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(d,k)
cyl
k-flats in R? which are dilated by i.i.d. random compact cylinder bases taken from the corresponding

Abstract. A stationary Poisson cylinder process II is composed by a stationary Poisson process of

orthogonal complement. We study the accuracy of normal approximation of the d-volume Vg(d’k) of the

) that covers oW as the scaling factor ¢ becomes large. Here W is some fixed compact

union set of HgZ}k
star-shaped set containing the origin as inner point. We give lower and upper bounds of the variance
of Vg(d’k) which exhibit long-range dependence within the union set of cylinders. Our main results are
sharp estimates of the higher-order cumulants of Vg(d’k) under the assumption that the (d — k)-volume
of the typical cylinder base possesses a finite exponential moment. These estimates enable us to apply

Statulevicius’ celebrated ‘Lemma on large deviations’.

Keywords: Random (closed) set, stationary 0 — 1-random field, volume fraction, central limit theorem,

higher-order (mixed) cumulants, moment- and cumulant-generating function
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1 Introduction and Preliminaries

In integral and stochastic geometry, a cylinder in R? is an unbounded set of the form L & B
with direction space L € G(d, k) (= the Grassmannian of k-dimensional linear subspaces of R?),
k=1,...,d—1, and a convex, compact subset B of the orthogonal complement L' called base
of the cylinder, see e.g. [16], [12], [20] for details. Throughout this paper the orientation of the
direction space L is suppressed and the restriction of convexity of B will be dropped. The general
notion of a point process of cylinders (briefly cylinder process subsequently abbreviated by CP)
has been first considered in [20]. In order to find explicit formulae for numerical characteristics
of union sets of CP’s such as volume fraction, covariance etc. one needs specific distributional
assumptions determining shape, direction and position of the random cylinders. In order to
describe various real-life random set structures, it is quite natural to assume that the sizes and
the spatial positions of cylinders are governed by an independently marked Poisson process.
Following the concept of Poisson processes defined on the space of cylinders with bases in the
convex ring, Poisson cylinder processes (briefly PCP’s) have been studied in [17] with applications
in modelling materials consisting of long thick fibres or thick membranes.



To be precise in describing our problem, we first introduce some notation and give a rigor-
ous definition of a stationary PCP (which slightly differs from that in [17]). For this, let
{e1,...,eq} denote the usual orthonormal basis of R? defining the orthogonal subspaces Ej =
span{eq_g+1,---,€q} and EkL = span{ey,...,eq_}, where k € {1,...,d — 1} is fixed in what
follows. It is well-known from differential geometry that for any given L € G(d, k) there exists
an equivalence class Or, € SO;/S(Q4_j x O},) of orthogonal matrices O € R¥*? with det(0) = 1
such that O E = L. In other words two matrices O, O¢c SO, belong to O iff O B, = 9] E,=1L
and O~10 ¢ S(Q4—k x O), where S(Q4_j x Q) coincides with the set

{ ( gl £03 ) A€ R(d—k)x(dfk), B e RF*F AT — AL BT = B~ det(A) det(B) = 1} )

We identify each equivalence class Oy, with a single representative Oy, € Oy, and write somewhat
loosely Or, € SQy/S(04_ x Of). Further, since dim G(d, k) = (d — k) k, see Chapt. 16.11 in
[2], there exists a measurable mapping from a bounded Borel parameter set ©4j C RE—k)k onto
{Or : L € G(d,k)}. Note that the explicit shape of this mapping seems to be known only for
special cases, e.g. ford=2,k=1ord=3,k=1

<0 .y sinf; cosfy cosfy cosfy sinfy
oL = ( €0 St ) or Or(01,02) = —cosf; sinfy cosfy sinf; sinby

in @ 0
sin cos 0 — sin Ay cos 6o

for € ©21 = [0,7) resp. (01,02) € O3 = [0,27) x [0, ).

In this way, a random subspace L € G(d, k) resp. a random matrix Or, € SQy;/S(Qg4_x x Q)
can simply be described by the distribution of a random vector in ©4. Throughout in this
paper all random elements are defined on a common probability space [Q2,§,P] and E (resp.
Var) denotes expectation (resp. variance) w.r.t. P. In particular, let (Op,Zp) be a measurable
mapping from [(2,§, P] into the product space Qg = SO;/S(Qg—i x Q) x Kg_ , where Kq_j
denotes the space of non-void compact subsets of R%~* equipped with the Hausdorff metric. The
image measure @ := P o (Og, =)~ ! acting on the corresponding Borel product o-field B(2)
determines the joint distribution of the (not necessarily independent) random elements Oy and
Zo. Now we are in a position to introduce a stationary independently marked Poisson process
@ = > i>1 0[P, (0=, With intensity A and mark distribution Q(-), i.e. Iy () is a random
locally finite counting measure (shift-invariant in the first component) on the Borel subsets of
R4=F x Q4 1 such that the numbers IT (B x L) are Poisson distributed with mean A |B|4_x Q(L)
for any bounded B € B(RY*) (with Lebesgue measure | - [4_;) and L € B(Qq), see [1] for a
standard reference on general (Poisson) point processes. This definition implies that the numbers
of atoms of the unmarked Poisson process ITy = .-, dp, located in disjoint subsets of R?~* are
independent and the marks (O;, Z;) associated with the atoms P; are i.i.d. copies of (O0,Z0) ~Q
and independent of IT) .

Furthermore, we need two important formulae for II, ¢, where each of them characterizes the
distribution of IIy o: The probability generating functional G glv] = E<Hz21 v(Pi,Oi,Ei)) of
IT, ¢ takes the form



(1.1) Gw[v]:exp{—A / /(1—v(m,O,K)>Q(d(O,K))dx}

Rd—k Qd,k

for any measurable function v : R¥7% x Q4+ [0, 1] such that 1—wv(-, O, K) has bounded support
for (O, K) € Qg , whereas the nth-order Campbell formula reads for any n € N as follows:

n

a2 g X [ 5re055) - 2 11 | | swomaquo.x)a

11,0in>1 =1 I=lpi-k Qak

for non-negative measurable functions fi, ..., fn : RF x Qqr — R, where the sum Y " on the
left-hand side of (1.2) runs over all n-tuples of pairwise distinct indices i1, ...,4, > 1, see [1] or
[19], [16].

Definition: Given the independently marked Poisson process I g = 2221 1P, (0:,2,;) satistying

5554)

the above assumptions, by a stationary PCP we understand a countable family of cylinders

(1.3) TP Q) ={0i((E+ )@ Ey),i>1}={0:((E:+P) xR"),i>1}

cyl
with Z/ + P! = {(z + P;,0,...,0) : 2 € Z;} C Ej- fori > 1.

Fig.1 Planar anisotropic PCP in a square Fig.2 Spatial isotropic PCP in a cube

In this paper we are mainly interested in the random union set

—(d,k -
(1.4) iﬁyl Q) = U Oi(Ei + P) xRF)
i>1
derived from (1.3) and, in particular, in the asymptotic behaviour (after centering and scaling)
of the random d-volume Vg(d’k) =| E((;Z}k)()" Q)NoW |4 as o — oo for a fixed set W € Ky chosen
star-shaped (w.r.t. the origin o) such that b(o,dy ) C W C b(o, 1) for some dy > 0. Here b(z, )

is a closed ball in R? with radius r > 0 centered at z € R?.



Remark 1: In the degenerate case k = 0 (where Ey = {o} and Oy = unit matrix) the union set
(1.3) coincides with well-studied Boolean (or Poisson grain, Poisson blob, Swiss cheese) model
in R? with typical grain Zg, see [12], [19].

Remark 2: The union set Ei‘;’lk)()\, Q) is (P-a.s.) closed if E|Zg@®m4_k(b(0,¢€))|q—r < oo for some
€ > 0, where m4_x(y) denotes the projection of the vector y € R? on its first d — k components
in R~*  In this case the hitting probability P(Eg’lk)()\, Q) N C # ) can be calculated for any
C € K4 by applying (1.1), see Appendix. A realization of a special union set (1.4) ford =2,k =1

and d = 3,k = 1 is shown in Fig. 1 and Fig. 2, respectively.

In the next section we state the announced sharp estimates of the higher-order cumulants
Cumn(VQ(d’k)) of the d-volume Vg(d’k) under the exponential moment condition

(1.5) mg = Eexp{a|Zp|4—r } < oo for some a>0.

(d;k)

This condition is by no means sufficient to imply the closedness of = (A, Q) with probability

cyl
1. There exist simple counter-examples so that P(Eg’lk)()\, Q) is closed ) = 0. For instance, if the
d—k
typical cylinder base is defined by Zy = U X [z’j, ij + %} for some positive random

1<i,yigo g SN J=1
integer N satisfying EN = oo, then the union set is closed with probability 0, no matter which
distribution Og has.

2 Main Results

For notational ease we will mostly use the abbreviation = instead of E((:Z’lk)()\,Q). We first
recall the fact that the probability space [€2, §,P] on which the marked Poisson process II g =
>_i>190p,,(0;,,z)) 18 defined can be chosen in such a way that the mapping RY x Q> (z,w) —
1=(,)(x) € {0,1} is measurable w.r.t. the product-o-field B(R%) ® §, see Appendix in [4]. This
enables us to apply Fubini’s theorem to the 0 — 1-valued random field {I=(z),z € R?}, and
implies among others that its nth-order mixed moments (also called n-point probabilities of
E)
n

R > (xl,...,a:n) Hp(En)(xl, . ,xn) = E( Hﬂg(%’l)) = P(l‘l €ED,...,Ty € E)

i=1

are B(R%)-measurable for any n € N and pgi) (x1,...,zy) takes on the following explicit form

1) P, wa) = E( T - 1=(2) ) = exp{ = AE[ J(Eo — 7a s (OF i) |,y } -
= i=1

i=1

see Appendix. Likewise, the nth-order mixed cumulants cgi) (z1,...,2,) of {1 —1z(x),r € R4}

are Borel measurable functions leading to the following integral representation of the nth-order



(d.k)

cumulant of V" = [N W], see Appendix (5.2),
(2.2) Cum, (V#R)) = (—1)" / (2, wp)d(ay, - ag) for n>2.
(eW)n

We are now in a position to formulate our main results.

Theorem 1. Let = be the union set (1.4) of the stationary PCP H(dk (A, Q) with compact
typical cylinder base Eg C RYF satisfying (1.5) and M, = E|Zo|q4_p > 0. Further, let W C R?
be compact and star-shaped w.r.t. o satisfying b(o, 0w ) C W C b(o,1) for some dy € (0,1). Then

(2.3) ( Cum,, (V{5 ( < oM VRH(y 1) H, A2 for n>2, 030,

where H, = 225T1 | W |4 Amg (14+exp{A M1})/a? and A, = 22573 (a+Amg) (1+exp{\ M;})/a?

)

The next Theorem 2 states Cramér’s large deviations relations for the random d-volume V(d F
and an optimal Berry-Esseen bound of the distance between the distribution functions

T

Vi) od W4 (1 — exp{— AE|Z0a_ k}) L e
Fo(z) = P( 0, 0P/ v) md e = vam /e o

—00

where P(o € E) = E| =2 n[o,1]¢ ‘d = 1 — exp{— AE|Z¢|q—r} is just the volume fraction of the
(d,k)

stationary random set (1.4) and the normalized variance Uf, of V, " satisfies the estimate
(2.4) 0<c < o—z <cpg<oo foral p>1 with ag = Var(Vg(d’k))/gd‘Lk
and c1, co are constants not depending on ¢ > 1, see Lemma 1 below.

Theorem 2. Let the assumptions of Theorem 1 be satisfied. Then the following asymptotic
relations hold in the interval 0 <z < 0,09 F/2/2A, (1 +4H,,) with H,, = H,/2 o2

(2.5) 1;—_71;@((5)) = eXp{ (d+k)/2 Z”s (W) } (1 * O(ﬁ»




as 0 — 0o, where the coefficients u(g) are defined by

s+1 . J (d k)
1 s+ j+1 Cums +2 )
27) ud = —— 3 (-1 1< , ) S ] 1
(S + 2)(8 + 3) j=1 J s$1+...+sj=s+1 i=1 Var 5; + 1)

Here the sum >~ runs over j-tuples of positive integers and the series in (2.5) and (2.6) converges

absolutely due to the estimate ‘ ,us ‘ <4H,,A, " (24, (1+4H,,) )8/(5 +2)(s+3) for
all s > 0.

Furthermore, there exists some constant cs > 0 (depending on a, A, m, and c1,cy ) such that

(2.8) sup |F — O(z) | <3 o (d=R)/2 forall o>1.
zeR!

Theorem 2 is derived from (2.3) combined with a general lemma on large deviations for a single
random variable with mean 0 and variance 1 due to V. Statulevi¢ius [18], see also Lemma
2.3 in the monograph [15]. The relations (2.5) and (2.6) are of particular interest at z =
e [W|409 /2 /g, for small € > 0.

It is an open question whether the Berry-Esseen estimate (2.8) can be obtained under weaker
conditions on the cylinder base. Perhaps it suffices to require EEO’SL , < 0o as one would expect
from the CLT for independent random variables. In [8] the authors prove the central limit
theorem F,(x) f— ®(z) for z € R under E|Z¢|3_, < oo without rates of convergence.

We mention further that the above theorems can be extended to analogous results for estimators
of the covariance Czc(u) = P(o € Z¢,u € Z°) for fixed u € R?, see e.g. [19], [12] and [17]. This
is seen from the obvious relation Czc(u) =1 —P(o € Z2U (E — u)) and the fact that the union
Z U (E — u) takes the form (1.4) with typical base Z¢ U (Zg — mq_1(OF u)).

The rest of this paper is organized as follows: In the next Sect. 3, we derive bounds for the

variance of the volume Vg(d’k)

and Sect. 4 contains the rather technical proof of the cumulant
estimates (2.3). At the end of Sect. 4 we show how to apply the large deviations lemma in [18]
to our situation. In the Appendix we recall some basic facts on mixed moments and cumulants

connected with random set (1.4) and the random 0—1-field { 1=(z), 2 € R?}. Finally, a criterion
=(d,

Shi )()\ @) is given in analogy to that in [4] for Boolean models.

for (non-)closedness of =

3 Lower and Upper Bounds for the Variance

In this section we derive a lower and an upper bound for the variance of Vg(d’k) =|ENoW |4 pro-
vided the second moment of |Z|4_ exists. For this end we first derive a closed-term expression



of the variance Var(] ZN B|g) for any bounded Borel set B € B(R?) using the above formulae

for p(_c) (o,z) and pﬁc (0)

By using the very definition of the one- and two-point probabilities p(En) ,n=1,2, and the shift-
invariance and additivity of the Lebesgue measure | - |4_x , we deduce from (2.1) that

(1)( (1)(

pg)(m,xz) p=’ (1) p=’(x2) = p(EQC)(O,xz—m)—p(Ec)( )pgc)( )
= eXp{—AE‘EQU(EQ—ﬂd,k(Og(.%'z—l‘l))|d_k} eXp{—Q)\E‘uohl k}

= e’”‘Ml(exp{AE‘Eoﬂ(Eo—ﬂd—k(Og(xz—ﬂUl))‘d_k}_1> for 1,25 € RY.

Here and below we use the abbreviation M, = E| = |}_, for s € N. Hence, by multiple applica-
tion of Fubini’s theorem we get for any bounded B € B(R?) that

Var(ZN Bla) = // (1) 1=(22 dmldm2—<E/]15(m)dx>2

B
= //]13(901)113(532) <p(52)(901,902)—P(al)(fﬂl)l)(sl)(fﬂz)) dzy dzg
Rd R4
— e 2AM: /{Bm (B —x){d < eXp{AE{Eoﬂ (2o — mg—1(OF ) {d_k} — 1) dz.

R4

Now we replace B by the star-shaped set ¢ W which increases when ¢ does. In view of the rela-
tion {x € R?: oW N (oW —2) # 0} = o(WE(=W)) C b(0,2p) and the inequality e¥ —1 < ye¥
for y > 0 we may write

Var( Vg(d’k) ) < Ae MM ’ oW ’d / E| o N (EO + ﬂd,k(O(I; 1‘)) ‘d—k dx
e(Wa(=W))
< AW ge™ AM; dE / ‘uoﬂuo—i—ﬂ'dk {dk
b(0,2 0)
< AW lge MMl / / |Z0N (Z0+w1))|,, dyrdys
= AW ge MM 4RE|Fg (3, oM
(3.1) < AMye MMgdt2k pktd for any 0> 0.

To find a positive lower bound of the ratio ag we make use of b(o,dy) C W which implies

oW N (oW —x) D b(o,dw o) Nb(—z,dw o) and o (W @& (—=W)) C b(0,20w g). This combined



with e¥ — 1 > y for y > 0 implies

Var( Vg(d’k) ) > e MM / |b(0, 0w 0) Nb(z, 6w 0) [« E| Z0 N (B0 + ma—k(Of 2)) |,_, dx
b(0,25w Q)
> \e 2AM / | b(0, dw 0) Nb(z, dw o) |a E‘EOQ(EO‘FM*k(Qf))‘d_kdx
b(O,(SW Q)
> AP ) (o)t [ EIZ0n (Z+ mua(e) |,y do
b(075W Q)
> Ae 2AMic(d) (o) / E|Z0N (2o + mai(z)) |, ,dz
[—0dw/Vd,0dw/Vd]d
(3,2) = ) ok d_k/2 e 2AM (Q 5w)d+k C(d) Id,k(@)
with
od) = |0, 1) Nb(er, 1) |¢ > 0 and  Iyp(o) = / E| 20N (S0 +) |, dy-

[—0dw/Vd,0bw/Vd]i—Fk

Making use of P(|Zp|q—r > 0) > 0 and standard measure-theoretic arguments it follows that
Iix(0) > 0 for any ¢ > 0 and I;x(0) increases with ¢ 1 oo to the limit E| 2|3 , . In this way
we confirm the estimate (2.4) with constants

cp = A2F d7R/2 722 M 5%”“ o(d) Igp(1) and ¢y = A 20+ =AMy

Another consequence of the above estimates is stated in

Lemma 1. Let E be the union set (1.4) of the stationary PCP Hg’lk)()\, Q) with compact cylinder
base 29 C R4 satisfying 0 < My = E|Zq 2 < 0o. Further, let W C R® be a compact set
satisfying b(o,dw) C W C b(o, 1) for some éyw > 0. Then, we have

M. Var(|Z2N'W Var(|Z2N'W
e gliminfwghmsup (|Qd+k 0la) <cy.

3.3
( ) Idﬁ(l) 0—00 1Y 0—00

Remark 3: Lemma 1 reveals that the variance of Vg(d’k) grows proportional to the power

oW |il+k/ 4 of the window volume which expresses long-range dependence within the random set

(1.4). The same effect could be observed in investigating the asymptotic behaviour of the total

(d — k)-volume of intersection (d — k)-flats generated by Poisson hyperplane processes in b(o, )

resp. oW (for convex W) as 1 < p ] 0o, see [5] resp. [7]. The existence of the limit of the ratio
2

o, as ¢ — oo seems to be difficult to prove. So far only in the simplest case d = 2, k =1 we

could give positive answer, see [8].



4 Proofs of the Theorems 1 and 2

The main part of this section consists of a combination of recursive estimation procedures carried
out in several steps which finally result in the estimate (2.3). This proving idea was developed in
[4] to obtain a similar estimate for Boolean models. However, the techniques used there had to be
extended to unbounded cylinders which cause long-range dependence in contrast to the classical
Boolean model. To begin with, using the shift-invariance c(Eri) (T1y ey Tp) = 0(57? (0,91, ey Yn—1)
for y; = 41 — 21,1 =1,....,n — 1, we rewrite (2.2) as follows

My, U{o})dY,_;

(4.1)  Cumy,(V4R) = (—1)" / ( N (@W +y)| e

(e(Wa(=w))n-1  YE¥n-1U{o}

for any integer n > 2. Here and in what follows, we denote by X,, = {z1,...,2,} and
Y, = {y1,...,yn} (unordered) sets of distinct points x1,...,z,, € R? and y1,..., 5, € R?, re-
spectively. |Y| gives the number of elements of any finite set ¥ € R?. For notational simplicity
put p(Y) = pgz/l)(Y) and ¢(Y) = cgz/l)(Y) so that, in view of (2.1), we may write

(42)  p¥)=exp{ =AE|Z(V) |, ] with Zo(¥) = J (S0 - mk(OF ).

yey
Further, write Z5(Y) for the complement of Zo(Y) in RY* and put Zo(0) = 0, Z5(0) =
Rk, p(@) = 1, and () = 0. Note that ¢({y}) = 1 — e (y) = p({y}) = exp{-AM;}
for any y € R%. Since W @ (—W) C b(0,2) as consequence of W C b(o, 1), it follows from (4.1)
that

(4.3) Cump (2N o)) | < of W / ({0} UY, })|aY,.
(b0 20)"

The (mixed) cumulant functions ¢(Y") are connected with the (mixed) moment functions p(U),
) £ U C Y, of the random field { 1=c(z),z € R?} by

Y]

oY) = Z(—l)jfl(j —1)! Z p(Uy)---p(U;) for any finite Y C R?,
j=1 UL U-OU=Y

where the inner sum runs over all decompositions of Y into pairwise disjoint, non-empty subsets
Ui, ...,U; . This formula follows directly by calculating the derivatives in (5.1). The equivalent
relationships c(Y) = p(Y) — > g xcy c(X)p(Y \ X) or

c({z}UY,) =p({z}UYn) = > c({z}uY)p(Y,\Y) for zeRI\Y,
0CY CY,

do not really help to establish sharp upper bounds of the integral on the rhs of (4.3). Rather



than this we introduce the more general functions X,, x Y, — ¢(X,,,Y,) for arbitrary m > 1
and n > 1 (with X,, NY,, = () by using the recursive relation

(44) p(XnUYy) = > oXpY)p(Yo\Y) with ¢(Xpm,0) =p(Xnm).
PCYCYn

Obviously, ¢(X,,,Y,) is symmetric in 21, ...,z as well as in y1, ..., yn, but the 2;’s and the y;’s
cannot be interchanged. Furthermore, we have c¢({z},Y,) = c({z}UY,) for z ¢ Y, and n > 0.

As an immediate consequence of (4.4) the recursive relation
(X, V) =p(XmUYn) = D (X, Y)p(Yn \Y)
PCY CYn

reveals that ¢(X,,,Y,) coincides with the (n + 1)st-order mixed cumulant of the 0 — 1-valued
random variables [[;", 1zc(z;) and 1=c(y;), j = 1,...,n, that means, formally written that
C(Xm, Yn) = Cumn+1(]l{E NnNX, = @}, T=c (yl), ey L= (yn)) .

The relation

45) (Xm, V)= > (D EXp Y)e(Xm 1 UY, Y, \Y) for m+n>1,
PCYCYn

where K(0,Y) =0 for Y # () and
pP(Xm UV)
K(Xp,Y) = (-T2 for mon>1,0CY CY,
@C;CY p(Xm—l U V)

has been shown in [4] by direct computation applying Mébius’ inversion formula. Setting

p(UUYV)
p(U)

we can rewrite (4.5) in following way:

p(V|U) = =P(ENV=0|Z2NnU=0),

p(Xim)

(4.6) (X, Yn) = X

> EOYMS(X, Y) e(Xm1 UY, Y, \Y),
OCYCYn

where S((,Y) =0 for Y # () and

v PV [ Xm)

"’ for PCY CY, and m,n>1.
p(V | Xpm-1)

S(Xm,Y) = Y (1)

pCVYy

For our random set model (1.4) we get with (4.2) that

p(Xm UV)

UV exp{ —XE|Z0 |, , +ME|(Z0 = 74 r(OF @m)) NEo(V U X 1) |, , }

- exp{ — XE| (B0 — 7ak(OF @m)) NE§(Xm-1) |, } exp{ BE(Xm,V) Y},

10



where
E(Xpn, V) = AE| (20 — Ta—k(OF 2m)) NZE§(Xpm-1) N Eo(V) |y for DcVCy,

and E(X,,,0) =0.
This leads to p(V | Xy ) /p(V | X1 ) = exp { E(X,,, V) } and thus

SXpm, V)= Y () exp { B(X,,,V)} for Y CY,
OCVCY

and S(X,,,0) = 1 since E(X,,,0) =0.

As a simple consequence of (4.6) and ¢(X,,,0) = p(X,,) < p(Xim—1) < 1 we get the inequality

(4.7) / (X, Vi) | Y, < / (X1, Ya) | AV, + / S (X, V) | Y
(020" (020" (020"
. | S(Xm, V) [ dY sup / (X1 UY, Y \ V) |d(Ya \ V).
Y
Y CYn (0,207 (b(0,2.0))"V1

For any m > 1 we have ¢(X,,{y}) = p(Xm U{y}) — (X)) p({y}) (> 0) and thus, by (4.2),

c(Xm, {y}) = exp{ =AE|Z0(Xp U{y})]a—r } — exp{ —NE|Z0(Xm)la—t — AE|Z0|a—r }

= exp{ “AE[Z0(Xm U{u}la-r } (1= exp{ ~AE[Z0(Xim) N (S0 = ma-x(OF ) la-+ })

< Nexp{ —AE[Eo(Xm)la—r } Y El(E0 — 7ar(OF 2:)) N (Z0 — 7ar(OF ¥)) la—r -
i—1

Therefore, since My = E|Zg|g—r < E|ZE0(Xm)|d—k , We get

[ ety <xes{-2001 Y [ EIZ0n(Z0 - men(OF (v - 20) ook dy.
b(0,2 0) =1 p0,20)

The integrals on the rhs can be bounded from above uniformly in the x;’s. Multiple application
of Fubini’s theorem combined with the shift-invariance of the Lebesgue measure in R4 yields

|20 N (E0 — ma—k(0F (y —2))) | ,_,dy = / |20 N (B0 — mak(y) + ma—k(0F ©)) |, ,dy

b(0,20) b(0,2¢)

< / / ‘EOH(EO_ZI_}'Wd—k(ng)){dfk le dZQ = (4Q)k|50|§_k
[-20,20]% RI-F

11



Hence,

(4.8) sup / E|(E0 — ma—k(OF )) N (S0 — 1a—r(OF ) |, . dy < (40)"E|S0 [,
z€eR
b(0,2 0)

so that we arrive at the uniform estimate
(4.9) sup / (Xm,{y})dy < Oy oF with Cpy =4"mAe M My

m

b(0,2 0)

Let us introduce a further non-negative function 7'(y,; X, Y) by

T(yn; X, Y) = Y (=D exp{=E(yn; Xpn,V)} for Y CY, 1, n>2,
PCVCYy

where, for 0 CV CY,,_1,

E(yn; Xm, V) :== AE| (E0 — 7a—(O§ m)) N E§(Xm-1) N (B0 — 7a—k(OF ¥n)) NEo(V) ] ,_, -

In the next step of our estimation procedure we determine constants A, and B, only depend-
ing on n, A, and the first n+ 1 moments M, ..., M, 11 of | Eq |4k such that the uniform estimates

(4.10) / | S(Xpn, Yy) |dY,, < Ay, 0" and / TWn:; X, Y1) dY, < B, o*"

(b(0,20))" (6(0,20))"

hold. The following relations between S- and 7T-functions can be shown in quite analogy to the
proof of a corresponding Lemma 4 in [4] :

Lemma 2. For any m, n > 1 we have

S(Xp,Yn) = S(Xm,Yn_1) (1 —exp { E(Xom, {tn}) }) —exp { E(Xpm, {yn}) }

X > T(yn; Xm,Y) exp { E(Xpn,Y) } S(Xn UY, Y, 1\ Y).
0CYCYn_1

Combining the inequality E(X;,,Y) < ME|(Eo — mq—k(Of zm)) NEo(Y) |,_, < AM; and (4.8)
leads to

(4.11) / ‘S(Xm,{y})‘dy: / (exp{E(Xm,{y})}—1>dy§4k‘)\e>\M1 My o~ .
b(0,20) b(0,20)

12



Thus, from Lemma 2 and S(X,,,?) = 1, it follows after obvious arrangements that

(4.12) / | S(Xom, Yn) |dY, < 48 XerMpg, oF / | S(Xoms Y1) | dYy_1

(b(0,2))" (b(0,20))" !

n—2

n—1

+ e2A M Z < ; ) / T(Yj4+1; Xm, Yj)dYj
=1 (b(0,2 0))7+1

X sup / | S(Xm UY;, Y1 \Y)) [ d(Yio1 \ Y)) + €220 / T (Y Xm, Y1) Y, .
Y;
(b(0,2 0))n—9 -1 (b(0,20))"

To make the previous estimate explicit we need upper bounds for the integrals over T'(yn; Xy, Yn—1)
w.r.t. the variables Y,, = {y1, ..., Yn—1,Yyn} for each n > 2.

Lemma 3. For fixed n > 2 assume that M, 1 < co. Then, for any m > 1, both estimates in
(4.10) hold with

>

; J
! n! o
ni+-+nj=n—1 1 =2 v

n—1
(4.13) By=4F"(m -1y =

- J]:

J=1

and

n—2

1

(4.14) AnzAnlAlJre”MlZ(nj )AJan L Ag=1, Ay =4 XM,
=0

Proof of Lemma 3. Let the finite point sets X,,, ¥ C Y,—1 = {y1,...,yn—1} and y, € R? be
fixed. Using the independently marked Poisson process II, ¢ with typical mark (Og,Zg) ~ @
we introduce, in accordance with (1.3) and (1.4), a new stationary PCP and the corresponding

stationary random union set Z(yy; X, Y) with typical cylinder base
E0(Wn; Xm, Y) = (E0 — Ta—k(OF 2m)) N EE(Xim-1) N (Zo — Ta—k(OF yn)) NZo(Y) as follows:

(4'15) E(yn§Xm7Y) = U Oz((Ez(ynaXmaY)+B) X Rk) = U E(Z/mea{y}):
i>1 yey

where Z;(Yn; Xm,Y) = (Zi — Ta—x(OF 7)) NZ6(Xpo1) N (Zi — ma— i (OF yn)) NZi(Y), 3 > 1,
are i.i.d. random compact sets in R** with Z;(Y) = Uyey Ei — ma—k(OF y)), see also (4.2).

We first show that T'(y,; Xm, Yn—1) gives just the probability that the origin o lies in each of
the union set =(yn; Xm,{y;}), j =1,...,n— 1. With the above-introduced notation it is rapidly
seen that

P(o & Z(yn; Xm,Y)) =exp{ — AE[Z0(yn; Xim, Y) |-k } = exp{ — E(yn; Xim,Y) } .

13



Taking into account the relations 3 g-ycy, | (— DY =0 and Z(y,; X, 0) = 0 combined with
the second part of (4.15) we find by applying the inclusion-exclusion principle that

T(Yn; Xy, Yn-1) = Z (_1)|Y‘ P(o & E(yn; Xm,Y))
PCYCY,_1
= > )P {0 € E(yn; X (WD) })
dCYCYp_1 yey
n—1 n—1
= P N {oeZwmXm D} | =E( ] 12 @)
j=1 j=1

whence, again by Fubini’s theorem, it follows that
n—1
/ T(Yn; Xim, Yn-1)dYy 1 = E< / ]lE(yn;va{y})(o) dy) .
(b(0,20))" 1 b(o.2¢)

Furthermore, the subadditivity of the Dirac measure 1.(0) combined with the inclusion relation
Ei(ym X, {y}) - (Ez — Wd,k(Ol-T .%'m) ) N (Ez — ﬂd,k(OiT yn) ) N (Ez — ﬂd,k(OiT y) ) shows that

/ Le(yxo fpn(@)dy < Y / L (=, (yniXm fu)+Pr ) xr (0) dy
b(0,20) =zl b(0,2 0)
k =.
< Z ]l(Ei—Wd—k(OiTxm))ﬁ(Ei—ﬂd—k(OiTyn))(_Pi) |“Z |d7k’

i>1

In the last line we have replaced the integral of 1=, p, (74_1(OF y)) over the ball b(o,2 o) by the

larger term (4 p Some elementary algebraic rearrangements and the application of

iy
the higher-order Campbell’s formula (1.2) together with the reflection invariance of stationary

Poisson processes enable us to rewrite the (n — 1)st moment of the random sum

Z(TmyYn) = D L2y o(OF o)) Zsmran(OF ) (P | Bi |4y
i>1

in the following way:

n—1 S ( _1) J _ .
> 2 ].,217 > H( (S a0 2 Zag—raaOF o) (Pic) | B, 131

7j=1 n1+---+nj:n71 T yeensd >

_ N 1) n
Z ) ot IT E(I(E0 = ma—k(OF zm) ) N (Zo —Wdfk(ogy"md—k‘go‘dzk)'

iIny!---nl
=1ni+-+nj=n— 1‘7 1 J7 g=1

14



Together with
/ E(1 (20 — 7a-#(OF 2m)) 0 (0 = 7a-#(OF ya))| .y, |20l ) dum < (40)" E [0}
b(0,2¢)
we arrive at
/ T (yn; Xom, Yn-1) Yy, < (40)5"Y / E(Z(@m yn))" dyn < By o™
(b(0,20))" (b(0,:20))
with B,, as given in (4.13). Hence, the second estimate in (4.10) is proved.

From (4.11) and (4.12) we obtain the first estimate of (4.10) with a recursive relation for the
constants A, with A; = 4% X e*M1 M, and Ay = 1. More precisely,

n—1
n—1
/ | (X, Y) [dYy < Ay 0P Ay g o807 4 2200 gFn )~ ( ; ) Bjy1 An—j1 = A, 0",
(b(o.20))" 7=t
which gives (4.14). Thus, the proof of Lemma 3 is completed.

We are now in a position to prove the estimate

(4.16) sup / | (X, Vo) |dYy < Copp o™ for any m,n > 1,
Xm
(b(0,2 0))"™

where Cp, ,, depends on m,n, A, and M, ..., M, . From (4.9) we already know that (4.16) is

true for n = 1 and any m > 1. Inserting the first estimate of (4.10) with constants (4.14) on the
rhs of (4.7) we get

n—1
n . .
/ | C(Xma Yn) |dYn < Cmfl,n an +A, an + Z <j) Aj ij Cm71+j7n*j Qk (n=3) 5
(b(0.2 )" =

which immediately implies the estimate (4.16) and the double-index recursion formula

(417) Cm,n =A,+ Z <ZL> An—j Cm—l-‘,—n—j,j with CO,n =0 for m,n>1.
j=1

This equation allows to determine successively all constants C,, ,, starting with Cy, » depending
on Aj, As for all m > 1 and afterwards C,, 3 depending on Ay, A, A3 for all m > 1 etc. For

15



example, we have Cp, 0 = Ao +2 41 Cpy 1 + Cp—1 2 leading to Cpoo =m Ay +m(m+1) A; Ci
form>1.

Having in mind the identity ¢({o} UY;, ) = ¢({0},Y,, ) we deduce from (4.3) and (4.16) that
(4.18) Cum,(|ENeW)lg)| < [WlqgCrno o0,

where C},_1 depends on A and My, ..., M,,. In the final step we determine the growth of the
constants C7,—1 in dependence on n > 2 under the assumption (1.5). In this case we have
M, <n!a " mg for n € N so that formula (4.13) yields

n—1 |, j J
Nom] > (n; +1)
kn a ‘
By < 4" (n—1)) T ) (n1+2) [] prval
j=1 ni+-4nj=n—1 i=1

Since n + 1 < 2" for n € N, we have

J J
> (n;+1) n > I . n2" (n—2
Z (nl + 2) H ami S an—l Z 2 H M = an—l ] -1 )
=2

ni+-+nj=n—1 i=1 ni+-+nj=n—1

which in turn gives

n 1kn n—1 4 j o 1k _9
Bn§2 1 n!ZAm“ n 2 :)\ma(Q 4 )n(1+)\ma>n n! for n>2.
am o al 7 —1 a a a

In summary, using the abbreviations,

92k-+1 X Eexp { a|Zg|a—k }

a

A= <1+exp{AE\Eo\d,k}> and B—

the positive constants A,, and B, in (4.10) satisfy the estimates 4; < A B and

2k+1

(419) A, <A"B(1+B)"'n! and BngB( )”(1+B)Hn! for n>2.

a
The first relation follows from (4.14) by induction on n. In fact, by My < 2m,/a®, we have
92k+1

=2 MM pB<AB
a

2myg

Ay = PN, < AP AN

a

and, for n > 2, we combine the recursive relation (4.14) with Ay = 1 and the second (already
proved) estimate in (4.19):

n—2
-1
A, = AjAy_q + 2 Z <n >AjBn—j

=0~ 7

n—2 2%k+1 s
27 M, n—1\ 2 nJ n—j=2 (|
AL Ap i+ e sz()( ; >AJ( - ) (14 B) (n—5)!

IN
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Replacing A; by A7 B(1+B )’ =1 jlfor j = 1,...,n—1 we find after some elementary calculations
the asserted first estimate in (4.19).

In the same way the recursive relation (4.17) suggests an inductive proof of the estimate

Cm7n§2m71 gL A" B (1+B)" Il for n,m>1,

whence with (4.18) it follows the desired estimate (2.3) completing the proof of Theorem 1.

Now, we apply the general lemma on large deviations including an optimal Berry-Esseen bound
proved by V. Statulevi¢ius in [18], see also Lemma 2.3 in [15]. This result is formulated for a
single random variable ¢ satisfying E¢ = 0, Var(¢) = 1 and |Cum,, (&) | < n! H /A" 2 for n > 2
and some H > 1/2 and A > 0. In our specific situation £ is chosen to be the standardized
d-volume Vg(d’k) , i.e.,

VM B VY - o W (1 — exp{— AE[Zola-s})

dik)/2
Var(Vg(d’k)) 099( /

§

with distribution function Fj,(z) = P(Vg(d’k) < ). Using (2.3) and the notation introduced in

Sect. 2 we obtain that

H, A372 Qd+k(n71)
( Var(Vg(d’k)) )n/2

| Cumy, (&) | < (n —1)! < n! H,, /A ?

= a,0

where H, , = Hy /2 ag (>1/2 by (2.3) for n =2) and A, , = 0¥ M/25,/A,.

These estimates and the Lemma in [18], p. 133, imply the asymptotic relations (2.5) and (2.6)
as well as the Berry-Esseen bound (2.8) stated in Theorem 2. It should be noted that, according
to the general result in [18] or [15], the relations (2.5) and (2.6) hold in a smaller interval
0 <z <6 A, for 6 < §(1+0)/2, where § € (0,1) is uniquely determined by the equation
(1-0)3=6H,,0 giving § (1+6)/2 < 1/2(1 +4 H,,). However, a careful check of the original
proof reveals that (2.5) and (2.6) remain valid for larger z-values because, in contrast to [18],
the explicitly known coefficients (2.7) of the Cramér’s series pu(x) :== > .o ugg)(x/ag old+h)/2)®
can be estimated directly by means of (2.3). For doing this, we use (2.3) and (s+§+1) < 25H
and get for any s > 0 that

1 sy . L Asi e H
(0) o s+j Rq & " Ha
(| < 2 < )
SN e DICUD VI | e

S AS s s+1 .
_ 2 ASHL gk (s+]) T ( s ><2Ha>a: 4H,p Ay oF
(

G+ 2)(s13) ST2)(543) (280 6" (14 48a,) )

st j—1 O'g
Thus, p(z) converges absolutely for |z| < A, ,/2(1 + 4H, ,) such that |u(z)| < 2H,, A, 0"
proving the validity of (2.5) and (2.6) in the desired interval 0 < z < A, ,/2(1 + 4H,,) which

completes the proof of Theorem 2.
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5 Appendix

In the previous sections we were dealing with the volume fraction of the random set Eg;’lk)()\, Q)
in various Borel sets. For this purpose it suffices to consider the stationary 0 — 1-random field
{1=(z), € R?} the finite-dimensional distributions of which are given by the family of n-point
probabilities p(En)(xl, v Xp) =P(x1 €E,...,2, € Z) or by pgﬁ)(xl, vy Xp) =Py €2, .. 2, ¢ 2)
for x1,...,x, € R? n € N. In general, these distributions do not describe the properties of a
random set Z completely, see [13]. In case of the random set (1.4) one can choose the canonical
probability space [€2, §, P] on which the marked Poisson point process Il g (introduced in Sect. 1)
is defined so that the mapping RYx Q3 (z,w) — Lz(,(z) turns out B(R?) ®F-measurable. This
follows by repeating the arguments (with obvious changes) proving Proposition 1 in [4]. Hence,
Fubini’s theorem and the probability generating functional (1.1) can be applied to calculate the
n-point probabilities of the complement =¢

pgi)(wl’---’xn) =P(EN{z1,..,z,} =0) = E(H]I{Oi((Ei + P;) X Rk) N{z1, . an} = @})

i>1

which immediately shows the validity of (2.1) provided that E‘ o ‘ 4 < 0o. It is a matter of fact
that even the boundedness of the random (d — k)-volume | o ‘ 4, does not imply the closedness
of the random set (1.4). In the theory of random closed sets, see [12] or [13], the distribution of
= is uniquely determined by its capacity functional T=(C) = P(ENC # ) defined on the family
of non-empty compact sets C' € Kz. The union set = = E((:Z’lk)()\, Q) is (P-a.s.) closed if any ball
in R? hits at most finitely many cylinders O;((Z; + P;) x R¥) with probability 1 which in turn is
equivalent to E| Eg®my_x(b(0,€)) |[4—x < oo for some € > 0, see [3] for general germ-grain models.
Under the latter condition the explicit form of T=(C') can be calculated for (1.4). Applying again
the probability generating functional (1.1) with v(z, 0, K) = 1{O((K +z)xRF)NC = (} we have

1-T=(C) =PENC=0) = E(J[1{0(E+P) xR nC=0})
i>1
= eXp{—)\E / 1{ Op((ZEp + z) XRR)HC#Q)}dx} .
Rd—k
Since Og((Zp + x) x R¥) N C # 0 iff (g + ) N7q_x(OF C) # 0 and the latter is equivalent to
T €Zg® (—7mark(OF C)), we arrive at

TE(C):1—exp{—AE|Eo@(—wd_k(ooTC))|H}, see e.g. [17].

The following lemma which we formulate without proof extends an analogous statement for
Boolean models in [4] to unions of PCP’s (1.4). This result implies that, under the assumption
E| 2o |¢g—x < oo, the additional condition E|Ey @& 74— (b(0,€)) |4—r < oo for some £ > 0 is not
only sufficient, but even necessary for the closedness of the stationary random union set (1.4).

Lemma 4. Let Ey be a compact typical cylinder base of the (1.3) satisfying E|Z¢ |4—r < 0o and

E|Z0 ® m4—k(b(0,€)) |a— = 00 for any ¢ > 0. Then P(Eg’lk)()\, Q) is closed in R?) =0 .
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The proof of Lemma 4 is quite similar to that in [4] for Boolean models. The necessary changes
and extensions are left to the reader.

Next we put together some basic facts on the “method of cumulants”. There exists a huge and
widely scattered literature in stochastics, see e.g. [11], and statistical physics in connection with
cluster expansions, see e.g. [14], in which cumulant techniques are employed to express the weak-
ness of stochastic dependence between temporally (or spatially) distant parts of random processes
(or fields). In statistics and probability theory these cumulant estimates are mainly used to prove
asymptotic Gaussianity of functionals of random processes (or fields) over expanding domains.
For obtaining even rates of convergence in these limit theorems and exact large deviations prob-
abilities based on cumulant estimates the reader is referred to the monograph [15]. Note that
in finding optimal rates the corresponding estimation procedures are partly rather lengthy and
sophisticated, see [6] for an example.

Let us recall the definition of the mized cumulant (semi-invariant) Cum(Y1,...,Y;,) of n random

variables Y7, ...,Y, (all having a finite nth moment). Following [10] we define
o =
f— ._ni 1 - -
(5.1) Cum(Yy,...,Y,) =i 51 00, log E exp {I;SJYJ} I
and Cum,,(Y) = Cum(Y,...,Y) (by setting Y =Y} =--- =Y, in (5.1)) denotes the usual nth
cumulant of Y. From (5.1) it is easily seen that Cum(Y7,...,Y},) is invariant under permutation

of the indices {1,...,n} and Cum(...,aY +bZ+¢,...)=aCum(...,Y,...)+bCum(..., Z,...)
in each component for any a, b, c€ R, n > 2.

Let {1=(x), € R%} be a measurable 0 — 1-random field, for example, when = coincides with
(1.4). Obviously, the mixed cumulant function c(En)(ml,...,xn) = Cum(1z(z1),...,1=(xy))
equals (—1)" Cum(Lze(z1),. .., 1z¢(zy)) . By combining the identities |EN B; | = [ 1=(z;) dz;

for i = 1,...,n with the linearity of (5.1) in each component we get
(5.2) Cum(|ENBy|,...,|ENB,|)=(-1" // céz)(xl,...,mn)dml---dxn
Bi  Bn

for any bounded By, ..., B, € B(RY). By calculating the logarithmic derivatives in (5.1), see
e.g. [10], [15] or [6], the cumulant function cgi)(ml,...,zn) can be expressed by the k-point
probabilities p(Ekc)(xil,...,a:ik) forl1<ii<--<ixz<nand k=1,...,n.
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