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—— Abstract

We present an approximation algorithm for the Prize-collecting Ordered Traveling Salesman Problem
(PCOTSP), which simultaneously generalizes the Prize-collecting TSP and the Ordered TSP. The
Prize-collecting TSP is well-studied and has a long history, with the current best approximation
factor slightly below 1.6, shown by Blauth, Klein and Néagele [IPCO 2024]. The best approximation
ratio for Ordered TSP is % + é7 presented by Bohm, Friggstad, Momke, Spoerhase [SODA 2025] and
Armbruster, Mnich, Négele [Approx 2024]. The former also present a factor 2.2131 approximation
algorithm for Multi-Path-TSP.

We present a 2.097-approximation algorithm for PCOTSP, which is, to the best of our knowledge,
the first result for this problem. Key ideas in our approach are to sample a set of trees and then

to probabilistically pick up some vertices, and to use the pruning ideas of Blauth, Klein, Nagele
[IPCO 2024] on the sampled vertices. While the sampling probability of vertices for our problem
is lower than for PCTSP, intuitively leaving less spare penalty to spend, we leverage the cycle
structure induced by the sampled trees together with a simple combinatorial algorithm to bring the
approximation factor below 2.1.

Our techniques extend to Prize-collecting Multi-Path TSP, building on results from Bohm,
Friggstad, Momke, Spoerhase [SODA 2025], leading to a 2.41-approximation.
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1 Introduction

The metric Traveling Salesman Problem (TSP), which asks for a shortest closed tour (i.e., a
Hamiltonian cycle) in a metric space (V,¢), ¢: V xV — Q4 on an n element vertex set V'

visiting each vertex exactly once!

is one of the most well-studied problems in combinatorial
optimization in its various incarnations. Christofides [15] and Serdjukov [23] gave a simple 3
approximation algorithm for symmetric (undirected) TSP; an approximation factor slightly
below 3 was provided by Karlin, Klein and Oveis Gharan [20].

The path versions of TSP have also been subject to intense study. This line of study led
to a surprising outcome: Traub, Vygen, and Zenklusen [25] show that for any € > 0, there is

a reduction from path-TSP to TSP which only loses € in the approximation factor. In their

1 Note that the problem can alternatively be defined as having a weighted graph as input, and seeking to
find a shortest closed walk (or shortest Eulerian multi-subgraph) that visits each vertex at least once.
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book, Traub and Vygen [24] simplify the reduction and use Multi-Path-TSP (see below) as a
building block. The book gives a comprehensive overview of the aforementioned results and
more, including asymmetric (directed) variants of TSP.

A more general and more practical version of the problem can be defined by allowing the
tour to omit some cities by paying some additional penalty. This prize collecting paradigm
has been intensely studied for various combinatorial optimization problems; see, e.g., [1, 2]
for some recent results regarding Prize-collecting Steiner Forest and Steiner Tree Problems.
As regards the Prize-collecting Traveling Salesman Problem (PCTSP), Bienstock et al. [7]
give a 2.5-approximation for this problem. Goemans and Williamson [18] give a factor 2
approximation. The first group to break the 2 barrier was Archer et al. [3], who achieved a
factor of 1.979. Goemans [17] observed that by carefully combining the two aforementioned
algorithms, one can achieve an approximation factor of 1.91. Blauth and Négele [9] gave a
factor 1.774-approximation. Blauth, Klein, and Négele [8] achieved a factor of 1.599.

Another important generalization of TSP is attained by enforcing some ordering on a
subset of vertices. Formally, in the metric Ordered Traveling Salesman Problem (OTSP), we
are given a metric graph G = (V, E),c: E — R together with k terminals O = {01, ..., 0},
and the objective is to find a shortest tour that visits the terminals in order. OTSP is
closely related to vehicle routing problems with pickup and delivery and the dial-a-ride
problem; see [22, 6, 14, 16, 19]. Any a-approximation for TSP can be utilized to give an
(o + 1)-approximation algorithm for OTSP by finding an a-approximate tour on V' \ O and
combining it with the cycle on O [10]. Furthermore, there is a combinatorial (2.5 — 2/k)-
approximation algorithm [11]. A substantial improvement in the approximation factor to
3 4+ 1 was achieved by [13] and [4].

In Multi-Path Traveling Salesman Problem (Multi-Path-TSP), in addition to a weighted
graph, we are given a list of 2k terminals 7 = {(s1,t1),..., (Sk,tx)}. The objective is to
find k paths P;, 1 <i <k of minimum total length, covering all vertices of the graph (see
also Section 16.4 of [24]). Bohm, Friggstad, Mémke and Spoerhase [13] give a factor 2.2131
approximation algorithm for the problem.

1.1 Our Contribution and Overview of Techniques

As mentioned above, the prize-collecting setting is a standard setting for studying algorithmic
problems. Theoretically, this is closely related to the Lagrangian relaxation paradigm, where
constraints are allowed to be violated by paying some penalty. It is also natural from a
practical perspective, where it is often possible to refuse to cover some entity if it incurs too
high a cost, paying them some predefined penalty instead. In this article, we study OTSP
and Multi-Path-TSP in this setting, which can also be viewed as generalizations of PCTSP.

» Definition 1. In the Prize-collecting Ordered Traveling Salesman Problem (PCOTSP) we
are given a metric weighted complete graph with penalties for vertices G = (V,E), ¢: E —
Ry, 7:V — Ry, together with k terminals O = {o1,...,0r}. The objective is to find a tour
C traversing o1, ..., o0x in order, that minimizes c(C) +3_,qy (o) ().

» Definition 2. In the Prize-collecting Multi-Path Traveling Salesman Problem (PC-Multi-
Path-TSP), we are given a metric weighted complete graph with vertexr penalties G =
(V,E), c: E - Ry,m: V = Ry, and a set of k terminal pairs T = {(s1,t1), ..., (Sk,tx)}.
The objective is to find k paths P;;1 < i < k, such that P; is a path with endpoints s;,t;,
minimizing E?:l o(P) + 2 pzuvipy) 7(v).2

2 Similar to Path-TSP, we consider the k terminal pairs in Multi-Path TSP as part of what defines the
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» Theorem 3. There is a 2.097-approzimation algorithm for PCOTSP.
» Theorem 4. There is a 2.41-approximation algorithm for PC-Multi-Path-TSP.

In the remainder of this section we provide an overview of our algorithms and techniques
for PCOTSP and PC-Multi-Path-TSP. The details of the algorithms and the proofs of
correctness are covered in the following sections.

In Section 2, we specify the LP relaxation (OLP) of PCOTSP. Our algorithm first solves
the LP, and then it samples a tree T; for each of the k parts of the LP solution, in the manner
of Lemma 2 in [8], and Theorem 4 in [13], which are both based on a result of Bang-Jensen,
Frank and Jackson [5] and Post and Swamy [21]® (see Lemma 6). The expected cost of each
tree is at most the corresponding part of the LP solution, and its expected coverage is at
least that of the corresponding y values. Now a key idea in our algorithm is to even out the
penalty ratios paid by the algorithm. This is implemented in two ways.

1. Probabilistically picking up some of the vertices left out of the sampled trees (inevitably
increasing the connection cost). This is achieved through a pick-up threshold, which
determines the vertices which should be picked up (with a suitable probability), based on
the LP solution.

2. Utilizing the spare penalty ratios of sampled vertices to bring down the cost of parity
correction.

The second point is realized through an adaptation of the pruning idea from [8] to probabil-
istically prune away portions of the resultant structure with low connectivity. This allows us
to assign weights to the edges of the tree, which, when combined with a suitable multiple
of the LP solution, gives a point in the Q-join polytope, where @ is the set of odd degree
vertices of the current structure. This allows for cheaper parity correction, because the tree
edges with higher assigned weights, which are associated with lower value cuts, are pruned
with higher probability, and thus the expected cost incurred by them remains low.

The prominent difference between our problem and the standard PCTSP, which necessit-
ates finding new ideas for pruning, is the sampling probability for vertices. In PCTSP, the
sampling probability for each vertex v is equal to y,, hence the expected penalty ratio for
v is one, and intuitively, there is lots of spare penalty for v to utilize for pruning. But in
PCOTSP, the sampling probability of a vertex v is lower (bounded from below by 1 — e™¥v);
hence there is little spare penalty ratio left (and for fewer vertices) to utilize for pruning. We
obtain an improved adjustment of the pruning by combining our algorithm with a version
of the classical algorithm for OTSP [10], which combines the cycle on terminals with a
%—approximation for TSP on the remaining vertices. If the length of the cycle on terminals
is low, this algorithm already gives a good approximation ratio. If the length of the cycle is
large, this fact can be utilized to improve the analysis for parity correction, because we can
show that there is no need to assign (nonzero) weights to the cycle edges.

We believe that this view of evening out the penalty ratio of vertices vis-a-vis the optimal
LP solution is a useful conceptual tool for approaching prize collecting versions of TSP or
other combinatorial optimization problems. In the case of PCOTSP, it is partly realized
through the idea of probabilistically including in the solution those vertices which currently
have a too high penalty ratio (based on the desired approximation factor). Squeezing out the

problem which cannot be relaxed. This is also consistent with standard practical applications where
e.g. the start and finish depots cannot be dropped. Hence in PC-Multi-Path-TSP and its special case,
PCOTSP, we assume the penalties for terminals are co. The techniques in this paper do not seem to
extend directly to the case where terminals are allowed to be dropped.

Post and Swamy showed that the Bang-Jensen, Frank, Jackson decomposition can be computed in
polynomial time.

7:3
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slack penalty ratio (again, based on the target approximation factor), is achieved through
pruning. Here, the specific structure of the OTSP, and the partially constructed solution
proves useful; we can show that if the current cycle through the terminals is small, combining
the cycle on terminals with the best PCTSP approximation for the rest of vertices gives a
good factor, while a large cycle improves the cost of pruning.

In the case of Multi-Path-TSP, Bohm, Friggstad, Momke, and Spoerhase [13] propose
two algorithms, and show that a careful combination of them leads to a good approximation.
The first one, which doubles all edges except those on s;,t; paths (and is good when the
sum of s;, t; distances is large) can be adapted to our setting by probabilistically picking up
vertices with high penalty ratio, as opposed to picking up all remaining vertices in [13]. We
replace their second algorithm, which finds a minimum length forest in which each terminal
appears in exactly one of the components and then adds direct s;,t; edges with an algorithm
that uses Lemma 6 to sample a tree from the related PCTSP, and then adds direct s;,t;
edges.

2  Prize-collecting Ordered TSP

In this section we describe our algorithm for PCOTSP. Some of the technical proofs will be
presented in the following sections.

2.1 Preliminaries and Definitions

In the OTSP, a tour can be decomposed into k paths, between o; and 0¢+1.4 We can take
the polyhedron determined by the following inequalities as the relaxation of one such path
between two vertices s and ¢.° For each vertex v, the variable y, indicates its fractional
degree in the stroll.

=

Ys =Yt =

2
z(0(v)) =2y, YoeV
z(6(9)) >1 VS CV\{t},se S (s-t-stroll relaxation)
2(0(8)) =2y, VoeSCV\{st}
z,y >0

Now, the PCOTSP can be modeled as the following linear program. For i = 1,...k
we define z; and y; to be the vectors (z;¢)ecr and (y;.)vev, respectively. For each i, the
vector (x;,y;) is constrained to be a feasible point in the 0;-0;41-stroll relaxation, the sum
Yp = Zle Yi,v over all fractional degrees of a vertex v is an indicator of to what degree v
is used in the solution. When v is not fully used, i.e., when y, < 1, the LP has to pay a
fractional penalty of m,(1 — y,). We will usually refer to the pair (0;,0;+1) as (s;,t;), to
emphasize that (x;,y;) is a fractional tour/stroll from o; to 0.

k
minimize Z Z CeZije + Z (1 = yv)

c€E i=1 veV
k (OLP)
subject to Yp = Zyi’” YoeV
i=1

(x4, y;) lies in the s;-t;-stroll relaxation Vi € [k]

4 For notational convenience, we identify ox41 with o1.
5 Similar to the LP of [4]; see also [12, 8].
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Note that every feasible solution to (OLP) has y, = 1 for all terminals o. Similar to y,, we
will use z. as a shorthand for Zle Z; . It follows immediately from the LP constraints that
x(6(S)) > 2y, for any v € S C V'\ O. By contracting all terminals o € O into a single vertex
r, we therefore obtain the relaxation of the normal PCTSP from [8], which also involves a
root, which (without loss of generality; see, e.g., [3]) is required to be in the tour. Given a
solution (z,y) to (OLP) and some threshold p € [0,1], we define V, := {v € V' | y, > p}.

2.2 A simple algorithm

We consider the following simple algorithm for PCOTSP, inspired by [10]. First, directly
connect the terminals o1, .. ., 0 in order, creating a simple cycle C. Then, compute a solution
to the PCTSP on the same instance. Since all terminals have infinite penalty, every tour T’
obtained in this way includes all terminals. We obtain an ordered tour of cost ¢(T") + ¢(C)
by following the original cycle C' and grafting in the tour at an arbitrary terminal o € O.
Using an G-approximation algorithm to solve the PCTSP, we know that the sum of

tour- and penalty costs for this solution is at most & - optpcrgp < & - Optpcorgp. Since

N

¢(C) < optpeorgps this immediately implies a (1 + &)-approximation algorithm for PCOTSP.

One can see that this algorithm performs even better if we can guarantee that C is small. To be

A

precise, for any o > & we obtain an a-approximation provided that ¢(C') < (a—&)optpcoTsp-

~

We therefore may assume ¢(C) > (o — &)optpcorgp in the analysis of our main algorithm.

The currently best value for & is the approximation guarantee of (roughly) 1.599 obtained
by [8].

2.3 Overview of our main algorithm

Fix a = 2.097. We first solve (OLP)S, to get an optimal solution (z*,y*). Using the following
Lemma 5, we then split off the vertices v for which y, < 6, for a parameter 6 to be determined
later, to get a solution (&, ¢) for the LP were the remaining vertices have a certain minimum
connectivity to the terminals. Vertices that have been split off will not be used in our final
tour. Instead, we pay the full penalty for them. We state the following lemma for PCOTSP,
as the proof is identical to the one for PCTSP.

» Lemma 5 (Splitting off [8]). Let (z,y) be a feasible solution to the PCOTSP relazation
and let S CV\ O. Then we can efficiently compute another feasible solution (x',y") in which
yy, =0 forallve S, but y, =y, forallv ¢ S, and c(z’) < c(x).

Lemma 5 ensures that we can remove vertices from the support of x, without increasing
the cost of . Since we only split off vertices for which y is relatively low, we can afford
to pay the additional penalties if we set § = 1 — é (we will prove this in Section 3.1). We
proceed by sampling a set of trees based on (Z, 7).

» Lemma 6 ([8], following [5]). Suppose (x,y) is a feasible point in the s-t-stroll relaxation.
In polynomial time we can find a set of trees T and weights (u(T))rer such that (i)
Yorer MT) =1; and (i) Y orer.cepr WMT) S xe Ve € E; and (i) Y rer.pev iy MT) 2
Yo, Yo €V \{s t}; and (iv) all trees span s and t.

Lemma 6 can be used to sample a random tree of expected cost at most ¢(x) which contains
each vertex v with probability at least y, and is guaranteed to connect s to t. It is
straightforward to see that this can be achieved by choosing each tree T' € T with probability

w(T).

8 The separation oracle for the LP boils down to separating subtour elimination constraints. Hence the
LP can be solved in polynomial time using the ellipsoid algorithm.

7:5
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For each component (£;,9;) of our solution, we apply Lemma 6 and sample a tree T; as

we have described. Define T := Ui:lTi' Note that 7" is no longer a tree, and it might even
have repeated edges.

2.3.1 Pruning and Picking up

To get some intuition on the the following steps, suppose that we had to pay the penalty for
a vertex v if and only if v has not been sampled in 7. In Lemma 10, we will show that the
probability for this is at most e ¥, which gives us a bound of e~¥>7, on the expected penalty
cost of v. The LP however pays a (1 — y)-fraction of m,. We thus define the penalty ratio p,
f::v and define o as unique solution to the equation a(1—og) = e~%°.
With this, if ¥ = o9, we have p, = a, i.e., our expected penalty for v is at most o times the
LP penalty.

Note that in the PCTSP regime, e.g., in the result of [8], the probability that a vertex v
is in the (one) sampled tree is exactly y, which means that p, = 1 < « for every v. But in
our setting, the probability of a vertex not being sampled is [bounded from above by] e Yo,

of a vertex v as p, =

which intuitively means that the spare penalties are much more constrained, and the gains
would be more meager. Nonetheless, we show how to utilize the specific structure of our
problem to gain almost as much from pruning as in the setting of PCTSP.

We will now describe how we deal with vertices whose y*-value is smaller or larger than
oo. First, we consider those vertices for which y < oo (and thus p, < «). These vertices v
have some spare penalty ratio, which we utilize to prune v with certain probability.

For our pruning step, we need the following definition from [8]:

» Definition 7. For a fized LP solution (z,y), a tree T, and a threshold v € [0, 1], we define
core(T,~y) as the inclusion-wise minimal subtree of T that spans all vertices in V(T) N V.

Algorithmically, core(T,v) can be obtained by iteratively removing leaves v with y, < 7.
To prune a tree T; simply means to replace it by 7] = core(T};,y). We emphasize that
for pruning 7, we do not consider the local penalty values y; ., but the global values y,.
Furthermore, our construction ensures that s; as well as t; are part of the pruned tree T
(remember that y; =y; = 1). We will draw the global pruning threshold ~ according to a
suitable distribution D, which is defined by the following cumulative probability function:
F,(y) =Pr[y<y| = 1;%(761;9) We will prove in Section 3.1 that this ensures that the slack
in the penalty ratios is fully utilized.

We continue with those vertices for which y, > o9 and describe our pickup step. For
vertices v with y, > o¢, the penalty ratio is greater than «. In fact, their penalty ratio
becomes arbitrarily high as y;; approaches 1. Intuitively, this means that the probability
of these vertices to not be sampled is too high. We call these vertices critical and define
Voo ={v €V |y > 0o} We pick up these critical vertices with certain probability. That
means, we will probabilistically select some unsampled critical vertices and connect them to
our solution. We first describe how these vertices are selected and then give the details on
how we connect them.

Note that by our observation on p,, the chance for picking up a fixed unsampled critical
vertex v should increase with the value of y;. Our strategy is therefore the following: As
we did for our pruning threshold, we will draw a global pickup threshold o € [0, 1] from
a distribution D,. We then pick up all critical vertices whose y-value is above o, i.e., all
vertices in V, \ V(T).
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Algorithm 1 The Prize-collecting Ordered TSP Algorithm.

Input: An PCOTSP instance

Compute an optimal solution (z*,y*) of OLP

Split off vertices v € V' with y) <46

Sample k trees T1,... Ty independently using Lemma 6
Sample a pruning threshold v ~ D,

Prune each T; based on v to get T}. Let T" = Ule T!
Sample a pickup threshold o ~ D,

Pick up all unsampled vertices with y, > o to obtain 7"
Add a shortest odd(T")-join J to T” to get H

return an ordered tour obtained by shortcutting H

The distribution D, is determined by the cumulative probability function F, which we
state in the following. Choosing ¢ according to this function will ensure that for any v € V,,
the probability of being picked up is just high enough so that the expected penalty paid
for v is at most « times the fractional penalty 7, (1 — y*) paid by the LP solution. We will

formally prove this fact in Section 3.1. For now, we simply define F,(y) =1— % We
remark that by definition of oy, we have a(el_j,y) = eﬁs 8:? , from which it is easy to verify
: 0

that F, is indeed a cumulative probability function, i.e., F,(0¢) =0, F,(1) =1 and F, is
monotonously increasing on [0, 1]. To properly describe how we connect V, \ T to T, we
use the following definition from [13].

» Definition 8. Let X CY C V. An X-rooted spanning forest of Y is a spanning forest of
Y such that each of its connected components contains a vertex of X.

A cheapest X-rooted spanning forest of Y can be efficiently computed by contracting X,
computing a minimal spanning tree of Y in the contracted graph and then reversing the
contraction.

For our pickup step, we buy the cheapest forest Fp that spans V, and is rooted in
Vo NV(T). This forest Fp has two crucial properties: (i) after buying Fp, each vertex
v € V, \ T will be connected to T'; and (ii) Fp only spans vertices with y* > o. Property (ii)
follows immediately from the definition of Fp, and property (i) follows from the fact that
O CV,NT for any choice of o.

Finally, we remark that our pickup and pruning steps target the disjoint vertex sets
{veV ]y >optand {veV |0 <yl <og}, soneither step interferes with the other.

2.3.2 Obtaining an ordered tour

To turn 7" into a feasible tour, we first need to correct parities, i.e., we ensure that every
vertex has an even degree. Let H be the graph that is obtained by adding a cheapest odd(T")-
join to T”, where odd(T") is defined as the set of odd degree vertices of T”. Observe that
initially, each tree T; contains a path P; between o; and 0;41. Since all terminals o € O have
ya =1, all of these paths survive the pruning step. So the multigraph H still contains k
edge-disjoint 0;—0;11—paths which, taken together, form a closed walk C'. By removing C
from H, we obtain a graph whose connected components have even degree and can thus be
shortcut into cycles. Furthermore, since H was connected, each of these cycles has a common
vertex with C. Hence we can obtain a feasible tour of no greater cost than H by following
the walk C' and grafting in the cycles obtained by shortcutting the components of H \ C on
the way.

77
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3 Analysis of Algorithm 1

In this section, we prove Theorem 3. We will compare the expected cost of our computed
solution to the cost of the optimal LP solution (x*,y*). In particular, we compare the
expected cost of our computed tour to the cost of x* (Section 3.3) and the expected sum
of our incurred penalties to the fractional penalty cost defined by y* (Section 3.1). For a
derandomized version of our algorithm, we refer to the appendix.

In the following, we use (z*,y*) to refer to the optimal LP solution computed by the
algorithm, and (z,y) to refer to the LP solution after the splitting-off step.

3.1 Bounding the Penalty Ratios

In this subsection, we prove the following lemma:

» Lemma 9. The expected total penalty cost paid by Algorithm 1 is at most

a- > m(1—yp).

veV

We note that we can express the expected total penalty cost paid by our algorithm as
> vey ™o - Prlv &€ V(T")]. We can thus prove Lemma 9 by showing that for each vertex v,
the ratio Pr[v & V(T”)] /(1 — y;) is at most a.

Due to Step 2 in Algorithm 1, i.e., due to the splitting-off step, T” spans only vertices
whose y-value is at least 6. Vertices v with y* < 0 are therefore included in V(T") with
probability 0. However, our choice of § = 1 — é guarantees that for the vertices v with
Yy < 0, we have Pr[v ¢ V(T")] /(1 — y;) < 1/(1 — 6) = . To continue our analysis for the
remaining vertices, i.e., those with y; > 0, we show the following lemma:

» Lemma 10. Let v be a vertex with y; > 6. Then the probability that v is not in T is at
most eV .

Proof. By Lemma 6, the probability that v is not in 7; is at most 1 —y;, for any fixed
i € [k]. The probability that this happens for all i € [k] is at most

k k
HPr ¢ V(T, H —Yi,) < exp <— Zy;‘w) =e Vo, <
i=1 i=1

Note that the distributions from which ¢ and 7 are chosen guarantee that 6 < v < op < o < 1,
i.e., only vertices v with y* € [0, 0¢) can be pruned and only vertices with y* € [0, 1] can be
picked up.
Now consider a vertex v with y* € [0, 0¢). There are two cases in which we have to pay
v’s penalty: if v is not sampled, and if v is sampled but immediately pruned afterwards.
By Lemma 10, the probability of the former is at most e ¥, whereas the probability of
being pruned — given that v was sampled in the first place — can be bounded from above

by Prly > yi] =1 — F,(y}).” Our choice of F,(y) = w guarantees that the expected

7 The probability can be lower if one of the sampled trees has a vertex with higher y*-value in the subtree
rooted at v.
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penalty is just high enough:
Prv ¢ V(T")] _ (1=Prp e T)) +Prlv € T]- (1 - F, (y;))
-y - 1—y3
1P e TR @) _ 1-(1— e )F, ()
-y - -y

= Q.

Finally, consider a vertex v with y}; € [0¢,1]. This time, there is only one case in which we
have to pay the penalty for v: when v is neither sampled, nor picked up afterwards. Again,
the probability of not being sampled is at most e~¥ whereas the probability of not being
picked up — given that v was not sampled previously — is Pr{o > y*] =1 — F,(y}). Again,

our choice of F,(y) =1— % guarantees that
Pro ¢ VT _ e (- By(y) _
I-y;  © L-y; -

This concludes our proof of Lemma 9.

3.2 Parity Correction

In order to analyze the expected cost of both the parity correction step and of our final tour,
we first need to further investigate the structure of our computed solution and introduce
some additional notation. Recall that T denotes the union of all sampled trees and that it
includes the closed walk C', which is obtained by joining all s;-t;-paths P; C T;. Let R be

the graph that contains all remaining edges, i.e., the (multi-)graph induced by E(T) \ E(C).

While it is convenient to think of C' as a cycle, note that the paths P, ..., P, are not
necessarily vertex disjoint. However, we can guarantee that C is a Eulerian multigraph
spanning all terminals. In the same sense, R can be thought of as a collection of small trees
which are all rooted at the cycle C' (in reality, some of those trees may intersect each other).
In the following, we will call the edges of C' cycle edges and the edges of R tree edges. A
depiction of C' and R can be seen in Fig. 1.

When we prune the trees T; into T}, the paths P; are not affected (because the pruning
step guarantees that o; and 0;41 stay connected in 7). So our pruning step can only remove
edges from R. We thus define core(R,y) as the graph that is obtained by pruning all trees
in T with pruning threshold v and then removing the cycle C. We now partition the edge
set of R into layers. Intuitively, the i-th layer of R contains those edges that are contained
in core(R,~) if and only if v does not exceed some value 7;.

Let 1 > ... > ny be the y*-values of all vertices that might be affected by our pruning
step, i.e., {M1,...,me} ={yo |v €V and 0 <y, < o0} U{op}. By definition, we always have
m = og. Now let By = core(T,n1) and E; = core(T,n;) \ E;—1 for i = 2,...,¢. One can see
that Fy U E5 U...U Ej is a partitioning of E(R).

To be able to bound the cost of the cheapest odd(T")-join J , we define the following
vector

zi=pz+ Y (1—20,8)x" + max{0,1 - 280 }x"" (1)
1 2> 20
where 8 = 300%9. To simplify future arguments, we also define the two components z, and

2, of z, as specified in (1). We remark that the vector Sz + z, has been used (for a different
value of 3) in [8]. In Section 3.3, the cost of z will be used as an upper bound for ¢(.J). To
this end, we now prove the following lemma.

7:9
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» Lemma 11. z lies in the dominant of the odd(T")-join polytope.

Proof. First, observe that all coefficients z. are non-negative. We now consider an arbitrary
S C V for which |S Nodd(H)| is odd and show that z(4(S5)) > 1.

We begin with the case where S cuts the terminal set, i.e., where 0 < |SN{o1,...,01}| < k.
In this case, S separates at least two terminal pairs (0, 04,+1) and (045, 0;,+1), which implies
2(6(5)) > 2 and therefore 2(6(S)) > Bx(6(S)) > 1. In the following we can thus assume that
@#SQV\{Ol,...,Ok}.

Now suppose that 4(S) contains a pickup edge e = {u,v} € E(Fp) s.t. u € S and
v € S. Recall that Fp only spans vertices w with y,, > o > 09. We therefore have u € S C
V\{o1, ..., 0} which (by the connectivity constraints of (OLP)) implies z((S)) > 2y, > 209
and therefore z(4(5)) > Bz(6(S)) + max{0,1 — 280¢} > 1.

It remains to show the bound for the case when §(S) only contains cycle and tree edges.
By a simple counting argument, one can see that |d7 (S)| has the same parity as |SNodd(T")|
and therefore must be odd. Now observe that by our assumption, |0z, (S)| = 0 and that
because C' is a Eulerian multigraph, |0¢(S)| must be even. If follows that §(S) must have an
odd number of tree edges. We finish our proof by marginally adapting an argument from [8].

First, we consider the case where §(S) contains exactly one tree edge e. This is only
possible if S includes a whole subtree T, of one of the trees in T’. Because this subtree T,
has survived the pruning step, e must lie in some layer F; for which n; > . Furthermore,
if e € E;, then T, must contain at least one vertex v with y, > n;, which implies that
x(6(S)) > 2nm;. So we have

2(8(8)) > B(0(S)) + (1 —2m;) > 28n; + (1 —2Bn;) > 1.

If, however, 0(S) contains at least three tree edges, we know that all vertices v € §
have y, > 6 and that each tree edge contributes at least (1 — 280¢) to z,. Therefore
2(6(8)) > 280 + 3(1 — 280¢) > 1. <

3.3 Bounding the Tour Cost

In this section, we show the following bound on the cost of our computed tour:
» Lemma 12. E[c¢(T")] < a- c(z*)
The total cost of our computed tour can be bounded from above by

E[e(H)] < B[(T")] +E[e(Fp)] +E[e(])];

Our bound on the cost of J is given by the cost of the parity correction vector z = Bx+2,+2,.
We start by analyzing the expected combined value of ¢(7”) and c¢(z,).

» Lemma 13. E[c(T") + c(2,)] < () (2 +a—a—(2+24)Bog + QQBJO) where & denotes
the approximation guarantee of the current best PCTSP algorithm.

The main idea of the proof of Lemma 13 is that the weight which each layer FE; is assigned
in z, is large when 7; is small and vice versa. At the same time, the chance for layer
E; to be present after pruning and thus to contribute at all to both z, and ¢(T”) is an
increasing function of 7;. By balancing out these two values, we obtain an upper bound or
the contribution of all layers in R to ¢(T") + c¢(2,). At the same time we take into account
that the cycle C only contributes toward ¢(7") but crucially not towards the cost of the
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()

Figure 1 (a) The graph T" after pruning and picking up critical vertices. The terminals in O
are drawn as black rectangles. The cycle C' is depicted in red, the surviving edges of R are drawn in
black and edges in Fp in green. The greyed out vertices and edges do not belong to T”. They have
either been pruned (the dashed vertices and edges), not sampled, or split off. (b) The same graph
T" with the various cuts that are considered in the proof of Lemma 11 drawn in different colors.
The dashed blue cut is an example for the case where 0 < |S N O| < k. The dashed pink cut shows
the case where a pickup edge (drawn in green) is cut. Note that even though the vertex in S was
not picked up itself, it is still part of Fp and thus must have a high y-value. The remaining two
cuts (drawn in brown and light blue) show the two cases where §(.S) contains an odd number of tree
edges.

parity correction vector. This is where we utilize our assumption that C' and therefore also
C can be lower bounded by a constant fraction of opt. For formally proving Lemma 13, we
need the following technical Lemma 14.

» Lemma 14. For % < oo <1, the function g(y) = Prly < y|(2 — 28y) attains its mazimum
value over the interval [0, 0¢] at y = oy.

Proof. First, observe that Pr[y < y] = F,(y) = 1_13(7;—_1}4) and therefore g(y) = 2F,(y)(1—PBy).
The claim follows from proving that g is monotonously increasing on [¢, og] by showing that

its derivative is strictly positive:

390 = )1~ By) ~ BF, ) = £,)(1 ~ o) — 5
> a(l - fog) — B @)
o 3)

where f., denotes the density function of . In (2) we used that for y € [0, o¢]

« e Y « e Y
= (1-a(l- = — F(y)———
Hy) =1—= 10— y))(lfe,y)2 o DW=
afe*yi +cv71>
“l_ev YTaw_1=%

Furthermore, (3) follows because o and § are determined by og:

e~ %0 1 1

0 a,and B EY—"

o =
1—00,
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By plugging in these dependencies we obtain the expression

e 7% 1 e 7%
a(l — fog) —f=a—Flacy+1) = T —on  3oo_ 13 (1_00004—1),
e_ %0
T—og

which has a positive value if g € (%, 1). <

Proof of Lemma 13. Our analysis follows the basic approach from [8], but distinguishes
between the cycle C' and the remaining part R of the sampled solution T to leverage the
lower bound on the the cost of the cycle, which we get by running the simple algorithm from
Section 2 in parallel. Another difference to [8] is that T is not a single tree, but consists of k
distinct sampled trees, which requires some additional notation.

Let 7 = 71 X ... X T, denote the set of all possible outcomes obtained by sampling
the k trees as described in Section 2. One can see that the probability of a fixed outcome

7= (Ty,....,Tx) € T is p(m) = Hul( i)andthatz,u() 1.

Recall that technically, the subgraphs C,T as well as the layers F; depend on the
combination of sampled trees m. We therefore write, e.g., C; to refer to the concrete cycle C
that arises from sampling the trees T; in 7 = (T4, ..., k). Now

E[c(T") + ¢(zy)] S E[c(O)] + ¢(R') + E[c(z4)]

Il
™
=
=
—
a
=
=
™
&S
S
[\

2
N
~

= plm) +ZPr il (2 —261;) ¢(Ei )

= 3 ulm) (e(Cx) + 9(00) (e(T) — e(C))
- p(m) (g(UO)C(T;’) = (f(o0) = 1)6(0”))

€T
< g(o0)e(x) — (9(o0) = 1)¢(C) = 2(1 = Bog)c(z) — (1 = 2800)¢(C).

In (4) we used the fact from Lemma 14 that g(n;) is maximized at 7; = o¢ and that the
layers E; . partition the edge set of R,. Now recall that we may assume that c(é’) >
(a — &)optpeorgp = (a — &)c(x), which yields a bound of

E[c(T") + ¢(z)] < 2(1 = Bog)e(z) — (1 — 2800)c(C)
z) (2 — 2800 — (1 — 2800)(a — a))

< ¢(
c(x) (2 —2B0g — o+ & + 2aBog — 2aﬁoo)
(

c :E)<2+o¢fa—(2+2a)600+2aﬂao) <
We will next analyze the cost of Fp, in Lemma 16. The proof builds on the following theorem.

» Theorem 15 (Béhm et al. [13]). Let X C U C V. Furthermore, let S C U\ X be a
randomly chosen subset such that Priv ¢ S| < p for each v € U\ X. Let Fx and Fxys
denote the cheapest X -rooted spanning forest and the cheapest (X U S)-rooted spanning forest
of U respectively. Then E[c(Fxus)] < p-c(Fx).
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» Lemma 16. For a fized value of o € |00, 1], the cost of Fp is at most e: cc(x).

Proof. We invoke Theorem 15 with U =V,, X = O and S = (V, — O) N V(T). Recall that
our pickup forest Fp is the cheapest V, N V(T) rooted spanning forest of V, and observe
that V, NV(T) = X US. By Lemma 10, each vertex v € U\ X is not sampled (and therefore
not in S) with probability at most e~?. It remains to show that the cost of the cheapest
O-rooted spanning forest of V, is at most C(‘”)

As we have already observed in Section 2 the cost of the cheapest O-rooted spanning
forest of V, is equal to the cost of a minimum spanning tree in the graph obtained by
contracting all vertices of O into a single vertex r, i.e., on V" = (V, — O) U{r}. Furthermore,
we have also observed that by applying the very same contraction to our solution (z,y),
we obtain a feasible solution (z',y’) to the (non- ordered) PCTSP relaxation. By splitting
off all vertices in V' — V,, and scaling up by a factor of = we obtain a vector z” for which
2'(0(s)) > 2 for all B #£ S C V" ie., a feasible pomt in the dominant® of the subtours
elimination polytope of V.

The cost of the minimum spanning tree on V* is therefore at most ¢(z”) < Lc(z), which
concludes the proof. <

Equipped with this upper bound, we can now bound the ezpected cost of Fp, utilizing the
density function f,(y) = d%FU (y) = aye? and integrating over the range [op, 1] from which
o is drawn:

1
Elc(Fp)] = c( / foly —dy = ac(x )/ 1dy = a(1 — gg)c(x) = e 7c(x). (5)

For the last equality we have used the definition of oyg. We emphasize that by randomizing
the choice of ¢ instead of flatly using o = 0, we have gained a factor of oy. In a similar way,
we can use Lemma 16 to compute the expected cost of z,.

» Lemma 17. E[c(z,)] = ac(x) (4ﬂ o) —l—,@UO)

Proof. Note that when o > then z, is by definition the zero-vector. We compute

2[5’
E[e(z,)] = E[max{0,1 - 280 }e(x™)] = c(x) / i fa(y)e_y(l;wy)dy
= ac(z) /j(l — 2By)dy = ac(x) (26 o0 — 2ﬁ/ y dy>
zac(m)<21ﬂ—ao—26<8;2—020)>—a()(415 ao+ﬂoo> <

Finally, we are able to combine the bounds on the various parts of ¢(H ), and obtain our final
upper bound on the expected tour cost:

E[c(H)] <E[e(T")] +E[e(Fp)] +E[c(J)]
=E[e(T") + ¢(21)] + E[c(Fp)] + E[e(25)] + Be(x)
<c(x )(2"‘@‘*‘5—@—(2+204)ﬂ00+204500+6_ °+@—a00+aﬁag).

8 Tt is possible to obtain a feasible point in the polytope itself by applying a sequence of splitting-off
operations.
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Note that the values of § and og are functions of . We therefore can express our upper
bound as E[c(H)] < c(z*)f(a,&). By Lemma 9, Algorithm 1 pays at most o times the
penalty incurred by («*,y*). Running Algorithm 1 with § and o determined by the single
parameter « thus yields an approximation factor of max(a, f(«, &)). Recall that the value
of & is currently slightly below 1.599. For & = 1.599, the term max(a, f(«, &)) is minimized
at o &~ 2.096896 < 2.097. In fact, if we set o = 2.097, the term evaluates to 2.097.

For o« = 2.097 and & = 1.599, we have § ~ 0.548775 and o ~ 0.781790. Thus we have
proven Theorem 3.

4  Prize-collecting Multi-Path TSP

PC-Multi-Path-T'SP can be modeled as the following linear program.

k
minimize >N cemie+ Y, m(l—yy)

ecE i=1 veEV =T
k (kLP)
subject to Yo = Zym YveV
i=1

(x;,y;) lies in the s;-t;-stroll relaxation Vi € [k]

Similar to [13], we describe two algorithms for the problem and show that an appropriate
combination of the two algorithms gives an 2.41-approximation.

In one algorithm, (which we call Algorithm A), we first sample k trees using Lemma 6 and
an optimal solution (z*,y*) of (KLP), where tree T; connects terminals s;,¢;. The remaining
vertices are picked up in a probabilistic fashion akin to Algorithm 1, i.e., we choose a random
threshold o € [0(,1] and buy a (V, N Ule V(T;))-rooted spanning forest Fp of V,. Here,
oy is a constant whose value will be determined later. Then we double every edge that does
not, for any 4, lie on the s;-¢; path in T;. This gives a tour H4. Define A := > ¢(s;,t;) and
7= C(ﬁ*). Then it is easy to see that

c(Ha) < 2c(z*) 4 2E[c(Fp)] — A.

One can already see that intuitively, this yields good results whenever A is large.
Now we define the distribution from which o is drawn. We choose o s.t. Prjo < y| = F/(y)
Y(1—
where F(y) =1 — -5 U=%)_ Note that except for the constant o7, this is exactly the same

70 (1)
distribution that we used in Algorithm 1. In fact, if we define p = %, we obtain
0
Fl(y)=1- % (compare this to F,,(y) =1 — a(el__yy) ), so any result about F,, obtained in

the previous setting carries over to F if we replace a by p. We remark that we use the symbol
p instead of o’ because unlike in the previous case, p will not be our final approximation
factor.

We can thus bound the expected cost of Fp in the same way as we did for PCOTSP.
This is possible because the distribution F, as well as the (lower bound on the) probability
of a vertex v € V, being sampled at least once are the same as in Section 3.3.

JRiv
/ [eg
value of o, and then we compute the expected cost ]E[C(Fp)} = e~ 70 by integrating over

the range [0y, 1] from which o is chosen as we have done in Equation (5). This gives us the
following upper bound on the expected tour cost:

First, we prove an equivalent of Lemma 16, i.e., we show that ¢(Fp) = for any fixed

c(Ha) < (2 + 2% — n) c(z*).
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Furthermore, by similar reasoning as in Section 3.1, we know that the expected total
=70
;70(’)

penalty paid by this algorithm is at most p = times the fractional penalty cost incurred

by (z*,y*).

Now we give a simple Algorithm B that works well when 7 is small. Contract all the 2k
terminals into one mega-vertex w with penalty oo, solve the PCTSP LP for this instance,
and sample a single tree T' from the solution, using Lemma 6. In the original graph, T
corresponds to a T-rooted forest of cost at most ¢(z*) that contains each vertex v with
probability at least y,. Now double every edge of T' (obtained in the original graph), and then
add the k edges {s;,t;} to get a final solution Hp. It is easy to see that ¢(Hp) < (2+n)c(x™*)
and that the incurred penalty is no higher than the fractional penalty cost of (z*,y*).

Running both algorithms A and B and returning each solution with probability %, yields
a tour of expected cost % < (24 €79) - ¢(2*) and an expected total penalty cost
of at most

1/ e 9
- 1) - 1—yk).

veV-T

The approximation ratio that we get from combining both algorithms is

, 1( e 9
maxs 2+e 70, — ¢ +1]) 5,
2\1-o0)

which is minimized at oy ~ 0.892769. This yields an approximation guarantee slightly
below 2.41, proving Theorem 4. We remark that both algorithm A and algorithm B can be
derandomized in the same fashion as Algorithm 1.

5 Derandomization

In this section we discuss how our algorithm can be derandomized. Note that we used
randomization for the choice of the thresholds ¢ and ~, as well as for sampling the trees
Ty, ..., Tg.

For the thresholds, we follow the approach of [8]: since the thresholds are used to prune
(pick up) vertices whose y-value is below (above) the respective threshold, we may generate all
possible outcomes by running our algorithm once for each pair of values v, € {0,1} U {y, |
veVi.

The sampling of the trees 17, ..., Ty can be derandomized using the method of conditional
expectations, as it is done in [4].

The basic idea is to iteratively fix the trees T; := T} for ¢« = 1,..., k, while minimizing
the conditional expectation

E [e(T") + c(Fy) +c(J) | Th =17, ..., T, =T;]

o, Tit1,.., Tk
at each step. The expected conditional costs of 7" and F), can be computed in a similar
manner as it is done in [4], whereas the expected conditional cost of J can be bounded by a

linear combination of the expected conditional costs of T” and F},, and the costs of 2* and C.

Thus, the conditional expectation can be computed efficiently each round.

6 Discussion

The PCOTSP, as a generalization of both PCTSP and OTSP, poses the challenges of each
of the individual problems plus new challenges. The best approximation algorithms for
OTSP ([13, 4]) both pick up vertices which have been left out of sampling, which imposes a
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cost of 2 over the solution. In the latest PCTSP result ([8]), the cost of parity correction
is slightly below 0.6. So even if we simply add up the overheads of the two problems for
parity correction and vertex pickup, the approximation factor would be close to two. But a
straightforward application of the techniques from the latest results on Ordered TSP and
Prize-Collecting TSP to PCOTSP actually leads to an approximation factor much higher
than 2. This is because in PCOTSP the sampling probability for each vertex is lower than
both PCTSP and OTSP; this makes pickup more expensive. Together with the need for
parity correction for the picked up vertices, this also makes parity correction more costly
than PCTSP.

It is not difficult to see that for the special cases of PCTSP, OTSP, our algorithms
produce the best previously-known approximation factors for these problems. For example,
when k£ =1, PCOTSP is simply PCTSP. In this case, the cycle length over the one vertex is
zero, and the output of our algorithm would be no worse than the output PCTSP algorithm
of [8] on the remaining vertices. Likewise, setting all penalties to oo turns PCOTSP into
OTSP (and thus all y values are 1). Thus all vertices that have not been sampled will be
picked up (i.e., o = 1), and no vertex is split off. This is equivalent to the algorithms of
[13] and [4]. In a similar vein, setting all penalties to oo turns PC-Multi-Path-TSP into
Multi-Path-TSP, and here our algorithm would do the same as the factor 2.367 algorithm
of [13]. Their factor 2.2131 algorithm, however, does not directly carry over to our setting.
The issue is that in the prize collecting setting, we require a picking-up step which leads to
additional costs exceeding the additional gains as soon as we have to sample more than one
tree.

The distributions used in this article have been carefully balanced to achieve the target
approximation factor; it seems unlikely that their further tuning leads to better factors. It is
an intriguing open question whether the problem admits an approximation factor of 2 or
below, which we believe requires improvements of at least one of PCTSP or OTSP.
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