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Developing accurate numerical methods for strongly interacting fermions is crucial for
improving our understanding of various quantum many-body phenomena, especially
unconventional superconductivity. Recently, neural quantum states have emerged as
a promising approach for studying correlated fermions, highlighted by the hidden
fermion and backflow methods, which use neural networks to model corrections to
fermionic quasiparticle orbitals. In this work, we expand these ideas to the space
of Pfaffians, a wave-function that naturally expresses superconducting pairings, and
propose the hidden fermion Pfaffian state (HFPS), which flexibly represents both
unpaired and superconducting phases and scales to large systems with favorable
asymptotic complexity. In our numerical experiments, HFPS provides state-of-the-art
variational accuracy in different regimes of both the attractive and repulsive Hubbard
models. We show that the HFPS is able to capture general phases with and without
pairing, and therefore may be a useful tool for modeling phases with unconventional
superconductivity.

Significance

Understanding how electrons
interact in two-dimensional
materials is essential for
explaining phenomena like high-
temperature superconductivity,
but existing numerical methods
are often limited by systematic
biases. Neural quantum states
offer a promising alternative,

yet their success has largely been
restricted to spin systems, since
representing fermion pairing
and controlling computational
cost have remained major
obstacles. Here, we introduce
the hidden fermion Pfaffian state,
a neural-network-augmented
variational wave function

that explicitly encodes fermion
pairing. Combined with sublattice
structures and low-rank updates,
this reduces computational
scaling from O(N°) to O(N3),
enabling accurate, large-scale

strong correlations | superconductivity | machine learning | Pfaffians | neural networks

Understanding the behavior of strongly interacting fermions is a prominent challenge in
condensed matter physics. A remarkable feature of strongly correlated fermionic systems
is that they host phases with distinct physical properties but very small differences in
total energy. This is notoriously the case for quantum materials with strong electronic
correlations, such as copper-oxide (cuprate), high critical temperature superconductors
(1, 2). But, remarkably, it is also a feature of even the most idealized lattice model of
interacting fermions, the Hubbard model. It is indeed becoming increasingly apparent
that the phase diagram of the Hubbard model hosts a rich diversity of possible phases, the
actual ground state depending sensitively on details of the Hamiltonian parameters (3, 4).

This is both an experimental opportunity, allowing for the switching between phases
with different properties by slightly altering the environment, and a major numerical
challenge. Computational methods must indeed reach exquisite accuracy in order to

reliably predict phase diagrams, often on the scale of only a few thousandths of the bare
electronic energy scales defining the system.

Variational wave-function methods are a tool of choice to address this problem at zero
temperature (5, 6). Because the dimension of the Hilbert space depends exponentially
on the size of the system, the full many-body wave-function is an intractable object

simulations of the Fermi-Hubbard
model in superconducting

and stripe-ordered

phases, opening a path toward
scalable, unbiased simulations

for moderately sized systems. As a result, the wave-function must be represented in a
compressed form, using parameterized variational ansitze.

One of the most efficient compression methods is the fermionic matrix product state
representation (fMPS) which, combined with the density matrix renormalization group
algorithm (DMRG) has transformed our ability to compute the properties of (quasi-)
one-dimensional systems (7—12). Generalization of fMPS to higher dimensions such as
fermionic projected entangled-pair states (fPEPS), or generally fermionic tensor networks,
provides asymptotically exact solutions for fermionic systems with arbitrary dimensions,
but is bottlenecked by huge optimization complexity (13—17).

Quantum Monte Carlo (QMC) methods, including determinant QMC (DQMC)
(18-22) and auxiliary-field QMC (AFQMC) (23-25), provide accurate solutions for
systems without sign problems but are limited by either exponential costs or systematic
bias when the sign problem exists (26). Variational Monte Carlo (VMC) optimization
of many-body fermionic wave-functions (27-38) is a powerful method to overcome
the limitations of the aforementioned methods, especially within the strongly correlated
regime, but its accuracy depends strongly on the specific parameterization of the wave-
function and the possible physical biases in choosing this parameterization.

of strongly correlated electron
systems and high-temperature
superconductivity.
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Recently, a more “agnostic” parameterization of many-body
variational wave-functions has been introduced, based on ar-
tificial neural networks (ANN) (39). Neural quantum states
(NQS) are a much more expressive class of variational wave-
functions which encode quantum correlations in the “synapses”
of an ANN. This approach has become a mainstream method
for modeling spin systems and has provided great insights
into quantum spin liquids (40—43). On the other hand, the
development of NQS for fermionic systems has progressed
somewhat more slowly. Although great progress has been made
in continuous space for quantum chemistry problems (44-48)
and the electron gas (49, 50), fermionic lattice problems are
still challenging due to strong interactions and correlations in
lattice models. Several NQS architectures have been proposed
for fermions, including a combination of a Pfaffian and a
restricted Boltzmann machine (PP+RBM) (51), neural network
backflow (NNBF) (52), and hidden fermion determinant states
(HFDS) (53). These architectures, nevertheless, either use an
ANN as a generalized Jastrow factor, which only provides a weak
correction to the mean-field wave-function, or have unfavorable
scaling complexity.

Since superconductivity is a focal point of research on strongly
correlated systems, it is natural to consider variational wave-
functions which explicitly embody the possibility for fermions
to form pairs, a classic example being the mean-field BCS
ansatz (54). More generally, a mean-field wave-function with
pairing, called a Thouless state (55), forms a class of wave-
functions with the structure of a Pfaffian (56, 57) when it is
projected onto a fixed number of particles. In quantum chemistry
calculations, this is often called the antisymmetric geminal power
(AGP) (58). In addition to superconductors, Pfaffians have
been shown to describe states with nonabelian anyons (59, 60),
and to provide a good representation of the 5/2 fractional
quantum Hall state. Most generally, the Pfaffian parameterizes
a broad class of antisymmetric objects which encompasses Slater
determinant states (37) and paired BCS wave-functions. While
Pfaffians are in general expensive objects, taking O(7) time to
compute, Pfaffian-based VMC can be accelerated by imposing
sublattice structure (38) and applying low-rank update (LRU)
techniques (61, 62), to efficiently push simulations to large scales.
Some early works have considered the use of Pfaffians in the
framework of neural quantum states (51, 63—66), but this line of
research remains rather uncharted, especially in combination with
the most expressive ANN architectures and efficient optimization
methods.

In this manuscript, we propose an ANN-augmented Pfaffian
variational wave-function, which we call hidden fermion Pfaffian
states (HFPS), for the simulation of interacting fermions. This
class of wave-functions, which generalizes the hidden fermion
formalism (53), provides an architecture which is compatible with
deep ANNs and large-scale VMC simulations. We show that the
HFPS can successfully approximate ground states of the Hubbard
model in various phases, including s-wave superconductors,
Mott insulators, and the “stripe” spin and charge-density wave
phase. In small systems where exact diagonalization (ED) is
feasible, or for systems where QMC is sign-free, HFPS provides
variational energies close to those of benchmark methods. In
all of the studied cases, HFPS gives state-of-the-art variational
results, often surpassing other methods by more than an order
of magnitude in variational accuracy. This gives promise that
HEFPS can resolve the small energy differences between competing
phases and map out precise phase diagrams of strongly interacting
models. Furthermore, HFPS scales rather well with system

https://doi.org/10.1073/pnas.2535288123

size and offers the promise of accessing large enough systems
to understand fermionic phases with long-range correlations,
including unconventional superconductors.

1. Methods

1.1. Pfaffian Wave-Function. The Pfaffian wave-function is a projected
solution of the general bilinear Hamiltonian

M

N ot T a4 1 s
p.q

where the indices p and g run over all orbitals of the system including spatial
and spinful degrees of freedom, and M is the total number of orbitals. In

SI Appendix, we discuss how to obtain the ground state of g using the
Bogoliubov transformation. A common form of the ground state, often known
as the Thouless state, can be expressed as

lwo) = exp ( Zqucpcq) (2]

where Fisan M x M antisymmetric matrix depending on tpq and Apg, and |0)

denotes the vacuum state. Since the BCS Hamiltonian is a special case of o,
lyo) can express the BCS state by

lwcs) = [ o+ udy &y ) 10)
k

(3]
(Huk) xexp(z ’IITN)

where ¢ c Z ik"f/,/Nsite is the quasi-particle in the momentum

space ofa Iatt|ce W|th Nsite unitcells, and Fi = 3y eik'('f_'/)vk/ustite.
Forclosed systems where the number of particles is conserved, itis convenient
to project |y) onto a sector of fixed particle number

N/2
lwpf) = Py lwo) = N/2 (Zquché) 0, 4]

where Py is the projector onto the sector with N fermions. Given a Fock state

M

) =[TEh™ 10, [5]

p

where np is 0/1 for an empty/occupied orbital and Zp np = N, the wave-
function of lwpf) is

wp(n) = (nlyps) = pf(n« Fxn), (6]

where pf(A) represents the Pfaffian of a matrix A. A briefintroduction to Pfaffians
and to some of their mathematical properties is provided in S/ Appendix. The
» symbol represents a slicing operation selecting the rows of F by n » F and
columns by F % n according to the occupied orbitals of n. The sliced matrix size
becomes N x N if the Fock state |n) has N particles. Eq. 6 is the most common
form of the Pfaffian wave-function in VMC, where independent elements of F
are treated as trainable variational parameters.
The Pfaffian wave-function can also express a Slater determinant state,

wet(n) = det(n« u) = pf(n » uu’ xn), (7]

where u is an M x N matrix denoting single-particle orbitals in a Slater
determinant state, and J is any antisymmetric matrix satisfying pfJ =

pnas.org
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Fig. 1. lllustration of HFPS architecture in Eq. 14. Here we show a one-dimensional (1D) spinless fermion system for simplicity. In this example, there are four
orbitals, M = 4, two visible fermions, N = 2, and two hidden fermions, N = 2. The CNN outputs are separated into two parts along the channel dimension, one

for " (n) and the other for /(n). The 4 x 4 Pfaffian matrix contains four 2 x 2 parts, n«F «n, nx "1 (n),

—#"(n)7 «n, and F"". The orange blocks represent the

matrix elements of FV, and the purple ones represent the matrix elements of Ff1. The remaining colored blocks represent F“(n) generated by a CNN which

are equivariant to a translation of the input Fock state n.

Therefore, a Pfaffian wave-function with F = uJu’ expresses a Slater
determinant state.

Insummary, the Pfaffian wave-function in Eq. 6 isa general projected solution
of the bilinear Hamiltonian, where the Slater determinant state in Eq. 7 with
noninteracting quasi-particles, and the projected BCS state in Eq. 3 with Cooper
pairs are special cases. It can also express superconducting states with p-wave
and d-wave pairings given suitable 7. Furthermore, the structure of the Pfaffian
wave-function allows for fast low-rank updates (61) and sublattice translational
symmetry (38). These techniques greatly accelerate simulations in big systems
and make large-scale VMC optimization possible.

1.2. Hidden Fermion Pfaffian State. In ref. 53, it was shown how correlations
between particles can be taken into account by enlarging the physical Hilbert
space with "hidden” degrees of freedom, while keeping a Slater determinant
form of the wave-function. Higher-order correlations between electrons emerge
from a projection onto the physical Hilbert space.

Here, we generalize this concept to Pfaffian wave-functions. We expand
the Hilbert space with M orbitals and N visible fermions to include additional
M hidden orbitals and N hidden fermions. The Pfaffian state in this expanded
Hilbert space, which we name the hidden fermion Pfaffian state (HFPS), becomes

_ 1 wat At
V)= a2 (p L0
thdeT prhgt at\ M2 o 8
+Z pg Z ppP p) 10),
p<q

where FYY, ¥ and F'h are matrices representing the various couplings between
visible and hidden fermions, 2}, and d;[) denote respectively visible and hidden

fermion operators, and Nyt = N + N is the total number of fermions. The
wave-function component, similar to Eq. 6, is given by

w(n, ) = (n,nly)

h
ol B ) e f)
G 9
— of nxF"xn nxF"«ii
A TS S L

where n and n denote the occupation number of visible and hidden fermions,
respectively.

PNAS 2026 Vol. 123 No.35 e2535288123

In order to describe a physical wave-function, we need to project |y) back
onto the Hilbertspace of the real fermions. A natural choice is to make the hidden
fermion occupations n depend on visible fermions n, i.e.n — n(n).Then

o nxF" %n nxPh s n(n)
W(n)_pf<—ﬁ(n)*(F"h)T*n fi(n) « F ())' 0]

In practice, one cannot easily parameterize the discrete distribution n(n) by
ANNSs. Alternatively, we define an M x N matrix F* (n) = F*" « fi(n) and an
N x N matrix F' (n) = fi(n)  F"" « fi(n), such that

_ nxFY%n  nxF(n)

Then one can use ANNs to parameterize F(n) and F"M (n).

In SI Appendix, we review the HFDS (53), an earlier work combining the idea
of hidden fermions with Slater determinants. The HFDS wave-function, can be
written as

nxu
v det ( ) , 2]
Hrps (n) = hn)
where u is the visible orbitals, and u (n) is the hidden orbitals parameterized

by ANNS.
As with the fermionic mean field, we can rewrite wyrps in the Pfaffian form,

whrps (n) = pf [(n *(:))J <:h*(:)v>r} [13]

where Jisan arbitrary (N + N) x (N + N) antisymmetric matrix with pfJ = 1.
The HFPS wave-function in Eq. 11 can express any HFDS wave-function in
Eq. 13 by letting F¥ = u’J(u"), P (n) = u’Ju"(n)], and " (n) =
u” (n)Ju (n)7. Conversely, notall HFPS can be expressed by HFDS. Forinstance,
a full-rank F* cannot be decomposed into u*J(u")". Therefore, the HFPS can
be viewed as a generalization of HFDS.

In most modern ANN architectures, especially those utilized in NQS including
the convolutional neural network (CNN) (42, 67, 68), group CNN (GCNN) (41),
and transformers (69, 70), the shape of output matrices is usually Ngjte x C,
where Ngje is the number of sites in the system and C is the number of
output channels in the network. As shown by Fig. 1, these outputs can be
directly reshaped into the required shape M x N for the matrix F"h(n) while
keeping translation equivariance. Nevertheless, the network output shape is not
compatible with the N x N shape of th(n). To solve this issue, we utilize the

https://doi.org/10.1073/pnas.2535288123
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Fig. 2. [lllustration of HFPS architecture with sublattice and translation symmetry as an extension of the architecture in Fig. 1. The F matrix elements have
a banded structure due to the sublattice symmetry discussed in S/ Appendix. The sliced matrices therefore only differ by a permutation applied to both the
rows and columns, and the Pfaffian values are equivalent up to a permutation sign, as indicated by the “~" symbol in the plot. In practice, the Pfaffian is only
computed once to reduce the computational cost. Finally, the translation symmetries that are broken by the sublattice are applied to obtain the HFPS with

translation symmetry.

spectral theory of antisymmetric matrices to decompose F/'(n) into F" (n) =
VT(n)thV(n), where F'isan N x N antisymmetric matrix, V(n) isan N x N
unitary matrix, and we attribute all n dependence to V(n) without loss of
generality. By defining F(n) = F*"(n)VT(n) and U(n) = diag(1,V(n)),
we rewrite Eq. 11 into

B« «Fh
w(m) =pf {U’m) (_’;vhfn)rfn " {,,,,(“)) uw}

n«FYxn  nxFh(n)

=J(n) x pf (_f:vh(n)T*n £hh )

where we have defined J(n) = det(U(n)).Therefore, we drop the dependence
of hidden-hidden pairing on n by introducing an additional Jastrow factor J(n).
In practice, J(n) and F"h(n) are computed by the ANN, while F*V and F'" are
directly treated as variational parameters. In Fig. 1, we show how to obtain J(n)
and F"(n) from a CNN and combine them with the Pfaffian. In S/ Appendix,
we further show that the HFPS can be viewed as a Pfaffian NNBF with controlled
rank, which allows us to perform low-rank updates (LRU) to greatly accelerate
the computation of Pfaffian matrices. The LRU technique can also be utilized in
HFDS and low-rank NNBF to reduce the computational cost.

In Fig. 2, we show an illustration of HFPS with sublattice structure, which
reduces the number of Pfaffian computations required to build a translationally
symmetric wave-function.

[14]

1.3. Optimization. Typically, NQS are trained using stochastic reconfiguration
(SR), which implements imaginary time evolution. Neglecting errors that arise
from sampling biasand model expressivity, the variational state |y ) attraining
iteration = can be expressed in terms of the initial state |wq) as |wr) =
> e_TEf(ile) |i), where |i)'s are the eigenstates of the Hamiltonian with
energies £;. This implies that convergence time strongly depends on the overlap
between the initial state and the ground state. As an additional consequence,
a variational state with a pathological initialization, such that the overlap is
very large with a different eigenstate than the ground state, is very likely to
get stuck in a local minimum. Therefore, we improve training efficiency by
starting the mean-field part F¥ of HFPS from a mean-field state that we expect
to have sizable overlap with the ground state. We either optimize a Slater
determinant state in Eq. 7, a BCS state in Eq. 3, or a full Thouless state in Eq. 2,

https://doi.org/10.1073/pnas.2535288123

to obtain an optimal mean-field state |yyq) and a suitable initial F*Y. We train
these models using exact gradient descent of variational energy with automatic
differentiation, taking advantage of the fact that observables of mean-field states
can be computed in O (M?) time without Monte-Carlo sampling. A well-known
problem with mean-field methods is that they tend to overestimate long-range
order. On the square lattice Hubbard, it has been shown that a mean-field Slater
determinant trained with a small interaction, U ~ 2.7 for 1/8 doping, has the
largest overlap with the ground state at U = 8(71). Therefore, we initialize our
time evolution with a mean-field state trained at |U| = 3. In some cases, we
also find it is best to add a d-wave pairing during mean-field optimization, as
detailed in Section 2.4.

After properly initializing F*Y, we train all variational parameters in Eq. 14,
including F/, F'h and ANN weights 6, to search for the ground state of
interacting fermion systems by employing SR(72-74)to performimaginary-time
evolution. To solve the SR equation, we utilize minimum-norm SR (MinSR) (42)
and subsampled projected-increment natural gradient descent (SPRING) (75)
with momentum y = 0.5.

In most simulations, we utilize a CNN similar to the ResNet in refs. 42 and 70
with 16 layers (8 residual blocks), kernel size 3 x 3, channel number C = 32,
and in total around 150K parameters. Among 32 channels, 28 of them are
transformed into F" with N = 14 hidden fermions in the studied spinful
system, and the remaining channels are used for the generalized Jastrow factor
J(n). The symmetry projection explained in S/ Appendix is also implemented
to improve the accuracy. For simulations in Section 2.4, we utilize a GCNN (41).
Unless otherwise specified, the total number of samples in each VMC iteration
is fixed at N5 = 16,384, and the training takes around 104 VMC iterations.

1.4. Reducing the Asymptotic Complexity. For large fermionic NQSs with
either determinants or Pfaffians, the time complexity of every VMC iteration is
dominated by the following parts.

* Monte Carlo sampling or local energy computation in YMC: O(N);
e Computing determinant or Pfaffian of matrices: O((N + N)3);
e Imposing translation symmetry: O(M).

Then the total complexity is O(NM(N + N)3) for each VMC step. This
complexity exceeds that of a CNN or GCNN, which costs O(M) per forward
pass and O(NM) in each VMC step. The particle density n and hidden fermion
number N are usually kept unchanged when one increases the system size,

pnas.org
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Fig. 3. Comparison of the time cost of an HFPS forward pass with and
without the acceleration given by low-rank updates (LRU) and sublattice
symmetry.

so the complexity can be simplified as O(N?). This complexity becomes the
main bottleneck in the NQS simulation of large fermion systems, limiting
most of the previous fermionic NQS attempts to small systems or low accuracy
(52,53,76).

Fortunately, there are several techniques one can employ in HFPS to greatly
reduce the complexity. In Monte Carlo sampling or local energy computation,
the sliced Pfaffian orbitals are often generated by replacing a few rows and
columns from previous Pfaffian orbitals if the Hamiltonian only contains local
interactions. In this case, one does not have to recompute the full Pfaffian,
as the low-rank update (LRU) can be utilized to reduce the complexity from
O((N 4 N)3) to O(N2N). In this work, we utilize our open-source package
Irux (62) for efficient LRU. Although LRU can be applied to NNBF as well, it
in general imposes a strong constraint on network architectures and is not as
natural as HFDS, which we explain in S/ Appendix in detail. Therefore, the direct
utilization of LRU provides a great advantage of the hidden fermion formalism,
including HFDS and HFPS.

On the other hand, the O(M) complexity stemming from imposing
translation symmetry can also be reduced. The CNN and GCNN utilized in
this work are translation covariant by definition, and the translation symmetry
breaking only happens in the pairing orbitals between visible fermions. Naively,
one can apply constraints to make the visible pairing orbitals fully translation
invariant, but this design choice impedes the ability to represent symmetry-
broken phases. Alternatively, one can enforce Pfaffians to only be invariant under
translation over multiple lattice sites, which is often described as a sublattice
symmetry(38). In this construction, the wave-function has anassociated unit cell,
spanned by the sublattice translation vectors, in which translation symmetry is
broken. In SI Appendix, we show that the computational cost of translation
symmetry projection does not scale up with system size when sublattice
symmetry is utilized. As illustrated in Fig. 2, the computation of the translation-
symmetrized wave-function involves M terms, but they are equivalent up to
a fermion permutation sign due to sublattice structure, so one only needs to

Table 1.

compute S terms, where S is the size of the sublattice unit cell independent of
the full system size. With these techniques, the time complexity of the HFPS
forward pass is reduced to O(N?) and the complexity of each VMC step is
reduced to O(N3). We note that sublattice symmetry can also be imposed on
determinants in principle (S Appendix), but in practice we find they are more
difficult to train than in the Pfaffian case.

In Fig. 3, we show the time cost of 103 parallel HFPS forward passes on an
A6000 GPU. As illustrated in the figure, the complexity is greatly reduced from
O(N*) to O(N?) by utilizing LRU and sublattice. For the largest lattice with
400 sites, the forward pass is accelerated by a factor of 103, making it possible
to simulate large fermionic systems.

Although the LRU and sublattice techniques can be utilized in HFPS to
provide great acceleration, they have not been utilized in previous fermionic
NQS work. As shown in Table 1, only PP+RBM (51) has utilized these techni-
ques, while NNBF (52, 77) and HFDS (53) with multilayer perceptrons (MLP)
have not. However, the PP+RBM only utilizes a multiplicative Jastrow and not
an orbital correction, therefore it cannot easily represent interaction-induced
modifications to the nodal structure. Therefore, we expect HFPS to be an ideal
NQS architecture for large fermionic systems with strongly correlated electrons.

2. Results

To illustrate the performance of HFPS, we employ it to study
the two-dimensional Hubbard model on the square lattice

H=—t Z &b+ UZ i 0, - (15]
; i

(ij).0

We will show the performance of HEPS in different phases of the
Hubbard model. To quantify the accuracy of variational states,
we measure the variational energy £ in VMC and compute the
relative error of the variational energy defined as

E—E
Eeo — Eo

where Ej is the exact ground-state energy, usually provided by
ED in small systems or QMC in sign-free cases, and Ew; is the
energy zero point given by the energy at infinite temperature.
The reason for introducing Ew is to remove the dependency of
€] on a constant shift of the Hamiltonian (6).

The raw data of our numerical experiments are included in §7

Appendix.

[16]

€rel =

2.1. Small-Scale Benchmark. We first consider a case in which
the density is low (close to quarter filling). Electrons are then
relatively free to move around in the Hubbard model, and the
system is in a rather weakly correlated regime even if U is large.
In the thermodynamic limit, the system is expected to be in a
Fermi liquid state with well-defined quasiparticle excitations. As
a starting point, we study the performance of HFPS in this simple
case to demonstrate its ability to encode correlations.

In Fig. 4, we show the results of various fermionic NQSs in
the 4 x 4 Hubbard model with periodic boundary conditions

Scaling complexity of different fermionic NQS wave-functions that have been used in the literature

NQS Low-rank update (LRU) Sublattice Local update with symmetry VMC with symmetry
PP+RBM (51) Yes Yes O(N?) O(N3)
MLP-NNBF (52, 77) No No O(N% O(N®)
HFDS (53, 78) Yes* No O(N3) O(N*
HFPS (this work) Yes Yes O(N?) O(N3)

The PP+RBM only uses a neural network Jastrow, while the other three also use a neural network to modify the fermion orbitals. “Low-rank updates were not used for these implementations

of HFDS but they could be used with no architectural modifications.
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Fig. 4. Relative error of energy e.¢| in the 4 x 4 Hubbard model with particle
density n = 5/8. The definition of ¢ is given in Eq. 16, and the error is
computed with respect to the ED energy. The results given by the determinant

with RBM (Det+RBM) and hidden fermion determinant state (HFDS) (53) are
provided to compare with our HFPS energy.

(PBC), visible particle number N' = 10, and particle density
n = 5/8, within the Fermi liquid regime. The HFPS provides
a great improvement in variational energy compared with the
neural Jastrow method and HEFDS (53). Compared with the best
previous NQS result given by HFDS, the HEPS error is roughly
reduced by a factor of 100. We attribute this improvement to
the utilization of a modern deep network architecture in HFPS
as compared to the shallow fully connected network in HFDS.

2.2. Superconductivity with Attractive Interactions. When the
on-site interaction of the Hubbard model is attractive with
U < 0, the electrons form Cooper pairs and exhibit s-wave
superconductivity. This superconducting state evolves from a
BCS regime (54) at smaller |U| to a strong coupling regime at
larger |U| where local pairs form with a large binding energy
but become phase coherent at a smaller energy scale, forming a
Bose-Einstein condensate (BEC) (79). Although the nature of

—*— DQMC
—A— BCS
—5— HFPS

SR v v

b oo W W

S av & &
: 1 : 1

0.15 1

0.10 1

0.05 1

Pair-pair correlation Cy(z, x)

the off-diagonal long-range order (ODLRO) in the ground-state
is qualitatively captured by the BCS wave-function in Eq. 3,
the BCS state becomes quantitatively inaccurate at moderate
to large |U|. To quantify the superconductivity in a system
with a conserved particle number, the usual order parameter
(A(r)) = (&r1 &) in the BCS wave-function is not directly
accessible. Instead, we define the pair—pair correlation

Gy(r) = (AT(r)A(0)). [17]

Although C,(r) remains finite even without Cooper pairs
when [r| is small, it can serve as an order parameter of BCS
superconductivity when || — 00, corresponding to ODLRO.
Therefore, we can use the long-range pair correlations as a proxy
for the pairing amplitude in the thermodynamic limit

. 1/2
1(R) ~ | lim Cy(x)

|r]—> 00

(18]

In Fig. 5, we show C,(r) given by several methods in the 8 x 8
attractive Hubbard model with particle density » = 7/8 and
PBC. The BCS state is defined in Eq. 3 and optimized by exact
gradient descent of energy. It is a qualitatively correct description,
as we expect for attractive electrons, and provides good accuracy
under weak interaction. However, the BCS wave-function tends
to overestimate the long-range correlation when the interaction is
strong because of the underestimation of quantum fluctuations.
Consequently, it is not a quantitatively accurate description for
electrons with strong attractions. In HFPS, although the mean-
field parc F*” is initialized by the BCS wave-function, it is
trained to encode correlations through the ANN and achieves
great accuracy in predicting pair—pair correlations, within the
error bar of the exact result given by DQMC. The relative
error of energy €y given by HFPS also reaches the level of
10~4, greatly outperforming the 1072 level provided by the BCS
wave-function. Therefore, HFPS provides a reliable approach in
studying the behavior of systems with BCS superconductivity
and strong interactions, for instance, the crossover to BEC.

2.3. Mott Insulator. At half-filling (one particle per site on
average) and for strong repulsive interactions U > 0, the kinetic
energy of electrons is suppressed, and the ground-state of the

B

0201

e

—

ot
L

0.10

Pair-pair correlation Cj,(4, 4

0.00

T T T T T

4 5 6 7
Interaction |U]

N A
w
[

Fig. 5. The pair-pair correlation Cp(r) in the 8 x 8 Hubbard model with attractive interaction U < 0 and particle density n = 7/8. The definition of Cp(r) is given
in Eq. 17. The methods shown here include the BCS wave-function in Eq. 3 with minimized variational energy, our HFPS, and the determinant quantum Monte
Carlo (DQMC) for an exact reference in this sign-free system. (A) Cp(r) is measured at r = (x,x). The dashed and solid lines represent U = -2 and U = -8,
respectively. (B) Cp(r) is measured at r = (4,4), the furthest distance in the 8 x 8 system with PBC. The uncertainty is smaller than the marker size in both

panels.
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Hubbard model on the square lattice is a Mott insulator with
antiferromagnetic long-range order. On a bipartite lattice, the
half-filling case is special since it does not display a sign problem
in Monte Carlo methods and projective auxiliary field quantum
Monte Carlo (AFQMC) becomes exact. Hence, AFQMC pro-
vides a benchmark to which variational wave-functions can be
compared. Furthermore, the spin-balanced Hubbard model with
U and — U can be considered equivalent at half filling. This can

be shown from a partial particle-hole transformation on spin-
down operators ¢;,| — sign(7) 2I¢, where sign(7) = +1 for one
bipartite lattice and —1 for the other. Then the original Hubbard
Hamiltonian in Eq. 15 is transformed into

H=—t > thbio—UD iy + U . [19]
i i

(4),0

As the last term is a constant for a system with conserved
spin-up and spin-down particles, this transformation shows that
the attractive and repulsive Hubbard models are equivalent at
half filling. In this work, we utilize this freedom of basis choice
to simulate an attractive Hubbard model for the Mott insulator
phase in HFPS, which allows us to use the same technique as the
simulations in Section 2.2 and initialize HFPS using a BCS state
in Eq. 3 trained with exact gradient.

In Fig. 6, we show the energy error of different NQSs in the
8 x 8 lattice at half-filling. The HFDS result is provided in the
system with PBC along one side and antiperiodic boundary con-
dition (APBC) along the other, while other results are provided
with PBC along both sides. The AFQMC reference energy is
selected with respective boundary conditions for each method to
compute the relative error €. The existing numerical methods,
including PP+RBM with an exact Lanczos step (LS), HEDS (53),
and fPEPS with bond dimension D = 16, provide €, at the level
of 1073, while HFPS provides better accuracy. The fPEPS result
presented here is optimized by the simple update method and not

1073-

—4 |
10 PP+RBM (LS)

+

—eo— HFDS

* fPEPS
Transformer-NNBF

—f— HFPS, No sublattice

——

2

Relative error of energy €,

HEPS, 4 x 4 sublattice

107°

4 6 8
Interaction |U]

Fig. 6. Relative error of energy e in the 8 x 8 Hubbard model at half-filling
(particle density n = 1). Here we include the results provided by PP+RBM
with a Lanczos step (LS) (51), HFDS (53), Transformer-NNBF (80), and fPEPS
with bond dimension D = 16 (provided by J. Gray, private communication)
for comparison. The ground-state energy is estimated by AFQMC at U = —4
and -8 (6) for the computation of e.¢|. The uncertainty of the relative error of
HFPS and Transformer-NNBF mainly comes from the uncertainty of AFQMC,
and in other methods the uncertainty is smaller than the marker size.
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pushed to its limiting expressive power. We expect the gradient-
based optimization (17, 81, 82) will reduce the error of fPEPS
by a factor of 2 to 10, but HFPS still achieves a similar or better
accuracy. Compared to a recent result provided by Transformer-
NNBF (80), our HFPS achieves similar accuracy. It is worth
noting that the uncertainty of the benchmark AFQMC energy is
around 10™%, which leads to a big uncertainty of €, when the
accuracy of HFPS also reaches this level, as shown in Fig. 6.

As also presented in Fig. 6, the HFPS wave-functions with no
sublattice and 4 x 4 sublattice show similar error because a 4 x 4
unit cell is large enough to encode the translational symmetry
breaking of the best mean-field state. The sublattice symmetry
provides great acceleration in VMC, allowing us to train with
more iterations given a similar total time cost. Therefore, the
HFPS with sublattice reaches slightly better accuracy compared
to the one without sublattice, although the former in principle
has lower expressive power.

2.4. Stripe Phase. In order to test our method on a computation-
ally challenging task, we study the Hubbard model with small
6 = 1/8 hole doping (particle density » = 7/8) and strong
repulsive interactions U = 8. In this regime, the Hubbard
model displays stripe order, where one-dimensional hole-rich
domain walls lie between patches of antiferromagnetic order.
The sublattice polarization switches across the domain walls so
that when electrons hop across, the magnetism is not frustrated.
This manifests itself as a density wave pattern of charge and spin
ordering, with an associated structure factor peak. At the same
time, the doped square lattice Hubbard model has a tendency
toward d-wave pairing, and states with off-diagonal long-range
order (ODLRO) are energetically competitive (71, 83-85). De-
termining whether density-wave order, superconducting order, or
both, survive to the thermodynamic limit is an ongoing problem
for condensed matter physics that requires accurate variational
methods. In existing studies, it is widely believed that the ground
state of the Hubbard model with U = 8 and § = 1/8 isa density
wave phase without ODLRO (84, 86, 87). While our simulations
corroborate these findings, we find that d-wave pairing still plays
an essential role in the short-range physics and energetics.

As explained in Section 1.3, suitable initialization with a mean-
field state is crucial for avoiding local minima, especially in the
stripe regime where there are many competing low-energy states.
For a Hubbard model with U > 0, the mean-field state with the
lowest energy is a Slater determinant state without pairing. For the
4 x 4 and 8 X 4 lattices, we indeed achieve good accuracy starting
from a Slater determinant trained at U = 3. Nevertheless, we
find that on the 16 X 4 lattice we are able to improve our final
energies by training the mean-field state with an additional d-
wave pairing field, i.e.

H =H+A sign(i)) (&8, — &y r + H.C.), [20]
(#)

where H is the original Hubbard Hamiltonian in Eq. 15 with a
weaker interaction U = 3, A is the strength of the d-wave field,
and sign(i, j) denotes the sign for d-wave pairing, which is +1 for
horizontal neighbors and —1 for vertical neighbors. The lowest
energy state of this Hamiltonian is a general Pfaffian state with
both stripe order and d-wave pairing. For the 16 x 4 stripe, we
train our mean-field state with A = 0.2. In the following, we
utilize a GCNN in our HFPS with roughly 600 K parameters.

The variational energies of different methods on L x 4 PBC
lattices are presented in Fig. 7. In this system, HFPS and the
recent Transformer-NNBF (80) greatly outperform earlier works
based on shallow ANNS. These results showcase the importance
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Fig. 7. Variational energy in the spin- and charge-ordered (stripe) ground
state of the L x 4 Hubbard model with repulsive interaction U = 8 and particle
density n = 7/8. The presented variational results include multilayer percep-
tron neural network backflow (MLP-NNBF) (52), hidden fermion determinant
state (HFDS) (53), tensor backflow (TBF) (88), TBF with a Lanczos step (LS) (88),
Transformer-NNBF (80), and HFPS.

of large-scale simulations in fermionic NQS, as also demonstrated
in previous simulations on spin systems (42, 89). Compared to
the ground state energy marked by the black star in the small 4 x 4
system, HFPS provides nearly exact energy with €, = 1.2 x
10>, while HFDS has €, = 3 x 1074 In larger systems, we
also present tensor backflow (TBF) (88), a simple backflow with
coefficients directly represented by tensors instead of ANNG, for
reference. As shown in the plot, the previous MLP-NNBF (52)
and HEDS (53) provide worse energy than the trivial tensor repre-
sentation of backflow, indicating that the ANNs in these methods
probably do not encode correlations between electrons properly.
Our HFPS method, in contrast to these NQSs, outperforms TBF
and even the TBF with a Lanczos step (LS), demonstrating that
the scalable HFPS architecture captures the essential degrees of
freedom in strongly correlated electrons. The energy we obtain in
the 16 x 4 lattice is £/N = —0.76413, outperforming a recent
result £/N = —0.76298 produced by Transformer-NNBF (80).
We believe that this energy discrepancy is likely due to the
presence of strong short-ranged d-wave pairing in the ground
state (86), as we find a fairly similar energy, £/N = —0.76256,
to Transformer-NNBF when we initialize without a pairing field,
which drives us to a meta-stable state without pairing. This
is evidence that using Pfaffian-based wave-functions, which are
better equipped to model pairing, may be useful even for phases
without ODLRO, as long as there is short-range pairing.

Utilizing the accurate numerical solution in the 16 x 4 lattice,
we compute the correlations in the system to verify the existence
of stripe patterns and short-range d-wave pairings, including the
spin—spin correlation

A

Co(r) = (Sc - So) = (Se) - (So) » 21]
the charge—charge correlation
Cc(r) = (ﬁr : 7A’10> - <;lr> . <7A’ZO> > [22]

and the pair—pair correlation

A~

Gy(x) = (AT (r)A(0)) 23]

https://doi.org/10.1073/pnas.2535288123

for d-wave symmetrized pairs

~

1 1 . A A
Alr) = 4 > %ﬂgn(5)(fr,¢fr+5,¢ — G Cetan), (24
5

where )5 iterates over nearest neighbors, and sign(6) = +1
for horizontal neighbors and —1 for vertical neighbors. The
correlations are presented in Fig. 8 A-C.

To show a more clear tendency, in Fig. 8D we choose r =
(x,2) and plot the staggered spin correlation (—1)* Cy(r) and the
charge correlation C,(r) as a function of x. The spin correlation
shows a strong spin density wave (SDW) with spatial period
16, which matches the 1/8 doping in the system. The charge
correlation indicates a superposition of short-range repulsion
and the charge density wave (CDW) with spatial period 8, also
consistent with the 1/8 doping. In Fig. 8, we show the spin
and charge structure factor

Gy l) = D Gy (r)e™™, [25]

where y represents either the spin structure s or the charge
structure ¢. The momentum cuts are chosen to be k = (&, 7)
for spin structures and k = (4,,0) for charge structures so
that they pass through their respective peaks at k = (77/8, 7)
and k = (7/4,0), reflecting the existence of SDW with
period 16 and CDW with period 8. These results confirm the
existence of density wave order in the doped Hubbard model.
In Fig. 8F, we plot C,(r) for r = (x,2), which shows finite
short-range d-wave pairings coexisting with SDW and CDW.
Since the pairing decays over long distances, our results at
1/8-doping do not display long-range superconducting order.
However, some mechanisms, e.g., the next-nearest-neighbor
hopping # (85), might enhance the pairing to turn the system
into an unconventional superconductor.

3. Discussion

In this work, we introduced an ANN-augmented Pfaffian wave-
function, HFPS, for performing variational Monte Carlo on
interacting fermion problems. This construction generalizes the
hidden fermion formalism (53) to an antisymmetrized wave-
function of fermionic pairs, the Pfaffian. The motivation for this
switch is to accurately model superconductors, as the Pfaffian can
represent them at the mean-field level.

We describe how to initialize the HFPS with a good fermionic
mean-field, so that the training converges well. Additionally,
we utilize various numerical techniques that reduce the overall
VMC complexity from O(N’) to O(N?), hence providing
a systematic approach to large-scale simulations of strongly
correlated electrons.

We demonstrate the performance of HFPS in various phases of
the Hubbard model, including the superconducting phase of the
attractive case in both weak coupling (BCS) and strong coupling
(BEC), the antiferromagnetic Mott insulator, and the stripe
phase. The HFPS is able to achieve significantly higher accuracy
than existing variational methods and produces accurate energies
and correlation functions in sign-free cases when benchmark
comparisons with QMC are possible.

The progress allowed by HFPS pushes fermionic NQS
studies from proof-of-principle results on small systems to a new
stage where it can be used to study challenging problems in a
systematic fashion. We believe that this will allow us to shed light
on fermion problems with strong and long-range correlations
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Fig. 8. The spin, charge, and pair correlations in the 16 x 4 Hubbard model with 1/8 doping and U = 8. (A-C) The correlations Cs, Cc, and Cp defined by Egs.
21-23 in the full real space. For visibility of weak correlations, their strength is truncated to ceiling values |Cs| < 0.1 and |Cc|, |Cp| < 0.01. The star marks the
central site with r = (0, 0). (D) The staggered spin-spin correlation (—1)*Cs(r) and the charge-charge correlation C¢(r) with r = (x, 2). The two curves are given
different scales to make the oscillations prominent. (F) The spin structure factor Cs(k) with k = (kx, z) and the charge structure factor Cc (k) with k = (kx, 0) in
Eq. 25. The arrows indicate the expected structure factor peaks for SDW and CDW. (F) The d-wave pair-pair correlation Cp(r) with r = (x, 2). The uncertainty is
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in 2D, similar to how NQS has improved our understanding of
quantum spin systems.

Finally, we list several possible future directions for HFPS and
more generally for fermionic NQS.

* In Fig. 5, we show that HFPS correctly captures s-wave
superconductivity in the attractive Hubbard model and
provides systematic improvement on the BCS wave-function.
As the Pfafhian wave-function represents a general Gaussian
state, it can also capture unconventional pairing (e.g., p-wave
and d-wave superconductivity) given a suitable initialization

specified by the mean-fild Hamiltonian Hy in Eq. 1.
Furthermore, as shown by Figs. 7 and 8, the HFPS reaches
high accuracy in the stripe phase with strong correlations,
which has significant d-wave short-range pairing, and may be
closely related to superconducting phases. These results reveal
the great potential of HFPS for studying high-temperature
superconductivity in the #-# square lattice Hubbard model.
While there is strong evidence for d-wave superconductivity,
especially with || > 0 (84, 85, 87), NQS could provide
detailed descriptions of these phases, including determining
whether there are residual density wave orders, and the spatial
extent of the pair binding (90).

* HEFPS could be used to study multiband/multiorbital models
of strongly correlated electrons, as relevant to the description
of many quantum materials such as nickelate superconductors
in the two-band case. It could also provide more accurate
computational descriptions of cuprates by including the
oxygen orbitals. Additionally, HFPS could be used to study
Hofstadter-Hubbard models and effective models for moiré
materials.

PNAS 2026 Vol. 123 No.35 e2535288123

* By measuring particle correlations in the many-body NQS,
one might be able to construct the effective low-energy
Hamiltonian governing the behavior of quasi-particles. This
would provide insights into the mechanism of d-wave pairing
in high-temperature superconductors and help us to better
understand the rich phases of cuprates and other quantum
materials with strong electronic correlations.

The ED is performed with QuSpin (91, 92). The NQS
simulations are performed by Quantax (93), in which the scalable
ANNSs are implemented by JAX (94) and Equinox (95), and the
LRU is implemented by lrux (62).

Data, Materials, and Software Availability. Code fortraining machine learn-
ing models have been deposited in Quantax (https://github.com/chrisrothUT/
quantax/tree/custom/quantax)(96). All otherdataare included in the manuscript
and/or S/ Appendix.
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