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We consider a generalization of the XXZ model on the sawtooth spin chain with Dzyaloshinskii-Moriya

interactions in which all exchange constants (symmetric, antisymmetric, and axial anisotropy) are different for

the three different bonds of each triangle. We derive and resolve algebraic constraints on the exchange constants

ensuring the appearance of a flat band in the one-magnon spectrum. The properties of the corresponding flat

magnon bands and localized magnon states are analyzed. We further construct the mapping of the flat-band

conditions for the Dzyaloshinskii-Moriya constants onto the Katsura-Nagaosa-Balatsky parameters. Based on

the mapping, the possibility of the electric-field-driven flat bands with the aid of the magnetoelectric coupling is

examined.

DOI: 10.1103/byv6-h2m2

I. INTRODUCTION

Frustrated quantum magnetism has been the subject of

intensive research over the past several decades. Frustrated

spin systems exhibit a wide range of unusual and intriguing

phenomena [1]. One of the most notable and at the same

time simplest geometrically frustrated spin models is the

one-dimensional chain of corner-sharing triangles, commonly

referred to as the sawtooth chain. The sawtooth chain is well

known for its remarkable properties, such as exact twofold

degenerate dimerized ground states and quantum spin-1/2

kink-antikink excitations in the case of uniform antiferromag-

netic coupling [2–5]. The valence-bond order of the dimerized

ground states, however, can be destroyed by a uniform out-of-

plane Dzyaloshinskii-Moriya (DM) interaction. It was argued

in Ref. [5] that there is a critical value of the DM interaction

at which the spin gap closes and the ground state becomes a

Luttinger liquid. Another important and straightforward mod-

ification is a sawtooth chain with nonuniform couplings, one

for the basal line, J1, and another one for the zigzag part

of the chain, J2. The ground states and excitations of this

J1-J2 sawtooth chain depend on the ratio J1/J2 and have a

Published by the American Physical Society under the terms of
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rich phase diagram, i.e., a zero-field ground state can exhibit

quasiNéel long-range order, dimerized valence bond order or

more complicated spiral configurations [6–17].

Chains with a sawtooth arrangement of sites are also

among the simplest examples of exactly solvable classi-

cal spin models containing finite clusters of quantum spins

[18–20]. A particularly important feature arises in the J1-J2

sawtooth model under certain fine-tuning conditions. One

branch of the one-magnon excitations then becomes flat and

localized magnon states appear in the spectrum [17,21–37].

The flat bands for magnon excitations have been found in

various lattice spin models in d = 1, 2, 3 dimensions [26,27].

A number of unconventional phenomena directly linked to

the flat magnon band emerge in magnetic fields, such as

a magnetization jump at the saturation field [21–24,29],

magnon crystals in d = 2 [24,38,39], a magnetic-field-driven

spin-Peierls instability [40], a finite residual entropy at the

saturation field [22,24–26,38], anomalously enhanced mag-

netocaloric [26,38,41] and electrocaloric [34] effects and

an additional low-temperature maximum of the specific

heat signaling the appearance of an additional low-energy

scale [22,26].

Localized magnon states appear in the spectrum of the

J1-J2 sawtooth chain at certain exact relations between

the exchange couplings [21]. Interestingly, both the purely

antiferromagnetic (AFM) sawtooth chain (J1, J2 > 0) as

well as mixed AFM J1 > 0 and ferromagnetic (F) J2 <

0 sawtooth chains admit the localized magnons in their
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spectrum. For the AFM sawtooth chain, J1, J2 > 0, the lowest

band of one-magnon excitations above the fully polarized

state becomes dispersionless at the flat-band point J2 = 2J1

[21,22,24–26,29–31]. This flat magnon band corresponds

to multimagnon (flat-band) states in the magnetization sec-

tors N/4 � Sz < N/2, which constitute the ground states

within these sectors. At Sz = N/4, corresponding to half

of the saturation magnetization, the system exhibits a wide

magnetization plateau, with the ground state forming a

magnon-crystal configuration [21]. All flat-band states are lin-

early independent [42] and their number grows exponentially

with the system size N , leading to an extensive degeneracy.

These states dominate the low-temperature thermodynam-

ics in magnetic fields close to the saturation [21,22,24–

26,29–31]. A second flat-band scenario arises in the saw-

tooth Heisenberg chain with ferromagnetic exchange between

apical and basal spins (J2 < 0) and antiferromagnetic cou-

pling along the basal line (J1 > 0) [7,8,11,14,15]. In this

case, the lowest one-magnon band becomes dispersionless at

J2 = −2J1 [11]. Notably, the localized states exist here in all

magnetization sectors 0 � Sz < N/2, and again they are the

lowest states in the corresponding magnetization sectors. A

striking difference to the AFM case is that flat-band physics

takes place at zero magnetic field.

The main challenge for the experimental realization of

the flat-band physics in magnetic materials comes from the

constraints imposed on the parameters of the Heisenberg

Hamiltonian. Although a number of minerals and synthesized

compounds possess magnetic lattices which can be approxi-

mated by a sawtooth chain, none of them is close to the exact

flat-band condition J2 = ±2J1. This makes experimental ob-

servation of any physical effect related to localized magnons

challenging. For example, a half-magnetization plateau has

been reported in the mineral atacamite, Cu2Cl(OH)3; how-

ever it was mainly attributed to the weak interchain coupling

[43–45]. Further examples of magnetic compounds with

sawtooth chain geometry of exchange bonds are the eu-

chroite Cu2(AsO4)(OH) · 3H2O [46], sawtooth Fe3+ chains

in Rb2Fe2O(AsO4)2 [47] and Fe2O(SeO3)2 [48], a family of

olivine-type compounds Mn2SiS4−xSex (x = 0 . . . 4) [49] and

Fe2SiSe4 [50], the chromium compound BeCr2O4 [51]. The

last two compounds feature spiral spin textures. Molecular

magnets constitute another class of magnetic materials with

sawtooth chain geometry, such as the spin ring Mo75V20 [52]

and the mixed-spin Fe10Gd10 molecule [53].

Recently an approach based on electric-field-driven flat

bands was proposed to overcome the fine-tuning constraint in

sawtooth chains [34]. The central result of Ref. [34] is that for

the J1-J2 Heisenberg sawtooth chain, the Katsura-Nagaosa-

Balatsky (KNB) mechanism of spin-driven ferroelectricity

[54–57] turns flat the lower band of the one-magnon spectrum

by fine-tuning the electric field magnitude to

EFB = ±

√
4J2

1 − J2
2

sin θ
, (1)

provided the electric field is parallel to the basal line of

the sawtooth chain. Here θ is the angle between basal-basal

and basal-apical bonds (see Fig. 1). Thus, for any values of

the exchange coupling satisfying −2J1 � J2 � 2J1 the hard

FIG. 1. Sawtooth chain with different couplings on each bond of

the triangle. The filled circles show the lattice sites occupied by spins.

The exchange coupling, the XXZ anisotropy and DM interaction

along the basal line (black) are J1, �1 and D1, respectively. Left (red)

and right (blue) bonds along the zigzag line feature the parameters

J2, �2 and D2 (red) and J3, �3 and D3 (blue), respectively.

flat-band constraint J2 = ±2J1 is replaced by the appropriate

tuning of the electric field.

Magnetoelectrics are a class of multiferroic materials [58]

which can exhibit simultaneous magnetic and dielectric order

[59–62]. The most straightforward manifestation of the mag-

netoelectric effect in such materials is the explicit dependence

of the magnetization (dielectric polarization) on the electric

(magnetic) field. The microscopic link between spin texture

in lattice spin models and local polarization, as proposed by

the KNB theory [54–57], is the emergence of dielectric polar-

ization for noncollinear configuration of spins at the edges of

a lattice bond:

Pi j = γi jei j × Si × S j . (2)

Here ei j is the unit vector pointing from site i to site j,

and γi j is a material-dependent constant, ensuring that the

KNB mechanism expresses the magnetoelectric polarization

in terms of spin operators. While this expression strongly

depends on the topology of lattice bonds, for a simple linear

chain parallel to the x axis with uniform bonds, the compo-

nents of the polarization are given by [63]

Px = 0,

Py = γ

N∑

j=1

(
S

y

JSx
j+1 − Sx

j S
y

j+1

)
,

Pz = γ

N∑

j=1

(
Sz

JSx
j+1 − Sx

j S
z
j+1

)
. (3)

Thus, for an electric field in the (x, y) plane, the spin Hamil-

tonian acquires an additional term, describing interaction

between the KNB polarization and the field,

−E · P = Ey

N∑

j=1

(
S

y

JSx
j+1 − Sx

j S
y

j+1

)
, (4)

where the coefficients γi j are absorbed into the definitions of

the electric-field components. Consequently, hereafter Ex and

Ey are expressed in energy units. However, when the same

chain is physically folded in the (x, y) plane into a regular

zigzag geometry, the expression for the polarization becomes

214418-2
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more complicated, demonstrating a staggered structure [64]:

−E · P =
N∑

j=1

(
Ey cos θ + (−1) jEx sin θ

)

×
(
Sx

j S
y

j+1−S
y

j S
x
j+1

)
. (5)

Several theoretical studies on various aspects of one-

dimensional magnetoelectric spin chains with KNB mecha-

nism were published [34,63–74]. The arrangement of sites

in a sawtooth chain includes both cases of the KNB polar-

ization, Eqs. (4) and (5). The linear-chain KNB polarization

corresponds to the basal line of the sawtooth chain, while the

zigzag part features the staggered structure. Thus the emergent

model considered in Ref. [34] is a J1-J2 sawtooth chain with

an additional DM interaction, which is different for each side

of triangle. The values of the DM interaction constants are

determined in turn by the external electric field magnitude E

as well as its angle with the basal line φ:

D2 j−1,2 j+1 ≡ D1 = aE sin φ,

D2 j−1,2 j ≡ D2 = E sin (φ − θ ),

D2 j,2 j+1 ≡ D3 = E sin (φ + θ ). (6)

Here θ is the same angle as in Eq. (1) and the constant a re-

flects the possible quantum-chemical nonequivalence between

basal and lateral bonds [34]. In Ref. [34] two special values

of the angle between the electric field and the lattice bonds,

φ = 0 and φ = θ , were considered. As mentioned above, the

most remarkable result is the possibility of driving the saw-

tooth chain into the flat-band regime by tuning the magnitude

of the electric field to the value given in Eq. (1) without any

additional constraints. The case of φ = θ , however, requires

an additional relation between J1 and J2.

In this paper we present a detailed analysis of the flat-band

scenarios for the generalized model of the sawtooth chain

with three exchange couplings, J1, J2, J3 [46,75], one for each

side of the triangle, and the three DM parameters, D1, D2, D3

which are in general not given by the KNB formula (6).

For each bond of the triangle its own axial anisotropy �a,

a = 1, 2, 3 is also added. We derive the flat-band constraints,

which turn out to be given by two rational functions of

J1, J2, J3, D1, D2, D3 and �1. Interestingly, the coefficients of

axial anisotropy corresponding to the zigzag part of the chain,

�2,�3, do not enter the flat-band constraints. There are many

ways of handling the solutions of the flat-band conditions,

as they contain seven parameters. Based on the mathematical

structure of the solutions we consider several distinct classes:

(1) Solutions expressing a pair of symmetric exchange

constants and corresponding DM parameters from the

left or right side of the triangle in terms of other

parameters, J3,2 = J3,2(J1, J2,3,�1, D1, D2, D3) and D3,2 =
D3,2(J1, J2,3,�1, D1, D2, D3).

(2) Solutions for the J1-J2-J3 sawtooth chain without the

DM interaction.

(3) Solutions expressing the DM constants in terms of

symmetric exchange parameters and axial anisotropy �1,

Da = Da(J1, J2, J3,�1) with additional constraint for the

symmetric couplings J1, J2, J3.

(4) Solutions expressing the DM constants in terms of

symmetric exchange parameters and axial anisotropy �1,

Da = Da(J1, J2, J3,�1), a = 1, 2, 3, without additional con-

straints. A special case is a one-parametric solution for the

uniform couplings (J1 = J2 = J3 = 1).

We also analyze the compatibility of the solutions with

the KNB mechanism, and also present a generalization of the

results obtained in Ref. [34] to the case of the XXZ sawtooth

chain with three couplings J1, J2, J3.

The paper is organized as follows. Section II introduces

the model. In Sec. III, we derive the flat-band constraints

from the one-magnon spectrum and resolve them, analyze the

general properties of flat bands and construct localized states

of magnons. In Sec. IV, we connect the KNB mechanism

to given DM parameters. In Sec. V we interpret results in

terms of the KNB mechanism. Section VI provides a linear

spin-wave theory treatment of the model. We conclude with a

summary of the main results in the final section.

II. MODEL HAMILTONIAN FOR A GENERAL

SAWTOOTH HEISENBERG CHAIN

We focus on the frustrated quantum J1-J2-J3 XXZ sawtooth

chain with arbitrary spin-S and three DM couplings, i.e., all

exchange couplings can be different, namely for the basal line

(J1 and D1) and for the left (J2 and D2) and right (J3 and D3)

bonds of the zigzag part, see Fig. 1. Furthermore we suppose

that all DM vectors point along the z axis. This gives the

following general Hamiltonian:

H =
N/2∑

j=1

(
J1 + iD1

2
S+

2 j−1S−
2 j+1 +

J1 − iD1

2
S−

2 j−1S+
2 j+1 + J1�1Sz

2 j−1Sz
2 j+1

)

+
N/2∑

j=1

(
J2 + iD2

2
S+

2 j−1S−
2 j +

J2 − iD2

2
S−

2 j−1S+
2 j + J2�2Sz

2 j−1Sz
2 j

)

+
N/2∑

j=1

(
J3 + iD3

2
S+

2 jS
−
2 j+1 +

J3 − iD3

2
S−

2 jS
+
2 j+1 + J3�3Sz

2 jS
z
2 j+1

)
− B

N∑

j=1

Sz
j, (7)

where Sα
j , α = x, y, z and S±

j = Sx
j ± iS

y

j stand for the

standard SU (2) generators with [Sα
j , S

β

j′ ] = δ j j′ε
αβγ S

γ

j . We

consider generic values for the DM parameters and do not as-

sume that the parameters of DM interaction to be generated by
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the KNB mechanism. However, later we discuss the feasibility

of electric-field induced flat bands for some types of flat-band

solutions, generalizing the results of Ref. [34].

III. FLAT BANDS AND LOCALIZED MAGNON STATES

The sawtooth chain with two couplings, one for the basal

line and another one for the zigzag bonds, is well known as a

paradigmatic example of a frustrated spin model exhibiting

localized magnons or flat magnon bands [11,17,21,24–36].

For the chain with arbitrary spin-S the flat-band constraint has

the following form in Ref. [21]:

J2 = ±
√

2(1 + �1)J1. (8)

However, in previous works only three particular cases have

been identified and studied in detail,

J2 = ±2J1,�1 = 1, (9)

J2 = J1,�1 = −1/2.

All these flat-band scenarios share multiple features: a magne-

tization plateau at half-magnetization caused by condensation

of localized magnons, a sharp jump to saturation, large degen-

eracy at the quantum critical point, etc. Furthermore, the cases

J2 = −2J1 > 0, �1 = 1 [11] and J2 = J1 > 0, �1 = −1/2

[21,26] are remarkable for an extended version of the local-

ized magnon ground state manifold, as they admit also special

overlapping localized magnons configurations [31]. A central

aspect of localized magnon physics involves the constraints

which the exchange couplings must satisfy in order to develop

flat magnon bands. In this section, we will derive and solve the

flat-band constraints for the general J1-J2-J3 sawtooth chain

with DM terms for which the DM vectors point in the z

direction. In this general case the model has seven adjustable

parameters, J1, J2, J3, D1, D2, D3 and �1, providing broad op-

portunities for flat-band scenarios. The most direct way to

derive flat-band constraints is by analyzing the spectrum of

one-magnon states around the fully polarized high-field state

|0〉 = |↑↑ . . . ↑〉 with energy EFM = N
2

S2
∑3

a=1 Ja�a − NSB.

Assuming periodic boundary conditions for the spins, Sα
N+1 =

Sα
1 (where N is even), one can construct low-lying excitations

around the polarized reference state, i.e., one-magnon states.

Since the chain has two sites per unit cell, the one-magnon

eigenstates are given by

|1k〉 =
∑

l=0,1

al

N/2∑

j=1

ei jkS−
2 j+l |0〉, (10)

where k is the quasimomentum of the one-magnon excitation

taking N/2 values between −π and π . For the generalized

model given by the Hamiltonian (7) the two branches of the

one-magnon spectrum are

ε±
1 (k) = B − � + S

[
ρ1 cos(k − φ1) ±

√
(J1�1 − ρ1 cos(k − φ1))2 + 2ρ2ρ3 cos(k − φ2 − φ3) + ρ2

2 + ρ2
3

]
, (11)

where

Ja + iDa = ρaeiφa , ρa =
√

J2
a + D2

a,

φa = arctan
Da

Ja

, � = S

3∑

a=1

Ja�a. (12)

For a flat band to emerge, the cosine terms under the square

root in Eq. (11) must have the same k dependence, i.e., may

differ at most by a sign σ = ±1. This implies that φ1 and

φ2 + φ3 must either be equal (for σ = +1) or differ by π (for

σ = −1). Next the square root in Eq. (11) must simplify to

|ρ1 cos(k − φ1)|. We then arrive at the following conditions:

φ1 = φ2 + φ3 ± πδσ,−1,

ρ2
1

(
ρ2

2 + ρ2
3

)
+ 2σJ1�1ρ1ρ2ρ3 − ρ2

2ρ2
3 = 0,

σ = {−1, 1}. (13)

These constraints generalize the flat-band condition (8). In-

terestingly, neither �2 nor �3 appear in the above. Also,

Eqs. (13) are symmetric under the interchange ρ2 ←→ ρ3.

Since the constraints are independent of the spin value, S,

we set S = 1/2 without loss of generality. The one-magnon

spectrum (11), after substitution of the flat-band constraints in

Eq. (13), takes the following form:

ε+
1 (k) = B − E0 + ρ1 cos (k − φ1), (14)

ε−
1 (k) = B − B0,

where

E0 =
1

2

(
2J1�1 + J2�2 + J3�3 −

σρ2ρ3

ρ1

)
,

B0 =
1

2

(
J2�2 + J3�3 +

σρ2ρ3

ρ1

)
. (15)

The branch corresponding to ε−
1 (k) is flat. However, to

observe all features of the localized magnons at zero tem-

perature, the flat branch of the one-magnon spectrum must

always be below the dispersive one. Therefore, an additional

condition (see Appendix B) should be added to the flat band

constraints (13),

σ = sign

(
1 +

D1D2

J1J2

)
≡ sign

(
1 +

D1D3

J1J3

)

≡ sign

(
1 −

D2D3

J2J3

)
= 1, (16)

in order for the flat band to be the lower one.

The dispersionless magnonic band has localized exci-

tations, and as is known from previous works, localized

magnons in the sawtooth chain are superpositions of flipped

spins on three neighboring sites between two teeth, labeled by

2 j, 2 j + 1 and 2 j + 2 [31]:

|1 j〉 = a|2 j〉 + b|2 j + 1〉 + c|2 j + 2〉, (17)

214418-4
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where | j〉 = S−
j |0〉. In our case the coefficients of the super-

position can be chosen in the following way:

|1 j〉 =
ρ1

ρ2

ei(φ2−φ1 )|2 j〉 − |2 j + 1〉 +
ρ1

ρ3

ei(φ1−φ3 )|2 j + 2〉,

(18)

provided all ρa and φa satisfy the relations (13).

A. Solution with respect to ρa

Equations (13) can be directly solved with respect to ρ2

(ρ3), provided ρ2
3 � ρ2

1 − J2
1 �2

1 (ρ2
2 � ρ2

1 − J2
1 �2

1) and ρ2 �=
ρ1 (ρ3 �= ρ1). As the flat-band constraints are symmetric with

respect to permutations of ρ2 and ρ3, we present here only

one of the cases. Taking into account the condition σ = 1, the

solution for the positive quantity ρ3 is given by

ρ3 =
±ρ1ρ2√

J2
1 �2

1 − ρ2
1 + ρ2

2 ∓ J1�1

. (19)

Then the localized states take the following form:

|1 j〉 = ρ1e−iφ1 |2 j〉 − ρ2e−iφ2 |2 j + 1〉 ∓ ρ±|2 j + 2〉,

ρ± =
√

J2
1 �2

1 + ρ2
2 − ρ2

1 ∓ J1�1, (20)

It is then straightforward to use the flat-band constraint to ex-

press J3 and D3 in terms of the other parameters. Multiplying

both sides of the relation (19) by eiφ3 = ei(φ1−φ2 ) we get two

relations:

J3 =
±(J1J2 + D1D2)√

J2
1 �2

1 − ρ2
1 + ρ2

2 ∓ J1�1

,

D3 =
±(J2D1 − J1D2)√

J2
1 �2

1 − ρ2
1 + ρ2

2 ∓ J1�1

. (21)

These relations automatically satisfy the phase condition from

Eq. (13),

D3

J3

=
D1

J1
− D2

J2

1 + D1D2

J1J2

. (22)

One must also check the phase shift condition (16). As this

particular solution expresses J3 and D3 through other parame-

ters, it is conveniently expressed as

D1D2

J1J2

> −1. (23)

However, as ρ3 > 0, not all values of J3 and D3 given by

Eq. (21) result in flat bands. For the solution of Eqs. (21) with

the upper signs one gets

J1�1 < 0, all solutions are acceptable, (24)

J1�1 > 0, lower flat band only for ρ2
2 > ρ2

1 .

Taking the lower signs in Eqs. (21) leads to the following

constraints:

J1�1 < 0, lower flat band only for ρ2
2 < ρ2

1 ,

J1�1 > 0, no flat band. (25)

FIG. 2. Zero-temperature exact diagonalization magnetization

plots for J1 = 1, J2 = 1, J3 = 3, D1 = 1, D2 = 2, D3 = −1 and for

�1 = �2 = �3 = 1.

Hence if ρ2
2 < ρ2

1 there is an extra constraint:

ρ2
1 − J2

1 �2
1 � ρ2

2 < ρ2
1 . (26)

The one-magnon spectrum (14) in this case has

E±
0 =

1

2

⎛
⎜⎝2J1�1 + J2�2 ±

(J1J2 + D1D2)�3 − ρ2
2√

J2
1 �2

1 − ρ2
1 + ρ2

2 ∓ J1�1

⎞
⎟⎠,

B±
0 =

1

2

⎛
⎜⎝J2�2 ±

(J1J2 + D1D2)�3 + ρ2
2√

J2
1 �2

1 − ρ2
1 + ρ2

2 ∓ J1�1

⎞
⎟⎠, (27)

for the upper and lower sign choice in Eq. (19), respec-

tively. We present in Fig. 2 the zero-temperature exact

diagonalization magnetization plots for �1 = �2 = �3 = 1,

J1 = J2 = 1, D1 = 1, D2 = 2, while the values of the other

parameters are obtained from Eq. (21), namely J3 = 3 and

D3 = −1. The plateau at M = 1/2 and the jump to saturation

are observed exactly at the value of the saturation field B0 =
9/2 from Eq. (27). The corresponding one-magnon spectrum

is shown in Fig. 3.

B. Flat band in case of no DM interactions

To connect with the other well-known cases of flat bands

in sawtooth chain, it is useful to consider separately J1-J2-J3

sawtooth chain without DM interaction. The flat-band condi-

tion (13) simplifies to

J2
1

(
J2

2 + J2
3 + 2�1J2J3

)
= J2

2 J2
3 (28)

J3 = J2 gives the well-known solution (9). Also Eq. (28) can

be resolved with respect to either J3(J2) or J1. The former case

can be obtained by setting all Da = 0 in Eqs. (19) and (20).

The latter leads to the following flat-band condition:

J1 =
±J2J3√

J2
2 + J2

3 + 2�1J2J3

. (29)
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FIG. 3. The one-magnon spectrum for J1 = 1, J2 = 1,

J3 = 3, D1 = 1, D2 = 2, D3 = −1 and for �1 = �2 = �3 = 1

with the lower flat band.

The case of a minus sign corresponds to an upper flat band.

Thus the one-magnon spectrum in this case takes the follow-

ing form:

ε1(k) = B − E0 +
J2J3√

R
cos k,

ε2(k) = B − B0,

E0 =
1

2

(
2�1J2J3√

R
+ J2�2 + J3�3 −

√
R

)
,

B0 =
1

2
(J2�2 + J3�3 +

√
R),

R = J2
2 + J2

3 + 2�1J2J3. (30)

Since R > 0, an additional constraint J2
2 + J2

3 + 2�1J2J3 >

0 is necessary. The corresponding unnormalized localized

state is

|1 j〉 = J3|2 j〉 −
√

R|2 j + 1〉 + J2|2 j + 2〉. (31)

Therefore, in addition to the well-known flat-band case

J2 = J3 (28) [11,17,21,24–36], the sawtooth chain with

three couplings and no DM terms admits another simplified

flat-band case, corresponding to the model with only two

exchange constants, which can be obtained by setting either

J2 = μJ1, or J3 = μJ1, μ = ±1. Then, the solution of Eq. (28)

gives

J3 = −
μJ1

2�1

or J2 = −
μJ1

2�1

. (32)

The one-magnon spectrum has the following form (for the

choice J2 = μJ1):

ε1(k) = B − E
μ

0 + J1 cos k,

ε2(k) = B − B
μ

0 ,

E
μ

0 =
J1

2

(
2�1 + μ�2 +

1 − μ�3

2�1

)
,

B
μ

0 =
J1

2

(
μ�2 −

1 + μ�3

2�1

)
. (33)

The flat band is the lowest one for J1�1 < 0. The unnormal-

ized localized magnons are

|1 j〉 = |2 j〉 − μ|2 j + 1〉 − 2�1|2 j + 2〉. (34)

Setting �1 = −1/2 and μ = 1 leads to the well-known flat

band in the sawtooth chain with uniform couplings J1 =
J2 = J3 = 1 [31] with the saturation field B0 = 3

2
. The choice

μ = −1, on the other hand, gives two interesting cases: J2 =
J3 = −J1 = −1 and �1 = −1/2, as well as J1 = J3 = −J2 =
−1 and �1 = 1/2. However, for the former case the value of

the saturation field is negative: for these values of the param-

eters the sawtooth chain already has a ferromagnetic ground

state. The latter case is more remarkable, as here the saturation

field, B0 = 1
2

is reduced compared to the case of uniform

Ja = J .

C. Solutions in terms of D1, D2, and D3

The most remarkable feature of the flat-band constraints

(13) is the possibility of resolving them with respect to D1, D2

and D3. This is particularly important in the light of the

models with KNB mechanism. We provide the interpretation

of the results in terms of electric-field-driven flat band later.

In the present subsection we analyze the generic solutions,

expressing D1, D2, and D3 in terms of given J1, J2, J3 and �1.

Let us define da as

ρa = |Ja|
√

1 + d2
a . (35)

Then the first condition of Eq. (13) becomes

d1 =
d2 + d3

1 − d2d3

. (36)

Substituting this relation into the second equation of Eq.

(13) and taking into account that sign(1 − d2d3) = sign(1 +
d1d2) = σ one arrives at the following equation:

J2
1

[
J2

2

(
1 + d2

2

)
+ J2

3

(
1 + d2

3

)
+ 2ξ�1J2J3(1 − d2d3)

]

= J2
2 J2

3 (1 − d2d3)2,

ξ = sign(J1J2J3). (37)

Thus, formally one can conclude that the values of d2 ≡ x and

d3 ≡ y corresponding to the flat band lie on a quartic planar

curve [76,77]:

x2y2 − A2x2 − B2y2 − 2Cxy − D = 0, (38)

where

A =
∣∣∣∣
J1

J3

∣∣∣∣, B =
∣∣∣∣
J1

J2

∣∣∣∣, C = 1 − ξ�1

J2
1

J2J3

,

D =
J2

1 R̃

J2
2 J2

3

− 1, R̃ = J2
2 + J2

3 + 2ξ�1J2J3. (39)

Using the terminology of algebraic geometry the set of

solutions (D1, D2, D3) corresponding to the flat band is

214418-6
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given by

⎛
⎝

D1

D2

D3

⎞
⎠ =

⎧
⎨
⎩

⎛
⎝

J1
d2+d3

1−d2d3

J2d2

J3d3

⎞
⎠
∣∣∣∣∣

(
d2

d3

)
∈ C

(∣∣∣∣
J1

J3

∣∣∣∣,
∣∣∣∣
J1

J2

∣∣∣∣, 1 − ξ�1

J2
1

J2J3

,
J2

1 R̃

J2
2 J2

3

− 1

)⎫⎬
⎭, (40)

where

C(A, B,C, D) =
{(

x

y

)
∈ R

2
∣∣x2y2 − A2x2 − B2y2 − 2Cxy − D = 0

}
. (41)

The case of a homogeneous quartic curve, D = 0, is worth

a separate consideration. It includes the Da = 0 flat-band

constraint from Eq. (28), provided sign(J1) = sign(J2J3).

However, it turns out that there is a whole family of Da �= 0

solutions, corresponding to the additional constraint given in

Eq. (28). The set of solutions for D = 0 can be parametrized

by an angle ϕ in the following way [77]:

x =
r(ϕ)

cos ϕ
, y =

r(ϕ)

sin ϕ
,

r(ϕ) =
√

A2 sin2 ϕ + C sin 2ϕ + B2 cos2 ϕ,

0 < ϕ < 2π, ϕ �= ±π/2,±π. (42)

Despite the simplification of the geometry of the plane quar-

tic curve, the solutions of the flat-band constraint are quite

complicated as the condition D = 0 implies an additional con-

straint for the symmetric exchange constants and �1, which

we resolve with respect to J1

J1 = μ
J2J3√

R̃
, μ = {−1, 1}. (43)

Interestingly, the sign factor ξ in R̃, Eq. (39), can be replaced

by μ in this particular case, as sign(J1) = μ sign(J2J3), thus

making the definition of J1 unambiguous,

J1 = μ
J2J3√

Rμ

,

Rμ = J2
2 + J2

3 + 2μ�1J2J3. (44)

Then, the solutions in terms of the DM interaction parameters

can be written in the following form [76,77]:

D1 =
μJ2J3(sign(cos ϕ)

√
X (ϕ) + sign(sin ϕ)

√
Y (ϕ))

|Rμ| − sign(tan ϕ)
√

X (ϕ)Y (ϕ)
,

D2 = J2 sign(cos ϕ)

√
X (ϕ)

Rμ

,

D3 = J3 sign(sin ϕ)

√
Y (ϕ)

Rμ

,

sign(tan ϕ)

√
X (ϕ)Y (ϕ)

|Rμ|
< 1,

X (ϕ) = J2
2 tan2 ϕ + 2(Rμ − μ�1J2J3) tan ϕ + J2

3 ,

Y (ϕ) = J2
3 cot2 ϕ + 2(Rμ − μ�1J2J3) cot ϕ + J2

2 . (45)

Another class of solutions is possible for the case D �= 0.

However, in this case one has to fix the value of one of the DM

interaction parameters D2 or D3 in addition to the values of Ja

and �1. These flat bands correspond to the formal solution of

Eq. (38) with respect to either x or y:

x± =
Cy ±

√
C2y2 + (y2 − A2)(B2y2 + D)

y2 − A2
,

y �= ±A, (46)

or

y± =
Cx ±

√
C2x2 + (x2 − B2)(A2x2 + D)

x2 − B2
,

x �= ±B. (47)

Thus this case of flat-band constraints drives the spectrum into

the flat-band mode by adjusting D1 and D2 or D3. Let us write

down the corresponding solution for the case of fixed D2:

D1 = J1

[
J2

1

(
J3 + ξJ2�1

)
− J3

(
J2

2 + D2
2

)]
D2 ∓ J2sign(J3)

√
Q

J2
1

(
J2J3 − ξD2

2�1

)
± sign(J3)D2

√
Q

,

D3 =
(
J2J3 − ξJ2

1 �1

)
D2 ± sign(J3)

√
Q

D2
2 − J2

1

,

Q = J2
1

(
D4

2 +
[
J2

2 + J2
3 − J2

1

(
1 − �2

1

)]
D2

2 + J2
2 J2

3 − J2
1 R̃
)
.

(48)

Degenerate solutions of the flat-band constraint (38), when

x = ±B or y = ±A, lead to the following expressions for DM

parameters:

D1 = −μ sign(J1J2)
J2

(
J2

1 J̃2 − J2
2 J2

3

)
+ V

J2
1 J̃2 + J2

2 J2
3

,

D2 = μ sign(J2)|J1|, (49)

D3 = −μ
J2

1

(
J2

1 + R̃
)
− J2

2 J2
3

2 sign(J2)|J1|
(
J2J3 − �1J2

1

) ,

V = 2J2
1 J3

(
ξ�1

(
J2

1 + J2
2

)
− J2J3

)
,

J̃2 = J2
1 + J2

2 + J2
3 ,

μ = {−1, 1},

for the x = ±B case, while the solution for y = ±A is obtained

by replacing D2 ↔ D3 and J2 ↔ J3. As before, the additional

condition for the flat band to be the lower one is necessary

here:

J2
1

(
J2

1 + R̃
)
− J2

2 J2
3

2J2J3

(
J2J3 − �1J2

1

) > −1. (50)
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FIG. 4. Zero-temperature exact diagonalization magnetization

plots for J1 = 1, J2 = 2, J3 = 3, �1 = �2 = �3 = 1 and for the val-

ues of DM interactions obtained according to Eq. (49), D1 = D2 =
D3 = 1.

A particularly interesting case of these solutions is illustrated

in Fig. 4, when all DM constants are equal to unity and

J1 = 1, J2 = 2, J3 = 3 with �1 = �2 = �3 = 1. Many other

flat-band scenarios are possible if one puts additional con-

straints into the system parameters. For instance, one can

introduce the ratio of d3 and d2, substituting into the general

flat-band condition (37) y = αx, leading to D3 = α J3

J2
D2. In

this case one can express all three DM couplings in terms of

the other Hamiltonian parameters in the following way:

D1 = ∓J1

2J2α(1 + α)

√
1
α

+ Wμ(α)

2J2α2

Wμ(α)
,

D2 = ±J2

√
1

α
+

Wμ(α)

2J2α2
,

D3 = ±J3α

√
1

α
+

Wμ(α)

2J2α2
, (51)

where

J =
J2J3

J1

,

Wμ(α) = R(α) + μ

√
R2(α) + 4J2α(1 + α)

(
J2

2 + αJ2
3

)
,

R(α) = J2
2 + α2J2

3 − 2αξ�1J2J3,

μ = {−1, 1}. (52)

Taking into account square roots and condition for proper

order of the bands one can obtain additional constraint for the

function Wμ(α):

α > 0, Wμ(α) ∈ (−2J2α, 0),

α < 0, Wμ(α) ∈ (0, −2J2α). (53)

As W1(α) is more likely to be positive and W−1(α) to be

negative, it is easier to find flat bands with sign(μα) = −1,

although flat bands in other cases are still possible.

D. The case of sawtooth chain with uniform exchange

coupling, J1 = J2 = J3

To obtain unambiguous situations in which the analysis of

the signs of α and μ is easier, and also to consider an impor-

tant particular case of the sawtooth chain with homogeneous

symmetric exchange, let us consider separately the values of

DM parameters given in Eq. (52) for J1 = J2 = J3 = J = 1

and �1 = ±1,

D1 = ∓
2α(1 + α)

√
1
α

+ Xμ(α)

2α2

Xμ(α)
,

D2 = ±
√

1

α
+

Xμ(α)

2α2
,

D3 = ±α

√
1

α
+

Xμ(α)

2α2
, (54)

where

Xμ(α) =

{
(1− α)2 +μ

√
(1−α)4 + 4α(1+ α)2, �1= 1

(1+ α)2 +μ
√

(1+α)4 + 4α(1+ α)2, �1= −1

(55)

The positivity of the expression under the square root imposes

an additional constraint restricting the possible values of α

for given values of μ. For �1 = 1 only μ = 1 and α < 0

are acceptable, however, so that the square root in Eq. (55)

is always positive. For the case �1 = −1 both signs of μ are

compatible with the flat bands value, however, α still must be

negative, with an additional forbidden range of the values of

α appearing, for which the expression under the square root is

negative:

α ∈ (−3 − 2
√

2,−3 + 2
√

2). (56)

Thus, for the sawtooth chain with isotropic and uniform sym-

metric exchange couplings there are infinitely many sets of

DM interactions that lead to a flat band. We note that the

expressions for the DM constants given in Eqs. (52)–(55)

possess an interesting symmetry with respect to inversion of

the negative numerical coefficient α:

α →
1

α
,

D1 → −D1,

D2 → −D3,

D3 → −D2. (57)

Examples of the solutions are presented in Tables I and

II for the cases of �1 = 1 and �1 = −1, respectively. As an

illustration of the flat bands cases for uniform exchange cou-

plings, J1 = J2 = J3 = 1 for �1 = ±1, magnetization plots

are presented in Figs. 5–7. The case presented in Fig. 5 is

a remarkable, as it can be obtained by an electric field in

the sawtooth model with KNB mechanism, namely when

the electric field direction is parallel to the basal line of

the chain [34]. It is also the simplest case of the solutions,

given in Eq. (52) for α = −1 and μ = 1. The corresponding

value of the electric field magnitude is given by E = ±
√

3
sin θ

.

The corresponding magnetization plot lacks the plateau at
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TABLE I. Examples of the values of the sets of DM parameters leading to the flat band for uniform coupling, J1 = J2 = J3 = 1 and �1 = 1,

obtained from Eqs. (52)–(55) for different values of α. Only μ = 1 is possible in this case.

α μ D1 D2 D3

−1 1 0
√

3 −
√

3

−2 1 −
√

2(5+
√

73)

9+
√

73

1

2

√
1

2
(5 +

√
73) −

√
1

2
(5 +

√
73)

−3 1 −
√

5+2
√

13

4+
√

13

1

3

√
5 + 2

√
13 −

√
5 + 2

√
13

−4 1 − 3
√

2(17+
√

481)

25+
√

481

1

4

√
1

2
(17 +

√
481) −

√
1

2
(17 +

√
481)

−5 1 − 2

√
13+2

√
61

9+
√

61

1

5

√
13 + 2

√
61 −

√
13 + 2

√
61

− 1

2
1

√
2(5+

√
73)

9+
√

73

√
1

2
(5 +

√
73) − 1

2

√
1

2
(5 +

√
73)

M = 0. The next two cases, shown in Figs. 6 and 7, il-

lustrate the magnetization curves for two values of α from

Tables I and II.

IV. PARTICULAR CONFIGURATIONS OF Da AND

COMPARISON WITH THE ELECTRIC-FIELD-DRIVEN

FLAT BANDS SCENARIO FROM REF. [34]

A. D1 = 0, D3/J3 = −D2/J2

Let us first focus on the simplest case D1 = 0, D3/J3 =
−D2/J2. The value of the phase shift under this assumption is

always zero, since σ = 1. Therefore, the flat band conditions

(13) now read:

J2
1 R̃ = J2

2 J2
3 (1 + d2),

d ≡
D2

J2

= −
D3

J3

. (58)

These equations can be solved with respect to J1, giving the

solution similar to those given in Eqs. (29)–(31). However,

it is more instructive to look for the solution with respect to

d , which is related to the case of an electric-field-driven flat

band in the sawtooth chain with KNB mechanism [34]. This

solution is also a special case of Eq. (51) with α = −1 and

μ = 1. Thus, here we again have an example of the flat band

induced by tuning of the DM terms for arbitrary values of the

symmetric exchange couplings:

D1 = 0,

D2 = ±J2

√
R̃/J2 − 1,

D3 = ∓J3

√
R̃/J2 − 1. (59)

This solution requires an additional inequality between the

model exchange constants:

J2
1 R̃ > J2

2 J2
3 . (60)

The one-magnon spectrum in this case is independent of the

sign choice in Eqs. (59):

ε+(k) = B − E0 + J1 cos k,

ε−(k) = B − B0, (61)

with

E0 =
1

2

[
J2�2 + J3�3 −

(
J2

2 + J2
3

)

J

]
,

B0 =
1

2

[
2J1�1 + J2�2 + J3�3 +

(
J2

2 + J2
3

)

J

]
. (62)

The corresponding one-magnon localized states are conve-

niently presented in the following form:

|l j〉 = J3|2 j〉 −
√

R̃e−iφ |2 j + 1〉 + J2|2 j + 2〉,

φ = ± arctan(

√
R̃/J2 − 1). (63)

The DM terms in the Hamiltonian make it possible to attain

the flat-band regime even in the case of uniform exchange

TABLE II. Examples of the values of the sets of DM parameters leading to the flat band for uniform coupling, J1 = J2 = J3 = 1 and

�1 = −1, obtained from Eqs. (52)–(55) for different values of α. Both signs of μ are acceptable, however, there are forbidden values of α

given in Eq. (56).

α μ D1 D2 D3

−6 −1 −1 1

3
−2

−6 1 −1 1

2
−3

− 1

10
1

√
2(61+9

√
41)

9+
√

41

√
1

2
(61 + 9

√
41) − 1

10

√
1

2
(61 + 9

√
41)

− 1

10
−1

√
2(61−9

√
41)

9−
√

41

√
1

2
(61 − 9

√
41) − 1

10

√
1

2
(61 − 9

√
41)

−10 1 −
√

2(61+9
√

41)

9+
√

41

1

10

√
1

2
(61 + 9

√
41) −

√
1

2
(61 + 9

√
41)

−8 1 −
√

66+14
√

17

7+
√

17

1

8

√
1

2
(33 + 7

√
17) −

√
1

2
(33 + 7

√
17)
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FIG. 5. Zero-temperature magnetization curves for a finite sys-

tem with uniform exchange couplings, J1 = J2 = J3 = 1 and �1 = 1

with the values of DM interaction corresponding to the first line

of the Table I, D1 = 0, D2 =
√

3, D3 = −
√

3. DM interactions can

be implemented via electric-field-driven flat band [34]. Note the

absence of the plateau at M = 0.

couplings, J1 = J2 = J3 > 0:

D1 = 0, (64)

D2 = ±J1

√
1 + 2�1,

D3 = ∓J1

√
1 + 2�1,

which for �1 = 1 gives the results of Eqs. (52)–(55) with α =
−1 and μ = 1. The parameters of the one-magnon spectrum

read

E0 =
J1

2
(�2 + �3 − 2), (65)

B0 =
J1

2
(2�1 + �2 + �3 + 2).

FIG. 6. Zero-temperature magnetization curves for a finite

system with uniform exchange couplings, J1 = J2 = J3 = 1 and

�1 = 1, corresponding to the second line of the Table I, i.e., α = −2,

μ = 1.

FIG. 7. Zero-temperature magnetization plots for a finite system

with uniform exchange couplings, J1 = J2 = J3 = 1 and ferromag-

netic axial anisotropy, �1 = −1. The values of the DM parameters

can be found in the first line of the Table II, which corresponds to

α = −6, μ = −1 leading to D1 = −1, D2 = 1/3 and D3 = −2. Here

one can see substantial extension of the plateau at zero magnetization

and reduction of the localized magnons crystal region, the M = 1/2

plateau.

The localized magnon states become

|l j〉 = |2 j〉 −
√

2(1 + �1)e−iφ |2 j + 1〉 + |2 j + 2〉,

φ = ± arctan(
√

1 + 2�1). (66)

In this scenario the flat band is due to the DM interaction

terms: one needs a fine tuning of the DM parameters, de-

pending on the values of the exchange constants and the axial

anisotropy along the basal line only. The values of J1, J2, J3

and �1 can be arbitrary, provided the inequality of Eq. (60)

is satisfied. Moreover, the DM terms are controlled in this

case by a single parameter, d = D2/J2 = −D3/J3, which has

a staggered structure along the zigzag part of the chain in

the case of J2 = J3. On the other hand, the DM interaction

for the basal line must be zero. We conclude that the J1-J2

XXZ sawtooth chain with staggered DM interaction along the

zigzag bonds can be driven to a flat band regime by fine-tuning

a single DM parameter.

Previously Ref. [34] discussed a flat band induced by an

electric field in the J1-J2 sawtooth chain (J3 = J2) by means

of the KNB mechanism. This flat band requires the direction

of electric field to be along the basal line, so that D1 = 0,

D2 = −D3, with D2 = ±E sin θ for direction of the electric

field in the positive and negative direction of x axis, respec-

tively. Tuning the magnitude of electric field one can achieve

the flat band at E = ±
√

4J2
1 −J2

2

sin θ
. However, the form of the

DM constants considered in this subsection is incompatible

with the expressions given by the KNB mechanism, unless

J3 = J2. Thus, we conclude that an electric-field-driven flat

band of Ref. [34] can only be obtained in the case of uniform

exchange coupling along zigzag part of the chain (J3 = J2).

The generalization of this result for the case of �1 �= 1 and
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negative J1 reads

E = ±

√
2J2

1 (1 + sign(J1)�1) − J2
2

sin θ
. (67)

Parameters of the one-magnon spectrum (14) are the follow-

ing in this case:

E0 = J2�2 − J1,

B0 = J1(1 + �1) + J2�2,

φ = ± arctan

⎛
⎜⎝

√
2J2

1 (1 + sign(J1)�1) − J2
2

J2

⎞
⎟⎠, (68)

The localized magnon states are given by

|l j〉 = J1|2 j〉 − J2e−iφ |2 j + 1〉 + J1|2 j + 2〉. (69)

B. D1/J1 = D2/J2, D3 = 0

The next case with nontrivial DM terms is D1/J1 =
D2/J2, D3 = 0. By virtue of the symmetry under interchange

of J2(D2) and J3(D3), we put D3 = 0 without loss of general-

ity. Then the flat band condition reads

J2
1

(
R̃ + J2

2 d2
)

= J2
2 J2

3 ,

d ≡
D1

J1

=
D2

J2

. (70)

Alternatively, one can just set y = 0 in Eqs. (38) and solve the

resulting trivial equation with respect to x. Again, here we can

treat the DM terms as given and adjust some of the couplings,

say J1, which leads to the flat band formation at

J2
1 =

J2
2 J2

3

J2
3 + (1 + d2)J2

2 + 2J2J3�1

. (71)

However, it is more interesting to tune the DM interaction

parameters for the given set of exchange constants so as to

drive the system into flat band regime:

D1 = ±ξJ3

√
1 − R̃/J2,

D2 = ±|J|
√

1 − R̃/J2,

D3 = 0,

J2
1 R̃ < J2

2 J2
3 . (72)

The one-magnon spectrum in this case has the following form:

ε+
1 (k) = B − E0 +

1

|J2|

√
J2

2

(
J2

1 − J2
3

)
+ J2

1 R̃ cos(k − φ1),

ε−
1 (k) = B − B0,

E0 =
1

2

(
2J1�1 + J2�2 + J3�3 −

|J2|J3

|J1|

)
,

B0 =
1

2

(
J2�2 + J3�3 +

|J2|J3

|J1|

)
,

φ1 = ± arctan

(
ξJ3

√
1 − R̃/J2

J1

)
. (73)

The localized magnon state is given by the following super-

position:

|l j〉 = J3(|J1||2 j〉 − |J2||2 j + 1〉) + Weiφ|2 j + 2〉,

W =
√

J2
2

(
J2

1 − J2
3

)
+ J2

1 R̃. (74)

This flat band has interesting properties. Unlike the previous

case, it does not exist for uniform coupling, J1 = J2 = J3. It is

also related to the electric-field induced flat band of Ref. [34].

In the context of the KNB mechanism the DM interaction

parameters are not independent but are related by the electric

field magnitude and angle as well as the bond angle. From

the condition D3 = 0 the angle of the electric field is fixed to

be φ = −θ or −θ ± π , and then D1/J1 = D2/J2 leads to an

additional constraint for the exchange couplings:

J2 = −
2 cos θ

α
J1. (75)

This electric-field-driven flat band was obtained in Ref. [34]

for the case J3 = J2 and �1 = 1. In the KNB case, when

the electric field is parallel to a lattice bond, the corre-

sponding effective DM constant vanishes (see Eq. (6)). For

D2 = 0 or D3 = 0 one finds φ = θ, θ ± π or φ = −θ, θ ± π

respectively. When D2 = 0 the additional constraint for the

exchange couplings takes the following form:

J3 =
2 cos θ

α
J1. (76)

We can now generalize these results for the case of a nonsym-

metric sawtooth chain with J3 �= J2 and anisotropic coupling.

This flat band in J1-J2-J3 XXZ sawtooth chain with KNB

mechanism can be realized when the electric field points along

the zigzag bonds, provided the additional constraint (75) is

satisfied and the magnitude of the electric field is equal to

E = ±

√
4 cos θ

α

(
cos θ

α

(
J2

3 − J2
1

)
+ ξ�1J1J3

)
− J2

3

sin 2θ
. (77)

In the case that the electric field points along the left links

of the zigzag part of the sawtooth chain, i.e., φ = θ or φ =
θ ± π , the constraint (76) yields

E = ±

√
4 cos θ

α

(
cos θ

α

(
J2

2 − J2
1

)
− ξ�1J1J2

)
− J2

2

sin 2θ
. (78)

For the case of a symmetric sawtooth chain, J2 = J3, but

with nonisotropic interaction in the basal line, �1 �= 1, and

possibly negative values of J1, one finds

E = ±
2

√
cos2 θ − α2 1+sign(J1 )�1

2

α2 sin θ
|J1|. (79)

V. MAPPING BETWEEN THE GENERAL DM AND KNB

CASES: MORE POSSIBILITIES OF

ELECTRIC-FIELD-DRIVEN FLAT BANDS

In the previous section we established a link between par-

ticular solutions of the flat band constraints (13) and the KNB

term generated by an electric field. Those solutions feature

one vanishing DM interaction, D1 or D3(D2). A natural con-

nection with the KNB interaction when electric field is parallel

214418-11



VADIM OHANYAN et al. PHYSICAL REVIEW B 113, 214418 (2026)

to the one of the sawtooth chain bonds was demonstrated.

However, do the cases considered in Ref. [34] exhaust all pos-

sible electric-field-driven flat band scenarios in the sawtooth

chain model with KNB mechanism? The answer is negative.

Here we work out explicitly the mapping between the KNB

case and our solution given in terms of D1, D2 and D3. For

any given set of DM parameters, D1, D2, D3, that satisfy the

flat-band constraints (13), it is possible to derive an angle

φ and magnitude E of the in-plane electric field, and the

bond angle θ of the chain which corresponds to the values

of D1, D2, and D3 with only an additional inequality on their

values. Using the expressions for D1, D2, and D3 from the

KNB formulas (6) one can express the parameters of the KNB

model via the corresponding DM interaction couplings

φ = arctan

(
D3 + D2

D3 − D2

tan θ

)
,

E2 =
1

4

{
(D3 + D2)2 1

cos2 θ
+ (D3 − D2)2 1

sin2 θ

}
. (80)

The bond angle θ is constrained by Eq. (6) and should be

expressed via D1, D2, D3 to provide one-to-one correspon-

dence between two sets of three variables, (D1, D2, D3) and

(E , φ, θ ):

tan2 θ =
4D2

1 − a2(D2 + D3)2

a2(D2 + D3)2
, (81)

This allows us to write

φ = arctan

(
sign(D3 + D2)

|a|(D3 − D2)

√
4D2

1 − a2(D2 + D3)2

)
,

E = ±
2|D1|
|a|

√
D2

1 − a2D2D3

4D2
1 − a2(D2 + D3)2

. (82)

Thus, for any solution given in the previous section the corre-

sponding electric-field-driven flat band within the KNB model

can be constructed by the fine-tuned choice of the electric field

direction and magnitude, provided

4D2
1 − a2(D2 + D3)2 > 0. (83)

Interestingly, the microscopic coefficient of nonuniformity of

the KNB mechanism realization, a enters as a parameter in

the mapping from general D to the KNB case. For each given

set of D parameters a one-parameter family of φ(a), E (a),

and θ (a) exists. Let us illustrate these relations for some

solutions presented in previous sections. For the flat band

case illustrated in Fig. 2 one has J1 = 1, J2 = 1, J3 = 1 and

D1 = 1, D2 = 2, D3 = −1, which correspond to the follow-

ing parameters of the electric field and lattice geometry:

θ = arctan

√
4 − a2

|a|
,

φ = − arctan

√
4 − a2

3|a|
,

E = ±
2

|a|

√
1 + 2a2

4 − a2
, |a| < 2. (84)

For the particular value a = 1 (i.e., for a homogeneous KNB

setting) we get

θ =
π

3
φ = −

π

6
, E = ±2.

The case presented in Fig. 4, J1 = 1, J2 = 2, J3 = 3 and D1 =
D2 = D3 = 1, which is interesting by itself, leads to a re-

markable configuration of the electric field, orthogonal to the

basal line of the sawtooth chain, φ = π
2

. However, the KNB

interpretation is only possible for a < 1, leading to

θ = arctan

√
1 − a2

|a|
, E = ±

1

|a|
.

Most solutions presented in the Tables I and II do not satisfy

the condition (83): it can be shown that KNB interpretation

is only possible for large negative values of α. The case

from Table II with α = −6 which is illustrated in Fig. 7

(J1 = J2 = J3 = 1, D1 = −1, D2 = 1/3, D3 = −2) is one of

the exceptions:

θ = arctan

√
36 − 25a2

5|a|
,

φ = arctan

√
36 − 25a2

7|a|
,

E = ±
2

|a|

√
9 + 6a2

36 − 25a2
. (85)

VI. LINEAR SPIN WAVE THEORY, TIGHT-BINDING

MODEL VIEW ON FLAT BANDS

The most common many-body quantum models where lo-

calized states are found and well understood are tight-binding

models, or lattice models with mobile noninteracting parti-

cles [29,78–84]. The first indication regarding the possible

dispersionless single-particle eigenstates of two-dimensional

(2D) tight-binding Hamiltonian was given in the 1980s [85].

The study of special topologies of the lattice then led to

the discovery of localization-induced ferromagnetism in Hub-

bard models at half-filling for finite on-site repulsion U

[86–91]. Further recent developments of these ideas provided

the description of the para-ferro transition in the Hubbard

model with flat bands in terms of Pauli-correlated percolation

[90,91]. In recent decades an essential progress was achieved

in the experimental realization of the aforementioned models

with flat bands in photonic lattices [92–94], cold atoms in

optical lattices [95–97], as well as twisted graphene bilayers

[98,99]. The Heisenberg model, and more complicated quan-

tum spin Hamiltonians in general, are strongly interacting

systems, suggesting that localized states in translationally in-

variant quantum spin systems are many-body localized states.

Indeed, this is the case for one-dimensional quantum spin

models with disorder [100], however, the physics of local-

ized magnons has much in common with this well-known

example of localization in tight-binding models. The stan-

dard technique to work with spin Hamiltonians is based on

the Holstein-Primakoff [101] or Dyson-Maleev [102–104]

transformation from spin to bosonic operators. In practice,

Heisenberg models may be handled in terms of bosonic op-

erators by a perturbative expansion of the Hamiltonian in
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powers of the ratio of average boson number and 2S, where

S is the spin magnitude. The lowest order of these expansions

corresponds to free bosons and formally leads to a tight-

binding Hamiltonian, an approach which is referred to as a

Linear Spin Wave Theory (LSWT). It will be instructive to

compare our exact one-magnon spectrum of the Heisenberg

Hamiltonian and its flat-band constraints with the spectrum

of the tight-binding Hamiltonian obtained within the LSWT.

We thus consider the sawtooth chain with Hamiltonian (7)

for arbitrary spin S and employ standard LSWT for two sites

per unit cell. Namely, the Holstein-Primakoff transformations

with respect to the ferromagnetic reference state have the

following form:

S−
2 j−1 = a+

j

√
2S − a+

j a j, S−
2 j = b+

j

√
2S − b+

j b j,

S+
2 j−1 =

√
2S − a+

j a ja j, S+
2 j =

√
2S − b+

j b jb j,

Sz
2 j−1 = S − a+

j a j, Sz
2 j = S − b+

j b j, (86)

where operators a j and b j satisfy standard bosonic commuta-

tion relations,

[a j, a+
l ] = δ jl , [b j, b+

l ] = δ jl , [a j, b+
l ] = 0. (87)

Substituting these expressions into the spin Hamiltonian and

keeping only quadratic in bosonic operators terms we arrive

at the LSWT approximation. The corresponding Hamiltonian

has the following form:

H = EFM +
N/2∑

j=1

(K1a ja
+
j+1 + K∗

1 a+
j a j+1 (88)

+ K2a jb
+
j + K∗

2 a+
j b j + K3b ja

+
j+1 + K∗

3 b+
j a j+1

+ (μ − 2SJ1�1)a+
j a j + μb+

j b j ), (89)

where EFM is the energy of the fully polarized (ferromagnetic)

ground state defined in Sec. II and

Ka = S(Ja + iDa) = Sρaeiφa , a = 1, 2, 3,

μ = B − S(J2�2 + J3�3). (90)

In order to diagonalize the Hamiltonian one should use

Fourier transformations for the bosonic operators,

a j =
1

√
N/2

∑

k

e−i jkak,

b j =
1

√
N/2

∑

k

e−i jkbk,

[ak, a+
q ] = δkq, [bk, b+

q ] = δkq, [ak, b+
q ] = 0, (91)

yielding

H = EFM +
∑

k

(
a+

k , b+
k

)
Mk

(
ak

bk

)
,

Mk =

(
μ − 2SJ1�1 + 2Sρ1 cos(k + φ1), K∗

2 + K3eik

K2 + K∗
3 e−ik, μ

)
.

(92)

The final diagonalization of the Hamiltonian is then per-

formed by a Bogoliubov transformation to bosonic operators

ck and dk ,

(
ak

bk

)
=
(

cos θk eiϕk sin θk

−e−iϕk sin θk cos θk

)(
ck

dk

)
,

tan 2θk =

√
ρ2

2 + ρ2
3 + 2ρ2ρ3 cos (k + φ2 + φ3)

ρ1 cos (k + φ1) − J1�1

,

tan ϕk =
ρ3 sin (k + φ3) − ρ2 sin φ2

ρ3 cos (k + φ3) − ρ2 cos φ2

, (93)

leading to

H = EFM +
∑

k

(
ε+

k c+
k ck + ε−

k d+
k dk

)
. (94)

Two branches of the spectrum of one-magnon excitations for

the spin-S sawtooth chain within the LSWT turn out to be

identical to the exact one-magnon spectrum (11),

ε±
1 (k) = B − � + S[ρ1 cos(k + φ1) ±

√
(J1�1 − ρ1 cos(k + φ1))2 + 2ρ2ρ3 cos(k + φ2 + φ3) + ρ2

2 + ρ2
3 ]. (95)

The only difference is the sign of the phases in the arguments

of the cosine functions, which do not substantially affect the

flat-band constraints. Thus the exact one-magnon spectrum

and the LSWT approach yield equivalent results egarding

their flat-band properties. We expect that this remarkable

principle is universal and model independent, because for

any spin Hamiltonian admitting localized magnon states, a

corresponding tight-binding model with localized excitations

can be constructed using LSWT around the ferromagnetic

classical ground state.

VII. CONCLUSION

We have presented a detailed analysis of several classes of

flat-band scenarios for the generalized model of the famous

sawtooth chain with symmetric and DM couplings for each

side of the chain triangles. We discussed the realization of

the magnonic flat bands by tuning of the electric field for

the models with KNB mechanism of magnetoelectricity. For

easier reference, the main results are summarized again in Ap-

pendix A. In general, despite reliable experimental evidence

[48,50], the model of sawtooth chain with three exchange

couplings received little theoretical attention so far [75], nor

were the corresponding conditions for a magnonic flat band

studied. We also extended our previous results [34] on the

J1-J2 sawtooth chain with the KNB mechanism for an in-plane

electric field.

As the KNB mechanism establishes a geometry-dependent

link between local spin configurations and the dielectric po-

larization of the bond between two lattice sites (spin-induced
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ferroelectricity) [54–57] in the form of DM interaction terms,

our emergent effective spin model, which includes interac-

tions between the KNB polarization and in-plane electric field,

then also includes three constants of the DM interactions.

Generalizing the results of Ref. [34], we discussed how the

electric field can be used to induce the magnonic flat bands. In

Ref. [34] only two cases were considered, namely an electric

field parallel to either the basal line or to the zigzag bond of the

lattice. Here we demonstrated that an equivalent electric field,

e.g., direction and magnitude, can be identified for a range

of values of D1, D2, D3. While ground state properties of the

sawtooth chain with DM interactions were considered before

[5], their role in the formation of flat bands was not discussed.

Our starting point was the set of general flat-band

constraints derived from the exact one-magnon spectrum.

Formally, the constraints form a system of seven variables,

J1, J2, J3, D1, D2, D3 and �1. Interestingly, the coefficient of

exchange anisotropy �1 from the basal line enters the con-

straints, while �2 and �3 do not. In contrast to the well-known

case of the J1-J2 sawtooth chain, where a flat band implies

a linear relation between J1 and J2, here strongly nonlinear

equations appear, which can be resolved in multiple ways de-

pending on which group of parameters one considers as input.

We discussed several classes of solutions expressing pairs of

symmetric and antisymmetric exchange couplings, (Ja, Da),

in terms of other parameters. We remark that when all three

DM couplings are expressed in terms of J1, J2, J3 and �1,

some additional relations between the symmetric exchanges

are still required. The mathematical structure of our conditions

is of geometrical interest, as the solutions in terms of D1, D2,

and D3 are obtained as points of a planar quartic curve, which

helps in understanding the flat band manifold. Moreover, we

note that for a given set of symmetric exchange couplings

there is an entire one-parameter family of the solutions Da(α),

α ∈ R.

Because the magnitude of the conventional spin-orbit in-

teraction induced DM terms in solid magnets is usually at

least one order of magnitude smaller than the corresponding

symmetric exchange, our solutions of the flat-band constraint

in terms of Da may be beyond physically realizable values

of DM constants. However, this limitation could be lifted if

they are induced by an electric field via the KNB mecha-

nism. Finally we note that in artificial many-body strongly

correlated systems, such as ultracold atoms in optical lat-

tices, DM interaction can be modeled directly [105]. Recent

developments suggest that for magnets that are modeled in

Rydberg atom quantum simulators [106], the DM constants

can even be made larger than the corresponding symmetric

exchange. Regarding electric-field-induced flat bands we note

that any sawtooth-chain material with spiral spin order can

be a candidate for the experimental realization of electric-

field control over the formation of localized magnon states.

For example, the multiferroic sawtooth material BeCr2O4

is quite promising, for which multiple magnetic transitions

and at least two phases with noncollinear magnetic structure

were demonstrated [51]. As previously discussed in Ref. [34],

quantitative estimates of the required electric field strength are

highly material dependent, as the KNB polarization contains

the constant γ which depends on quantum-chemical details

of the bond between two magnetic ions [54–57]. Recent

experimental results [107,108] indicate that the necessary

electric field strengths are feasible in principle, ranging from

10−1 to 10 MV/m, in order to control the chiral spin texture

and to switch between various spin states.
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APPENDIX A: SUMMARY OF THE MAIN

FLAT-BAND SOLUTIONS

As the variety of solutions of the general flat-band con-

straints (13) is quite diverse, here we summarize their main

classes.

a. D1 = D2 = D3 = 0 case. This case generalizes the know

results for J1-J2-J2 XXZ sawtooth chain, J2
2 = 2J2

1 (1 + �1) to

the J1-J2-J3 case:

J2
1

(
J2

2 + J2
3 + 2�1J2J3

)
= J2

2 J2
3 , (A1)

which can be solved either with respect to J1 or with respect

to J2 or J3 giving

J1 =
±J2J3√

J2
2 + J2

3 + 2�1J2J3

, (A2)

or

J2 =
±J1J3√

J2
3 − J2

1

(
1 − �2

1

) . (A3)

There is full symmetry with respect to interchange J2 ↔ J3.

Additional constraints necessary for the realization of this flat

band scenario can be also obtained demanding the positivity

of the expressions under square roots.

b. DM-interaction-driven flat bands, solution with respect

to the pair of interaction constants (J2,3, D2,3).

J3 =
±(J1J2 + D1D2)√

J2
1 �2

1 − ρ2
1 + ρ2

2 ∓ J1�1

,

D3 =
±(J2D1 − J1D2)√

J2
1 �2

1 − ρ2
1 + ρ2

2 ∓ J1�1

. (A4)

Here, additional constraints restricting the possible range of

the system parameters corresponding to the flat-band solution

are given in Eqs. (24)–(26).

214418-14



FLAT BANDS IN THE J1-J2-J3 XXZ … PHYSICAL REVIEW B 113, 214418 (2026)

c. DM-interaction-driven flat bands, solutions in terms of

D1, D2, and D3. It is possible to present the solution of the

general flat-band condition in terms of DM parameters only,

when the symmetric exchange constants with the correspond-

ing axial anisotropy are considered as given, and D1, D2, and

D3 are expressed in terms of them. Interestingly, D2/J2 and

D3/J3 in this case are the points of the plane quartic curve,

while D1/J1 is found then according to the phase condition:

D1 = ∓J1

2J2α(1 + α)

√
1
α

+ Wμ(α)

2J2α2

Wμ(α)
,

D2 = ±J2

√
1

α
+

Wμ(α)

2J2α2
,

D3 = ±J3α

√
1

α
+

Wμ(α)

2J2α2
, (A5)

where

J =
J2J3

J1

,

Wμ(α) = R(α) + μ

√
R2(α) + 4J2α(1 + α)

(
J2

2 + αJ2
3

)
,

R(α) = J2
2 + α2J2

3 − 2αξ�1J2J3,

μ = {−1, 1}. (A6)

An Important particular case corresponding to the case of uni-

form symmetric exchange, J1 = J2 = J3 = 1 and �1 = ±1 is

given by

D1 = ∓
2α(1 + α)

√
1
α

+ Xμ(α)

2α2

Xμ(α)
,

D2 = ±
√

1

α
+

Xμ(α)

2α2
,

D3 = ±α

√
1

α
+

Xμ(α)

2α2
. (A7)

This case can be directly linked to the electric-field induced

flat-band in the model with KNB mechanism [34].

APPENDIX B: DERIVATION OF EQ. (16)

Here we discuss details of the derivation of Eq. (16). The

correct ordering of the one-magnon branches implies the fol-

lowing inequality:

σρ2ρ3 > ρ1(J1�1 + ρ1). (B1)

An intriguing feature of the band order is its connection to the

phase-shift parameter σ . We substitute the second equation of

the flat-band constraint into inequality (B1),

σ

(
ρ2ρ3

ρ1

+ ρ1

[
ρ2

ρ3

+
ρ3

ρ2

])
> 2ρ1. (B2)

Since all ρa are positive, this inequality cannot be satisfied

for σ = −1. On the other hand, for σ = 1 the l.h.s is always

greater than the r.h.s. Therefore to use this criterion along with

the flat band constraints (13) we need to express σ in terms

of the exchange parameters. This can be done by taking the

tangent out of the first equation in Eqs. (13). With the aid of

the trigonometric identity,

arctan x + arctan y

= arctan
x + y

1 − xy
+ π sign(x + y)�(xy − 1), (B3)

where �(x) is the Heaviside step function, the additional

constraint for the existence of the lower flat band is

D2D3

J2J3

< 1. (B4)

Thus,

σ = sign

(
1 +

D1D2

J1J2

)
≡ sign

(
1 +

D1D3

J1J3

)

≡ sign

(
1 −

D2D3

J2J3

)
= 1. (B5)
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[72] J. Strečka, L. Gálisová, and T. Verkholyak, Exactly solvable

model of a mixed-spin Ising-Heisenberg sawtooth chain, Phys.

Rev. E 101, 012103 (2020).

[73] D. C. Cabra, A. O. Dobry, C. J. Gazza, and G. L. Rossini,

Magnetization plateaus in frustrated Heisenberg chains, Phys.

Rev. B 100, 161111(R) (2019).

[74] O. Baran, Energy flux effect in the one-dimensional spin-1/2

xx model of magnetoelectric. Lagrange multiplier method,

Ukr. J. Phys. 66, 890 (2021).

[75] D. V. Dmitriev and V. Y. Krivnov, Thermodynamics of a frus-

trated spin-1/2 Heisenberg chain with competing interactions,

J. Phys.: Condens. Matter 30, 385803 (2018).

[76] E. W. Weisstein, Quartic curve, From MathWorld–A

Wolfram Resource (2025), https://mathworld.wolfram.com/

QuarticCurve.html.

[77] E. W. Weisstein, Cruciform, From MathWorld–A Wolfram

Resource (2025), https://mathworld.wolfram.com/Cruciform.

html.

[78] E. J. Bergholtz and Z. Liu, Topological flat band models and

fractional Chern insulators, Int. J. Mod. Phys. B 27, 1330017

(2013).

[79] S. A. Parameswaran, R. Roy, and S. L. Sondhi, Fractional

quantum Hall physics in topological flat bands, Comptes

Rendus Phys. 14, 816 (2013).

[80] D. Leykam, S. Flach, O. Bahat-Treidel, and A. S. Desyatnikov,

Flat band states: Disorder and nonlinearity, Phys. Rev. B 88,

224203 (2013).

[81] D. Leykam, A. Andreanov, and S. Flach, Artificial flat band

systems: From lattice models to experiments, Adv. Phys.: X 3,

1473052 (2018).

[82] J.-H. Bae, T. Sedrakyan, and S. Maltl, Flat bands and corre-

lated phases in quantum spin systems, SciPost Phys. 15, 139

(2023).

[83] S. Lee, A. Andreanov, T. Sedrakyan, and S. Flach, Trap-

ping hard-core bosons in flat-band lattices, Phys. Rev. B 109,

245137 (2024).

[84] A. Mallick and A. Andreanov, Flat bands in tight-binding

lattices with anisotropic potentials, Phys. Rev. B 111, 014201

(2025).

[85] B. Sutherland, Localization of electronic wave functions due

to local topology, Phys. Rev. B 34, 5208 (1986).

[86] A. Mielke, Ferromagnetism in the Hubbard model on line

graphs and further considerations, J. Phys. A 24, L73

(1991).

214418-17



VADIM OHANYAN et al. PHYSICAL REVIEW B 113, 214418 (2026)

[87] H. Tasaki, Ferromagnetism in the Hubbard models with degen-

erate single-electron ground states, Phys. Rev. Lett. 69, 1608

(1992).

[88] A. Mielke and H. Tasaki, Ferromagnetism in the Hubbard

model, Commun. Math. Phys. 158, 341 (1993).

[89] H. Tasaki, From Nagaoka’s ferromagnetism to flat-band

ferromagnetism and beyond: An introduction to ferromag-

netism in the Hubbard model, Prog. Theor. Phys. 99, 489

(1998).

[90] O. Derzhko, J. Richter, A. Honecker, M. Maksymenko, and R.

Moessner, Low-temperature properties of the Hubbard model

on highly frustrated one-dimensional lattices, Phys. Rev. B 81,

014421 (2010).

[91] M. Maksymenko, A. Honecker, R. Moessner, J. Richter,

and O. Derzhko, Flat-band ferromagnetism as a Pauli-

correlated percolation problem, Phys. Rev. Lett. 109, 096404

(2012).

[92] D. Leykam and S. Flach, Photonic flatbands, APL Photonics

3, 070901 (2018).

[93] J. Yang, Y. Li, Y. Yang, X. Xie, Z. Zhang, J. Yuan, H. Cai,

D.-W. Wang, and F. Gao, Realization of all-band-flat photonic

lattices, Nat. Commun. 15, 1484 (2024).

[94] S. Eyvazi, E. A. Mamonov, R. Heilmann, J. Cuerda, and

P. Törmä, Flat-band lasing in silicon waveguide-integrated

metasurfaces, ACS Photonics 12, 1570 (2025).

[95] S. Taie, H. Ozawa, T. Ichinose, T. Nishio, S. Nakajima, and

Y. Takahashi, Coherent driving and freezing of bosonic mat-

ter wave in an optical Lieb lattice, Sci. Adv. 1, e1500854

(2015).

[96] H. Ozawa, S. Taie, T. Ichinose, and Y. Takahashi, Interaction-

driven shift and distortion of a flat band in an optical Lieb

lattice, Phys. Rev. Lett. 118, 175301 (2017).

[97] S. Taie, T. Ichinose, H. Ozawa, and Y. Takahashi, Spatial

adiabatic passage of massive quantum particles in an optical

Lieb lattice, Nat. Commun. 11, 257 (2020).

[98] Z. Jiang, K. Hsieh, A. J. H. Jones, P. Majchrzak, S.

Chakradhar, K. Watanabe, T. Taniguchi, J. A. Miwa, Y. P.

Chen, and S. Ulstrup, Revealing flat bands and hybridization

gaps in a twisted bilayer graphene device with microarpes, 2D

Mater. 10, 045027 (2023).

[99] Z.-Y. Wang, J.-J. Ma, Q. Chen, K. Wu, S. Xu, Q. Dai, Z. Zhu,

J. Ren, H.-J. Gao, and X. Lin, Visualizing localized nematic

states in twisted double bilayer graphene, Nanoscale 16, 18852

(2024).

[100] D. A. Abanin, E. Altman, I. Bloch, and M. Serbyn,

Colloquium: Many-body localization, thermalization, and

entanglement, Rev. Mod. Phys. 91, 021001 (2019).

[101] T. Holstein and H. Primakoff, Field dependence of the intrinsic

domain magnetization of a ferromagnet, Phys. Rev. 58, 1098

(1940).

[102] F. J. Dyson, General theory of spin-wave interactions, Phys.

Rev. 102, 1217 (1956).

[103] F. J. Dyson, Thermodynamic behavior of an ideal ferromagnet,

Phys. Rev. 102, 1230 (1956).

[104] S. V. Maleev, Scattering of slow neutrons by ferromagnets,

Sov. Phys. JETP 6, 776 (1958).

[105] M. Gong, Y. Qian, M. Yan, V. W. Scarola, and C. Zhang,

Dzyaloshinskii-Moriya interaction and spiral order in spin-

orbit coupled optical lattices, Sci. Rep. 5, 10050 (2015).

[106] M. Kunimi, T. Tomita, H. Katsura, and Y. Kato, Proposal

for simulating quantum spin models with the Dzyaloshinskii-

Moriya interaction using Rydberg atoms and the construction

of asymptotic quantum many-body scar states, Phys. Rev. A

110, 043312 (2024).

[107] V. Kocsis, Y. Tokunaga, Y. Tokura, and Y. Taguchi, Switching

of antiferromagnetic states in LiCoPO4 as investigated via the

magnetoelectric effect, Phys. Rev. B 104, 054426 (2021).

[108] V. Ukleev, A. Magrez, and J. S. White, Magnetoelectric and

magnetic properties of frustrated materials, J. Appl. Phys. 138,

103905 (2025).

214418-18


	Flat bands in the J1-J2-J3 XXZ sawtooth chain
	Vadim Ohanyan, Johannes Richter, Michael Sekania, Lucas Giambattista, Alexei Andreanov, Marcus Kollar
	Nutzungsbedingungen / Terms of use:
	CC BY 4.0  


