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In the field of biomolecular condensates and synthetic systems, it is an open question whether liquid
droplets can undergo self-sustained oscillations of formation and dissolution. To unravel the minimal
physicochemical prerequisite for such droplet oscillations, we present a simple model composed of only
two independent chemical components with their diffusive and chemical fluxes governed by non-
equilibrium thermodynamics. There is turnover of fuel that maintains a chemical reaction away from
equilibrium, leading to active droplets. We find that a single active droplet undergoes a saddle-node
bifurcation in the droplet volume upon increasing the fueling strength. Strikingly, the active droplet
becomes excitable upon adding a further chemical reaction. For sufficient fueling, the system undergoes

self-sustained oscillations.

DOI: 10.1103/g9dh-ymx9

Introduction—Oscillations of concentrations are relevant
to numerous biological processes, including the circadian
rhythm [1,2] and the cell cycle [3,4]. Other famous examples
are synthetic life-inspired transcriptional oscillators [5-7].
In chemistry, extensive experimental and theoretical work
has revealed the underlying mechanism of oscillating
chemical reactions, with such as the Briggs—Rauscher
reaction [8,9], the Belousov-Zhabotinsky reaction [10,11],
and the Brusselator [12,13] as paradigm examples. The
oscillations emerge as a consequence of nonlinearities in the
chemical rates, giving rise to an unstable region in phase
space, typically through a Hopf-bifurcation [14,15]. Such
nonlinearities can further lead to excitable concentration
fronts and pulses, and stationary Turing patterns [16-20].

An alternative mechanism for spatial patterns in chemically
active systems is through phase separation of liquid con-
densates [21-24]. The patterns in phase-separated systems
do not require nonlinearities in the chemical rates—attractive
interactions between the components give rise to a phase
boundary mediating nonlinear transport [25-27]. When
the chemical reactions break detailed balance of the rates,
the system is maintained away from equilibrium, making the
droplets active [25,28,29]. Active droplets can behave funda-
mentally different from their equilibrium counterpart,
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exhibiting properties such as droplet division [30], accelerated
ripening [31], size control [30,32,33], shell-formation [34],
and various other spatial morphologies [35-37].

An open question is whether liquid droplets can undergo
oscillation with cycles of droplet formation and dissolution
[38—40]. Our Letter presents a minimal and experimentally
inspired theoretical model to achieve self-sustained oscil-
lation of condensates cycling between their formation
and dissolution; see Fig. 1. We show that a saddle-node
bifurcation emerges as active droplets are driven far away
from equilibrium. With the addition of a second reaction,
the droplets behave as an excitable medium, exhibiting
both wave propagation and self-sustained oscillations.

Theory of active droplets—The evolution of volume
fractions ¢;(x,¢) in space x and time ¢ are governed by
diffusive fluxes j; and reaction rates r; of component i with
the corresponding continuous equations [25,40,41]

0pi(x, 1) ==V -ji +r;, i=A,B. (1)
We consider a ternary mixture (A,B,C) with ¢ =
1 — ¢, — ¢pp. Initially, we account for a reversible uni-
molecular chemical reaction between A and B,

ki exp {8/ (ksT)}
rl i S (2)

ky

where the net reaction rate r| := rg = —r4, and k; is the
reaction rate coefficient. The reaction rates are governed by
the chemical potentials y; = (dG/0N;) N.p1e Where G is

the Gibbs free energy [42,43], such that
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FIG. 1. Formation and dissolution of active droplets: (a) Chemi-

cally active droplets break detailed balance of the rates by the
turnover of a fuel § [Eq. (2)]. This fuel drives the turnover of
component A to B in the dense phase (II), while in the dilute
phase (I), there is no fuel, and the pathway from B to A
dominates. We find that for a large enough fuel strength §, a
saddle-node bifurcation occurs, making the system bistable.
(b) Through an additional reaction [Eq. (12)], the active droplet
can become excitable and capable of self-sustained cycles (c):
they form (1) and grow (2), before shrinking (3) and dissolving
(4), starting the cycle again.

where kpT is the thermal energy. Moreover, &(¢by.dg)
captures the effects of a fuel [44,45] that enhances the forward
reaction pathway, where exp{5/ (kzT)} can be understood as
a chemostatted fuel activity; see Supplemental Material
(SM) [46] for details. The fuel breaks detailed balance of
the rates [25,49], r;"/r; = exp{(Au + 3)/(kBT)}, where
Ap = py — pp is the thermodynamic force of the reaction,
which vanishes at equilibrium (Au = 0).

According to Eq. (1), the volume fraction fields ¢;
further evolve due to chemical potential gradients in space,
creating diffusive fluxes j;, = — Zj A;jVu;, where A;; are
the mobility coefficients [50]. Sufficiently strong inter-
actions between the components leads to phase separation,
creating stable inhomogeneous volume-fraction profiles.

The dynamic equation (1) can be reduced [43] when the
diffusive timescales over the system of size L are much
faster than the reaction timescale k; < A;/(kzTL?). In this
limit, each phase is homogeneous in composition with
different volume fractions in each phase (¢!, @) with
corresponding phase volumes V! and V! = V — V!, where
V is the system volume. Strikingly, the chemical kinetics
can be represented as a trajectory of average volume
fractions in the thermodynamic phase diagram; see, e.g.,
Fig. 1 for a cycling trajectory (orbit) in a phase diagram
where A and B can phase separate from the solvent C. The
phase composition (I,II) “live” on the binodal line and
satisfy phase equilibrium, p!=pll, at all times. The
reduced dynamic equations in each phase are [43]

1/11 3
d(ﬁi/ oy o/n /11 v
- = —Ji - ¢,~ m

4
dt L 1 ( a)

i/
yvi =

> (-, ()

k=A.,B,C

where i = A, B, and the diffusive flux jg/ I ensures the
conditions of phase coexistence; see SM [46] for a deriva-
tion. Phase-averaged quantities are denoted by a bar, which,
for an arbitrary quantity X at phase equilibrium, is

VI XI + VII XII

X=—yrym

(5)
For a ternary system with chemical reaction 1 [Eq. (2)], a
natural choice of quantities is the phase-averaged total
volume fraction , which is conserved during reaction 1,
and the phase-averaged reaction extent &,

$5—¢a
2

w(ﬁ;"b, £ (6)

With this choice of quantities, Eq. (4) become

d;y =0, d,é=ry. (7)
Steady states, which corresponds to 7, = 0, defines the
reaction nullcline of r;:

vid + v = 0. (8)

For chemical reactions with phase-dependent fueling, such
that &' # 6", the nullcline for phase-separated systems
depends on the phase volumes, which is not the case without
fuel (5 = 0). The system is kept away from equilibrium by
the composition-dependent fueling

&w)—g{l+¢mm<%%¥ﬁ>} (9)

where 6 > 0 is the fuel strength that enhances turnover from
A to B. For ¢ = 0, the system can settle to thermodynamic
equilibrium. The parameter x < 1 sets the range of y values
where the system transitions from unfueled to fueled,
centered around ws. We choose w5 = 0.25 such that the
dilute phase is approximately unfueled, while the dense
phaseis fueled (' ~ 0, 8" ~ §). The phase-dependent fueling
gives rise to nonequilibrium steady states (NESS) with
continuous chemical turnover in both phases, which is
balanced by diffusive exchange between the phases. From
Eq. (8), we find that the balance occurs for droplet volumes
satisfying

yll K [eA‘}"f:fl - 1}
7 = Autol Aptsl ’ (10)
k{[e7z?'-1] -k¥[e o -1}
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FIG. 2. Subcritical saddle-node bifurcation to an active droplet: (a) Upon increasing the fuel strength &, the reaction nullcline [Eq. (10)]
for reaction r; [Eq. (2)] in the phase-separated domain (gray shaded, binodal black line) bends, leading to three nonequilibrium steady
states (NESS) for a fixed conservation line y = 0.16; closed symbols are stable and open symbols unstable fixed points. (b) The phase
averaged reaction rate [Eq. (5)] along the same conservation line only has multiple steady states for sufficiently large fuel strength
8/ (kgT), where the center point is unstable. (c) The multiple steady points arise from a subcritical saddle-node bifurcation with a jump
in droplet volume above a critical fuel strength 6 (vertical dotted line). Above this threshold value 6%, there are three NESS where two
are locally stable (bistability). (d) At a fixed fuel strength (6 = 4kzT), the bifurcation depends on the value of quantity { conserved by
reaction [Eq. (2)]. There is a range of y-values (vertical dotted lines), where the system is bistable, which grows with fuel strength o.
(e) The bistable region in y grows with fuel strength 6, and the transition to bistability at 5* [solid black line, Eq. (C1)] is accurately
captured by the approximate expression [solid dashed line, Eq. (11)] near the minimal fuel strength but deviates at lower .

where 8/ = 5(y"/"") and k/" denote the phase-dependent
reaction rate coefficients of reaction 1 [Eq. (2)]. Without fuel,
all volumes for the tie line of Ay = 0 is at equilibrium.
Unless stated otherwise, we solve Eq. (4) numerically [48];
see SM [46] for parameters used.

Saddle-node bifurcation to an active droplet—We con-
sider a phase diagram and a conserved quantity y for which
the steady state is homogeneous, thermodynamic equilib-
rium state in the absence of fuel (6 = 0). Upon increasing
the fuel strength 9, active droplets emerge as locally stable
steady states. Their emergence requires sufficient fueling to
bend the reaction nullcline strongly [Figs. 2(a) and 2(b)],
creating multiple intersections with the conserved line of
constant total volume fraction y. Since the homogeneous
steady state remains stable as 0 increases, the additional
stable active droplet state makes the system bistable.

The bistability between an active droplet state and a
homogeneous state for increasing & emerges through a
subcritical saddle-node bifurcation at which the steady
droplet volume V! jumps from zero to a finite value; see
Fig. 2(c) and the normal form derived in Appendix A. The
bifurcation occurs at a critical fuel strength 6%, approx-
imately given by

I_ -
5 = kyTlog <1 +O+2 "’I®2>, (11)
y' —y

where © is a function depending solely on thermodynamic
parameters [see Appendix C, Eq. (C4)] and the equation
holds for y < w!. The bifurcation requires ® > 0 corre-
sponding to specific phase diagram types and, equivalently,
specific interactions in mixture. The case ® > 0 is realized
when the product (B) of the fueled reaction phase separates

more strongly from the solvent than its precursor (A),
implying ¥ > xac» as is the case in Figs. 1 and 2. Since ©®
cannot approach zero, the fuel is a prerequisite for the
bistability.

Bistability is only possible in a range of total volume
fractions  values, and this range increases with fuel
strength 6 [orange domain in Figs. 2(d) and 2(e)]. The
minimal fuel necessary to trigger the bistability is well
captured by 6* [Eq. (11)] near the minimal fuel strength; see
Fig. 2(e). When the fuel strength is fixed, we find that
bistability requires large enough values of the total volume
fraction y [Fig. 2(d)]. There is a jump of both phase volume
and average composition, indicating a saddle-node bifur-
cation when varying .

Excitable active droplet—EXxcitable systems can lead to
wave propagation upon a perturbation, followed by a
refractory period in which the system is no longer
excitable [16-18,51]. Here, we show that the bistable
system discussed in the previous paragraph becomes
excitable upon adding a second reaction r, changing the
otherwise conserved quantity  [Eq. (6)] in time,

r: A+ B<=2C.
ky

(12)
The stoichiometric factor of 2 results from our choice of
equal molecular volumes, ensuring that the reaction is
volume conserving. Note that C represents an effective
component of both solvent and a weakly interacting
chemically reacting component, allowing us to maintain
a minimalistic description. Reaction 2,

2
o=t et —ep{f )y
B B

218401-3



PHYSICAL REVIEW LETTERS 136, 218401 (2026)

— Reaction 1 nullcline —— Reaction 2 nullclme

I~é°.0.15

Q

§o.10 [

9

g

=

2 0.05 % ~——_ 3
% r Qg____ BandaI'
> 0.00 ' ' :

0.20 0.25 0.§0 0.35
Volume fraction A ¢4

FIG. 3. Excitable active droplet. When considering the reac-

tions r; [Eq. (2)] and reaction r, [Eq. (13)], the active droplet
system becomes excitable. A compositional perturbation (blue
pentagon) can excite the system. As a result, the system follows
an extended trajectory (orange) far beyond the initial perturba-
tion. During this excited trajectory, the system has a refractory
period when it is no longer excitable. It relaxes back to the NESS
(yellow circle), where the reaction nullclines for both reactions
intersect (green and red lines). The active droplet system is a
bistable excitable media.

obeys detailed balance of the rates and makes the net
reaction rates r; in Egs. (1) and (4) r4 =r, —r; and
rg = r, + r;. The dynamics of the average reaction extent
and the total volume fraction [Eq. (6)] become
dé=r, dy =1, (14)
For a bistable droplet [0 > 6%, Eq. (11)], we find that
certain compositional perturbations reducing the droplet
volume can destabilize it, leading to an excited trajectory
(Fig. 3). Such a perturbation initially leads to the dissolu-
tion of the droplet. Once dissolved, the reactions drive the

average composition into the binodal, nucleating an active
droplet, and returning the system to its initial nonequili-
brium steady state. Along its excited trajectory, the system
exhibits a refractory period when it is no longer excitable.
The resulting evolution of the droplet volume in time is
reminiscent of a wave pulse.

Oscillating active droplet—When the excitable fixed
point becomes unstable, the active droplet undergoes cycles
of formation and dissolution. Graphically, destabilization
occurs when the nullclines of r, intersect the unstable part of
the nullcline of r;. When this occurs, the droplet grows
after nucleation as fueling favors the conversion of A to B
[Fig. 4(b)]. As the composition shifts, the net reaction rate 7,
changes sign, reducing the total volume fraction y and
shrinking the droplet until it crosses the unstable branch of
the saddle-node bifurcation [Figs. 2(c) and 2(d), dashed
lines]. The droplet then dissolves, fueling ceases, and 7|
reverses, converting B back to A. Now r, has changed sign,
leading to droplet nucleation, restoring the initial state, and
the cycle repeats. In other words, the oscillations emerge
because the attractor lies within the binodal while the
system is homogeneous, but once a droplet nucleates,
the phase-dependent fuel shifts the attractor outside the
binodal.

The transition between an excitable system (Fig. 3) to a
system with an oscillating active droplet [Fig. 4(a)]
corresponds to a Hopf bifurcation [14-16,51]. At the
Hopf bifurcation, eigenvalues of the linearization around
the fixed point become imaginary, which can for example
be triggered by increasing the fuel strength 0.

The Hopf bifurcation can be understood through the
system’s normal form [Eq. (14)]. It is obtained by perform-
ing a Taylor expansion on both sides of the binodal (see
SM [46] for the derivation), yielding

(a) o — Reaction 1 nullcline — Reaction 2 nullcline (C) (d) . . (e)
< - - N u T T Formation Growth T
m / 100 ¢ Fuel strength 6/kgT 0.14
s010f \— ] 30 — 35 — 40 . o
E=} < » g
8 a s
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E === Qe 5 £ ook
—_] 3 . . . 151
S 0.00 E= . . 5 Dissolution -/ Shrinkage 2
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FIG. 4. Self-sustained cycles of droplet formation and dissolution: (a) for cases where the intersection between the two reaction
nullclines (green and red lines) occurs for unstable droplet volumes (white dot), it cannot concomitantly satisfy its two steady-state
conditions. The result is self-sustained oscillations of an active droplet cycling between formation and dissolution. (b) When nucleated at
the same position, droplet formation and dissolution correspond to a standing wave. (c) The cycle frequency Q is weakly affected by the
fuel strength 6. However, the cyclic trajectories in phase space (inset) are significantly bigger. The cycle frequency follows a power-law
with the reaction rate coefficient k,, Q « k,, due to the fuel making r; relax much faster than r, upon formation and dissolution.
(d),(e) We confirm active droplets’ formation and dissolution cycles by solving the continuum equation for the volume fraction fields
[Eq. (1)] numerically. We find a good agreement of the phase space trajectory of the spatially averaged volume fractions for phase
equilibrium theory [Eq. (4)]. An animation corresponding to panel (d) is included in SM [46].
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dipr = —(E=&E)fe = (7 = 1) Sy
—(\7r — 177 _(E_E £ 1

d,E:{ (7 Wo)hw~ (¢ éo)_hg,_ = )
F1 = =y, = he(E= &) &> &L

We find that f: > 0, i, <0, and izl,, > 0, leads to negative

feedback between w(r) and &(¢) (for definitions and
discussions see SM [46]). The signs of f: and h, are
set by thermodynamics, while the difference in sign
between fzv, and h,, occurs due to fueling. Negative feed-
back, together with the instability at the intersection of the
two nullclines, is the fundamental ingredient for the
emergence of oscillations in nonlinear systems [16,52].

The oscillation frequency is dominantly set by the reaction
rate coefficient k, of the second reaction (13). This property is
apparent in the scaling of the cycle frequency Q « k,, as
shown in Fig. 4(c). The dominant role of k, arises because the
fueled reaction is fast upon droplet nucleation and dissolution.
The slower unfueled reaction 2, with k, < k; exp 6/ (kgT),
thus becomes rate-limiting and sets the cycle frequency Q.
Accordingly, variations in the fuel strength 6 only weakly
affect the cycle frequency €, while the compositional
changes along a cycle become more pronounced for larger
o [Fig. 4(c), inset and Appendix B].

Consistently, we find formation-dissolution cycles when
numerically [53] solving the continuous dynamic equations
(numerical details see Refs. [46,48]) for the volume fraction
fields ¢;(x, t) [Eq. (1)]. Figure 4(d) depicts representative
snapshots of the volume fraction fields indicating the
formation, growth, shrinkage, and dissolution of an active
droplet over the period (27/2), where a localized external
potential is included to mimic a nucleation site (see SM
[46] for details). Figure 4(e) shows the corresponding phase
diagram trajectory, which agrees well with the fast-diffu-
sion limit. We conclude that the self-sustained oscillations
are well captured by the dynamics in the fast-diffusion limit
[Eq. (4)] that paved the way to determine the normal forms
of the underlying Hopf bifurcation [Eq. (15)].

Discussion—We show that droplet oscillations can occur
through a combination of minimalistic chemistry and phase
separation, which can be realized experimentally by satisfy-
ing the following requirements: (i) a fuel-driven reaction
cycle must regulate the product composition by converting
molecule A into B using a chemical fuel. Such schemes have
been demonstrated using carbodiimides [54,55] or phos-
phorylating agents [56-58] to activate droplet-forming
molecules like peptides or oils [59]. For example, a positively
charged peptide (A) forms coacervate droplets with RNA
[60]; upon carbodiimide activation, it becomes more
charged, and B partitions more strongly into the droplets.
(i1) Activation should occur mainly inside the droplets,
which can be ensured if the fuel partitions preferentially
into them. For example, using coacervates with positively
charged molecules enables typically negatively charged
fuels to accumulate within, driving activation inside.

(iii) The activated molecule B must spontaneously deactivate
back to A, preferably outside the droplets. In carbodiimide
systems, this occurs via hydrolysis; localization can be tuned
using catalysts or enzymes that remain in the dilute phase.
(iv) Finally, A and B should react reversibly to form C, which
does not partition into droplets. This can occur through
transacylation, where anhydride B reacts with A to form a
mixed anhydride C [61], predominantly inside droplets.

Oscillating droplet systems could be used to design
lifelike systems such as synthetic cells and de novo active
matter [39,62]. Oscillations can prevent behaviors on long
timescales in phase-separated systems, such as ripening in
living cells through noisy oscillators [63]. Theoretical
studies showed that oscillating DNA-repair condensates
enhance the efficiency of the DNA damage response, and
experiments revealed that oscillatory dynamics of p53
directly promote DNA repair [64]. Consistent with this
view, recent observations hint that p53 oscillations also
manifest as oscillatory condensates [65].
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End Matter

Appendix A: Bistable normal form—The onset of
bistability can be understood through a normal form
obtained from Taylor expanding the dynamic Eq. (7) for
the reaction extent £. By expanding the phase-separated
and homogeneous case separately, at the points (&, )
and (&,, ) respectively, we find

E_E o gl

d,E~ _(5_ ?‘))hl’ o S8 A
M1(&.90) = (E=&)hy E> &
with the coefficients /4, and h, derived in [46], 7, is the
phase-averaged reaction rate evaluated at the phase-
separated expansion point, and &' is the reaction extent at
the dilute branch of the binodal for the given . As seen
in Fig. 2(b), for homogeneous values of the reaction
extent (€< ¢&), the reaction rate is linear and stable
(h; > 0) around its steady point &,. For phase-separated
values of the reaction extent (¢ > &), a second-order
expansion is necessary to capture the behaviour for strong
fueling 0 > kgT. Since the normal form in the phase-
separated domain corresponds to a concave parabola
(hy > 0), the requirement for bistability is a positive
offset value at the expansion point:

A
Fr=ry (exp{kBiT} — exp {—@—?}) >0. (A2)

This equation shows that the saddle-node bifurcation
occurs when the thermodynamic force Au is dominated
by the nonequilibrium driving d. The bar denotes a phase
average [Eq. (5)]. We note that for y, values with a
homogeneous steady point, the chemical potential
difference is negative when phase separated (Au < 0).

Appendix B: Entropy production—The entropy
production characterizes the system’s dissipation and
serves as a measure of how far a system is away from
thermodynamic equilibrium [49]. For the case of the
active droplet, entropy is produced due to the detailed-
balance broken chemical reaction [Eq. (3) with 5+ 0].
Specifically, the entropy production originates from the
fact that the fuel is chemostatted, implying an entropy-
producing boundary flux to maintain a chemostatted
fuel. The entropy production rate § follows [41,66]

—T0,s = 0,9+ jr. (B1)
where s is the entropy density and g is the Gibbs free
energy density, see SM [46] for definitions. The flux of
fuel into the system jp balances the loss of fuel by
the fueled reaction, jr = —uprrp/vp, where we now

explicitly keep track of the chemostatted fuel with a
constant chemical potential y and molecular volume vp.
In a nonequilibrium steady state d,g = 0, and it further
integrates to zero over a closed cycle, such that all
entropy production originates from the dissipative fueled
reaction jp. From the fueled reaction rate rp (see SM
[46] for derivation), we find

5 prke Ha + 1

—= exp .

kB kBTI/ F kBT
Performing a volume integral to find the entropy
production rate § = I sd3x yields

(B2)

S HF Ha T HF 111 111,11
—= Vike + V). B3
kB kBTl/Fexp{ kBT ( f f) ( )

At a nonequilibrium steady state, we can use the
expression of the droplet volume V' [Eq. (10)] and the
relation between fuel strength 5 and ks (see SM [46]),
where 8' = 0 and 8" = §. The entropy production at the
nonequilibrium steady state simplifies to

SNESS/"FkIV< {/4_3}_ {ﬂ_A})

= exp exp . (B4)
kB kBTI/ F kBT kBT

Interestingly, the entropy production is independent of the
fuel strength 6 and the phase volumes. This result is
depicted in Fig. 5, where the entropy production density
in the NESS does not increase with the fuel strength o
when phase separated. The dissipation being fuel-strength
independent for active droplets occurs due to the
chemical reaction r, [Eq. (12)] obeying detailed balance
of the rates, such that the chemical potentials yx, and pup
are fixed by the tie-line selected through the nullcline of
r, [green line in Figs. 3 and 4(a)]. Thus, the entropy
production for active droplets is independent of the fuel
strength &, and is instead a constant set by the properties
of the nondissipative chemical reaction 2. For a fixed
Ap = py — pp, we see from Eq. (10) that an increase in
fuel strength 6" decreases the droplet volume. This
reduced volume exactly balances the increased dissipation
from a stronger fuel, keeping the entropy production
constant, as seen in Fig. 5.

Increasing the fuel strength further, the droplet transi-
tions from an active droplet to an excitable droplet, where
the steady state is stable. Upon further increasing the fuel
strength &, cycles of formation and dissolution emerge. The
transition from stationary, excitable droplets to oscillations
creates a discontinuous jump in the entropy production rate
S over a cycle,
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FIG. 5. Discontinuous entropy production at the onset of

oscillations. Upon increasing the fuel strength 6, homogeneous
NESS transits to the active droplet state with a stationary droplet
volume with a kink in the entropy production S. Increasing &
further decreases the droplet volume (b) but keeps the entropy
production (a) constant. At the onset of formation-dissolution
cycles, the entropy production S jumps [transition between the
green and yellow domain in (a)]. The volume averaged over a
period jumps slightly, while the peak of the wave (Max) and its
mean volume when phase separated (PS Mean) [see Fig. 4(b)]
show a significant jump, as well as (c) the orbit length [§ |d<7) ,
suggesting both as ideal readouts in experiments of self-sustained

cycles.
. Q [2z/9
(S) =— / Sdr
27 0

which continues to grow with fuel strength 6. As the
entropy production rate jumps, so does the average droplet
volume; see Fig. 5(b). An even larger jump occurs when
comparing the average droplet volume when phase-sepa-
rated (PS mean) and the maximum droplet volume over a
cycle (Max). Formation-dissolution cycles thus permit a
discontinuous increase in entropy production and larger
droplet volumes as the system is driven away from
equilibrium.

(B5)

Appendix C: Derivation of the critical fuel strength
0*—Here, we derive an approximate expression for the
critical fuel strength &%, above which bistability occurs
for an active droplet. To this end, we use the expression
for the volume of the dense phase V! at the phase-
separated nullcline given in Eq. (10), and insert it into
the definition of the phase-averaged total volume
fraction y using Eq. (6). Finding the conditions for
bistability is equivalent to finding nonequilibrium steady
states with 7 <y}, where y{ = (¢% + ¢%)/2 is the total
volume fraction where the dilute branch of the binodal
intersects the nullcline of r; [Eq. (2)]. Solving for &
gives an expression the critical fuel strength necessary

for bistability as a function of Ay = iy —y/!,

s N7 1 — !
kpT — —_— kgT —1 —
e 1+(1 e )(k{l <1+ v ) 1), (C1)

where Ay = py, — pp is the chemical potential difference
between A and B. As the fuel converts A to B, the
chemical potential difference is negative; Ay < 0. So far,
no approximations have been made.

Due to the nonlinearity of Eq. (C1), we perform a Taylor
expansion at the point where the r; nullcline intersects the
dilute branch of the binodal, which we denote (¢9, ¢%). We
investigate small deviations around this point, i.e., close to
chemical equilibrium where |Au| < kgT, ignoring
O(Ap/kgT)?. Furthermore, we follow Ref. [37] and approxi-
mate the tie-lines to be orthogonal to the binodal. This implies
that (! — ') is a constant along the binodal and can be set
equal to the difference at the chemical equilibrium tie-line
(wi — w}). We continue by introducing the angle a of the
dilute branch of the binodal at (49, #%), relative to the
conserved line of w) = (¢9 + ¢%)/2 at the same point,
defined through «a = arctan ((¢% + Agk)/ (4% + AdY)],
where the A¢g! is the infinitesimal change in composition
along the dilute branch of the binodal. This definition of
the angle is such that the dilute branch of the binodal is
linearized as (¢4 — esin (a + 7/4), ¢% — esin (a — z/4)),
where € ~ Ay/(v/2sin(@)), making a =0 give a dilute
branch parallel to the conserved line of constant .
Performing this Taylor expansion in the chemical potential
difference, we find Ay =~ Ay@, where

~ cosa(¢})! +sina(gf)!
a V2sina

XBC —XAC
kgT

0

1 2ap

+ tana kgT "

Using the Taylor expanded Eq. (C1), we find

exp{ 2 =1+ ot —uh)
kT o o
1

=01+ o-u))

(C3)

For the case studied, where k| = kI, we find the expression in
Eq. (11), where we have defined

© = 0(yi —wi)- (C4)
Notably, the expression diverges at an angle @ = 0, and any
angle @ < 0 gives a large negative value of ®, which does not

yield physical solutions of & in Eq. (11). This can be
understood geometrically, as the r; nullcline has to lie within
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the binodal for multiple intersections with y to occur, and
therefore, y has to also lie within the binodal. Note that « is in
general negative when y,c > ypc. and positive when
xac < ¥pc, making the latter a necessity for bistability.
The minimal value of ®, which occurs for @ = /2, is finite.
Consequently, the critical fuel strength 6* never approaches

zero, and a finite fuel strength is always necessary for
bistability. Note further that large values of @, which lowers
the critical fuel strength, occurs when ygc > y4c, thereby
increasing the constant offset of ®. The predicted critical
fuel strength is compared with the analytic expression in
Fig. 2(e).
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