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Abstract

Invariance entropy measures the minimal information rate neces-
sary to render a subset of the state space of a continuous-time control
system invariant. In the present paper, we derive upper and lower
bounds for the invariance entropy of control systems on smooth man-
ifolds, using differential-geometric tools. As an example, we compute
these bounds explicitly for projected bilinear control systems on the
unit sphere.
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1 Introduction

In [9], Nair, Evans, Mareels, and Moran introduced topological feedback en-
tropy as a measure of the inherent rate at which a discrete-time control
system generates stability information. They proved that the infimal data
rate necessary to stabilize the control system into a compact subset of the
state space is exactly given by that measure. For continuous-time systems
on Euclidean space the notion of invariance entropy was established for the
same purpose in [3]. Here, a connection to data rates can be found in the
PhD thesis [§]. In the present paper, we show that the concept of invariance
entropy can be extended naturally to control systems on arbitrary smooth
manifolds. We further derive upper and lower bounds, which can be com-
puted directly from the right-hand side of the system, and which generalize
the estimates given in Theorem 4.1 and Theorem 4.2 of [3].

*This work was supported by DFG grant Co 124/17-1 within DFG priority program
1305.
TAMS Subject Classification 34C40, 93C15, 94A17



Estimates for Invariance Entropy

Consider a smooth manifold M, endowed with a metric d (not necessarily a
Riemannian distance), and a control system

z(t) = F(z(t),u(t)), uel,

on M with a smooth right-hand side ' : M x R™ — T'M and L°-controls
taking values in a compact control range U C R™. Let the unique solution
to the initial value problem x(0) = ¢ for the control function u be denoted
by (-, zp,u). Let K,QQ C M be compact sets with K C @ and @ being
controlled invariant. Then the invariance entropy hiny (K, Q) is defined as
follows: For each T,e > 0 a set S C U is called (T, e, K, Q)-spanning set if
for all z € K there is u € S with infycq d(p(t,z,u),y) < € for all t € [0,T].
The minimal cardinality of such a set is denoted by 7y, (T, ¢, K, Q) and

hiny (K, Q) := il{r{l} lijryjolip % Inrin (T, e, K, Q).
It is easy to see that the limit in the definition above exists and that
hiny (K, Q) does not depend on the metric d.
The first main theorem of the present paper, Theorem yields the fol-
lowing upper bound for hi,, (K, @), depending on a Riemannian metric g
imposed on M:

hiny (K, @) < max {O, max )\max(SVFu(w))} -dimp(K). (1)
(z,u)e@QxU

Here SV F,, denotes the symmetrized covariant derivative of the vector field

Fu(-) = F(-,u), Amax(-) is the maximal eigenvalue, and dimpg(K) the upper

box dimension (or fractal dimension) of the set K. In order to obtain uniform

Lipschitz constants on @ for the solution maps ¢(t,-,u), the proof uses the

Wazewski Inequality

Do) < 050 [ A ST (s, ) ).

which serves as a substitute for the Gronwall Lemma, used in the proof
of Theorem 4.2 in [3] (the Euclidean version of Theorem [12). Apart from
that, the main arguments are similar. We like to note that an analogous
inequality for the topological entropy of a flow ¢ on a smooth manifold M,
induced by a differential equation & = f(x), was proved by A. Noack in her
PhD thesis [10], namely

Banlc) < 1 {0, e (SV(0) - (),

where K C M is a ¢-invariant compact set, and dim g (K) denotes the lower
box dimension of K. The proof of that inequality is primarily based on
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an estimate of the topological entropy of maps (proved by Noack), which
generalizes an earlier estimate of Ito [7]. Similar estimates for the topological
entropy of a flow can be found in [I] and [2].

Our second main theorem, Theorem yields a lower bound on hiyy (K, Q)
depending on a volume form w on M, namely

hinv(Ka Q) > max {0, min  divy, Fu(w)} ) (2)
(z,u)e@QxU
where div,, denotes the divergence with respect to w. Here we need the
additional assumption of K having positive volume. The proof is essentially
based on the same arguments as the proof of Theorem 4.1 in [3], but uses a
more general version of the Liouville Formula.
The present paper is organized as follows. In Section [2] we introduce nota-
tion and collect some facts on manifolds, upper box dimension and control
systems. Section || introduces the concept of invariance entropy for control
systems on smooth manifolds. Section [§] provides proofs of the Wazewski
Inequality and the Liouville Formula. The main results, Theorem and
Theorem and two corollaries are formulated and proved in Section
Finally, in Section we compute the bounds and for projected
bilinear systems on the unit sphere explicitly.

2 Notation and Preliminaries

2.1 Notation

By N, R, R}, RY, and R¥? we denote the standard sets. If (X,d) is a
metric space, we write cl A for the topological closure of a set A C X. The
e-ball around =z € X is denoted by B.(z). The e-neighborhood N.(Q) of
a set @ C X is the union of all e-balls centered at points in Q. By (-,-)
we denote the standard Euclidean scalar product on R?. If F is a linear
mapping between Euclidean spaces, ||F'|| denotes its operator norm, and
F* its adjoint (if the spaces have the same dimension). By Apax(F) we
denote the maximal eigenvalue of a self-adjoint endomorphism F'. By I we
denote the identity matrix. We write Sym(d,R) for the space of all real
symmetric d x d-matrices. The transposed of a matrix A is denoted by A7,
its trace by tr A. We write (v1]---|vg) for the d x d-matrix whose columns
are v1, . ..,vq € R% For any real number r € R we let || denote the integer
part of r, i.e., the greatest integer less than or equal to 7.

The term “smooth” always stands for C*°. By a smooth manifold we mean a
connected, finite-dimensional, second-countable, topological Hausdorff man-
ifold endowed with a smooth differentiable structure. T'M denotes the tan-
gent bundle of the manifold M, T, M is the tangent space at x € M. For
the derivative of a smooth mapping f (between manifolds) at the point x we
write D f(z). A diffeomorphism (between manifolds) is a smooth invertible
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map with smooth inverse. The set of smooth vector fields on a manifold M
is denoted by X' (M). A Riemannian manifold (M, g) is a smooth manifold
M endowed with a smooth Riemannian metric g. For the Levi-Civita con-
nection associated with g we write V. A chart of a smooth d-dimensional
manifold M is a pair (¢, V') such that V' C M is an open set and ¢ is a dif-
feomorphism from V onto an open subset of R?. The basis of T, M, z € V,
associated with the chart (¢, V), is denoted by d1¢4, ..., 0. lfa: M — R
is a smooth function, we write

Oa
Ot

where 0; is the partial derivative by the i-th argument. For the components
of a Riemannian metric g and for the associated Christoffel symbols we use
the standard notations, g;; and Ffj As usual, the components of the inverse
of (gi;) are denoted by g¥. If f € X(M), we write L for the Lie derivative
along f. If o : M — N is a diffeomorphism and w is a volume form on
N, we write ¢*w for the pullback of w via ¢, ie., (p*w)(x)(vi,...,vq) =
w(p(@))(De(x)v1,...,Dp(x)vg) for all z € M and vy,...,vq € T, M. In
local formulas we do not use Einstein summation convention, but we omit
the range of the indices, which always run from 1 to d, the dimension of the
manifold.

(x) == di(@o ¢~ ) (¢()),

2.2 Manifolds

Let (M,g) be a Riemannian manifold of dimension d and let f € X (M).
Then the covariant derivative V f(x) of f at x € M is a linear endomorphism
of the tangent space T, M, locally—with respect to a chart (¢, V')—given by

ofk
toluX

Vi =Vof() =Y

ik

+) TH | v'ore. (3)
J

The symmetrized covariant derivative of f at x is the self-adjoint endomor-
phism SV f(z) := 1[Vf(z) + Vf(z)*]. In local coordinates, we can view
SV f(-) as a matrix (s,,(-)) whose entries satisfy

of+ ofr - 100,
25 = L 3 0 g+ 3 i 20 ()
0,k il

0¢” 90 ¢

Let (M,w) be a volume manifold, i.e., M is an orientable smooth manifold
and w is a smooth volume form on M. Then for a smooth map ¢ : M — M
the determinant of Dy(x) : T M — T,y M with respect to w is defined by

(p*w)(x) = dety, Dp(x) - w(x).
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The divergence of f € X(M) at x is defined by the equation

(Lyw)(z) = divy, f(x) - w(z).

If «: M — R is a smooth and nowhere vanishing function, then also « - w
is a volume form on M and

Lo

dive, f=divy, f + (5)

o
The Borel measure on M, induced by w, is denoted by p,. Let ¢ : M — R
be an integrable function with respect to the integral induced by pu,,, and
let g : M — M be a diffeomorphism. Then the transformation rule holds:

/ (@) dpi () = / 2(9(y)) - | dety Dg(y)|dpo (y). (6)
g(4) A

2.3 Upper Box Dimension

Next, we recall the definition of upper box dimension (cf. [1, Def. 2.2.1]): For
a totally bounded subset Z of a metric space the minimal number of e-balls
needed to cover Z is denoted by N(g, Z), and the upper box dimension (or
fractal dimension) of Z is given by

—— InN(e, Z
dimp(Z) := lim sup M
o In(1/e)

The upper box dimension of a compact subset Z of a d-dimensional Rie-
mannian manifold is at most d and if Z has nonvoid interior, it equals d.
The following lemma shows that the upper box dimension of a set Z does
not depend on the space it is embedded in.

Lemma 3 Let (X,d) be a metric space and Z C X a totally bounded set.
Let dimp(Z; X) denote the upper box dimension of Z as a subspace of (X, d)
and dimpg(Z; Z) the upper box dimension of Z as a subspace of (Z,d). Then
dimp(Z; X) = dimp(Z; ).

Proof: By N(e,Z;X) (N(e,Z;Z)) we denote the minimal cardinality of
a covering of Z with e-balls in X (in Z). For given ¢ > 0 let B =
{B:(x1),...,Bs(xn)}, ; € X, be a minimal covering of Z with e-balls in
X, i.e., in particular n = N(g,Z; X). Then for every i € {1,...,n} there
exists some z; € B:(x;) N Z, since otherwise B would not be minimal. Let
B := {Bs.(z1),...,Bs(z:)}. Now take an arbitrary point z € Z. Then
there exists i € {1,...,n} with d(z,z;) < . It follows that

d(z,z) < d(z,z;) + d(x;, z) < e+e=2e.
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Hence, Bis a covering of Z consisting of n balls in Z of radius 2¢. This
implies

N(2¢,2: X) < N(2,7; Z) < N(s, Z; X).
Hence, for all € € (0,1) it holds that

InN(2¢,Z; X) < InN(2¢e,7;7) < InN(e, Z; X)
In(1/e) - In(1/e) ~—  In(1/¢)

Using that In(1/e) = In(2) + In(1/(2¢)) we obtain

InN(2¢,7Z;X) InN(2¢,Z;2)

lin D o Tn(/2e)) = RSP G2y 1/ 2oy S (%)
S N@e X)) In(1/(2e)) InN(2, Z; X)

In(2) +1In(1/(2¢))  In(2) + 13(1/(26)) In(1/(2¢))
—1 for e—0

we obtain dimp(Z; X) < dimp(Z; Z) < dimp(Z; X). a

3.1 Control Systems

Let M be a d-dimensional smooth manifold. By a control system on M we
understand a family

@(t) = F(z(t),u(t), uel, (7)

of ordinary differential equations, with a right-hand side F' : M xR™ — T'M
satisfying Fy, := F(-,u) € X (M) for all v € R™. For simplicity, we assume
that F' is smooth. (Indeed, for our purposes it would be sufficient to assume
that F' is continuous and each local representation of F is of class C' it its
first variable). The family U of admissible control functions is given by

U={u:R—R"™ : umeasurable and u(t) € U a.e.}

with a compact control range U C R™. Smoothness of F' in the first argu-
ment guarantees that for each control function u € U and each initial value
x € M there exists a unique solution ¢(-,x,u) satisfying ¢(0,z,u) = =z,
defined on an open interval containing ¢t = 0. Note that in general (-, x, u)
is only a solution in the sense of Carathéodory, i.e., a locally absolutely
continuous curve satisfying the corresponding differential equation almost
everywhere. (A curve ¢ : I — M is locally absolutely continuous iff avo ¢ is
locally absolutely continuous in the usual sense for every smooth function
a: M — R.) We assume that all such solutions can be extended to the
whole real line. In fact, for the purpose of studying invariance entropy, we
may assume this without loss of generality, since we only consider solutions
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which do not leave a small neighborhood of a compact set. Hence, we obtain
a mapping
:RxMxU—M, (tz,u)— ot ,x,u),

satisfying the cocycle property
@(s,0(t, 2, u),Omu) = (s +t,x,u) (8)

for all t,s € R, z € M, u € U, where (O)cr denotes the shift flow on U,
defined by
(1u)(s) = ult + )

Instead of ¢(t,z,u) we also write ¢, (x). Note that smoothness of the
right-hand side F' implies smoothness of ¢ ,,(-).

Finally, we state a result on the approximation of arbitrary solutions by
solutions corresponding to piecewise constant control functions, which easily
follows from the combination of [6, Theo. 2.20] and [0, Theo. 2.24].

Proposition 4 Consider control system (7), let (zo,u0) € M x U and
T > 0. Then for every € > 0 there exist 6 > 0 and a piecewise constant
control function uw € U such that d(x,xo) < § implies

d (p(t,z,u), (t, v, up)) < e for all t € [0,T).

5 Invariance Entropy

Consider control system @, and let d be a metric on M compatible with the
given topology. Let K,Q C M be compact sets with K C @, and assume
that @ is controlled invariant, i.e., for every x € @ there is u € U such
that ¢(t,z,u) € Q for all t > 0. For given T,e > 0 a set S C U of control
functions is called (T, ¢, K, Q)-spanning if for all z € K there exists u € S
with ¢(t,z,u) € N:(Q) for all t € [0,T]. The minimal cardinality of such a
set is denoted by 7iny (7T, ¢, K, Q), and the invariance entropy hiny (K, Q) is
defined as follows:

1
hiny (g, K, @) := lim sup T Inrinw (T, e, K, Q),

T—o00

hinv(Ka Q) = Eh\r‘% hinv(€7 K, Q)

The arguments, given in [3], which show finiteness of rin, (7T, ¢, K, Q) and
existence of the limit in the definition above, naturally apply also to systems
on manifolds; hence, we will not repeat them here. Next, we recall the
definition of strong invariance entropy, introduced in [3] as an auxiliary
quantity, which upper bounds hi, (K, Q): Define the lift Q of @ by

Q:={(z,u) e M xU : p(t,z,u) € for all t > 0}.



Estimates for Invariance Entropy

A subset ST C Q is called strongly (T, e, K, Q)-spanning if for every z € K
there is (y,v) € ST with

d(e(t,z,v),(t,y,v)) <e forall t € [0,T].

+

By r; (T,e, K, Q) we denote the minimal cardinality of such a set, and we

define the strong invariance entropy hi (K, Q) by

1
ht (e,K,Q) = limsupflnr.Jr (T,e,K,Q),

inv inv
T—oo

it (.Q) = lim b (¢ K. Q).

It is easy to see that rin, (T, ¢, K, Q) < rifw(T,s, K, Q) and hence
hinv<€7K7 Q) < h$V(57K7 Q)7 (9)
hinv(K7 Q) < th (Ka Q)

mv

For a proof see [3, Prop. 3.2] or [§, Prop. 3.1.3]. We also write hin, (K, Q; F)
or hiJIFW(K ,Q; F) in order to refer to the system with right-hand side F, if
there are different control systems in consideration.

The following proposition shows that both hin (K, Q) and hi (K, Q) are
independent of the metric imposed on M.

Proposition 6 hi, (K,Q) and h (K, Q) do not depend on the metric.

mv
Proof: Let d’ be another metric on M inducing the given topology. Com-
pactness of () implies uniform continuity of the identity id : (M, d) — (M, d’)
on @, i.e.,

Ve>0: 30>0: VxeQ: Yye M: dx,y) <d=d(z,y) <e.

Hence, every (7,0, K,Q)-spanning set with respect to d is (7,¢, K, Q)-
spanning with respect to d’ if § = () is chosen as above, and the same
is true for strongly spanning sets. This implies the assertion. U
The next proposition can be found as Proposition 3.4(iv) in [3] for systems
on Euclidean space. It is clear that the proof also applies to systems on
smooth manifolds and hence we omit it.

Proposition 7 Consider the control systems and
i(t) = s- F(z(t), u(t), uwel, (10)

where s > 0. Let K,QQ C M be compact sets with K C Q and Q being
controlled invariant with respect to system . Then @ is also controlled
invariant with respect to system and it holds that

hinv(gv K,Q;SF) = s hinv(gaKaQ;F) for all € > O’
hinv(KaQ;SF) = S hinv(KvQ;F)‘
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8 The Wazewski Inequality and the Liouville For-
mula

In this section, we provide proofs for the Wazewski Inequality and the Li-
ouville Formula. In the first proof, we will use the well-known formula

G920 (XO.Y0) = gy (2 0.7 0)) + a0 (X020 0) ()

which holds for vector fields X, Y : I — T'M along a smooth curve x : I — M
on a Riemannian manifold (M, g), where % denotes the covariant derivative
along x. By an elementary computation in local coordinates it can be proved
that this formula holds almost everywhere on I if , X and Y are only locally
absolutely continuous.

Proposition 9 Consider control system and let g be a smooth Rie-
mannian metric on M.
(i) For arbitrary (x,u) € M xU and v € T, M the curve

Coup it = Doy (T)v, cpup: R—TM,

is locally absolutely continuous and satisfies the Riemannian varia-

tional equation
Dz
E(t) = VFyu) (pru(r))z(t) (12)

almost everywhere, where % denotes the covariant derivative along the
solution @(-, z,u).

(ii) For allt > 0 the inequality

Do) < o5 ([ A5V Fug i)

holds.

Proof:
(i) We abbreviate ¢z 4, by ¢ and ¢, (z) by . Let the local expressions
of 4, Fyyy and c(t) with respect to a chart (¢,V) be

o(ze) = (2(t),...,2%(t), Fuu( ZFt iz,
c(t) = > ' (t)0ia,.

%

By (3)), the local expression of VFE,)(z) is given by

8Ft
w_z(?gt] w 81¢$+%F (2)w! Opp.
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From the variational equation for Carathéodory differential equations
in Euclidean space it follows that c¢ is locally absolutely continuous
with

Hence, the right-hand side of (with z(t) = ¢(t)) is (almost every-
where) given by

OF} j
Z a¢§ ’L(bl’t + Zkrzj Lt Ft (xt) (t)8k¢$t
’j
+ Z F” xt )6k¢xt
1,5,k

For the left-hand side we obtain

ch(t)aj%] —Z[ ()0, + € (¢ )Daé;b“()

J

a =

= +ZCJ (Vi,050) (z¢)

= +Zd Wzy&%wy>

= ¢(t) + Z i( ) (Voyp,,0i) (2¢)
= + ZF )8k¢wt
.5,k

This proves assertion (i).

Let 7 := pyu(r) and A(t) := Anax(SVE, ) (ru(T))). Let 2 1 R —
T M be a locally absolutely continuous solution of the variational equa-
tion . Then for almost all ¢ € R we obtain

d ) d
ﬁwwr:ﬁ%u>w>

%( )+%< o)

= Gar (VEy i) (2)2(1), 2(t)) + g, (z(t), VFy@) (z4)2(t))
= Ga, (VFEuy(20)2(t), 2(8) + guy (VFu(e) ()" 2(1), 2(1))
262, (3 [VFu(t><xt>+v w(ey (20)"] 2(2), 2(1))

< 2211201

|
|

t
t)

A

10
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Now we assume that z(¢) # 0 for all £ > 0. This implies for almost all
t>0

2|2(t)|? L)) '
TopE <20 = / AR <2 [ Ao

n (2()]2) — n (J]2(0)]?) < 2 /0 As)ds
= Infz(t)] — n[|2(0)] < /0 A(s)ds
S =@ < 1200 exp ( /0 A(s)ds> |

In order to show that A is locally integrable (and hence the integral
above exists) let (¢, V) be a chart such that ¢(I,z,u) C V for some
open interval I. Then A\ = A\jpax 0 A on I, where A : I — Sym(d,R) is
given by (see (4))

oF*

2140, = 55 EOMAE ¢9 O 1) 01

99y
+ ZF’ (z0)g" (z1) aibil ().

The function Ayax is continuous, since eigenvalues depend continuously

on the matrix. A is measurable, since both Fi(t) (x¢) and 8§;§0 ()
depend measurably on ¢, which follows from the facts that F' is con-
tinuously differentiable (in the first argument), x; is continuous and u
is measurable. Finiteness of the integral (over compact time intervals)
follows from compactness of the control range U.

Since for each v 6 T, M\{0} the function z(t) = Dy, (x)v is a solution
of (12) with z(t) # 0 for all ¢ > 0, we obtain

1Dt u()]| = HlilnaxllleOtu( z)vl|

< max | Dooals) ol ( [ t As)ds )

=id

oo ([ t Ao ).

This finishes the proof of (ii).
O
For the proof of our second main result we need the following version of the
Liouville Formula:

11
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Proposition 10 Consider control system and let w be a smooth volume
form on M. Then for all (t,z,u) € R§ x M x U it holds that

t
dety, Dt () = exp </ div,, Fu(s)(gos,u(x))ds> : (13)
0

Proof: We fix (z,u) € M x U. For brevity we write X; = F,y and
xt = () for all t € R. First we prove that the following identity holds:

d
%gozuw = pru(Lx,w) for almost all t € R. (14)

It suffices to prove formula locally (in R?). Then we have w = a - wy
with the standard volume form wy = da! A -+ - A da® and a smooth function
a:RY - R. Let vq,...,v4 € R% be vectors such that (without loss of
generality) det(v1]---|vg) = 1. Then for all t € R we obtain

Pruw(@) (v, .. va) = a(z) det(Deppu(x)or] - - - [ Dy u(e)va)
= afzy) det [Depru(x) - (0] [va)]
= o) det Dy ().
For almost all ¢ € R the derivatives %g@t,u(x) = &y and %D«pt,u(x) exist.
For those t-values we have

d

. d
agotmw(a:)(vl, cey ) = o7 () det Dy ()

d
= (Va(xy), &) det Doy o, () + a(zt)% det Dy ().

By the usual Liouville Formula for Carathéodory differential equations on
Euclidean space we have

% det Dy o (x) = tr DXy () det Doy ().

This leads to

icp;uw(x)(vl,...,vd) = (Va(xy), Xe(xr)) det Dy o ()

dt
+ a(zy) tr DXy¢(x¢) det Doy ()
= ((Va, Xy) + atr DXy) (x4) det Dy ().
For the right-hand side of we obtain

Oru(Lx,w)(@)(v1, ... va) = @1, (dive Xe - w)(z)(v1, .., va)

o1y ((adivy, X+ (Va, X¢)) wo) (z)(v1, - - -, va)
= (atr DX; + (Va, Xy)) (z¢) det Dy ().

5

12
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This proves . In order to show the assertion, we have to prove that
t
Indety, Dy () = / div, Xs(zs)ds for all t > 0. (15)
0

Note that the integral on the right-hand side of the equation exists, since
the function
t— divy, Xt(xt) = divy, Fu(t)(gpt,u(w))

is the composition of the measurable function ¢ — (¢(t,z,u),u(t)), R —
M x R™, and the continuous function (p,v) +— div,, F,(p), M x R™ — R,
and it is essentially bounded on compact intervals: For almost all s € [0, ¢]
one has

div,, F, < div,, F, .

|dive, Fy(s) (¢su())| < et o ldve B2

For ¢t = 0 both sides of equation coincide, since ¢q, = id)s and hence
det,, Do (z) = 1. Therefore, it suffices to show that the derivatives of both
sides coincide almost everywhere:

1 d
% Indety, Dyt (x) = (dety, Dy y(z)) 1% dety, Dy ()

Ly d ()
dt  w(x)
L1 Pru(Lxw) (@)
w(z)
_ Pru((dive Xi] - w) (@)
= (dety, Dyt y(z)) (@)
w(z)  Pru([dive X - w)(z)
(7 uw) () w(z)
ot u([dive Xy - w)(z)
(07 uw) ()
divy, Xy ()

= Ww(xt) = divw Xt(l‘t).

= (dety, Doy y(z))

(14)
(dety, Dy y(2))

This implies the assertion. O

11 The Main Results

Now, we formulate and prove our main theorems. The first one yields an
upper bound for the invariance entropy in terms of the symmetrized covari-
ant derivative of the right-hand side vector fields of the given control system
and the upper box dimension of the set K:

13



Estimates for Invariance Entropy

Theorem 12 Consider control system and let K,QQ C M be compact
sets with K C @Q and @Q being controlled invariant. Let g be a smooth
Riemannian metric on M. Then the following estimate holds:

hiny (K, @) < max {0, max /\maX(SVFu(as))} -dimp(K).
(z,u)eQ XU

Proof: The proof is subdivided into three parts.

Step 1: Let € > 0 be chosen arbitrarily but small enough such that cl No.(Q)
is compact and for all z € @) the Riemannian exponential function exp, is
defined on B.(0) C T, M. By compactness of ) and local compactness of
M the first is possible; for the second see [5, Cor. 2.89]. Choose a smooth
cut-off function 6 : M — [0, 1] such that

O(z) =1 on cl No(Q) and O(x) =0 on M\ Noo(Q).
We define a smooth mapping F : M x R™ — TM by
F(z,u) := 0(x)F(z,u) for all (z,u) € M x R™,
which serves as a new right-hand side:
i(t) = F(z(t),u(t)), uecl. (16)

The corresponding solutions are denoted by @(¢, x,u). By definition of F
we have

o(t,z,u) = §(t, z,u) whenever ¢([0,¢],z,u) C cl N-(Q) (17)

for all (¢t,z,u) € Ry x M x U. In particular, this implies that Q is also
controlled invariant with respect to system (16). Now we define for every
7 > 0 the set

D(7) :=1[0,7] x cl N(Q) x U

and the number

L.(7) = sup || D@ru(2)|, Le:= Lo(1). (18)
(t,x,u)eD(T)

Since @ou(x) =2 on M x U, we have

Le(r) =2 sup [D@ou(z)ll = sup |[lidrm| =1. (19)
(z,u)€cl N (Q)xU z€cl N-(Q)

Let A(t, #,u) := Amax(SV E, ) (Bru(x))) for all (¢, x,u) € R x M xU. Then,
by the Wazewski Inequality (Proposition [9fii)), we obtain

t
L.(1) < sup exp </ )\(s,x,u)d,s)
) 0

(t,z,u)eD(T

14
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t
< sup  exp </ max{O,A(s,x,u)}ds)
) 0

(t,x,u)eD(T

< sup exp </ max{0, A(s,a;u)}ds)
(z,u)Ecl N (Q)xU 0

< sup exp | 7 ess sup max{0, A\(t,z,u)}
(z,u)€cl N (Q)xU te(0,7]

= sup exp | 7 ess sup max{0, )\maX(SVFu(t) (Pru(x)))}
(z,u)€cl N (Q)xU te(0,7]

< sup exp <7’ max{0, AmaX(SVFU(z))}> .
(z,0)E@(D(1))xU

By definition of F every solution of system starting in cl No(Q) stays
in cl Nac(Q) for all positive times. Hence, $(D(7)) C cl Noc(Q), which by
continuity of (z,v) — Apax(SVFy(2)) implies

LE(T) < sup exp <7’ maX{O, )\max(svpv(z))}>
(z,v)€cl Noc (Q)xU

= exp (7‘ max {0, max Amax(svp’u(z))}> < 00.
(z,v)€cl Noc (Q)xU

Hence, Lc(7) € [1,00) for all 7 > 0. We further obtain

1 -
“InL.(r)<  sup  max {o, AmaX(SVFU(z))} . (20)
T (2)€B(D(r) xU

Step 2: We show that the following estimate holds:

hine (6, K, Q) < In(L¢) - dimp(K). (21)

mv

To this end, first assume that L. > 1. Let T" > 0 be chosen arbitrarily and
let ST = {(y1,u1), ..., (Yn,un)} be a minimal strongly (T, e, K, QQ)-spanning
set with respect to system @ (Note that this implies n = r (T, ¢, K, Q).)
Then, by , ST is also minimal strongly (T, ¢, K, Q)-spanning with re-
spect to system . We define

K~::{ eM : d(p(t, z,uj), p(t, v, u; <}, =1,...,n.
x e (@(t, m,uy), p(t, yj,ui)) <ep, J n

By the definition of strongly (7, e, K,Q)-spanning sets we have K C
U?:l Kj. Let
r(e,T) := L7171+,

We want to prove that

B.em(y;) CKj forj=1,...,n.

15



Estimates for Invariance Entropy

To this end, let z € By(.,1)(y;) be chosen arbitrarily for some j € {1,...,n},
and let t € [0,7] and s := ¢t — |t|]. By the cocycle property Pt
decomposes into [t| + 1 maps in the following way:

Ptau; = P50 u; © PLO | _qu; © " © P1LOu; © Pl

Let ¢ : [0,1] — M be a shortest geodesic joining x and y;, which exists by
the choice of . Since P14, o ¢ joins P(1,z,u;) and G(1,y;,uj), we get

d(cﬁ(l,x,u]),gé ]‘ y]’uj / Hdrwluj Hd?"

= [ P61 )it ar

S‘A DG, ()| 1) | dr
1
< swp D) / le(r) | dr
(z,v)ECl N (Q)xU 0

< Led(z,yj) < Ler(e,T) = eL7 T < e

In the last inequality we used that L. > 1. Now (if ¢ > 2) we can
choose a shortest geodesic joining $(1,x,u;) and ¢(1,y;,u;) and estimate
the distance of $(2,z,u;) and ¢(2,y;,u;) in the same way. Recursively, for
I=1,...,[t] —1 we obtain

d(P1.0u; 0+ 0 Pruy (T), Bromw, © - 0 Py, (y)) < Lid(z,y;)
< oLl <

and thus also d(@¢u, (7), P, (y5)) < e. This proves that B, r)(y;) C Kj.

Now assume to the contrary that N := N(r(e,T),K) < rit (T,e,K,Q) = n,
where N(r(e,T),K) denotes the minimal number of r(e,T)-balls neces-
sary to cover the set K. Then K can be covered by N balls of radius
r(e,T), which can be assumed to be centered at points z1,...,2y € @
by Lemma @ Now we assign to each z; a control function v; € U such
that (z;,v;) € Q, and we define ST := {(z1,v1),...,(2n,vn)}. Then ST is
strongly (7 ¢, K, Q)-spanning, since for every x € K we have x € B, 1)(2)
for some j € {1,..., N} and we have shown that d(z, z;) < r(e,T) implies
max;eo, ) d(P(t, z,v5), §(t, zj,v5)) < e. Since ST is minimal, this is a con-
tradiction. Hence,

+ (T,e,K,Q) < N(r(e,T), K). (22)

We have Inr(e, T) = In(eLz ")) = In(e) — (|T] + 1) In(L.) and thus

~ In(e) —In(r(e,T)) ~Inr(e,T) In(L:) — In(¢e)
Tz =—71. _1__1nL5<1+lnr(e,T)>'

(23)

16
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In(L¢)—In(e)

Note that (1 + Inr(=T)

) — 1 for T' — oo. This yields

| .+ T K
hi—;v(&"K;Q) == hmsup nrlnv( ’87 ,Q)
T—oo T
lim sup 2V T), K)
T—oo T
i I N(r(e,T), K)
= In(L.)limsu
( e) T—»oop (LT
; InN(r(e,T), K
In(L.) lim sup (r( 121@ 3_111(6)
T—oo —Inr(e,T) (1 + lnj“(ieT))
. InN(r(e,T), K)
In(L.)1
n(Le)limsup =g r

<

<

<In(L.) - dimp(K).

If L. = 1, we can prove the same estimate with L. + 3§ = 1 + § for every
§ > 0 and hence, for §\,0, we obtain k" (e, K,Q) = 0.
Step 3: We complete the proof. To this end, consider for every 7 > 0 the
system

z(t)y=r1- F(:C(t), u(t)), uel. (24)

Then, by Proposition [7] @ is also controlled invariant with respect to each
of these systems, and we obtain for every 7 > 0 the estimate

hinv(€,K,Q;F) = %hinv(57K7Q;7—F) (]%D lh+ (€7K7Q;TF)‘ (25)

T 1Inv

Now we apply the estimate to system . Denote the cocycle of system
by ¢7. Then it is easy to see that

¢T(L,m,0) = @¢(t,z,u) forall (t,x,u) € Rx M xU,

where 4(t) = u(tT) (see also the proof of [3, Prop. 3.4(iv)]). Hence,
sup ||Dg, (@) = sup  [|DGiru(@)l|
(t,z,u)eD(1) (t,z,u)eD(1)

= sup || D@rula)| = Le(T).
(t,z,u)eD(T)

Consequently, from we obtain
hiny(g, K, Q) < %ID(LE(T)) -dimp(K)

< sup max{0, Amax(SVFy(2))} - dimp(K)
(z,0)€@(D(1))xU

max {0, sup )\maX(SVFU(z))} -dimp(K).
(2,0)€4(D(7))xU

17
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Let z € (D(7)). Then z = ¢(t, z,u) for some (t,z,u) € [0,7] x cl N.(Q) %
U. If u is a piecewise constant control function, then the corresponding
trajectory @(-,x,u) is piecewise continuously differentiable, and hence we
can measure its length by taking the integral over || %cﬁ%u(t) ||. This implies
that for t € [0, 7]

d( t x, u / Hdtsoa:u Hdt </ Hdt%cu Hdt

(G(t, x, ) Hdt

0

T HF(z’U)H/o =cr

=:C

The same inequality for arbitrary admissible control functions follows from
Proposition [d This implies

&(D(7)) C el Npingae c4rcy(Q) for every 7 > 0.

For 7 > 0 with € + 7C < 2¢ we obtain

hinv €7K7 S max 07 max Amax SVFU - . m K .
| “ { (z,0)€cl Netrc(Q)xU ( ( ))} B(K)

Now take a sequence (7,)nen, 7n > 0, with 7,\,0. Let (z,,v,) €
cl Neyr,c(Q) x U be a point where the maximum above is attained. By
compactness we may assume that (z,,v,) — (2%,0*) € cIN.(Q) x U for
n — 0o. Then

)\maxS F'U* * = )\maxs Fv s 26
(SYEs(") = | mas Anx(SVE(2) (26)

since otherwise there exists (2**,v**) € cl No(Q) x U with
Amax (SV Eypes (2)) > Amax (SV Ey- (2*)),

which, by continuity of (z,v) — Amax(SVEF,(z)), implies

Amax SVE," Zn)) = max Amax (SV EFy(z
( (2n)) e AN o ( (2))

< )\max(SvFv** (Z**))

max Amax (SVE,(2))
(2,0)ECI N (Q)xU

IN

18
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for n large enough. This is a contradiction, since the maximum on cl NV, (Q) x
U cannot be greater than the maximum on ¢l Ne4.,¢(Q) x U. Hence,

hinv(e, K, Q) < lim maX{O,( : max )\maX(SVFU(z))}-dimB(K)

n—oo w)ec Netr, 0(Q)xU

lim max {o, AmaX(SVﬁ’Un(zn))} - dimp(K)

n—oo

max {o, Amax (SV Fye (z*))} . dimp (K)

I

0’ Amax(SVEu(2)) b - dimp(K
maX{ (zw)er{lnlf\ZX(Q)XU ax( (Z))} imp(K)

= max {0, max /\maX(SVFD(z))} -dimp(K).
(z,0)Ecl N (Q)xU

The last equality follows from the fact that F' and F coincide on cl N (Q)x U.
With the same arguments it follows that

hinV(K7 Q) = 21{% hinV(EvK7 Q)

IN

max{(),( max )\maX(SVFv(z))}-dimB(K),

z,0)EQXU

which finishes the proof. O
By considering Riemannian metrics which are conformally equivalent to a
given one, we obtain the following corollary.

Corollary 13 Under the assumptions of Theorem let W C M be an
open neighborhood of Q and oo : W — R a smooth function. Then

hiny (K, Q) < max {0, max  (Amax(SVFE,(z)) + Epua(a:))} -dimp(K).
(z,u) QXU

Proof: We define a new Riemannian metric § on W by
g(z) = e*@g(z) forallz e W

and we let V denote the Levi-Civita connection associated with g. Then,
by , for every f € X(M) the matrix representation of SV f with respect
to a chart (¢, V) is given by

- Of" = 0 0f" i1 00
2[SVfLV= / +Z “eaqj@gw Zf e

Do D

 —2a_u (€ gu)
— ;1,9 i —2a  ul

_ 0 Of"
- a¢>v +Z g

19
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_ . agul O

2c i ul | 2« 2c

R [ oo g”’aw}
; e

= [Svf],uz/ + 2Zflgulgl1/a¢i .

il

Since >°; 9" g1, = 6,1, we obtain

594

1%

=[SV f],, + (Z fi;zi) S =[SV, + (L) 0y

%

Hence, the assertion follows from Theorem [12] O
The second main result gives a lower bound on hi,, (K, Q) in terms of the
divergence of the right-hand side vector fields of the given control system:

Theorem 14 Consider control system and let K,QQ C M be compact
sets with K C @ and Q being controlled invariant. Let w be a smooth volume
form on M and assume that p,(K) > 0. Then the estimate

hinv (K, Q) > max < 0, i div,, F,
(K,Q) >m x{ ( ﬂgunx i (m)}
holds.

Proof: For arbitrary T, e > 0let S = {uy,...,u,} be aminimal (T, ¢, K, Q)-
spanning set and define

Kj:={x e K| ¢(0,T],z,u;) C N(Q)}, j=1,...,n.

Then, by definition of (T, ¢, K, Q)-spanning sets, K = U?Zl K. Foreach j €
{1,...,n} the set Kj is a Borel set, since it is the intersection of the compact
set K and the open set {z € M | ¢([0,T],z,u;) C N-(Q)}. The solution
map ¢y, : M — M is a diffeomorphism and therefore also @1, (Kj) is a
Borel set. Hence, we get

Mw(‘PT,uj (KJ)) < Mw(NE(Q>)’ Jj=1...,n (27)

For the w-measure of o7, (K;) we obtain

,U/w(QOT,uj(Kj)) = / d,uw @ /K ’detw D@T,Uj(w)’dﬂw(x)

er,u; (Kj)
= /K duw (z,ui)relig(xu ‘detw DSOT’U(‘T)’
J »([0,T],2,u)CNe(Q)
=) e, ety Do)l

#([0,T],z,u) CNe (Q)
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By the Liouville Formula (Proposition this implies

T
po(pr; (KG)) 2 po(BG) - dnf o exp ( /0 div,, Fu<s)(¢(s,m,U))dS) :
#([0,T],2,u) CNe (Q)
Let
T
Ve, T) = <z,ui)161£xu exp </0 div,, Fu(s)(go(s,a:,u))ds> .

#([0,T],z,u) CNe (Q)

We may assume that ¢ is chosen small enough that ¢l N.(Q) is compact. For
every (z,u) € K xU with ¢([0,T],z,u) C No(Q) it holds that

T
exp (/0 divy, Fu(s)(ga(s,m,u))ds) > exp (T (z’u)ecrln]\i/rsl(@)XUdivw Fu(z)>

= i T di wFu )
ayeain o &P (T dive Fu(2)

which implies

Ve, T) > i T div, Fy, > 0. 28
CT)z i ep(Tdiv, Fi() (28)
e bt (1K) @ o (N(Q)
Mo\ PTu,; 4L 5 ' ,Uw NEQ
(K < . < 29
moll) < =0T S Ve (29)
Let jo € {1,...,n} be chosen such that p,(Kj,) = maxj—1, . n pe(K;). Then
" Y pu(N(Q))
Ho(K) < Mw(jL:JlKg) <n-pe(Kj) < HW
Since n = riny (T, &, K, Q), we get
fho (K)
rinv(1, e, K,Q) > ———=—V(e,T) forall T,e >0
( IR
and hence
: 1 1 Heo (K)
hinw(e, K,Q) > limsup|=InV(e,T)+ =In——~—
(©K.Q) 2 Tmsw [ m VD) + 5 o]
—0
(128)
> limsup min div,, Fy,(z)
T—oo (2,u)EclN(Q)xU
= min div,, Fy(x).
(z,u)Ecl N (Q)xU
For eN\0 we have Min g, el N (Q)x divew Fu() —

ming, ,)egxv dive Fu(z), which can be seen as follows: Assume to
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the contrary that there exists § > 0 such that for all n € N there is
(Tn, un) € cl Nyjp(Q) x U with

divy, Fy, (25) = min div,, Fy(x)
(z,u)€cl Ny, (Q) XU

and
min  Fy,(x) — div, F,, (x,) > 0.
(z,u)eQ XU U( ) Ve un( n) -
By compactness of cl Ny, (Q) x U we may assume that (xp,u,) converges
to some (x4, us) € Q x U, which, by continuity of (z,u) — div,, F,(x), leads
to the contradiction
divy, Fy, () +0 < min  Fy(x) < divy, Fy, (z4).

T (zu)EQxU
Hence, the assertion is true. O
Analogously, as for Theorem we obtain a whole family of bounds if we
consider not only one volume form, but all volume forms which are derived
from a given one by multiplication with a smooth positive function:

Corollary 15 Under the assumptions of Theorem leta: W — R be a
smooth function, defined on an open neighborhood W of Q. Then

hiny (K, @) > max {O, min  [div, Fy(z) + EFua(x)}} . (30)
(z,u)EQXU

Proof: On W consider the volume form ' := 3-w with g(x) = e*(®)  Using
a smooth cut-off function we can extend w’ to M. Then by ,

) ) Lr,B(x)
div, Fy(x) = div, F(x) + ————
® (@) +
o)
= divy, Fu(z) + qu)a(fc) = div, Fyu(z) + Lp,a(x).
ea xX
Now the assertion immediately follows from Theorem U

Remark 16 By Proposition |§|7 the invariance entropy hiny (K, Q) is inde-
pendent of the metric imposed on M. However, the upper bound does
depend on the choice of the Riemannian metric g. Hence, one can try to
optimize the estimate by taking the infimum over all Riemannian metrics.
Analogously, one can try to optimize the lower bound by taking the
supremum over all volume forms. We do not know if there is a way to com-
pute these infima and suprema. Corollaries and provide varieties of
bounds, which one obtains by considering the conformal class of one partic-
ular metric or volume form.
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Remark 17 For control systems on Euclidean space, Theorem 4.2 of [3]
yields the upper bound

hine(K,Q) < max |[[DFy(2)]| - dimp(K), (31)
(z,u)eQXU
where || - || is the operator norm derived from the Euclidean vector norm.

In contrast, the “Euclidean version” of our first main result, Theorem
gives the estimate

hinv (K, Q) < 0, Amax (DFy(2)1) ¢ - dimp (K 32
( @>_max{ LB A (DF(a) )} mp(K)  (32)

with DF,(z)* = 1[DF,(z) + DF,(z)T]. Estimate improves (31)), since
for any matrix A € R4? the inequality Amax(5(A + AT)) < ||A|| holds.

18 Application to Bilinear Systems

Consider a bilinear control system on R, i.e., a system of the form

B(t) = [Ao+ > _ui(t)Ai| z(t), uell, (33)
i=1
where Ag, A, ..., Ay, € RETDX(EHD)  We also use the abbreviation

A(u) = Ag+ Y uiA;.
=1

Any system of this type induces a (nonlinear) control system on the d-
dimensional unit sphere

Sdz{xeRdH : ||;c||:1},

given by
8(t) = (Au(t)) = s()T Alu(®)s(DI)s(t), uel, (34)

whose solutions are the radial projections of the solutions of (33| (cf. [4,
Sec. 7.1]). For the invariance entropy of this system, Theorems and
yield the bounds formulated in the following proposition.

Proposition 19 Consider control sytem . Let K,Q C S be compact
sets with K C Q and @ being controlled invariant. Then

hiny (K, Q) < max {O,( r§1a5< U)\max(QsA(uﬁ —_ STA(u)+sI)} -dimp(K),
S, u)EQRX
(35)
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where A(u)™ = 1(A(u) + A(w)T) and Qs is the orthogonal projection onto
T,S%. If, in addition, K has positive volume, it holds that

hiny (K, Q) > max {0, (S’J)%igw [tr A(u) — (d+1) - s"A(u)s] } . (36)

Proof: We write
G(u, s) = Gu(s) == (A(u) — sT A(u)sI)s, G:S8%xR™ — TS,

for the right-hand side of system . On S¢ we consider the round metric
and its induced volume form. In order to compute the upper and lower
bounds and for system , we first have to determine the covariant
derivative of G,. By [0, Prop. 2.56], V,G\(s) is given by the orthogonal
projection of DGy (s)v to T;,S% = s*, where DG, (s) is the Jacobian of G,
at s, considered as a map from R%*! to R An elementary computation
gives

DGy(s) = A(u) — sT A(u)sI — ssT (A(u) + A(u)T).

With the orthogonal projection @, := I — ss’ we obtain

(I —ss") (A(u) — sT A(u)sI — ss™ (A(u) + A(u)"))
(I —ssT) (A(u) — STA(U)SI) .

QsDG,(s)

Hence, VG (s)v = Qs(A(u)—sT A(u)sI)v. For the upper bound (T]) we have
to compute the symmetrized covariant derivative of G,,. To this end, note
that the adjoint VG, (s)* of VG, (s) is the unique linear endomorphism of
T,S% such that (VG (s)v,w) = (v, VG,(s)*w) for all v,w € TsS% = st.
Since for v, w € st it holds that

(Qs(A(u) — 5" A(u)sIv, w) = <\QQ:7 (A(w)" — s" A(u)sI) @)
= (v, QS(A(u)T — sTA(u)sI)w>,

we have VG, (s)*v = Qs(A(u)? — sT A(u)sI)v and thus

SVG(s) = % [Qs(A(u) — sTA(u)sI) + Qu(A(w)T — s Au)sI)]
_ %QS [A(u) + Au)T — 25T A(u)sI] .

Writing A(u)™ for 1(A(u) + A(u)T) and using that s”A(u)s = s A(u)Ts,
we obtain

SVG.(s) = Qs [A(u)T — sTA(u)TsI] = Qs A(u)" — sT A(u)tsI.
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Consequently, T heoremyields . Now, let v, ..., vyq be an orthonormal
basis of T;S%. Then the divergence of G, is given by

d
div Gu(s) = tr VGu(s) = > (Qs(A(u) — s" A(u)sI)v;, vy)
i=1
d
= > ((A(w) = s" A(u)sI)vi, Qsv;)
i=1
d
= Z((A(u) — sT A(u)sI)vg, v)
i=1
= tr(A(u) — sT A(u)sI) — ((A(u) — sT A(u)sI)s, s)
=0
= trA(u) — (d+1) - sT A(u)s.
Hence, Theorem [14] implies in case K has positive volume. O

Remark 20 Finally, we want to remark that existence of compact con-
trolled invariant sets with nonvoid interior (and hence positive volume) for
system is guaranteed by [4, Theo. 7.3.3] under the assumption of local
accessibility. To be precise, the theorem states the existence of a finite num-
ber of control sets with nonvoid interior for the projection of the bilinear
system to d-dimensional projective space, which can be viewed as a
quotient space of S% under the equivalence relation which identifies antipo-
dal points. The lifts of these control sets to S are controlled invariant with
respect to system , and—under mild conditions—controlled invariance
carries over to their (compact) closures.
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