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Preface

This thesis contains previously published material [P1-P3], which includes most of
the central results and, in part, elements of the theoretical framework. Portions of
these works are reproduced here either verbatim or with minor edits for clarity and
consistency with the present narrative. Sections that correspond to these publications
are marked in the headings with the corresponding reference. The bibliography entries
are marked with a P as prefix. In addition, I also contributed as a co-author to Ref. [P4].
As the topic is not central to the aims of this thesis, the work is not included in the
following chapters.

This work is mainly numerical in nature, and the calculations were performed us-
ing established software, as well as codes that I developed [C1, C2]. Software used
throughout this work is referenced using a C as prefix in the bibliography.
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1 Introduction

“The purpose of computation is insight, not numbers”
— R. W. Hamming [1]

Strongly correlated electron systems are among the most intriguing and challenging
subjects in condensed matter physics. In these materials, electron-electron interactions
are comparable to (or larger than) the characteristic kinetic energy scales, so that
the electronic degrees of freedom cannot be described in terms of nearly independent
quasiparticles as in conventional metals and semiconductors.

As a consequence, correlation effects drive qualitative changes in the low-energy
electronic structure, giving rise to phenomena such as Mott localization, unconventional
magnetism, and emergent collective states. Beyond their fundamental importance
for quantum many-body physics, strongly correlated materials underpin a range of
technologically relevant platforms — from transition-metal oxides and heavy-fermion
compounds to high-temperature superconductors and candidate quantum spin liquids.
Capturing their behavior therefore requires theoretical and computational approaches
that go beyond standard band theory and explicitly account for the interplay between
local Coulomb interactions, itinerancy, magnetism, and the lattice geometry.

Historically, the theory of electronic structure, i.e., the band theory of itinerant elec-
trons, developed along two complementary directions. On the one hand, simplified
many-body models were formulated to isolate and clarify the essential mechanisms of
electronic correlations; on the other hand, ab-initio approaches aimed at computing
energy spectra and material-specific properties of real compounds from first princi-
ples. For correlated materials, bridging these perspectives is indispensable. It has long
been recognized that, in transition-metal compounds and alloys with narrow d- or f-
derived bands, the local Coulomb interaction competes with kinetic delocalization on
comparable energy scales. As a result, even small changes in crystal structure, stoi-
chiometry, chemical substitution, or applied pressure can drive qualitative changes in
the low-energy electronic structure.

From a computational perspective, density functional theory (DFT) is uniquely suc-
cessful for ground-state properties of weakly correlated materials, yet its standard
semilocal approximations underestimate correlation effects in narrow bands and are,
by construction, eigenvalue theories rather than Green’s function theories for spectro-
scopic observables. Embedding ideas that combine DFT with many-body treatments
address these limitations by adding frequency-dependent self-energies to selected sub-
spaces while retaining the material specificity of ab-initio electronic structure. Among
these, dynamical mean-field theory (DMFT) has emerged as a controlled nonpertur-
bative framework for local dynamical correlations in realistic materials. In DMFT, the
lattice problem is mapped onto a quantum impurity embedded in a self-consistent elec-
tronic bath; the associated local Green’s function G and self-energy ¥ encode quasipar-
ticle renormalization, spectral weight transfers, Kondo screening, and Hubbard bands.
In metals, this provides a natural language for mass enhancements, lifetime effects,
and the frequency dependence of response functions that are essential to a quantitative
description of correlated transition metals and their alloys.



1. Introduction

Materials of technological relevance often introduce a second, equally fundamental in-
gredient: configurational disorder. Even in nominally simple alloys, random occupation
of lattice sites modifies scattering rates, redistributes spectral weight across the Bril-
louin zone, and smears fine features of the Fermi surface; at larger disorder strengths,
localization tendencies may develop and qualitatively alter transport properties. On
the theory side, the coherent potential approximation (CPA) offers a self-consistent
effective-medium description that captures configurational averaging at the single-site
level while preserving translational invariance. Combining CPA with DMFT leverages
a common single-site structure and yields a natural platform to treat local dynamical
correlations and substitutional disorder on equal footing, enabling realistic studies of
correlated disordered metals and superconductors.

This thesis builds on these methodological pillars — charge- and self-energy self-
consistent DFT4+DMFT implemented with a multiple-scattering basis and its CPA ex-
tension — to elucidate correlation and disorder effects in transition-metal systems. The
starting point throughout is a general multi-orbital lattice Hamiltonian that separates
one-body band formation from on-site interactions, written here in second-quantized
form as

Z Z Z tmm Ajmaé]m e+ = Z Z Z Umm 'm/ m’”czmacjm U/sz///o'/éimllo') (11)

ij mm’ O i {m} {0}

where tg”” encodes the hopping (and crystal-field) amplitudes between orbitals m, m’

on sites 7, 7, while the local interaction tensor U,,,/mmm parameterizes intra- and
inter-orbital Coulomb repulsion and Hund’s exchange.

Outline

The thesis is organized as follows. The first two chapters, Ch. 2 on density functional
theory and Ch. 3 on the exact muffin-tin orbitals (EMTO) method, are a concise
literature synthesis: they consolidate well-established results and standard formula-
tions from the existing literature, with the primary aim of fixing notation, conven-
tions, and baseline assumptions used throughout the thesis. Building on this founda-
tion, Ch. 4 introduces dynamical mean-field theory (DMFT) as an extension of DFT
suitable for correlated materials. Two impurity solvers used in this work are then
presented in Chs. 5 and 6, namely the spin-polarized T-matrix fluctuation-exchange
(SPTF) approximation and the continuous-time quantum Monte Carlo method in the
hybridization expansion, respectively. The second methodological pillar concerns sub-
stitutional disorder, discussed in Ch. 7. Its combination with local electronic correla-
tions, DMFT+CPA, and the fully self-consistent LDA+DMFT workflow are detailed in
Ch. 8. Practical aspects of analytic continuation, essential for accessing real-frequency
observables, are reviewed in Ch. 9. Applications follow in the second part of the thesis.
Chapter 10 analyzes superconducting transition temperatures in V and V-Ti alloys
by providing LDA(CPA)+DMFT input to McMillan theory. Chapter 11 investigates
quasiparticle Fermi surfaces in Nb and Nb—Ti at high pressure using the same method-
ology. Finally, Ch. 12 examines the emergence of correlated states at an oxide interface
(LaAlO3 and SrTiOs), highlighting the interplay between disorder and correlations in
low-dimensional settings.



2 Density functional theory

Density functional theory (DFT) provides a framework to compute ground-state equi-
librium properties of an interacting many-electron system given the existence of func-
tionals of the electron density n(r) rather than of the many-body wave function. This
shift of viewpoint traces back to early statistical models of atoms due to Thomas
and Fermi, who proposed a local relation between n(r) and the kinetic energy [2, 3].
While the Thomas—Fermi approach captured trends across the periodic table, its lack
of explicit presence of quantum numbers in the functional form and leads to a poor
description of bonding. Important refinements followed — Dirac’s local exchange for
the uniform electron gas [4] and von Weizsicker’s gradient correction to the kinetic
energy [5] — but a general, exact variational principle in terms of n(r) remained elusive.

The conceptual breakthrough was provided by Hohenberg and Kohn (1964), who
established that (i) the external potential, and hence the Hamiltonian, is a unique
functional of the ground-state density, and (ii) a universal energy functional attains
its minimum at the true ground-state density [6]. These results, now known as the
Hohenberg-Kohn (HK) theorems, recast ground-state quantum mechanics as a density-
only variational problem. Shortly thereafter, Kohn and Sham (1965) introduced a
practical route by mapping the interacting system onto an auxiliary system of nonin-
teracting fermions reproducing the same n(r) [7]. The price for this reduction is an
exchange-correlation (XC) functional, F,.[n], that must be approximated.

The first widely used approximation was the local-density approximation (LDA),
which integrates the XC energy density of the uniform electron gas at the local value
of n(r). Modern LDA parameterizations rely on quantum Monte Carlo data for
the electron gas [8, 9]. Systematic improvements followed: generalized-gradient ap-
proximations (GGAs) include Vn information and significantly improve binding, sur-
face energies, and chemisorption trends [10]; meta-GGAs incorporate kinetic-energy-
density ingredients and can capture intermediate-range correlation improving the con-
straints [11]. For systems where nonlocal exchange is essential (e.g., wide-gap insula-
tors, molecules), hybrid functionals admix a fraction of exact exchange, either globally
or in a screened, short-range form [12, 13]|. Long-range dispersion, missing in semilocal
forms, is now routinely included via nonlocal correlation functionals and atom-pair
dispersion corrections [14, 15].

These developments transformed DFT into a quantitative tool across condensed mat-
ter physics, materials science, and chemistry. It provides reliable ground-state struc-
tures, cohesive and formation energies, elastic constants, and phonon spectra for a
vast class of systems at computational costs that scale favorably with system size [16,
17]. At the same time, DFT’s accuracy is controlled by the XC approximation: com-
mon semilocal functionals underestimate band gaps, struggle with strongly localized
d/f electrons, and historically underestimated van der Waals interactions [18]. Such
limitations motivate extensions that embed additional physics, including DFT+4U for
static on-site correlations [19], hybrid and GW-based quasiparticle methods for ex-
cited states, and DFT+DMFT for dynamical local correlations in metals and Mott
systems [20].

With this historical and methodological context in place, we now turn to a compact
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statement and discussion of the Hohenberg—Kohn theorems and their implications for
practical electronic-structure calculations.

Density Functional theory (DFT) is based on a series of theorems according to which
physical properties of a many-particle interacting system can be described using the
one-particle electron density n(r). Consider N electrons subject to a local external
potential v(r) (typically the electron—nuclear attraction within the Born—-Oppenheimer
approximation). The electronic Hamiltonian in atomic units (h = e = m, = 4meg = 1)
for such a system reads

(2.1)

where T is the kinetic energy of the electrons, V' describes the external potential caused
by the nuclei, and U describes the electron-electron repulsion energy. The one-particle
electron density for a many-particle wave function ¥ is then given by

n(r) = (V|a[¥) = WIZ“—MI%
(2.2)

— NZ/drg /drN|‘Il T, o0 T, 09; . T o)
{o:}

In contrast to the high-dimensional many-electron wave function (with 3N spatial
variables plus spin coordinates), the spin-summed density n(r) depends only on three
spatial variables [21, 22]. Conceptually, DFT trades the full wave function for the
one-body density, i.e. the diagonal of the first-order reduced density matrix. The
Hohenberg—Kohn theorems state that the ground-state density uniquely determines
the external potential and that there is a density-only variational principle for the
ground-state energy. Consequently, DF'T provides controlled access to the total energy,
the density, and observables obtained as derivatives of the energy functional. This
reduction is particularly advantageous for large systems, where solving the many-body
Schrodinger equation directly is computationally impractical.

2.1 The Hohenberg-Kohn theorems

According to the first theorem of Hohenberg and Kohn, there is an injective corre-
spondence between the (nondegenerate) ground state electron density ny and the local
external potential V.. This mapping immediately leads to the fact that the Hamil-
tonian H as well as the ground state wave function Wy(r) are completely defined by
knowing the one-particle density n(r). The classic proof proceeds by contradiction:
assume two distinct external potentials v and v (differing by more than a constant)
yield the same ng(r) with ground states |¥y) and |Uf). Rayleigh-Ritz applied twice
then implies

By < (W A1W5) = By + [ dr [o(r) = o/ (r)] no(r) (2.3)

and symmetrically

El < By + / dr [/ (1) — v(r)] no (), (2.4)
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which is impossible when added. Thus the mapping ny — v is injective (modulo
constants). In the case of a degenerate ground state the statement is refined using
ensembles: the density still determines the set of external potentials producing it and
all ground-state expectation values remain functionals of ny within ensemble DFT [23,
24].

The second Hohenberg and Kohn theorem states that the ground state energy Ej is an
energy functional of the ground state electron density ng and is defined by minimizing
the energy functional [22]. Define the energy functional at fixed v as

E,[n] = (U|H|¥) = F[n] 4+ V[n], F[n] universal, (2.5)
with the external functional

Vin] = /d'r v(r)n(r). (2.6)

and the universal functional F'[n], which collects the kinetic and interaction energies in-
dependent of v(r). The HK variational principle states that F,[n| attains its minimum
at the physical ground-state density ng, with the ground-state energy Fy as minimum

value, i.e.
Ey = Ey[ng] = min E,[n]. (2.7)

To turn Egs. (2.5) to (2.7) into a mathematically precise problem one uses the constrained-
search formulation due to Levy [25, 26]:

Fln] = min (V|7 + U|¥) = T[n] + U[n], (2.8)

—n

where the minimization is over all antisymmetric N-electron wave functions yielding
the prescribed density n(r). Equation (2.8) (i) bypasses the v-representability issue by
working with the broader set of N-representable densities and (ii) ensures universality
of F.

A complementary convex-analytic formulation due to Lieb expresses F' as a Legendre—
Fenchel transform [23]:

Fln) = sup {E _ /drv(r)n(r)}, B, = inf (¥[H[]|D). (2.9)

which makes convexity and lower semicontinuity of F' explicit. In particular, the den-
sities are nonnegative and normalized (n(r) > 0, [drn(r) = N) and are sufficient
regularity to ensure finiteness of both F[n] and the pairing [ dr v(r)n(r) (precise con-
ditions are detailed in [23]). In this setting, the subgradients of F' at a given density
correspond to external potentials v(r) determined up to an additive constant, reflecting
the irrelevance of shifting v by a constant [23].

Imposing particle conservation via a Lagrange multiplier 4 and performing a density
variation of the energy functional,

§E[n] =0, (2.10)

with the secondary condition

/dr n(r) =N, (2.11)
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leads to the Lagrangian

Lln, 4] = (/drn ) (2.12)

The constrained condition 0 E[n] = 0 with [ drn(r) = N then is equivalent to requiring
stationarity of £ with respect to independent variations of n and u. Thus,

5 {E[n] - u(/ drn(r) — Nﬂ — 0, (2.13)

where variation with respect to u returns the constraint, and variation with respect to
n yields the Euler equation [21]:
dF[n]
on(r)

+o(r) = p, (2.14)

The multiplier 1 equals the ground-state chemical potential, y = 0E/ON]|,, and con-
trols the normalization. Equation (2.14) is exact but not directly useful unless a
tractable approximation for F'[n] is available; this motivates the Kohn—Sham reduction.

2.2 The Kohn—Sham scheme

Kohn and Sham introduced an auxiliary system of non-interacting fermions in an ef-
fective local potential vkg(r) chosen such that its ground-state density equals that of
the interacting system [7]. The universal functional is decomposed as

Fn] = Tuln] + Uln] + Ege[n], (2.15)

where T,;[n| is the non-interacting kinetic energy,

n(r’
/dr/d’ 'r—'r’| /drn r)vg([n],r), UH([n],r):/dr'|T(_2,|
(2.16)
is the classical Hartree energy [22], and the (unknown) exchange—correlation functional
E.c[n] collects both the many-body correction to the kinetic energy and the Coulomb
contribution beyond Hartree. We can now rewrite the total-energy functional in terms

of the Kohn-Sham decomposition as

E,[n] = T,i[n] + ;/dr n(r)vg([n], r) + Eucn] + /dr n(r)v(r). (2.17)

To make Eq. (2.17) operational, we represent the density by N orthonormal single-
particle orbitals {¢;} of the auxiliary non-interacting system,

n(r)= > [¥(r) (2.18)

€5 <€R

and write the non-interacting kinetic energy as

_ 1 Z/drw () V20, (). (2.19)

€5 <€R
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The ground state follows from a constrained minimization over orbitals,

J

Efn] - (/ dr | ()2 — 1)] —0, (2.20)

Jj=1

where €; are Lagrange multipliers enforcing [ dr |¢;|> = 1 [27]. Using the expression
(2.18) for the density n(r) and the chain rule, functional differentiation with respect
to 17 yields the single-particle Euler-Lagrange equations

=592+ ues(ln, )] w3(r) = 05() (221)

i.e., the Kohn-Sham equations for non-interacting electrons in the effective local po-
tential [7, 22]. Equation (2.21) takes the form of the Schrédinger equation for non-
interacting electrons in the potential vxg and the Kohn-Sham orbitals ;.

Comparing the Euler equation (2.14) evaluated with the interacting functional (2.17)
to the corresponding Kohn-Sham stationarity condition,

Exsln] = Toln] + / dr n(ryvgs([n], ), (2.22)

gives an explicit expression for the effective potential. Formally,

dB,[n]  0Tw[n]  oU[n] = dEu.[n]  6V]v, n]

on on + on + on + on M (2:23)
0Bks[n]  0T[n]  0Vivks, n]
sn on on — (224)

so the common kinetic term cancels and we identify

vrs([nl, 1) = v(r) + /d'r’ y:?gq + 6E§;[n] (2.25)
using
5U[n] ’ n(r’) o B 5Exc[n]
on - /d’l" |r — 'r’| - UH([n]7 T)7 Umc([nLT) = on . (226)

Equation (2.25) becomes the standard decomposition of the potential known as the
Kohn—Sham potential

vrs([n],r) = v(r) +vg(n], r) + ve([n], 7). (2.27)

The unknown object is no longer the full universal functional F'[n] but the exchange-
correlation energy: the Kohn-Sham formulation shifts the problem to determining
E..[n]. Tt gathers the many-body correction to the kinetic energy and the electron-
electron interaction beyond Hartree. The associated potential is v,.([n], r), which en-
ters the effective Kohn-Sham potential via Eq. (2.27). In typical ground-state calcula-
tions the absolute magnitude of E,.[n] is smaller than the leading pieces T,,;[n] and U[n],
yet it controls chemically relevant energy differences (bonding, reaction barriers, band
gaps) and therefore must be approximated with care [17, 22, 28, 29]. According to the
first Hohenberg-Kohn theorem, the ground-state density n(r) uniquely determines the

7
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external potential up to an additive constant. In the auxiliary non-interacting problem
this implies a one-to-one correspondence between n and vig (again up to a constant).
Because vig and the orbitals ¢; are linked by the single-particle equation (2.21), the
orbitals themselves are density dependent in the self-consistent solution. Concretely,
the Kohn-Sham scheme can be written as a fixed-point problem for the density and
the ground state satisfies the self-consistency condition n’ = n.

In pure Kohn-Sham DFT the Coulomb energy is partitioned as Uln| + E,.[n] by
definition, so Eqs. (2.17) and (2.27) contain no redundancy. The term double count-
ing arises when an explicit many-body interaction or self-energy is added on top of
DFT (e.g., DEFT+U or DET+DMFT): part of the local electron—electron interaction
is then included twice: once implicitly through F,.[n] and a second time in the added
interaction. To compensate, one subtracts a double-counting term,

o 6Edc
~ on(r)’
where common choices for Fy. include the fully localized limit (FLL) and around-mean-

field (AMF) forms in DFT+4U; in DFT+DMFT several prescriptions exist and a unique
exact form is still under debate [20, 30-32].

EPFTHMB _ g n] + Eint — Eae, Vge(T)

(2.28)

2.3 Approximate exchange correlation functionals

The Kohn-Sham formulation reduces the many-body problem to a one-body equa-
tion in an effective local potential, Eq. (2.27), by introducing a universal exchange—
correlation energy FE,.[n]. The most crucial step in DFT is to approximate this un-
known exchange-correlation energy E,.[n] and its functional derivative v,.([n], 7). Over
six decades a hierarchy of approximations, the so-called Perdew’s “Jacob’s ladder” [29],
has been developed, climbing from the uniform electron gas (UEG) to fully nonlocal,
many-body levels, as illustrated in Fig. 1. Each rung adds new ingredients (density
gradients, kinetic-energy density, exact exchange, response functions) while striving to
satisfy exact constraints (uniform scaling, sum rules, spin-scaling, Lieb-Oxford bound,
correct asymptotics) and to recover the uniform electron gas limit [28, 29].

2.3.1 Local density approximation (LDA/LSDA)

The simplest and most important approximation is the local density approximation
(LDA), and its spin-polarized version LSDA, which replaces the inhomogeneous elec-
tron gas locally by the UEG:

B = [ drn(r) ePSn(r),  EEPMngng] = [ drn(e) s g (r),ny (1),
(2.29)
In LDA, the XC potential is purely local,
d UEG
VDA (], ) = T W) (2.30)
dn n(r)

and in LSDA it depends only on the spin-resolved densities n(7),n,(r) at the same
point 7 (no gradients or orbitals enter). The exchange is taken from Dirac’s uniform-
gas limit, while correlation is obtained from quantum Monte Carlo parametrizations

8
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Chemical accuracy

A
I {v} [
RPA, GW, DMFT |+ Many-body effects
| exe |
7
S PBEO, HSE, ... hybrid + Exact exchange
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= F@ TPSS, SCAN, ... meta-GGA + Kinetic energy density dependent
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&) +
<z [ v ]
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| nm |
PW92, PZ81, ... LDA/LSDA Density dependent

Hartree regime

Figure 1: Schematic representation of Perdew’s “Jacob’s ladder” of exchange-correlation
functionals [29]. The rungs represent successive improvements in the complexity and accu-
racy of the functionals. Each rung adds more detailed information about the electron density
and its derivatives, leading to better approximations of the exchange-correlation energy.

such as PZ81 or PW92 [9, 33]. Owing to its nonempirical construction and exact
uniform-gas form, LDA often yields cohesive energies and simple-metal properties that
are surprisingly reasonable, and its numerical stability makes it a reliable baseline in
solid-state studies [28, 29]. Nevertheless, the locality of v,. leads to overbinding and
underestimated lattice constants for many solids, poor reaction barriers and molecular
thermochemistry, and severe underestimation of band gaps. These failures are symp-
tomatic of self-interaction and delocalization errors as well as the absence of nonlocal
correlation [9, 24, 34].

2.3.2 Generalized gradient approximations (GGA)

Generalized gradient approximations incorporate the leading effects of inhomogeneity
through the reduced gradient, writing

ESCA) = / dr n(r) A (n(r), Vn(r)). (2.31)

The potential remains multiplicative and semilocal: v$%4(r) depends on n(r) and
Vn(r) but not explicitly on densities at distant points. Constraint-based designs such
as PBE and PW91 are ubiquitous in both chemistry and materials, and PBEsol restores
the second-order gradient expansion to improve equilibrium volumes and vibrational
properties in solids [10, 35, 36]. Compared to LDA, GGAs reduce the systematic
overbinding and generally improve structures and ionization energies while retaining
modest computational cost. Yet the semilocal form does not eliminate self-interaction
or restore the missing derivative discontinuity, so delocalization persists and long-range
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dispersion (attractive part of the van der Waals interaction due to correlated instan-
taneous charge fluctuations) is absent. Consequently, band gaps, barrier heights, and
weak interactions remain challenging [24, 34, 37].

2.3.3 Meta-GGAs

Meta-GGA functionals enrich the ingredient set with the positive kinetic-energy density

(1) =5 X V)P (2.32)

€j<exr

and, in some cases, the Laplacian V?n(r). This additional local information allows
the functional to recognize distinct bonding environments and to recover the exact
exchange limit for one-electron densities. The resulting potential is still a scalar field
in real space,

VICEA (1) = pe(n(r), Vn(r), 7(r), Vn(r)) (2.33)

xc

but it is implicitly orbital dependent through 7(7). Nonempirical examples include
TPSS and, more recently, SCAN, which imposes a wide set of exact constraints and
can distinguish metallic, covalent, and weak bonding; when combined with a nonlocal
dispersion correction such as rVV10, SCAN+rVV10 improves interlayer binding and
adsorption energies in layered and molecular crystals [38-40]. In practice, meta-GGAs
often refine formation energies, magnetic moments, and phase stabilities relative to
GGA while remaining far cheaper than hybrids. They can, however, be numerically
more sensitive to integration grids and density quality, and although band gaps are typ-
ically better than with PBE, the derivative discontinuity is still absent so fundamental
gaps may remain underestimated [24, 39)].

2.3.4 Hybrids and screened hybrids

To mitigate self-interaction and recover part of the derivative discontinuity, hybrid
functionals admix a fraction of exact (Fock) exchange into semilocal exchange,

EMP — o EFXX[{y}] + (1 — @) E5™i[n, Vn, ...] + EX™n, Vn, ...]. (2.34)

Because EPXX is orbital dependent, the exchange contribution enters as a nonlocal
operator 6E*X and the Kohn—-Sham equations are solved in the generalized Kohn—Sham
sense. PBEO is a widely used global hybrid, whereas HSE employs range separation
to screen the long-range part of Fock exchange, which is advantageous for extended
systems where screening is important [13, 41, 42]. Relative to semilocal functionals,
hybrids generally produce more reliable defect levels and semiconductor band gaps
and reduce delocalization errors in molecules and insulators. The computational cost
rises appreciably due to the nonlocal exchange, and global hybrids may overlocalize in
metals, so screened forms such as HSE are often preferred for solids [13, 42]. Long-

range correlation remains absent unless an explicit dispersion treatment is added [43,
44).

10
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2.3.5 Adiabatic-connection and many-body approaches

The adiabatic-connection formalism connects the noninteracting and fully interacting
systems at fixed density and, combined with the fluctuation-dissipation theorem, leads
to the random phase approximation for correlation,

ERPA — 217T /Ooo du Tr {ln(l - UXO(iu)) + UXO(iu)} : (2.35)

where xo is the Kohn—Sham response function [45, 46]. In practice, RPA is paired
with exact exchange (EXX+RPA), capturing dispersion and improving relative phase
energetics without empirical parameters, albeit at substantially higher cost than hy-
brids. On the same top rung of Fig. 1 one typically places post-DFT Green’s-function
and many-body methods: the GW family for quasiparticle excitations, with ¥ = iGW
yielding accurate band structures and fundamental gaps [47, 48], and DFT+DMFT,
which introduces a frequency-dependent self-energy for selected localized subspaces
to capture Hubbard physics and temperature-dependent spectral weights [20]. These
methods are not simple functionals of n(r), but they systematically add nonlocal and
dynamical correlation that is inaccessible to lower rungs; their main practical limita-
tions are computational expense and, for GW/DMFT, sensitivity to starting points,
interaction choices, and double counting.

2.4 Self-consistent Kohn—Sham cycle and convergence

The Kohn-Sham ground state is obtained as the fixed point of a nonlinear map from
densities to densities. Given an input density n(k)(r) one constructs the effective po-
tential

vics[n™](r) = v(r) + va[nP)(r) + vy [nV](r) (2.36)
solves the one-particle equations
[ = V22 + vs[n®)(r) |0 (r) = € 4P (), (2.37)
forms the output density
n® () = > |¢§k)(r)|2 (with partial occupancies for metals) , (2.38)
M <el)

and checks for self-consistency. If n®’ ~ n®) within a prescribed tolerance, the fixed
point n* has been reached; otherwise one updates the input via a mixing step and
repeats. The flow of this self-consistency cycle is illustrated in Fig. 2.

It is convenient to cast the SCF fixed point as a root-finding problem for the residual

R[n](r) =n'(r) — n(r), (2.39)
so convergence corresponds to R[n*] = 0. The simplest update, linear mixing,
n* ) (r) = n® (r) 4+ a R®(r) (2.40)

with 0 < a <1, is robust for small systems and wide-gap insulators but can be ineffi-
cient or unstable in metals and large supercells. The underlying difficulty, often called

11
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[Initialize density n(®) (r)]

—)[UKS[”(k)] = v+ vg[n®)] + ”IC[”(k)D

Solve KS:
[ = V2/2 A UKS}’(/)]' = 6]"(/1]'

!

[Build n®(r) = T <er m@

[MiX: nktD) = &) o (n® — n(k))]

Converged?
AFE <eg
[In' —n| <en

Converged state n*
Evaluate F, forces, stress

Figure 2: Self-consistent Kohn-Sham (SCF) flow. From an initial density, build vxg, solve
the KS equations, update the density using mixing, and iterate until simultaneous energy
and density-residual criteria are met.

“charge sloshing”, is the amplification of long-wavelength (small-q) density modes by
the metallic response, which drives oscillatory or divergent updates under naive mix-
ing [49].

In reciprocal-space implementations, a preconditioner M (q) damps these small-g
components of R(q). The Kerker form,

la*

M(q) x —5—,
la)* + ¢

(2.41)

embodies Thomas-Fermi screening and dramatically stabilizes metallic SCF [50]. Con-
sequently, modern codes perform density or potential mixing with such preconditioning
by default.

Quasi-Newton and subspace-acceleration strategies further improve convergence. An-
derson/Pulay mixing (DIIS) forms n**1 as an optimal linear combination of several
past iterates, effectively approximating the inverse Jacobian of R[n| without forming
it [51-53]. Broyden-type updates make this explicit by iteratively refining a low-rank
Jacobian (or inverse) using residual differences; practical variants due to Johnson are
common in plane-wave codes [54, 55]. In insulating systems, where the density re-
sponse is short-ranged, DIIS/Broyden mixing typically yields rapid, near-quadratic
convergence once sufficiently close to the fixed point.

12



3 Exact muffin-tin orbitals

The Ezact Muffin-Tin Orbitals (EMTO) method emerged at the turn of the century as
a modern successor to the multiple-scattering approaches that shaped the early history
of electronic-structure theory. Its lineage can be traced to the Korringa-Kohn-Rostoker
(KKR) formalism, where the one-electron Green’s function is built from site-centered
scattering solutions and free-space propagators [56, 57]. In the decades that followed,
practical implementations commonly adopted the Muffin-Tin (MT) in the form of the
Atomic Sphere Approximation (ASA): the Kohn-Sham potential was assumed spheri-
cally symmetric inside nonoverlapping atomic spheres and constant in the interstitial.
This spherical partition greatly simplified the scattering problem and enabled efficient
band-structure calculations, but its shape approximation could be severe in open or
strongly directional structures.

A major step toward accuracy at comparable cost was the development of linear
methods with compact, site-centered bases. Andersen’s Linear Muffin-Tin Orbitals
(LMTO) introduced an energy-linearized, minimal basis built from partial waves and
their energy derivatives, leading to the celebrated LMTO-ASA technique that domi-
nated alloy and transition-metal studies for years [58, 59]. Linearization, however, en-
tails a controlled but finite error tied to the chosen expansion energy, and the ASA itself
remains the limiting approximation. Parallel efforts pursued full-potential formalisms
such as LAPW and full-potential KKR/LMTO, which improved transferability at a
higher computational cost.

During the 1990s, a second pivotal idea reshaped multiple scattering: screening. In
the screened KKR (SKKR) formulation, the long-ranged free-space propagators are
computed in basis of screened spherical waves, and the lattice geometry enters through
short-ranged, rapidly convergent screened structure constants. This recasting leads
to well-conditioned equations, faster k-space convergence, and an efficient real-space
description [60, 61]. Screening thus provided a numerically robust backbone on which
new basis constructions could be built.

EMTO unifies these streams by combining an optimized, overlapping muffin-tin rep-
resentation of the Kohn-Sham potential with the screened multiple-scattering machin-
ery. Instead of strictly nonoverlapping spheres and a sizable interstitial, large spheres
are allowed to overlap so that the interstitial potential becomes nearly constant while
the intra-sphere part remains close to spherical. On this optimized partition one con-
structs energy-dependent exact single-site solutions inside each sphere and matches
them to screened spherical waves in the (reduced) interstitial. The resulting EMTO
basis {¢rr(e, 7)} is free of the linearization error intrinsic to LMTO, yet inherits the
sparse, short-ranged algebra of SKKR. Band structures follow from solving a kink-
cancellation condition: a generalized secular equation for the energy- and k-dependent
kink matriz assembled from single-site scattering matrices (phase shifts) and screened
structure constants; eigenvalues satisfy det K (e, k) = 0, and the Green’s function
needed for densities and moments is obtained by energy-contour integration [62, 63].

A remaining historical challenge for all spherical-potential schemes concerned total
energies. While ASA/MT band structures were often reliable, quantitative energetics
demanded a reconstruction of the all-electron charge density, including nonspherical

13
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multipoles omitted by the shape approximation. EMTO addressed this with the full
charge-density (FCD) technique: the site-resolved density extracted from the EMTO
Green’s function is augmented by multipole corrections so that the total n(r) repro-
duces the correct Coulomb and exchange-correlation contributions when inserted into
the standard Kohn-Sham energy functional [64]. In practice, the combination of over-
lapping MT spheres, screened structure constants, energy-dependent orbitals, and FCD
evaluation yields near-full-potential accuracy for close-packed and moderately open
metals at a computational effort comparable to traditional ASA methods.

3.1 Overlapping muffin-tin wells

The classical muffin-tin (MT) construction partitions space into atom-centered spheres
and an interstitial, and replaces the true Kohn-Sham potential vkg(r) by spherical
wells inside the spheres and a constant in the interstitial [56-59, 65]. While this greatly
simplifies multiple scattering, its accuracy degrades when nonoverlapping spheres leave
a large, structured interstitial. The overlapping muffin-tin (OMT) strategy resolves this
tension by admitting judicious sphere overlaps and by optimizing both the spherical
wells and the background level so that the composite model potential reproduces vkgs(r)
as closely as possible in a least-squares sense [63, 66]. Concretely, one writes the model
potential as

V(1) & v (1) = vo + %: [UR(TR) — vo], rr=7rrfr =71 — R, (3.1)

with spherical wells vg(rg) that, by construction, equal the constant level vy outside a
chosen potential sphere of radius sg, i.e. vg(rr> Sg) = vo. Equation (3.1) is equivalent
to assembling the crystal potential from overlapping spherical contributions plus a
constant background; when two spheres overlap both contributions are present, and
their sum is arranged to mimic the true vks(r) in the overlap region. The overlap of
these radii can be as large as 30-40 % [67]. In practice one suppresses the density-
dependence in the notation (all quantities are evaluated self-consistently) and uses the
shorthand rr = rgrr = r — R for the local spherical coordinate. The optimized OMT
(OOMT) potential follows by determining {vg(r)} and vy variationally for a fized set of
potential spheres {sg}. The target is to minimize the mean-squared deviation between
vms () and the actual effective potential over a chosen region €2 (typically the unit cell),

2
F, [{UR}, vo} = /Q {UKS(T'> — vy — Z (UR<TR) — vo) dr, (3.2)
R
leading to the Euler conditions
oF, oF,
) dr=0 forall R Y =0. 3.3
Q dvg(r) vr(r)dr orat i vy (3:3)

Solving Egs. (3.2) to (3.3) yields the optimal set of spherical wells and the background
level, i.e. the OOMT potential [63]. In words: the overlaps are not artefacts but degrees
of freedom that allow the constant part to absorb most of the interstitial structure while
the spherical parts reproduce the near-atomic features within the potential spheres. A
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A

Figure 3: Illustration of the muffin-tin approximation, showing atom-centered spheres with
radii sg, as well as their inner non-overlapping regions with radii ag,, centered at lattice
sites R;. The schematic highlights the partitioning of space into overlapping spheres and
interstitial regions, which is central to the EMTO method.

visual illustration of the OOMT partition is shown in Fig. 3. In the limit of vanishing
overlaps Egs. (3.2) and (3.3) reduce to the spherical average of the full potential within
a sphere:

1
vr(rgr) = In /v('r)df for rp < sg (3.4)
T
and the average potential in the interstitial for v
= o [ vlr)a (35
Vo = Qs IS’U T)ar, .

3
where [ is the s-interstitial region outside all potential spheres and 2, = QY p 4%?3 is

its volume.

3.2 Exact muffin-tin orbitals

To solve the Kohn-Sham equations (2.21) for the muffin-tin potential (3.1), we expand
the Kohn-Sham orbitals W;(7) in terms of the exact muffin-tin orbitals V%, (€;,Tr):

\Ilj<”1) = Zq/)aRL(EjJ TR)/U%L,]‘7 (36)
RL

which form a complete basis set for the Kohn-Sham scheme. The exact muffin-tin
orbitals are defined for each lattice site R and angular momentum channel L = (I,m),
denoting the set of orbital (/) and magnetic (m) quantum numbers. In practice, the
angular momentum expansion is truncated at a maximum [, = 3, including s, p, d,
and f muffin-tin orbitals. The expansion coefficients vf; ; are determined by the re-
quirement that the orbitals W;(r) satisfy the Kohn-Sham equations in the entire space.
This matching condition leads to the kink-cancellation equation, i.e., the discontinuities
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of the radial derivatives at the screening spheres are required to vanish, which yields
the screened multiple-scattering secular problem [62, 63]|. Formally, this is the screened
counterpart of the classic Korringa-Kohn-Rostoker tail-cancellation condition [56, 57],
obtained within the screened-KKR representation of the structure constants [60, 61].

3.2.1 Screened spherical waves

The exact muffin-tin orbitals are constructed by different basis functions inside the
potential spheres and in the interstitial region. In the interstitial region, where the
potential is approximated by the constant level v(r) & vy, a convenient basis is pro-
vided by the screened spherical waves 1%, (k* rr) [63], defined as the solutions of the
Helmholtz equation,

[V2 + /12} Ve (K2, rR) =0, K* =€ — v, (3.7)

where ¢ is the energy [66]. These solutions are subject to energy-independent boundary
conditions imposed on a set of nonoverlapping screening spheres of radii {ag} centered
at the lattice sites R [63]. For simplicity, we take ag site dependent but [ independent.
The boundary conditions enforce a pure real harmonic Y7, (#g) on the own a-sphere and
vanishing Y7/ (7 /) projections on all other a-spheres, R’ # R. With these conditions,
and for k? below the onset of the a-sphere continuum, 1%, are short-ranged and only
weakly energy-dependent. They form a complete basis in the a-interstitial and can be
expanded in terms of real harmonics centered at any site R’

Ui (K%, 7R) = fiu(w?, 7R)YL(PR)ORROLL:
3l (62 )Y ) S (), 88)
L/
where f, and g%, are the value (head) and slope (tail) functions, and the expansion co-
efficients S*(k?) are the elements of slope matriz. The latter plays the role of (screened)
structure constants and is related to the bare KKR structure-constant matrix through
an inhomogeneous Dyson-like equation [61]. The boundary conditions require each

screened spherical wave to be a pure real harmonic on its own screening sphere and to
have no harmonic content on any other sphere. Explicitly,

%L(mz,m)]m:m =Y (), for R'#R andall L. (3.9)

Equivalently, the Y7, projection equals dgr/drrs at rrm = ar and vanishes otherwise.
This leads to the conditions

f}%l(ﬁza T) = L, g?%l(’l{?? 7“) = 07 (310)
TR=OQR TR=AQR
at the a-spheres with the fixed slopes
af]aél(/i27/r) — 0’ ag%l('%Q?,r) — i (311)
or _ or _ ap
TR=GR TR=GR

Using spherical Bessel and Neumann functions, j;(kr) and n;(kr), the value and slope
functions can be written as

fa(dr) =t (k) m(er) + o) (52)ji(kr), (3.12)
(K2 7) = —t5) (k) (kr) — ) (k%) ji(kr), (3.13)
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with screening parameters tg(/fQ) fixed by the boundary conditions (3.10)-(3.11). Col-
lecting the terms, one finds the linear system

(1), 2 (2)/,2 95i(K%, ar) Ony (2, aR)
tri (K°) tgi (k) g | g — S

= ok orn orn , (3.14)
(o (%) 9] Y i ar) = (s, ag)

where w is the average Wigner-Seitz radius, defined by the atomic Volume V'

4’ unit cell volume
=V = . 3.15
3 number of atoms in unit cell (3.15)
The Bessel and Neumann functions satisfy the Wronskian relation,
. ajl(’i27 GR) anl(ﬁ27 aR) . K
Wi (i, gi) = 1k |m(K®, Tr) o orm qi(K?, agr)| = 5 (3.16)

which ensures that the value and slope functions also satisfy the Wronskian relation [63]:

W?" (f]%la g?%l) = AR, (317)
leading to the determinant of the screening matrix in Eq. (3.14) being

2a0% K
a _ 41 4 2 3

fu(5%) = th) (%)l (%) = 1) (5223 (5%) = =115 (3.18)
Because 9%, solve the Helmholtz equation, they are irregular at the origin and carry
no pure (I, m) character in general. This problem can be remedied by replacing the
irregular heads inside the potential spheres with regular partial waves.

3.2.2 Partial waves

Inside each potential sphere rg < sgr, the EMTO basis is built from the partial
waves ¢p(e,rR), defined as the regular, energy-dependent radial solutions of the radial
Schrodinger equation in the spherical well vg(rgr). Writing ug(e,rr) = rrori(e, Tr),
the radial equation takes the standard form

l 10 I(l+1)

2012 2r,

+ vr(rr) — 5] uri(e,mr) =0, (3.19)
or, equivalently, for the reduced radial function ¢,

0 {rmbmia, rr)} [zu D 4 () — 5] rrom(e,rn). (3.20)
ory TR

The corresponding real, site-centered functions are
Pru(e,mr) = Ny(€)om(e, rr)YL(PR), (3.21)

where Y7, (7r) are real harmonics and N, (¢) is an energy-dependent normalization fixed
by the matching condition at the screening radius rg = ag.
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In the screened multiple-scattering formulation, a screened spherical wave carries a
pure angular character Y7(#) only on its own screening (or a-) sphere. Hence, the
natural place to impose matching between a site-centered screened spherical wave and
a site-resolved radial solution is the sphere of radius ar. At the same time, an accurate
representation of the single-electron potential requires overlapping potential spheres in
EMTO, so one typically chooses sp > ar (as discussed in Sec. 3.1). These two radii
introduce a gap between the screening sphere (where the screened spherical wave has
the pure Y, form) and the potential sphere (where the true partial wave is defined).

To bridge this gap, EMTO introduces a free-electron solution with pure (Im) char-
acter that connects the screened spherical wave at rg = ar to the (energy-dependent)
partial wave at rg = sg. This connection function is chosen to join continuously
and differentiably to the partial wave at sg, and continuously to the screened spheri-
cal wave at ar [63, 66]. The radial part of the corresponding backward-extrapolated
free-electron solution is written as

V(e rr) = fru(K*,7R) + ghu(5*,7R) Dy (€), (3.22)

where x? is the energy parameter of the free-electron Helmholtz equation in the in-
terstitial (Eq. (3.7)), and D%,(¢) = D {¢%,(e,7r)} is the (dimensionless) logarithmic
derivative at the screening radius rr = ag [63, 66]. Explicitly, the logarithmic deriva-
tive of a function f(rg) in the radial mesh point 7% is defined as

% Of(rg)
Do) = Ik , 3.93
{f< R>} f(ry) Org rr=r, (329
which leads to ( )
a a TR So%l &TR
D% (e) = DAy (e, r = —F—— 3.24
Rl( ) { Rl( R)} @Rl(ga TR) rnan ( )

The pair ( fir g“Rl) are linearly independent free-electron radial solutions (linear com-
binations of spherical Bessel/Neumann functions for the chosen ) that are fixed by
the canonical normalization at rg = ag,

frular) =1, arff(ar) =0, gtlar) =0, argglar) =1, (3.25)

so that Eq. (3.22) enforces ¢%,;(ar) = 1 and D{¢%,}(ar) = D%,(¢) by construction.

The normalization N§,(e) in Eq. (3.21) and the logarithmic derivative D%,(¢) in
Eq. (3.22) are determined by imposing the matching conditions on the partial wave
and the backward-extrapolated free-electron

Ni(€)ori(e, sr) = (e, sr), (3.26)
o O0ri(e, T D% (g, 7
16 Rla(rRR) = w (3.27)
TR=SR TR=SR

Equivalently, Eqgs. (3.26) to (3.27) can be written in terms of logarithmic derivatives
at sg:

N (e)ori(e, sr) = ©ri(e, sr), D{¢ri(e, sr)} = D{pri(e, sr)}- (3.28)
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Using the representation (3.22) and the shorthand

Ds{} = D{} ) ¢s = ¢Rl(5> SR)> fs = f}%l</€2> 3R)> gs = g?—?,l("{2a SR)a

TR=SR
(3.29)
the matching conditions yield, after straightforward algebra, the explicit formulas

1 _ ¢sfsDs{dm} — Ds{gl%%l}
Niy(e) D{fa} — Dot}
o (o fsDs{or}t — Ds{ [}
DRZ(E) B gst{¢Rl} - Ds{g?%l} .

In Egs. (3.30) to (3.31), all logarithmic derivatives are understood at rgr = sg in the
sense of D{f} =rrf'(rr)/f(rgr).

Finally, the exact muffin-tin orbital at site R is assembled as a superposition of (i)
the screened spherical wave (of unit amplitude at ag), (ii) the normalized partial wave
inside the potential sphere, and (iii) the backward-extrapolated free-electron connector
that removes the double counting:

(3.30)

(3.31)

Vhi(e, mr) = VhL (K TR) + Niy(€)dri(e, rr)YL(PR) — Whu(e, rr)YL(FR),  (3.32)

with the last two terms truncated outside the s-spheres rrp = sg. This function is also
named the kinked partial wave [68], as it generally has a radial-derivative discontinuity
(kink) at the screening sphere rg = ag, which will become clear in the next section. The
composite function (3.32) matches the screened boundary conditions at ag, carries the
correct single-site physics inside sg, and is the building block from which the EMTO
kink matrix and secular equation are constructed [63].

3.2.3 Kink cancellation equation

With the exact muffin-tin orbitals at site R, defined in Eq. (3.32), the Kohn-Sham
orbitals are expanded as in Eq. (3.6) and can be expressed as

ZNRI Yori(e, TR)YL(PR) Viy

+ Z [le K2, rR)VEL + 9t (K%, TR) D SRLR/L/(“2)U?%'L'] YL("r) (3.33)

RIL/

_Z[fm , TR) + gy (K7 R)D?zz(f)}YL(fR)U%L-

The head part f&(x?, rg) of the screened spherical wave (3.8) in the second term
exactly cancels out the corresponding piece of the backward-extrapolated free-electron
solution (3.22) in the third term. Only the g%, “tail” survives explicitly, leading to

ZNRZ Jori(e, TR)YL(TR)VRL

+ ng K%, rR)YL(TR) D [S?%LR’L’(KZ) - 5RR’5LL’D7%1(5)} Vg
L R'L'

(3.34)
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Equation (3.34) separates the trial state into a regular partial-wave piece (first line)
and a piece proportional to g%, (second line).

The trial function ¥ will satisfy the single-particle Schrédinger equation (2.21) for
the OOMT potential (3.1) provided that, inside every potential s-sphere rg < sg, the
part of the second line of Eq. (3.34) spanned by the retained angular momenta | < [«
vanishes for all radii rg. In other words, the [ < [,,,x components of the screened spher-
ical waves, when combined with the expansion coefficients, must be canceled exactly by
the backward-extrapolated free-electron connector, i.e. by ¢%,(e,7r)Ys(7r)v%,. This
requirement enforces smoothness (no radial-derivative “kink”) of U across the screening
sphere for the whole set of channels actually used in the basis. The residual (I > lpax)
tails, if present, are free-electron in character and do not contribute inside rp < sg.
Concretely, the vanishing of the bracket in Eq. (3.34) for every (R, L) yields the kink-
cancellation equation

> an [Stppp(5”) = SrrdLy Diy(e)] vl = 0, (3.35)
RL

which must be satisfied for all I’ < [,,.x at each site R’. The difference between the
slope matrix and the logarithmic derivative matrix defines the kink matriz

K%LR/L/((S) = aR/S?%LR/L/<52) - (SRR/dLL/aRD?%l(g). (336)

With the kink matrix, the kink-cancellation equation (3.35) takes the compact form
> Kgppp(e)vg, =0, (3.37)
RL

and we can write the trial wave functions (3.34) as

U(rgr) =Y Ni(e)dr(e, rr)YL(FR)VEy,

2 ) (3.38)
+ Y 9m (K, rR)YL(PR) D P ror L (€)VRi -
L RL YR

For periodic crystals one introduces the Bloch vector k from the first Brillouin zone,
replacing S*(k?) — S%(k?, k) via a lattice Fourier transform (Bloch sum)

S?%L,R’L’("izv k)= Z eik'TS?%L,(RurT)L'(’g)a (3.39)

T

where R and R’ now are two sites from the primitive cell and T is a lattice translation
vector. Accordingly, the kink matrix becomes k-dependent

K%L,R/L’(€7 k) - S;EL,R/L/<H27 k:) - 6RR/5LL/DCIL_U(€). (340)
The eigenvalue problem defined by the kink-cancellation matrix,
K%L,R’L’(€7 k)v%/L/ = O, det Ka(f‘:, k) = O, <341)

yields the single-electron band energies ¢, and their expansion coefficients v$, (n, k).
The same spectrum is obtained from the poles of the path operator g%(z, k) (the
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3. FExact muffin-tin orbitals

site- and channel-resolved Green’s function in the screened representation), defined for
complex energy z by the resolvent relation

Z K%’L’,R”L”(Z7 k)g;l%’L/,R”L”(Z7 k) - 6RR/5LL/. (342)
R'L!

Thus g%(z, k) = [K®(z, k)]™!, and its poles on the real axis locate the eigenener-
gies, while the corresponding residues reconstruct the wave-function amplitudes in the
EMTO basis.

3.2.4 Overlap matrix

The overlap of two EMTO basis functions separates naturally into contributions from
the partial waves inside the potential spheres (rg < sg), the backward-extrapolated
free-electron connectors in the shell ar < rr < sgr, and the screened spherical waves
in the a-interstitial 1*. The overlap integral of the partial waves inside sg is the norm

[ e e rR)dre = [NE(E)] [ one r)rhdra, (3.43)

which recasts the volume integration into the radial norm. The latter can be evaluated
by combining the radial Schrodinger equation. (3.20) with Green’s second identity (see
also Ref. [63], App. B), yielding the standard relation

SR .
/0 dri(e, rr)*rpdrr = —sgD{or(e, sr)}or(e, sr)’ (3.44)
with the energy derivative of the logarithmic derivative

8,D{¢Rl(€, SR)}
Oe

Analogously, the overlap integral of the backward-extrapolated free-electron ¢%;(¢,rg),
defined in Eq. (3.22), between the s- and a-sphere ar < rg < sg, can be written as

b{¢Rl(57 SR)}

. (3.45)

ar

SR SR
/ O (g, TR)SO(}IU(@ TR)TJQQdTR = /0 90%1(5’ TR)QTJQQdTR _/0 90?%1(57 TR)27"?2C17"R
aRr

= —spD{o%i(c, sr) 0% (€, sr)* + arDy(e),
(3.46)

where ©%,(, ar) = 1 was used at the screening sphere. The matching condition of
the logarithmic derivatives at sgp (Eq. (3.28)) ensures that the energy derivatives in
Egs. (3.44) and (3.46) are equal,

D{¢nle, sr)} = D{¢hle, sr)}, (3.47)

and thus the first term on the right-hand side of Eq. (3.46) is equal to the overlap
integral of the partial waves in Eq. (3.44).

The overlap of screened spherical waves over the a-interstitial follows similarly from
the screened Helmholtz equation and Green’s theorem. Denoting the a-interstitial by
1%, one finds the compact result

/Ia ¢GE’L'(52, TR’)@D?{L(/@Q» rr)dr = aRS%’L’,RL(HQ)a (3.48)
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3. Ezxact muffin-tin orbitals

where S%(k?) = 05%(k?)/0e. We recall that only the low-I components of 1%, are trun-
cated outside 7%, so high-l components extend throughout space and their contribution
is included in Eq. (3.48).

Collecting the three pieces, the total overlap of two EMTO basis functions over
all space can be established most transparently for nonoverlapping s-spheres that
lie 1n31de the corresponding a-spheres (sgp < ag). In that case the overlap inte-
gral [, (e,7)0%, (e, 7) dr splits into the sum of the partial-wave norm inside sg
(Eq. (3.44)), the connector contribution in the shell ar < rgp < sg (Eq. (3.44)), and
the screened-wave term over I*:

/Ja;/y(ga r)@?—m(& r)dr = CLRS?%’L’,RL('%Q)_CLRD?%Z(E)(SRR’dLU = K%’L’,RL(‘S)? (3.49)

i.e. the overlap matrix equals the energy derivative of the kink matrix (3.36). When
s-spheres overlap, additional small terms appear from the overlap regions; for modest
overlaps these corrections are negligible and Eq. (3.49) remains an excellent approxi-
mation. A detailed discussion of the overlap corrections can be found in Andersen and
co-workers [59, 69] (see also Refs. [63]).

3.2.5 Green’s function and Fermi level

In each self-consistency step for solving the self-consistent Kohn-Sham equations (2.21),
described in Section 2.4, the Fermi energy cr is fixed by enforcing charge neutrality:

N(er) = N, (3.50)

i.e. the total number of occupied one-electron states below e equals the number of
electrons N, in the cell. Practically, one evaluates N(e) for a sequence of trial ¢ and
updates ep until Eq. (3.50) is satisfied to the prescribed tolerance. Within EMTO it
is advantageous to compute N(g) from a contour integral of the normalized Green’s
function in the complex-energy plane (residue theorem). Since the overlap matrix of
the EMTO basis equals the energy derivative of the kink matrix, K *(2) = 0K *(z)/0z
the matrix elements of the properly normalized Green’s function can be written as [67,
70] ‘
Grerr(2) = Y g mr(2) Ky (2) = Orrdrp Ipg (2), (3.51)
RVL"

where the subtraction term /%, (2) removes unphysical poles originating from the energy
derivative of the screened logarithmic derivative D%,(z). These spurious poles occur
because D%, (z) contains the screening denominator D{¢r;} — D{g%;}. Whenever this
denominator vanishes, D%, diverges although no physical state is present [66]. Practical
schemes for constructing 7%, (z) are described in Refs. [63, 69].

With the normalized G(z), the integrated number of states below the Fermi level
follows directly from a contour integral,

N EF 2 Z % ImGRLR/L/( )d (352)
T RLR'L 7€

where C(ep) is a contour in the complex plane that starts below the bottom of the
valence band on the real axis and returns at z = e (for periodic systems one uses the
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3. FExact muffin-tin orbitals

k-resolved form and sums over the Brillouin zone). Near a physical eigenvalue z — €,
the path operator behaves as

Ka Enk, k? i
g(z, k) ~ { ( ﬂ , (3.53)

Z — Enk

so that the first term in (3.51) contributes a unit residue per enclosed state, while
I contributes zero once the spurious poles are removed. Thus (3.52) is the EMTO
analogue of Lloyd’s formula and yields the correct state counting when combined with
the overlap identity [63, 71].

3.3 Self-consistency in EMTO: slope matrix, Poisson equa-
tion, and full charge density

The self-consistent solution of the Kohn—Sham equations using the EMTO basis follows
the general scheme outlined in Section 2.4, while exploiting the screened multiple-
scattering formalism.

At a given iteration one has an optimized overlapping muffin-tin (OOMT) potential
vmt (1), introduced in Eq. (3.1), and the associated single-site scatterers {¢r;(z,r), D%, (2)}.
The update then proceeds through two tightly coupled ingredients: the slope matriz
(lattice coupling) and the Poisson problem for the Coulomb potential generated by
the current charge. After convergence, the full charge-density (FCD) reconstruction
can be used to obtain accurate energies and forces. The overall self-consistency flow is
summarized in Fig. 4.

Single-site scattering is embedded into the crystal through the screened (short-
ranged) structure constants. For complex energy z = k? + vy and Bloch vector k,
the Bloch-summed slope matrix reads

?%L,R/L/(/127 k) = Zeik-TS?%L,(R%T)L’(KQ): (3.54)
T

with R, R’ restricted to the sites in the primitive cell and L = (Im), as discussed in
Section 3.2.3. The screened kink matrix and the path operator follow as

K%L,R/L/(% k) = S?%L,R/L/("GQa k) — 0rrdrr Dy(2), g9°(z,k) = {Ka(za k)} 1-
(3.55)
The band energies ¢, are obtained from the secular condition det K*(g,x,k) = 0.
The Fermi level is fixed by charge neutrality using a contour integral of the properly
normalized Green’s function,

1

N(EF) = %

?{ I Gropn(2)dz,  K"=0K%/dz,  (3.56)
RLR'L' ’C(€F)

which counts states exactly (Lloyd-type formula) when spurious poles from the screened
logarithmic derivative are removed channel by channel [63, 69, 71]. On the same
contour one accumulates site- and energy-resolved densities needed for the Coulomb
problem.
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[Initialize p©(r), choose {sg,ar} and OOMT]

solve Schrodinger in vg(rr) = ¢ri(e,r), Dri(e)
build screened D$;(2) at r = ag

!

screened structure (slope) matrix
St (K k) =X elk‘TséL,(QwT)L'(M)

kink matrix
K%(2,k) = S*(x% k) — D*(2)

Determine e (neutrality)
N(er) = 557 Cfo(epyTr [9°(2) K4(2)] dz = N

!

[pEMTO(T.) =—L1Im[,G(r,7; 2) dz]

!

Update effective potential (OOMT optimization)
solve Poisson + XC on p(r) = new vg(rg),vo

Converged?

no
AE <ep, o —rll<ep

[Full charge-density (FCD) reconstruction p(r)]

Converged EMTO state
output E, G, forces/stress, moments, DOS/bands

Figure 4: Self-consistency loop for the EMTO method: starting from an initial charge den-
sity and OOMT potential, the Kohn-Sham equations are solved in the EMTO basis via the
slope matrix and kink matrix formalism. Upon convergence the full charge-density recon-
struction can be performed.

Because the single-site problem is solved with spherical wells, an accurate total en-
ergy after obtaining self-consistency in the OOMT potential requires a nonspherical
reconstruction of the charge density. EMTO-FCD expands the charge in each poten-
tial sphere in real spherical harmonics,

p(rr) = ;PE(TR) YL("r), rr < Sg, (3.57)

with radial multipoles pff(rg) obtained from the site-diagonal Green’s function built
out of {¢r } and the path operator g* (energy integration along C). In the a-interstitial
1% one retains a smooth representation consistent with the screened spherical waves
(typically via Fourier components or a real-space grid). The FCD step ensures that
all low-order multipoles (not only the spherical average) enter the electrostatics and
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3. FExact muffin-tin orbitals

exchange-correlation, which is essential for quantitative total energies and forces [63,
64].

Given p(r) computed from the normalized Green’s function and the screened path
operator, the Hartree potential vy solves

V2ou(r) = =47 [p(r) = pauc(r)],  pae(T) =Y. Zrd(r — R), (3.58)

with a partitioned solution. Inside each sphere rp < si one employs the multipole

expansion
!

r 1 .
onlr) =473 | 550 AF g BE| Vil (359
L

where the internal moments A are functionals of pf(r) and the external moments
Bt embed the electrostatic influence of all other sites and the interstitial (Ewald-
or screened-lattice sums in practice) [63, 72]. In the interstitial one then solves the
Poisson-equation V2vy = —d4m p(r) with periodic boundary conditions, and conti-
nuity of vy and its normal derivative is enforced at rg = s for every L up to a
chosen I£°U. The exchange-correlation v,.[p] is assembled from the reconstructed p(r)

max *

(LDA/GGA /meta-GGA as chosen), and the updated OOMT potential is re-optimized:
new vg(rg) and vy minimize the least-squares deviation to vgs(7) = Vegt(7) + vy (7) +
vze(r) for the fixed set {sg,ar} [63, 69].

The cycle is closed by mixing the charge or the effective potential (site radial wells v,
background vg). The same mixing schemes as described in Section 2.4 are applicable.
Convergence is monitored through simultaneous thresholds on total-energy changes,
norms of charge/potential residuals, and — when relaxing structures — Hellmann-Feynman
forces. Upon convergence one evaluates total energies, stresses, and response properties
from the reconstructed p(r) and the EMTO Green’s function G(z).

In summary, the slope matrix provides the short-ranged lattice embedding for screened
multiple scattering; the FCD step lifts the spherical approximation by restoring non-
spherical charge moments; and the multipole Poisson solver couples both pieces into
an updated OOMT potential. Together they deliver near-full-potential accuracy at the
computational cost characteristic of spherical multiple-scattering methods [60, 61, 63,
64).
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4 Dynamical mean-field theory

Density-functional theory in the Kohn-Sham formulation provides an efficient, ground-
state framework that replaces the many-electron problem by noninteracting particles
in an effective local potential. Along Perdew’s “Jacob’s ladder” of exchange-correlation
approximations, depicted in Fig. 1, ever richer ingredients are added, culminating in
approaches that incorporate nonlocal correlation or many-body screening (RPA, GW).
Yet these extensions remain essentially static: they produce a time- (or frequency-)
independent potential, and thus cannot generate dynamical signatures of strong cor-
relations such as Hubbard sidebands, temperature-dependent quasiparticle coherence,
or lifetime broadening. Precisely here, dynamical mean-field theory (DMFT) enters
as a complementary, explicitly many-body approach: it keeps the full local time de-
pendence of electron-electron interactions through a frequency-dependent self-energy
while neglecting nonlocal correlations.

Building on this motivation, a decisive conceptual step was the observation that on
lattices with large coordination number Z the many-body self-energy becomes predom-
inantly local. In the corresponding large-Z (or d — oo) limit the problem acquires a
nontrivial mean-field structure in which spatial fluctuations are suppressed while tem-
poral (quantum) fluctuations at a given site remain fully dynamical. This insight, due
to Metzner and Vollhardt, provided a small parameter (1/7) and a controlled route
to a solvable limit for correlated lattice fermions [73]. Shortly thereafter, Georges et
al. formulated the self-consistency mapping that defines dynamical mean-field theory:
the lattice model is replaced by a quantum impurity embedded in a self-consistent
electronic bath (see Fig. 5), and the mapping is iterated until the local observables of
the impurity and the lattice coincide [74].

This impurity perspective is physically transparent. It captures the local competi-
tion between kinetic delocalization and on-site interactions responsible for correlation
phenomena. Numerically, the required impurity problems are solved with a growing
toolbox of solvers: from early Hirsch-Fye quantum Monte Carlo and exact diagonal-
ization to modern continuous-time Monte Carlo methods that handle multi-orbital

lattice model impurity model

Figure 5: Illustration of the concept of dynamical mean-field theory (DMFT). The lattice
model is mapped onto an impurity model, where a single interacting site is coupled to an
effective bath.
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4. Dynamical mean-field theory

Hubbard-Hund interactions with high accuracy at finite temperature [20, 75]. The re-
sult is a frequency-dependent local self-energy that endows the one-electron spectrum
with lifetimes, temperature evolution, and high-/low-energy features inaccessible to
static functionals.

The most predominant limitation of single-site DMFT is the missing nonlocal (momentum-
dependent) components of the self-energy. Long-wavelength collective modes and in-
tersite exchange processes are then only partially or statically represented. Cluster
extensions — formulated either in real space or in momentum space — mitigate this by
introducing short-range spatial correlations while retaining the dynamical treatment
on the cluster, enabling, for example, studies of pseudogap physics and short-range
singlets [76].

4.1 Essentials of the Hubbard model

The central difficulty of correlated-electron physics is the competition between kinetic
delocalization and local Coulomb repulsion. When the characteristic interaction scale
competes with the electronic bandwidth, there is no obvious small parameter and
perturbative expansions around a noninteracting band picture may fail — precisely
the regime that motivates DMFT. To set the stage, we start from a general, normal-
ordered many-body Hamiltonian written in a localized one-particle basis (e.g. tight-
binding/Wannier functions)

0= hyée; + ; N Ui éléierey, (4.1)
ij ijkl

where h;; collects kinetic hoppings and one-body potentials (including, by convention,
the chemical potential via h;; — h;; — 110;;), and Ui are the Coulomb matrix elements
in this basis. Creation/annihilation operators é}a, Ciy carry composite indices i =
(R, m) for site R and orbital m; they define the particle number operator f;, = éjgéw.
Equation (4.1) is exact once the basis is specified (e.g. Wannier functions) and will
later provide the bridge between material-specific DFT/EMTO bandstructures and
low-energy many-body models.

A widely used reduction of (4.1) is the (single-band) Hubbard model, which retains
only the dominant contributions: short-range hopping and on-site interaction [77-79].
For one orbital per site, nearest-neighbor hopping, and a site-diagonal on-site energy,
the Hamiltonian reads

]f] = Z €; ﬁw + Z tij é;-raéjg + Z Uz ﬁﬁﬁu. (42)
io (i.d)o i

Here ¢;; are hopping amplitudes between nearest neighbors (i,7), €; are on-site levels,

and U; = Uy is the on-site (Hubbard) repulsion penalizing double occupancy. Despite

its minimal form,Eq. (4.2) captures the metal-insulator transition driven by interactions

(Mott physics), the emergence of local moments, and strong mass renormalization.

In realistic materials, crystal fields and Hund’s exchange act within degenerate d/ f
shells, calling for a multi-orbital generalization of (4.2). The interaction tensor is then
often parameterized in the Slater-Kanamori form with intra-orbital U, inter-orbital U’,
Hund’s coupling J, and pair hopping — parameters that can be linked to screened Slater
integrals or constrained-first-principles estimates [20, 74, 79].
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4.2 The DMFT effective action

To derive the DMFT equations we employ the "cavity method” following [74, 80, 81], a
method borrowed from classical statistical mechanics, which explicitly constructs a lo-
cal, dynamical mean field in the large-coordination limit. The general idea of the cavity
method is to remove a reference site (say, i = o) from the lattice, solve the remaining
system (the cavity) and then couple the site back to this environment. Integrating out
the cavity degrees of freedom generates an effective local action on site o that contains
the original local interaction and a retarded, frequency-dependent hybridization that
encodes virtual hopping to and from the environment. This hybridization defines the
Weiss field G and turns the on-site problem into a quantum impurity embedded in a
self-consistent bath. In the limit of large coordination Z — oo, the self-energy becomes
purely local, so the impurity Green’s function equals the local component of the lattice
Green’s function, closing the self-consistency loop. Operationally, the cavity construc-
tion thus provides a clean path from the lattice Hamiltonian (4.1) (or its Hubbard
reduction (4.2)) to the impurity action used in DMFT, while making transparent the
role of the Weiss field and the locality assumption [73, 74].

The cavity method is most conveniently formulated in the field integral represen-
tation [82]. For the lattice Hamiltonian in Eq. (4.2), the grand-canonical partition
function can be written as a functional integral over Grassmann fields:

2= [TIDleh (), el (43
with the lattice action

Slatt [ch’ c] — /OB dr (Z C;FU(T) [87—51'3‘ + h’l]} ng(T) + Z Umn(r)nu(ﬂ) , (44)

ij,0

where 3 = 1/T, h;; includes the chemical potential shift h;; — hi; — pd;5, and (¢, o)
are Grassmann fields corresponding to the fermionic operators (é;ra, Civ) With n;, =
¢i¢iy. The vector notation of the Grassmann fields abbreviates the set of all space and
spin indices, e.g. ¢(7) = {¢is(7)}ir. The representation of the partition function (4.3)
and the action (4.4) will allow us to excise a reference site, integrate out the cavity,
and derive the local impurity action and Weiss field used in DMFT.

We now derive the effective local action by selecting the reference site i = o and
integrating out all other degrees of freedom:

1 1
e g led o) = 7/ H ,D[C;;(T), CiU(T)]e*SIatt[c"',C]_ (45)
Zeff zZ i#0,0

The effective action Seg contains the original local interaction on site o plus a dynamical
hybridization term arising from virtual hopping to and from the cavity. It defines the
effective single-site problem at the heart of DMFT, which needs to be solved. The
expectation values of local observables (e.g. the impurity Green’s function) with respect
to Se are equal to the local observables of the original lattice problem. This condition
closes the DMFT self-consistency loop, letting us determine all local quantities via
the impurity problem. In general, the Grassmann numbers are functions of imaginary
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time 7 € [0, f]. For notational simplicity, we suppress this dependence in the following
unless otherwise noted.

To derive S, we split the full lattice action Sy (4.4) into three parts: the on-
site action of the chosen site S,, the action of the cavity S(® (the lattice with site o
removed), and the coupling between site o and the cavity AS:

Statt = S + S© L AS (4.6)
B
o 5= [lar(Tea(o e e + Ui (4.7
0 o

50 = /OB dr ( S b0+ —n) +Htig|e + X Ui”n”w) (4.8)

i,j7#0,0 i#0

,:, AS = / d7' ( i0Ci Coo + toiClh cw) (4.9)
i#0,0

Expectation values with respect to the cavity action S are denoted by () g0+ Since
the local action S, is independent of all other sites and the cavity fields, we can factor
it out of the path integral. Starting from the full partition function,

ZzZ= /D ¢, ¢, exp(— / 11 Dlet, cir eXp( 5@ —AS), (4.10)
1#0,0

we integrate out only the cavity fields to obtain the (unnormalized) weight of a fixed
local configuration (¢, ¢,):

Wiet, e, ::/;—[ Dlc}, cio) exp( S AS) <e AS>S(0), (4.11)

where the last equality is just the definition of the cavity expectation value. The
quantity we are actually interested in is the normalized probability density over (¢, ¢,),
induced by the full lattice measure

1 Z(0)
Ples. e = el elwler, e,] = e Seler el (e72%)

|=2 > (4.12)

SON

By construction, [D[cl, ¢,| Plet, ¢,) = 1. We now define the local effective action
Seg and its normalizing partition function Z.¢ by writing this normalized measure in
Boltzmann form:

1
Zeﬁ

'P[Cj, CO] =

e~ eg[cﬁ,co]’ Zeff — /D[C:, co]efseff[cj,co]. (413)
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Equating (4.12) with (4.13) we can express the integral as the expectation value of the
coupling term AS with respect to the cavity action:

1 oSt 1eso[c;,co]/ II D[c;;,cw}e’S(o)e’AS — Z;)eso <e*As>

- (4.14)
Zeff vt 1#0,0

S(0)

The average (e 2%) ., in (4.14) is a generating functional for cavity Green’s func-
tions [74, 82, 83]. To make this explicit, we couple Grassmann sources linearly to the
cavity fields {c;»(7), ¢if,(7) }izo and identify those sources with operators built from the
local fields at site o:

Nio (T) = tioCoo (T), () = (T)ty. (4.15)

With this choice we rewrite the coupling as

8
8= /0 dr 7 e ()mia (7) + 15 (7)cia ()] (4.16)
1#0,0
leading to
Ze Z(O) B
o~ Ser[n.m _ ffTe*So <exp < - / dr Z [cjomg + n;cw} >> (4.17)
0 .
i#0,0 S0)

Using left Grassmann functional derivatives with respect to the explicit sources, the
unconnected cavity Green’s functions are generated by derivatives of e~Seln’.7] [83].
In particular, the two-point function reads

2
(0) (1, 7') = — 0
oni (7)0mj00 (1)

and, more generally, the n-particle unconnected cavity Green’s function is obtained as

e_ eff [77+ 777]

G

io,jo’

= — (i (M) (™)) .y s (418)

n:n+ =0

G (TLy o s T Ths ooy Th)

: . ., .,
210154-tn0n;J107 -, Jn0p rn

= (—1)"*! o
Oy (T1) = O, (T0) Oy (T1) -+~ O, (73)

e_ cff[n+7 77]

(4.19)

n=nt=0
= — (Ciios (1) *++ Cinrn (1), 1 (71) -+ &, s (70)) w0

The additional factor (—1)" in Eq. (4.19) results from the fact that Grassmann numbers
and derivatives anticommute: for each pair of indices, we need to move the derivative
d/dn past ¢ to act on 7, leading to one additional minus sign. We can avoid additional
sign changes by following the standard convention of applying all n*-derivatives first,
then all n-derivatives (as written) [83].

Equation (4.17) shows that e~ e[ m i proportional to the cavity average of a
source-coupled exponential. Taking the logarithm isolates the source-dependent part:

—Seg[nt, ] = ln(zefsz(o)> — S,lef, e, +1n <e‘AS> (4.20)

S(o) ?

The first two terms on the right-hand side are independent of the sources and thus
irrelevant for functional differentiation.
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Since S is the logarithm of the source-coupled average, its functional derivatives
generate connected cavity green’s functions G'?) [82, 83]:

1(3?210'1,--~7in0'n,j10'/1,...,jna,’” (Tla <oy Tny T{a ce ;T7Il>
§2n g [ ] (4.21)
= g7 5 N
577;;0'1 (Tl) e 577,;:0.71 (Tn)énjlall (7—{) 577]710' ( ) © 77:77+:0

For the particle-number-conserving lattice action Sy, averages with an unbalanced
number of ¢* and ¢ vanish. Expanding the effective action S.g in powers of the sources
yields the linked-cluster series in connected cavity Green’s functions

Ser = —In(ZZ2) 1+ 5, + 3 ok
n=1 /A1, jnF0

O1,...00

X GO o (T e T (1) < (7).

> [an g, m) i, ()

(4.22)

The factor 1/(n!)? in Eq. (4.22) accounts for the symmetry of the connected cavity
Green’s function under permutations of the n incoming and n outgoing legs separately.
Note that the first nontrivial term in the expansion is quadratic in the sources, since the
one-point cavity Green’s function vanishes for a particle-number-conserving action. In
the non-interacting case U; = 0, all connected cavity Green’s functions of order n > 2
vanish, so only the term with n = 1 remains [84] ! . Therefore the effective action
becomes quadratic in the sources (i.e. bilinear in the local fields), and in imaginary
time it reads

Sl ¢ :/0 dr Z ch(r (8 + €, — u) Coo (T) + /06 A7 Upnpt (7)ny (T)

(4.23)
+ / dT/ dr’ Y tech (T ”)U(T — ) 0Con (T').
1,j7#0,0
The effective action can also be represented by introducing the Weiss field
Golr—7) = —(@ + €, — u) T—1) Z tmG(o (7 — 7" )tj0, (4.24)

i,j7#0

which encodes the dynamical hybridization of the impurity site o to the cavity:

B
Selet, c,] = / dT/ dr’ ch QOU — )COU(T,)—I—/O A7 Upnet (7)) (T)
(4.25)

To close the equations we relate the cavity Green’s function GZ(-;) to the full-lattice
Green’s function G;; for the example of the Bethe lattice: Removing site o corresponds

In the limit of infinite coordination number Z — oo, the cavity expansion simplifies drastically.
To obtain a nontrivial limit in which kinetic and interaction energies remain comparable, the hopping
elements must be scaled as t;; — m, where ||i — j||1 is the Manhattan distance [73, 74, 85].
Under this scaling, only the one-particle connected cavity Green’s function survives.
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4. Dynamical mean-field theory

to taking the Schur complement of the local block in the resolvent. In Matsubara

frequency space this yields the classical Hubbard identity [74, 77]

Gio(iwn)Goj(iwn)
Goo(iwn) ‘

G (i) = Gyj(iwn) — (4.26)
The relation (4.26) can be understood heuristically by interpreting the Green’s func-
tions as propagators on the lattice. The Green’s function G; sums amplitudes for all

paths from 7 to j on the full lattice. The cavity propagator GE;) omits those paths that

traverse site 0. The difference G;; — ng) therefore collects precisely the contributions
of paths that reach o and leave it again. Such contributions factor into an amplitude to
go from i to o (G;,), from o to j (G,;), and a renormalization at o that removes over-
counting of multiple excursions through the intermediate site. This renormalization
is exactly G}, which counts paths that leave and return to o only once [77]. Sum-
ming these processes reproduces Eq. (4.26). A similar expression to Eq. (4.26) can be
formulated for more general lattices, requiring additional terms involving the Fourier

transform of the hopping terms.

4.3 Single impurity Anderson model

In the Z — oo limit the effective action Seg of the distinguished lattice site o be-
comes local apart from a quadratic nonlocal-in-time term that encodes virtual hops
into the rest of the lattice [cf. Eq. (4.23)]. This structure is precisely that of a quantum
impurity (the local interacting site) hybridized with a noninteracting fermionic bath.
The canonical realization is the single impurity Anderson model (STAM), a model pro-
posed by P. W. Anderson in 1961 to describe magnetic impurities in nonmagnetic host
metals [86].
The STAM Hamiltonian reads

Hinp =Y €ydld, + Udldidd) + 3 erohytho + 3 (Veollods + Viydin ), (4.27)

k,o k,o

where CZL and d, are the creation and annihilation operators for an electron with spin
o on the impurity orbital, while, é,Tm and ¢, are the corresponding operators for the
free conduction electrons in the host metal, the bath. The original model assumed d-
orbital impurities hybridizing with an s-band conduction electron bath, but the model
is more generally applicable. The first two terms in Eq. (4.27) describe the impurity
with on-site energy ¢; and Coulomb repulsion U, while the last two terms describe the
bath dispersion € and its hybridization Vj with the impurity.

Since the bath of the STAM is noninteracting, it can be integrated out similar to
the cavity fields in the previous section. Splitting the SIAM action into impurity Simp,
bath Spatn, and hybridization Sy, parts,
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% Simp - Sloc + Sbath + Shyb7 (428)

B
o Sloc = / dr (Z d: (87- + €J>dg + Ud#_dzrdfdi) , (429)
O g
) 3 .
oo Sbath = / dr Z Cro (ar + 5kg)ckg, (430)
P Q 0 ko
B
<l St = /0 dr Y (Vi + Vipdcrs ). (4.31)
k,o

where (df, d,) and (cf,, cxs) again are the Grassmann fields corresponding to the
fermionic operators of the impurity (dl, d,) and the bath (&}, é.). The grand-
canonical partition function of the SIAM is given by the path integral

Zinp = [ TI DI}, oo [ TIDlct,, cugleSmn5or, (4.32)
o k,o

The STAM action is quadratic in the noninteracting bath degrees of freedom {¢,, cj }.
Fourier transforming from imaginary time to Matsubara frequencies replaces 0, —
—iwy,, where w, = (2n + 1)7/f are fermionic Matsubara frequencies. The fields are
accordingly transform as ¢, (7) — Cro(iwn) = Cron, introducing the frequency-labeled
Grassmann fields cgon, i, and dy,, df,. The bath degrees of the action then reads

Sbath + Shyb = Z C;rgn (an - €k0'>cko'n - Z (ngnvkada'n + d;nvlg;cko'n> . (433>

kon kon

The functional integral over the bath Grassmann variables is Gaussian[83]. Performing
the integration yields

1
Dler - Chon e*Sbath*Shyb = Zha exp ( d;rn { V";.VU] d(m)7
/,E b X0 {2 Xk: i, — ek (4.34)
Ag (iwn)
i.e. the bath generates the hybridization function A, (iwy,):
Ao =5 el S e, gl = — . (435)
& iwn — Eko X iwn — Eko

where g, (iw,,) is the free Green’s function of an isolated bath level ko. The prefactor
Zpatn in Eq. (4.34) is a field-independent normalization, affecting only the absolute
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4. Dynamical mean-field theory

magnitude of the partition function but not observables. Fourier transforming (4.35)
gives

1 .
A (1) = 5 D> e TA, (iwy,) (4.36)
which evaluates to the familiar piecewise form (antiperiodic on 7 € (=4, 3)):
o —8k577 € (—p, 0 9
Ao(r) = 3 Vi ? x { F (R T80 (4.37)
p —|1 = f(ero)|e™s7, 7€ ( 0, B),

where f(g) is the Fermi function. The impurity site is described by an effective action
that is quadratic in the noninteracting (bath-induced) part and local in the interaction:

Seld*, d, A] / dr lz(ﬁ )(0: + 5)do (1) + Ud{ (7)dy (7)d] (7)d (7)

+/0 dT/O dT’zgjdj(T)Ag(r—T’)da(T’%

Fourier transforming to Matsubara frequencies, the quadratic kernel defines the inverse
of the noninteracting impurity Green’s function:

(4.38)

Gop(iwn) = iwn — 5 — Ay (iwn), (4.39)

so that the effective action can be written compactly as
B
Seg[d", d, A] = Zd o0 (lwn)don + Sy, Sy = U/ drns(T)n (1),  (4.40)
0

with n, (1) = df (7)d, (7).

4.4 Equivalence of lattice and impurity effective actions

The cavity construction discussed in Section 4.2 yields a local effective lattice action
Ser[cl, ¢,], Eq. (4.25), for the distinguished site o that is interacting only on-site
and coupled to the rest of the lattice through the Weiss field Gy, which encodes
the dynamical hybridization of the impurity site o to the cavity. The single-impurity
Anderson model (SIAM), upon integrating out its noninteracting bath, produces an
impurity action Sinp|d®, d, A] = Segld’, d, A], Eq. (4.38), of the same structure,
fully characterized by the hybridization function A(iw,) (see Sec. 4.3). Thus, there is
a one-to-one correspondence

A<:>g<:>5eff<:>simp>

up to a field-independent normalization that does not affect observables. In the limit
of infinite coordination (Z — oo) the cavity cumulant expansion truncates at the
two-point level, so that all higher connected terms vanish and S.g becomes exactly
quadratic in the bath coupling [73, 74]. Identifying the local fields as d, = ¢,, then
makes Seg and Siy,, identical provided they share the same A (or G). DMFT turns
this structural equivalence into a closed theory by fixing A through the self-consistency
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4. Dynamical mean-field theory

condition Gipp(iw,) = Giec(iwy, ), which enforces that the impurity reproduces the local
physics of the lattice [74].
For a single impurity Anderson model with a bath chosen such that

A(iw,) ZtOZG(O (iwn)tjo (4.41)
ij#£o

and identical on-site energies to the lattice model, the effective actions of the lattice
site 0 and the impurity coincide, Segle, ¢,] = Simpld™, d, A]. For the non-interacting
Green’s function of the impurity this implies

Gy, lmp(lwn) =iw, +p—e,— Y tmG (iwn)tjo = Gyt (iwn). (4.42)
ij#o

We now can substitute the Hubbard identity (4.26) into equations (4.41) and (4.42).
After some algebraic manipulations this yields the important DMFT self-consistency
condition

Aiwn) = iw, + i — &, — B(iwy,) — G (iwy). (4.43)

For a homogeneous system, where all sites are equivalent, the self-energy is site-
independent, and thus ¥;(iw,) = X(iw,). In the limit of infinite coordination number
Z — 00, the lattice self-energy is k-independent and coincides with the impurity self-
energy, X(iw,) = Bimp(iwn) [73, 74]. The local lattice Green’s function can then be
expressed via the non-interacting DOS

oe) = ]IV RUCEES (4.44)

leading to

_ p(e)
_ 4.4
Gloc(lwn) GOO 1wn /dE iwy, + n—Es — 2<1wn) —€ ( 5)

For single-orbital models, the Hilbert transform can be simplified to
Ghoc(iwn) = Gojoe (iwn — S(iwn)), (4.46)

where Gy 4, is the non-interacting local lattice Green’s function.

4.5 Self-consistent DMFT cycle and convergence

Having established the formal equivalence between the effective lattice action and the
SIAM, we now turn to the practical realization of the DMFT self-consistency. The
task is to determine the hybridization A (or equivalently the Weiss field Gy ') such
that the impurity Green’s function Gi,, reproduces the local lattice Green’s function
Gioc = Gy, while the self-energies coincide, i, = 3.

In practice, one proceeds iteratively:

1. Start from an initial guess for the self-energy X (iw,) (or equivalently for the
hybridization function A(iw,)). A reasonable initial guess is the noninteracting
limit (iw,) = 0 or the Hartree approximation.
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[Initial guess for E(iwn)]

Local Green b functlon
de iwn+p— 60 E(lw") £

Hybr1d1zat10n function:
Aiwy) = iwp + p — g0 — X(iwy,) — Glgl (iwn)

[Solvc impurity problem G’imp[AD

Impurity self energy
Simp (iwn) = G (iwn) — Gm}p(lwn)

!

Update lattice self-energy:
S (jwp ) = imp (iwn)

Converged?
AY < ey
AG < eg

Self-consistent solution
Y= Eimp7 Gloc = Gimp

Figure 6: Single-site DMFT self-consistency loop. Starting from an initial self-energy (or
hybridization), compute the local lattice Green’s function, update the hybridization (equiv-
alently the Weiss field), solve the impurity problem, and iterate until Gimp = Gloc and
Yimp = 2.

2. With the current self-energy, compute the local lattice Green’s function from the
lattice dispersion or the non-interacting DOS (4.45):

ple)
oc(iwn) d . 4.4
Choe (1w / c iw, +p—e, — N(iwy,) — € (447)

3. Construct the hybridization function A (4.43) (or equivalently the Weiss field
Go) defining the impurity problem:

A(wn) = iw, + p — o — B(iw,) — Gioe (iwn). (4.48)

4. Solve the impurity problem G[A] using an appropriate impurity solver for the
single-impurity Anderson model.

5. Compute the impurity self-energy via the Dyson equation:

Yimp (lwy,) = Qil(iwn) — Glmp(lwn) (4.49)
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6. Update the lattice self-energy with the impurity self-energy:
Y (iwy,) = Bimp (iwn)- (4.50)

As described in the previous self-consistent methods, one may optionally employ
mixing schemes to stabilize convergence.

7. Check for convergence of the self-energy and/or Green’s function

1 1
AY = N Z |27 (1wy,) — X(iw,)|, AG = N Z | Glimp (iwn) — Gloc(iwy,)|-

(4.51)
If not converged, return to step 2 with the updated self-energy.

After convergence is reached, the self-consistent solution X(iw,) = Yimp(iw,) and
Gloc(iwn) = Gimp(iw,) can be used to compute observables of interest. A schematic
representation of the DMFT self-consistency loop is shown in Fig. 6.

The DMF'T self-consistency becomes ezact only in the limit of infinite coordination
(Z — o0), where the self-energy is purely local and the cavity construction closes
without error [73, 74]. For real lattices with finite Z, DMFT is an approximation that
neglects nonlocal (spatial) correlations while retaining the full local quantum dynamics.
Its leading corrections scale with inverse coordination and with the strength/range of
spatial fluctuations. Two important ezact limits persist at finite Z: the atomic limit
(tij = 0), where the impurity decouples from the lattice and DMFT reduces to the
exact local problem, and the noninteracting limit (U = 0), where ¥ = 0 and the
DMEFT loop reproduces the exact band Green’s function. Between these limits, DMFT
is most reliable on high-coordination lattices or in regimes dominated by local physics.
Systematic improvements are available via cluster extensions (CDMFT/DCA) when
short-range spatial correlations matter [74].

To close the DMFT loop one needs an impurity solver that maps a given Weiss
field G (or hybridization A) to the interacting impurity Green’s function Giy, and
self-energy Yim,. In the next chapters, we briefly discuss two widely used classes.
The spin-polarized T-matrix fluctuation-exchange (SPTF/FLEX) approximation is
a self-consistent, diagrammatic (Baym-Kadanoff conserving) approach that resums
particle-particle ladders into a 7" matrix and incorporates particle-hole spin/charge
fluctuations; its spin-polarized formulation treats broken-symmetry states and gener-
ates a frequency-dependent, spin-resolved i, at relatively low cost, making it suitable
for weak-to-intermediate interactions and multi-orbital settings [87-89]. By contrast,
continuous-time quantum Monte Carlo (CT-QMC) solvers are numerically exact (up to
statistical noise): the interaction-expansion (CT-INT), auxiliary-field (CT-AUX), and
hybridization-expansion (CT-HYB) algorithms stochastically sample the perturbation
series implied by Simp and return unbiased Matsubara Green’s functions and vertex
data; they handle strong coupling and complex local interactions but are limited by
sign problems and by the need for analytic continuation to real frequencies [90-92].
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5 Spin polarized T-matrix FLEX approxi-
mation

5.1 Fluctuation exchange approximation (FLEX)

The fluctuation-exchange (FLEX) formalism is a self-consistent, conserving approxima-
tion designed for systems with intermediate to moderately strong correlations. It builds
on the Baym-Kadanoff framework of ®-derivable functionals [93, 94], which guarantees
the microscopic conservation of particle number, momentum, and energy. In practice,
FLEX goes beyond mean-field (Hartree-Fock) theory by resumming classes of diagrams
associated with interparticle scattering: particle-particle ladders (the T-matrix chan-
nel) and particle-hole bubbles/ladders (spin and charge fluctuation channels), treated
on equal footing and closed self-consistently for both the self-energy and susceptibil-
ities [87]. Because these collective fluctuation channels are included, FLEX captures
the feedback of charge and spin fluctuations that is essential for analyzing competing
ordering tendencies in correlated metals and multi-orbital systems.

The fluctuation-exchange (FLEX) formalism treats both instantaneous and retarded
two-particle interactions on equal footing. A convenient starting point is an effective
action of the lattice model [87, 93, 94]

S = So -+ SV7
So= 3 @) (0 +ho) cola),
x’x/’o. XX (5.1)
Se=1 X oo - o) @) @ )er(@ealo),

similar to the derivation of DMFT in Section 4.2. Here, = (v, 7) combines lattice
position and imaginary time, and >, = >, fo dr. We abbreviate x; = 1, etc. The
Grassmann fields ¢, ¢ represent fermions, and v(x — 2’) is a general two-body inter-
action depending only on coordinate differences. For the (single-band) Hubbard model
one has v(z — 2') = U 6§, i.e. in shorthand v(1 — 2) = U ;2. In the one-band case it
is convenient to rewrite the action using the Fourier transformed quantities

1 ik-x + ) = i C+ efik-:p U 1qx
_ﬁz’g:cﬂu{;)e ) CO’( ) \/N; O'(k> ’ \/—Z

with N the number of lattice sites, Brillouin-zone momentum sums, and k = (k, w,),
q = (q, Q) composed of crystal momentum and Matsubara frequency:

= (2n+ )T (fermionic), Q,, =2mnT  (bosonic). (5.2)
The action (5.1) can then be expressed in momentum space as
So =" (= iwn +ex)cf (k) (), (5.3)
k,o
Z Z Yk+q)ch (K — q)cor (K )eq (), (5.4)
k k',q o,0'
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(a)

O
O
Sales Q@

Figure 7: Schematic correspondence between Luttinger-Ward & diagrams (left) and the
self-energy ¥ = d®/0G (right). Cutting a G line in a ® diagram produces the associated
Y term. Shown are (a) Hartree, (b) Fock, (c) second order particle-hole, and (d) particle-
particle ladder (T-matrix) contributions [93].

where ¢ is determined by the non-interacting Haniltonian hy. In a general self-
consistent (not necessarily conserving) approximation, the two-particle interaction v
is replaced by an effective one-particle medium: fermions propagate in a space- and
time-dependent field represented by the self-energy ¥, (x, 2'), to be determined within
a given approximation. FLEX is obtained by constructing > from a ®-derivable func-
tional that self-consistently resums particle-particle ladders (the T-matrix channel) and
particle-hole spin/charge fluctuations, thereby retaining microscopic conservation laws
and capturing the feedback of collective modes on single-particle properties [87, 94].

A sufficient condition for an approximation to be conserving is that its self-energy
be ®-derivable in the sense of Baym and Kadanoff [93, 94]. That is, there exists a
Luttinger-Ward functional ®[G, v] such that

IP[G, v]
0Gq (7', x)

Diagrammatically, the functional derivative “cuts a Green’s-function line” in a &-
diagram to produce the corresponding self-energy diagram; the resulting ¥ is auto-
matically consistent with macroscopic conservation laws (particle number, momentum,
and energy) and with thermodynamic consistency, as shown schematically in Fig. 7.

The one-particle Green’s function G not only encodes single-particle excitations, but
as shown by Luttinger and Ward, it also generates the equilibrium thermodynamics of
an interacting Fermi system through a functional of G' [95]. In Matsubara formalism,
the (grand-potential) free-energy functional can be written as

FIG) = — TrIn(—G) + Tr(SG) — 3G, (5.6)

Yo (x, a') = (5.5)

where Tr denotes the full functional trace over space, spin/orbital indices, and imagi-
nary time (or momentum and Matsubara frequency). The self-energy is related to the
interacting and noninteracting propagators by

=Gyt -G, (5.7)
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and ®[G] is the Luttinger-Ward (or Baym-Kadanoff) functional, defined as the sum of
all two-particle-irreducible skeleton diagrams built with G and the bare interaction.
A central result of Luttinger and Ward is that F[G] is stationary at the physical
Green’s function provided the self-energy is ®-derivable,
oF _ 0P[G]

— =0 = Y= — 5.8
oG 0G (58)
and, together with Eq. (5.7), this yields Dyson’s equation G~! = G§* — X. Approxi-
mations constructed from a truncated (but explicit) ®[G] are therefore stationary and
conserving: by varying G they satisfy the macroscopic conservation laws and remain

thermodynamically consistent [94].

5.2 Spin-polarized T-matrix FLEX

Following Refs. [89, 96], we adopt a Hamiltonian formulation of the spin-polarized
FLEX (SPTF): instantaneous one-body terms can be supplied by the spin-polarized
LDA (LSDA) Hamiltonian, while dynamical two-particle fluctuations are treated within
DMFT via the spin-polarized T-matrix FLEX (SPTF) self-energy. The fluctuating ef-
fective fields (charge and spin channels) will be generated by generalized susceptibilities
constructed from the interacting Green’s functions. We begin by defining the multi-
orbital model Hamiltonian and the correlated subspace.

~ AF
H = Z Z tm1m2 mecﬂmw +3 Z Z mimamim, Zmlaczmza’clm U/C’mﬁ’? (5'9)

ijo {m} wo" {m}

where 7, j label lattice sites, m enumerate localized orbitals (e.g. d or f within a chosen
projector /subspace), and o is the spin index. The one-electron parameters t%lm come
from the spin-polarized Kohn-Sham Hamiltonian represented in the correlated Wannier

(or projector) basis. The on-site Coulomb tensor is

b, = [ €7 [ @000 ()00 () Veer = )Wy (1) Wiy (), (5.10)

with V.. the (screened) Coulomb interaction and {W;,} localized orbitals spanning
the interacting subspace. If LDA one-electron terms are used for the non-interacting
Hamiltonian, we subtract a double-counting (dc) term from the one-body part and
write

LDA - Z Z hgllmz A'ZI-TrLlo'éJ?”fLQCT - EdCJ (511)
ijo {m}
H = HE]CDA +3 Z Z mimom)m), zm1aé;fm20’cim/20'éim/10' (512)
zao’ {m}

Here hﬁﬁ;lm are spin-dependent one-particle matrix elements obtained from LSDA and
projected to the correlated basis; E9¢ compensates the static mean-field part of in-
teractions already included in LSDA (double-counting). The interaction tensor U’ is
nonzero only on correlated sites ¢ and within the correlated orbitals {m}.
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5. Spin polarized T-matrix FLEX approximation

Contrary to FLEX implementations that retain explicit momentum dependence, here
we adopt the DMFT locality assumption and work with a purely local, frequency-
dependent self-energy Y (iw,). Following the spin-polarized T-matrix FLEX (SPTF)
scheme of Lichtenstein and Katsnelson [89, 96], we improve upon the original FLEX
formulation by treating particle-particle (pp) and particle-hole (ph) channels asym-
metrically: the pp channel is summed to all ladder orders to form a 7" matrix, which
renormalizes the effective interaction, and this renormalized interaction is then used
explicitly in the ph channel for spin and charge fluctuations. This separation captures
short-range pairing-type correlations via the pp ladders while preserving a conserving
description of spin/charge dynamics in the ph sector.

To organize the interacting channels we symmetrize the on-site Coulomb tensor over
ph and pp combinations. For a correlated site ¢ with localized orbitals {m} we define

Unomtimzmt, = 2Unmmamims, = Unnyimg mimt, (5.13)
Ut mtmamt, = = Unymamimt (5.14)
Usnimimamy, = 5 (Ui mgmt, + Uit s ) (5.15)
Uity = 5 (Uit iy = Ubnymimamy, ) + (5.16)

which act, respectively, in the ph density (d) and magnetic (m) channels, and in the
pp singlet (s) and triplet (¢) channels. These combinations are most transparently
obtained by projecting the bare interaction onto pair operators that generate correlated
particle-hole and particle-particle fluctuations.

Let 1 = (my,01) and 2 = (mg, 02) denote orbital-spin indices on the same site, and
write ¢; for ¢,,,0,, etc. The ph density and spin operators are

Ly A
diz = 75 (ijTCmQT + Cjnlic’nmi)a (5.17)
0 1 at Al + _at & —=¢ &
Mg = ﬁ( m1Tcm2T mwcmﬂ) Mz = CmytCmals Mg = Gy | Cmats (5'18)

while the pp singlet and triplet pair operators are

L, . S Loy .
S12 = %(leicmﬁ - cmlTszi)v SE = \/5( Inwcinﬁ - Ciﬂﬁc:rﬂzi) (5‘19>
P L, . S ~ .
t1+2 = Cm11Cmats t[1)2 = E(leicmﬁ + leTCmﬂ)’ Z512 = Cmy1Cmal; (52())

and their Hermitian conjugates create the corresponding pairs. Projecting the bare
interaction onto these operators produces the matrix elements in Egs. (5.13) to (5.16),
which then serve as input to the SPTF construction of the spin-dependent effective
interactions W22, . In SPTF, the pp ladders built with U* and U* define a
dynamic T matrix that renormalizes the short-range vertex; the resulting effective
interaction is subsequently used in the ph density and magnetic channels (with U? and
U™) to compute generalized susceptibilities and the spin-resolved, local self-energy

Yo (iwy,) self-consistently within DMFT [89, 96].
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5.3 Green’s function

Within DMFT we neglect any explicit momentum dependence of the self-energy and
work with a purely local, frequency-dependent X(iw,). As in standard many-body
practice, the self-energy is decomposed into a static (Hartree-Fock-like) contribution,
¥V, obtained from the instantaneous on-site interaction, and a dynamical part that
incorporates fluctuation effects beyond mean field. In the present spin-polarized T-
matrix FLEX (SPTF) implementation the dynamical part is constructed in a GW-type
fashion from renormalized effective interactions (see below). The resulting orbital- and
spin-resolved Green’s function reads

Gl (iwn) = (iwn + 1) 0mm — Pomie — B8 10— Smre (iwn), (5.21)
where g is the chemical potential, w, = (2n + 1)7/8 are fermionic Matsubara fre-

quencies, and h? are the LSDA one-body matrix elements projected to the correlated
subspace. Unless stated otherwise, all quantities are local (site index suppressed) and
matrices act in the orbital indices {m}.

In the spirit of Kanamori’s idea, we treat particle-particle (pp) and particle-hole (ph)
channels asymmetrically: the pp ladders are summed first to form a 7" matrix that
renormalizes the local interaction; this dynamic effective vertex is then used explicitly
in the ph channel to describe spin and charge fluctuations. Concretely, the Kanamori
T matrix satisfies a Dyson-like ladder equation in the pp channel,

(13|77 (i,,)[24) = (13[v]24) — fz 3" GZ(iwn) G (i, — iw,) (58|77 (i€2,,)| 76)
wn 56,78
(5.22)

where v denotes the bare on-site interaction tensor. Hartree and Fock contributions
are obtained by replacing the bare vertex by 7"

SO (i,) = fzz (13777 (i) [24) G4 (1 — iwy), (5.23)
Q 340’/

0 (1w, :—fzz (14777 (i€2,,)[32) GZ, (i — iwy). (5.24)
Qm 34

This construction is exact in the dilute limit (small hole or electron density in the
correlated shell), where the pp ladders dominate and the 7" matrix sums the leading
scattering processes.

Beyond the dilute limit, ph fluctuations renormalize quasiparticles and generate ad-
ditional structure in the self-energy. We therefore supplement Eqs. (5.23) to (5.24) by
a ph contribution built from generalized susceptibilities and spin-dependent effective
potentials W7 . Combining density and longitudinal-spin channels into D = (d, mP)
and transverse channels into m*, the interaction part of the (local) Hamiltonian can
be recast in compact form

1
HU:2Tr<DT*V”*D+m+*V$*m_+m_*V$*m+>a (5.25)

where % denotes matrix multiplication in the paired orbital indices (m;ms), and

Vdd Vdm
vi= <de vmm> c (Vin) = (13ITTH42). (5.26)
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The longitudinal (z)-channel matrix elements are obtained from the spin-resolved T
matrix as

1 ! Y

Vit = 5 530 (34 az) - (377 a2y .20
1 ‘o m

Vi = 5 2o (131777142) — (13|T°7[24) + (13T°7|42)) = Vi, (5.28)
1 ! ! !

Vigay = 3 Z(Z oo’ (13|T°7°142) — (13|T°° |42)> ) (5.29)

5.4 Bubbles, susceptibilities, and fluctuation potentials

The building block for susceptibilities is the empty loop (bubble)
re (7) = =Gramso (T) Grymior (—T) (5.30)

mimaomsamay

with I'(iw,) its Matsubara transform. We define the bare longitudinal susceptibility

matrix
! 1 <FTT T O pu)

Xo(iwn) = S\ i ity

whose entries correspond to (dd), (dmP), (m°d), and (m°m®) channels, respectively.
The RPA-like resummations in transverse and longitudinal sectors then give

(5.31)

™ (jw

X wn) = g 1% i FTTLi)(iwn)’ (5:32)
I

W (i) = —Xolwn) (5.33)

1+ Vs iw,)

The spin-resolved fluctuation potentials follow as

Wit (iwn) = 3V (X” - Xg) « VI

(5.34)
Wi (iwn) = V1 (% = x4) « VI, (5.35)
Wiy (iwn) = 3V (X"~ = xd7) * Vi, (5.36)
Wi(iwn) = 3V (x " = xo ") * Vi, (5.37)

where y!l is obtained from !l by interchanging 11 and | in Eq. (5.31). The particle-
hole contribution to the self-energy is then
S (1) = X2 Wig(r)Gaaor (7). (5.38)

34,0’
Collecting the pieces, the local dynamical self-energy entering Eq. (5.21) is
Yy (iwn) = 2 (1w, ) 4+ 20 (1w,,) + 2P (iw,,), (5.39)

g g

which is evaluated self-consistently together with Eqs. (5.22) to (5.38) inside the DMFT
loop. Physically, the T-matrix ladders renormalize short-range scattering in the pp
channel (exact in the dilute limit), while W% accounts for dynamical spin and charge

fluctuations in the ph channel, generating the characteristic frequency dependence of
Yo (iwy).
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6 Continuous-time quantum Monte Carlo

Continuous-time quantum Monte Carlo (CT-QMC) emerged in the mid-2000s as the
decisive step beyond discrete-time Hirsch-Fye QMC [97] for solving quantum impurity
problems at the heart of DMFT. The key innovation was to abandon imaginary-time
Trotter discretization and to formulate diagrammatic expansions directly in continuous
time, which removed systematic Trotter errors and unlocked access to lower temper-
atures and larger local Hilbert spaces. Three complementary implementations crys-
tallized almost simultaneously and have since defined the field: the weak-coupling in-
teraction expansion (CT-INT), introduced by Rubtsov, Savkin, and Lichtenstein [90],
provided a continuous-time determinant framework built around an expansion in the
local interaction and quickly became a reference for benchmark studies and cluster
extensions. The hybridization expansion (CT-HYB), introduced by Werner, Comanac,
de’ Medici, Troyer, and Millis [98], shifted perspective by treating the local Hamiltonian
exactly and expanding the hybridization, which proved especially powerful for multi-
orbital d- and f-shell problems and set the standard in realistic LDA/GGA+DMFT.
The auxiliary-field variant (CT-AUX), developed by Gull, Werner, Parcollet, Troyer,
and Millis [99], adapted continuous-time ideas to a discrete Hubbard-Stratonovich
formulation and offered a scalable weak-coupling route that connected naturally to
determinant-QMC techniques. Within a few years these solvers replaced Hirsch-Fye
across DMFT applications, and a comprehensive synthesis by Gull et al. in a 2011 re-
view [92] defined best practices, clarified performance envelopes, and established shared
terminology. Since then, CT-QMC has underpinned advances ranging from realistic
materials studies to two-particle response functions and diagrammatic extensions, with
CT-HYB dominating strongly correlated multiorbital physics, CT-INT and CT-AUX
playing central roles in weak-to-intermediate regimes and cluster calculations, and all
three implementations becoming the canonical numerical workhorses of modern DMF'T.

In this chapter, we focus on the hybridization expansion (CT-HYB) and restrict the
discussion to density-density interactions, which can be efficiently treated using the
segment picture [92, 98]. In this picture configurations are visualized as occupied time
intervals on the imaginary-time axis for each spin flavor.

The computations presented in this chapter were performed within the TRIQS frame-
work [C3] using the TRIQS/cthyb solver [C4], which implements the segment algorithm
with state-of-the-art optimizations.

6.1 Hybridization expansion

The starting point of CT-HYB is a decomposition of the action S into a solvable part
So and a remainder AS, such that the partition function can be expressed as

Zinpy = / DIdI(7), d(r)]e™S0=55 = 2, (759 (6.1)

So
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6. Continuous-time quantum Monte Carlo

Overall constants such as Z; cancel in normalized estimators and thus do not affect
Monte Carlo measurements. Expanding the exponential yields the diagrammatic series

- (="
B/ Zo = 3 (A, (6.2
n=0
which is sampled stochastically over contributions of all expansion orders n with con-
figuration weights given by the functional averages in (6.2) [90, 92]. The average
expansion order (n) of the sampled diagrams is then given by

2y & (_1)71 n
(n) = =2 n = ((A9)")g, = —(AS)s, (63)
Zimp n—0 n:
where ()4 denotes the expectation value with respect to the full action. The last
equality follows from the identity 42 = —(AS)g, [92] by introducing a coupling

parameter \ via Z(\) = Zq({e %) 50

In the case of the Single Impurity Anderson Model (STAM) with density-density
interactions, as described in Section 4.3, a natural choice is to take the effective action
(4.38) and expand the impurity-bath hybridization, i.e. A, (7) (4.36), while keeping the
local impurity part in So = Siec:

Zino) Zoatn = / DI (7), d(r)] exp (-5100 _ / ? ar / Car Z 4 (7) Ay (T — T’)do(ff)>

— Zie <exp< / dT/ ar' (1) (r ~ 7)d, (H)) >S

The impurity partition function Zi,,[A] is a generating functional for n-particle Green’s
functions: functional derivatives with respect to the hybridization function A, (7 — 7')
generate connected correlators up to the usual normalization by Zi,,. In particular,
the single-particle Green’s function follows as the functional derivative of the logarithm,

(6.4)

0ln Zimp

Gl =) = A -7y

(6.5)

which is the CT-HYB analogue of standard source-functional identities [83, 91, 92, 98|.
Expanding the exponential in (6.4) yields
B B
/ dr, / dr),
0

<Z dg, (11)do, (71) - - d, (Tn)dan(ﬂi)> (6.6)

{U} Sloc
X Ay (11 —71) . Ay (T — T1).

Zlmp _Zloc dTl

This is equivalent to writing the partition function as a sum over all possible Monte
Carlo configurations

¢c=cUcy, Co ={T1, ooy T Tyy ooy To ks (6.7)
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6. Continuous-time quantum Monte Carlo

which represent operator insertions at imaginary times 7; (creation) and 7/ (annihila-
tion) on the impurity for each spin channel. As written, (6.6) is not yet convenient
for Monte Carlo sampling, because different permutations of the primed imaginary
times {77, ..., 7} vield the same local operator string but appear with different hy-
bridization kernels and, crucially, with alternating signs from Grassmann reordering.
For example, the second-order contribution contains the two terms [91, 92]

(@ (m)d(r)d* (m)d(r)) . Aln =) A7 — ) .
= —(d*(n)d(m)d* (m)d(r3)) . Almi = 13)A(r2 — 7)) |

oc

where the minus sign arises from exchanging Grassmann numbers. While the hybridiza-
tion function A(7) obeys fermionic antiperiodicity A(7) = —A(7 — ) and is typically
negative for 7 € [0, 3) in standard conventions, individual terms still come with alter-
nating algebraic signs due to permutations. Naive sampling of such alternating sums
leads to large cancellations and noise [92].

The remedy, already emphasized in the original CT-HYB work [91, 98], is to collect
all permutations of primed indices at fixed unprimed indices and use the identity

n

det(A) = Y sign(3) [] ass, (6.9)
58, i=1

where S, is the symmetric group of order n. This exactly mirrors the Grassmann

reordering signs. Since there are |S,,| = n! permutations, the expansion can be reor-

ganized into a single determinant of the n x n hybridization matrix A, with entries

(An)ij = A(7; — 7;), yielding the standard CT-HYB form

O (1) B B B B
Zimp :Zbachloc Z ((n')>2 A dTl/O dT{ : /[) (317',1‘/0 dT?/1

n=0

(6.10)

X <Z df (11)dy, (1) ... d} (1)ds, (TT/L)> det A,,.
{G} Sloc

In practice one compensates the combinatorial factor 1/(n!)? by restricting the 7; and
7; sums to ordered sets, so that each configuration is counted once. The Monte Carlo
weight then factorizes into a local trace and a hybridization determinant, which are
both computed efficiently in modern implementations.

To proceed, we evaluate the expectation values in (6.10). For density-density inter-
actions (single-band Anderson impurity)

Hioe = (86 — Wy + Uy, (6.11)
e

the local operator average factorizes into a purely local trace and a hybridization de-
terminant that is block-diagonal in spin thus, the segment picture applies [92, 98].

6.2 Segment picture

For density-density interactions the local trace in (6.10) is diagonal in the occupation
basis and each configuration can be represented by segments on the imaginary-time
axis.
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6. Continuous-time quantum Monte Carlo

dtm)  d(r) A di(ry)  dAT() di(nh)
0 =1 - @m—m——--- O )~~~ = = = = = @)~ = = = = = = =
0= m—-o-----o-ooo---- O-=-=-=--=-- J_/B
dy(73) dy () dy(1) df (12)

Figure 8: Example of a CT-HYB segment configuration ¢ with three spin-up segments
ny = 3 and two spin-down segments n; = 2 on the imaginary-time interval [0, 5). Creation
(annihilation) operators are indicated by filled (empty) circles. Each segment (line) represents
an occupied time interval for the corresponding spin. The shaded areas indicate the overlap
intervals where both spins are present.

A contribution of order n consists of ny < n pairs of creation/annihilation operators
for spin 0 =1 and n| = n — ny pairs for spin o =|. We collect the imaginary times at
which the operators act as ordered sets

{r}" A7}, (6.12)

where df (7;) is the i-th creation and d,(7/) the i-th annihilation. Time ordering on the
imaginary-time interval enforces an alternation of creation and annihilation for fixed
o, up to the cyclic boundary at (:

N<T<T<Ty<- <7, <7, (mod}f), (6.13)

with the understanding that the last annihilation 77, , may wrap around and precede 7,
in [0, ), reflecting the cyclic trace. The segment picture is a geometric way to visualize
such a configuration: we draw the impurity time axis on the interval 7 € [0, §). For
each spin o, every creation cif,(T) begins a time interval of occupancy that ends at the
next annihilation CZU(T/ ) with 7 < 77 understood modulo 5. An example of a segment
configuration is shown in Fig. 8.

We represent each occupied interval by a line segment [7;,, 7/,). If the impurity is
already occupied at 7 = 0, the corresponding segment wraps across the boundary: it
begins at some 7;, < 3, continues through 3, and closes at 7/, € [0, 7,), producing an
open line that connects across the endpoints of the interval.

For bookkeeping it is convenient to define, for each configuration ¢, the piecewise-
constant occupation n,(7) € {0, 1} that equals 1 precisely on the union of all o-
segments, the total occupied length

7' — 74 (3, if the segment crosses 3,

Lo(c) = Zl lip = (' — )5 = { (6.14)

-7, else

where [;, is the length of segment ¢ of the o-channel, and the total overlap length where
both spins are present,

O (c) = /05 dr ns (1) ny (7). (6.15)

For convenience we switch to the Hamiltonian formalism to evaluate the local action
contribution Sj... The local expectation values in (6.10) can then be expressed as
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6. Continuous-time quantum Monte Carlo

traces in the impurity (Fock) space. For a single-band impurity the local basis is
{10), 1), [4), [T}, and for density-density interactions the Hamiltonian is diagonal.
The local weight entering (6.10) for a single configuration ¢ then reads

WA (€)= Toe [T, Tl (r)do () -+ dm)do (7). (6.16)

with 7, the time-ordering operator to arrange operators along the imaginary-time
contour. Because Hy,. is diagonal in the occupation basis and creation/annihilation
operators only flip occupations by +1 within a spin sector, the time-ordered product
fixes a single sequence of local basis states along the imaginary-time contour once the
first segment is chosen (for ny > 0 and n; > 0). In particular, segments contribute
only if the numbers of creation and annihilation operators match for each spin; hence
it suffices to consider operator strings where the multiset {0/} is a permutation of
{o:} 91, 92, 98].

Moving the diagonal Hj,. through the time-ordered operator string yields a purely
geometric local factor that depends only on the total lengths of segments L,(¢) and
overlaps Oy (¢) of the configuration ¢. Then,

VVIE::)(C) = s(c) exp < —erly — e L) — UON>. (6.17)

The sign s originates from time ordering in the Hamiltonian formalism. For density-
density interactions in the segment algorithm, one can choose the operator convention
so that s(¢) = +1 and all fermionic signs are captured by the hybridization determi-
nants [92, 98]. Consequently, the total configuration weight factorizes as

w(e) = Wi (O [Tdet AL, [AL] = Agfr 7). (6.18)
which is the working expression used for Monte Carlo sampling in the segment picture.
The special cases k+ = 0 or k; = 0 are covered by (6.17) with the corresponding L, = 0.
If only one spin sector appears, the trace still reduces to a single path through {|0), |o)}
and the same exponential form applies. Practically, (6.17) implies immediate estimators
for local observables, (7,) = (L,) /B and (fyny) = (Oy,) /B, while (6.18) provides the
Metropolis ratios via fast rank-1 updates of A~ under segment insertion /removal
and endpoint shifts. These are the standard building blocks of the CT-HYB segment
algorithm [91, 92, 98].

6.3 Monte Carlo sampling

We sample the configuration sum with a Markov-chain Monte Carlo process that pro-
poses local updates of the segment configuration ¢ and accepts them with Metropolis
probabilities. To guarantee that ensemble averages reproduce the path-integral ex-
pectation values, the set of updates must be ergodic: starting from any admissible
configuration, repeated application of the moves can reach any other admissible con-
figuration in a finite number of steps. In the single-band, density-density (segment)
algorithm it is sufficient to insert and remove pairs of creation/annihilation operators,
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6. Continuous-time quantum Monte Carlo

or equivalently, segments (occupied intervals) and anti-segments (empty intervals), in-
dependently in the spin-up and spin-down sectors [92, 98]. Another requirement for
Monte Carlo sampling is that the chain converges to a stationary probability distribu-
tion p(cy,). A simple sufficient condition is detailed balance:

p(cn)Tcn%c;n = p(t;n) Tcgn—nna (619)

where T,._,. is the one-step transition probability between configurations ¢ and ¢’. If
(6.19) holds, then summing over all predecessors yields stationarity,

S p(c) T e, = () Y Tenser, = plen), (6.20)

U U
Cm Cm

using normalization >, T+ = 1. We implement 7" in two stages: propose ¢ — ¢’ with
probability P._.. and accept it with probability A, .,

Teso = Peyo Ac—>c’ . (621)

The Metropolis-Hastings choice enforces (6.19) by

. p(C/)Pc’Hc
Ao = 1, —— . 6.22
_¢ = min { (P (6.22)

With this, any proposal kernel P (together with ergodic moves) produces a stationary
chain sampling p(c) [100, 101].

6.3.1 Configuration updates

An (anti-)segment insertion proposes to add a new occupied (empty) time interval, i.e.
a pair of creation and annihilation operators-for spin ¢ to the current configuration,
thereby increasing the expansion order n, — n,+ 1. For the segment insertion, we first
draw a time 7 € [0, §) with the uniform probability density dr /5 for spin o, where
d7 is an infinitesimal time interval. If the imaginary time 7 falls within an empty
o-segment, the impurity is unoccupied and we propose to add a new creation operator
di (1), inserting a new electron (segment). Next, we define lax as the distance, along
increasing imaginary time with wrap-around at 3, from 7 to the next start of a o-
segment. If no o-segments are present, we set l,.x = 5. We then choose the time 7/
uniformly within the available window,

7€ (7, T+ lmax) (mod ), with probability dr , (6.23)
so that the proposed segment has length lyew = (7" — 7)3 € (0, lmax) (see Fig. 9). For
the anti-segment insertion, the method is similar: We pick a time 7’ € [0, ), check if
7/ falls within an occupied o-segment, define [, as the distance to the next end of
the o-segment, and choose 7 uniformly in the interval (7" — lyay, 7) (mod ).

The total proposal probability for an (anti-)segment insertion is therefore

dr dr

Cn—>Cn+41 = F

(6.24)

lmax
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6. Continuous-time quantum Monte Carlo

d?(n) dy(m1) d%F(T?) dr(73)
o :T - - - O——C) ~ ~ ~ = = = mmmmmmmmmm e -Oe—) - -~ = = = = = -
0 o v
df (n) dy(71) df(r2)  dy(m)
d?(ﬁ) dy(7]) (1?(7) dy(7) d?(Tz) dy(73)
0 =T - O— - - @m0 - — = = - = — - —0 -
) Imax -
: e 3
o= Q 77777777 O - - - - e o—o————ﬁ

Figure 9: Example of a segment insertion move in the spin-up channel and an anti-segment
insertion move in the spin-down channel. Note that these are two separate updates that
change the configuration independently. The lengths [« indicate the maximal allowed
lengths for the new (anti-)segments. In both examples, the expansion order is increased by
one, ng — Ny + 1.

A special case of inserting an anti-segment is the removal of a complete segment, i.e.
removing a pair of creation/annihilation operators that form a full occupied interval
(segment), reducing the expansion order n, — n, — 1 for spin ¢ by one. In this case,
the proposal probability is simply

Pcnﬁcn_l = ;U) (625)

since we choose one of the n, existing segments uniformly for removal [102].
The probability for a configuration ¢, can be identified from the partition function
(6.10) and the local weight (6.16):

Zn = ZoanZe 3 Y / dr / drl - - / dr, / dT

")

= Zpath Zloc Z /dcn VVIOC (¢)det A,

( )det A,
(6.26)

where we have introduced the shorthand notation [ dc, for the multiple integrals over
imaginary times and the sum over spin configurations at fixed order n,. Thus, the
probability density for a configuration ¢, is

| J—
plcn) ~ legg(c) det A, (6.27)

Using this in the Metropolis-Hastings acceptance ratio (6.22) together with the pro-
posal probabilities for (anti-)segment insertion (6.24) and removal (6.25) yields the
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6. Continuous-time quantum Monte Carlo

acceptance ratio

A =min | 1
e mln( ’ p(cn) PCnHC7L+1 2(710 + 1)3 I/Vl(n det Ay,

(0]¢

p<cn+1> PCnJrl*)tn _ mln 1 /Blmax VI/IE)ZJFI) det An+1
" (dr)

(6.28)

for an insertion move and the acceptance ratio

o Pﬁ) i (1 @) WD det A,
p(anrl) PCn-‘rl*)Cn 7 Blmax VVIE)Z—H) det An+1
(6.29)

Acn+1—>cn = min (17

for a removal move.

Beyond single (anti-)segment insertions/removals, modern CTHYB implementations
employ several higher-order or cross-spin moves that improve ergodicity and reduce
autocorrelation, especially in multi-orbital problems with off-diagonal hybridization.

A move update transfers a segment (or antisegment) from one spin/orbital to another,
increasing the expansion order of one channel and decreasing it of the other channel
while keeping the total expansion order fixed. This is done by choosing an existing
segment in one channel and proposing to insert it into a different channel, provided
that the hybridization between the two channels is non-zero. Other common complex
updates include all variations of double (anti-)segment insertions and removals. These
moves change the expansion order in two channels simultaneously, improving sampling
efficiency in the presence of inter-orbital hybridizations. Such coupled moves preserve
detailed balance with Metropolis-Hastings acceptance based on the corresponding local-
trace and hybridization-determinant ratios, and are standard in state-of-the-art solvers
to ensure efficient sampling in the presence of inter-orbital couplings and complex
A(7). If inter-orbital interactions beyond density-density terms are present, additional
updates such as spin-insertions, spin-swaps and spin segment splits are required to
ensure ergodicity [91, 103].

6.3.2 Determinant ratios and fast matrix updates

The acceptance ratios (6.28) and (6.29) require the evaluation of determinant ratios
det A, 11/ det A, and det A,/ det A, ; upon (anti-)segment insertion and removal. A
naive computation of determinants scales as O(n?®) (LU decomposition), which would
make the algorithm prohibitively expensive at large expansion orders n. However, in-
serting or removing an (anti-)segment corresponds to rank-1 updates of the hybridiza-
tion matrix A,,, adding or removing a single row and column for the new creation/an-
nihilation operator pair. It is therefore possible to evaluate the determinant ratios in
O(n?) for insertions and O(1) for removals [102].

Let us first consider an (anti-)segment insertion that adds a new pair of operators at
times (7, 7’) to a configuration ¢, yielding ¢,,;. The new hybridization matrix A,
can be written in block form as

A
Apyr = ( T u) ) (6.30)

v (0%

52



6. Continuous-time quantum Monte Carlo

[, n+1]

adding a new row and column to A,,. Here, u = A}’/;" " isan+1 x 1 column vector,
1,:] . 1,n+1] .
v = Agl:l’ lisa1xn+1row vector, and o = A,le " s a scalar?.

Using the determinant formula for partitioned matrices,

A B _
det (C D) = det A - det(D — CA™'B), (6.31)

the ratio of determinants upon insertion becomes

det Any; et A, -det(a— v AL'w)
det An B det An

—a-v Al u=a—v M,u, (632

where we have introduced the inverse hybridization matrix M, = A.'. To compute
the inverse matrix M,,, we can express A, as a rank-two update of a block-diagonal,
easily invertible matrix:

(A, 0O [ uw O (o7 1
a=(B ) o= v=(T ) e

A,=A+UV. (6.34)

The “1” in the lower-right corner of A is inserted precisely so that A is invertible; it
is subtracted back by UV so that A + UV matches the original 1 x 1 block a. This
precisely matches the setup of the Sherman-Morrison-Woodbury formula [104, p. 65],

so that

(A+UV)'=A"1"-A'U1,+VA'U)'VA (6.35)

Since A™' = diag(M,,_1, 1) is trivial to compute, the only nontrivial piece is the 2 x 2
block matrix

S=1,+ VAU = (vmj‘nlu i) . (6.36)
Its determinant is the Schur complement
s=detS=a—-v'M,_u, (6.37)
and its inverse is
St = i (-M J\l/.fnlu _al> : (6.38)

Multiplying out the matrix product in (6.35) leads to

1 /M, qu O 1 —1 0 1
177 Q-1 1 n—1
ATU-5-vA s ( a—1 1) (—’UTMn_lu a) (fvTMn_l O) (6.39)
o 1 _Mn—luvTMn—l Mn—lu ‘
s v M, a—1—v"'M, ju/"

!The notation Ajpi, g and A[. ;) denotes the i-th row and j-th column of the matrix A. The : symbol
indicates all indices in that dimension. Similarly, A;.; . denotes the submatrix of A with rows i to
j — 1 and columns k to [ — 1 [104, pp. 19-20].
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Finally, we can express the updated inverse matrix M, = A, U as

_ Mn—l 0 1 _Mn—luvTMn—l Mn—lu
My = ( o' 1) s ( v M, a—1—v' M, ju/" (6.40)
Using the definition of s, the lower-right entry simplifies to 1/s, yielding the standard
rank-one outer-product update formula:

1 /— T
JWW=C%?18>—S<]W$ﬁZJV“1A@:”). (6.41)
For the removal of a full segment, we can use a similar approach to derive the deter-
minant ratio and the updated inverse matrix. We assume the segment to be removed
corresponds to the last row/column of the current hybridization matrix?. We can then
write the current hybridization matrix A,, in block form as in (6.30), with A,_; the
hybridization matrix after removal,

o An—l u
An - ( ’UT Oé) ) (642>
and denote its inverse by
M= =(E T (6.43)
n n gT y )
where
E = Mnfl + *Mn,1u1} Mnfla .f - _;Mnflua g = _g'v Mnfb = gv
s
(6.44)

For a removal we need the new inverse M,_; = A™" given the known blocks E, f, g, ~
of M. Eliminating u, v, «a and s, we obtain directly

M[l:nfl,n] M[n, 1:n—1]

M, ,=FE— f’Y_lgT = MLl:n—l,l:n—l] - A

(6.45)

This is a rank-one downdate: the (n—1) x (n—1) top-left block of M, is taken and an
outer product divided by the scalar M ™™ is subtracted. Applying the determinant

formula for partitioned matrices (6.31) to the ratio of determinants upon removal yields

det A, 1 -
ngizszy:mﬂﬂ. (6.46)

The determinant ratio for a removal is therefore given directly by the lower-right entry
of the current inverse hybridization matrix M,,.

With these formulas, the acceptance ratios (6.28) and (6.29) can be evaluated in
O(n?) time for insertions and O(1) time for removals, making the segment CT-HYB
algorithm efficient even at large expansion orders.

2If it is the r-th one, first permute indices so that row/column r is moved to position n; apply the
formulas below; then unpermute. Permutations are orthogonal and do not change determinants.
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6.3.3 Green’s function sampling

The Green’s function G, (7 — 7’) can be sampled directly in imaginary time during the
Monte Carlo process. We recall the definition of the imaginary-time Green’s function,

Go(7 —7') = = (Tedo (7)dL (7)) = = (do(1)dE (7)) (6.47)
and the CT-HYB generating-functional identity
dln Zip
oy O Zmp y
Golr =) = 55 i (6.45)

which follows from differentiating the action with respect to the hybridization kernel.
Applying the logarithmic derivative, the Green’s function can be expressed as

Inserting the configuration expansion of the partition function (Eq. (6.26)),
By = B Zioe 3 / e ) W (c) det A, (6.50)
we obtain
Golr =) = =28 3% [ e, s W s s (631

Differentiating In Zi,,, with respect to the hybridization kernel replaces one hybridiza-
tion line by the inverse hybridization matrix on each configuration, i.e removing one
row and one column from the hybridization matrix A,, [91, 92, 102]. This can also be
seen via the Green’s function definition and equation (6.6):

Colr —7') = — (do ()3 (7 >>Slmp - - B 52 4,y ()(A5)")

Zba hzloc >
— _ Z’:imp nz% n' /dﬁ/ dry-- /dTn/ dr),
. <da<f>d:<r'> S (7)o (7]) . d (7)o, <n:>>

{U} Sloc
X Agy (11 —71) . Ay, (T — T1).

n

Sloc

(6.52)

The expectation value over the local action contains a free pair of Grassmann numbers
dy(T)df(7"). All other pairs of Grassmann numbers df (7;)ds,(7]) are connected by

hybridization lines A,,(7; — 7/). This lets us use the determlnant ratio of a segment

removal, i.e. removing a row and column from the hybridization matrix:

Zbathzloc

Go(r—7)=

Z / den Wloc () det A, =0t (6.53)

1mp

25



6. Continuous-time quantum Monte Carlo

0.0|xxxx|xxxx|xxxx|xwxx|xxxx|xxxx|xwxx|xwxw|xwxw|xwxw|

—-0.1

L, L L L L O B
(T T T T T T T T T |

N T T T ) T B O B

0 2 4 6 8 10 12 14 16 18 20
T

Figure 10: Imaginary-time Green’s function G(7) sampled with CT-HYB for the single-
orbital Anderson impurity model with Hubbard interaction U = 2 and g = 20 at half-filling
(u = U/2) for a semi-circular bath (Bethe lattice) with half bandwidth D = 1. The data was
obtained with Ngample = 105 Monte Carlo measurements and cycle length Nstep = 200 after
Nyarmup = 10° thermalization steps.

As shown in the previous section, the ratio of determinants for a segment removal is sim-
ply given by the corresponding entry of the inverse hybridization matrix (Eq. (6.46)):

Zbachloc

Gy (r —7') = Z /dcn ") (¢) det A, M7 (6.54)

1mp

The remaining factors in the integral of (6.54) are precisely the configuration weights
sampled in the Monte Carlo process in the calculation of the partition function (6.26):

Zbathzloc

1mp

Go(r—7') = Z/d WM = B(M), (6.55)

where [E denotes the Monte Carlo expectation value.

An example of the imaginary-time Green’s function G,(7) of the single-orbital An-
derson impurity model with a semi-circular bath (Bethe lattice) sampled with CT-HYB
is shown in Fig. 10. Equation (6.55) can also be written in terms of the Monte Carlo

average (), With weights LAY

Oie = [ deu W) (6.56)

For any test function ¢(7), we have

no(c)
/0 Cdr p(r) Go(r) = - < > METo((7, —w)> : (6.57)
MC

1,j=1
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6. Continuous-time quantum Monte Carlo

where (-)s denotes wrapping into [0, 5). Since (6.57) holds for all smooth ¢, the
corresponding kernel is

(<) Z MG §(7 = (], = 750)3), (6.58)

1,7=1

and G,(7) = <G£f)(7')>MC = E(M™ "), To see the equivalence of (6.58) with (6.55),
pick any pair (ig, jo) and permute creation/annihilation indices so that it becomes
the last row/column; then the determinant ratio for removing that pair equals the
bottom-right inverse element M 7[11’"}, and the average over uniformly chosen pairs re-
produces the full sum in (6.58). Thus (6.55) and (6.58) are the same estimator written,
respectively, in compressed “selected-pair” form and in fully expanded delta-sum form.

In the segment formulation, local observables follow directly from segment geometry.
Using the total length of spin-o segments L,(¢) (Eq. (6.14)) and the total overlap

length Oy (¢) (Eq. (6.15)), one obtains the Monte Carlo estimators

(Oruc
/B Y
where (-)pc denotes the Monte Carlo average over configurations with the usual CT-

HYB weights. Equivalently, writing the expectation explicitly as E[-] for the sampled
ensemble used in (6.55),

(A,) = ]ElL"B(C)], (Aghy) = E[OTE@]. (6.60)

These estimators are O(1) to accumulate per configuration and require no additional
matrix operations: L, and Oy are updated incrementally whenever a segment is in-
serted /removed. Spin-resolved densities n4,n; and their combinations, e.g. n = ny +n,
and m = ny — ny, are obtained directly from (6.59). These relations hold for any
density-density local interaction in CT-HYB and are standard in the segment algo-
rithm [91, 92, 98].

(o) = , o (ghy) = (6.59)

6.4 Sign problem

In Monte Carlo sampling with potentially negative (or complex) configuration weights
w(c), one rewrites averages as

Sw(©)0() _ S fw(e)|sign()O(c) _ (sign )y
=ew(o) S lw(@)sign() | (signye

with sign(c) = w(c)/|w(c)| and (-),;- the average in the |w| ensemble. The variance
of such reweighted estimators scales as Var({(O)) o< [(sign)y; N]7', so an average sign
(sign),;c < 1 inflates errors and can render simulations exponentially hard in 8 and
system size [92, 105]. This is the infamous fermionic sign problem [106]. In CT-HYB
with density-density interactions and diagonal (spin/orbital) hybridization, the seg-
ment algorithm yields nonnegative weights and thus (sign),,;, = 1 by construction [91,

(0) = , (6.61)
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6. Continuous-time quantum Monte Carlo

92]. A sign problem reappears when rotationally invariant interactions (spin-flip, pair
hopping), off-diagonal /complex hybridization (spin-orbit, crystal-field mixing, broken
time-reversal), or cluster/multiorbital couplings introduce additional fermionic per-
mutations. In those cases (sign),,. typically decreases as temperature is lowered or
correlations are strengthened. Mitigations are model- and solver-specific (choice of ba-
sis to diagonalize hybridization, symmetry points, gauge choices), but no general cure
exists [105, 106].

6.5 Error estimates of observables

Monte Carlo measurements form a correlated time series. Consequently, naive 1/ VN
error bars underestimate uncertainties when autocorrelations are present. For an ob-
servable O with Monte Carlo average O = (O)pe over Neample samples and variance
03 = (0%, — O2, the integrated autocorrelation time [107] is defined as

Nsample CO (TZ)

To=1+2 : 6.62
° 2 o) (6.62)
where
1 Nsample*i _ _
Co(ri) = > (0, —0)(0;4; — 0) (6.63)
sample — ? j=1

is the autocorrelation function of O at lag 7;. The integrated autocorrelation time
scales the effective number of independent samples, Neg = Naample/ (2’729), and the

standard error becomes
SE(0) = (|20 = | To%0 (6.64)
N, eff N, sample . '

Thus, truly independent measurements can only be performed every 7o MC update
steps. In practice, observables are measured by binning/blocking: Between measure-
ments, one performs N, Monte Carlo update moves to ensure the measured con-
figurations are approximately decorrelated, requiring N = Ngmpie/Vstep total update
moves for Ngmple measurements. The bin size Ngep should be larger than the largest
integrated autocorrelation time among all observables of interest, maxep To.

Before recording measurements, it is important that the Markov chain has reached
stationarity and has equilibrated to the target distribution. The initial segment pat-
tern, inverse matrices, and proposal scales imprint a transient drift in observables.
Sampling during this nonstationary phase would bias averages. Warm-up (or ther-
malization) cycles are therefore discarded: One runs Nyammyp update moves without
measuring until key observables exhibit stationary running means and fluctuations.
The required warm-up length depends on the slowest autocorrelated mode of the chain
and thus on temperature, interaction strength, and move set. In practice one chooses
a conservative number of warm-up cycles (often many times the estimated integrated
autocorrelation time) and verifies stationarity by comparing early/late segments of the
run.
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Figure 11: Example of the non-interacting and interacting Matsubara Green’s functions
Go(iwy,) and G(iwy,) (left) and the noisy self-energy > (iwy,) from direct Dyson inversion (right).
The model is a single-orbital Anderson impurity with U = 2, § = 20, and a semi-circular
bath (Bethe lattice) with half-bandwidth D = 1 at half-filling.

6.6 Self-energy stabilization
The self-energy ¥, (iw,) is obtained from the Dyson equation
Gy (iw,) = Go o (iwn) + Go o (lwn) X0 (iwy,) Gy (iwy,) (6.65)
or equivalently after rearrangement,
Yo (iwn) = Gy o (iw,) — G, (iwn), (6.66)

where G, is the noninteracting impurity Green’s function and G, the interacting im-
purity Green’s function (sampled in CT-HYB). At large w,,, the Dyson inversion am-
plifies Monte Carlo noise in G, (iw,), causing erratic self-energies in the high-frequency
tail, as shown in Fig. 11 (right panel). In order to use CT-HYB solvers in combina-
tion with algorithms that require accurate self-energies and analytic continuation, it is
crucial to stabilize the self-energy tails at large frequencies.

To obtain reliable 3, (iw,) at high frequencies, one can enforce the correct asymp-
totics rather than inverting raw, noisy G, (iw, ). Below we outline three complementary
strategies: simple tail fitting constrained by exact high-frequency moments (from equal-
time commutators/sum rules), measuring G in an orthogonal-polynomial (Legendre)
basis to compress noise before transforming to Matsubara frequencies and the con-
straint renormalization method (CRM) that reduces noise by projecting onto known
moments.

6.6.1 Tail fitting with high-frequency moments

The Green’s function and self-energy have known asymptotic expansions at large fre-
quencies:

N o @Ge N 3o
Go(iw,) = - Yollwy) = 28 + —__ 6.67
( ) ]Zl (1wn)3 ( ) 0 ]Zl (1Wn)] ( )
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Figure 12: Comparison of self-energy stabilization methods for the single-orbital Anderson
impurity model with U = 2, 8 = 20, and a semi-circular bath (Bethe lattice) with half-
bandwidth D = 1 at half-filling. The raw Dyson self-energy (black solid) is noisy at high
frequencies. The dashed line shows the exact asymptotic form ¥y + ¥ /iw,. The stabilized
self-energies obtained from tail fitting (blue), CRM (orange), and Legendre basis measure-
ment (green) all recover the correct high-frequency behavior. For intermediate frequencies,
the methods yield slightly different results due to varying trade-offs between noise reduction,
bias and accuracy.

The expansion coefficients (moments) G7 and X7 can be computed exactly from equal-
time expectation values of nested commutators of the Hamiltonian with creation/an-
nihilation operators [92]. The coefficient XJ is the Hartree shift, while higher-order
coefficients encode correlation effects. For the single-orbital Anderson impurity model
with density-density interaction U and on-site energy ¢,, the first two Green’s function
moments are

7={d,, di}) =1, (6.68a)
7 = ({Himp, do), d}) = eo + U (n5). (6.68b)

Here, o denotes the spin opposite to . Higher-order moments can be derived similarly,
but become increasingly cumbersome. In practice, the first two moments of G and X
are often sufficient to stabilize self-energy tails. To this end, one fits the high-frequency
part of the sampled G, (iw,) to the asymptotic form, constraining the fit to reproduce
the exact moments. The fitted G, (iwy,) is then used in the Dyson equation to obtain
a stabilized self-energy 3, (iw,,).

The central difficulty of high-frequency tail fitting is the transition between measured
data M€ and the fitted asymptotics X!, Using the fit alone is invalid at intermediate
|wy,|, while a sharp switch produces kinks and violates smoothness, which can pollute
analytic continuation and self-consistency. A robust workflow to handle this transi-
tion is to determine a data-driven splice window where measurements have acceptable
signal-to-noise yet the asymptotics already dominate, and blend rather than switch.
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6. Continuous-time quantum Monte Carlo

Let ny < ng be Matsubara indices defining the window. We choose them by monitoring
the relative error SE[X(iw,)]/|2(iw,)| or a x? goodness-of-fit of the tail form. Using
a smooth transition function w, that interpolates from 0 at n; to 1 at ns, the stabi-
lized self-energy can be formed as a weighted average of the Monte Carlo measurement
YMC(iw,,) and the fitted tail Xt (iw,):

Z?ab(iwn) = <1 o wn) Eyc(iwn) + wnzgaﬂ(iwn), (6.69)

Requiring continuity of value and first discrete derivative at n; further suppresses
splice artifacts. We have found that the tails themselves are reliable once moments are
anchored, but the blend window must be chosen conservatively: too small and residual
noise leaks in; too large and the fit intrudes into the mid-frequency structure.

The example in Fig. 12 shows the self-energy of a single-orbital Anderson impurity
model stabilized by tail fitting using N = 2 exact high frequency moments (blue
curve). The transition region is smoothly blended over a few Matsubara points to avoid
artifacts, centered around w, = 10. As can be seen, the stabilized self-energy recovers
the correct high-frequency behavior and is significantly less noisy than the direct Dyson
inversion. However, some residual noise remains at intermediate frequencies around
w, = 5 — 10. Choosing the transition between measured data and fitted tail at lower
frequencies would introduce wrong self-energy features, since the asymptotic form g+
Y1 /iw, (dashed line) differs significantly from the true self-energy for low frequencies.

6.6.2 Orthogonal polynomial (Legendre) representation

A convenient way to reduce statistical noise and enforce short-time structure is to use
an orthogonal polynomial representation of the imaginary-time Green’s function. One
such basis is provided by Legendre polynomials P (z), which form a complete orthog-
onal set on the interval x € [—1, 1], but other polynomial bases (Chebyshev, Jacobi)
can also be used. Some basic properties of Legendre polynomials are summarized in
Appendix A. Following Ref. [108], we map 7 — z = 27/8 — 1 € [—1, 1] and expand
G(7) in Legendre polynomials Py(x),

Gir) =% ”%BHPZ (2(7)) G (6.70)

where the expansion coefficients in the Legendre basis are given by
B
Go=V2011 / dr Py((r))G(r). (6.71)
0

The coefficients G, are directly measurable in CT-HYB and decay rapidly with ¢ be-
cause Monte Carlo noise is predominantly high-frequency in 7 but projects onto large-¢
components. Truncating at a modest £, thus yields a compact, denoised representa-
tion.

In the CT-HYB segment formulation the time-domain Green’s function estimator on
configuration ¢ in the delta-sum form (6.58) is

ne(c)
Golr) = (G50 = (= S MEA8(r = (=) . (67
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This can be transformed directly to the Legendre basis according to (6.71):
B
— VT 1 / dr Py((7)) Go(7)

NeTES < nic)M[”] / dr P(27/8=1)(r = (7}, TJU)ﬁ>> (6.73)

3,j=1 MC

Vi1 <ZM[” (2 TJ"WB)>

(2%} 1 MC

In contrast to other stabilization methods, this allows direct accumulation of Legen-
dre coefficients during the Monte Carlo process by adding the contribution of each
annihilation-creation pair (7/,, 7,) to all 0 < ¢ < {,,,x using the pretabulated Py(z)
values. Equation (6.73) is the Legendre-basis analogue of (6.72). It replaces the Dirac
delta by the test function P,(z) and averages with the same Monte Carlo weights Wl\%

For codes that maintain only the matrix element used in (6.55) (i.e. a specific removal
index), first permute the chosen pair to the last row/column (as in the fast-update
formulas) and then apply (6.73) with (i, j) = (n,, n,). Averaging over uniformly
sampled pairs restores the full sum.

Once the expansion coefficients G, are accumulated, the Matusbara Green’s func-
tion can be efficiently reconstructed via

Lrmax / Lmax
1wn Z Ggg 20 + / dr 1wnTP ( ) Z Tné GO’E? (674)

where the unitary transformation matrix is given by

V2r+1
s

B .
T, = L/ dr e Py(2r/8 — 1), (6.75)
0
Using the general expression of the Fourier transform of Legendre polynomials re-
stricted to [—1, 1],

1 X 2
/ dz & Py(z) = iy /%JH%(/’{;) = 2i%5,(k), (6.76)
-1

where J,(k) is the Bessel function of the first kind and j,(k) the spherical Bessel
function of order ¢ [108], we find

T = (=14 V20 + M(K%I;1)>. (6.77)

Note that the transformation elements 7}, are independent of 5 and only depend on
the reduced Matsubara frequencies w,, /5 = (2n+ 1)7. Expanding the Green’s function
at large Matsubara frequency as described in Sec. 6.6.1,

o0

(6.78)

G (iwy,)

J:1
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Figure 13: The sampled Legendre coefficients G, of the Green’s function (left) and the
convergence of the reconstructed imaginary-time Green’s function G(7, fnax) to the optimal
cutoff /op¢ as a function of the Legendre cutoff £« at different imaginary times 7 (right).
The vertical dashed lines indicate the approximate location of the plateau region used to
determine /. The data corresponds to the model discussed in Fig. 12.

and using the high-frequency expansion of the transformation matrix,

T = i " (6.79)
" i=j (iWTLB)j’ '

yields a direct, linear relation between tail moments and Legendre coefficients:

G; =873 1"a,. (6.80)

>0

The coefficients Tj(”e) can be computed by expanding the spherical Bessel functions at

large arguments. A general expression for T]W) is derived in Appendix E of Ref. [108],
leading to the explicit formula

. (+75—1)!
T — (Z1)72v20 + 1 ( i1 odd. 81

Because Tj("e) ~ (%732 while G, decays rapidly with ¢, the series for the Green’s
function expansion coefficients G; converges stably versus the Legendre cutoff £,x.

However, higher 7 amplify large-¢ coefficients and require larger ¢,,,,x and cleaner data.
The choice of £,,,x must therefore ensure that the quantity of interest is accurately
represented: if /.., is too small, relevant information is truncated and G, does not
capture all contributions to the observable being computed; if it is too large, one
starts to include coefficients whose error bars are comparable to or larger than their
values, which eventually pollutes the result and introduces a new source of noise. One
procedure to determine the cutoff /., is to examine the observable as a function of
the cutoff £,..: The observable typically reaches a plateau where it is well converged,
indicating that higher-order coefficients are negligible. For larger ¢, statistical noise
in G, destabilizes this plateau. The existence of such a plateau provides a controlled
way to determine an adequate £y, [108].
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Figure 12 shows the self-energy stabilized by an orthogonal polynomial representation
using Legendre polynomials (green curve) for the same model as before. The Legendre
Green’s function is measured directly in the Legendre basis during the same Monte
Carlo simulation that produced the raw Dyson self-energy. Figure 13 (left) shows the
sampled Legendre coefficients Gy of the Green’s function, which decay rapidly with
increasing ¢. The right panel of Fig. 13 shows the convergence of the reconstructed
imaginary-time Green’s function G(7, lmax) — G(7, Lopt) to the optimal cutoff fo, as a
function of the Legendre cutoff /., at different imaginary times 7. The plateau region
used to determine ¢, is indicated by the vertical dashed lines. As can be seen, the
Green’s function converges well and forms a plateau region in the range £, ~ 14 —40,
before larger errors in the higher-order Legendre coefficients starts to destabilize the
result. This destabilization is most pronounced for 5 = 07, where G(7) first decreases
slightly before increasing again for larger /... For the self-energy in Fig. 12, we
therefore choose /,,x = 14 to ensure a stable and accurate representation. The high-
frequency behavior is correctly recovered, matching the exact asymptotic form. In
contrast to the tail-fitting method, the Legendre self-energy matches the Dyson self-
energy very well at intermediate and low frequencies, while still being significantly less
noisy than the direct Dyson result. However, for small Matsubara frequencies of around
w, = 1 — 3, the self-energy deviates slightly from the Dyson result, which is presumed
very accurate for these low frequencies. This deviation arises because the Legendre
representation smooths the Green’s function over the entire imaginary-time interval
[0, B), and thus cannot perfectly reproduce all Matsubara frequencies simultaneously.

6.6.3 Constrained residual minimization

The CRM-Dyson (constrained residual minimization) approach stabilizes the extrac-
tion of the self-energy from Monte-Carlo data by posing Dyson’s equation as a con-
strained optimization problem in a compact basis. Instead of directly inverting noisy
Green’s functions using the Dyson equation, CRM parameterizes >, in a low-rank
representation (e.g. discrete Lehmann or similar compact bases) and determines its
coefficients by minimizing the mismatch between measured and reconstructed Green’s
function over a chosen Matsubara set.

The spectral Lehmann representation of the imaginary-time Green’s function is de-
fined as

G (r) = /_ Z dw K (7, 0)po(w), (6.82)

relating the Green’s function to the density p,(w) [109], where

—TW

e

K(T, C()) = —m

(6.83)

is the analytic continuation kernel (see Sec. 9.1 for details). The same kernel appears
in the discrete Lehmann representation (DLR),

N
Go(T) = ) K(T, Vi)Jio, (6.84)
=1

with the DLR frequencies v; and coefficients §; ,. Equation (6.84) approximates G(7) by
a short expansion in the analytically known kernel. The DLR frequencies v; are chosen

64



6. Continuous-time quantum Monte Carlo

by a rank-revealing (pivoted) Gram-Schmidt factorization of the analytic-continuation
kernel (6.83) [110], and depend only on the target accuracy e of the DLR expansion
and on the dimensionless cutoff A = S wpax (With p(w) = 0 for |w| > wpax), not on the
particular Green’s function. For any fermionic GG obeying the cutoff, there exists a set
of coefficients {§;} such that (6.84) holds to accuracy e. The number of terms required
for an accurate representation of G is small, scaling as

N =0(logAloge™), (6.85)

which underlies the compactness of the representation. The coefficients can be deter-
mined either by a least-squares fit or, more robustly, by interpolation at N DLR time
nodes 7, also generated by the same factorization. Evaluating (6.84) at 7 = 73 yields
an N x N linear system that is well conditioned at the prescribed e. A fully analogous
expansion holds in the Matsubara domain,

N
1
Go(iwn) = > K (iwn, 1) Gio, K (iw,, w) = - , (6.86)

= iw, —w

with coefficients determined by interpolation at N DLR Matsubara nodes w,,. Once
the coefficients g; are known, Egs. (6.84) and (6.86) evaluate G in imaginary time and
frequency without numerical Fourier transforms, and the same framework applies to
self-energies and hybridization functions. The DLR is closely related to the intermedi-
ate representation (IR) [111], which uses an SVD of the kernel to build an orthogonal
numerical basis rather than the DLR’s non-orthogonal analytic kernels. The expansion
sizes are comparable (IR often slightly smaller), and both can be obtained either by
fitting or by interpolation using carefully chosen nodes.

To avoid the numerically unstable inversion, we start from the Dyson’s equation
(6.65) and define its residual

Ry (i) = Gy liwn) — Goo(iwn) — Goo(iwn) Sy (itwn) G (itwn), (6.87)

which would vanish if the (noise-free) Dyson equation were satisfied. Given the leading
high-frequency coefficients, as described in Sec. 6.6.1, of the self-energy,

by
S(iwy) = Bo 4+ — 4 O(w;?), (6.88)
iw,
we determine ¥ by minimizing ||R|| subject to physically exact constraints on the
high-frequency tail and symmetry. Equation (6.87) can be discretized over the DLR
Matsubara nodes iw,, , yielding a small set of nonlinear equations. Defining the sampled
quantities

ry = R(iwn, ), g = G(iwy,), g% = Go(iwn, ), o, = X(iwy, ), (6.89)
the discretized residual (6.87) reads:

T = gk — 9hokgk — gy = dy, — axo, de = gk — 91y Ok = GoGi- (6.90)

With the definitions (6.89), the DLR expansion of Gy and G can be recovered directly
from g and ¢? via (6.86). For the self-energy, the constant (Hartree) term ¥ first has
to be separated out. Defining

S =%-Y,, (6.91)

65



6. Continuous-time quantum Monte Carlo

the correct self-energy ¥ can be reconstructed from ¥ = ¢, — X, which also defines the
constraint on the constant term of the high-frequency tail of X. The shifted self-energy
3} is then represented in the DLR basis,

~ N ZO’

Soliwy) =D K(iwy, 14)6;5 = So(iwn) — 2§ = — + O(w;,?). (6.92)

= iwy,

The constraint on the leading decaying moment ¥, of the self-energy follows from
multiplying both sides by iw, and taking the limit w, — oc:

N
> Gio =121 (6.93)
i=1

The residual (6.87) is measured with the imaginary-time L? norm,

1R, |22 = / drR(r (6.94)

For matrix-valued Green’s functions and consequently matrix-valued residuals, R*(7)
generalizes to the Frobenius norm ||R(7)||% [110]. The norm (6.94) reduces to a

quadratic form in the DLR coefficients of R:
N
IR, 1% = / drR2(7) = — W]/ ArK (7, v)K(7, vj) = 3 #Myf;. (6.95)
7,7=1 i,7=1
The squared norm therefore reduces to a quadratic form in the DLR coefficients 7;,
which can be evaluated from the discretized residuals r; by interpolation at the DLR

Matsubara nodes, and the matrix M;;:

Mij = K(O, IJZ)K«), Vj) 5(]/Z i Vj) (696&)
_ K(0, m)K(0, vy) = K(B, ) K(B, v;)
_ o) . (6.96b)

Both expressions are equivalent, but suffer from numerical instabilities in different
regimes. If v; = —v;, both formulas involve cancellation of nearly equal terms. Equa-
tion (6.96a) can remy this with very accurate numerical computation of e #i+vi) — 1,
which typically can be done in a stable manner using special functions in numerical
libraries. However, in the case of 5(v; + v;) < 0, Eq. (6.96a) suffers from numerical
overflow, while Eq. (6.96b) remains stable.

In total, the discretized constrained residual minimization problem is given by

N
argmin || R||3,  subject to > 6 =13 (6.97)
ok —

After solving (6.97) for the o, at the DLR Matsubara nodes and interpolating to
obtain the DLR coefficients 4;, the self-energy can be reconstructed in the DLR basis
and evaluated at any Matsubara frequency via

N
Yo (iwy) =E§ + > K (iwy, 14)64 - (6.98)

=1
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Since the CRM formulation poses Dyson’s equation as a minimization problem, it nat-
urally smooths out high-frequency noise while exactly enforcing known high-frequency
moments. However, particularly at low temperatures, the self-energy might exhibit
larger errors at intermediate frequencies due to the limited number of DLR basis func-
tions.

Figure 12 shows the self-energy stabilized by CRM (orange curve) for the same single-
orbital Anderson impurity model as in the tail-fitting example. The error tolerance for
the DLR basis is set to € = 107%, and wpa.x = 4 is used as frequency cutoff to ensure
p(w) =~ 0 for |w| > wmax for the given model parameters. The CRM-stabilized self-
energy recovers the correct high-frequency behavior and is significantly less noisy than
the direct Dyson inversion. It also matches the Dyson self-energy very well at low and
intermediate frequencies.

Similar to the choice of /., of the Legendre representation, the choice of the fre-
quency cutoff wy.y (or dimensionless A = Swyay) influences the CRM results. Since
for interacting systems the spectral support is not known a priori, the choice of wyax
can be subtle and requires care. In practice, the DLR cutoff parameter can be de-
termined by self-convergence of the CRM solution with respect to wpax. Concretely,
we begin from a physically motivated initial guess — anchored by an estimate of the
spectral support — and sweep wpax upward while monitoring a self-convergence error
of the resulting Green’s function or self-energy. We then choose the smallest cutoff for
which the CRM solution reaches a clear plateau (below a prescribed tolerance) across
several consecutive steps.

In our experience, choosing wp.x too large (even if it lies outside the bands) can
introduce spurious features in the solution. Increasing the cutoff enlarges the admis-
sible function space and typically worsens conditioning by adding directions that are
only weakly constrained by the Matsubara/imaginary-time data. This is well doc-
umented for analytic-continuation kernels, whose singular values decay faster as the
“problem size” grows [112]. As a result, solutions may drift with wy,.x due to ampli-
fied null-space components, not because of genuine physical weight outside the bands.
A closely related effect occurs when the high-frequency tail is not constrained (e.g.,
by moment/sum-rule information): different wpy,ay choices redistribute tiny amounts of
spectral weight at large w that nonetheless feed back into the least-squares fit [113].

67






7 Substitutional disorder: Multicomponent
alloys

The physical properties of structurally disordered materials remain a central theme in
contemporary solid-state physics. Random substitutions, vacancies, stacking faults, or
site-to-site variations in atomic environments disrupt the perfect translational symme-
try that underpins Bloch’s theorem, thereby introducing additional scattering chan-
nels which profoundly influence electronic, magnetic, and vibrational degrees of free-
dom [114, 115]. Understanding how such disorder affects, for example, electrical resis-
tivity, localization phenomena, or even the robustness of superconductivity therefore
requires theoretical tools capable of treating randomness on equal footing with the
underlying electronic structure. Over the past decades a variety of techniques have
been proposed to meet this challenge, ranging from real-space supercell approaches
and diagrammatic perturbation theory to cluster extensions of dynamical mean-field
theory.

The coherent potential approximation (CPA) emerged in the late 1960s as a non-
perturbative, single-site effective-medium theory that restores translational invariance
in substitutionally disordered alloys while retaining the chemical identity of each com-
ponent at the level of local scattering. In its modern form it can be traced back to
the independent works of Soven and of Taylor, who formalized the self-consistent em-
bedding of a randomly chosen atom into a translationally invariant host such that the
configuration-averaged single-site scattering matrix vanishes [116, 117]. Closely related
diagrammatic and multiple-scattering derivations by Velicky and by Gyorffy clarified
the connection to locator expansions and to Korringa-Kohn-Rostoker (KKR) multiple
scattering, respectively [118, 119]. Classic reviews by Elliott, Krumhansl, and Leath,
and by Yonezawa and Morigaki, cemented the CPA as the standard reference point for
electronic transport and spectral properties in random alloys [120, 121].

7.1 Disorder configurations

We consider a crystalline solid with an underlying Bravais lattice and a fixed basis (for
notational simplicity, a single orbital per site will be used first and generalized below).
In a substitutionally disordered alloy the geometric lattice is intact, while each lattice
site 7 is occupied by exactly one of M chemical components, indexed by «:

i — a = site ¢ occupied by species a € {1, ..., M}. (7.1)
The microscopic realization of the alloy is specified by a configuration map
conf : {i} — {a}, (7.2)
where mathematically a configuration is a function
i — conf(i) = a(i), (7.3)

so that a; is the species residing on site 7. The set of all possible configurations is the
configuration space 2 = {conf}.
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7. Substitutional disorder

Figure 14: Example of a single configuration for a disordered binary alloy with two compo-
nents A and B.

In reality, the configuration of a given sample is unobservable. Therefore, theoretical
analyses replace the unknown sample-specific configuration by an ensemble average
over all admissible disorder configurations. The macroscopic composition is encoded
by concentrations ¢, € [0,1] with >* ¢, = 1. The probability of a specific lattice
site ¢ being occupied by species « is therefore the concentration of that component
P(i — «a) = ¢,. The standard random substitutional ensemble assumes independent
site occupations drawn from a product measure,

N

P(conf) = [] caq) (7.4)

=1

which is translationally invariant in distribution. This description enforces the concen-
trations on average. In finite systems one may instead restrict to the multinomial subset
with exactly N, = ¢, N sites of type « (a “canonical” ensemble), which becomes equiv-
alent to (7.4) in the thermodynamic limit N — oo. For any configuration-dependent
observable Olconf], the configurational average is

(O) = > P(conf)O[conf]. (7.5)

confeQ

We use () for averages over disorder in this chapter. In practice, physical samples
are assumed to be self-averaging, so that macroscopic observables coincide with their
configurational averages in the thermodynamic limit.

Given a fixed configuration conf, a minimal single-band tight-binding description
reads

Hconf] = > tijéjéj + > Vg, (7.6)
iy i

where t;; are configuration-independent hopping integrals on the Bravais lattice and
Ua(i) is the on-site potential associated with the species a(i) occupying site i. For a
binary alloy one frequently writes v4 = +A/2 and vp = —A/2, with A the on-site
disorder strength. Equation (7.6) embodies diagonal (on-site) disorder. More generally,
one may allow off-diagonal disorder in which the hopping itself depends on the adjacent
species, however this is not considered further in this thesis.
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7. Substitutional disorder

For a fixed configuration conf we define the single-particle Green’s function as the
resolvent

Glconf|(z) = [z]l - H[Conf]]_l, (7.7)

with site (and orbital) matrix elements G;;(z) and the single-particle Hamiltonian
matrix H defined by H = é¢'He. The complex frequency z € C parametrizes
both imaginary- and real-frequency formulations as Matsubara or retarded/advanced
Green’s functions,

Matsubara: z = iw, , Retarded: z = w +i07, (7.8)

and, when needed, the advanced function follows from z = w—i0%. Analyticity of G(z)
in the upper (retarded) or lower (advanced) half-plane ensures that the Matsubara and
real-frequency objects are related by analytic continuation. While G;;[conf](z) is not
translationally invariant for a given configuration, the ensemble implies translation
invariance after configurational averaging:

(Gij(2)) = G(r; — 7y, 2), Gk, z) = Ze_ik"’é(r, z), (7.9)

so that a lattice Fourier transform exists for any z in the domains (7.8). In particu-
lar, (G(iw,)) provides the imaginary-frequency description used in finite-temperature
many-body calculations, while (G(w +i0%)) yields the retarded Green’s function and
associated spectral information, A(w) = —1 Im (G(w +i0™)).

Throughout this chapter we consider quenched disorder: the configuration conf is
frozen on electronic time scales and averaging is performed over the probability measure
(7.4). Thermodynamic or transport observables computed from (G) thus represent
disorder-averaged properties of the alloy.

The definitions above fix notation for the subsequent sections. We next introduce
the hierarchy of effective-medium approximations, beginning with the virtual crystal
approximation (VCA), proceeding to the average T-matrix approximation (ATA), and
culminating in the coherent potential approximation (CPA), each formulated in terms
of the averaged Green’s function (G) and single-site scattering on a translationally in-
variant host. There are various derivations of these approximations in the literature.
Here we follow the propagator formalism with diagrammatic visualizations, but alter-
native routes based on multiple scattering theory or pure diagrammatic perturbation
theory are also common [122].

7.2 Propagator formalism and scattering matrix

The Hamiltonian introduced in (7.6) can be partitioned into a periodic reference and
a random potential,
Hiconf] = Hy + V, (7.10)

where H is the homogeneous configuration-independent contribution and V' = V'[conf]
describes the site-diagonal random potential. Here, V' is considered as a perturbation
to the reference system Hy. Similar to the full Green’s function (7.7), the reference
Green’s function of the non-random system is defined as the resolvent

Go(z) = [-1 — Hy| (7.11)
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7. Substitutional disorder

which is also called the propagator of the unperturbed system, as H typically contains
only kinetic (hopping) terms. The full Green’s function G(z) can be expressed in terms
of the propagator Go(z),

G(z)=[1-Ho- V] =[Go(z)" ~ V] = Gi(s)[1 - VGo(x)] . (1.12)
By rearranging (7.12) one obtains,
G(z) = Go(2) + Go(2)VG(2), (7.13)
and, by iteratively inserting G back into the r.h.s of (7.13), the Born series
G=G)+G)VGy+G)VG, VG + ... . (7.14)

The Green’s function can thus be viewed as a perturbation expansion in powers of the

random potential V',
o0

G(2) = Go(2) 3 [VGo(2)]". (7.15)

n=0
This expression represents the propagation of a particle in a perfect lattice, represented
by H, with scattering events taking place at the random potentials V. The terms
of the series represent multiple scattering off the random potentials, with increasing
order in V' corresponding to an increasing number of scattering events. The propagator
Gy (z) describes the propagation between successive events.
It is often advantageous to rewrite (7.15) into

oo

G(2) = Go(2) + Go(2) 3 [VGo(2)] 'V Go(2), (7.16)

n=0

which is also known as the Lippmann-Schwinger form. Equation (7.16) defines the
scattering operator

T(z) =V i VGy(2)]" =V + VG(2)V + VGo(:)VGy()V +...  (7.17)

n=0
which collects all multiple scattering events off the potential V. The scattering operator
T'(z) is also called the T-matrix, and can be written as
1

T(z) =V + VGo(2)T(z) = V|1 - VGo(z)| (7.18)

by contracting the series in (7.17) back into itself. With this definition, the Green’s
function can be compactly written as

G(2) = Go(z) + Go(2)T(2)Go(2). (7.19)

The last two equalities of (7.18) are only valid if all scattering paths are considered
and the Born series of the scattering operator is not truncated.

In real space, T' organizes multiple scattering paths into on-site and intersite events.
Using V' = 32, v;0;5, where we have introduced the shorthand notation v; = v, the
T-matrix elements can be decomposed as

Tij = vidi; + szfj vj + Z 0;Gy an(O)UJ + Z v; G v, G vaSEUJ +.... (7.20)
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7. Substitutional disorder

Diagrammatically, G, are propagator lines and v; are impurity insertions. Equa-
tion (7.18) is the exact resummation of all such insertions. Similarly, we can write
the Born series of the Green’s function (7.15) as sum over multiple paths connecting
different sites via the components of the random potential V':

—G0)+ZG 0, G +ZG(O)% UG 4 (7.21)

Since the perturbation V' is assumed to be diagonal, the propagator G can be sepa-
rated into its local (diagonal) g, and non-local (off-diagonal) parts Gy,

Go(2) = go(2) + Go(2), (7.22)

with
9 (2) = G (2)0, and  GY(2) = (1 - 6;)GL)(2). (7.23)

Accordingly, the T-matrix (7.18) can be rewritten in terms of local and non-local
propagators as

T(z) =V + V |go(2) + Go(2)| T(=
= Vgo(2)T(2) + V [1 + Go(2)T(2)] (7.24)
=[1 - Vgo(2)] 'V [1+Go(2)T(2)],

)
)

where the first term describes the local or atomic t-matrix:
t(z)=[1—Vgy(2)]'V. (7.25)

The local t-matrix sums all multiple scattering events taking place on the same site
and therefore is diagonal in the site representation. The full T-matrix then collects all
processes in which local scattering events are connected by non-local propagation via

Go:
T(2) = t(2) + t(2)Go(2)T(2). (7.26)

Scattering processes off a single site i can be isolated by considering the diagonal
elements of the local t-matrix:

ti(z) = v; + viGE?)( Yo + UZG(O)(Z)UZG(O)(Z)UZ» +..., (7.27)
or, assuming that the product GE? )(z)vi is small,
1

ti(z) = v [1 — G’Z(»?)(z)vi}_l = [1 — viGz(»?)(z)}_ (1 (7.28)

In all practical applications of multiple scattering theory, (7.28) is assumed to be
valid [122].
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7.3 Configuration averages and the effective medium

We are ultimately interested in disorder-averaged one-particle properties, i.e. the con-
figurational average of the resolvent

(G(2)) = <[211 _H, - V[conf}]1> , (7.29)

In general, averaging must be performed at the level of Green’s functions (resolvents),
not Hamiltonians. An expression for the ensemble-averaged propagator (G) can be
obtained, in principle, by averaging the Born series (7.15) term by term. In the site
representation (7.21), this yields

(Gig) = G + 3 GLY (00) Gl + 3 6L (nGlhom ) G+ (7.30)

The propagators G’Z(?) are configuration-independent and thus factor out of the averages,
leaving terms of the form (v;v;...v,). These are nontrivial to evaluate depending on
the distance between the involved sites, concentrations, and other statistical properties
of the disorder ensemble. Additionally, the series can in general not be truncated at
finite order, as multiple scattering events of arbitrary order contribute to the average,
and no truncation scheme can be trusted to lead to convergence of the series [122].

It is therefore convenient to define a translationally invariant, energy-dependent ef-
fective Hamiltonian

H(z) = Hy + X(2), (7.31)
such that the ensemble-averaged Green’s function is given by
—1
(G(2)) = [21 — Hex(2)] . (7.32)

The self-energy 3(z) encodes all effects of the random potential and is defined via the
Dyson equation:

(G(2)) = Go(2) + Go(2)5(2) (G(2) = [Gy' (=) — B(=)] (7.33)

The self-energy ¥.(z) is non-Hermitian and must be translationally invariant. Similarly,
the ensemble-averaged Green’s function can also be written by averaging the Schwinger
equation (7.19), relating (G) to the averaged T-matrix (T):

(G(2)) = Go(2) + Go(2) (T'(2)) Go(2). (7.34)

The naive ensemble average of the Born series (7.30) can be visualized using the
diagrammatic representations shown in Fig. 15, with propagator lines representing G
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Figure 15: Diagrammatic representation of propagators and scattering events.
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Here, all diagrams up to the fourth order are shown. Similarly, the Dyson equation
(7.33) can be represented as

7 J 7 J 7 J
—_— = + >
(Gij) G G S+ (Gong)

7.4 Virtual crystal approximation

The Virtual Crystal Approximation (VCA) replaces the random on-site potentials by
their composition average, thereby restoring exact translational invariance and yielding
a simple, Bloch-like propagator. As the zeroth term in a cumulant (moment) expansion
of the disorder, VCA retains only the first moment of the potential distribution and
discards all higher moments. It is therefore exact for small enough perturbations V'
and often adequate when disorder is weak compared to the bandwidth or when one is
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7. Substitutional disorder

interested primarily in band filling and long-wavelength properties that are insensitive
to phase-coherent multiple scattering [120, 122].

Assuming that V' is small, the naive average (7.30) can be decoupled into a random
phase approximation (RPA) by neglecting correlations between different scattering
events:

(Gi) = GD 137G (0,) G + 37 G (0,) GO (v,) G 4 (7.35)

With (vv;...v,) > (v;) (vj) ... (v,) the Green’s function then immediately follows as
(G(2)) = Go(2) + Go(2) (V) (G(2)) = [21 — Hy — (V)] ", (7.36)

which is equivalent to the Green’s function of a perfect crystal with a simple potential
shift (V). The self energy in this approximation is the lowest-order term,

Yvea =(V), (7.37)

which is real, and independent of z and the wavevector k, leading to a local self energy:

M
Yvea = (v;) = Z Calq. (7.38)
a=1

Consequently, VCA captures band filling but not broadening, lifetime effects, or mul-
tiple scattering events. For binary alloys, the virtual crystal approximation only gives
reasonable results near the limit of where v4 and vg are equal, or in the limit of ¢ — 0
of one species. Diagrammatically, VCA amounts to retaining only the disconnected
(tadpole) contribution and discarding all fluctuation effects:

=

*
5 (7.39)

7.5 Average T-matrix approximation

The VCA captures only the mean of the random on-site potentials and therefore misses
all fluctuation effects. A natural next step is to keep the medium translationally invari-
ant while explicitly incorporating single-site multiple scattering from the fluctuations
around a chosen reference. To this end we split the random potential into a uniform
energy independent “coherent” part v and a fluctuation, defining the effective medium
as

Ho = > tiele; + > 0. (7.40)
) ?

The parameter v is the coherent on-site potential that shifts every site equally. The
total Hamiltonian then reads

H=Hea+V="t;ele; + 3 00+ (o) — 0) e (7.41)

%,] 7
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where V is the perturbation with respect to the effective medium:

A,

V => (vaup) — 0) Zva i) T, (7.42)
(2
or in matrix notation, V' = >, 0;0;;.

In the remaining of the chapter, we distinguish between the bare-lattice Green’s
function Gy(z) corresponding to the kinetic part of the Hamiltonian ]:IO, the coherent
Green’s function G, (2) associated with ﬁeﬁ, and the full disorder-averaged propa-
gator (G(z)). Since H.g is translationally invariant, G, (k, 2) is diagonal in k-space
and the local coherent Green’s function is given by:

Goonl2) = ]\1@ > Gnlh, 2) = ;f P (7.43)

2 Ek— 0

Comparing the two expressions for the ensemble-averaged Green’s function, Eqgs. (7.33)
and (7.34), now with respect to the reference propagator Geop

<G> = Gcoh + Gcohz <G> ) (744&)
<G> — Gcoh + Gcoh <T> Gcoh; (744b)

the self-energy can be expressed in terms of the exact averaged T-matrix as
5(2) = (T(2)) [1 + Geon(2) (T(2))] " (7.45)

To this point, no approximations have been made and the expression (7.45) for the self-
energy is exact. Note that the T-matrix is now defined with respect to the reference
propagator Gy, instead of the bare lattice Green’s function Gg. Using equation (7.20)
for the T-matrix elements and the atomic t-matrices from (7.28), we can eliminate
terms of scattering events off the same site:

= ;0 + LGS + D LGRMGGE + (7.46)
k#i,j

As was the case for the VCA, we can use the random phase approximation to ne-
glect correlations between scattering events on different sites. The averaged T-matrix
elements can then be approximated as

(T = (1) 6 + (6) G () + 30 () Geoh () G (1) + ... (7.47)
k#i,j

using the decoupling (t;t;...t,) >~ (t;) (t;) ... (tn). This is known as the Average 7-
matrix Approximation (ATA). Since the atomic scattering matrices ¢ must be site-
independent after performing the configuration average in a translationally invariant
effective medium, they can be expressed as

(t;) = (t) L, (7.48)

where 1; is the identity operator on site 7, consisting of a single 1 as diagonal element
in the i-th row and column, and zeros elsewhere. The ensemble-averaged local t-matrix
elements are given by

= Zl Cata(2), (7.49)
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7. Substitutional disorder

where ¢, is the atomic t-matrix for a site occupied by species «, defined by Eq. (7.28)
with the shifted potential v, = v, — v,
Vg Vg — U
T 1= 0aGeon(2) 1= (Vo — 0)Geon(2)’
Using these definitions, the averaged T-matrix can be written as
(T) = (&) + (£) Gon (T) (7.51)

or, equivalently, by expanding into the Born series,

ta(2) (7.50)

~ -1

(T) = (&) + (8) Geon () + (8) Geon (8) Geon (8) + -+ = (£(2)) |1 = Gean(2) (8(2))] -
(7.52)
Inserting this expression into Eq. (7.45) then yields the self-energy in the average T-
matrix approximation. Within the ATA decoupling (neglect of correlations between
different sites), only single-site contributions enter the local self-energy, thus terms
involving off-diagonal elements of écoh do not contribute. This gives

Sara(z) = (¢(2)) [L + Gean(2) ((2))] - (7.53)

Because both (t) and G, are local and translationally invariant, the self-energy is
also local and translationally invariant:

Saza(2) = (1)) [L + Geon(2) (H(2))] (7.54)

Diagrammatically, the ATA self-energy is the sum of all one-particle-irreducible dia-
grams, that cannot be split into two disconnected pieces by cutting a single propagator
line:

=
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The ATA captures single-site multiple scattering with respect to the coherent poten-
tial v and thereby includes lifetime effects and band broadening, but neglects inter-
ference between different sites and depends on the choice of the coherent potential v.
As a result, the ATA is not self-consistent and does not enforce any specific physical
condition on the effective medium. In practice, the coherent potential v is chosen as
the VCA average potential,

M
v =Yyca = (v;) = Z Calas (7.55)
a=1

which ensures a symmetric expression for (t) and therefore for (G). This symmetry is
required to correctly interpolate between the two pure limits of a binary alloy. The per-

turbation potentials ©; then simply become the deviations from the average potential,
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7.6 Coherent potential approximation

The average T-matrix approximation (ATA) improves on VCA by resumming all single-
site multiple scatterings on a fixed coherent background, but it does not let the effective
medium “react” to those scatterings. The coherent potential approximation (CPA)
improves on this idea by promoting the coherent on-site potential to a complex, energy-
dependent function (z) and by determining it such that, when a randomly chosen site
is embedded back into the effective medium, there is no net scattering on average. In
other words, the effective medium is “coherent” with respect to the ensemble of local
environments. This self-consistency enforces translational invariance of the averaged
propagator while capturing disorder-induced lifetime effects and band broadening [116,
119, 122].

We impose the condition that the average scattering of a site embedded in the effec-
tive medium vanishes, i.e., the average T-matrix describing the scattering off impurity
sites embedded in the effective medium defined by the yet unknown coherent potential
Ycpa(2) (the reference system) vanishes:

(T) = 0. (7.56)

Using the same approximation as before to neglect correlations between different sites
this condition is fulfilled when the average local t-matrices vanish in

(Tyj) = (1) 85y + (8) G (1)) + 3 () G (1) G5B () + ... (7.57)
k#i,j

Therefore, for any lattice site ¢, we impose the condition of vanishing average scattering
when the site is replaced by any of the physical species o with on-site potential v,:

(t:) = 0. (7.58)

This condition determines the coherent potential Xcpa(z) self-consistently. Similar to
ATA, the local t-matrix for a site occupied by species « is given by

Vo — Scpa(2)
1 — (va — Xcpa(2))Geon(z, Xcpa)’

Note that now the local coherent Green’s function G,y itself depends on the yet un-
known coherent potential Ycps defining the translationally invariant effective medium.
In the following, we will omit this dependence for brevity. Taking the concentration
average over species «, we have

ta(z) = (7.59)

M M Vo — 2cpa (2
az:jl Catal(z) = az:;l o T EC:A fz()))Gmh ol 0. (7.60)

Equation (7.59) is the same algebra seen in ATA, but now evaluated in the dynamic
host defined by Ycpa(z) via (7.60). The vanishing of the average t-matrix in (7.60)
ensures that when a randomly chosen site is replaced by any of the physical species a
inside the coherent medium G, (2), the configuration-averaged single-site scattering
vanishes; i.e., the embedded site is on average indistinguishable from the medium. This
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+Cp

Figure 16: Self consistency condition of the coherent potential approximation (CPA). The
local average Green’s function of the effective medium is equal to the concentration-weighted
average of the local component Green’s functions, when a site of the effective medium with
coherent potential X is replaced by an atom of species A or B with potentials v4 or vp,
respectively.

also enforces that the local propagator of the medium equals the concentration average
over impurity-embedded local propagators (see Fig. 16):

(G(2)) = Zlca Ga(2), (7.61)

where the impurity Green’s function of an atom of species & embedded into the effective
medium is given by the Dyson equation with the perturbation v, — Xcpa:

-1 _ Gcoh(z)
1-— (Ua — ECPA(Z))Gcoh(Z)'

Both statements guarantee that re-embedding a random site does not disturb the
effective medium.

Once the coherent potential (CPA self-energy) Ycpa(2z) has been obtained from the
self-consistency condition (7.60), the disorder problem is mapped onto the effective
translationally invariant medium with a purely local (site-diagonal) self-energy. By
definition, the average T-matrix vanishes, (T') = 0, and Eq. (7.44b) guarantees that
the ensemble-averaged Green’s function in CPA equals the coherent Green’s function
of the effective medium,

Ga(2) = [Gaii(2) = (va — Scpa(2))] (7.62)

<G> = Gcoh + Gcoh <T> Gcoh ~ Gcoh- (763)

The ensemble-averaged Green’s function then also follows from the Dyson equation
with respect to the bare lattice,

(G(2)) ® Gean(2) = [Gy () — Zera()1] (7.64)

The CPA furnishes a translationally invariant, causal effective medium: the configuration-
averaged propagator (G(z)) is analytic in the upper half-plane, with Im »(w+107) <0
ensuring a positive spectral density and conservation of single-particle spectral weight
(state-counting sum rules). It reproduces the correct pure limits, reduces to VCA
when fluctuations vanish, and captures disorder-induced lifetime effects and band
broadening through the self-consistent ¥(z). In multiple-scattering implementations
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Figure 17: Self-consistent CPA results for a binary alloy with concentrations c4 = 0.3,
cp = 0.7 and disorder strengths A = 0.5 on a Bethe lattice with half-bandwidth D = 1. Left:
Spectral functions — Im G(w+in) of the averaged Green’s function (G) and the concentration-
weighted component Green’s functions ¢, G,. Right: Imaginary part of the CPA self-energy
Y(w +1in). The complex broadening parameter is set to n = 0.01.

(KKR/EMTO) it is numerically efficient and for certain models it is even exact (e.g. the
Lloyd model). Its principal limitation is the single-site nature of the effective medium:
short-range order and multi-site (nonlocal) scattering correlations are neglected. An-
derson localization and Lifshitz-tail phenomena are not captured (requiring typical-
medium or cluster extensions), and off-diagonal (hopping) disorder lies outside the
basic formalism unless one adopts the Blackman-Esterling-Berk generalization [120,
122]. For transport, single-site CPA supplies the disorder-broadened single-particle in-
put but vertex corrections beyond the local approximation may be needed to capture
coherent backscattering and related nonlocal effects [120, 122].

All formulas above generalize immediately to the case where each lattice site carries
spin degrees of freedom and possibly ng orbitals. One simply promotes the local
scalars to matrices acting in the combined local Hilbert space (orbital ® spin). The co-
herent potential 3(z) and the species potentials V', become matrices. In collinear spin
calculations with spin-diagonal disorder one often has a block structure (independent
1 / | channels) and the CPA condition (7.60) applies separately to each spin channel.

Figure 17 shows typical CPA results for a binary alloy on a Bethe lattice with semi-
circular DOS with half-bandwidth D = 1. The disorder strength A = 0.5, defining
the difference between the two on-site potentials v, = —A/2 and v, = +A/2, is mod-
erate compared to the bandwidth W = 2D, leading to band broadening and lifetime
effects, but no splitting into separate impurity bands. The left panel shows the spectral
functions (imaginary parts of the retarded Green’s functions) of the coherent Green’s
function (G) and the concentration-weighted component Green’s functions ¢,G,, which
together sum up to the total average. The right panel shows the imaginary part of
the CPA self-energy 3(w + i0"), which defines the local effective medium and encodes
the disorder-induced broadening and lifetime effects. The results presented in Fig. 17
were obtained using the iterative Green’s function scheme in TRIQS/CPA [C1], a library
I have developed for the TRIQS framework [C3]. It implements both root-finding and
iterative CPA solvers, which we will discuss next.

81
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7.7 Numerical solution of the CPA equations

The CPA condition (7.60) is a non-linear residual equation for the coherent potential
Y (z) = Xcpa(z) at each complex energy z that must be solved numerically:

RE| =D ca Vo — 2(2)

=0 7.65
a=1 1— (Ua - Z(Z))Gcoh(zv x) ( |

Below we outline two practical and complementary approaches that have been found to
be robust in alloy calculations [120, 122]: direct complex root-finding for R[¥] = 0, and
fixed-point iterations. Both require repeated evaluations of the local Green’s function
representing the unperturbed lattice. This involves performing a Brillouin-zone sum,
which can be done by k-meshes, or a Hilbert transform of the unperturbed DOS py(e).

7.7.1 Root finding and Newton’s method

To find the self-consistent CPA self-energy ¥(z), the root of the residual function R[>
from (7.65) must be located for every complex energy z of interest. For this, the
Newton-Raphson method (or other modern alternatives) is very effective, which is a
generalization of the well-known Newton’s method for finding the roots of polynomial
equations.

Consider the general problem of finding the roots of a scalar function: Given a
continuous and differentiable function f(x), we want to find z* such that f(z*) = 0.
Assuming we have an initial guess z close to the root, we can expand f(z) in a Taylor
series around xy. Using the expansion up to first order, we have

f(@) = f(zo) + f'(w0)(x — m0) = 0, (7.66)
or equivalently,
f(zo)

T~ Ty — : 7.67
0 f’(xo) ( )

This gives us an iterative scheme to refine our guess for the root:
il = Tp — ) 7.68
Tnt1 =T () ( )

This process is repeated until convergence, i.e., until |z, — z,| is smaller than a
predefined tolerance. This method converges quadratically near the root if the initial
guess is sufficiently close to avoid getting trapped in local minima, and if f’(x) is non-
zero at the root. Applying this to our CPA problem, we identify f(z) with the residual
function R[¥]. An appropriate initial guess for ¥(z) can be obtained from the VCA
self-energy or from the converged ¥ at nearby frequencies z.

In practice one can use any modern nonlinear solver on ¥ € C ~ R?: derivative-free
methods like Nelder-Mead on |R|*, quasi-Newton /trust-region (BFGS, TR), or secant
methods all work well if supplied with a good initial guess [123-127]. When minimizing
|R|?, enforcing causality on the real axis as an inequality constraint Im X(w 4 i07) <
0 (e.g. via projection after each step) improves stability. Root finding methods are
generally fast and robust, provided a good initial guess is available. However, they may
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struggle with convergence if the initial guess is poor or if the function has multiple roots
or is ill-conditioned. In our experience, for CPA calculations root-finding methods are
very robust for moderate disorder strengths and concentrations away from the pure
limits. However, close to the pure limits (e.g. ¢, — 0 or 1) or for very strong disorder,
the CPA equations become stiff and root-finding methods may struggle to converge.

7.7.2 Iterative Green’s function scheme

Alternatively, the CPA self-consistency can be solved as a fixed-point problem for the
coherent potential (self-energy) 3(z). A numerically robust realization closely parallels
single-site DMFT: one alternates between constructing the translationally invariant
coherent medium from a trial ¥ and re-embedding physical atoms into that medium
to update ¥. The scheme is outlined in Fig. 18. Starting from an initial guess X (z)
(e.g. Yvca), we iterate the following steps. For a given ©("(z), the coherent-medium
Green’s function is computed as

1 1
Geon(z, ZM) = — 7.69
h(«za ) N, ~ 2 — e — E(n)<2)7 ( )
or via a Hilbert transform of the bare lattice DOS py:
onlz, ) = [a |
Geon(z, 82—5— S (2) (7.70)

Next, we define the Weiss (cavity) Green’s function of the effective medium via the
Dyson equation
Gol(z, 2™) = G (2, ™) 4 = (2). (7.71)

The Weiss (cavity) Green’s function Gy(z) represents the propagator of the transla-
tionally invariant host as seen by a single embedded site, i.e. the “bare” propagator of
the associated single-site impurity problem. Physically, Gy describes the propagation
on a chosen site when the rest of the lattice is replaced by the translationally invariant
effective medium (the “bath”); it thus contains all information about hybridization
with the surrounding host, but no explicit on-site potential of the embedded atom.
Inserting a real species a corresponds to adding the local perturbation v, on top of
this bath. With the local propagator of the effective medium at hand, we can proceed
to embed the physical species o with on-site potential v, into the host Gy:

-1

Galz, B) =[G (2, B™) —va] " = [Gah(z, Z7) = (va —SW(2)] T, (1.72)

which is identical to the Dyson form used in Eq. (7.62), now evaluated in the host de-
fined by (. The ensemble-averaged Green’s function follows from the concentration
average Oover species

(G(z, 2M)) = an NE) (7.73)

Since the CPA fixed point is characterized by (G) = Geon, we use the ensemble-averaged
Green’s function (G) as the new coherent Green’s function to update the self-energy
Y. via the inverse Dyson equation,

S () = Gol(z, 8™ — Gl (2, 2W) = Gol(z, z<n>)_<G(z, 2<">)>_1. (7.74)
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Figure 18: Iterative Green’s-function scheme for the single-site CPA. Starting from Z(O)(z),
compute the medium Green’s function, construct the reference propagator via Dyson, embed
each component to obtain G (z), average over species, update X, (optionally mix), and iterate
until the CPA condition (G(X)) = >, caGa(X) is satisfied.

At this point one can also apply mixing schemes (e.g. simple linear mixing, Broyden,
Anderson) to the update of the self-energy to improve convergence, as described in
previous iterative methods. The new self-energy X"V is then again inserted into
Eq. (7.69) to recompute the coherent Green’s function, and the process is repeated
until convergence. When the iteration converges, the CPA condition (7.61),

(G(2)) = Geon(E) = Y calGa(X) (7.75)

is satisfied.

The iterative Green’s function scheme is generally robust and simple to implement.
However, it may converge slowly, especially near critical points or phase transitions,
and can be sensitive to the choice of initial guess and mixing parameters. Systems that
converge poorly benefit from strong mixing, however this slows down convergence.
In our experience, for CPA calculations the iterative Green’s function scheme is very
robust even for strong disorder and concentrations close to the pure limits, where
root-finding methods may struggle.
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8 Combining Electronic Correlations and
Substitutional Disorder

The preceding sections have developed the separate pillars needed to address correlated,
chemically disordered metals: density functional theory (DFT) as a first-principles
baseline, the exact muffin-tin orbitals (EMTO) formalism as an efficient Green’s-
function-based realization of DFT for alloys, dynamical mean-field theory (DMFT)
for local electronic correlations, and the coherent potential approximation (CPA) for
substitutional disorder. What remains is to marry these ingredients into a single,
operational framework capable of capturing both dynamical on-site self-energies and
configurational averaging on equal footing. This chapter introduces and systematizes
that merger in two steps: a model-level DMFT+CPA formulation, followed by its
materials-realistic embedding, LDA(CPA)+DMFT.

8.1 DMFT+CPA: Local correlations and disorder

The aim of DMFT+CPA is to treat, on equal footing, two ubiquitous sources of com-
plexity in real metals and alloys: local, dynamical electron-electron correlations and
substitutional disorder. Historically, these ingredients were developed along largely
independent tracks. The recognition that both CPA and DMFT are local, single-site,
self-consistent theories made their merger natural for the Anderson-Hubbard problem:
treat substitutional disorder at the CPA level while computing the species-resolved,
dynamical on-site self-energies via DMFT. Early formulations along these lines estab-
lished DMFT for interacting electrons in random media and charted the competition
between interaction- and disorder-driven effects in infinite dimensions [128, 129]. In
modern language, DMFT+CPA lets the CPA coherent medium act as the DMFT
Weiss field for a set of species-resolved impurity problems. The resulting ¥, (iw, ) are
fed back into the CPA condition (e.g., vanishing concentration-weighted 7-matrix)
to update the medium, closing a single, linked self-consistency. A parallel strand ex-
tended disordered DMFT to address Anderson localization physics that is not captured
by arithmetic averaging: statistical DMFT and typical-medium ideas replace averages
by geometric (“typical”) quantities to build an order-parameter description of local-
ization, and can be coupled to DMFT to study Mott-Anderson transitions [130-132].
While our work here adopts the conventional single-site DMFT+CPA level (local 3,
single-site disorder, no short-range order), this historical context clarifies the scope and
natural extensions of the formalism.

8.1.1 Notation and basic definitions

We consider a substitutionally disordered lattice composed of alloy components (species)
a € {A, B, ...} with concentrations ¢, satisfying >, ¢, = 1. The approximation level
is single-site for both correlation and disorder: the electronic self-energy is purely local
and site-diagonal, and disorder is treated as single-site substitutional disorder without
short-range order (conventional CPA). In this representation, the problem of interacting
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8. Combining Correlations and Disorder

disordered electrons can be viewed as a system of non-interacting electrons moving in
a coherent medium with an additional, energy and species-dependent on-site potential
given by the local DMFT self-energy ¥,(z) of each species. The coherent self-energy
Yeon(2) can be interpreted as an effective local potential that captures both the average
effect of disorder and the dynamical correlations through DMFT

ECOh = 2coh[Gcohv Ea]y (81)

where the ensemble averaged coherent Green’s function G.., depends on X, itself, as
well as on the set of local self-energies X,:

Gcoh = <G(Ecoh)> . (82)

An important difference to CPA is that the coherent self-energy Y.,,(z) and Green’s
function G in DMFT+CPA encodes not only the configurational averaging of disor-
der but also incorporates the dynamical correlations through the DMFT self-energies.
It should not be confused with the “plain” CPA effective medium.

The impurity problem for each species « is defined by embedding a site of that species
into the effective medium and is given by the hybridization function (or equivalently
the Weiss field) of the corresponding species «

Au(2) = 24 pt — Vo — Seon(2) — G (2). (8.3)

In comparison to plain DMFT discussed in Ch. 4, the key difference to Eq. (4.48) is that
the lattice Green’s function entering the hybridization is now the component-resolved
propagator G,. Solving the impurity problem for each species « yields the DMFT
self-energy ¥,(z) and the impurity Green’s function G™P(z), related by the impurity
Dyson equation. The self-energies ¥,(z) are then fed back into the CPA condition
by including the DMFT self-energies 3, (z) for component « in the on-site potentials,
resulting in the effective, energy dependent potentials

Vo = Va(2) = Vo + La(2). (8.4)

The single-site scattering ¢-matrix for embedding a site of species « into the coherent
medium, defined in Eq. (7.59), are then given by

_ Va(2) — Leon(2)
1 = (va(z) = Beon(2))Geon(2)
with the CPA condition (7.60) now reading

5. Va(2) — Leon(2) B
2 catal2) = 2 e T G T () Gone) (86)

After convergence of CPA, the coherent Green’s function is then given by

Geon(2) = (G(Zean)) = ¥ 0 Gal2) = [G5(2) — Sean(2)] (8.7)

ta(2) (8.5)

with the component Green’s functions introduced in Eq. (7.62) reading

_ Gcoh(z>
1 — (va(2) = Beon(2))Geon(2)
The propagator Go(z) defines the non-interacting and disorder-free reference system,
given by the underlying lattice structure and the kinetic part of the Hamiltonian.

Ga(2)

(8.8)
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Figure 19: Self-consistency flow diagram for the combined DMFT+CPA scheme. The

DMFEFT iterations for each component « run in parallel and yield the respective impurity self-
energies Y,. These are used to shift the random potentials v, before entering the CPA loop
to obtain an updated coherent self-energy Y.on. The process is repeated until convergence is

reached.

8.1.2 Combined self-consistency

The DMFT+CPA method links the two self-consistency loops of DMFT and CPA into
a single, coupled cycle, as illustrated in Fig. 19. In practice, one solves the impurity
problem defined by DMFT once per species o and iteration. The full DMFT self-
consistency is considered as “outer” loop, while the CPA self-consistency is nested as
an “inner” loop and solved for each main iteration. One could also compute a full
self-consistent DMF'T solution for each species « in every DMFT+CPA iteration, but
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this would be computationally much more expensive: In general the time complexity
for a single DMFT iteration is of the order of tens of minutes to hours, while the full
CPA loop typically converges within seconds to minutes. Thus, we solve the CPA loop
for each DMFT+CPA iteration until convergence to find the self-consistent coherent
medium for the current set of impurity self-energies ¥, and then update the hybridiza-
tion functions A, accordingly, solving the impurity problems once per iteration.

Depending on the specific impurity solver used, the axis of complex frequencies z can
be either the imaginary Matsubara axis z = iw, or the real-frequency axis z = w +1i0".
In general, all quantities are computed on the chosen frequency axis throughout the
DMFT+CPA loop. If needed, analytic continuation techniques can be applied to
obtain real-frequency data from imaginary-axis results after convergence from the self-
consistent solution is reached.

The DMFT+CPA iteration scheme can be summarized as follows:

1. An initial guess for the coherent self-energy %) (z) and for the impurity self-

energies ¥(9(2) = 0 is provided. The coherent self-energy typically is set to zero,
while the impurity self-energies are initialized as in standard DMFT.

2. For each species a, the component Green’s function is computed as

-1

Ga(2) = [Gah(2) = (val2) - Z20(2))]

3. The hybridization function for each species « is constructed via
Ao(2) =2+ p — va(2) _'(;;1(3)7
defining the impurity problem for that species.

4. The impurity problem for each species « is solved to obtain the impurity self-
energy ¥{"(z). In practice, this can be done in parallel for all species to reduce
the wall-clock time.

5. After obtaining the component DMFT self-energies ¥(™ (), the on-site potentials
are updated according to

Vo — Va(2) = Vo + 21 (2).

6. The CPA problem is solved self-consistently for the current set of impurity self-
energies ¥(™(z) embedded in the on-site potentials to obtain an updated co-
herent self-energy Zgﬁf{ 1)(z). This involves computing the single-site scattering
t-matrices and enforcing the CPA condition

_ va(2) = Dl (2) i) —0
1 — (va(2) — 27 (2))Geon(2)’ ; ata(7) = 0.

coh

ta(2)

The coherent self-energy can be optionally mixed with the previous iteration to
improve convergence.
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7. Check for convergence of the coherent self-energy ZEZ}T 1)(z). If the change with
respect to the previous iteration is below a chosen threshold , i.e. AX ., < ey,
the self-consistent solution is reached. Otherwise, return to step 2 and repeat the

process with the updated coherent self-energy E(n+1)(z).

coh

After convergence, the coherent Green’s function as well as the component Green’s
functions can be computed from the converged coherent self-energy Y.on(2).

The single-site DMFT+CPA construction is deliberately minimal: it captures frequency-
dependent on-site renormalizations from interactions together with coherent configura-
tional averaging from disorder, while discarding nonlocal self-energy effects and short-
range order.

In the non-disordered limit, ¢4 — 1 (or, equivalently, when all v, and 3, coincide),
the CPA constraint becomes trivial and the scheme reduces to standard single-site
DMFT with hybridization A(z) determined solely by the lattice Hilbert transform.
This is the d — oo fixed point of local Fermi-liquid theory and obeys the familiar
DMEFT sum rules and causality constraints [74]. In the noninteracting limit, U — 0 =
Ya(2) — 0, Eq. (8.5) collapses to the conventional (dynamic) CPA ¢-matrix and the
coherent propagator G, (2) coincides with the Herglotz analytic function fixed by the
CPA condition [118].

A second set of constraints follows from analyticity and spectral sum rules. Because
the impurity problems are causal and the CPA average preserves the Herglotz property,
the local objects must satisfy Im A(iw,) < 0 and Im ¥, (iw,) < 0 on the Matsubara
axis, which guarantees a positive spectral function A,(w) = —Im G,(w +i07). Nu-
merically, violations of these inequalities indicate insufficient impurity convergence,
inconsistent bath updates, or an unstable CPA solution. Enforcing monotone mixing
in A and in Y., typically restores causality. A further concentration sum rule follows
from the definition Geon, = Y, caGao: the coherent spectral function must equal the
concentration-weighted sum of component spectra at every frequency.

8.2 The DFT(EMTO)+DMFT approach

We now turn to the materials-realistic embedding of DMFT+CPA within ab initio DFT
methods. A natural choice for this purpose is the exact muffin-tin orbitals (EMTO)
method, discussed in Chapter 3. The advantage of EMTO in a DMFT+CPA context
is that EMTO is a Green’s-function multiple-scattering method: All central objects of
DMFT+CPA are native to the EMTO formalism and need no downfolding or Wan-
nierization. In practice this removes an entire layer of approximation and workflow
complexity. The correlated subspace is defined directly in the EMTO single-site basis,
the local impurity self-energy is embedded as a purely on-site, energy-dependent term
in the same basis, and the CPA step is just the standard single-site scattering problem
with the on-site potential shifted by the DMFT self-energy. Because EMTO already
computes k-resolved and on-site Green’s functions on a complex-energy contour, the
construction of local propagators, coherent Green’s functions, and concentration aver-
ages proceeds without auxiliary projections, disentanglement windows, or gauge choices
that are otherwise required by Wannier methods.

This tight fit has concrete numerical benefits. First, species resolution and configura-
tional averaging are intrinsic: single-site scattering and the coherent potential function
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are the native language of EMTO-CPA, so the CPA condition Y, cata(z) = 0 is solved
in the same basis in which the self-energy acts. Second, locality is guaranteed by con-
struction: the path operator provides site-diagonal Green’s functions, ensuring that the
DMFT impurity problem is exactly matched to the lattice object it must reproduce
at self-consistency. Third, charge self-consistency is straightforward: the densities and
total energies are already formulated from the scattering path operator, so incorpo-
rating correlations modifies these quantities without changing the underlying EMTO
machinery. Analytic continuation is confined to the impurity step.

Conceptually, EMTO avoids two common pitfalls of projector-based embeddings in
plane-wave or localized-orbital DFT. There is no ambiguity associated with band dis-
entanglement or the spread/gauge of Wannier functions, the correlated orbitals co-
incide with the single-site scattering channels used to build the one-electron Green’s
function. Likewise, the double-counting term is defined in the same local block that
enters the EMTO single-site problem, simplifying both its implementation. These fea-
tures explain why the earliest ab initio DMFT embeddings for disordered metals were
developed within EMTO/KKR, and why modern EMTO(CPA)+DMFT studies can
operate with a compact, reproducible self-consistency loop that stays entirely within
the Green’s-function language [63, 133-135].

In the EMTO formalism the many-body/disorder embedding is most transparent
when one starts from the spin-resolved DFT Green’s function matrix Gy gz (K, 2)
expressed in the EMTO basis, introduced in Eq. (3.51), and adds correlation and dis-
order effects as strictly local on-site terms. The EMTO(CPA)+DMFT lattice Green’s
function is connected to the one-electron propagator by a Dyson equation written in
the EMTO indices,

-1 . -1 o,
[ ?{L,R’L’(kvz)} = [GR’LD,I;JL’(k> Z)} — Yhre(2) Orr (8.9)

where %% r.r(2) acts in the chosen correlated subspace (typically a block of d-orbitals)
and is taken site-diagonal in the single-site scheme. The corresponding bath Green’s

g,

function G7J¥(z) is obtained from the k-integrated interacting propagator,

1

[GiR(2)] " = [G5u(2)] + (), (8.10)

with G9.,(2) = [pz Ghp.p(k, 2) dk the site-diagonal part. Equations (8.9) to (8.10)
define the impurity problem seen by the local correlated orbitals. In practice, the
many-body problem for 7 is solved on the Matsubara axis w, = (2n + 1)7T and
mapped to the complex contour used in EMTO by Padé continuation, as in the stan-
dard EMTO+DMFT workflow [133]. Since here the continuation between Matsubara
frequencies and the real axis has to be computed in each DMFT+CPA iteration, it
is crucial to use a robust and efficient continuation method with preferably a non-
stochastic impurity solver, such as the spin-polarized T-matrix fluctuation-exchange
(SPTF) approximation discussed in Ch. 5, to avoid noisy data [134, 135].

To include substitutional disorder at the single-site level, we formulate the coherent-
medium condition of CPA in the same EMTO basis. Let vg,;;, denote the static on-site
term of species a (from the EMTO single-site potential) and ig; .o (2) the species-
resolved local DMFT self-energy obtained from the impurity problem defined by the
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effective medium. The coherent medium is represented by a site-diagonal, energy-
dependent on-site term X7, .;;,(2) that, together with the EMTO Hilbert transform,
generates the on-site locator of the medium,

-1

_ _1 -1
To(2) = [ (67, 2)) T~ S0(a)|  dk= (G5 - X e)] L (81)
BZ LL
where G§(z) is the site-diagonal locator of the disorder-free DFT reference delivered
by EMTO. Embedding a site of species o into the coherent medium produces the
single-site scattering matrix (now including dynamical on-site terms),

-1
@@w=ﬁ—@ﬁ@—zau»0a4 (v5(2) = £2,u(2)) . (8.12)

and the CPA condition again demands vanishing concentration-weighted scattering,
> catl(z) =0. (8.13)

Equations (8.11) to (8.13) determine 37, (2) for a given set of impurity self-energies

{¥9(2)}, which are added to the static on-site potentials vg.pp to form the effective,
energy-dependent potentials v7(z) = v+ (z). The component Green’s functions that
enter both CPA averaging and the impurity update are then computed site-diagonally
as

652) = [0 — (2 - 3@)] . G = D), (614

and the species-resolved impurity problems are defined so that G™P7(z) = G9(2) at
self-consistency. This keeps the clear separation of roles already emphasized: CPA
averages lattice objects in the EMTO basis, while DMFT is solved per species and
supplies i}g.

The formulation above mirrors established EMTO/KKR realizations of CPA+DMFT:
the multiple-scattering embedding of the dynamical self-energy and its interplay with
the single-site CPA condition were set out in early EMTO+DMFT and KKR+DMFT
papers [133, 134]. Explicit EMTO(CPA)+DMFT implementations and practical self-
consistency strategies (separate mixing of the coherent medium and impurity self-
energies, shared bath structure) were documented in later work [135].

In the appropriate limits the EMTO-embedded scheme reduces to well-known base-
lines, providing immediate consistency checks analogous to Sec. 8.1.
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9 Analytical continuation

Many numerical approaches in condensed matter physics natively produce data on
the imaginary Matsubara frequency axis, z = iw,, due to difficulties of performing
correlated finite-temperature calculations directly on the real-frequency axis. This,
for example, includes quantum Monte Carlo methods, which sample imaginary-time
correlation functions that are then Fourier-transformed to imaginary frequencies, or
many other impurity solvers used in dynamical mean-field theory. Spectral and trans-
port observables, however, require real frequencies via the retarded Green’s function
G(w +i0%) and the spectral function A(w) = —1 Im G(w +i07).

Originating from the mathematical field of complex analysis, the formal goal of an-
alytical continuation is the extension of the domain of definition of a given analytical
function. In condensed matter physics, analytical continuation typically refers to the
numerical transformation between the imaginary-frequency Green’s function and the
real-frequency Green’s function or spectral function. However, other quantities, such
as self-energies or response functions, can also be analytically continued. Analyti-
cal continuation is fundamentally an ill-posed problem: small fluctuations (round-off,
Monte-Carlo noise, etc.) on one axis can produce arbitrarily large changes on the other
axis. As a result, the solution also may be non-unique without additional constraints
(e.g., positivity, sum rules, smoothness), and, even when a solution exists in the exact,
noiseless limit, numerical formulations do not guarantee that a unique solution can be
found.

In the following, we will briefly review the mathematical foundations of analyti-
cal continuation and discuss two widely used numerical techniques: Padé approxi-
mants [136, 137] and the Maximum Entropy Method [138-140].

9.1 Cauchy formula and contour transforms

For imaginary times 7 € [0, ) one may express the fermionic Green’s function as a
contour integral that encircles the Matsubara poles of the thermal distribution, which
is a form of Cauchy’s integral formula,

1 i G (iwy,)e “n™ = e g dzG(2)[1 = f(2)] e ™, (9.1)

Glr) = B, 271
where f(z) = 1/[e’#+1] is the Fermi function, with the fermionic Matsubara frequencies
wn, = (2n + 1)7/B. A similar expression holds for bosonic Green’s functions, with the
Bose function b(z) = 1/[e#* — 1] and bosonic Matsubara frequencies v, = 2nm/3. We
will only discuss the fermionic case; the bosonic case is analogous. For the imaginary
Matsubara frequencies the natural singularities lie on the imaginary axis: the Fermi
distributions have simple poles at z = iw,, and G(iw,) is analytic away from the real
axis.

To turn the Matsubara sum in (9.1) into a contour integral by residues it is therefore
convenient to take the contour C to run parallel to the imaginary axis, enclosing the
thermal poles at z = iw,. Since G(z) is analytic off the real axis but has its branch cut
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Figure 20: Contour deformation for analytical continuation. The original contour (left)
encloses Matsubara poles along the imaginary axis. It is cut into two pieces C+ and C_ to
avoid the branch cut on the real axis. The contour is then deformed (right) to run parallel to
the real axis, enclosing all Matsubara poles in half circles in the upper and lower half planes.
In the limit R — oo, the contributions from the arcs vanish, leaving only the boundary values
on the real axis.

on the real line, we cut this vertical contour at Re z = 0 and write it as the union of
two pieces,

C=C,uUcC_, Ci: Imze (0% 00), C_: Imzé€ (—o0, —0"), (9.2)

so that each segment can be closed without crossing the real-axis cut, as shown on the
left of Fig. 20.

Both pieces of the contour can now be deformed into paths that run parallel to the
real axis plus a large half-circle of radius R in the upper/lower half plane connecting
the endpoints at oo 4 10", while ensuring that all Matsubara poles remain enclosed
(Fig. 20, right). The contributions from the arcs vanish as R — oo under the standard
conditions that the Green’s function decays as G(z) ~ 1/z for |z| — oo and that
the time-domain kernel e *" with 7 € [0, 8) provides exponential damping whenever
Rez > 0. Thus, only the two straight legs along R 4 i0" survive, producing the
boundary values G(w =+ 10") over the real axis:

G(r) = /O; dw [l — f(w)] e—wrG(W +i0%) — G(w —i0T)

_ 2mi

: (9:3)

where the negative sign arises from the clockwise orientation of the lower contour piece.
The boundary values G(w +i0") and G(w —i0") are called the retarded and advanced
Green’s functions, respectively, and their difference across the branch cut defines the

spectral function,
G(w —i0%) — G(w +1i07)

Alw) = . 4
(@) — (9.4)
Introducing the analytical continuation kernel
Cwr e—wT
K(rw) = [1 = fw)]e™ = . (9.5)
we obtain the expression
G(r) = — / dw K (1, w) A(w). (9.6)
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9. Analytical continuation

Note that the spectral function can also be obtained from either the retarded or ad-
vanced Green’s function alone:

Glw —i0%) — G(w +i0)

27

1 1
Aw) = = —-ImGw+i0") = = ImG(w —i0"), (9.7)
T s
since G(w —10") = G*(w 4+ 10™) for real w. Because K (7, w) decays exponentially at
large |w]|, the high-frequency tail of A(w) contributes weakly to G(7), underscoring the
ill-conditioned nature of the inverse problem. Similarly, an identity for the Matsubara
Green’s function can be derived,

_ B 1 G(Z) B 00 A(w) . o0 .
G(iw,) = ijidz T —[m dw i [00 dw K (iwy,, w) A(w),  (9.8)
with the kernel ]
K(i ny = 7 y 9.9
(wn, w) = -7 (9.9)

which decays only algebraically at large |w|.

9.2 Padé approximants

One of the earliest and most straightforward methods for analytical continuation is
the Padé approximant technique, which approximates the Green’s function G(z) by
a rational polynomial. This analytic function can then be evaluated anywhere in the
upper complex plane, including on the real axis. Its appeal is that rational functions
can approximate analytic functions with branch cuts using dense interlacing poles and
zeros, often yielding sharp features without explicit regularization [136, 137]. The Padé
approximant is a ratio of two polynomials p and ¢ of order N and M, respectively,

_pN(Z> . a0+a12+a222+...+aNZN

Coqu(2)  bo F bz be2® 4 - by M

Pym(2) ~ G(z). (9.10)
Since Green’s functions typically decay as 1/z for |z| — oo, one usually chooses M =
N + 1 to enforce the correct asymptotic behavior. The order M of the denominator
polynomial determines the number of poles of the approximant, while the order N of
the numerator polynomial determines the number of zeros. The coefficients a; and b;
are determined by fitting the Padé approximant to the sampled Green’s function values
G(z;) at a chosen set of points z;.

9.2.1 Thiele’s reciprocal difference method

In 1909, Thiele introduced a continued-fraction construction for rational interpola-
tion [141]. Given a set of K data points {(z;, fi)}X,, the Padé approximant Py/y()
with N 4+ M + 1 = K that exactly matches the data at these points, Py (2) = fi,
can be built as a continued fraction,

1
PN/M(Z) = C2<Z _ Zl) . (911)
14 == =/
+ c3(z — 29)
14—
1+
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9. Analytical continuation

This construction is the basis for the reciprocal difference method [136, 137], which

calculates an approximant of degrees N = % and M = % — 1 interpolating the Green’s
function values exactly at K sample points z;:

yielding a N-point Padé approximant. The coefficients a; are computed recursively
from the sampled values G(z;) via

an = gn(2n) (9.13)
with the functions g,(z) defined recursively as

_ gn—l(zn—l) - gn—l(z)
(2 = 2n-1) gn-1(2)

9n(2) (9.14)

and go(2) = G(z). The rational polynomial fit f,(z) at iteration step n is then given

5 :pn(z)
fo(e) = 22 (9.15)

where the polynomials p,(z) and ¢,(z) are defined recursively as

pn(Z) = pn—l(z) + (Z - Zn—l)anpn—2(z)’ (9.16&)
4n(2) = ¢u-1(2) + (2 = 2p-1)AnGn—2(2), (9.16h)

with initial conditions

p-1(2) =0, po(z) =ao, ¢1(2)=1, qo(z)=1. (9.17)

The fit function fs,,1 with an odd number of points is a Padé approximant of order
Py /g1, while fo, with an even number of points is of order P, /,. For Green’s functions,
one typically uses an odd number of points to ensure the correct asymptotic behavior,
as described above. Since the reciprocal difference method is an exact interpolation of
the K data points, it is sensitive to noise in the sampled input data G(z;), which can
lead to spurious poles and zeros.

9.2.2 Matrix formulation of Padé approximants

An alternative approach to constructing Padé approximants is to formulate the prob-
lem as a linear system of equations [136]. Given a rational polynomial function f(z)
approximating G(z),

pn(2)
f(z) = , 9.18
=) qum (2) ( )
we can linearize the problem by multiplying both sides by the denominator,
f(2) qu(2) = pn(2). (9.19)

Sampling this expression at K points z; leads to a system of K equations, which can
be written in matrix form as

FQ=P. (9.20)
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9. Analytical continuation

We write this matrix equation using diagonal matrices: The matrix F' contains the
function values Fj; = f(z;)d;;, and the matrices P and @ contain the polynomials
P = p(2;)0;; and Q;; = q(z;)6;; evaluated at the sample points z;. Introducing the
Vandermonde matrices V' for the polynomials, Eq. (9.20) can be rewritten as

FV,q=V,p, (9.21)

where the vectors p = (ag, a1, ..., ay)? and q = (by, by, ..., by)T contain the poly-
nomial coefficients. Vandermonde matrices contain powers of the sample points z; as
entries,

2 N
1 29 2f -+ 2
2 N
1 2z z% cee z%v
— e _ -1
v=|1l =z 2z Z3 |, Vij=2"", (9.22)

so that the polynomial evaluations can be expressed as matrix-vector products,
p(zi) = Zajzf = (Vypp)i, q(zi) = ijzf = (V49q)i. (9.23)
5=0 5=0

Therefore, the matrices V, and V, have dimensions K x (N + 1) and K x (M + 1),
respectively. Equation (9.21) can be rearranged to a homogeneous system of equations,

q ) _
0=(FV, V,) (_p) =Mz, (9.24)
The homogeneous system M a = 0 in principle can be solved for the coefficient vector
@, which contains the coefficients {a;} and {b;} by finding the right null space of
the matrix M. Numerically, this can be achieved by computing the singular value
decomposition (SVD) of M

M=UXVT, (9.25)

and taking the right singular vector ViT corresponding to the smallest singular value
as the solution. Once the coefficient vector x; = (q, —p), is determined, the Padé
approximant can be evaluated as

_pn(z)  Eipad
f(Z == QM(Z) - Zj]\/iobjzja

The matrix Padé fit trades analytic assumptions (rationality) for numerical stability
and speed. On high-quality, low-noise Matsubara data it can resolve sharp structures
that are often smoothed by other methods. On noisy data, weighting, symmetry con-
straints, and subset averaging are crucial to avoid spurious poles and zeros.

G(2) = f(z). (9.26)

9.2.3 Padé continuation under controlled imaginary-axis noise

To assess how noise degrades the robustness of Padé analytic continuation, we adopt
a controlled perturbation of the Matsubara Green’s function. Let G(iw,) denote the
exact data and define the noisy inputs by

G(iwn) = G(iwy,) + 0G(iwy,), (9.27)
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Figure 21: Spectral function A(w) = — Im G(w+in) obtained via Padé analytic continuation
of Matsubara data for a semicircular density of states (Bethe lattice, half-bandwidth D = 1)
at inverse temperature § = 20. The input Green’s function is perturbed by zero-mean,
Gaussian distributed complex noise with a standard deviation of o. For comparison, the
exact real-axis spectral function is shown. A uniform broadening 7 = 10~% is used both in
the real-frequency evaluation and in the evaluation of the Padé approximants.

where 0G is a zero-mean complex random variable at each Matsubara frequency, drawn
from a normal (Gaussian) distribution with standard deviation o, so that (6G(iw,)) =0
and o sets the overall noise amplitude. Continuations are computed with the reciprocal-
difference Padé scheme, and Fig. 21 reports results upon increasing o. The underlying
Matsubara Green’s function corresponds to a semicircular density of states (Bethe
lattice) with half-bandwidth D = 1 at inverse temperature § = 20, and Padé approx-
imants are constructed from K = 128 Matsubara points using the implementation of
the TRIQS library [C3].

As discussed earlier, Padé continuation notoriously amplifies noise: even small per-
turbations in G can seed near-cancelling pole-zero pairs that manifest as spurious,
narrow features on the real axis. With growing o we observe characteristic signatures
of this instability in the continued-fraction representation: additional peaks and dips
emerge in the spectral function as spurious poles and zeros approach the real axis,
causality violations appear in regions where A(w) = —ImG(w 4 i07) < 0 and de-
viations of spectral moments increase, indicating a progressive loss of high-frequency
fidelity.

In the noise-free limit (o = 0), the Padé reconstruction reproduces the target spec-
trum accurately (see dashed blue line in Fig. 21). Only a slight n-broadening and mild
finite- K artifacts remain, reflecting the finite imaginary-axis sampling rather than gen-
uine continuation errors.
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9. Analytical continuation

9.3 The maximum entropy method

The Maximum Entropy Method (MaxEnt or MEM) is a widely used Bayesian frame-
work for performing analytical continuation of noisy data, usually sampled from quan-
tum Monte Carlo simulations. We will briefly outline the main concepts of MaxEnt
following the pedagogical review by Jarrell [140]. For a more detailed discussion, we
also refer the reader to Refs. [138, 139).

Given a set of : = 1, ..., N noisy data points G} sampled at [ = 1, ..., L imaginary
times 7; or Matsubara frequencies iw;, the expectation value of the Green’s function is
given by

1 X
G, = N; (9.28)

Since many spectral functions A(w) can reproduce the same G, via the integral equa-

tion (9.6) or its Matsubara counterpart (9.8), the MaxEnt method selects the most

probable spectral function given the data by maximizing the probability given by Bayes’

theorem,

P(G|A) P(A)
PG

where P(G | A) is the likelihood of observing the data G given a spectral function A,
P(A) is the prior probability of the spectral function, and P(G) is a normalization
constant.

P(A|G) =

(9.29)

9.3.1 Prior probability and entropy

The prior probability P(A) encodes any prior knowledge or assumptions about the
spectral function. This probability is assumed to be proportional to the exponential of
an entropy functional S[A],

P(A) x exp (a S[A]), (9.30)

where « is a regularization parameter that controls the relative weight of the entropy
compared to the likelihood [142]. A common choice for the entropy is to use the
Shannon-Jaynes entropy [143] to quantify the amount of information contained in the
spectral function relative to a default model m(w),

Syl = [ [A) - o) A 58] 51—y 4y 2],

m(w) j=1 m;
(9.31)
where A; = A(w;)Aw;. The default model m(w) > 0 represents our prior knowledge
about the spectral function, such as its overall shape, width, or asymptotic behavior.
Thus, the prior probability can be written as

P(A|m,a) = exp(aS[A, m]). (9.32)

This form implements a set of desirable and physically motivated properties for the
prior over positive spectra A(w) > 0: S[A, m] is maximized at A(w) = m(w) and
decreases when A departs from m. In the absence of informative data the posterior
peaks at the default model. Because the functional is defined only for A(w), m(w) > 0,
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9. Analytical continuation

the prior assigns zero weight to non-physical (negative) spectra, enforcing the A >
0 constraint implicitly. Writing the entropy in terms of the measures A(w)dw and
m(w)dw makes S invariant under smooth changes of variables and under rebinning of
the frequency grid. If one merges or subdivides bins while preserving the integrated
weights A;, m;, the discrete sum approximates the same continuum functional. If A
and m are expressed in different but consistent units (common multiplicative factor),
S[A, m] changes only by an additive constant independent of A. The prior depends
on the shape of A relative to m, not on arbitrary unit choices. If the frequency axis
decomposes into disjoint windows with independent information, the total entropy is
the sum of the entropies on each window. This ensures that independent pieces of the
spectrum contribute independently to the prior.

The hyperparameter @ > 0 sets the trade-off between entropy (proximity to the
default) and data fit (likelihood). Small « yields data-dominated, possibly noisy spec-
tra, large o returns spectra close to m(w). Practical choices of a (classic “historic”
criterion vs. Bryan’s evidence-based averaging) will be discussed later together with
the stationarity equations and SVD implementation. For the present purpose, the
form P(A|m, a) o< e* is adopted because it encodes positivity, invariance, additivity,
uniqueness, and a controlled, quadratic preference for simplicity — precisely the features
one desires in regularizing the ill-posed continuation problem.

9.3.2 Likelihood function

The likelihood function P(G|A) quantifies the probability of observing the data G
given a spectral function A. Assuming that the data points G; are normally distributed
around their expectation values G; with covariance matrix Cj, the likelihood can be
expressed as

f«G|A):emp(—;XﬁAD, (9.33)

where the chi-squared functional y%[A] measures the discrepancy between the data and
the model predictions,

G — Gi[A]\

X[Al=3 <UZH : (9.34)

Here, G[A] is the exact Green’s function computed from the spectral function A(w) via

the integral equation (9.6) or (9.8). The variance o; is given by the diagonal elements

of the covariance matrix, o = Cj; with

1 - .
Cov=——- Z G, —G) (G —Gy). (9.35)

Vv 1) 2 (6= ) (G = 6
In practice, the assumption of a Gaussian distribution is not valid, since the errors
at adjacent imaginary times or frequencies are often correlated. Thus, the covariance

matrix C' is not diagonal, and the chi-squared functional must be generalized to

Y[Al =D (G- GilA]) Ct (Gr — Gr[A)). (9.36)

LU

to measure the difference between the spectrum and the data.
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9.3.3 Default model and regularization strength

The default model m(w) > 0 encodes prior knowledge about the spectrum before seeing
the data and acts as the attractor when the data is uninformative. Its choice should
reflect only robust information (normalizations, symmetries, asymptotics), avoiding
prejudicial structure. Whenever possible, known moments should be enforced as con-
straints, e.g. the zeroth moment

ZAJ'ACUJ' = Mo (937)
J

and, if available, the first/second moments (f-sum rules, high-frequency tails). Encod-
ing these in m (and/or as linear constraints) avoids an otherwise unnecessary reduction
of the entropy to fix trivial global properties. In general, the default model is restricted
to the physically allowed region, e.g. a bandwidth window from the noninteracting DOS.
A pragmatic workflow is to start from a minimally informative m(w) satisfying the con-
straints above, for example a constant m(w) = /W on a window of width W, and
then test robustness by moderately broadening/narrowing m or by using alternative
smooth shapes. Stable features of A(w) across such variations are more reliable [138,
140).
With the posterior

P(A|G, m, a) = exp (aS[A, m] — ;XQ[AD (9.38)

the spectrum A*(«) at fixed « is the maximizing function of the functional

QulA] = ;XﬁA] — aS[A, m]. (9.39)
The hyperparameter o > 0 balances fidelity to the data (x?) against entropy (closeness
to m). Two standard strategies are commonly used [138, 139].
In the historic MaxEnt approach, « is chosen such that the fit quality is statistically
acceptable,
Y?[A*] = Neg, (9.40)

with Neg the effective number of independent data points. Operationally, A*(«) is
computed for multiple a values, typically on a log-scale, and the smallest « for which
x? first reaches Ng is selected. This avoids overfitting noise while not over-regularizing.

In Bryan’s method [139], « is treated as a Bayesian hyperparameter and maximized
(or averaged over) its posterior

G~ SP(EQa(A%(0))
Pla|G,m) Vet (VVQala-)

where the denominator comes from a Laplace (Gaussian) approximation around A*(«)
in the reduced SVD subspace of the kernel K, introduced in Egs. (9.5) and (9.9). One
then either picks a at the maximum of P(a|G, m) or forms the evidence-weighted
average spectrum

(9.41)

Aw) o /da A*(w; a) P(a| G, m) (9.42)

This procedure reduces sensitivity to the exact choice of a.
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Figure 22: Spectral function A(w) obtained via MaxEnt analytic continuation of Matsubara
data for a semicircular density of states (Bethe lattice, half-bandwidth D = 1) at inverse
temperature 8 = 20. The input Green’s function is Fourier transformed to imaginary time
data, where a Gaussian noise with standard deviation ¢ is added. For comparison, the exact
real-axis spectral function is shown.

9.3.4 MaxEnt continuation example

Figure 22 illustrates a concrete MaxEnt continuation performed with the TRIQS/maxent
implementation [C5] on the same semicircular benchmark (Bethe lattice, D = 1,
f = 20) used above. The Matsubara Green’s function is Fourier-transformed to imag-
inary time and perturbed by Gaussian of standard deviation ¢, which is then supplied
to MaxEnt as the per-time-slice error estimate. For small but finite noise in this ex-
ample, the reconstruction follows the exact spectrum, but shows broadening of sharp
features and oscillations due to the regularization. As o is increased, the likelihood
is down-weighted relative to the entropy and the spectrum correspondingly broadens,
with sharp features progressively washed out. In the large-noise limit, the spectrum
reverts to the default model (here chosen as a flat function over the bandwidth), as
expected. By construction, MaxEnt enforces A(w) > 0: the entropy prior relative to
a positive default model m(w) > 0 assigns zero weight to negative spectra. Thus, the
reconstruction contains no unphysical regions with A(w) < 0.

We deliberately omit a “no-noise” curve: MaxEnt requires error bars (or a covariance)
to define the likelihood and set the balance with the entropy. In the formal limit
o — 0 the posterior collapses onto a hard constraint, the regularization ceases to play
its intended role, and the procedure tends to overfit discretization artifacts rather than
produce a controlled, Bayesian compromise with the default model [138].
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10 Superconducting transition temperatures
of V and TiV alloys [P1]

The superconducting critical temperature 7. provides a central link between a mate-
rial’s chemical composition and its crystal and electronic structure. At the same time, it
serves as a quantitative fingerprint of the microscopic pairing mechanism responsible for
superconductivity. For many elemental metals at ambient pressure, superconductivity
is commonly described within the Bardeen-Cooper-Schrieffer (BCS) framework [144,
145], where an effective attractive interaction between electrons arises from phonon ex-
change in the weak-coupling limit. A key refinement beyond the original BCS picture is
the retarded character of the electron—phonon interaction, which suppresses the impact
of the bare Coulomb repulsion because electronic and phononic energy scales are widely
separated [146]. These retardation effects lead to a frequency-dependent superconduct-
ing order parameter and are treated systematically within Eliashberg theory [147].

In Eliashberg theory, estimates of T, are controlled by moments of the Eliashberg
spectral function o? F'(v), which encodes both the relevant phonon excitations and their
coupling to electronic states at the Fermi level. Conceptually, o?F () can be viewed
as the phonon density of states F'(r) weighted by a suitable Fermi-surface average
of the squared electron—phonon matrix elements o?. A commonly used microscopic
representation is

Q?F(v) =

S o kral 8 (64) 8 (Ereq) 3 (v — win) (10.1)

k.g.A

1
N(EF)

where N (Ey) is the electronic density of states at the Fermi level, g, denotes the
electron-phonon coupling matrix element for phonon branch A, and wgy is the corre-
sponding phonon frequency [148]. The dimensionless electron—phonon coupling con-
stant then follows directly as

A=2 /OOO a W) (10.2)

14

and additional frequency moments of o> F(v) enter compact estimates of T,. In addi-
tion to the phonon-mediated attraction, Cooper pairing is opposed by the (screened)
Coulomb repulsion between electrons. In Eliashberg theory this repulsion is commonly
parameterized by the dimensionless quantity p = N(Er) (Ve), where (Vi) denotes
an appropriate Fermi-surface average of the screened Coulomb interaction. Because
the Coulomb interaction acts on electronic energy scales while the pairing interaction
is retarded on phononic scales, the effective Coulomb repulsion entering the pairing
problem is reduced to the Morel-Anderson Coulomb pseudopotential p* [146].

While T can be obtained from a full numerical solution of the Eliashberg equations,
it is often necessary to employ compact parametrizations that retain the dominant
dependence on a few characteristic quantities, especially when the computation of
phonon spectra and electron—phonon matrix elements is not possible. The McMillan
expression offers a compact and widely used route to approximate 7T, from a small
set of material parameters [149], and it naturally introduces the electron—phonon mass
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10. Superconducting transition temperatures of V and TiV alloys [P1]

enhancement via m*/m ~ 1+\. This formula is widely used to obtain semi-quantitative
estimates of T, and to rationalize trends across materials.

Transition-metal alloys form a broad and technologically important class of super-
conductors, where disorder becomes an essential ingredient. The foundations of dis-
ordered superconductivity were laid by Abrikosov and Gor’kov [150]. In parallel, An-
derson’s theorem establishes that, for s-wave pairing, weak nonmagnetic disorder does
not strongly affect superconductivity [151]. Nonetheless, experiments on strongly dis-
ordered systems show that superconductivity can be substantially suppressed, and
sufficiently strong disorder may induce qualitative changes in the normal and supercon-
ducting states. These include disorder-driven metal-insulator transitions, pseudogap
features in the excitation spectrum, enhanced spatial inhomogeneity of pairing, and an
increased ratio A/T, [152-158].

Random impurities and point defects offer a practical route to tune superconduct-
ing properties. By controlling the type and concentration of disorder, one can modify
normal-state scattering and, in turn, influence the superconducting transition. A cen-
tral difficulty is the characterization of impurity statistics, that is, the probability
distribution over disorder realizations. In materials simulations, the coherent potential
approximation (CPA) is widely used for this task. As a local effective-medium theory,
CPA captures the average effect of different atomic species but does not resolve more
delicate features such as short-range order. Extensions can partially remedy these lim-
itations. The dynamical cluster approximation (DCA) [159], a cluster generalization
of dynamical mean-field theory, incorporates short-range spatial correlations, while
typical medium theory (TMT) [130, 160] targets localization-sensitive aspects of dis-
order. These developments have been applied to model Hamiltonians [161, 162] and,
in concert with materials-specific first-principles calculations within density-functional
theory (DFT), to realistic alloy problems [163, 164]. In a broader setting, compara-
tive assessments of disorder modeling have also been carried out for complex alloys,
for example in the high-entropy HfNbTaTiZr system where potential superconducting
transition temperatures have been estimated [165].

Methodologically, this chapter builds on the framework established earlier in the the-
sis: DFT in a Green’s-function, multiple-scattering formulation based on exact muffin-
tin orbitals (EMTO, Ch. 3); DMFT for local, frequency-dependent electronic correla-
tions (Ch. 4); and CPA for substitutional disorder (Sec. 7.6). We employ a charge and
self-energy self-consistent EMTO+DMFT scheme with CPA averaging, as introduced
in Sec. 8.2. In this setting, the interacting lattice Green’s function G(r,r’, F) and the
local self-energy ¥(E) enter on the same footing as the EMTO scattering-path opera-
tor, while CPA provides the composition-dependent effective medium for substitutional
randomness.

Within the conventional, phonon-mediated picture, McMillan’s approach connects
normal-state electronic input to the transition temperature. The DFT(CPA)+DMFT
workflow delivers the correlated density of states N(FEr) and the orbital-resolved scat-
tering phase shifts needed to evaluate the Hopfield parameter n. Together with an
appropriate phonon scale, this yields the electron—phonon coupling A, from which we
estimate T using McMillan’s formula. The phonon frequency scale is taken from ex-
perimental Debye temperatures, and the Coulomb pseudopotential p* is varied in a
narrow, physically motivated range. This strategy allows us to incorporate dynami-
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cal electronic correlations consistently when assessing how disorder in V, and in V-Ti
alloys, impacts 7, A, and ultimately 7.

10.1 Methods

Density-functional theory (DFT) augmented by local, dynamical electronic correlations
is required for d-band transition metals where narrow bands and on-site interactions in-
fluence low-energy properties [20, 75, 166]. In the presence of substitutional disorder,
a Green’s function formulation is advantageous because the one-particle propagator
interfaces naturally with effective-medium treatments and with local many-body self-
energies [163, 164, 167, 168]. In what follows we summarize the minimal ingredients
of the charge and self-energy self-consistent LDA(CPA)+DMFT framework used here
(cf. Ch. 4 and Secs. 7.6 and 8.2), and the evaluation of Hopfield parameters in the
Gaspari-Gyorfly (GG) multiple-scattering formalism [169, 170] which, together with
experimental Debye scales and a Coulomb pseudopotential p*, feed the McMillan esti-
mate of T, [149].

10.1.1 Combined disorder and dynamical electronic correlations

We employ a charge- and self-energy-self-consistent EMTO-+DMFT scheme with CPA
disorder averaging [64, 70, 171] using the EMTO-CPA code [C6], extended to include
DMFT as in Refs. [164, 167, 168]. The interacting sector is a rotationally invariant
on-site multiorbital Hamiltonian on the d shell,

HU = ; Z Umm/m//m/// é;rmg ézmlg/ éim/”a’ éim”a ; (103)
with U and Hund’s J parametrizing U,/ mrm» [20]. Unless stated otherwise we scan
U € [0, 5] eV and use J = 0.6 eV (increasing J to 0.9 eV leaves conclusions unchanged).
The impurity problem is solved with the spin-polarized T-matrix fluctuation-exchange
(SPTF) approximation introduced in Ch. 5, yielding a local, frequency-dependent self-
energy X, (E) that corrects the EMTO Green’s function [133, 167, 168]. Double count-
ing is removed by a static shift, ¥,(E) — X, (E) — X,(0), and finite temperatures enter
via w, = (2n+1)7T. In addition to the standard LDA total energy, the Kohn-Sham
band energy correction due to the DMFT is added together with the trace of the ma-
trix product between the DMFT self-energy and the local Green’s function (XG), the
so-called Galitskii-Migdal contribution.

10.1.2 McMillan transition temperature

For conventional superconductors, an estimate of the transition temperature follows
once the electron—phonon coupling strength A and a characteristic phonon scale are
specified; we adopt the McMillan expression [149] with retardation encoded by the
Coulomb pseudopotential p* [146] and with mass enhancement m*/m ~ 1+ X as in
Eliashberg theory [147], namely

SN IR T (RPN
© T 145 P A T (10620

(10.4)
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The coupling A is assembled from purely electronic and lattice contributions,

A= MZ&) - N](\;E?Lg 3 (10.5)

where N(EF) is the interacting DOS per spin at the Fermi level extracted from the
LDA+DMFT Green’s function, (I?) is the Fermi-surface average of the squared electron—
phonon matrix element, M is the ionic mass, and {(w?) is the phonon second moment.
The electronic numerator n = N(Eg) (I?) is the Hopfield parameter [169]. To evalu-
ate n we use the Gaspari-Gyorffy (GG) prescription in the multiple-scattering (rigid
muffin-tin) formalism [170], which exploits the dominance of [ — [ + 1 channels in a
local-phonon representation and yields, in terms of single-site scattering phase shifts
0/(Er) and partial DOS N;(Er) from the interacting EMTO+DMFT Green’s function,

N —5 > (20 +2)sin® [6l+1<EF) - 51(EF)] Ni(Fr) Niga (Er)

1 1
? l Nl( )Nl(+)1

, (10.6)

with Nl(l) the single-scatterer DOS normalizations. For transition metals the (p,d)
and (d, f) channels typically dominate [169, 170]. The lattice factor is taken from the
Debye scale via the standard estimate

1
(w?) ~ 59%, (10.7)
which reproduces isotope trends at the Debye level and provides reliable moments for
elemental transition metals and their alloys [149, 170]. In disordered alloys A;_,B,, all
site-resolved quantities entering Egs. (10.5) to (10.6) are taken from the CPA-averaged
EMTO+DMEFT Green’s function, and we use the disorder averages

_ <77>d 9 N 15 _
A= m’ <<w >>dN §<9D>d7 (M), = (1 —x)My +xMs, (10.8)

while (67,), is assembled from experimental Debye temperatures of the constituents or
measured alloy values when available [172]. Equation (10.4) clarifies how electronic-
structure changes propagate to T.. Variations in the GG Hopfield factor n affect A
linearly, whereas p* enters through the retardation-corrected denominator. Logarith-
mic derivatives make these trends explicit,

OInT,  1.04[1+ 0.38 OInT,  LOA(L+N)(1+062))
O (40620 o A — (1 +0.623)]

(10.9)

In practice we treat p* as a parameter scanned within a narrow, physically motivated
range for transition metals [146, 149], while A is obtained directly from Eqs. (10.5)
to (10.8) using EMTO+DMFT electronic inputs and experimental Debye scales. This
provides a transparent, internally consistent route to 7, that incorporates dynamical
correlations through N(Er) and the scattering phase shifts entering 7, while treating
substitutional disorder at the CPA level.
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10.2 Vanadium and vanadium-titanium alloys

The physical properties of vanadium have been extensively investigated, for example
in Ref. [173]. Elemental V is a type-II superconductor with 7. = 5.38K, and its
normal-state thermodynamics have been rationalized on the basis of phonon contribu-
tions [174]. On the theoretical side, electronic-structure calculations range from stan-
dard LDA to correlated extensions such as LDA+U [175], LDA+DMFT [176, 177], and
schemes incorporating GW-like self-energies [178]. An alternative LDA4+FLEX anal-
ysis for V [179] reported a sizeable, predominantly local (k-independent) self-energy,
underscoring the importance of local dynamical correlations for ground-state proper-
ties. In particular, LDA-+DMFT captures substantial quantum fluctuations, improves
agreement with the experimental Fermi surface [176], and accounts for the crossover
from Pauli to Curie-Weiss behavior [177]. Computed 7T, under pressure based on
McMillan’s estimate is likewise consistent with experiment [180].

For Ti,V;_, alloys, resistivity measurements reveal a relatively broad transition into
the superconducting state over an appreciable composition range that cannot be as-
signed solely to a secondary phase [181]. This broadening motivated proposals of addi-
tional scattering channels beyond conventional electron—phonon coupling, in particular
scenarios invoking spin fluctuations [182, 183]. At the same time, Ti substitution in
bce V enhances T beyond the elemental values of the constituents. Since dynamical
electronic correlations already improve the description of pure V [176-178], it is natural
to expect that they also matter in the disordered alloy. The objective here is therefore
to explain the increase of T, as a consequence of the combined effects of substitutional
disorder and dynamical electronic correlations, with a particular focus on the dilute-Ti
limit and the composition window where the enhancement is maximal.

10.2.1 Dynamic electronic correlation in the normal state of vanadium

We first present the LDA4+DMFT results of the electronic structure for elemental
vanadium. V crystallizes in the bee (8) phase, space group Im3m, with V on the
Wyckoff 2a site and experimental lattice parameter aey, = 3.02 A. To obtain the
equilibrium lattice constant a., within our computational framework, we computed
the LDA+DMFT total energy E(a) for several interaction strengths U and explicitly
minimized E(a) with respect to a (by fitting the near-minimum portion of E(a)),
following Ref. [167]. This procedure ensures that the quoted a., corresponds to the
energy minimum of our method, which could deviate from the experimental lattice
parameter aec,. The convergence of the LDA+DMFT calculations were checked on
various k-mesh sizes up to 57 x 57 x 57 k-points in the irreducible part of the first
Brillouin zone, although the saturation of the results (no significant change in N(Ep),
or in the Hopfield parameters) was noticed for smaller number of k-points.
Experimentally, the VB spectra display two broad maxima at approximately —2.4 eV
and —0.7 eV, while the unoccupied CB shows a shoulder near 0.7¢eV and a more pro-
nounced peak around 2.3 eV extending up to about 8 eV above Ep [184, 185], as shown
in Fig. 23(a). For a direct comparison between theory and experiment, we construct
simulated spectra from the LDA+DMEFT total DOS by multiplying with the Fermi
function f(E,T) for the VB and with 1 — f(E,T) for the CB, and then convolving
to mimic the experimental resolution: a Lorentzian of 0.1eV followed by a Gaussian
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Figure 23: Vanadium spectral functions. (a) Experimental XPS [184] and BIS [185] spectra
in arbitrary units. (b) Valence-band and conduction-band spectra obtained by convolving
the total DOS with experimental resolution functions. (¢) V d-orbital DOS from LDA and
LDA+DMFT with U = 2eV, J =0.6¢eV at 300 K.

of 0.55eV for XPS and 0.7eV for BIS [178]. The energy scale is aligned at Ep with-
out additional shifts. After this processing the theoretical spectra in Fig. 23(b) are
smoothed, yet they reproduce the positions of the VB maxima and the CB shoul-
der/peak structure, including the shallow pseudo-gap just above Fg. In addition, the
LDA+DMFT DOS exhibits high-binding-energy tails for E— Er € [—8, —4] eV, absent
in plain LDA and characteristic of quantum fluctuations in transition metals, akin to
the well-known —6 eV satellite in Ni [186-188]. Notably, the correlated DOS exhibits
high-binding-energy tails for £ — Fr € [—8, —4] eV, absent in plain LDA and char-
acteristic of quantum fluctuations in transition metals, akin to the well-known —6eV
satellite in Ni [186-188].

Figure 23(c) compares LDA and LDA+DMFET DOS. The gray area is the LDA+DMFT
total d-DOS; blue/orange curves are LDA ty, /e, partial DOS. Within LDA, the to,
and e, bandwidths span similar energy ranges, with a dominant ty, weight at Ep. In
LDA+DMFT, the negative slope of Re ¥(F) near Ef slightly compresses the spectra
toward the Fermi level — a hallmark of Fermi-liquid behavior-shifting, for example,
the e, peak from ~ —2.5eV to ~ —2eV and modestly enhancing the DOS at Ep.
On the unoccupied CB, the e,-dominated peak near 2.7eV moves slightly away from
FEy, consistent with a mean-field (Hartree-Fock-like) contribution dominating dynamic
local correlations in that range. Remaining discrepancies between theory and experi-
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Figure 24: Imaginary parts of the to, and ey self-energies vs. Matsubara frequency from
LDA+DMFT with U = 2eV and J = 0.6eV at 400 K. Inset: parabolic Im X¥(E) near E,
consistent with Fermi-liquid behavior.

ment in both occupied and unoccupied sectors have been discussed in Ref. [178], where
LDA+U was shown to underestimate the inter-peak weight, while GW variants and
LDA+DMEFT bring the spectra into substantially better agreement.

Figure 24 shows the imaginary parts of the orbital-resolved self-energies; the inset
presents the analytically continued retarded self-energies on the real axis exhibiting
Im¥*(E) x —(E — Ep)? near Ep, consistent with a Fermi liquid for both ty, and
eg. The analytical continuation is performed with the Padé techniques [137, 189
introduced in Sec. 9.2, but to avoid continuation artifacts we interpret the results
primarily on the Matsubara axis. In a Fermi liquid the low-frequency behavior of the
self-energy on the Matsubara axis is linear,

Im X (iw,) = —T'(w,) — (Z7" = 1w, (10.10)

where Z is the quasiparticle weight (Z~! = m*/m for a momentum-independent self-
energy) and I'(w,) denotes the quasiparticle damping.

For vanadium we find that Im ¥, /e, (iw,) approaches zero linearly at small w, for
both orbital manifolds, implying long-lived quasiparticles whose scattering rate van-
ishes on approaching the Fermi surface. This linear regime is preserved throughout
the explored temperature range, 100 K < T" < 600 K, providing a clear and internally
consistent indication of Fermi-liquid behavior in the normal state.

Within DMFT the quasiparticle mass enhancement m*/m relative to the band mass
m is local and can be estimated from Matsubara data in the zero-temperature limit as

Im X (iw,,)

10.11
- (10,11

m*/m=1-—
wn—0

In practice (e.g., in QMC) it is extracted from the slope of Im ¥ (iw,) at the lowest
frequencies [74]. The dashed lines in Fig. 24 illustrate these slopes for to, and e,.
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Figure 25: Effective-mass renormalization of V tas and e, orbitals vs. interaction strength
for several temperatures.

Figure 25 summarizes m* /m for several U up to 5eV. For U > 2eV we use J = 0.6 €V,
for U < 2eV we keep U/J = 2/0.6 =~ 3.33 to ensure a positive U —3.J. Increasing J up to
0.9 eV produces no significant changes in the spectra. For all T" the effective masses grow
with U; at higher T the estimates are slightly smaller. Overall, m*/m lies in the range
1 — 2V with a monotonic increase versus U, characteristic of a moderately correlated
metal rather than a heavy-fermion regime where m*/m can reach 10* — 10°® [190, 191].
The enhancement is weaker for e, than for to,.

Deviations from Fermi-liquid behavior and non-analytic frequency dependences of
the to, self-energies have been reported in Ref. [177] using continuous-time QMC im-
purity solvers. Our perturbative solver does not target the high-7T" or high-U regime,
nevertheless, in the parameter window relevant for vanadium, U =~ 2—3 €V and temper-
atures that correctly capture Fermi-surface properties [176], our results are consistent

with the QMC findings and with earlier LDA+FLEX calculations [179].

10.2.2 McMillan estimates for the transition temperature of pure V

First-principles estimates of superconducting transition temperatures based on Eliash-
berg theory have achieved notable success in selected materials classes [192-194]. Those
studies, however, typically assume a periodic crystal or employ simplified alloy treat-
ments and therefore do not include the interplay of dynamical local electronic correla-
tions with substitutional disorder. For transition-metal alloys where both ingredients
are essential, a pragmatic and reliable route is to evaluate T, within McMillan’s frame-
work, using correlated normal-state inputs and effective-medium disorder averages.

Figure 26 summarizes the LDA+DMFT-based inputs and outcomes entering the
McMillan analysis. Panel (a) reports the equilibrium lattice parameter ao, obtained
by minimizing the total energy E(a) within our scheme. Panel (b) shows the electron—
phonon coupling A(U) as extracted from the Gaspari-Gyorffy Hopfield factor and the
Debye moment, and panel (c) displays the corresponding transition temperature 7¢.(U)
evaluated from Eq. (10.4). Calculations were carried out for U up to 5eV at fixed
J =0.6eV. The U = 0eV point serves as the LDA baseline. For reference, panel (b)
can also be read as the Eliashberg mass enhancement via m*/m ~ 1+ A. Since 6p and
p* are treated as fixed inputs, the trends in 7, largely mirror those of A(U).
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Figure 26: (a) Computed equilibrium lattice parameter aeq, (b) electron-phonon coupling
strength A, and (c) the superconducting critical temperature T, with respect to the interaction
strength U of vanadium. The dashed line indicates the experimental T.. The experimental
lattice parameter is dexp = 3.02 A; it is not shown as it falls outside the shown scale.

All quantities in Fig. 26 vary only weakly with the on-site interaction U. The equi-
librium lattice constant is essentially flat up to 3eV and decreases for larger U. At
U = 5eV it is smaller by about 2 %. It is interesting to note that the mass enhancement
factor A reaches a maximum value of 0.622 for realistic U in the range 2 — 3eV and
decreases beyond this interval.

With the first-principles inputs N(Er) from LDA4+DMFT, the electron—phonon cou-
pling A, and experimental Debye temperatures p we evaluate T, using McMillan’s ex-
pression and a physically motivated choice of the Coulomb pseudopotential p*. McMil-
lan suggested p* ~ 0.13 for transition metals [149], but values reported in the liter-
ature vary: Ref. [195] finds p* € [0.11, 0.14] depending on the local-field correction,
while Ref. [181] employs p* € [0.12, 0.175] to align calculated and measured transition
temperatures. Figure 26(c) shows the resulting 7. estimates. For pristine V, using
w* = 0.13 yields a slight overestimate of the transition temperature, whereas p* = 0.14
brings the calculation into near-quantitative agreement with experiment. While the
absolute scale of T, shifts with u* (as expected from the sensitivities in Eq. (10.9)),
the U-dependence is robust: a mild increase at small U, a maximum coinciding with
the peak of A(U), and a subsequent decrease at larger U. Adopting p* = 0.14, realistic
Hubbard interactions in the range 2 — 3eV reproduces the experimental benchmark
T. = 5.73K (dashed line in Fig. 26(c)). We note that the same U interval also provides
an excellent description of the Fermi surface of vanadium [176], ensuring the chosen
correlation strength is consistent.
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Figure 27: Total and sublattice DOS of Tig35Vo.¢5 obtained using LDA4+DMFT with
U =2eV and J = 0.6eV at 400 K. The inset shows the total DOS for different interaction
strengths U around FE¥.

10.2.3 Binary Ti—V alloys

The Ti,V;_, alloy exhibits several metallurgical phases as a function of composition.
For 0 < x < 0.68 the B phase with a bcc lattice is stable, whereas for high Ti contents,
0.86 < z < 1, the a phase with an hcp structure is favorable. In the intermediate
interval 0.67 < x < 0.86, an additional hexagonal w precipitate can form alongside the
a and ( phases [181]. The w phase is a primitive hexagonal, commonly metastable
structure in bee metals and alloys, and in Ti-V it forms coherently with the bce ma-
trix with lattice-parameter relations a, = v2ape and ¢, = \/5/ 2apc.. Mixed-phase
samples containing w precipitates display an anomalous increase of the electrical re-
sistivity upon cooling [196]. The anomalous transport behavior has been discussed in
terms of several mechanisms, including weak localization [196], Kondo (s-d) scattering,
and localized spin fluctuations [197, 198]. In parallel, an enhancement of the super-
conducting transition temperature is observed for Ti concentrations z < 0.5 [181]. As
emphasized in Ref. [181], this increase cannot be attributed to trivial changes of the
Debye scale: Ti and V are adjacent in the periodic table, so mass and bonding trends
imply only modest, largely monotonic variations of #p. Motivated by this, our goal
is to assess whether dynamical electronic correlations — treated on equal footing with
substitutional disorder — provide the missing electronic-structure lever that enhances
T..

We focus on the bee 8 phase, with Ti atoms randomly substituting V on the 2a
site for compositions up to = 0.65. For each pair (z, U) we computed the total
energy as a function of the lattice parameter and determined the equilibrium value aeq
by minimizing F(a) with respect to a. Over the investigated concentration range, e
exhibits an approximately linear dependence on z, consistent with Vegard’s law [199]:

(eq() = T ag, + (1 — ) a;g . (10.12)

112



10. Superconducting transition temperatures of V and TiV alloys [P1]

T T T T T T T T T T T T T T T T T T T T T T T T T T T T T T T T T T T T T T T T T T
0.0 £ tog —o—Ti |k Cg Ti
N e
| -
=V N A%
\ ~¢
N

Im 3 [eV]
|
I
[N}

|
<
=~

.,
’
T T I S T T [ T TR TR T |

N
N N
(I I T T TN T T N T T Y NS N T AN

1 2 3 4 0 1 2 3 4
wy, [eV] wy, [eV]

A
TN N N N T T T T T O |

OSm—T—T—TTTT T T

Figure 28: Imaginary part of the self-energies as a function of Matsubara frequencies of the
tog and ey orbitals of Tig35Voe5 for U =2eV, J = 0.6eV at 400 K.

Here, a;/q denotes the equilibrium lattice constant of pure V obtained from our calcu-
lations, while aeTO} is the corresponding (extrapolated) value for bee Ti within the same
computational framework. A linear fit yields a:foi =3.231A.

Figure 27 displays the total DOS for Ti,V;_, at x = 0.35, the composition at which
the superconducting transition temperature attains its maximum within the series
(see below). Across all concentrations the spectra are governed by broad d-electron
manifolds and exhibit a characteristic bce pseudo-gap in the vicinity of Fp. At x =
0.35 the states at the Fermi level are dominated by V-d character, with Ti-derived
weight contributing mainly as a smooth background. The inset of Fig. 27 compares
the LDA4+DMFT DOS for several interaction strengths U. As for elemental V, we keep
J =0.6eV for U > 2eV, while for U < 2eV we maintain the ratio U/J = 2/0.6 ~ 3.33.
DMEFT is applied to both Ti and V sites using the same U, and the U = 0 curve
corresponds to the LDA+CPA baseline. A systematic trend emerges with increasing
U: a slight reduction of N(Er) and a modest narrowing of the d-band features in the
immediate vicinity of Ep, consistent with a quasiparticle weight Z < 1 and weak to
moderate mass renormalization.

Figure 28 presents the low-energy Matsubara self-energies Im ¥ (iw,) for the V and
Ti components of Ti,V;_, at x = 0.35. In the small-w, regime both display a linear
approach to zero, demonstrating that the Fermi-liquid character of the d electrons is
preserved in the presence of substitutional disorder treated at the CPA level. The
resulting quasi-particle weights for the different concentrations were extracted for both
alloy components using the method outlined before.

A quantitative analysis of the concentration dependence of the effective masses at
T = 200K, 400K, and 600K is shown in Fig. 29. For the e, manifolds of both al-
loy components the renormalization Z~! = m*/m exhibits only a very weak variation
with z, clustering around Zfi}eg ~ 1.07 and Z;_l% ~ 1.16. By contrast, the to, elec-
trons display a slow, monotonic increase of Z~! with Ti content, indicating a modest
strengthening of correlations in that channel upon doping. Increasing the temperature
reduces the magnitude of the effective masses for all cases, with the trend already
visible in pristine V but less pronounced than in the alloys.

A characteristic feature of disordered, correlated metals is the gradual loss of quasi-
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Figure 29: Concentration dependence of the effective mass renormalization of the toz and
ey orbitals for the alloy components Ti and V of Ti,Vi_, with U = 2eV and J = 0.6eV at
different temperatures.

particle coherence. Above a characteristic decoherence temperature, the resistivity
increases with a reduction of the quasiparticle weight Z and enhanced scattering [200].
Dynamical mean-field calculations support this picture by linking the transport crossover
to the frequency dependence of the self-energy in a disordered medium [201, 202]. We
interpret our LDA+DMEFT results for Ti,V;_, in the same framework: at low Ti con-
centrations, substitutional randomness produces random on-site potentials that are
renormalized in the interacting problem by the real part of the self-energy,

Eth/eg — €t2g/eg + Re 2‘ig/eg (0)7 (1013)

shifting the d-level positions, modifying single-site scattering phase shifts, and altering
the partial densities of states at Fr. At the same time, the linear low-w, behavior of
Im X (iw,,) confirms well-defined quasiparticles with Z < 1; the extracted concentration
and temperature trends of Z indicate a gentle loss of coherence rather than a breakdown
of Fermi-liquid behavior over the composition range considered. For energies E close
to Ep, screening of the random on-site potential is more effective on V-d states than
on Ti-d states, consistent with the higher d occupancy and metallic background on
the V sublattice. An orbital-resolved analysis of the real parts of the self-energies in
Fig. 30 shows that on the occupied side (E < Ep) one finds Re Egg(E) > Re Egg(E),
whereas for £ > Er the trend reverses to ReX{! (F) < ReX{(E). Consequently,
screening is comparatively stronger for the ty, channel below Er and weaker above
Er, leading to a slight narrowing of the to, spectral window around the Fermi level
and modifying the single-site phase shifts that enter the Hopfield analysis. Within
numerical accuracy we do not observe a significant temperature dependence of the
static screening, i.e., Re 2f(0) changes weakly with 7. At the same time, the low-
frequency slopes of Im ¥(iw,,) indicate that to, quasiparticles lose coherence somewhat
more than their e, counterparts as 1" increases; correspondingly, m*/m for to, remains
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Figure 30: Real part of the retarded self-energies as a function of energy of the to; and e,
orbitals of Tig35Vg.g5 for U =2¢eV, J =0.6eV at 400K.

slightly larger than for e, across the explored temperatures, while absolute changes
with 7" are modest.

10.2.4 Enhanced critical temperatures in the pure (- and a-phases

To apply McMillan’s formula (10.4) we use elemental atomic masses and Debye temper-
atures from Ref. [203]. For alloys, the phonon scale is interpolated as a concentration-
weighted average of the elemental Debye temperatures,

Op(z) = (1 — 2)0) + 2607}, (10.14)
and the mass entering A, defined in Eq. (10.5), is taken as

This provides a smooth, experimentally anchored input for the McMillan analysis with-
out introducing additional adjustable parameters.

Figure 31 displays the composition dependence of the superconducting transition
temperature in Ti,V;_,. The curve exhibits a broad maximum at x ~ 0.33, and the
position of this maximum is essentially insensitive to the interaction strength U. The
inset shows T¢.(U) for the composition at the peak and for two nearby concentrations.
In all three cases T, increases slightly with U at weak-to-intermediate coupling, reaches
a maximum in the same U window where A\ peaks, and then decreases once U 2 3¢€V.
Thus, the U-driven trends mirror those of the Hopfield factor and remain robust across
composition, while the primary z-dependence of T, is controlled by the electronic-
structure changes induced by Ti substitution and with the smooth variation of the
phonon moment and average mass.

We also performed LDA+DMFT calculations for the « (hep) phase of Ti,V;_,. For
each composition we optimized the in-plane lattice parameter a of the close-packed
structure while keeping the axial ratio ¢/a fixed, thereby ensuring that all subsequent
quantities are evaluated at the energy minimum of our method for the hcp geometry.
Using the correlated normal-state inputs (DOS and scattering phase shifts) together
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Figure 31: Concentration dependence of T¢ in the 5 (bcc) and « (hep) phases of Tiz Vi_,.
The maximal value for T, can be observed at z =~ 0.33 and is independent of U. The
inset shows the interaction strength dependence of T.. The experimental data is taken from
Ref. [204].

with the McMillan analysis, we reproduce the experimentally observed upward trend
of the critical temperature for small vanadium contents 1 — z in the o phase [204]. By
contrast, a quantitative treatment of the mixed f+w and a+ 4w regions would require
explicit structural modeling of precipitate fractions, coherency strains, and short-range
order, which lies beyond the present CPA-based framework. Accordingly, we restrict
our analysis to the single-phase o and J regimes.

Within Eliashberg strong-coupling theory, the McMillan expression for the supercon-
ducting transition temperature T, follows when the lattice is treated in the rigid-ion
approximation and the electronic structure is described at the one-electron level, with
retardation effects absorbed into the Coulomb pseudopotential p*. In this setting the
central, materials-specific quantity accessible through the ab-initio computation is the
electron—phonon mass-enhancement parameter A, which contains the electron—phonon
matrix element averaged over the Fermi surface (see the discussion in Sec. 10.1.2).

LDA+DMFT calculations for Ti,Vi_, show a narrowing of the DOS around Ef
(Fig. 27) together with an increased effective mass (Fig. 29). As a result, quasiparticles
with energies near the d-resonance of the electron-ion interaction spend more time in
the vicinity of the scatterer (the so-called Wigner delay-time). It is therefore reasonable
to assume that electron scattering is governed by a screened local potential consisting
of the ionic-displacement contribution and the real part of the local self-energy, i.e.,
AVign+Re 3. Thus, local dynamical correlations modify the electron-phonon coupling
and can lead to an increase in T.

Figure 32 shows the surface A\(U, x) at temperature 7" = 400 K. For any fixed U,
the electron—phonon coupling strength A increases with Ti concentration, reaches a
maximum near z = 0.33, and then decreases again. This trend provides a consistent
picture of the concentration dependence of the critical temperature in Fig. 31, where
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Figure 32: Surface plot of the electron—phonon coupling strength A(U, z) for Ti, Vi_, alloys
computed with LDA+DMFT at 400 K.

the maximum in T, (z) aligns with the maximum of A(z).

10.3 Summary

In this chapter we estimated superconducting transition temperatures of elemental V
and Ti,V;_, alloys within a conventional phonon-mediated (BCS-Eliashberg) frame-
work, with the specific aim of explaining the enhancement of T, upon Ti substitution in
bee V. Methodologically, we treated substitutional disorder and local dynamical elec-
tronic correlations within a single, self-consistent electronic-structure workflow by com-
bining CPA with charge- and self-energy self-consistent LDA(EMTO)+DMFT. Tran-
sition temperatures were then obtained from McMillan’s expression, Eq. (10.4), using
experimental Debye temperatures as the phonon scale and scanning a narrow, physi-
cally motivated range of Coulomb pseudopotentials p*. The electron—phonon coupling
constant A entering McMillan’s formula was evaluated from electronic inputs through
the Hopfield parameter 7 in the Gaspari-Gyorfty formalism, using correlated partial
DOS and scattering phase shifts at Fr.

For pure bee V, the LDA+DMEFET self-energy exhibits clear Fermi-liquid behavior in
the relevant temperature window: Im ¥(iw,) approaches zero linearly for both to, and
ey channels, and Im Xf(F) is parabolic near Fr (Fig. 24), with moderate mass renor-
malizations (Fig. 25). Using an interaction window that provides a realistic normal-
state description, U ~ 2 — 3¢V, the McMillan estimate reproduces the experimental
scale of T, for p* =~ 0.14 (Fig. 26). The resulting U dependence of T, is weak and mainly
reflects the mild variation of \(U) obtained from the correlated Hopfield analysis.

For Ti,V,_, we focused on the single-phase bee () and hep («) regimes. Within
CPA+DMFT, both alloy components remain coherent correlated metals across the in-
vestigated compositions: Ti and V self-energies retain the low-frequency Fermi-liquid
form (Fig. 28), and the extracted effective masses show only modest renormalization
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with a weak concentration dependence (Fig. 29). Within this regime, the calculated
T.(x) exhibits a broad maximum at z = 0.33 in the bcc phase (Fig. 31), consistent
with experiment in the single-phase composition window. A central result is that the
nonmonotonic T¢(x) trend tracks the corresponding behavior of the electron—phonon
coupling strength A\(x) (Fig. 32): for fixed U, A increases with Ti content, peaks near
x =~ 0.33, and decreases again for larger x. Since the Debye scale and average mass
vary smoothly with concentration, this identifies the T, enhancement primarily with
Ti-induced changes of the correlated electronic structure (through N(Er) and the scat-
tering phase shifts entering the Hopfield factor), rather than with a purely lattice-driven
effect.

Finally, let us emphasize the scope of the present description. CPA provides a local
effective medium and therefore does not resolve short-range order, precipitates, or
mixed-phase microstructures. Accordingly, our analysis is restricted to the single-
phase o and [ regimes and does not address the intermediate composition range where
w precipitates and phase coexistence can occur.
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11 Quasiparticle Fermi surfaces of Nb and
NbTi at high pressure [P2]

External pressure is a powerful control parameter for tuning interatomic distances,
chemical bonding, and thus the electronic structure of solids. In the high-pressure
regime, even modest volume reductions can induce substantial changes of material
properties that are otherwise inaccessible at ambient conditions. This makes pressure a
central tool in the ongoing search for conventional superconductors with enhanced crit-
ical temperatures T.. On the theoretical side, progress in high-pressure superconduc-
tivity has been enabled by structure predictions and stability analyses within density
functional theory (DFT), often combined with linear-response calculations of electron—
phonon properties. Among transition-metal alloys, the Nb—Ti family is paradigmatic:
it combines structural robustness with experimentally established superconductivity
and thus offers a clean setting to interrogate the pressure evolution of the normal state
and its implications for pairing.

For elemental and many alloy superconductors at low and moderate coupling, the
Bardeen—Cooper—Schrieffer (BCS) framework describes pairing mediated by phonons,
and its strong-coupling, retarded generalization due to Eliashberg incorporates the fre-
quency dependence of the order parameter and quasiparticle self-energies, as described
in the previous chapter 10.

In previous works, high-pressure crystal structures were obtained from first-principles
DFT geometry optimizations [205, 206], and the electron—phonon coupling constant
A was evaluated within density-functional perturbation theory (DFPT) using linear-
response calculations, for pressures up to 250 GPa [207]. In addition, the Fermi-level
density of states N(Er) and screened Coulomb pseudopotential p* within the Morel-
Anderson framework [146] were analyzed [208].

Despite extensive phenomenological analyses, the microscopic origin and resilience of
the superconducting phase at high pressures remain insufficiently resolved. One sugges-
tion, proposed for Nb—Ti alloys in [209], attributes the persistence of superconductivity
under compression to an almost pressure-independent e, contribution to the Fermi-level
density of states N(Er), while the to,-projected N(Ep) decreases monotonically with
pressure. A similar trend was reported in some multi-component high-entropy alloys,
doping the Nb-Ti materials [209] with further impurities.

For the Nby 44 Tigs6 alloy, X-ray diffraction measurements indicate that the bee (/)
phase is retained throughout the investigated pressure range up to 250 GPa. Disorder
has been modeled by alternating atomic positions of Nb and Ti with uniform occupation
in supercell calculations [208]. Namely, the atoms occupy the la and 1b Wyckoff
positions of the Pm3m CsCl lattice.

A recent ab-initio study [210] of the ordered 1:1 composition, Nbg5Tig5, reported
state-of-the-art phonon and superconducting-gap calculations that explicitly include
strong anharmonic lattice dynamics as well as an energy-dependent treatment of the
Coulomb interaction. Nevertheless, the resulting T, values remain significantly larger
than experimental data: it was shown that, using a simple model based on Boltzmann-
averaged supercells, the discrepancy can be qualitatively understood in terms of lattice
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disorder.

The focus of this chapter is the pressure-dependent normal-state electronic structure
of elemental Nb and Nb-Ti alloys, which we regard as a key prerequisite — though
not the only ingredient — for understanding the robustness of superconductivity dis-
cussed above. Methodologically, we go beyond phenomenological pictures by combin-
ing, within a single self-consistent framework, substitutional disorder and local elec-
tronic correlations. Specifically, we make no a priori assumption about the spatial
arrangement of Ti in the Nb bce lattice: chemical randomness is treated using the
coherent potential approximation (CPA), while local dynamical correlations are incor-
porated via dynamical mean-field theory (DMFT),

Within this setup, we analyze the evolution of the quasiparticle band structure and
Fermi surface (FS) under compression up to 250 GPa. We extract orbital-resolved
spectral functions and momentum-resolved FS maps, quantify disorder-induced broad-
ening on the alloy FS sheets, and track correlation signatures such as the quasi-
particle weight Z and effective-mass renormalizations. Together, these results pro-
vide the microscopic baseline needed to assess how pressure tunes the phase space
and matrix elements relevant for conventional electron-phonon pairing in Nb and
Nbg44Tigs6. Quite unexpectedly, we find that compression induces a pronounced
evolution of the Fermi surface (FS) in elemental Nb, with substantial reshaping of
individual sheets and momentum-dependent spectral-weight redistribution. In the dis-
ordered alloy Nbg44Tigs56, a CPA+DMEFET treatment further reveals correlation- and
disorder-driven modifications manifested as sheet-selective broadening in the spectral
function and shifts of extremal orbits that persist up to 250 GPa.

11.1 Methods

The methodology employed in this section is similar to the previous chapter 10 on
V and V-Ti alloys. We employ density functional theory with dynamical electronic
correlations, a proven approach for materials with narrow d bands [20, 75, 166]. A
Green’s function formulation is used so that both dynamical correlations and substi-
tutional disorder can be treated on equal footing: the one-particle Green’s function
is computed directly and averaged over disorder configurations within the electronic-
structure loop [163, 164, 167, 168].

Our charge- and self-energy-self-consistent scheme uses the exact muffin-tin orbitals
(EMTO) basis introduced in Ch. 3 with the local-density approximation (LDA) as
starting point, extended by local dynamical correlations. Substitutional disorder at ar-
bitrary concentrations is described by the coherent potential approximation (Sec. 7.6),
without assuming any particular ordering of Ti in the Nb bec lattice. The central
object is the multiple-scattering (Korringa-Kohn-Rostoker) scattering-path operator,
which enables (i) charge self-consistency in real space and (ii) the embedding of a local,
frequency-dependent self-energy into the lattice Green’s function [164, 211].

Local correlations are treated within dynamical mean-field theory (Ch. 4). The
DMFT impurity problem is solved using the spin-polarized T-matrix fluctuation-exchange
(SPTF) approximation (Ch. 5), yielding a complex, orbital- and spin-resolved self-
energy X, (iwy,) that corrects the EMTO/LDA Green’s function in a fully self-consistent
CPA+DMEFT cycle. The local electron-electron interaction is modeled by a rotationally
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invariant multi-orbital Hubbard-Hund term as in the previous chapter:

1
HU — 5 Z Umm’m”m’” Cgmo_ sz,o_, Cim”’a’ Cim"o’ s (111)

with Coulomb matrix elements parameterized by average U and Hund’s exchange J.
Unless stated otherwise we use U € [0,5] eV and J = 0.6eV. Increasing J up to 0.9eV
leaves the qualitative trends unchanged. To remove double counting of interactions
already implicit in LDA, we again replace ¥,(F) — ¥,(E) — 3,(0) throughout the
LDA+DMEFT equations. Finite electronic temperatures enter via Matsubara frequen-
ciesw, =2n+ )T, n=0,+1,+2,....

Pressures up to 250 GPa are accessed through the DFT-relaxed crystal structures
described in the preceding subsection; these volumes and atomic configurations are
then used as input to the CPA+DMFT calculations. Total energies are evaluated
with the LDA+DMFT functional using converged charge densities and local Green’s
functions, i.e., the standard LDA contribution plus the DMFT Kohn-Sham band-energy
correction and the Galitskii-Migdal term »G. All remaining technical settings (basis
partial waves, energy contour, k-meshes, Matsubara grids) follow the previous chapter
and are therefore not repeated here.

11.1.1 Computational details

Elemental Nb is treated in the /5 phase with space group Im3m (Wyckoff 2a). The
pressure-dependent lattice parameters used for Nb and Nbg 44Tig 56 are listed in Tab. 1.
Besides experimental values, the equilibrium lattice parameters a., were obtained by

P (GPa) | aexp (A) | aeq (A) | aexp(A)
0 3.3089 | 3.3045 |  3.2643
50 | 3.0932 | 3.0936 | 3.0111

100 2.9666 | 2.9665 2.8747
150 2.8801 | 2.8804 27767
200 2.8168 | 2.8155 2.7000
250 2.7642 | 2.7622 2.6412

Table 1: Experimental values of the lattice parameters are taken from [212]; the relaxed
values are obtained using the DFT-GGA (PBE) [10] exchange-correlation functional.

relaxing the crystal at a series of fixed pressures using the projector-augmented-wave
(PAW) method [213] as implemented in VASP [C7]. We tested several PAW datasets
and exchange-correlation (XC) functionals; the best agreement with experiment was
achieved with PBE [10] including semicore s and p states. Brillouin-zone integration
in VASP employed a I'-centered 12 x 12 x 12 mesh, a plane-wave cutoff of 430¢eV, and
convergence thresholds of 1078 eV in total energy and 1073 eV A~ in residual forces.
We find that treating s and p states as semi-core states together with the Perdew-
Burke-Ernzerhof (PBE) [10] XC potential yields the structural parameters closest to
the experimentally observed ones.
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Figure 33: Total electronic density of states of pure Nb computed using LDA including the
core 4s and semi-core 4p states.

To study pressure effects using multiple scattering type electronic structure tech-
niques, such as EMTO, details of the Green’s function computations are essential. We
use an extended spdf basis set and a broad contour of 3.5 Ry, including 4s, 4p states.
At the same time 60 energy-points on the contour were chosen.

Unless stated otherwise, all calculations were performed using the same extended
EMTO-CPA code [C6] already employed in the previous chapter.

11.2 Electronic structure of Nb under pressure

The electronic structure of elemental niobium has been analyzed since the early band-
structure era [214, 215]. In these studies, Nb with its nominal electronic configuration
4d* 5s' is described by five conduction electrons distributed over three d-derived bands:
the lowest of these is essentially filled, the second is nearly filled, and the third is more
than half filled [214, 215]. Under compression due to high pressure, the conduction
manifold broadens substantially and hybridization increases, while semicore states (no-
tably the 4p shell) exhibit a visible reshaping. This behavior is illustrated in Fig. 33.
We emphasize that an explicit treatment of the semicore states stabilizes total-energy
calculations at high pressure, even though these levels remain located at large binding
energies (of order —30¢V) relative to Er. This choice is consistent with the EMTO
settings employed here (cf. Sec. 11.1.1).

The most relevant contributions to macroscopic properties originate from electronic
states in the immediate vicinity of the Fermi level. Early photoemission on Nb reported
three pronounced features at approximately 0.4eV, 1.1eV, and 2.3eV below Ep [216].
These peaks are fairly well described by our electronic structure calculations. Figure 34
displays the orbital-resolved 4d densities of states, split into ts, and e, channels over an
energy window Er £ 8e¢V. In the cubic bcec environment, to, and e, belong to different
irreducible representations and are orthogonal on site, so the projected DOS provides
a clean decomposition of the local d manifold. Around (and below) Er the total DOS
is dominated by to, and e, contributions; with increasing pressure their ratio decreases
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Figure 34: Orbital-resolved 4d (tog, €g) electronic density of states of pure Nb in an energy
window around Fr computed using LDA including the core 4s and semi-core 4p states. Note
the decrease in magnitude with increasing pressure.

slightly, and a continuous suppression of the DOS in the immediate vicinity of EF is
observed. Within our accuracy, all d channels respond similarly to compression, and
we do not find evidence for orbital selectivity.

Qualitatively, such a suppression of N(Ep) with pressure is expected from increased
hopping amplitudes and concomitant bandwidth growth upon volume reduction. Quan-
titatively, however, the trend reflects a nontrivial interplay of band-structure effects,
substitutional disorder, and dynamical electronic correlations, which cannot be cleanly
disentangled within a single-parameter picture.

11.3 Pressure and electronic correlation effects in Nbg 44Tij 56

Due to the numerical challenges associated with DMFT computations, we adopt a
reduced EMTO basis restricted to spd states and truncate the complex-energy contour
used for evaluating the EMTO Green’s function to 1Ry. We validated this setup
against the reference parameters of Sec. 11.1.1 (extended spdf basis, 3.5 Ry contour),
keeping all other settings identical. The comparison shows no significant changes in
the electronic density of states within an energy window of Eg 4+ 10€V, including
N(Er) and the positions/intensities of the main spectral features. In particular, the
near- Fr dispersions and Fermi-surface sheets are indistinguishable within our numerical
resolution, confirming that the simplified setup is sufficient for the analysis presented
below.
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Figure 35: Orbital-resolved electronic densities of states of Nbg 44Tip 56 at different pres-
sures, for the non-interacting case, U = J = 0, computed using LDA with a reduced spd
basis.

Figure 35 shows the orbital-projected densities of states of Nbg 44Tig 56 up to 200 GPa
in the non-interacting limit (U = 0, J = 0). Due to the cubic symmetry of the system,
no mixture (hybridization) occurs between the to, and e, orbitals, and accordingly, the
local Green’s function is diagonal in the orbital basis. Across all investigated pressures,
the Ti-to, contribution dominates N (Er), with Nb-to, providing an additional, sizable
weight in the energy window £ —2eV < E' < Fp+1eV. By contrast, the e, weight at
Er remains at least a factor of four smaller than the to, weight at any pressure. These
trends indicate that the low-energy carriers are predominantly of ty, character on both
Nb-4d and Ti-3d sites. While this points to ty,-dominated states as the most relevant
for superconductivity, a quantitative assessment ultimately depends on the electron-
phonon matrix elements (e.g., via a®F(w) or Hopfield parameters). Here we confine
ourselves to the electronic-structure trends that set the stage for such analyses. At the
non-interacting LDA level (U = J = 0), the spectral features of Nbg 44T 56 are notice-
ably broader than in elemental Nb, reflecting finite-lifetime effects from substitutional
disorder encoded in the imaginary part of the CPA self-energy.

Figure 36 compiles the total DOS at representative pressures, comparing calculations
with and without DMFT corrections. For interaction parameters, we adopt the same
parameters discussed in the previous chapter 10: For U > 2eV we fix Hund’s coupling
toJ =0.6eV. For U < 2¢eV we keep the ratio U/J = 2/0.6 ~ 3.33 so that the effective
intra-orbital repulsion U—3J remains positive in the rotationally invariant multi-orbital
interaction used in DMFT. Increasing J up to 0.9¢eV leaves the calculated spectral
functions essentially unchanged within our resolution, indicating a weak sensitivity to
J in the pressure range considered.

Including local correlations within DMFT adds an additional finite-lifetime contri-
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Figure 36: Total electronic densities of states of Nbg 44Tip.56 computed using LDA+DMFT
at different pressures and interaction strengths U, J as described above.

bution through the imaginary part of the self-energy, which broadens the alloy spectra
beyond the CPA-only (LDA) case. Relative to the non-interacting limit, we observe
a gradual suppression of the DOS in the immediate vicinity of Er together with the
development of longer tails near the band edges. Across the tested interaction range
(U < 5eV with the J protocol specified above), the value of N(FEg) remains essen-
tially pinned within our numerical accuracy, consistent with a coherent Fermi-liquid
regime of the low-energy quasiparticles. Overall, the total spectral functions change
only weakly upon including correlations, with the most visible effects being a modest
near- By depletion and disorder, plus correlation-induced broadening away from Ff (see
Fig. 36).

To further characterize correlation effects, Fig. 37 shows the orbital-resolved imag-
inary parts of the self-energy. The inset shows analytically continued retarded self-
energies on the real axis computed with Padé approximants discussed in Section 9.2,
which display the expected quadratic behavior in the vicinity of the Fermi level,
ImXY(F) o« —(E — Er)% Both ty, and e, channels exhibit indicators consistent with
Fermi-liquid (FL) coherence. As anticipated, the corresponding mass enhancements
differ between the two orbital sectors. Our quantitative discussion focuses again on the
Matsubara axis to avoid possible artifacts of analytic continuation. In a Fermi-liquid,
the low-frequency imaginary part of the self-energy is linear in w,,

Im £y (@n) = = [(Zm) ™" = L wn, (11.2)

where Z{ ., is the quasiparticle weight for orbital (I,m) and spin o as we have already
seen in Ch. 10, specifically in Eq. (10.10). At low w,,, both Im ¥, (iw,) and Im X, (iw,)
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Figure 37: Imaginary part of the self-energies as a function of the Matsubara frequencies, wy,,
of the Ti to, and e, orbitals in Nbg 44 Tig 56 as obtained from LDA4+DMET, with U = 2eV and
J =0.6eV, at 400 K and ambient pressure (0 GPa). The inset shows the parabolic dependence
of the imaginary part of the retarded self-energy on energy E around FEp, confirming the
Fermi-liquid behavior. The non-zero (though tiny) value at E = Ef, seen in the inset, is due
to the error inherent in the analytic continuation procedure.

extrapolate linearly to zero, indicating long-lived quasiparticles with a vanishing scat-
tering rate at the Fermi surface. This linear low-w,, behavior persists across the sim-
ulated temperature window 100 K < 7' < 400 K, consistent with a coherent metallic
regime.

Within DMFT the quasiparticle mass enhancement becomes a local quantity that
can be estimated on the Matsubara axis. Analogously to Eq. (10.11) of the previous
section, m* can be determined in the zero-temperature limit as

m ~ Im X (iwn) (11.3)

m Wn wn—0

In practice, we follow the standard DMFT protocol and extract this slope using a linear
fit to the first few Matsubara points [74]. The dashed lines in Fig. 37 indicate these
fits for the ty; and e, channels.

The resulting mass enhancements m*/m are compiled in Fig. 38 for interaction
strengths up to U = 5eV. At all simulated temperatures, m*/m increases monoton-
ically with U for both orbital sectors. While the absolute values are slightly reduced
at higher 7', the overall U-dependence remains unchanged. Taken together with the
pressure trends discussed above, this behavior supports the conclusion that correla-
tion effects weaken under compression. We find no indications of an orbitally selective
response: within our numerical resolution the ty, and e, effective masses track each
other as functions of pressure and interaction strength. Consequently, at the highest
pressures considered, sizable anisotropies in a prospective superconducting order pa-
rameter appear unlikely, and the anomalous Green’s functions for to, and e, sectors
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Figure 38: Pressure dependence of the effective mass renormalization of the to; and eg
orbitals for various interaction strengths U. For the choice of J, see text.

would be expected to display similar behavior. Inter-orbital pairing channels are not
anticipated to play a significant role.

Additionally, the temperature dependence of the extracted quasiparticle masses is
shown in Fig. 39. At fixed interaction strength, m*/m decreases monotonically with
increasing pressure and, by 250 GPa, approaches the band value within our numerical
accuracy. This reduction of the many-body renormalization reflects the pressure-driven
bandwidth growth W and the resulting decrease of the ratio U/W. Equivalently, the
low-frequency slopes d,, Re ¥(w) ’E and Im X (iw,, ) /w, are diminished, indicating weaker
local correlations. The trend is robust across all tested U and T": while higher tempera-
tures yield slightly smaller absolute enhancements, the qualitative pressure dependence
is unchanged. Throughout, we do not resolve any orbitally selective behavior — to, and
eg masses track each other — consistent with the absence of pronounced anisotropies
suggested by the DOS and self-energy analyses above.
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Figure 39: Pressure dependence of the effective mass renormalization of the to; and e
orbitals for various temperatures 1" and fixed interaction strength U = 2eV and J = 0.6¢€V.
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11. Quasiparticle Fermi surfaces of Nb and NbTi at high pressure [P2]

11.4 Fermi surfaces of Nb and Nb—Ti alloys

Figure 40 displays central Fermi-surface (FS) cross-sections for elemental Nb and for
Nbg.44Tig 56 at selected pressures. The triangular sector 'HN corresponds to the cen-
tral (100) plane, while the rectangular region THNPN represents the central (110)
plane. High-symmetry points are labeled following the standard bce convention:
I'=(0,0,0), H=(1,00), N=(}350), P=(311) (11.4)

given in units of 27 /a of the bee reciprocal lattice. These two sections sample comple-
mentary Fermi-velocity directions — I' = H ([100]), I' — N ([110]), and I — P ([111])
— and thus capture the pressure evolution of the principal FS sheets with minimal
redundancy.

The Fermi surfaces are constructed from the momentum-resolved spectral function
at the Fermi level,

1
Al,m<k7 EF) = —; Im Gl,m(k7 EF + 10+) s (115)

where G(k, z) includes the CPA effective medium and the local DMFT self-energy. For
reference, the (100) cut (I'H N) emphasizes the I'-centered sheet and its approach to the
HN edge under compression, whereas the (110) cut (I'H N PN) resolves features along
I'-H and I'-N simultaneously and highlights possible changes near the P point. For a
discussion of the band structure, the momentum-resolved spectral function A(k, F) is
shown in Appendix B.

The left column of Fig. 40 shows elemental Nb, with pressure increasing from top to
bottom. A pronounced reshaping of the Fermi surface with compression is apparent.
At ambient conditions (P = 0), the zone center (I') hosts a hole-like sheet with a
distorted octahedral shape, commonly referred to as the “jack”, while at the N points
one finds a pair of distorted ellipsoids, together with additional hole sheets extending
from T" toward H along the (100) directions, the so-called “jungle-gym” network [214].
Within the central (100) cut (I'HN triangle), the jack and the jungle-gym touch at two
symmetry-related locations. These high-intensity contact points lie along a direction
perpendicular to the ¥ line (i.e., normal to I' — N) and are symmetrically placed
about I'NV at approximately

(0, —0.22,0.62) = and (0, —0.62, 0.22) =
a a

with the corresponding star of equivalent points generated by cubic symmetry. As pres-
sure increases, these characteristic sheets deform continuously (see successive panels),
while their connectivity within the (100) and (110) sections remains clearly identifi-
able across the investigated range. A further contact occurs along the I'-P line (the A
direction). In the central (110) section (I'HN PN), this manifests as a high-intensity,
quasi-linear feature extending toward P within the plane.

Earlier calculations at modest compression (6 GPa and 26 GPa) reported no substan-
tial changes in the FS topology of Nb [217-219]. Augmented-plane-wave calculations
further indicated that the N-H branch of the third band crosses the Fermi level only
under pressure, which could account for the disappearance of the neck connecting the
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Figure 40: The evolution of the Fermi surface with pressure. The first column represents
the LDA Fermi surface of bulk Nb at ambient pressure, 50 GPa, 100 GPa and 150 GPa. The
second and the third column, respectively, show the Fermi surfaces for the Nbg 44Tig 56 alloy
using LDA(+CPA) and LDA(+CPA)+DMFT (U = 2¢V, J = 0.6eV, T = 400K). The
symmetry points in the first Brillouin zone of the body centered cubic (bec) lattice are given
by I'=(0,0,0), H= (0,0, 2r/a), P = (v/a, 7/a, 7/a), and N = (0, 7/a, 7/a), where a is
the lattice constant.

N-centered ellipsoids to the jungle-gym network [220]. In parallel, the reduction of T
observed above about 70 GPa was attributed to the Fermi level entering a region of
reduced density of states [219, 221]. Our results reveal a clear and continuous pres-
sure evolution of the salient FS features. Around I', the octahedral (“jack”) sheet
shrinks monotonically with increasing pressure. By 150 GPa its volume is significantly
reduced. Within the (100) section, the pair of ellipsoids near N expands with pressure
and their contact points with the jack separate progressively. In the rectangular (110)
cut (THNPN), a hole band first touches the Fermi level at 50 GPa; by 100 GPa it
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develops into an oval pocket whose in-plane area continues to grow upon further com-
pression. The center of this emerging hole pocket is located near (0.63, 0.63, 1.00) 7/a
in reciprocal-lattice units.

The central and right columns of Fig. 40 display the F'S of Nbg 44Tig 56 obtained from
LDA(+CPA) (middle) and LDA(+CPA)+DMFT (right) at U = 2¢eV, J = 0.6eV, and
T = 400 K. In contrast to elemental Nb, all alloy spectra are broadened: in the CPA
panels the linewidth stems from the (complex) single-site disorder self-energy, while in
the DMFT panels an additional broadening arises from the local, frequency-dependent
many-body self-energy. As pressure increases, the I'-centered octahedral sheet shrinks
also in the alloy. However, the volume reduction is less pronounced than in pure Nb.
The N-centered ellipsoids show a characteristic intensity redistribution: at ambient
pressure the outer ellipsoid is comparatively diffuse while the inner one is sharp; with
increasing pressure the two ellipsoids separate and spectral intensity shifts toward the
outer sheet. Notably, the coordinates of the contact points between the I octahedron
and the N-ellipsoids within the (100) cut remain nearly unchanged upon compression.
Analogous to pure Nb, the jungle-gym features in the (110) rectangle (' HN PN) evolve
once P 2 50 GPa. A previously occupied band is promoted toward Fr and becomes
visible near (0.61, 0.61, 1.03) 7/a. In the alloy, however, this band does not form a
closed hole pocket: the lobes detach along the A and F' directions, while the “neck”
in the vicinity of P is reduced in cross-section. Overall, CPA lifetime effects dominate
the broadening, with DMFT adding a modest, sheet-selective damping without altering
the qualitative F'S topology over the investigated pressure range.

Finally, we summarize the DMFT Fermi surfaces obtained for U = 2eV, J = 0.6eV,
and 7" = 400 K. Within our resolution, varying U, J, or T in the tested ranges
does not produce qualitative changes in the FS topology or connectivity. At P = 0,
the most conspicuous DMFT-induced modification relative to the CPA result is the I'-
centered hole volume: it becomes more distorted and slightly larger. Upon compression,
however, this feature shrinks monotonically, in line with the overall bandwidth increase.
In the triangular 'H N section (central (100) plane), the N-centered ellipsoids remain
connected across the explored pressures and grow in size with increasing P, contributing
to the progressive suppression of the I'-octahedron. In the (110) plane (THNPN
rectangle), correlation effects accentuate the jungle-gym distortions: FS boundaries
acquire stronger intensity (reflecting enhanced spectral weight gradients), and the lobes
along the A and F directions become more elongated with pressure. The contact
feature along I'P separates from the extended touching line within the (110) plane
Its spectral intensity increases at higher pressures, while the neck near P is further
reduced. Overall, DMFT adds sheet-selective damping and modest reshaping without
altering the alloy’s F'S connectivity established at the CPA level.

We now turn to a discussion of the Fermi-liquid characteristics of the Fermi surface of
Nbg.44Tig56. According to the Fermi-liquid picture, the low-energy behavior of electrons
can be described in terms of interacting quasiparticles, and their collective excitations.
The Landau phenomenological theory assumes a one-to-one correspondence between
the quasiparticle excitations of the interacting system and the single-particle excitations
of the non-interacting electron system. This correspondence implies that the volume
of the FS of interacting quasiparticles is related to the electron density in the same
manner as for non-interacting electrons [222]. Luttinger and Nozieres [223-225] justified
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the Landau assumption using many-body perturbation theory, establishing the relation
between the Fermi surface volume and the electron density, commonly referred to as the
Luttinger theorem or Luttinger sum rule. However, deviations from the Luttinger sum
rule have been observed in impurity models [226], which lead to the distinction between
Fermi and Luttinger surfaces. In our computations, we find that the Luttinger sum
rule is satisfied. Technically, the total electron number is determined from the spectral
function derived from the one-electron Green’s function:

N——— 3 / dETm Y, (k, E + in)

lm)ok

(11.6)

n—0+t

The interacting retarded Green’s function G(&,m)(k’ z) is evaluated along the complex
contour z = E +i0%", and incorporates the DMFT self-energy, 2‘67m)(2). The lattice
Green’s function includes the local, frequency-dependent DMFT self-energy,

(l7m

Gy (ks 2) = [2 = €@y () = 00y (2)] (11.7)

with e‘(’l?m)(k:) the bare band dispersion of the CPA effective medium. Within Landau
theory, quasiparticles are associated with poles of G,
ZETZ m) (k7 Z)

Gk, 2) ~ — ’ — + incoh., (11.8)
(b & = 6(l,m)(k:? Z) + ZF(l,m)<k7 Z)

where €(,m) represents the quasiparticle energy, Z&m) the quasiparticle weight, and
I'7, ) the scattering rate (broadening). In DMFT the self-energy is k-independent, so
Z and I' are momentum independent (but orbital and spin dependent). As shown in
Fig. 37, the self-energies satisfy the FL criteria near Ey across the simulated temper-
ature and pressure ranges. Consistently, the effective-mass enhancements extracted
from the low-Matsubara-frequency slopes (Sec. 11.1 and Fig. 38) are modest, decrease
with pressure, and show no evidence for orbital selectivity, in line with the DOS and
F'S analyses presented above.

In the translationally invariant CPA medium and for the paramagnetic state, the
lattice Green’s function is diagonal in crystal momentum and spin, so that the quasi-
particle dispersion may be written as

&y (B 2) = 23y |5y (R) + Re B0 (2)] (11.9)

The corresponding quasiparticle density of states follows from integrating the spectral
function over the Brillouin zone,

NGy (E) = V — i Zé( \(k, B)), (11.10)
such that the total electron count is, to leading order in the Fermi-liquid expansion,

E ~
N~ ¥ /_O:dE NG (). (11.11)

Figure 36 display the (I, m)- and o-traced, k-integrated spectral functions for the
nonmagnetic, self-consistent solutions at representative U and 7. Despite the locality of
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DMFT and the perturbative character of the employed impurity solver, our calculations
satisfy the Luttinger sum rule within numerical accuracy. Concretely, the electron
number obtained from Eq. (11.6) matches the imposed filling at all pressures and
interaction strengths, with the difference between the interacting and reference LDA
chemical potentials bounded by

AFy = Ep — ELP* ~ 107° Ry (11.12)

for all U and P. The preservation of the Luttinger count is ensured by the fully charge-
and self-energy-self-consistent LDA+DMFT cycle, which restores translational invari-
ance to the impurity problem and guarantees a momentum-diagonal lattice Green’s
function. As shown in Fig. 37, the low-energy self-energies obey the Fermi-liquid con-
straints around Eg; correspondingly, the effective-mass enhancements extracted from
the Matsubara slopes (Fig. 39) behave smoothly with pressure and temperature, with-
out indications of orbital selectivity.

11.5 Summary

In this chapter we analyzed the pressure evolution of the normal-state electronic struc-
ture of elemental Nb and the disordered bcc alloy Nbg4Tigs6 up to P = 250 GPa
within a Green’s-function LDA(CPA)+DMFT framework. The motivation is provided
by the experimental contrast that 7, in pure Nb decreases under compression, whereas
Nbg.44Tig.56 shows an increasing T..(P) [219]. While we do not compute T directly here,
our results establish the pressure-dependent quasiparticle spectra and Fermi surfaces
that underpin such superconducting trends.

For elemental Nb, compression leads to a continuous suppression of the 4d density
of states at the Fermi level (Fig. 34), consistent with the established interpretation
of the reduced T, at high pressure in terms of a diminished N(Eg) [219, 221]. At
the same time, we find a pronounced reshaping of the Fermi surface (Fig. 40): the I'-
centered hole sheet (“jack”) shrinks with increasing pressure, the N-centered ellipsoids
expand and separate from the jack in the (100) cut, and, most notably, a hole band
is promoted to the Fermi level in the (110) section and develops into a distinct pocket
whose cross-section grows upon further compression.

For Nbg44Tig56, CPA captures the dominant disorder-induced lifetime effects: al-
ready at the LDA(4CPA) level the spectral features are substantially broadened com-
pared to pure Nb (Figs. 35 and 36). Including DMFT adds an additional (correlation-
induced) damping and a modest near-Er depletion, but the overall low-energy DOS
scale remains essentially pinned within our numerical accuracy across the tested in-
teraction range. Orbital-resolved spectra show that the low-energy carriers are pre-
dominantly of ty, character on both Ti and Nb sites, while the e, weight at Ep is
comparatively small (Fig. 35). Within our resolution we find no orbitally selective
response to pressure: to, and e, channels display similar qualitative pressure trends
in the DOS and self-energies. In momentum space, all alloy Fermi-surface sheets are
broadened, with CPA providing the main contribution to the linewidth and DMFT
adding a modest, sheet-dependent damping without changing the overall F'S connec-
tivity (Fig. 40). Under pressure the I'-centered hole volume also decreases in the alloy,
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but the additional band promoted toward Er does not form a closed pocket in the
same manner as in elemental Nb.

The CPA4+DMFT solutions remain consistent with coherent Fermi-liquid quasipar-
ticles throughout the explored pressure range. The Matsubara self-energies exhibit
the low-frequency linear behavior expected for a Fermi liquid and the retarded self-
energies show the corresponding quadratic dependence near Fr (Fig. 37). The ex-
tracted effective-mass enhancements are moderate (up to ~ 1.5), decrease monotoni-
cally with pressure, and track each other between to, and e, sectors (Figs. 38 and 39),
indicating a pressure-driven weakening of local correlations consistent with bandwidth
growth. In addition, the fully self-consistent LDA+DMFT cycle preserves the Lut-
tinger electron count within numerical accuracy (Sec. 11.4), i.e., the quasiparticle Fermi
surfaces remain consistent with the imposed filling despite substantial substitutional
disorder and finite lifetimes.

Finally, it is useful to relate these findings to the Ti-V alloys discussed in Ch. 10,
which share the same [-phase (bcc) structural setting. There, an optimal Ti con-
centration of x ~ 0.33 produces an enhanced superconducting transition temperature,
while the normal state remains a correlated Fermi liquid with moderate mass renormal-
ization and well-defined quasiparticles. In the present Nb—Ti system we likewise find
that, even under compression up to P = 250 GPa, the normal state remains within the
Fermi-liquid regime and the Fermi-surface sheets retain coherent quasiparticle char-
acter, with disorder providing the dominant contribution to the linewidth and local
correlation effects becoming weaker with increasing pressure. Taken together, the two
studies underscore that a quantitative description of superconductivity in these bcc
transition-metal alloys is tightly constrained by (and must be consistent with) the
correlated, disorder-broadened normal-state quasiparticle structure.
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12 Correlated electronic states at a ferro-
magnetic oxide interface [P3]

The appearance of magnetism at the interface between LaAlO3 (LAO) and SrTiO3
(STO) thin films is one of the most intriguing examples of emergent behavior in oxide
heterostructures [227]. Experimentally, the magnetic signal is largely confined to the
interface region, persists up to room temperature, and, at low temperature, it can
coexist with superconductivity [228, 229]. A particularly striking phenomenology is the
formation of um-sized ferromagnetic domains which can align in an external magnetic
field, giving rise to superparamagnetic response [228, 229]. These observations point
to an electronic state at the n-type LAO/STO interface in which localized moments
and itinerant carriers are simultaneously present and mutually coupled.

A growing body of evidence suggests that oxygen vacancies are central to this dual
character [230-233]. As electron dopants, oxygen vacancies can bind two electrons each
and thereby drive an otherwise band-insulating environment metallic. In STO-based
surfaces and interfaces, a nontrivial interplay between localized and itinerant electrons
is indeed suggested by scanning-tunneling spectroscopy [234, 235], magnetoresistance
and anomalous Hall-effect measurements [236, 237], as well as angle-resolved photoelec-
tron spectroscopy and photoemission experiments [238-241]. A consistent microscopic
description must therefore account, at the same time, for (i) the local defect physics
that generates moments and (ii) the correlated itinerant carriers that mediate long-
wavelength transport and magnetic response.

From a theoretical perspective, realistic accounts of LAO/STO are challenging be-
cause correlation effects, multiorbital band structure, and interfacial structural recon-
struction all enter on comparable energy scales. For the stoichiometric heterostructure,
first-principles calculations typically find a metallic but non-magnetic state, with par-
tially filled Ti tog-dominated bands at the Fermi level [231, 242, 243]. Hybrid-functional
studies confirm this picture while improving control over the band gap as a function
of LAO overlayer thickness [244]. At the same time, the analysis of tunneling spec-
troscopy has suggested early on that electronic interactions are strong enough for the
interfacial electron system to be viewed as an electron liquid rather than a weakly
interacting two-dimensional metal [234].

Introducing oxygen vacancies qualitatively changes the local electronic structure.
DFT supercell studies indicate that, already for vacancy concentrations as low as 1/8,
a multiorbital reconstruction occurs: Ti eg-states in the vicinity of a vacancy become
occupied and, together with the remaining O p-orbitals, form reconstructed €, molecu-
lar orbitals. The two electrons bound to a vacancy are found to form a triplet, imply-
ing a natural route to local-moment formation and suggesting a double-exchange-like
mechanism for ferromagnetism at the interface [231]. Static correlation effects have
been explored using effective Hubbard Hamiltonians at the Hartree—Fock level, yield-
ing a defect- and carrier-concentration dependent magnetic phase diagram and robust
magnetic states beyond a minimal vacancy concentration of order 0.1% [245]. For
dilute disorder concentrations inaccessible to large supercells, single-band CPA stud-
ies support this conclusion and provide access to the low-impurity regime [246]. In
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the dense-defect limit, the essential physics can be captured by a minimal two-orbital
Hubbard model, and recent DEFT+DMFT investigations have shown that ferromag-
netic order in the interfacial TiOs layer can be understood in terms of an effective
Zener double exchange between an &, orbital and an in-plane to, dyy-orbital [243, 247,
248].

In the broader context of this thesis, LAO/STO provides a complementary testbed
to the bulk transition-metal and alloy applications discussed earlier: here, reduced di-
mensionality and defect-induced inhomogeneity place the interplay of disorder and local
dynamical correlations at center stage. Having established the methodological founda-
tions of DMFT, CPA, and their combined DMFT+CPA framework in the preceding
chapters (Chs. 4, 7 and 8), we now use this machinery in a minimal, interface-motivated
model to address an emergent spectroscopic hallmark of correlated ferromagnets at ox-
ide interfaces. Specifically, we formulate a tight-binding description for oxygen-vacancy
induced magnetism at the LAO/STO interface and treat configurational disorder by
the Coherent Potential Approximation (CPA), while including local electronic correla-
tions via Dynamical Mean Field Theory (DMFT). The CPA is exact for non-interacting
fermions with diagonal (local) disorder in the limit Z — oo (with appropriate scaling
of the hopping), making it a natural extension to DMFT, which becomes exact in the
same limit for local interactions [249]. Within this combined CPA+DMFT scheme we
investigate correlated itinerant fermions subject to the effective Zeeman field induced
by magnetic impurities at the interface.

Electronic correlations in strongly spin-polarized systems are well known to gener-
ate qualitatively new spectral features beyond a simple quasiparticle description [250,
251]. In particular, half-metallic ferromagnets host incoherent non-quasiparticle (NQP)
states: spectral weight appears in the gapped spin channel close to the Fermi level,
while the corresponding density of NQP states vanishes at the Fermi level and is en-
hanced on an energy scale set by characteristic magnon frequencies (or, more generally,
by low-energy spin excitations) [252-254]. First-principles studies have identified such
NQP features in prototypical half-metals including NiMnSbh [255], various Heusler al-
loys [256], zinc-blende compounds [257, 258], and CrO, [259]. Microscopically, NQP
states originate from “spin-polaron” processes in which minority-spin excitations are
entangled with collective spin fluctuations [253, 254]; intriguingly, related polaronic
effects have also been discussed for LAO/STO interfaces [241]. In this chapter, we an-
alyze a possible departure from the Fermi-liquid theory that may form at the LAO/STO
interface in the presence of magnetic impurities.

12.1 Metallic magnetism at the interface: A simple model

To illustrate the real-space partitioning underlying the effective description of the in-
terfacial TiOo layer, Fig. 41 (left) shows the interface plane containing an oxygen
vacancy (OV) located between two nearest-neighbor Ti sites. Motivated by this local
geometry, we decompose the interface plane (right) into elementary O — Ti — O units
(green) and vacancy-containing O — Ti — OV units (red). At finite vacancy concen-
tration, the number of O — Ti — OV units increases accordingly. This decomposition
suggests a natural “host—guest” viewpoint: the intact O — Ti — O units form the “host”
background of the interface, while O — Ti — OV units act as embedded “guest” defect.
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Figure 41: Left: The interface TiOs-layer containing randomly distributed oxygen vacancies
(OV). Right: Mapping onto an effective model of the molecular dyy (A) = O — Ti — O (green)
and & (B) = O — Ti — OV (red) orbitals. A “local moment” is induced by oxygen vacancies
at the B-sites.

Introducing A to denote a host unit O — Ti — O and B to denote a vacancy-containing
unit O — Ti — OV, the interface plane can be mapped onto a substitutional binary-alloy
problem of type A;_.B., where ¢ is the oxygen vacancy (OV) concentration.

Within this alloy representation, the local electronic structure depends on the com-
ponent. For A sites, the relevant low-energy states are well captured by “molecular”
orbitals associated with an intact TiOy unit, whereas for B sites the corresponding
states are of TiO-molecular-orbital character due to the oxygen vacancy. For both
local environments, the interfacial symmetry breaking lifts the bulk to, degeneracy and
lowers the Ti dyy level relative to the dy, and dy, orbitals. In the low-filling regime
of interest here, the dy, and dy, orbitals remain essentially unoccupied, so that a sin-
gle partially filled band of predominant d, character describes the itinerant degrees
of freedom on the Ti sites. In contrast, the vacancy-bearing B units host additional,
more localized states: hybridization between Ti e, levels and the remaining oxygen p
orbitals forms reconstructed &, orbitals [243, 245], which act as randomly distributed
magnetic impurities embedded in the itinerant dy, background.

Most material-specific descriptions of the LAO/STO interfacial electronic liquid take
the DFT band structure as a starting point and construct a low-energy effective Hamil-
tonian by downfolding to a minimal two-orbital subspace, typically (dy, &;). Local
interaction terms are then added in Hubbard-Kanamori form, parameterized by U, U’
and J, and the resulting two-band Hubbard model is treated with many-body tech-
niques such as DMFT. Notably, the range of validity of this Hubbard-type formulation
in the presence of a spin-polarized ground state and strong inhomogeneity due to
vacancies is rarely addressed explicitly. A commonly invoked physical rationale is a
Zener-type double-exchange mechanism, in which localized moments associated with
OV-induced magnetic regions couple to itinerant dy, carriers and thereby promote fer-
romagnetic correlations at the interface [243, 247, 248|. As an alternative perspective,
it is worth recalling that ferromagnetic solutions can in fact be stabilized already within
Hubbard-type models provided that (i) the noninteracting density of states carries sub-
stantial spectral weight near the band edges [260], and (ii) Hund’s-rule coupling favors
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spin polarization in the orbitally degenerate case [261].

In this chapter we concentrate on the dilute-defect regime, where a sparse distribu-
tion of vacancy-induced magnetic regions generates a stable ferromagnetic background
via a Zener-type double-exchange mechanism. Within the minimal “alloy” picture in-
troduced above, the itinerant carriers reside in a single effective band (predominantly
of dy, character), while vacancy-bearing units act as randomly distributed magnetic
scatterers. This motivates an Anderson—-Hubbard Hamiltonian with binary (A/B) local
parameters and an additional spin-dependent potential on the B sites, treated as an
effective Zeeman field.

Our numerical analysis starts from a simple Hubbard Hamiltonian of the form

I:[ = Z vi,aﬁia - Z tijé;raéjg + Z UzﬁzTﬁz¢ ,
Lo (ij),0 i
Vip =i — p— 0igBY elo®e, (12.1)
a,b
Ui = Updia +Udiz,

where 7, , = 6206@0 is the local number operator for an electron with spin o on site
i, 4 is the chemical potential controlling the filling of the system, and the kinetic
term describes nearest-neighbor hopping with amplitude ¢;;. Within our simplified
model, we neglect spatial and orbital dependence of the hopping, t;; = ¢, which is
consistent with restricting to a single effective itinerant orbital per Ti site. The binary
(A/B) character enters through the site-dependent on-site energies ¢; = €45 and local
interactions U; = Ua g, where A denotes an intact O — Ti — O unit and B a vacancy-
bearing O — Ti — OV unit. The delta functions d; 4 and 9,5 select whether site @
belongs to the host or impurity component, respectively (with probabilities 1 — ¢ and
¢ in the substitutional alloy A;_.B.). Local correlations are retained via the Hubbard
term U;n; 47, and are treated at the DME'T level. The spin-dependent contribution in
v;,» Tepresents the exchange coupling between the itinerant dy, carriers and the localized
moments residing on the vacancy-related degrees of freedom. In practice, we treat these
local moments in a mean-field spirit and replace their dynamics by a static Zeeman
field B acting only on B sites. Equivalently, for 4; 5 = 1 the term —B égaagbéib induces
a local spin splitting of the itinerant spectrum on the impurity sites. In principle,
B may be determined self-consistently from the occupation and polarization of the
vacancy-derived &, states; in the present minimal model it is taken as an effective input
parameter that encodes the strength of the vacancy-induced exchange field. The label 2
on o, in Eq. (12.1) defines the quantization axis of the local moments that generate the
field; experimentally, these moments are typically oriented in-plane [228, 229]. Since
the impurity units are randomly distributed, configurational averaging is required. We
perform this disorder average within a combined CPA4+DMFT framework, in which the
CPA accounts for the substitutional A/B randomness while DMFT captures the local
dynamical correlations of the itinerant carriers. Within this realization of the interface
physics, Kondo singlet formation is not included: the localized degrees of freedom are
represented by an effective (classical) exchange field rather than a quantum spin that
can be fully screened and, in the vacancy scenario, the underlying impurity moment is
naturally closer to a spin-one object, for which screening would be incomplete.
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12.2 CPA+DMFT computations for the Hubbard model

The computational strategy adopted here follows directly the methodological frame-
work introduced earlier in this thesis: the DMFT mapping for local correlations (Ch. 4),
the effective-medium description of substitutional disorder within CPA (Ch. 7), and
their combined self-consistency in the CPA4+DMFT scheme (Ch. 8). In our approach,
we simplify the model by representing the effective impurity spins as a homogeneous
external magnetic field acting only at the impurity sites. Furthermore, we consider a
square lattice with the energy scale set to 4dt? = t*? required for the non-trivial result
as d — oo and with the half-bandwidth D = 2t* = 2eV.

Within the binary-alloy representation, the A-type dy, orbitals with on-site energy
ea = 0.6D model the host, while a concentration ¢ = 20% of magnetic impurities® is
modeled by B-type &, orbitals with on-site energy eg = —0.6D and a Zeeman splitting
parameter B = 0.4D. This value of B is estimated from DFT results: the magnetic
splitting of the dy, bands is approximately 1.04eV [231].

In the absence of the interaction term (U = 0), the magnetic field B in Eq. (12.1)
can be included into the random potential v;, and treated within CPA. According
to standard multiple scattering theory [122] (see also Ch. 7), the Hamiltonian can be
divided into an unperturbed reference part and a perturbative term, Href + Hper The
reference Hamiltonian is

Heet(2) = 3 [en + 5" (2)] s (12.2)

k,o

in reciprocal space for an electron with dispersion e, moving in the energy-dependent
effective medium described by a spin-dependent complex coherent potential $°0(z).
The perturbative term containing the substitutional disorder is written as sum over all

lattice sites,
per Z wz o (123)

with
= _51 BBZCW 0, Czb [ — K= EZOh(Z)} ﬁia' (124)

Given the coherent reference Green’s function Geono(2), the single-site t-matrix de-
scribing the scattering of an embedded alloy component at site ¢ is

ti,U(Z) = Vo [1 - Gcoh,o(z)vz’,a]_l . (125)

Note that ¢; , describes the complete scattering associated with the isolated potential in
the effective medium and the reference system, and thus the reference Green’s function
does not contain the magnetic field contribution. The total scattering operator is then
expressed in the usual multiple-scattering expansion,

= th(z) + Ztivg(z)Gcoh,g(z) S tio(z)+ ... (12.6)

JFi

!This amount of impurities is related to an approximate concentration of oxygen vacancies, which
itself depends on sample preparation. Here we assume a low concentration of oxygen vacancies in
order to keep a low filling consistent with most experiments.
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Within the single-site approximation, the condition of (t;,) = 0 for any site ¢ and spin
o leads to (T,) = 0 and thus (G,) = Geono, representing the CPA solution.

The local part of the coherent (spin-polarized) reference Green’s function is given by
the Hilbert transform of the non-interacting (and disorder-free) density of states p(e):

D

1 1 p(e€)
Geono(2) = — =/ e =
h, (Z) Nk L ° Ek — Ecoh,a(z) D FTEe- ECOh’U(z) - ( )

Next, we incorporate local electronic correlations via a Hubbard interaction U = Uy
acting on the host (dyy) orbitals only. For most evaluations we choose U = t*, consistent
with tunneling spectroscopy data [234]. In the combined CPA+DMFT self-consistency
loop, we start from an initial guess for the coherent self-energy Xcon,. The local
Green’s function is computed from the electronic dispersion e (eigenstates of the
lattice Hamiltonian in the absence of disorder and electronic correlations) and the
self-energy Ycon, (Eq. 12.7). From the coherent (local) Green’s function Geon,, the
alloy-component Green’s functions are obtained as

Gaor(2) = Geonor(2) [1 = (Vo + Sao(2) ~ Seono(2)) Geonr(2)] (12.8)

for « € {A, B}, where v,, is the local potential of the alloy component a. The
corresponding DMFT bath Green’s function is then constructed according to

Gao(2) = Gapl(2) + Ba(2), (12.9)
or, equivalently, via the hybridization function A, , as
Auo(2) = 24+ Voo — Leono(2) — G, (2). (12.10)

Note that the chemical potential p is included in the local potential v, , and thus not
explicitly shown in Eq. (12.10). Given A, , (or G, ), the impurity problem is solved
to obtain the component self-energy ¥, ,[A, o). Note that the DMFT self-energy %, ,
encodes only local correlation effects of the alloy component «, while the coherent
self-energy X.on, contains both disorder and correlation contributions. The updated
component Green’s functions must satisfy the CPA condition Geohoe = Yo caGao-
From the newly obtained Geons, the coherent self-energy .on, follows, and Geoh»
together with .., , are returned into Eq. (12.8) to generate new component Green’s
functions, closing the self-consistency cycle.

The calculations in this chapter were performed using the model-dmft library [C2],
a versatile framework based on TRIQS [C3] I have developed for CPA+DMFT calcu-
lations. We solve the DMFT impurity problem using the CT-HYB quantum Monte
Carlo impurity solver as implemented in TRIQS/cthyb [C4]. Since Monte-Carlo based
impurity solvers can produce noisy self-energies when evaluated via a direct Dyson
equation, we employ the constrained residual minimization (CRM) method [110] to
stabilize the impurity self-energy >, ., as described in Sec. 6.6.3. We also tested al-
ternative noise-mitigation strategies, including the previously discussed high-frequency
tail fitting and the orthogonal polynomial (Legendre) representation of the self-energy.
However, for the parameter range relevant to this chapter, the CRM procedure yielded
the most stable high-frequency behavior and the most consistent convergence of the
CPA+DMFT loop. On a more formal level, the combined CPA+DMFT algorithm
used here is discussed in Refs. [129, 168] and in the general presentation of Ch. 8.
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Figure 42: Alloy component density of states of the host dy, (dashed lines) and impurity
& (solid lines) orbitals for the non-interacting U = 0 (black) and interacting U = 0.5D =
t* (blue) case at the inverse temperature § = 20/D. The concentration of the magnetic
impurities is ¢ = 20%.

12.3 Results

We now present the results of our CPA+DMEFT calculations for the model defined in
Eq. (12.1). The main focus is on the spectral properties of the system, in particular
the alloy component density of states and the self-energies, which provide insight into
the nature of the electronic excitations and the possible emergence of non-quasiparticle
states in the minority spin channel.

12.3.1 Spectral functions and self-energies

Figure 42 shows the spin-resolved density of states (DOS) for the dilute impurity case
with ¢ = 20% of &, orbitals, computed for the model Hamiltonian Eq. (12.1) in the
non-interacting limit U = 0 (black curves). Since the CPA does not require a many-
body impurity solver, the spectral functions are obtained directly on the real-frequency
(energy) axis. For the present parameter set, the CPA yields a fully spin-polarized
ground state, often referred to as a majority-spin half-metallic ferromagnetic state [250,
262]. The majority-spin &, spectral function forms a split-off band, effectively separated
from the main dy, host band. The Fermi energy Ep lies in the minority-spin channel
and is located close to the maximum of the split-off impurity-band DOS. Consequently,
the CPA solution corresponds to a minority-spin metallic state with magnetic bands.
Note that the CPA effective medium has a finite energy support, limited by the common
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Figure 43: Imaginary part of the retarded self-energy E({Zh computed using CPA+DMFT
with U = 0.5D and 8 = 20/D for the minority and majority spin channel. The inset shows
the self-energy around the Fermi level, where the minority spin channel clearly shows the
Fermi-liquid behavior Im %, o (E — Ep)? (dashed line).

bandwidth [162], in accordance with the Gershgorin theorem [263].

Including electronic correlations on the host dyy orbitals leads to a pronounced broad-
ening of the host DOS (blue curves) in both spin channels. In particular, the minority-
spin host spectral function gains weight at Er. The spectral functions of both the
majority- and minority-spin &, orbitals are slightly shifted towards the Fermi level.
Moreover, in the vicinity of the d,, majority-spin band edge, a shoulder develops whose
tail crosses the Fermi energy, thereby contributing to depolarization. Because the
DMFT impurity problem is solved using a QMC solver (yielding Green’s functions on
the Matsubara axis), we perform the analytical continuation from Matsubara frequen-
cies to real frequencies using the Maximum Entropy (MaxEnt) method as implemented
in TRIQS/maxent [C5]. It is important to emphasize that, although only the host dyy
orbitals are subject to explicit electronic correlations, the (nominally) non-correlated
&, spectra are nevertheless significantly modified through the combined CPA+DMFT
self-consistency.

In the following, we analyze the self-energy, which provides a self-consistently deter-
mined homogeneous, complex, and energy-dependent effective medium that contains
information about both disorder and correlations. The analytical continuation of the
self-energy is performed using the same MaxEnt procedure as for the spectral functions.
The main panel of Fig. 43 displays the imaginary part of the CPA+DMFT coherent
self-energy, while the inset zooms into the low-energy window Er £+ kgT. Close to
the Fermi level, the minority-spin channel exhibits an imaginary part that is very well
described by a quadratic energy dependence, Im X% o (E — Er)? (dashed curve in
the inset of Fig. 43). This behavior is consistent with a Fermi-liquid description of the
minority-spin electrons. At the same time, Im X%, does not vanish at Ep; its finite
value reflects the residual scattering rate in the combined disordered and correlated
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Figure 44: Alloy component density of states of the impurity &, (left) and host dyy (right)
orbitals for various values of U computed with CPA+DMFT at the inverse temperature
B =20/D.

medium and results in an energy-dependent broadening of the minority-spin bands.
In the majority-spin channel, the deviation from the conventional clean Fermi-liquid
behavior is more apparent: the inset reveals a shift relative to Er. Nevertheless, within
the shown energy window the majority-spin self-energy can still be approximated by
an approximately parabolic dependence.

Figure 44 shows the spin- and orbital-resolved spectral functions for increasing in-
teraction strengths, starting from the uncorrelated CPA limit and extending to the
strongest-coupling case where the local interaction equals the half-bandwidth (U =
D = 2eV). With increasing U we observe a continuous filling of the majority-spin
CPA gap. Most notably, the interacting majority-spin band-edge states move towards
the Fermi level, which enhances the spectral weight at Er and strengthens depolariza-
tion effects.

12.3.2 Impurity state conductivity

The single-particle spectra and the associated coherent self-energies were discussed in
the previous section. In particular, the appearance of spectral weight in the majority-
spin channel of the host d,, orbital constitutes a clear signature of correlation effects
and reflects the progressive closure of the CPA gap. Here, we turn to the corresponding
implications for charge transport and focus explicitly on the (dc) resistivity, i.e. on
how the combined effects of configurational disorder (CPA, Ch. 7) and local dynamical
correlations (DMFT, Ch. 4) manifest in the transport response within the CPA+DMFT
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Figure 45: The inverse of the Drude peak py = 1/0(0, T') in dependence on temperature 72
for the minority spin channel of the guest €, (B) orbital computed with CPA+DMFT. The
solid lines are linear fits of py.

framework.

Our analysis is restricted to the impurity-induced €, orbitals. The motivation is that
the host electrons retain well-defined Fermi-liquid quasiparticles even in the presence of
disorder and correlations, whereas the impurity-derived states provide the most direct
window into the correlation-induced renormalization and disorder-enhanced scattering
in the spin-polarized regime. The resulting resistivity therefore acts as a sensitive probe
of changes in the quasiparticle properties of these impurity states.

To this end, we compute the optical conductivity in the limit of infinite coordina-
tion [74]. In this simplified setup, the conductivity associated with the &, band is
expressed as a convolution of interacting spectral functions [264-266]:

) _ [ g HEV - I(E )

- As (E) As (E : 12.11
= L J(E) 45, (B + ) (12.11)

where Ag, (E) denotes the interacting spectral function of the impurity orbital & and
f(E) is the Fermi-Dirac distribution function.

Figure 45 shows the computed dc resistivity po(7) as a function of temperature for
several values of the interaction strength U. These trends can be related directly to
the evolution of the &, spectral function. In particular, the spectral weight at the
Fermi level, As, (EF) (cf. Fig. 44), decreases as U is increased. As long as the system
remains metallic, this reduction is naturally associated with a decreasing quasiparticle
weight 7, while at the same time the spectral function develops Hubbard-band fea-
tures. In correlated metals, the dc conductivity generically scales as og x Z 7 [74,
264-266], where 7 is the quasiparticle lifetime. Here, the presence of disorder further
enhances scattering processes, i.e. correlation-induced scattering acts on top of im-
purity scattering. Consequently, the quasiparticle lifetime 7 is reduced, leading to a
suppressed oy and therefore an increased dc resistivity, consistent with the behavior
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observed in Fig. 45. Strictly speaking, at 7= 0 the DMFT contribution to Im ¥ van-
ishes, implying a zero scattering rate from electron—electron interactions. However, the
disorder-induced CPA contribution to the total effective-medium self-energy (Fig. 43)
is expected to remain finite, providing a residual broadening even as 7" — 0.

We now comment on the temperature dependence of po(T') = 1/0(0, T'). The
quadratic relation pg(T) o< T? is characteristic of a Fermi liquid at low temperatures.
For the minority-spin €, states, we clearly identify a kink in the otherwise linear de-
pendence of po(T) on T? for interaction strengths below the half-bandwidth, U < D.
At U = D = 2t*, this kink disappears and pg follows an essentially straight line down
to the lowest numerically accessible temperatures. The change in slope indicates the
presence of an additional low-energy scale affecting the low-temperature transport of
the minority carriers. This scale, kgT™, is controlled by the frequency-dependent self-
energy at the Fermi level (i.e. the effective scattering amplitudes), the bandwidth, and
the magnitude of the exchange parameter |B|. A more detailed analysis would be re-
quired to clarify the microscopic origin and robustness of this scale, which is beyond
the scope of the present discussion.

12.4 Summary

In this chapter we studied a minimal interface-motivated model for LAO/STO in which
oxygen-vacancy related &, states act as magnetic impurities embedded in an itinerant
dyy host. Configurational disorder was treated within CPA and local dynamical cor-
relations were included via DMFT, combined self-consistently in the CPA+DMFT
framework (see Chs. 4, 7 and 8). The vacancy-induced moments were modeled in the
ferromagnetic regime by an effective exchange field B acting only on impurity sites,
motivated by experimentally observed ferromagnetic domains that can be aligned by
weak external fields [228, 229].

On the single-particle level, the non-interacting CPA solution yields a fully spin-
polarized state with a split-off majority-spin €, band and a metallic minority-spin
channel. Upon switching on correlations on the host (U > 0), the majority-spin CPA
gap is progressively filled: spectral weight appears near Er in the majority channel,
leading to depolarization, even though only the dy, orbitals are explicitly correlated.
The coherent self-energy shows that minority-spin carriers retain Fermi-liquid charac-
teristics (Im $5, oc (E — Er)? near Er), while a finite residual scattering rate persists
due to disorder. The majority-spin sector is best characterized as a disordered Fermi-
liquid regime in which quasiparticles are broadened but remain well-defined, consistent
with correlation-induced spectral weight in an otherwise suppressed spin channel (akin
in spirit to non-quasiparticle phenomenology in strongly spin-polarized systems) [250].

On the transport side, focusing on impurity-derived &, states, the dc resistivity po(7")
displays a kink in its 7 dependence for intermediate interactions U < D, signaling a
crossover between two low-temperature relaxation regimes. For stronger correlations
(U ~ D) this kink disappears and a single quadratic regime is recovered down to the
lowest accessible temperatures. The kink therefore indicates an additional low-energy
scale kgT™ governed by the frequency-dependent self-energy at Er, the bandwidth, and
the effective exchange field |B|, which could be probed in transport measurements.
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13 Conclusion

The electronic structure theory of metals and alloys with local electronic correlations
is based on the successful combination of DFT and DMFT. Using numerically exact
QMC, solutions of effective DMFT quantum impurity problems provide a reliable de-
scription of electronic structure and finite-temperature magnetic properties. Within
the same Green’s function language, substitutional disorder can be included through
effective medium theories such as the CPA, leading to the CPA+DMFT framework
used throughout this thesis.

In the theoretical part, I presented the DFT framework and introduced DMFT from
the effective-action point of view. Two impurity-solvers for DMFT were discussed and
used: a simplified perturbative solver (SPTF) suitable for realistic materials input
and fully self-consistent electronic-structure cycles, and the state-of-the-art CT-HYB
QMC solver for the STAM. Since QMC produces noisy high-frequency data, practical
aspects such as stabilizing self-energies (tail constraints, CRM/Legendre ideas, smooth
splicing) are not technical side notes, but central for robust self-consistency and con-
tinuation.

In the first two applications of this thesis, I applied the combined DFT(CPA)+DMFT
approach within an existing Green’s-function electronic-structure method based on
EMTO. In this setting, the CPA+DMFT loop is naturally implemented in the multiple-
scattering basis, and a non-stochastic, perturbative solver (SPTF) is particularly prac-
tical because continuation steps are not required within the self-consistency cycle. For
V and Ti,V;_,, this approach provides correlated input for a McMillan analysis and
yields a broad maximum of T,.(z) around = ~ 0.33 in the bce phase, with the nonmono-
tonic trend tracking the corresponding behavior of A(z) and the correlated electronic
structure. For Nb and Nbg44Tig 56 under pressure, the same methodology resolves a
pronounced reshaping of the Fermi surface in elemental Nb, while in the alloy the
dominant linewidth comes from CPA lifetime effects and DMFT adds a modest, sheet-
selective damping without changing the qualitative connectivity over the explored pres-
sure range.

A central goal of the thesis, however, was to implement CPA+DMFT with mod-
ern tools and frameworks and to make it usable beyond a single electronic-structure
backend. This is the motivation behind the software TRIQS/CPA and model-dmft.
TRIQS/CPA provides single-site disorder solvers in the TRIQS ecosystem, while model-
dmft was developed as a practical framework to run CPA+DMFT calculations in a
modular way. A large part of this work concerns the numerically critical steps: con-
sistent high-frequency handling, stabilization of QMC self-energies, and a robust two-
stage workflow that ports self-energies between the disorder and many-body parts of
the linked self-consistency.

The new implementation is demonstrated in the theoretical analysis of disorder and
correlation effects at a low-density oxide interface (LAO/STO), modeled as a dilute
alloy problem with vacancy-related €, impurity states embedded in an itinerant host.
In this CPA+DMFT setting, correlations fill the majority-spin CPA gap and induce de-
polarization, and the transport analysis of impurity-derived states reveals a kink in the
low-temperature 77 resistivity for intermediate interactions, indicating an additional

147



13. Conclusion

low-energy scale in the correlated disordered medium.

The framework developed here also points beyond single-site CPA. Understanding
the limitations of CPA (in particular the absence of nonlocal scattering correlations and
localization physics) motivates extensions based on alternative configurational averages
(typical-medium ideas or cluster generalizations) that can be combined with DMFT in
a systematic way.

Finally, besides the published and submitted works discussed above, I also con-
tributed to an ongoing study of the pressure-dependent electronic and magneto-optical
properties of a topologically relevant kagome-type material.
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A Legendre polynomials

We summarize the basic properties of Legendre polynomials. They are defined by
Rodrigues’ formula

1 df ¢
Py(z) = Wldxf[( -1, =012 ... (A1)

They are orthogonal with unit weight on [—1, 1],

2
/ dePy(x) P(2) = 37— 00, (A.2)

so that the coefficients in a Legendre expansion f(x) = 3", feFi(z) are

_ A + ! / dzPy(x (A.3)

Legendre polynomials obey the three-term recurrence
(0 +1) Prya(z) = (20 4+ D)aPy(z) — (P (2), (>1, (A.4)
with initial conditions Py(x) = 1 and Py(x) = x. The generating function is

1

o)ttt <1, A5
V1I—2zt+¢2 zzo g (A.5)
and the parity relation reads

Pg(—x) = (—1)ZPZ(ZE) (A6)

At the endpoints of the interval z € [—1, 1] one has Py(1) = 1 and Py(—1) = (=1)"
Useful derivatives are

00 +1)

1) 4 1)
2 ’ )

2

(1) = (1) = (A7)

The Fourier transform of the Legendre polynomials on the interval [—1, 1] is given by

/_11 dz eikxPe(gj) \/%Jz+ (k) _ QZ'Ejg(k), (A.S)

where J,(k) is the Bessel function of the first kind and j,(k) the spherical Bessel
function [108].
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B Band structure of Nb and NbTi

A complementary representation of the electronic structure, beyond Fermi-surface
cuts, is provided by the momentum-resolved spectral function A(k, E) along a high-
symmetry path. Within a Green’s-function framework, it is obtained directly from the
retarded one-particle Green’s function as

1
An(k, B) = =~ Im Gin(k, E+i0%), (B.1)

In a weakly scattered metal, the maxima of A(k, E) form narrow, band-like ridges.
Any finite scattering mechanism produces a linewidth governed by the imaginary part
of the relevant self-energy contributions. In the present context, substitutional disorder
yields a coherent (CPA) self-energy, while local electronic correlations add a dynamical
(DMFT) self-energy. Both enter G(k, z) and therefore broaden the spectral features in
a natural, parameter-free manner once the self-energies are determined self-consistently.

Figure 46 shows A(k, E) at ambient pressure (0 GPa, left column) and at 100 GPa
(right column) for bulk Nb (top row), Nbgs4Tigs6 within CPA (middle row), and
Nbo.44Tip56 within combined CPA+DMFT (bottom row). For the correlated alloy,
local Coulomb interactions were included on Ti with U = 2eV and J = 0.6eV. The
first row serves as a benchmark of the Green’s function based method: for elemental
Nb, a Hamiltonian-based band-structure calculation (LMTO) [59] computed with TB-
LMTO-ASA [C8] is overlaid as solid lines, and an excellent agreement of the two methods
is observed. This consistency is in line with established electronic-structure results
for Nb reported, for instance, by Mattheiss [214]. The Hamiltonian-based method is
not applicable to the disordered alloy, thus the second and third rows show only the
Green’s-function results.

The effect of disorder is immediately visible when comparing the first and second
rows. Within CPA, sharp dispersions acquire a finite linewidth that varies across the
Brillouin zone and with energy, reflecting the fact that alloy scattering depends on
orbital character and on the local band velocities. Consequently, near-degeneracies
and crossings that appear sharp in pure Nb turn into broadened intensity patches in
Nbg.44Tig 56, while the overall dispersive structure remains clearly identifiable. Adding
DMET (third row) introduces an additional, dynamical broadening on top of the CPA
background. In the present parameter regime, the spectra remain metallic with pro-
nounced low-energy quasiparticle features, but with reduced coherence compared to the
CPA-only case. The pressure dependence follows the expected trend for d-electron sys-
tems: at elevated pressure the overall bandwidth increases, and the correlated spectra
tend to become closer to the disorder-only spectra, consistent with a reduced relative
importance of local correlations under compression.

Finally, it is worth noting that the intensity distribution in A(k, F) is strongly
structured: different (k, F) regions exhibit markedly different spectral weights and
linewidths, indicating a nontrivial interplay of disorder- and correlation-induced scat-
tering across the relevant band manifold. A fully quantitative analysis would naturally
involve an orbital-resolved decomposition and a detailed discussion of how the CPA and
DMFT self-energies shape specific dispersive features. Since such an analysis would
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Figure 46: Band structure of bulk Nb (top), Nbg44Tip 56 (center) and Nbg44Tip 56 with
correlations (bottom), at ambient pressure (left column) and 100 GPa (right column). The
DMEFT results were computed with U = 2eV and J = 0.6eV. The solid lines are the exact
results using Hamiltonian based methods (LMTO) for bulk Nb.

require substantial additional material, Fig. 46 is primarily used here to document the
momentum-resolved spectra and to illustrate, in a band-structure-like visualization,
the progressive broadening induced by disorder and correlations.
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