Proposition 5.2, and set
a :=min{l,3 — u}. Here, we suppress the p-dependence, as it is clear from the context.

Step 1: Choice of the test function and admissibility. We want to use
2\
p = 0" (L4 |e(vs)])2 v

as a test function in the partially integrated Euler-Lagrange inequality (5.40). Therefore,
we argue quickly that ¢ € Wé’l(Q; R™) "L H(Q; R™). Similar to the proof of Theorem 5.1,
the argument relies on the product rule (2.4) and its consequences. To this end, we note that
the product v;(1 + |e(v;)[*)? is a well-defined element of LL (5 R™) as vj € leo’g(Q; R"™)
and a < 1. Moreover, both terms of

V(14 |e(0)|))2 + v @ (V(L+[e(v7)[*)2)

are in L{. (€; R™). For the first term, we use again v; € Wiﬁ(ﬂ; R™) together with o < 1,
whereas for the second we observe the estimate

V(L4 o)) 2] < @ (L Je(u) ) 2" e(v))] [ Ve (o)) (5.54)

As the exponent § — 1 is negative for « < 1 we can drop this term completely and argue
once more with v; € W22(Q; R"™). Finally, as v; € WHPHLH(Q R™) N L (; R™) we gain

loc
that ¢ € W' (€ R™) N L"+1(Q; R") and hence is admissible. Since we may now use ¢ as
a test function, we compute its symmetric gradient which is given by

e(p) = e() (1 + |e(v))*)2 0" +40°Vo © (1 + |e(v)[*) Fvj + 0"V ((1 + [e(v5)])) 7)) @ vj.

Plugging this expression into the partially integrated Euler-Lagrange inequality (5.40) and
rearranging terms leads to

= /Q oML+ (o)) (V F(e(07)), () da
< /Q (VF(e(07)),40° Vo ® (1 + e(v))[2) Foy) da
- /Q (V£ (), @'V (1 + [e(v))[D)F) © v;) da

+ 30 [ 0V = VNEE) ™A+ ) D de 5

i,m=1

I N12)5 Yy Y
[ el (Vo (B). E) aa
1 a
+ 21640+ (@)D F oyl e
=II+4+III+1IV+V+ VL
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Step 2: Estimating the appearing terms. Using the lower bound from Lemma 2.18, we
deduce the lower estimate

- /Q M1+ e(0)) 5 (T F(e(0y), (o)) da
4 2y afl 4 2\ 2
zv/Q@ (1+ Je(oy)?) 3 dx—r/Qg (1+ (o)) ¥ da
at1l
> /Q oML+ |e(oy)2)°F da — o(T) /Q o |e(vy)] da,
where we have used (5.53). Restructuring the terms in (5.55) leads then to

'y/ o1+ ]E(vj)|2)aT+l de <IT+II+41IV + V4 VI4 ¢(T) / ot |e(vy)| dz
Q Q (5.56)

= II+II+1IV +V + VI + VIL

We proceed by controlling all appearing terms at the right-hand side of (5.56) gradually.
Considering IT and VII in conjunction with the upper bound from Lemma 2.17 and (5.53),
we obtain

II+VII§c(M,F)/ & Vol (14 |e(v))P)$ dx—l—c(F)/ ot e(v;)] da
Q Q

1
< ¢(M,T) <1 + ) / le(vy)] de.
r BZT‘(xO)

Now estimate (5.54) leads to a situation in which we can treat III via Young’s inequality.
More precisely, we can produce a term which can be absorbed into the right-hand side of
(5.56) together with a pollution term, namely,

10T < ¢(M,T) /Q oH(1 + e(v)2) 31 e(vy)| [ Ve(vy)] da

IA

] /Q o (14 le(wy) )% dar (3,1, M) /Q o' (Lt |e(op)") 7 [Ve(u)f de

14a Y
<3 [ U)o e T [ ot (el P)E Ve de,

In the last inequality, we have used o < 3 — p, which is trivially satisfied by our choice of
«a. For VI, we again apply Young’s inequality together with o < 1 to deduce

1 a n-1
IV < .-2/ o' (14 |e(v))*)? [Ve(v)| (1 + [e(v))[) 7 |vy] da
2A]j 0

c(n, M)
24,57
< c(n, M)
T 24,5

<

n—1 Cn,M n—1 @
/94(1+\€(Uj)!2) 2 |Ve(v))” da + ( .2)/94(1+\€(Uj)!2) 2 dx
Q 2455 Ja

n— c(n, M n
[ e+ @) (9eo)? ao+ T2 [ g+ o) )% a.
Q 2455% Ja

Furthermore, we can bound the two terms III 4+ IV by means of the weighted second-order
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estimates from Remark 5.6 leading to
I+ 1V < g/ ot (1+ |e(v)?) 2" da
Q

T en,y.T, M) [ [ e+ P e ao

2y 2L 2
b i [, 20+ )T 9 da]
C(?’L,F) 4 2\ ntl
W/QQ (1+ [e(v)[) = da
c(n,v, Ty A\, A, M) / 1 1 72 11
< Vde+ (=4 =+ 7)) 2By, oz
N r? Bor(z0) ’€<UJ>‘ v r " r? " J (Bar(z0)) + j2r

_l’_

]. n+1
- 1—|—r2/ 1+ le()]?) 2 da
L [ )

Next, we observe that term V can be handled completely analogous to the corresponding
term (5.47) in the proof of Theorem 5.1. It has no impact due to the negative sign. Finally,
by combining the negative Sobolev norm estimates from (2.15) and (2.16) with (5.53), we
conclude

1 a 1 a
VI= 3||Q4(1 + (W) ?) 2 vjllw-21(0mm) < 3||Q4(1 +le(w)?) 205l (@
c(M)

IN

e (W)Lt By (zo)iRm) -

This completes the estimation of all terms, and thus, by collecting the above bounds, (5.56)
together with (5.8) yields

[t w)h® 6
Br(wo)
< [ oMl do
Q
1 1 1 1
§6(1++2+.>/ ‘E('Uj)’dx—i-(z;‘i‘
T T ] B2r($0) T T
C 1 9\ ntl 11
+—-— 1+>/ 1+ |e(v; 2 de+—-—
(1) [ e
1 1 1 1
Sc<1—|—+2+.>/ \E(vj)|dx+<3+
T T ] B2r($0) T T
L)L
j2 T2 jTS’

where ¢ = ¢(n,v, I, A\, A, M) > 0.

~ =
—

+ ])gn(BQT(l'O)) (5.57)

b
—

Step 3: Sobolev regularity. As an immediate consequence of (5.57) we obtain that the
sequence (£(v;))j>, is uniformly bounded in L'*%(B,(x¢); R™). Thererfore, since u < 3,
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the space L1T%(B,(x¢); R") is reflexive and we can apply the Banach-Alaoglu theorem to
extract a non-relabeled subsequence of (v;);en such that

vi >u in BD(Q) and e(vj) — w € LLT¥(QRULT)

loc sym

as j — o0o. Note that the weak*-convergence in BD(2) follows from the same argument as
in Step 3 of the proof of Theorem 5.1. As a final step, we identify the limit by arguing

e(u) = w. Towards this aim, we recall from the proof of Theorem 5.1 that E*u =0 on 2
and consider some arbitrary ¢ € Co(Q; Rg). Exploiting the Lebesgue-Radon-Nikodym

decomposition Eu = & (u).Z" + E*u = e(u).£", we infer
(Bt )Rt o = (€)™, ) Rpn o = /Q (e(u), ) da
= lim [ (e(v;), ) dz = /Q (w, ) dz

J—00 [¢)

where (-, )RMg,,C, denotes the dual pairing in the space of matrix-valued Radon measures.
Since ¢ was arbitrarily chosen, it follows £(u) = w in . Thus, passing to the limit in
(5.57) as j — oo we obtain

/ ) ar < (145 ) (72 4 Bl (Bur )

for a constant ¢ = c¢(n,vy,I', \, A, M) > 0. Finally, from Theorem 2.10 and (4.8) we infer
that M only depends on Q,n and m and therefore we get the desired estimate (5.52)
completing the proof. O

As announced at the beginning of the subsection, we aim to eliminate the minimum from
« in the previous theorem. We will now work at the level of the minimiser and derive
weighted second-order estimates for them:

Theorem 5.14 (Second-order estimates for minimisers). Let Q@ C R™ be open and bounded
and consider a variational integrand f € C%Rg;;ﬁ) which satisfies (1.3) and (1.5) with
p € (1,2). Then any bounded local BD-minimiser u € BDioc(2) NL3S (S R™) of F is of
class leo’i(Q,]R”) for s = ﬁ. Moreover, for every subset U € ) there exist a constant
c = c(n, 7, T\ A [Jullpe@,rr)) > 0 such that whenever Bo,(z0) € U we have the
weighted second-order estimates

;_ 2
/B A RS ) P
2r(Z0
<© e da+ (L4 L) 2By (a0)) o
—7’2 Bzr(zo) elu X , 7'2 20\ L0) )

Proof. Let U € Q such that Ba,(xg) € U, and u € (1,2). From the proof of Theorem 5.12

we know that the sequence (£(v;))j>j, is uniformly bounded in L (Q;RZ5"). Moreover,

we have the weighted second-order estimates from Remark 5.6. Next, we use Young’s
inequality with exponents 2+“ and %T“ to conclude the estimate

[ Vel dr= [ VeloplE ()P 1+ ) o
Ba; (o) Ba, (o)

< / IVe(o)l? (1 + Je(o)2) 5 da + / e(v;)|? da.
Bar(z0) B

2r(%0)
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Abbreviating s = ﬁ, we infer that the sequence (g(vj));>j, is uniformly bounded in the

space W1¥(Ba,.(z9); R™). Especially, we can pass to a non-relabled subsequence satisfying
Ve(vj) = Ve(u) in L*(Ba(xo); QQIR;‘},XH?) as j — oo.

The claimed regularity u € Wi;z(Q; R"™) follows immediately using the weak lower semi-
continuity of the norm in conjunction with Korn’s inequality from Corollary 3.6. Exploiting
the Sobolev embedding W'#(Bo,(20); R") < L* (Ba(z0); R"), where s* = 5 is the
Sobolev conjugate, we can extract a further non-relabeled subsequence to guarantee
e(v;j) = e(v) pointwise Z"-a.e. in By, (x(). Recalling the notion from (2.20), we consider

V(z) =Veu(2) = (1 + \z|2)2% -1 for ze Ry
4

Now, an explicit computation shows VV (g(v;)) = 274(1 + la(vj)ﬁ)z%_lv le(v;)|* and
hence, there holds

2
Ve = (251) @+ Ee)D T )R

In particular, we conclude

[ wvewmtarse [ Qi) DR e 659
Bar(z0) Bar(z0)

and thus, using the weighted second-order estimates from Remark 5.6, also that the
sequence (V(g(vj))jen is uniformly bounded in W2(By, (z¢); R™). Therefore, we can
extract another non-relabeled subsequence such that V(e(v;)) — ¢g weakly as j — oo for
some g € Wh2(By,(z0); R™). Since (v;) — £(u) pointwise £"-a.e. we can conclude that

V(e(vj)) = V(e(u)) ZL"-a.e. in Bap(x0),

and consequently, Lemma 2.19 yields ¢ = V(e(u)). Using again the weak lower semi-
continuity of the norm, we infer

2— 1
/ (14 Je(w)?) 72|V o) > de = / YV (e(w)]? de
Ba,(z0) 2 Bay(z0)

1
< liminf - / IV (e(0y)|? da.
2 BQT(Z'O)

Jj—00

Combining the previous inequality with (5.59) we deduce, after passing to the limit j — oo
in the weighted second-order estimate from Remark 5.6,

/ (1+ Je(w)) 2 2|V () | da

Bar(z0)
<C/ ()] dz+ (£ + 1) 27 (Ba (20))
=2 B, (20) elu X r r2 2w (X))

This is the desired inequality and finishes the proof. ]
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Remark 5.15. Comparing the outcome of Theorem 5.1/ with the corresponding bound given
in Remark 5.0, we observe, that they differ slightly. However, this is only a technicality, as
we have the same scaling in both estimates, which is sufficient for our purposes.

Now, that we have the weighted second-order estimates for u, we can continue our regularity
studies. Unlike in Theorem 5.12 we can now utilise the Euler-Lagrange inequality, since we
know already u € Wllo’g(Q; R™) for p € (1,2). This significantly shortens the proof, as we do
not have to consider the regularisation terms when working at the level of the minimiser.

Theorem 5.16 (Higher integrability for u € (1,2) — Improvement). Let Q C R"™ be open
and bounded, and let f € C*(RI) be a variational integrand which satisfies (1.3) and
(1.5) with pn € (1,2). Then any bounded local BD-minimiser u € BDioc(2) N LiS.(€2, R™) of
F is of class Wllo’g_“(Q; R™). More precisely, for every subset U € € there exists a constant
c=c(n,Q,7, T, A\ A, [[ullpee (r;mn)) > 0 such that whenever Ba,(z9) € U we have

[P
Br(xo)

1 1 1 1
< [ (1 + ) [ P s e(w)| da + ( ; )ﬂ(BzT(xo))],
r Bar(z0) r? Bar(x0) r 2

Proof. As before, we take a point zp € , a radius r > 0 such that Ba,(z9) € Q and
a cut-off function o € CX(£210,1]) with 1 ;) < 0 < 1p,,(2) and [Vg| < (2)” for
s € {1,2,3}. We recall from Theorem 5.12 that there holds u € Wllc;z(Q;IR") in case
w € (1,2). Therefore, u is a weak solution of the Euler-Lagrange equation

/ (Vf(e(u),e(p))dz =0 forall ¢e Wy'(Q;R"), (5.60)
Q

which can be seen as follows: For an arbitrary ¢ € Wé’l(Q; R™) we consider the perturbation
u+ 0y for > 0. Since u is a minimiser, we have Flu + 0p; Q] > F[u; Q] and the first
variation of F' vanishes, i.e.

0=0F(u,p) = T

Flu+ 0p; Q] = lim 1<F[u + 0¢; Q] — Flu; Q])
0—0 000

In order to compute this limit, we exploit the dominated convergence theorem. More
precisely, we consider

;(F[u—kﬂcp;(l]—F[u; Q]) :;/Q/OlCclitf(a(u)+t95(<p))dtdx:/gg(x,9) dz

with
1 1
(0.0 = [ (el + (o)) dt = [ (Vf(ela) + #9e(). ()

Since ¢ € Wé’l(ﬂ; R") and Lemma 2.17 provides an integrable majorant for g, we can pass
to the limit # — 0 to infer (5.60).

3—p
Step 1: Admissibility of the test function. We want to use ¢ == o*(Tx(1 + ls(u)|2)) 2y as
a test function in this Euler-Lagrange equation (5.60), where T} denotes the truncation
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operator at level k& > 0, cf. (2.5). We briefly comment on the admissibility, arguing
@ € W(l)’l(Q; R™) based on the product rule (2.4). Since u € L2 (2; R™) and the truncation

loc
3—
is bounded by definition, we conclude that the product u(Ty(1+ ]5(u)]2)) 2" is an element
of Li (©2; R™). Moreover, both terms of

loc
LS 1=
Vu(Tr(1+ e(u)?)) 2 + Loy eup<ry (Tw(1 + le(w)]?) 2 u@ Ve(u)?,

are elements of L] _(Q;R"), which can be justified as follows: For the first term we use

u € Wllo’f(Q, R™) in combination with the boundedness of the truncation, whereas the

second has to be treated by means of the weighted-order estimates from Theorem 5.14.
More precisely, there holds

/994]1{1+|a<u>|23k} (Te(1+ le(w)P)) = ’“ ®V \E(u)!Q‘ d
gcwﬂmlg%nﬂ+kww»7ﬂvmwﬁmw

:WW@A<WVMWH@m+kMWﬁGJﬂ)

1

s (5.61)
(@2(Tk(1 + !E(U)IQ)V_?(?_Q)) dz

<dM@<Lﬁﬂ+6%Wf7”WEWWFM
+[§%na+kwwniﬂm)

where all appearing quantities on the right hand side are bounded, noting that the ap-
pearing constant may be k-dependent. Finally, if we multiply the above product with the
localisation function o* we gain ¢ € Wé’l(Q; R™), closing the argument.

Step 2: Testing the FEuler-Lagrange equation. Since ¢ is admissible by Step 1, we can plug
it into the Euler-Lagrange equation (5.60). Therefore, we need to compute the symmetric
gradient €(p) which is given by

e(p) = o (Tr(1+ \E(u)\Q))S_THE(U) + (Tu(1 + \E(U)IQ))S_TH4Q3VQ O u
+ 0" 14 oy ey (Te(L+ @) 2 V(@) 0 u

Plugging this expression into (5.60), and rearranging terms we obtain
4 2\ 254
Ui [ 2T+ ) 7 (Ve () da
3—p
N _/Q (Te(1 + [e@)?) 2 (Vf(e(u),46*°Vo ® u) da

—/QQLL(Tk(l + ’S(U)|2))1%ﬂ<vf(€(u))av|€(U)\2 Ou | eyz<ry 4o

=: II 4 III.
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Similarly to the proof of Theorem 5.12 we now have to estimate all the appearing terms.
Commemorating Lemma 2.18, we can estimate I from below in terms of

I> ’Y/Q o (Tx(1+ |€(u)|2))% de —T /Q o (Tu(1 + |5(u)|2))3%“ de,

leading to

3—

7/ 0" (T(1 + [e(w)[%) 2 do < T+ 11+ F/ o' (T(1+ |e(w)) * d
Q Q

= II+IIT+1IV.

(5.62)

Since all the terms in IT and IV are of the same scaling, we may treat them together. As u
is a bounded minimiser, we can apply Lemma 2.17 to infer

3—

41V < o(T, M) /Q (¢* Vol + 6") (T(1 + e(w)?) " da

(T, M) /Q (* Vel + 0) (1 + |e(w)) 7" da

(T, M) <1 + i) /Bzr(zo) le(u))? d.

The latter term is bounded independent of the level k, because of u € Wlloz(ﬂ R™) and

noting that ?’_T“ < 1 is always fulfilled for g > 1 as in our framework. For III, proceeding
as in (5.61) produces an additional, absorbable term. In detail, this yields

< o0 00) | 2T+ @) 79 @ | Ly da

2

+c<~y,r,M>/Qg4\vre V2 2(T(1 + [e(w)?) = 2 da

no |2

As already announced, we are able to absorb the first appearing term into the right hand
side of (5.62), while the rest can be bounded again by means of the uniform weighted
second-order estimates from Theorem 5.14 as stated in Remark 5.6. Gathering all the
above estimates results in

/ (Te(1 + le()?) 7" da
Br(z0)
1

c[ (1+ i) /Bzr(m)‘ () d + [l <i + T2>zn(Bgr(x0))],

for a constant ¢ = c(n, 2,7, T, \, A, [|ul|rc(7;rn)) > 0, recalling that M depends on 2, n
and m. Since the right-hand side is independent of the level k € R, we can apply the
monotone convergence theorem to pass to the limit k& — oco. This yields the stated estimate
and finishes the proof. O

Finally, the proof of Theorem 5.11 is an immediate consequence of Theorem 5.12 and
Theorem 5.16, closing this subsection.
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5.5 Appendix

We briefly discuss the elementary construction of the auxiliary functions q and h which
entered the proof of existence of the Ekeland-type approximation sequence in Section 5.1,
cf. (5.4) and (5.5).

- -

Figure 5.4: Construction of q

Concerning the function q, we set q(0) = 0 and

J
= G+ 1= Olle@)llnmyzy forj €.
/=1

By construction, q is an increasing function on INg, and the differences

() —aq(i—1) = ZHsu] Iy gz forj € N
(=1

are increasing as well. By use of an affine-linear interpolation of q at the points j + %,
j € N (blue dotted line) as indicated in Figure 5.4, we may extend ¢ to the entire IR>0.
Setting q := 75 * q, where x denotes convolutlon with a standard mollifier n; of radius § = ,
leaves q unchanged on intervals of length 3 5 around each j € IN (orange line). Moreover, q
is convex, increasing and of class C*° on R>¢ with

qa(j) = |’€(aj)||Ln+l(Q;ng>;nn) for each j € IN.

Concerning the function h, we start by writing the left-hand side of (5.5) as $(t) for
t € [3,2). Based on the observation that the resulting function §: [3,2) — (0, 00) is given
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in terms of concatenations and products of non-negative, non-decreasing and convex C2-

functions, it is not difficult to see that §) itself is a non-negative, (even strictly) increasing

and convex C2-function. We then define the desired function h on [0,1] as h = 0 and
3

on [3,2) as

h(t) = BH(t) + (1 - B)H(3) > H(t) fort € [3,2)

for some constant 8 > 1 with 35/(23) > 26(2). Based on this choice, we then may perform
a similar extension as above to obtain an increasing, convex C2-function on [0,2) with the
requisite properties.
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6 | Gradient Integrability for [”-Bounded
BV- and BD-Minimisers

In this section, we interpolate the results of [Gme20] and Chapter 5, namely, we derive
gradient integrability for LP-bounded, p > 2, relaxed minimisers u € BVi% () NLY (Q; RY)
of the variational principle

to minimise Fv, )] := / f(Av)dz over v e Z,, =up +WOA’1(Q),
Q

where A € {V,e}. This result is particularly interesting in the case of the symmetric
gradient, since no a priori methods are available to guarantee L.°°-bounds, unlike maxi-
mum principles or Moser-type iterations. Since many arguments coincide with the full
gradient case, we treat both settings together, separating steps only where required.We
also emphasise that we adopt the convention N = n whenever A = ¢, as otherwise the
symmetric gradient is not well-defined. The main result will be the following theorem:

Theorem 6.1 (Gradient integrability - LP-constraint). Let Q C R™ be an open and bounded
set, p > 2 and consider a variational integrand f € C?(#(A)) which satisfies (1.3) and
(1.5) for pe (1,3 — %] Then any local BV*-minimiser u € BViy (Q) N LY (4 RY) of F
s of class Wllo’(lz(Q;]RN). More specifically, for every subset U € 2 there exists a constant
c=c(n,p, 7, T\ A, ||lull o rymvy) > 0 such that whenever By, (x0) € U we have

e for the full gradient A =V

1 _
/ |Vu|log® (1 + \Vu|2) dr < c[<1 + 7‘2> |Dul| (Bar(x0)) + 1] )
Br(z0)
e and for the symmetric gradient A = ¢

/ |Vu|log® ' (1 + |Vul?) dz:
Br(z0)

1 — 1 lu 1
< — (" 3 o A
< cKl + 7“2) (7’ + |Eu| (BQT(CCO))> + . /BQT(:):O) . dx + <1 + r4>}

4 _ 2p

p+2 ~ p+2 -

Structure of the chapter. In Section 6.1 we implement a quadratic vanishing viscosity
approach keeping track of the LP-bounds based on Chapter 4. Subsequently, in Section 6.2
we derive uniform weighted second-order estimates for the Ekeland-approximation sequence
stemming from the previous section. Moreover, Section 6.3 includes the proof of Theorem 6.1
in conjunction with a discussion concerning the restriction p > 2. Finally, we can improve,
unfortunately non-optimal, the integrability, of the gradient when assuming the strict
ellipticity range p € (1,3 — 127)’ which is the content of Section 6.4.

where s, = 2 —
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6.1 The Ekeland-type Viscosity Approximation

Similar to the previous chapter we aim to use the results from Chapter 4. Throughout
our presentation we assume p > 2. In order to keep control of the LP-bounds, we have to

introduce a suitable penalisation term. To this end, we consider the linear growth function
T: R — R defined through

0 ift <0
T(t) = 6.1
®) {V1+ﬁ—1 if t >0, (6.1)

cf. Figure 6.1. We set up a quadratic regularisation, meaning that we consider perturbed
functionals on the Sobolev space WLH2(€; RY). Towards this aim, we define f;: Z(A) — R
through f; == §;2, i.e.

1 ~
fj(Z) = f(Z) + m(l + |Z|2) with Aj = Aj72 =1+ / (1 + \Au]|2) dzx.
) Q

Clearly, we have Z(A) = RV*" for A = V, whereas there holds Z(A) = RZ" for A =,
cf. Example 2.2.

Figure 6.1: The penalisation function T

As a next step, we introduce regularised and penalised functionals on the negative Sobolev
space W21 (Q; RY) by

/ij(Aw)dx+T</va(w)dx—M> it we g,

o0 if we W 21(Q;RV)\ 7,

Fjlw; Q] =

where V,, denotes the V-function from (2.20). This perfectly fits into the framework of
Chapter 4 with Y as defined in (6.1) and g: R — R given by

82) = Vo)~ gy 2R

with M > 0 from (4.8). Especially, (4.12) is satisfied since the function T only takes
non-negative values. Therefore, the results from Chapter 4 are applicable and provide us
with a Ekeland-type approximation sequence (v;);jcn of almost-minimisers satisfying the
estimates from Proposition 4.2. In our framework the latter read as follows:
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Proposition 6.2 (Properties of the Ekeland sequence - LP-case). Let (vj)jew be the
Ekeland-type approximation sequence. Then for every j € IN we have the following estimates

1 2
Av;| dz < — [ inf F|—;Q —i—,), 6.2
[ ol ao <2 (it Pl + 5 (6:2)
! /(1+|A\ Hd <2 (6.3)
2Ajj2 Q K v 7% '
Sup 10510 qmvy < €(p) (34 M). (6.4)
J

Proof. 1t is obvious that (4.23) and (4.24) correspond to (6.2) and (6.3). To conclude the
precise estimate (6.4) from (4.25) we observe the elementary bound ¢ — 1 < Y(¢) for all
t € R, leading to

/QV})(Uj)dx_(M—f—l)ST(/QV;,(’LU)CLT—M) <9

As a consequence of (2.21) this results in ||Uj||€p(Q.RN) < ¢(p) (34 M), showing (6.4), when
taking the supremum over all j € IN. This finishes the proof. O

As further ingredients, let us recall estimate (4.27) from Corollary 4.3, namely, the Ekeland-
sequence satisfies

1/. 2 1
vl @umray < c(2,T) [ <1nf Fl— Q]+ 2) + 2} . (6.5)
Y \Zuo J J
Moreover, (4.29) from Corollary 4.4 reads in the quadratic setting
e ot o< (3 (urmme 2) ) ]
PR vi"de <c|—=+ | —| inf F[—Q+ = |+ = 6.6
24,2 Q\ il R [ 9] 7))t (6.6)

for a constant ¢ = ¢(Q,T', A) > 0. In light of Remark 4.7, we note that the estimates from
Proposition 6.2 suffice to ensure the finiteness condition from Theorem 4.6, as it is not
necessary to permit g to reach the value 4+00. In this way we obtain from (4.30) that for
all j € N and all ¢ € Wé’Q(Q; RY) the following Euler-Lagrange inequality

| V580, A da
21 ([ o 21) [0, 000

holds. Moreover, assuming the growth condition (4.31) from Lemma 4.8, we gain

vj € W22 (Q; RY) (6.8)

loc

(6.7)

1
< EH‘P”W*QJ(Q;RN)a

for all j € IN. As a consequence of Lemma 4.9 we deduce the following differentiated
Euler-Lagrange inequality

\ 92580 (h) A da
@ (6.9)

1
+ 71 </Q Vp(v;) do — M> /Q<V2V})(Uj)85”jv<ﬂ> dz| < EHSOHW*J(Q;]RN);
which holds for all s € {1,...,n}, p € W(l)’Q(Q; RY) and j € N. Similar to Chapter 5 this
will be the key tool to derive uniform second-order estimates in the sequel. Finally, we

abbreviate o = 0,2 = V f;(e(v;)).
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6.2 Weighted Uniform Estimates

Having the differentiated Euler-Lagrange inequality from (6.9) at our disposal, we can show
weighted second-order estimates for the Ekeland-sequence (v;);jcn that are now uniform
in 5 € IN. These uniform estimates become crucial in the next section, when proving
superlinear bounds for (Av;),ew.

Theorem 6.3 (Uniform weighted second-order estimates). Let f € C*(Z(A)) satisfy (1.3)
and, for some A € (0,00), the upper bound (4.31). Then there exist a constant ¢ > 0 such
that for every Ball Bay(xo) € Q and every localisation function o € C°(Ba,(x0);[0,1]) with
1B, (20) < 0 < 1y, (2g) and [VZ0| < (%)8 for s € {1,2,3} we have the following estimates:

o IfA =V, then c=c(A) >0, and

Z/ 0" (V2 f(Vv;)0x Vv, 0 Vu;) dx (6.10)

2 3 . 1
Sl (e 2 o]
2 [ Jea, (a0) joa) A7 JBar(a0)

o IfA =¢, thenc=c(T',A) >0, and

n 4 2 () vVj V; X
kZl/Bmxo)Q (V2 f((v;))0e(v;), Ope(v;)) d

. 2 3
gCQU (\e(vj)|—|—|vj|<1+r.+r.>>dx
r Bar(z0) r J J
2
_ |P >
2" Bar(w)) ( / de) ”
Bor(zo) T

1 2 |Uj|2> ]
+ / ( 1+ |e(v; + — ) dx|.
Aj]2 B2T(w0) ( | ( ])| ) 7,2

Remark 6.4. Recalling the uniform bounds (6.2), (6.3), and (6.4) from Proposition 6.2
in congunction with (6.5) and (6.6) we see that all terms at the right hand side of (6.11)
and (6.10) are uniformly bounded in j € IN. Additionally, assuming that the the integrand
f is p-elliptic in the sense of (1.5), we can conclude weighted second-order estimates using
the explicit representation (4.15) for V2 f;(2) in both cases. More precisely, utilising the

(6.11)

nequality g < % + ’;—2 then results in

e 1
[ o letopPy S Vet Pt o [ Vet
Bar(z0) 3J7 JBar(20)
2 3 .
gg[/ |€(Uj)]dm—|—<1+r.+r.>/ il g,
" LJBay(z0) J J Bar(z0) T

2
|P o
/ osl® dm) ’ (6.12)
Bor(zo) T

1 2 |Uj|2> ]
+ / < 1+ |e(v; + dx
Aj]2 Bgr(l‘o) ( | ( J)‘ ) TQ

+ "By (20)) 7 (




2 1 2 1/1 2
<SP+ S ) (1+-+ 5 )+ 52+ 5
T @uo J T ] J T Vi

1 e 2 2 1((. 2 1\?
e (e g ) v 5) |

J2r? o J

with ¢ = ¢(p,v, Ty A\, A, Q, M) > 0 in the case of the symmetric gradient A = e. Similarly,
we infer

1
Y1+ [V P) ™ 2|V2v‘\2dx+,/ 0| V20;|? dz
/BzT(m ’ ’ 2452 JBy, (w0) ’

c . 2 1 roor2\ 1 2
§2|:<1an[—;@]+.2><1++.>+(.+.>.2+.2:|,
T Dugy J L J 3/ J

with ¢ = ¢(v, T, \, A, Q) > 0 in the full gradient case A = V. Finally, we notice that the
seemingly unnatural scaling in r for the right-hand side vanishes in the limit 7 — oo.

(6.13)

Proof of Theorem 6.3. Although many arguments are similar to Theorem 5.5 we give a
self-contained proof, since these estimates are crucial to obtain regularity. For the sake of
readability we divide the proof into several steps, and we only distinguish between A =V
and A = ¢ at one point, as the argument simplifies a lot in the full gradient case. As usual,
we take a point zp € 2, a radius r > 0 such that By, (z9) € 2 and a localisation function
0 € CX(9;]0,1]) with 1 () < 0 < g, (4) and [V¥g| < (2)° for s € {1,2,3}.

Step 1: Preliminary estimate and first bounds. Recalling the higher differentiability from
(6.8) we can apply the product rule from (2.4) to obtain

948kAvj = —O0rv; A Vot + A(Q485Uj)

for k € {1,...,n}. Similarly to (5.20), summing over k gives

Z/<V2fj(Avj)g28kAvj, g28kAvj> dx
Q
= _ Z/ <V2fj (Av;)OkAvj, Opv; ®a Vol) dz (6.14)
Q

+ /g}(szj(AUj)akAvj, A(0*Ovj)) dz = A +B.

Step 2a: Estimate for A in case A = V. In the full gradient case the associated product
®a reduces to the usual tensor product ®. Recalling (4.36) and (4.37) allows to use a
Cauchy-Schwarz type inequality which then leads to

— Z / <V2fj(ij)8vaj, Ohv; ® 4Q3Vg> dx
Q
1
22/ V2f] ij)g akVUJ,Q 0x V) dx
k=

s /Q (V2£,(V0;)0k0; @ 0V, vy & oV ) d.
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The first appearing term can be absorbed into the left-hand side of (6.14), while the second
can be estimated using the upper bound from (4.31) in combination with (4.17). This
results in

8 Z /Q<V2fj(ij)3kvj ® 0V, 0kv; ® oV ) dx

8kv ®VQ’
< 8A / 2‘]— [ 20+ 190 o1y 0 Vol as
Z 1+|V'U]| Z2A 2 J J
Sc<A>

= V| dz + —— / (1+ |Vu,]?) da
7 /]32r(a@0) ’ A Ajjr? r? Bar(z0) ’

Thanks to Proposition 6.2 applied for A = V all appearing terms on the right hand side
are under control.

Step 2b: Estimate for A in case A = . In the case of the symmetric gradient the associated
product ®4 is given by the symmetric tensor product ®. We recall our convention which
states N = n, since otherwise the symmetric gradient ist not well-defined. Similar to (5.21)
we spell out A into components and smuggling in some terms to deduce

A= —% / Ok J (im) [82948kv(m) + 81948mv(k)] dx
k,im=1
+— Z / D™ [61946,”1)(1‘7) + O 00| da
kzm 1
- = Z /8 o; mg Ao (k )+5mg40kv](-i)] dx
kzm 1
= I+ 1II+III.

Exploiting the symmetry of oj, i.e. oj(x) € RE;Y for all z € Q, we conclude I = III.

Sym
Therefore, using the Cauchy-Schwarz inequality we can follow the lines of (5.22) (of course,
this time for a quadratic regularisation) to arrive at

14111 < i;/ﬂ<v2fj(5(vj))g4aks(vj),g4aks(vj)>dm

ns / (V215(e(0)) V0 © (e(0))e), 6*Vo © (e (vy)ex)) da.
k=17

While the first term can be absorbed into the left-hand side of (6.14), we can proceed
analogous to (5.23). More precisely, we will use (4.43) from Lemma 4.10 for 9 = r L ol,,xy,
w=rVpand e = e(vj)e, for k= {1,...,n} in the quadratic framework, to infer

643 / (V215(e(03)) 0V 0 © (e(vy)er), 0V 0 © (e(v)ex)) da
k=1"

c(A) / c 9
< le(v;)] dar + / (1+ |=(v)[?) da.
r? Bar(z0) ! AJJZTZ Bay(z0) !
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As in the previous step, all appearing terms at the very right hand side are under control
by means of Proposition 6.2 applied for A = . We continue by handling term II, which is
slightly more delicate. Again utilising the symmetry of o, we can rewrite II in components

by
II = E /8 a(-im)(?ig46mv(-k) dz.
0 kO § J

k,i,m=1

(k)

Since the derivative 6mvj appearing in the integral is not estimated in terms of the
symmetric gradient €(v;), we integrate by parts twice, where all computations are justified
because of (6.8). In this way, we obtain from (5.24) (again now in the quadratic framework)
the decomposition

II = Z /Q(8maj(-im)8ikg4vj(-k)—i—aj(-im)@ikmg%](.k)

k,i,m=1

+ 8mcrj(-im)8i 940kv](-k) + 0§im)8img46kv§k)) dz

=111 4+ ...+ Ilg4,
where now the only derivatives of v; appearing in IIy, ... ,II; are of the form Bkvj(.k). After
summation in k € {1,...,n} these derivatives sum up to the divergence of v;, and can

therefore estimated pointwise by |e(v;)].

e On II;. To treat II; we follow the lines of (5.25) and (5.26) in our framework to infer

<) | (e Fostw). o) da
4160 Z/ (V2,(e(0;)) (Vo - v;) Vo ® er, (Vo - 0)Vo © ef) da
=14

11603 / (V2 (e (v)e(V2 ;) @ er, o(V30v;) @ ef) da.
=179

At this stage, we can continue as in (5.27), namely, we make use from (4.43) of
Lemma 4.10 with 9t = rVo ® Vo and N = roV?p, w = r_lvj and e = ey for
¢ € {1,...,n} in the quadratic framework. Observing [N| < % and dropping the
factor (1 + \z|2)*1/2 we deduce, applying Hélder’s inequality with exponents £ and

P53 (recall p > 2), the estimate

M) <3S [ (TP Pone,). o) do
=179
c(A) 1 v ]2
+TQO+AW>AMW;EM
| (e Postw). o)) da

L e (1 N A1,2)3"<B2r<xo>>’f (

2 .
T ")

1
< —
!
(=1
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e On II3. To handle II3 we proceed analogous to (5.28) and using (4.43) from
Lemma 4.10 for M = r~ 1,4, w = roVpdiv(vj) and e = ¢, for £ € {1,...,n}.
In the quadratic case ¢ = 2 this results in

1] < i; | (o). o) da

c(A) / c 9
+ le(v;)] da:+./ (1+ |e(vy)]”) da.
2 JBar(w0) ’ A2 By, (o) ’

Note, that we have used the pointwise estimate |div(v;)| < |e(vj)].

e On II,. In this case we proceed similar to (5.30). More precisely, using }V3Q| < %
and Young’s inequality, we infer

C(F)/ 1 / 2
e | de 4+ ———= [ (1+]Av;]?) |vy] d
7’3 Q|'UJ| x_‘_AijTg Q( +’ UJ‘ )|UJ| x

o [,
r B2'r (]30) r

C

2
NE v
+ A, 772 /BQT(:E()) <(1+’5(%)| )+ 2 )da:.

e On I1;. Finally, II4 can be handled similar to (5.31). Towards this aim, we will
exploit the pointwise estimate |div(v;)| < |e(v;)| leading to

[ILo|

IN

c(I) c 2
L] < / e(v;)] do + / (1+ |e(v;)?) da
r? Ba,(z0) ’ Ajj2r2 Bar(z0) ’

Therefore, combining all the estimates from Step 2b results in

n

A< B3P o) POl POuclo) do
/=1
c(T. A vV p=2 vil” :
O | [ (el + B2 ar e 2@ty P () ]

2
c 2 |v;] )
+—> 1+ |e(v; + —%— | dx.
e (@ + P+

Step 3: Estimate for B. In order to treat term B, we aim to use to use the differentiated
Euler-Lagrange inequality from (6.9). To this end, we add the term

T’ (/Q Vp(v;) dz — M) ;AQ4<V2%(vj)8kvj,8kvj> dz (6.15)

on both sides of (6.14). By construction we have Y’ > 0 and since V,, is C? the expression
(6.15) admits a non-negative sign. Recalling v; € WH2(Q; RV) N W22(Q; RY) we observe

loc

that ¢ = 0'0,v; belongs to W(l)’2(Q; RY). More precisely, we have v; € W22(Bg,(2¢); RY)
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and supp(p) = Ba, (). Hence, extending 0'0v; from Ba,(z0) to by zero shows that ¢
is admissible. Therefore, by means of the product rule ¢?dxv; = 9k (0%v;) — (Iko*)v;, we
deduce

I, 4
B= 5 E o akijW*M(Q;]RN)
k=1

2
cr \ c (r2(1+7) v
< = (1le"villLimny + [146°Vov; .N>§<. o dr )
J<|| il @ryy + illi@r) | < 73 J Bo,(z0) T

Step 4: Final estimate. Gathering all the estimates gives the desired weighted inequalities
in both cases: Namely, for the full gradient A = V we obtain

n

Z/ g4<V2f(ij)6vaj, avaj> dz
k—1 “ Bar(@o)

2 3 . 1
SCQU (\Wj|+<r.+r.>w> de + ,2/ (1+\wj\2)dx}
72 [ JBay(x0) j i) r Aj7% JBs(20)

with ¢ = ¢(A) > 0. If A = ¢ is the symmetric gradient, we infer

n

Z/BQT(%)g4<V2f(€(Uj))ak€(vj),Okg(vj» dz

k=1
2 3 .
SCQ{/ <\£(vj)|+<1+r.+r.>’vj’)dx
r Bar(z0) J J r
: DIPAY
p=2 v P
+ L (Bor(0)) 5 </ i d:n)
Bar(zo) T
4 1/ <(1 le(y)P) + '”j’2> dx]
Ajj2 Bor(z0) ’ r? 7
with a constant ¢ = ¢(I', A) > 0. This finishes the proof. O

6.3 Gradient Integrability for p > 2 and © <3 — %

Based on the weighted uniform estimates from Remark 6.4 we are now able to prove Whl-
regularity for every generalized minimiser. This is the content of the main Theorem 6.1 in
this section.

Proof of Theorem 6.1. For the sake of readability we divide the proof into several steps.
To this end, we take a point xp € Q and a radius r > 0 with B, (z9) € €2 together with a
localisation function ¢ € C°(€2; [0, 1]) satisfying 1p, (zy) < 0 < 1p,, (2) and [V7g| < (%)S
for s € {1,2,3}.

Step 1: Derivation of a partially integrated Fuler-Lagrange inequality. Similar to the proof
of Theorem 5.1 we aim to use a partially integrated version of the Euler-Lagrange inequality
(6.7), thereby relaxing the regularity requirement on test functions ¢ from ¢ € Wé’2 (4 RY)
to ¢ € Wé’l(Q; RM)NL2(;RY). Towards this aim, we notice from (6.8) that there holds

(V/; = Vf)(Avy) = QEijA‘uj € Wi2( (). (6.16)
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Therefore, all quantities are well-defined and we are in the situation to perform a partial
integration in the regularisation term. More precisely, exploiting the symmetry of V f; in
the case A = ¢, we get

/<(ij V£)(Av;), Ap) dz = Z / Vi — V) (Av;) ™90 dx

1,m=1

:—Z/a (Vf; = V) (Aw;) ) g

i,m=1

Consequently, we can rewrite the Euler-Lagrange-inequality

’/ V£ (Av;),Ap) dz — Z /a (Vf; — VI)(Av) ™)o@ dg
i,m=1 (617)

1 ([ Ve ao— 1) [V a0

which is a well-defined expression for ¢ € W(l)’Q(Q; RY). Moreover, we can approximate
an arbitrary function in ¢ € W(l)’l(Q; RY) N L2(Q; RY) by smooth C°-maps in the norm-
topology of WH1(Q; RY) N L2(Q;RY). Since Y’ and Vf(Av;) are bounded together
with (6.16), a standard approximation argument justifies the validity of (6.17) for all
RS W(l)’l(Q; RM)NL2(Q;RY) as claimed.

1
< EHSDHW—?J(Q;RN)v

Step 2: Admissibility of the test function. As a next step, we choose the truncated
logarithmic test function

¢ = o*log® (Tk(l + |Avj|2))vj,

where T} denotes the truncation at level k > 0, cf. (2.5). We tacitly suppress the p-
dependence and only write s := s, in the sequel. As a next step, we briefly argue why
our choice of ¢ is admissible for (6.17) following essentially from the product rule (2.4).
By construction we have v; € Wh2(Q; RY) and therefore, since the cut-off as well as the
truncated logarithm is bounded, we conclude ¢ € L2(Q; R"). To proceed, we have to argue
that both terms of

log? (T(1+ |0y 2)) Vo, + 1, @ ¥ (log” (Tul1 +|4v,%))

are elements of LL (€; RY). This is clear for the first one as the truncation is bounded
and v; € WH2(Q; RY). For second, however, we consider

v; ® V(log® (Tr(1 + [Av;[?)))
= s1og™ " (Th(1 + [Avs[*)) (Te(1 + [80;%) 7 Ly g pasgvs ® V [Ay 2

leading to
(vj ® V(log® (Tp(1+ \Avjﬁ)))‘ (6.18)

_1
< 25 [vj] (Tr(1+ [Avj ) 2 log™ ! (Tr(1 + |Av;[?)) [V A . (6.19)
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Therefore, since v; € W2’2(Q; RY), the local integrability follows after dropping the term

loc
with negative exponent and observing that the logarithmic term remains bounded. As a

next step, we compute A resulting in
Ay = o*log® (Ty(1+ |Avj]2))Avj
+log®(Tx(1 4+ ]AvaQ))Uj ®a Vo' + 0'v; ®a V(log® (Tk(1 + |Avj]2))).
Plugging (6.20) into (6.17) and rearranging terms yields

(6.20)

T4+ 11— /Q o*log® (Ti(1 + [Av;12)) (V£ (Avy), Avy) da
+ 7’ (/ﬂ Vp(vj) de — m) /9,94 log® (Tk(l + ]A\vj|2))<VV},(vj),vj> dz
= - /Q<Vf(Avj),logs (Tk(l + |Avj\2) QA Vg4)v]-> dz
- /Q(Vf(Avj), o*vj ®a V(log® (Tj(1 + IUJIQ)))> dx

n
> /Qam“vfj — VF)(A0;) ™) 0" log® (Ti(1 + Ay )l de
,m=1
1
+ = lle*og” (Te(1+ 14, )vyhv-21 )
= HI+1IV + V + VL.

Step 3: Estimating all appearing terms. As a consequence of the linear growth condition
(1.3), we use the lower bound from Lemma 2.18 to estimate I by

1= [ otlog® (Tu(1+140,) (7 (), Aoy da
@ (6.21)
> ’y/ﬂ o* |Av;|log® (Tk(l + |Avj|2)) dz — F/QQ4 log® (Tk(l + |Avj]2)) dz.

From the explicit definition (6.1) of T it follows that Y’ > 0. Since V}, is a convex and
differentiable function of p-growth, cf. (2.21), we obtain a lower bound for (VV,(z), 2)
using Lemma 2.18. Hence, we can estimate II through

Im>v </Q Vp(vj)da — M) {a/Q o*log® (Te(1+ ]Avj]2)) v dx
“o [ olog? (T(1 + A0y do
Q

- </Q Vp(v;) do — M) [’/QQ4 log® (Tx(1 + |Av;[*)) da,

where we have dropped the first term due to its positive sign. Restructuring all the
appearing terms leads to

7/{294 |Av;|log® (Tk(l + |Avj|2)) dz
4 s 2 (6.22)
STIA+TV + V4 VI4¢(b,T) [ o*log® (Tp(1 + [Av;[?)) da
Q

= III+ VI+V + VI + VIL
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We now proceed to bound all appearing terms of the right-hand side of (6.22) starting
with III. Using Young’s inequality with exponents p and p’ and the fact that the logarithm
grows more slowly than any root, cf. (2.22), we obtain

mgr/ 0% [v;] log® (1 + |Aw;|?) |Vl dz
Q
<elr) [ @l ar+ [ (419617 0g7 (1 4+ Ay o
Q Q

1
< c(F)/ o |? der + Av;| da.
BQT(CC()) rP BZT(]:O)
Now since p > 2 we conclude that s > 1. This in turn results in a power of a logarithm
appearing on the right hand side of (6.18). Consequently, we will use Young’s inequality to
create a term that can be absorbed into the left-hand side of (6.22). In detail, we obtain

1
IV < 25T [ o*v;] (Te(1 + [Av; ) "2 log ™ (Tx(1 + [Av;[*)) |[VAwv;| dz
Q J J J

< / o' (1 + |Aw;[*) "2 |V Aw,|? da (6.23)
Q

p=2

14
+c(r)/ﬂg4 ;[ (Te(1 + |Av;[*)) 2 log?™D (T(1 + |Avj|?)) da.

Now, the first term of the last inequality can be controlled using the weighted uniform

estimates from Remark 6.4, while the restriction p < 3 — % and s = ]% results in
2(s—1

and 25— Dp

7<1 <s<2.
=5 p_2 =95

Thus, by means of Young’s inequality with exponents g and 1%’ we can handle the second
term in the last inequality of (6.23) to produce the announced absorbable term paying the
price of a controllable pollution term, i.e.

=2
/994|vj|2 (To(1 + [Ay2)) 7 1og?D(1 + [Av; %) da
— P 2(s—1)
< c(’y)/ o P da + 7/ A1+ Ay )T 72 log 77 (Te(1 + |Av; ) dz
Bar(x0) 2 Jo
< c(y)/ v P da + 7/ o |Av;|log® (Tk(l + \A\.vj|2)) dz.
Bay(z0) 2 Jo

For term V, coming from the integration by parts, we exploit again s < 2. In particular,
we use Young’s inequality twice to infer

(P> /Qé’m((ij — VF)(Av))™) gt log® (Ti(1 + [Av; )0 dz

i,m=1
< 1
T 2457

1
< ou s [/ ot |VAv;? dw+/ o*log*(1 + |Av;[*) |v;]* da
2Aj] Q Q

/Q 0! [V A log? (Ti(1 + [Av;|2) Jo;] da
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: 0" [VAv;|* dx + c(p o |v;|P dz
| | A aseeo) [ 21

2 4p_ 2
+ [ o0z rlogr2(1+|Av,|") dx
Q

<

< C(p.)2 [/ 0" [VAw,|? d:H—/ o |v; [P dx+/ 077 (1 + | Avy[?) da .
Ajj* 1 Ja Q Q@

Similarly to the approach used for V, we can apply (2.16) and (2.22) to VI. Specifically,
applying Young’s inequality with exponents § and z% yields

1 S
VI = 3”@4 log® (Tx(1 + [Av]))vjllw-21 (@M
< [ d'log*(1+ vy 1] do
Q
<) [ #lof s [ o100+ aof) ar)
Q Q
< c(p)</ o [v;|? da +/ 071 |Awy] dx>.
Q Q
Finally, VII can be handled immediately by
VII = / o' log® (Tr(1+ \Avj|2)) dz < c/ |Av;| da.
Q B

2r (o

Gathering all the estimates above and noting that for p > 2 we have p%l < 2, we infer

/ | |Awv;|log® (Tk(l + |Avj|2)) dz
B, (xo

< /Q o* |Awv;|log® (Te(1+ |Avj|2)) dz (6.24)

1 1
<c 1—|—>/ \Av-|da:—i—/ v [P d$—|—,/ (1+ |Avj|)dz
[( 12) JBor(o) Bon(wo) Aj3% JBa (o) ’

1
+ [ VAR AP Edrt o [ o19AGPa|
Q Aj] Q

where ¢ = ¢(p,v,T') > 0. All appearing quantities at the very right-hand side are uniformly
bounded in j € IN by using Proposition 6.2 in combination with Remark 6.4. Especially,
we observe that (6.24) implies in the full gradient case A =V

/ |V;| log® (Tk(l + |ij|2)) dx
Br(”z'())

1
< c[(l + 2) / |Vv;| da +/ v P dz (6.25)
r Br(zo) Bar(z0)
1 1 1 1
+.<1+>/ |’Uj|dl‘+<1+2>,2/ (1+|Avj|2)dx s
J ) JBay(w0) %) 24552 JBy,(x0)
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whereas for the symmetric gradient case A = ¢ we exploit (6.12) to infer

[ lewltog® (Tu(1+[e(ep)?) da
B (z0)

1 1 1 1
Sc[<1+2>/ \6(vj)]dw+<3+.<1+>>/ lvj| da
r Bar(z0) r J r Bar(z0)
o p=2 ]
+/ lo; [P dz +.2"(Q) » — / v | dz (6.26)
Ba,(z0) r Bar(zo)

1\ 1 ) 1 v |?
+ l—i—),/ 1+ |e(v; dx + - / L dx
( 72 2Aj]2 Bzr(xo)( e J)‘ ) 2Aj]2 Bar (o) r?

for a constant ¢ = ¢(p,Q,v, I, A\, A, M) > 0. Let us note that all quantities on the right-
hand side are under control due to Proposition 6.2, Corollary 4.3, and Corollary 4.4 applied
in the quadratic framework. In particular, as the right-hand side is independent of the
level £ > 0 in both cases, we use the monotone convergence theorem to conclude that

—~

LSAIN]

lim A log® (Tk(l—l—]AUj|2)d:U:/ Ay log®(1 + A, [?) da
k=00 JB,.(z0) Br(z0)

is bounded, satisfying the same estimates (6.25) and (6.26) respectively.

Step 3: Wﬁél—regularity. We now aim to apply Reshetnyak’s (lower semi-)continuity
Theorem 2.14 to conclude that there holds A*u = 0 in B,.(x¢). Towards this aim, we infer
that (4.2), (4.7), and (4.21) imply that

vi —u in W2HQRYN) as j — oo

Using (6.2) in combination with the compact embedding W41 (Q) < LY(Q; RN), cf. (2.8),
we can extract a non-relabeled subsequence of (v;)jen such that v; = u in BVA(Q).
Moreover, from (6.4) we deduce

limsupijHip( <c(3+M)

; Q;RN)
j—00

and hence, in the full gradient case A = V, (6.25) leads to

1 _
liminf/ |Vv;|log®(1 + |ij|2) dz < c[<1 + 7"2> |Du| (Bay(x0)) + 1],
Br(m()

J—00

whereas in case of the symmetric gradient A = ¢, (6.26) leads to

lim inf/ le(v)]log®(1 + |5(Uj)|2) dz
Br($0)

j—00
1 _ 1 Ju| 1
< 1+ = | |Eu| (Bo, — —d 1+ —
_CK +T2>| ul 2(9”0))”2/327(%) : x—l—( +T4>]

for a constant ¢ = ¢(p, Q, v, ', \, A, M) > 0. We recall from Theorem 2.10 and (4.8) that M
only depends on ,n and m and therefore we have ¢ = c(n,p, Q,7, I, A\, A, [[ullpmvy) > 0
in both cases. Unlike in Step 3 of the proof of Theorem 5.1, we now consider the function
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#(z) = ®s(|z|) which has the same recession function as that computed in (5.49). Using
vj = u in BVA(B,.(20)) in conjunction with the lower semi-continuity part of Theorem 2.14
results in

o [ dAu -
/Br(%) A [Ve) do+ /]_;w(:):o) i ( d|Asu|> dIAul
= (A) (B (x0)) < liminf 6(A0;)(B, (x0)).

Now, the term on the right hand side is finite by Step 2, and in view of (5.49) it follows
Afu = 0 yielding the claimed Wﬁ(’:l(Q)-regularity.

Step 4: Logarithmic integrability. To obtain the stated estimate in case of the symmetric
gradient case, we will use the scaled Korn-inequality from Lemma 3.14, together with
s < 2, resulting in

/ IVu|log® t(1 + |Vul?) dz
Br(xo)

_/ By (|Vul) de
BT(IO)
Sc[r"—&—/ D,y (|u> dx—i—/ @s(la(u)\)dx]
B'r(l’()) r Br(xO)
1 _ 1 | 1
< 1+ —= " + |Eul| (Ba, — — 14+ —||.
<ef (1 55) (ol Batan) + 5 [ B (14 5]

This estimate holds for each ball B,.(zg) such that Ba,(xg) € Q for a positive constant
c=c(n,p, 0,7, T, \, A, [[ullLp;rn)) > 0. Therefore, the proof is finished. O

Remark 6.5 (The restriction p > 2). The restriction p > 2 first arises, when dealing with
the term 11y in the proof of Theorem 6.3. In order to make use of the LP-bounds we have
to use Holder’s inequality with exponents & and 17%2 leading to the restriction p > 2. It
is not clear to us how to omit this limitation. Motivated by the fact that setting p = 2 in
Theorem 6.1 would lead to s, = 1, we believe that, in the context of reqularity, we cannot
expect anything more than logarithmic integrability when dealing with full gradients and
using the presented method. Even worse, due to the logarithmic loss in the symmetric
gradient framework, the best we could hope for is local W' -reqularity. The treatment of

(sub)-quadratic constraints remain open, although of theoretical interest.

2

6.4 Improvement for p > 2 and pu < 3 — ;

Similar to Section 5.4 we can derive higher integrability for the gradient in the strict
ellipticity regime p € (1,3 — %) Unfortunately, due to technical issues, we were only able to
prove a non-optimal result at the day of submission, which we will present in the upcoming
section. For a concise discussion of the technicalities, including a possible solution after
overcoming the missing detail, we refer to Remark 6.11. To keep the presentation clear we
introduce the abbreviations

2 4 2
p-=2—— and ,u+::2—¢——2—7.
p pep
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Theorem 6.6 (Higher integrability — partial result). Let  C R"™ be open and bounded,
p>2andf e Cz(%’( )) be a variational integrand which satisfies (1.3) and (1.5) with u €
(1, )u(pt, 3—7) Then any LP-bounded local BVA -minimiser u € BVt (Q)NLY (Q;RYN)

loc
of F is of class Whtr (Q; RN) for t, := %

The strategy is similar to Section 6.4. We start by deriving a first, unfortunately non-
optimal, local W+ _regularity result in Theorem 6.7. Since this statement turns out
not to be optimal for p € (1,2 — %) we improve it in a second step given in Theorem 6.10.
This refinement is based on weighted second-order estimates at the level of the minimiser,
cf. Theorem 6.9, together with the standard Euler-Lagrange equation.

Theorem 6.7 (Higher integrability — first result). Let Q C R™ be open and bounded, p > 2,
and consider a variational integrand f € C?(#(A)) which satisfies (1.3) and (1.5) for
we (1,2 — %) Then every BVA -minimiser u € BVA(Q;RY)NLE (4 RN) of F is of class

loc

loc P p+2

More specifically, for every subset U € 2 there exists a positive constant ¢ > 0 with
c=c(n,p, 7T\ A a,b, [lul|pry)) > 0 such that whenever Ba,(z9) € U we have

o for the full gradient A =V

/me) - Vo[?)5e dm<c[<1+ ! ) Du](BQT(a:O))—i—I],

e and for the symmetric gradient A = ¢

a . 2 - -2
wilt PQ,RY)  for ap = min {1 - -, 7(3 P } .

1+«

[ @) 5 do
Bar (o)

1 _ 1 lvj] 1
< — - tell —1.
< c[(l + 7“2) |Eu| (Bar(z0)) + 2 /Bzr(mo " dor + <1 + 7“4>]

Proof. For the sake of simplicity we omit the subscript and write simply a = «;, throughout
the proof. Since p > 2 we first notice that p — 1 > 1, whereas 1 — % < 1. Therefore, we
conclude

2 (3— -2 2 (3-—- —2
ap:min{p—l,l—,('u)p}:min{l—,('u)p}.
D p+2 D p+2

In order to derive the stated estimates, we take xg € Q and r > 0 such that By, (z¢) € 2.
Moreover, let o € C2°(€2; [0, 1]) be a localisation function satisfying 1g, () < 0 < 1p,, (29
and |[Vog| < (%)S for s € {1,2,3}. For the sake of readability, we divide the proof into
several steps.

Step 1: Choice of the test function and admissibility. As in Step 1 of the proof of
Theorem 6.7, we can make use of the following Euler-Lagrange inequality

‘/ Vf(Avj), Ap)dz — Z/a (V£ — V)(Av) ™)o@ dg

7,0=1

1 ([ opas=ar) [ (90,00
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for ¢ € W(l)’l(Q; RM) N L2(;RY). Since o < 1 we can easily ensure that the test function
Y = Q4Tk((1 + ]Avj\Q)%)vj is admissible, where T} denotes the truncation operator,
cf. (2.5). More precisely, since the truncation as well as the localisation function is bounded,
we utilise v; € WH2(Q; RY) to conclude ¢ € L2(; RY). Moreover, the W[l)’l—regularity can
be justified in a similar manner to the proof of Theorem 5.12 after recalling o« < 1. As a
next step, we compute

& o
2 2

Ay = Q4(Tk(1 + |Avj]2)) Av; + (Tk:(l + |AU]'|2)) V; QA VQ4
]
+ 0" rery (Th(L 4 [Avs*) 27 ) @4 V| Ay

Now we plug in this expression into the partially integrated Euler-Lagrange-inequality
(6.17), which yields after rearranging terms

[4+11 ::/94(Tk(1+|Avj|2))g<Vf(A\vj),Avj>dx
Q
+ 7’ </ Vp(vj) do — M> / 94(Tk(1 + \Avj|2))%<VVp(vj),vj) dz
Q Q
< [T+ o) V()0 90 V6" ds
- /Q 0" {14y pny (Th(1 + |Aw;[*)) ETHV F(Avy), 0 @4 V Ay ) da

+ Z /Qam((vfj — V£)(Av;) ™) o (Tp(1 + !Avj!2))%v](.i) A
4,7=1
1 o
+ ;HQZL(Tk(l + |AU]‘|2)) 2 UjHW—Q,l(Q;RN)
=II+1IV+V+ VL

Step 2: Estimating all appearing terms. The linear growth condition (1.3) in combination
with Lemma 2.18 provides us with a lower bound for I, namely,

1> ’y/ o (T (1 + [Avj[?) ? |Av;| do — r/ oM (Th(1 + [Av|?)) % da.
Q Q
By construction of T we have Y’ > 0. Moreover, by Lemma 2.18 we can find two constants
a,b > 0 such that (VV,(2),z) > a|z|’ — b. Therefore, we obtain a lower bound for II by
means of

> (/Q Vi (o) dar — M> [a/ﬂg‘l(Tk(l A R)E [oyf? da
- b/Qg‘i(Tk(H Av;[?))? dx}
> </Q V,(v;) da — M) 6/994(Tk(1 +|Av;?)? da.
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We continue by restructuring all the appearing terms, leading to
a+1
7/9 o (Ti(1 + |Avy*)) * da
4 12\ 5 (6.27)
<TI+IV+ V4 VI+cb,T) | o (Te(l+|Av;]*))? da
Q

=I1I+1IV +V 4 VI+ VIL

We proceed by estimating all terms on the right-hand side of (6.27) gradually, starting
with III. To this end, we apply Young’s inequality with exponents p and z% to obtain

111 < F/ 0® Vol [j] (Ti(1 + |Av;|?) % da
Q

Pl P 8 2B 2\\ 35213
< c(y,T) Q(QIVQI) o da + < o (Tw(1 + |Av;]%)) 70D da.

In this case, the last appearing term can be absorbed into the left-hand side of (6.27) in
case

ap @ +1
2p—1) = 2
which is satisfied by our choice of a. Towards term IV, we establish, using Young’s
inequality twice, that

= a<p-1, (6.28)

IV=-— /Q 0" (1 a2y (Tr(1 + (A ) 2 THVF(Ay), 05 @4 V |Awy]) da
<l a) /Q "1y iy (T + Ay %) 7T VA vy de
< c(r,a)/gg‘l(u Awy[2) VA de
el [ 0 ey (Tl + A0y ) oy do
<ol [ o0+ 1) VAP dot (D) [ up do

BQ’I’ (IO)

+ g/ o (Tx(1 + ]AvaQ))(OHH%)P%? dz
Q

We notice, that the last term can be absorbed into the left-hand side of (6.27), if

1 3— —2
(a—l—i—ﬁ) b §a+ = QS%,
2/ p—2 2 p+2
which is again satisfied by our choice of a. Moving forward, we bound the regularisation
term V using again Young’s inequality. In this way we get

V=2 /Q@m(ij — V) (A7) ) g (T (1 + Ay ) F o

i,m=1
1 4 2 o
< QAjjg/Q@ VA | (Te(1+ [Av;[*)) 2 Jo;| da (6.29)
1
4 2 4 9\ o 9
S 94,72 /Q@ VA" e+ 5 /Q 0! (Th(1 + [Av[*)) oy [* da.

104



As in the treatment of III, the first term can be contolled by means of of the weighted second
order estimates from Remark 6.4, whereas for the second we apply Young’s inequality with
exponents £ and ]% to produce

1
24,52

[ AT+ ) o as

<1 /QP P do 4+ — / 2 (1 4 [Av;2) iz d
< - Vi T . or- vi|7)r-2 dz.
2Ajj2 0 J 2Aj]2 Q J

Because of p > 2 we observe the equivalence

2
P 1 = a<1-2
p—2 p

and therefore, the second term in the final line of (6.29) is under control using (6.3) and

(6.4). Regarding the next term, we use the estimate (2.16) for negative Sobolev-spaces,

together with Young’s inequality with exponents p and p%l, to obtain

1 a
VI= 3||Q4 (Tr(1 + [Av51%)) 2 vj [ w-20 (r M)
1 a
< ;HQ4(TI€(1 + A0 %)) 2 0)ll1 0m)
< /Q 4 Jog] (Te(1 + |Av;?)) F da

< c(y)/ |vj]p dx + % /Q Q4(Tk(1 + |Avj|2))2(§f‘1) dzx
2r(Zo

Recalling (6.28), we observe that the second term in the above inequality can also be
absorbed into the very left-hand side of (6.27). Finally, in order to treat the last term VII
we make use of a < 1 leading immediately to

Vch(r,b)/ o' |Av;| d.
Q

This closes the estimation of all terms on the right-hand side of (6.27). Therefore, after
collecting all the estimates from above, we arrive at

g\ @il
[ anP) a
By (z0)

atl
S/g4(Tk(1+|AUj|2)) 2 dz
Q

<clnlia)| [ A0+ o) VAL ot g [ o TA do
Q A55% Ja

1
+/ |v; P da + 2/ (1+ |Av;*) da +/ |Aw,| d:c].
Bar(z0) Aj] Bar(z0) Ba,(z0)
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In the full gradient case, we take into account (6.13) from Remark 6.4 to obtain

14a
/ (Tk(l—i- |V1)j’2)) 2 dx
B’V‘(IO)

1 1 1
Sc[(l—i—) / |V dw+.<1+>/ lvj| dz (6.30)
r Bar(x0) J r By (z0)

1\ 1 )
+/ ]v‘]pda:—i-(l—k),/ (14 |Vv;|7) de
Ba,(z0) ’ r? 2Aj-72 Bar(z0) ’

for a constant ¢ = ¢(2,v,T', A\, A, a,b) > 0. Moreover, for the symmetric gradient we apply
(6.12) from Remark 6.4 to deduce similarly

/ (To(L+ e(v))2) ** da
Br(zo)

1 1 1 1
gc[<1—|—2>/ \6(vj)dx+<3+,<l+>>/ |vj| da
r B (z0) r J r Bar(z0)

» " p=2 ] P
+/ ;[P doe + 27(Q) v — / v P da
Bar(z0) r Bar(z0)

1\ 1 ) 1 |vj]?
+ 1+>_/ 14 |e(v)|”) dx + : / L dx
( r? ) 2A;52 Bzr(l‘o)( e)l) 24552 JBy(20) T

for a constant ¢ = ¢(Q,~,T, A\, A, a,b) > 0. We note that all quantities on the right-hand
side of (6.30) and (6.31) are under control independently of the level £ > 0 because of
Proposition 6.2 in combination with Corollary 4.3 and Corollary 4.4 applied in the quadratic
framework. Hence, applying the monotone convergence theorem we conclude

(6.31)

1+«

lim (Th(1+ |e(v))]?) 2 do = / (1+ |e(v))[?) =" da (6.32)
k=00 JB, (2¢) B, (o)

is bounded, satisfying the same estimates (6.30) and (6.31).

Step 3: Higher Integrability: Following the argument of Step 3 in the proof of Theorem 6.1,
we can extract a non-relabeled subsequence (v;)jew such that v; = v in BVA(Q). Moreover,
using (6.32) in combination with (6.30) and (6.31) we infer that (Awv;);jen is uniformly
bounded in the reflexive space L!T%(B,(zo); R"V). Hence, by the Banach-Alaoglu theorem
we can extract a further subsequence such that Av; — Awu in L'T%(B,(z¢); Z(A)) (the
limit can be identified by a similar argument as in Step 3 of the proof from Theorem 5.12)
as well as
hm sup HUjHIﬂp(Q;]RN) <c(p) 3+ M),
J]—00

because of (6.4). Thus, using the weak lower semi-continuity of the norm we can pass to
the limit j — oo to obtain

/ (1+ |Vuf?) 5" do
BT(Z'O)

a 1 _
< liminf/ (1+ |V, ) 2" da < c[(l + 73> IDu| (Bay(z0)) + 1]
Br(xo)

j—00
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in the full gradient case A = V, whereas the same reasoning yields
/ (14 e(w)?) 5" dz
Br(z0)

< 1iminf/ (14 [e(v)[2) %" de
Br(zo)

Jj—00

1 _ 1 ] 1
< il il i} il
< c[(l + r2> |Eu| (Bar(z0)) + 2 /E;QT(IO " dr + <1 + r4>]

in the symmetric gradient case A = ¢ for a positive ¢ > 0. Recalling that M depends on
Q,n and m we obtain ¢ = ¢(n,p, 2,7, T, A\, A, a, b, ||ul[p(;zv)) > 0, and in both cases also
the desired estimates. This completes the proof. O

Remark 6.8 (Consistency). Although not sharp, the result is consistent with Theorem 5.12
from the previous section, since there holds

2 (3- -2
lim o, = lim min {1 - -, B-wp=2 } =min{1,3 — u}.
p—00 pP—+00 P p+2

Hop
2
/ w
1 "‘
:' p
2

Figure 6.2: The gap in the ellipticity range

We observe that there holds o, = 1 — % if © < pu*. However, to obtain information on

second derivatives, we must restrict ourselves to u < p~, thereby creating an unnatural
gap in the ellipticity range, see Figure 6.2.

Theorem 6.9 (Second-order estimates for minimisers). Let Q C R™ be open and bounded,
p > 2, and consider a variational integrand f € C*(%(A)) which satisfies (1.3) and (1.5)

with p € (1,17). Then any LP-bounded local BV*-minimiser u € BV, () N LY (Q;RY)
of F' is of class Wii”(ﬂ, RYN) for 8p = %. Moreover, for every subset U & () there

exists a constant ¢ > 0 such that whenever Bo,(xg) € U we have the weighted second-order
estimates

e for the full gradient A =V
/ (1+ V)2 2|9 [Vul | dz < < Du| (Bar(x0)) (6.33)
B2T‘(x0) r
with a constant ¢ = ¢(Q,~v, I, A\, A) > 0.
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e for the symmetric gradient A = ¢

/ (1 + e(@)?) 32|V e(w)? | dz
BQT(IO)

c — [u 1 9
< Tz[uau Bortao) + [ ot Gl oy +1

QT(IO)

(6.34)

with a constant ¢ = c(n,p, v, T, A\, A, [|ulle@rn)) > 0.

Proof. Let xy € R™ and r > 0 such that Ba,(xg) € Q. As before we omit the p-dependence
when dealing with s and « throughout the proof. From the proof of Theorem 6.7 we recall
that the sequence (Av;);jen is uniformly bounded in VV1 1+O‘(Q RY), with a+1=2 — %

Next, we note that under our constraints there holds s € (1,2)!. Thus, Young’s inequality
with exponents % and % yields

/ |VAv;|” da
BZT (J?())

:/ VA (14 A2~ % (14 [Au ) de

BQT‘(xO)

<[ wAuPAnD Faer [ A
Bar (o) Ba,(z0)

— [ VAP An) Edes [ )
Bar (o) Bar (o)

where the last equality directly follows from the computation

f@% B % (((m@iﬂ—(pl)—l)@p— 2>> B % (2H(Zp U) % (2 - 129) N 13&‘

Therefore, using the uniform weighted estimates from Remark 6.4 we conclude that
the sequence (Av;)jen is uniformly bounded in W5*(Ba,(z¢); RY). Hence, by weak
compactness, we can extract a weakly convergent non-relabeled subsequence such that

Av; — Au in  L*(Ba(z0); @%@(A\)) as j — oo.

Using the lower semi-continuity of the norm together with Korn’s inequality from Corol-
lary 3.6 we conclude u € Wﬁ)’z(ﬂ; RN ). Moreover, using the Sobolev embedding we conclude,
after passing to a further non-relabeled subsequence, that Av; — Awu pointwise £"-a.e. in
Bo,(x0). Similarly to the proof of Theorem 5.14 we define

V(z) ::Vz%() (1+|Z|) f 1 for zeZ(A),

leading to
2—pu 2 2-p 2
OVan)? = (251) (4 AT L P

'We get s < 2 if and only if 4p < 2(u + 2)p. Hence, cancelling out p (recall p > 2) results in u > 0,
which is fulfilled in our case. Similarly, we have s > 1 if and only if 4(p — 1) > (u + 2)p — 2 which requires
p(2 —p) — 2> 0 or equivalently p < 2 — %
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Especially, we obtain

/ IVV(Av)? dz < C (1+ |Avj|?) "2 |[VAv;? da
Bar(z0) Bar(z0)

and therefore, the sequence (V(Av;))jen for j € IN is uniformly bounded in W2 (Bo,(z))
using the weighted estimates from Remark 6.4. The claim follows by repeating the argument
from the proof of Theorem 5.14. ]

Theorem 6.10 (Higher integrability for p € (1, ) - Improvement). Let @ C R™ be
open and bounded and f € C?*(#(A)) be a variational integrand which satisfies (1.3)
and (1.5) with p € (1,u~). Then for p > 2 every LP-bounded local BV*-minimiser

u € BVA(Q)10e(Q) N LP(RY) of F is of class Wll(;i—’_s”(Q;RN) with s, = (3;’25_2.

More precisely, for every subset U € ) there exists a constant ¢ > 0 such that whenever
Bor(x0) € U we have

o for the full gradient A =V
2\ 1*sp 1 = 1
/ (1+|Vul") 72 dz < ¢| — [Dul (Bar(w0)) + (1 + 2) / lul? dac} (6.35)
B, (o) r "/ I Bar(wo)

with ¢ = ¢(p, Q, v, T, A\ A) > 0.

o for the symmetric gradient A = ¢

/ (1+ Je(w)?) 5" da
Br(z0)

<l s B Eutan+ [ M (6.36)

ar(zo) T
H(reg) [ det 1
u X u .
7 Bar(z0) 72 L? (Bay (z0);RY)

with ¢ = c(n,p, Q, v, T, A A, ||l e mny) > 0.

Proof. Let p > 2 and write s := s, for short. Moreover, let g € 2 and r > 0 such that
Bar(70) €  and ¢ € CX(£;10,1]) be a cut-off function with 1g (5, < 0 < 1, (z) and
Voo < (%)8 for s € {1,2,3}. Similar to the proof of Theorem 5.16 we use that u solves
the Euler-Lagrange equation

/ (Vf(Au),Ap)dz =0 forall ¢ Wy (Q;RY) (6.37)
Q
which can be derived analogously.

Step 1: Admissibility of the test function. We aim to use ¢ = o*Tj(1 + |Aul*)Zu as a
test function in the Euler-Lagrange equation (6.37) and briefly argue why it is admissible.
Clearly, there holds ¢ € L}OC(Q; RY), because the truncation as well as the cut-off function
is bounded together with u € Wi;?ap (; RY), cf. Theorem 6.7. Moreover, it turns out

that both terms of

s =2
Vu(Te(L+ [8uP)? + 1y gy (TeL+ [8uP) T u® V|4l
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are elements in LL (€©;RY). While this immediately follows for the first term using the

boundedness of the truncation and u € Wllo C+% we check this for the second directly: To

this end, we use Young’s inequality twice to infer

s—2
/( )]l{HlAu'sz}(Tk(Ll—|Au|2)) 2 |ul |V |Auf? | da
r{(T0

§/ (14 |Au/®) =" 2’V|Au| ’ dz
BT(IO)

s—1—

g/ (1 + [Auf?) 32|V | Aaf? [* da + e(p )/ uf? dz
Br (o)

BT(CCO)

s—1—&)_2_
+C(p)/B( )1{1+|Au|2§k}(Tk(1+’AU‘Q))( 1 2);;72 de.
r(Zo

We note that all appearing integrals are finite, using Theorem 6.9, u € LP(Q;R") and
the boundedness of the truncation operator. Finally, recalling the product rule from (2.4)
shows that ¢ € Wé’l(ﬂ; RY) and closes the argument for admissibility.

Step 2: Testing the Fuler-Lagrange equation. Since ¢ is admissible by Step 1, we can plug
it into the Euler-Lagrange equation. Towards this aim, we compute

Ap = ¢ (Tr(1 + [Au/?)) 2 Au + (Te(1 + |Auf?))2u @y Vo
s—2
+ 0" aup<iy (Te(1+ [Au?) 7w @y V [Auf?,
Substituting this expression into the Euler-Lagrange equation and rearranging terms gives
- / o (To(1 + |Au?) ¥ (V£ (Aw), Au) do
Q
_ _/ (Te(1 + |Au) (Y F(Aw), u @4 Vob) de
Q
/ 0 ]l{l—HAu| <k} (Te(1 + |Aul )) <Vf(Au) u®a V]Au?) dz
=: 1T+ III.
Step 3: Estimate all appearing terms. Using the lower bound from Lemma 2.18 we obtain

1>~ [ o (To(l+ [Au)? [Au) da:—F/ HTo(1+ [Au?)? de
Q

J
i

Q4 Tk 1+|Au| )) 2 da:—F/g4( k(14 [Aul ))% x,
Q

v

v

which results in

4 9.y 51 s
v [ M (Te(l+]Au?) 2 de <TTHII+T | o*(Ti(1+ [Aul?))? d
Q Q

= I+ III+1IV.

(6.38)
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We now estimate all the appearing terms on the right-hand side, starting with II. Using
Young’s inequality with p and 1% leads to
11 < 4r/ (To(1+ [Au)? |u] &* [Vl da
Q

Jul”

< c(’y,I‘)/ - de+ Z/ o* (Tw(1+ |Au|2)) -0 dg.
Bo(zo) T Q

In order to absorb the second appearing term into the left-hand side of (6.38) we note that

sp <s+1
2(p—1) — 2

— s<p-—1.

Hence, using the definition of s in combination with p > 2 and 1 < pu < u~ we see

(B—pp—2

<p—-1 <= @B-pp<p’+2 <— > 92— p,
PR (B—m)p <p”+ p>2-—p

which is always fulfilled in our case. In order to treat III we
4 21\ 552 2
< c(r)/ o* (1 + [Auf?) 2" 2|V |Au)? | da
Q
s—1+L&
T [ 6y ol (T + A0 da
=: 111, + I1T,.

Whereas 111, is under control because of Theorem 6.9, we use Young’s inequality with
exponents % and ﬁ to deduce

14 i) _2_
I, < (7, T) / I ES /Q 0"y (Te(1+ [Auf?) 78752 g,
2r(To

To absorb the term on the very right into the left-hand side of (6.38) we observe

Szw <— (3_1+H
p+2 2

) 2 s+1

2—p 2

for p > 2. Finally, we bound IV by applying Young’s inequality with exponents % and
s+ 1. Hence, we get

s+1
IV < Z/ Q4(Tk(1 + \Au|2)) 2 dx + (2,7, T).
Q
Now the first term can be again absorbed into the left-hand side of (6.38), whereas the
second is constant. Since u € LP(Q; RY) with p > 2, we may apply Theorem 6.9. After

absorbing the relevant terms, the right-hand side of (6.38) is bounded independently of
the level k, which yields
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[ i) ®
Br(z0)

. ] (6.39)
Sc[<1+2>/ |u|? dx+/ 1+ |Au/?) 7 2|V |Auf? [*dz + 1
r Bar(z0) Bar(z0)

with a constant ¢ = ¢(€,~,T") > 0. In conclusion, we can pass to the limit k& — oo using
the monotone convergence theorem, i.e.

. 2\ L pNEE=
lim (Te(1+ [Aul)) 2 dz = (14 |Aul”) 2 dz. (6.40)
Br(ﬂ’»’O)

k—o0 Br(ﬂco)

Taking into consideration (6.33) and (6.34) we obtain from (6.39) and (6.40) the claimed
estimates (6.35) and (6.36) respectively. This finishes the proof. O

Remark 6.11 (Closing the gap). The gap that appears in the range of ellipticity is a

remnant of the quadratic regqularisation. It turns out that the latter is not sufficient for

proving a sharp version in Theorem 6.7. It seems that the correct approach is to work with
P

a p-dependent subquadratic LI-reqularisation with g = z% instead of the quadratic one.

More precisely, with the above choice we can improve oy, to

2 B-pp-2
p+2  p+2 ’

ap = min {1 =
which then closes the gap, since

aP:lip—i—Q

if pw<p.
We can now proceed similarly to Theorem 6.9 and Theorem 6.10 to obtain a sharp result.

The main technical reason for our restriction to quadratic reqularisation is the absence of
both uniform and non-uniform estimates in the subquadratic framework.

112



7 | Gradient Integrability for Planar BV*-
Minimisers

In this section, we present the results of [E1.25] extending a result of [Gme20] to more
general C-elliptic operators in dimension two. More precisely, we prove gradient integrability
for relaxed minimisers « € BVA(Q) without further constraints of the variational principle

to minimise F[v; Q] = / f(Av)dx over v e Py, =up +W§’1(Q),
Q

where A = /[ ® V] is a first-order C-elliptic differential operator between V = R? and
W = R?*? in two dimensions induced by a projection .27 : R?*? — R?*2. Specifically, we
will prove the following theorem:

Theorem 7.1 (Gradient integrability). Let Q C R? be open and bounded and consider a
variational integrand f € C*(Z(A)) which satisfies (1.3) and (1.5) with u € (1,2). Then
any local BVA-minimiser u € BV (Q) of F is of class WA1(Q) N Wll(;g(ﬂ, R?) for all
q € [1,00). More specifically, for every subset U € Q there exists a positive constant

c=c(Q,v, T\ A A 1) > 0 such that whenever Ba,(xo9) € U we have

IVal s
exp L2=# (B (z0);R2%2)

_1
<e <1+1>[<1+12> Al (Barloo) + ‘“'dxr Tl ).
r r Boy(zo) T Br(zo) T

Structure of the chapter: In Section 7.1 we implement a quadratic viscosity regularisation
without a further penalisation, building on Chapter 4. This is sufficient as we impose
no further assumption on the minimiser. As in the previous chapters, we derive uniform
weighted second-order estimates Section 7.2 exploiting the specific structure of C-elliptic
operators in the aforementioned situation. Section 7.3 is devoted to the proof of Theorem 7.1,
which is based on direct estimates using V-functions and Trudinger’s embedding. We also
briefly discuss how a comparable result can be derived for the deviatoric gradient in all
dimensions, as this operator has similar structural properties.

(7.1)

7.1 Ekeland-type Viscosity Approximation

At the beginning, we notice that Theorem 7.1 contains a regularity result for BV*-
minimisers without any further constraint. Hence, the results from Chapter 4 simplify a
lot since we do not have to keep track of any additional information. Especially, we do not
have to use any additional penalisation, which results in T = 0. Moreover, in this case it is
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sufficient to use a quadratic regularisation, Therefore, we consider f;: Z(A) — R given by

f] = fj,27 i.e.
1 ~
fi(2) = f(2) + = (1 +]2") with A;:=A;0= 1+/(1+ |AT,;]?) dz.

This allows to define the extended and regularised functionals F; on the negative Sobolev
space W~21(0; R?) through

/fj(.&w)d$ if we
Fjlw; Q] = ¢ /¢
“+00

if we W 21(Q;R2)\ 2;.

In particular, we can apply the results from Chapter 4 giving rise to a Ekeland-type
approximation sequence (vj)jen. This sequence satisfies the following a priori estimates,
as an immediate consequence of Proposition 4.2:

1 2
Av;| de < — [ inf F|—;Q +,>, 7.2
[l ao <2 (it Pl + 5 (7:2)
1 /(1+|A\ Pde < 2 (73)
24,72 Jor o TR = |

for all j € IN. Obviously, (4.25) trivialises as there is no penalisation term present.
Morerover, from Corollary 4.3 we obtain

1/. 2 1
loslusome < @) |2 (it P00+ 5) + 5| (7.0

Also the Euler-Lagrange inequality from Theorem 4.6 simplifies and reads

1
\ [ 580), 860} ds] < Sl ame (7.5)

for all ¢ € Wé’Q (€2;R?). Assuming the growth condition (4.31) from Lemma 4.8 we obtain
v; € W2’2(Q; R?) for all j € IN. Furthermore, we recall that this higher regularity allows to

loc
differentiate the Euler-Lagrange inequality resulting in

1
’/Q@sajw&@ dx < 3H<P||wf1v1(9;132)7 (7.6)

= ‘/(8Soj,ch) dz
Q

for arbitrary s € {1,...,n} and ¢ € Wy*(Q;R?), cf. Lemma 4.9. From the same Lemma it
follows o; € Wllog (Q; Z(A)), where we have set o := V f;(Av;). The differentiated Euler-
Lagrange inequality is again the starting point for the derivation of uniform weighted second-
order estimates. Since A is a C-elliptic operator induced by a projection o7 : R?*? — R2?*?

we have A = &/[- ® V] or Au = o/[Vu]. We use both notations interchangeably.

7.2 Weighted Uniform Estimates

The major ingredient for proving weighted second-order estimates is the decomposition
(2.10) from Theorem 2.7. In particular, this characterisation allows to overcome the
challenging interplay between the structure of the operator and Ornstein’s Non-Inequality.
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Theorem 7.2 (Uniform second-order estimates). Let f € C2(%Z(A)) satisfy (1.3) and,
for some A € (0,00) the bound (4.31). Then there exists a constant ¢ = c(A,A) > 0
such that for every ball Ba,(xo) € 2 and every localisation function o € C°(€; [0, 1]) with
1p, (360) <0< 1g,,(a) and |Vo| < % there holds

Z / V2 £ (Av;) O Av;, O Av;) da
B2’l‘ xO

< / Av;| do (7.7)
T2|: BQT(LU()) !

1 9 3 4
+~2/ (1+|Avj|2)dx+(1+r.+r,>/ de]
2Aj] Bar(z0) 7 j Bon(zo) T
for all j € IN.

Remark 7.3. Recalling the estimates (7.2), (7.3), and (7.4) for the Ekeland-type approz-
imation sequence (v;);jc, we observe that all terms on the right-hand side of (7.7) are
uniformly bounded in j € IN. Therefore, assuming in addition that the integrand f is
p-elliptic in the sense of (1.5), we obtain the estimate

1
/ (1+ |Av;[>)"2 |[VAy;|* dz + 2/ |VAw;|? dz
B, (20 24;5% JB, (zo)

r BQr(IO)

+'2/ (1+\Avjl2)dx+<1+r_+r.>/ de}
2Ajj Bar (20) J J Bor(zo) T

2 N\ [1 2 1
§C2<1+T.+T.> [ <ian[—;Q]+,2>+.2} + o,
r i 3] 1 J J r2j

where ¢ = ¢(Q,~v, T, A\, A, A) > 0.

Proof of Theorem 7.2. Let xy € Q and r > 0 such that B, (o) € © and consider a locali-
sation function ¢ € C°(€2;[0,1]) with 1p () < 0 < 1p,, (2,) and [Vg| < 2. For the sake
of clarity we divide the proof into several steps.

(7.8)

Step 1: First, we recall that v; € Wiﬁ(ﬁ; R?) and therefore we can apply the product rule
to obtain

A(0"Ov;) = Okvj @a Vo' + o' A(Oyv;)
= o [Ov; @ Vo] + o o [0,V v;] = [V (0*Oyvj)].
This allows to rewrite the left-hand side of (7.7) to infer

/S2Q4<V2fj (Avj)é?kAvj, akAUj> dx
- / (V2 £i(Avj), Opvj @4 V') dx
Q
+ / (V2 £;(Av;)aAvj, A(0"Ov))) da
Q

= — / <8k0'j,ak1)j KA VQ4> dz + / (akUj,A(Q4akvj)> dr =1 A+ B.
Q Q
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We proceed by estimating both terms gradually.

Step 2: Estimate for A. First, since A is induced by a projection o : R?*? — R?*2, we
have Oyv; @5 Vot = &/ [0,v; @ Vo*]. This allows to rewrite

A / (000, [Ov; © Vo) dz = — / (D40, vy @ Vo) da,
Q Q

cf. Section 2.5. Since Jyv; ® Vo is in general not a full gradient, the treatment of A is
more subtle. Here, the representation formula (2.10) comes into play. As a consequence,
we obtain
Okv; ® Vo = (Vv))er @ Vot
= £([Vv;])er ® Vo + h(Vv;)Bey, @ Voo
= &(A[Vvj])er @ Vo' + b(Vv;)V(Gero?),

with £ € Hom(R?*?;R?*2), & € GL(2) and h € Hom(R**?;R). This allows to split A
into two parts, namely

|A’ < ‘ / <8k0'j, S(JZ{[VUJ])@; X VQ d:E ‘ / 8kO'j, [](VUj)V(@GkQ4)> dx
Bar(zo Bay (o)

=TI+1IL

Ad I: Recalling (4.36) and (4.37) we can apply the Cauchy-Schwarz inequality which leads
to

Z / (V2 f;(Av;) 0 Avj, £( [Vvj])er @ Vo) dz
Bar( CBO)

< 5 Z/ (V2 fi(Av;) 0>k Av;, 020 Av;) da
BQT 330
+20 / (V2 f;(Av)) &(o [Vj))er ® oV, £(/ [Vv;])er ® 0V o) da
BQT‘(xO)

Now the first term can be absorbed in the left-hand side of (7.9), while the second can be
estimated using Lemma 4.10. Namely, setting 0 = r~1ployo, w = rVp and e = £(«/[V;]),
we infer

2
20 / ( )<v2fj<mj>£<mwj]>ek ® oVo, L([V;])er ® Vo) dz
k=1 Bar(zo
c(A, A) / c(A) / 2
< —" Av:| dz + ——= 14+ |Av;|%)dx
3 BQT%)' v pwEr BWO)( |Av; )

Both terms are under control because of the estimates (7.2) and (7.3).

Ad II: The second term II deserves a more thorough analysis. First, exploiting the linearity
of h € Hom(R?*2;R) we can write h(-) = (Q, -) for a suitable matrix Q@ € R?*2. Moreover,
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since v; € leog(Q R?), we can integrate by parts to obtain

/B( )<6k0j,f)(ij)V((’.’>ekQ4)>dx

_ / (05,(Q, 0V 0,)V (Geot)) do — / (0, 5(V0;))V(Gerdpo)) dze (710)
Bar(z0) Bar(20)
=:1I; 4+ II,.
In order to handle the second integral IIs, we use the product rule to deduce
h(Vv;)V(Serdko') = V(h(Vv;)Gerdro®) — Gerdro® @ V(h(Vvy))
<Q7 alvvj>>

= V(5(Vv,;)Ge0ro) — Gepdyo?
(5(Vv))Berdpo") — Gerdyo ®<<Q,62ij>

Next, in view of Lemma 2.8 there exist two linear maps Ji, J2: R?*? — R?*? such that

2
b(Vv))V(Serdio") = V (b(Vvy)Serdro') — Ore' Y 0e(Je(Avy)). (7.11)
/=1

Since the first term of (7.11) contains a full gradient, we use the differentiated Euler-
Lagrange inequality (7.6). More precisely, using the linearity of h € Hom(R?*2;R), the
boundedness of ¢ and setting Q) = (Q(”” )22 -1 € R?*2, we deduce after spelling out
h(Vv;) = (Q, Vv;) into components

‘/B( (Uj,V(b(ij)66k8k94)>dx

1
< —[|5(V;) G0k 0" w11 (Byy (0):R2)

Om (QU™ v “NBerdro w- L1 (B, (20);R2)

S =S
wﬁMw

IN

IN
Sl =

<H8 (Q zm)U§i)®ekakQ4)||W—1*1(B2r(1‘0)§R2)
1

i,m

+ || Ber, QUM )aka lw-11(0 R2)>

<) <1+1>/ il 4.
J r Bar(z0) r

For the second term coming from (7.11), we integrate by parts resulting in

akg O'], 8@ (‘jg(A’U])» dz

B2, (z0)
2

3 / o™, Je(Awy)) da
/=1 Bor (ID)

= Hgﬂ + 1127(,.

<

wold) [ o149 da
Bar(z0
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The second term IIy; can be estimated directly using (4.16), namely,

A c(A
Iy < 6(2)/ |Av;| da +A( 2)2/ |Av;|* da.
r Bar (o) Bar (o)

The latter two terms are under control in view of the a priori bounds (7.2) and (7.3). For
the first integral 1> ,, we again apply the Cauchy-Schwarz inequality for the bilinear form
associated to V? fj- This leads to

My, = Z/( 0k0 (9,0, Jo(Avy)) dz
Bar(x0)

— /B ( )(szj (Avj)QQ(?gAvj, 400k0Je(Avj)) dz
/=1 2r(Z0

2
Z/ <V2fj(Avj)QzﬁgAvj, g26gA0j> dz

¢—1 /Bar(z0)

IA
ot] =

+202/}3 (V2 (Av;) 0Ok Je(Avj), 0 ko Je(Av;)) d

2r CE())

Now the first term on the right-hand side can be absorbed in the left-hand side of (7.9).
For the second we recall (4.17) leading to

202/ (V2f;(Avj)0 0 Je(Avj), 0 OpoJe(Avy)) do
B2'r

IN

2
c(A,QA)/ | A, - e c(%)Q/ ’Aij da
r Bar(z0) (14 |Av;|*)z Aj3*r? JByy(20)
c(A,A) c(A)

< Av;| dz + / 1+ |Av,|?) dz
2 /Bzr(mo)| ]| Aj iJ Ajj*r? B2r($0)( ‘ ]| )

Both terms on the right-hand side are under control by (7.2) and (7.3). It remains to

treat 11 from (7.10). Towards this aim, we can again use Lemma 2.8 to find linear maps
Ry, Qo RP*2 — R2*2 for £ € {1,2} such that

n

II; = Z/Bz (x0)<a],8g(iﬁg(1&vj))>g algdx—i—Z/ UJ,Og(Qg(A\vj))Qg Orpdx.

/=1 Bar(x0)

We observe that the appearing terms are of the same type as in (7.11) and therefore we
can proceed as above after integrating by parts.

Step 3: FEstimate for B. The second term B can be treated immediately using the
differentiated Euler-Lagrange inequality (7.6). Clearly, there holds ¢*dyv; € Wcl)’2(Q; R?)
resulting in

B

IN

1
3 I 0481#)]‘ HW*U(Q;]E@)

1 211 -
L 0u(a*o) — vjoke lw - game) < S <(+> / "dx)
J T Bar(

J zo) T

(7.12)

IN
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Step 4: Final estimate. Summarising all the abg)ve estimates results, and taking into
account the Ll-estimate from (7.4) with % <1+ %, we observe

2
> / 0 (V2 f;(Aw;)OpAv;, O Av;) da
k=1 B2r($0)

C
<= / |Av;| dx
7“2[ Bar(x0) ’

1 2 3 .
+,2/ (1+|Avj]2)dx+<l+r,+r,>/ de],
24;5% /By, (20) J 7/ JBao) T

for a constant ¢ = ¢(A, A) > 0. This gives the desired estimate and finishes the proof. [

Remark 7.4 (Deviatoric gradient). The previous proof relies heavily on the structure of
first-order C-elliptic differential operators in two dimensions. The arguments presented
in (7.9) and (7.12) are applicable to any first-order differential operator A, regardless of
the dimension. However, in order to estimate the remaining part A we make use of the
C-ellipticity in two dimensions in form of (2.10). Indeed, whenever such a decomposition
persists we can follow the above arguments, which is especially the case when dealing with
the deviatoric or trace-free gradient in all dimensions, cf. Remark 2.9. For the latter, we
recall from Example 2.2 that the projection o/ = dev: R™*"™ — R™*" is given by

tr(P)

dev(P) =P —

]l'ranv

leading to

<Pa ]lan>
n

£ = idgaxn, BH(P) = and & = Loy

for P € R™ ™. We note that devV is a C-elliptic differential operator in all dimen-
sions whose complementary part, i.e. the orthogonal complement of sl(n), is always one-
dimensional. It is precisely this structure, that was used in the proof for C-elliptic differential
operators in 2d which possess a one-dimensional so called almost complementary part, cf.
[GLNZ23, Proposition 4.1]. This situation changes drastically if one focuses on the trace-free
symmetric gradient. Note, that the trace-free symmetric gradient is not C-elliptic in 2d
and already in 3d the complementary part of the trace-free symmetric gradient is no longer
one-dimensional, cf. [BDG20, Example 2.2].

7.3 Gradient Integrability

In this section we prove our main Theorem 7.1 and comment on the corresponding result
for the deviatoric gradient.

Proof of Theorem 7.1. For the sake of readability we split the proof into three parts. As
usual we consider zp € Q and r > 0 such that Bo,(z9) € Q.

Step 1: Preliminary estimates. Let (vj);en be the Ekeland-type approximation sequence
from above and consider the auxiliary function

Va(€) = (1+ [¢})F for €€ Z(A).

119



Next, we recall that v; € w 2((2 R?) for every j € IN, and therefore we can estimate the

loc

derivatives for k € {1,2} by

2—pu 2
Vi) < (25) (0 Jaos ) (A o

(7.13)

O Av; 2

(1 + [Ay[*)

Furthermore, we observe that (4.2), (4.7), and (4.21) imply v; — u in W21(Q;R?).

Hence, using (7.2) in conjunction with the compact embedding W41(Q) — L1(Q;R?),

cf. Section 2.2.3 we can extract a non-relabeled subsequence of (v;);jen such that v; A

in BVA(Q) as j — co. Using (7.13) in conjunction with (7.8) for u € (1,2), we obtain
IV (Av) 1128, a0)) = 1ViAV) T2, (w0)) + IV Vi (B0 [F 23, (o0)i2)

Avj|?
< / (1+ |Avj|2)édx+c(,u)/ N—Uﬂzﬁdx
BT(.’L'()) BQT'(xO) (1 + ’Av]‘ )2

1 (7.14)
<c<1+2>/ |Av;| do
r BQr(IO)

c| 2 r2 3 V5
+2[.2+<1+.+.)/ Md%]
L Y] J J Bor(zo) T

with a constant ¢ = ¢(£2,v,I', A\, A, A, ) > 0. Therefore, the sequence (V,,(Avj)) e is
uniformly bounded in WH2(B,.(z0)). Now, the Trudinger theorem in two dimensions,
cf. [AF03, Theorem 8.27], provides us with the embedding W'2(B,.(z¢)) < exp L?(B,(xo)
and hence

Vi (AUJ)Hexpm(Br(xo)) < C(T)”VIJ«(AUJ')H%NL?(BT(Q;O)) (7.15)

Next, we utilise (V,(€))? > |¢ >~# to conclude the estimate

A |l exp .21 (B, (0);2(4)) < Vi (AUJ)HQXPLQ B, (20))’ (7.16)

2

which can be seen as follows: Setting r; == ||V, (Av;)| > ) and using the definition

expL2(B (zo
of the Luxemburg norm, leads to the chain of inequalities

2 12—
1 Z / exp (V (AUJ)) d$ Z / exp % dx,
Br(z0) ”V (AUJ)”expy B, (z0)) B (z0) i

J

implying [|Av;lexpr2-1(B, (o)) < #j- Therefore, estimate (7.16) is proved. Hence, recalling
v; = uin BVA together with (7.15) and (7.16) allows to pass to the limit in (7.14) resulting
in

lim inf{| Avj lexp L2 (B, o) (a))

1
0(9777F7 )\7 AvAv M) |:<1 + :2) ’Au‘ (EQT(:CO)) +][ - d$:| o =m < o0.
B
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Since A is a linear differential operator and m > 0, we can replace v; by v; = %

and consequently, we have ||AVj|exp 124 (B, (20):2(a)) < 1. In conclusion, applying [BSS88,
Lemma 8.8] yields

|2 H
/ exp % dz :/ exp(|AD; > ") da
B (x0) maH CHED (7.18)

< ||A:JJ Hexp L2=#(By(z0);2(A))"

Step 2: Ezxponential integrability of Au. We now aim to use the Reshetnyak lower semi-
continuity theorem to conclude that A%u = 0 in B, (zg). To this end, we introduce the
function

2—p
O: Z(A) - R, P(z) =exp <’;‘2—“ ),

and observe that the corresponding recession function is given by

2—p if _
(I)OO(z) — lim o(t2) — lim lexp (W) _ 0 1 2| =0
tooo 1 t—oo t meH 400 if |z| > 0.

Applying the Reshetnyak Theorem 2.14 in combination with (7.18) and (7.17), then results
in

dA%u
®(Au dx+/ o <> d|A%u| = B(Aw) (B (o))
/Br(xo) ) B (20) d |Asyl )(Br (2o

< liminf ®(Awv;)(B,(x0)) < 1.

Jj—o0

Hence, by the definition of the recession function we must have A*u = 0 on B, (x(). Since
the ball B, (zo) was arbitrarily chosen it follows A®u = 0 in Q and therefore v € WA(Q).
Furthermore, there holds

2—p
/ O (Au)dz = / exp % dz <1.
B, (o) B, (o) meH

Recalling once more the definition of the Luxemburg norm, we conclude the exponential
integrability of Aw, that is Au € exp L27#(B,(xg)), together with the estimate

[ AUl exp 121 (B, (20);2(a)) < W
1
:c[<1+12> |Au| (Bar (20) +][ ’“‘dx]“
r Boy(z0) T
for a constant ¢ = ¢(,v, T, \, A, A, u) > 0.
Step 3: Exponential integrability of Vu: In order to derive the precise inequality stated

as in (7.1) we use that # = ker(A) is finite dimensional as A is a C-elliptic differential
operator. Therefore, all norms are equivalent on J#. In particular, there holds

_ \V4 _ < d
Pl 52 e, opmzy * 7 p”expLgfﬁwr(xo);wz)_C(“)]{ar(m) Pl
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for all p € #. In view of (2.11), there exists a bounded linear projection operator
Pg: L' (B,(20); R?) — ¢ with v + Pgv such that

][ |Ppo| dz < c][ |v| dz
Br(z0) By (z0)

for all v € LY(B,(x0); R?). Towards the exact statement of (7.1), we apply the Korn-type
inequality (3.19) for C-elliptic operators from Corollary 3.12 with 8 =2 — 1 > 0. Finally,

noting % = ?):—Z leads to
IVull ~ 2on
exp L3=# (B, (z9);R2*?2)
<[V(u—-Ppu)|  2on +IVPgul| oo
exp L3—# (By(z0);R2%2) exp L3 (By(z0);R2%2)

1 [l
< L _ « G o
<c <<1 + T) 1A fexp L2mr (15, (o)) +]{3r<:vo) r dx>
1
<c (1 + 1) Kl + 12> |Aul (Bar(w0)) +][ de] - +][ ne
T r Bap(z0) Brieo)

with ¢ = ¢(Q,7v, T, \, A, A, i) > 0. Clearly, exponential integrability for the gradient implies
Vu € LI(Q; R?*?) for all ¢ € (1, 00). This finishes the proof. O

Remark 7.5 (Deviatoric gradient - Gradient integrability). As described in Remark 7./ the
deviatoric gradient always admits a one-dimensional complementary part, which allows to
prove uniform weighted second-order estimates for the Fkeland sequence in all dimensions.
While the two-dimensional case is included in Theorem 7.1 we can adapt the proof of
[Gme20, Theorem 1.1] for n > 3 to obtain a similar result for A = dev V. Specifically,
one can show whenever f € C?(sl(n)) satisfies (1.3) and (1.5) for p € (1,1 + 2), every
generalised minimiser is of class WV V-1(Q; R™) N Wll’Z(Q; R™) for some q > 1.

o
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8 | Conclusion and Outlook

8.1 Conclusion

In this thesis, we presented a regularity theory for relaxed minimisers of p-elliptic variational
integrals with linear growth integrands depending on C-elliptic operators A, subject to an
additional LP-constraint. The class of C-elliptic operators includes the full, symmetric, and
deviatoric gradient. The natural compactness space for such problems is given by BV*,
and existence can be demonstrated using standard techniques based on the direct method
in the Calculus of Variations. However, this comes at the cost of potential non-uniqueness,
as the relaxed functional is generally no longer strictly convex. To overcome this issue,
we followed the strategy of BECK and SCHMIDT [BS13] based on a vanishing viscosity
approach using the Ekeland variational principle. In order to treat the constraints we were
putting this construction into an abstract framework in Chapter 4 allowing for general
constraints.

In Chapter 5 we completed the picture for the symmetric gradient leading to a parallel
Sobolev regularity theory to that known from the full gradient or BV-case. Especially, we
have shown in Theorem 5.1 that every bounded BD-minimiser of a 3-elliptic linear growth
variational problem is locally W' !l-regular. While the boundedness can be justified directly
for the full gradient it has to be assumed via an L°°-constraint in case of the symmetric
gradient. In the strict ellipticity regime for p < 3 we improved the result, achieving local
WA=t _regularity, cf. Theorem 5.11.

Since verifying the L*°-constraint for the symmetric gradient can be difficult in appli-
cations, we assumed an intermediates LP-constraint for p > 2. This was the content of
Chapter 6. Since many arguments were similar for the full and the symmetric gradient,
we were treating both cases together. More precisely, we have shown in Theorem 6.1 that
every LP-bounded BV*-minimiser of a p-elliptic linear growth integral with p € (1,3 — %)
is locally Wl l-regular interpolating the results of GMEINEDER [Gme20] and Chapter 5.
Again, these results can be improved in the strict ellipticity regime. Unfortunately, due to
technical issues, we were only be able to prove a incomplete result.

Finally, since the explicit structure of the symmetric gradient was essential for the preceding
results, we restricted our attention in Chapter 7 to two-dimensional C-elliptic operators
A induced by orthogonal projections o : R?*? — R?*2. This class of operators can be
structurally characterised by the presence of a one-dimensional almost complementary
part. In this way we established in Theorem 7.1 that every BVA-minimiser of a p-elliptic
variational problem with linear growth integrand enjoys W!4-regularity for all ¢ > 1 and

e (1,2).
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8.2 Outlook

As already mentioned above, we were able to complete the picture to obtain similar
regularity results for the symmetric gradient as known for the full gradient. However, we
had to restrict ourselves to a very specific situation when dealing with general C-elliptic
operators. At the present stage, it seems extremely challenging to apply the presented
methods in the general framework, since the explicit structure of the operator has become a
significant factor when dealing with second-order estimates. Nevertheless, from a research
point of view it would be interesting to discuss the following questions in the future:

+* From a technical perspective it remains to close the gap in the ellipticity range as
outlined in Remark 6.11. It is not clear to the author whether this can be approached
with a subquadratic regularisation or if a different technique is required.

*x Even for the full gradient it is unclear whether BV-minimisers of autonomous u-
elliptic variational integrands of linear growth are Sobolev regular if p > 3. It is
commonly believed that p = 3 displays a borderline case. It would be of potential
interest to answer this regularity question in a positive or negative way.

* Because of the Sobolev-type embedding BVA(Q) — L (Q) with 1* = I it would
be interesting to handle also (sub)quadratic LP-constraints for p € (1*,2]. This is of
particular interest, given the observation that BV -minimisers invariably fall within
a higher local LP-space than the conventional embedding space L' (€2). This can be
obtained by a lower-order Gehring-type self-improvement. More precisely, we fix a
BVA-minimiser and recall from [Woz23, Theorem 3.3] that there exists a minimising
sequence (u;)jen converging to u in L(€2). Now, one can adapt the argument of
[BS13, Section 4] to apply the Ekeland variational principle for the Dirchlet class
Dy = up + WAL(Q). This allows to construct a new minimising sequence (v;);en
satisfying an Euler-Lagrange inequality. Testing the latter with 921)]', where g is a
localisation function o € C°(2; [0, 1]), one can pass to the limit results in a uniform
reverse Holder inequality for u. This, in combination with the standard Gehring
Lemma, cf. [GM79, Lemma 5.1], establishes the desired higher integrability for the
minimiser u.

* Finally, it is evident that unresolved issues remain concerning general C-elliptic
operators in all dimensions. Analogous to the approach taken for the deviatoric
gradient, the first step would be to extend the result of WozNIAK [Wo0z23] to the
optimal range p € (1,1 + %)
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