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A B S T R A C T

Accurate prediction of heat transfer in ceramic matrix composites (CMCs) is essential for designing compo­

nents subjected to high thermal loads, where fibre orientation strongly influences anisotropic heat conduction. 

Conventional finite element method (FEM) analyses require the temperature field to be recomputed for each con­

figuration, resulting in high computational cost. This work develops a physics-informed neural network (PINN) 

to solve the parametric heat transfer partial differential equation, introducing the fibre orientation angle as a di­

rect input variable to enable predictions for arbitrary orientations. The proposed framework is validated against 

FEM solutions for two-dimensional anisotropic heat conduction, achieving a mean relative error below 2%, a 

training time of 0.3h, and a mean inference time of 1.478ms for 10,000 points. To establish an effective train­

ing methodology, three strategies are investigated: random-angle, sequential-angle, and batched-angle training. 

Random-angle training assigns a random fibre orientation to each collocation point, introducing angle-dependent 

bias, while sequential-angle training optimises the network successively on individual sample domains, leading 

to catastrophic forgetting. Batched-angle training optimises multiple sample domains simultaneously, providing 

stable convergence. Building on this approach, a dynamic batched-angle strategy generates new sets of random 

fibre orientations at each training epoch to increase training diversity and improve convergence. The PINN main­

tains a mean relative error below 2% for thermal diffusivity ratios between 0.1 and 1. Within the investigated 

geometry and boundary conditions, the trained PINN is applicable to materials with the same thermal diffusivity 

ratio; changes in anisotropy ratio, geometry, or boundary conditions require retraining. 

1 . Introduction

The prediction of the temperature distribution in composite mate­

rials plays a crucial role in the design of thermal protection systems, 

critical components in the aerospace sector responsible for maintain­

ing spacecraft performance and safety. Thermal loads constitute one of 

the main stresses acting on these systems, making accurate modelling 

of heat transfer and temperature distribution indispensable during the 

design of thermal barriers. One of the primary materials employed for 

thermal protection is ceramic matrix composites (CMCs), as they com­

bine high-temperature resistance of ceramics with enhanced damage 

tolerance provided by the fibre reinforcement. Due to the presence of 

continuous fibres, these materials exhibit anisotropic thermal properties, 

with a thermal conductivity along the fibre direction that is up to three 

times greater than that in the perpendicular direction [1]. Consequently, 

different fibre orientations result in different temperature distributions. 

During design, this anisotropy is exploited to rapidly dissipate the heat 

across the material, preventing localised overheating, or to isolate spe­

cific regions, thereby reaching an optimal temperature distribution. To 

determine which fibre orientation achieves this optimum, it is neces­

sary to iteratively evaluate the temperature field for many orientations 

to best meet the thermal requirements.

The temperature distribution can be determined using the heat trans­

fer equation, a linear partial differential equation (PDE) that describes 

the time-dependent heat diffusion. Traditionally, finite element solvers 

are employed to solve this problem [2,3]. However, a new calculation is 

required for each orientation configuration explored in the design phase, 

making this step of the design potentially computationally expensive and 

time-consuming. An alternative to FEM is the use of deep neural net­

works (DNNs), which are capable of rapidly predicting the temperature 

field for arbitrary fibre orientations, enabling efficient determination of 

the most favourable configuration for the design, once they are trained.
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The principal benefits of using DNNs to solve PDEs, in this instance 

the heat equation, include their capability to approximate any non-linear 

function, their rapid and efficient evaluation of forward problems once 

trained and their analytical differentiability, which permits derivatives 

to be computed easily [4]. One of the main drawbacks of DNNs is the 

large amount of labelled data they require, which in the initial design 

step is usually limited or unavailable. However, in cases where the gov­

erning PDE is known, its solution can be learnt under physics-constraints 

with little data [5,6] or, as in this study, no real data [7,8]. Since the out­

put of a DNN is a continuously differentiable function, all terms in the 

PDE can be calculated using automatic differentiation [9,10]. These net­

works, known as physics-informed neural networks (PINNs), incorporate 

the PDE and other governing physical constraints into the loss function 

of the DNN during training, thereby leveraging prior physical knowledge 

and creating a bridge between deep learning and classical physics-based 

modelling. PINNs can also infer unseen values within the training range 

with high accuracy, reduce overfitting and improve generalisation. In 

addition, they exhibit robustness to noisy inputs [10].

The heat equation has been solved using PINNs for isotropic and 

anisotropic problems [11,12], as well as for material stacks [13]. 

However, in these cases, the properties of the materials were kept 

constant during training, meaning the models could only predict the 

temperature distributions for a single, fixed material configuration. This 

work goes further by aiming to predict the temperature distribution for 

arbitrary fibre orientations, treating the fibre angle as a parameter. The 

parametric nature of the heat equation further emphasises this point, 

as it produces distinct solutions depending on varying material proper­

ties, fibre orientations, and geometries. The strategy and effectiveness 

of using regular PINNs to enable parametric solutions are subject to dis­

cussion, with some supporting their efficiency [14] and others doubting 

their performance and generalisation capabilities [15].

Learning parametric PDEs with PINNs can be divided into two main 

approaches: The first approach learns a mapping between the parame­

ters of interest and the trained weights of the PINN [16,17]. Although 

this method accelerates the training, it requires re-optimisation for every 

new parameter, making it impractical to use in optimisation prob­

lems. The second approach treats the parameters as additional inputs 

to the PINN, alongside the conventional PDE variables [18]. However, 

the typical optimisation difficulties of PINNs are amplified in this ap­

proach, proving to be particularly challenging for non-linear PDEs [19]. 

It is emphasised that the solution of parametric PDEs has been suc­

cessfully addressed using more complex network architectures, such as 

Physics-Informed DeepONets [20–22].

In the present study, the fibre angle is incorporated directly as an 

input parameter, allowing the standard PINN formulation to be retained 

within a simple feedforward network. A central aim is to demonstrate 

the capability of this approach to represent the temperature response 

over a continuous range of fibre orientations while maintaining com­

putational efficiency. The novelty of this work lies in investigating the 

suitability of different strategies - random-angle, sequential-angle and 

batched-angle training - for exposing the network to the input param­

eter space and in developing an improved training procedure based on 

the most effective strategy. Rather than introducing a more complex 

neural architecture, the proposed methodology focuses on the applica­

tion of a simple PINN to a parametric anisotropic materials problem. In 

this way, it addresses the practical challenge of predicting orientation 

dependent temperature distributions when the material configuration 

itself constitutes a key parameter of the governing physical response.

2 . Methodology

2.1 . Problem definition

Heat transfer in a two-dimensional square composite domain with 

side length 𝐿, which maps to the unit square in dimensionless co­

ordinates, as shown in Fig. 1, is considered in this work. Non-

dimensionalisation is a key pre-processing step in both traditional deep 

Fig. 1. Schematic representation of a 2D piece of material exposed to an external 

heat flux on the upper edge.

learning and physics-informed neural networks (PINNs), as it improves 

training stability and convergence by bringing inputs and outputs to 

comparable scales, thereby stabilising gradient propagation and facili­

tating more efficient optimisation [23,24]. In this context, the governing 

transient heat transfer equation is formulated in dimensionless form as 

𝜕𝑇
𝜕𝑡

= ∇ ⋅ (𝜶∇ 𝑇 ), (𝑥, 𝑦, 𝑡) ∈ [0, 1] × [0, 1] × [0, 𝑡max] (1)

where 𝑡max is the dimensionless duration. The dimensionless anisotropic 

thermal diffusivity tensor 𝜶 is computed for a given fibre orientation 

angle 𝜑 via 

𝜶 = 𝐑(𝜑)𝜶UD𝐑⊤(𝜑), (2)

where 𝜶UD = diag(𝛼∥, 𝛼⊥) denotes the dimensionless thermal diffusivity 

tensor in the fibre direction, with parallel and transverse diffusivities 𝛼∥
and 𝛼⊥ = 1

2𝛼∥, respectively. The rotator tensor 

𝐑(𝜙) =
[

cos(𝜑) − sin(𝜑)
sin(𝜑) cos(𝜑)

]

(3)

transforms the material properties to any given fibre orientation, with 

𝐑⊤ denoting its transpose.

All quantities are dimensionless: lengths are scaled by 𝐿, time by 

𝜌𝑐p𝐿2∕𝑘∥, temperature by Δ𝑇  about 𝑇ref, and heat flux by 𝑘∥Δ𝑇 ∕𝐿, so 

that 𝜶 = 𝑲∕𝑘∥ with 𝑲 being the thermal conductivity tensor. For the 

CMC considered this gives 𝛼∥ = 1, 𝛼⊥ = 0.5, 𝑇0 = −0.4, 𝑡max = 0.286 and 

𝑞 = 1 at the heated edge.

The system is initialised with a uniform dimensionless tempera­

ture field 𝑇 (𝑥, 𝑦, 0) = 𝑇0. Neumann boundary conditions are applied 

according to 

𝐧 ⋅ (𝜶∇ 𝑇 ) = 𝑞, (4)

where 𝐧 is the outward unit normal and 𝑞 the prescribed dimensionless 

normal heat flux, taken positive for heating. The domain is heated along 

the top edge with 𝑞(𝑦 = 1) = 1, while all the remaining edges (left, 

bottom, right) are adiabatically insulated with 𝑞(𝑥 = 0) = 𝑞(𝑥 = 1) =
𝑞(𝑦 = 0) = 0.

Under these boundary conditions, a temperature gradient is induced 

from the top to the bottom of the anisotropic material. Based on this 

setup, the goal is to develop surrogate models using deep learning neural 

networks that enable rapid and accurate prediction of the temperature 

field for any fibre orientation, at any point in the domain, and at any 

instant, while adhering to these physical expressions.

2.2 . Physics-informed neural networks (PINNs)

Fig. 2 illustrates the architecture of the PINN employed in this work. 

A fully connected feedforward neural network is used. It comprises an 

input layer, a random Fourier embedding layer (see Section 2.2.2), and 

six hidden layers with 60 neurons each using the activation function 𝜎. 

An output layer approximates the solution 𝑇 (𝑥, 𝑦, 𝑡, 𝜙).

Materials Today Communications 56 (2026) 116177 
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Fig. 2. Schematic representation of the parametric neural network used to solve 

the heat transfer PDE.

Fig. 3. Visualisation of a random sample domain for training.

The PINN receives the spatial coordinates 𝑥 and 𝑦, the temporal 

variable 𝑡, and the fibre orientation 𝜙 as dimensionless inputs. The di­

mensionless fibre orientation 𝜙 ∈ [0, 1] is related to the fibre orientation 

angle via 𝜑 = 𝜋𝜙. Due to symmetry, any orientation outside 𝜙’s interval 

can be transformed into an equivalent orientation within it. The output 

of the PINN is the predicted dimensionless temperature field, indicated 

as 𝑇 ∗(𝑥𝑖, 𝑦𝑖, 𝑡𝑖, 𝜙𝑖;𝜽) = 𝑇 ∗
𝑖 , where 𝜽 represents the weights 𝑊𝑘𝑙 and biases 

𝑏𝑘 associated with the transmission between neurons. 

To train the model and solve the equation, no mesh is required. 

Spatial and temporal collocation points are sampled from the space 

[0, 1] × [0, 1] × [0, 𝑡max] ⊂ ℝ3, corresponding to a physical duration of 

100 s in a CMC material, as shown in Fig. 3. For the training loss, points 

are classified into three sets: set , containing 𝑁ic points corresponding 

to the initial condition, where the target values are known; set  , con­

taining 𝑁Neu points for the Neumann boundary conditions, for which the 

derivatives are known; and set , containing 𝑁r points corresponding to 

the internal domain, where the target values are unknown and for which 

the predicted values of the network are substituted into the governing 

Eq. (1). Consequently, the loss function used for training is 

 = 𝜆icic + 𝜆NeuNeu + 𝜆rr (5)

with the loss of the initial condition 

ic = 1
𝑁ic

∑

𝑖∈

(

𝑇 ∗
𝑖 − 𝑇𝑖

)2, (6)

the loss of the Neumann boundary condition 

Neu = 1
𝑁Neu

∑

𝑖∈

(

𝐧 ⋅
(

𝜶∇ 𝑇 ∗
𝑖
)

− 𝑞
)2, (7)

and the loss of the PDE 

r =
1
𝑁r

∑

𝑖∈
𝑟2

(

𝑇 ∗
𝑖
)

, (8)

where 𝑟 denotes the residual of Eq. (1). These loss terms are balanced 

by weight factors 𝜆𝑖, as explained in Section 2.2.2.

2.2.1 . Orientation sampling strategy

The PINN proposed in this work learns the parametric solution by 

incorporating a dimensionless fibre orientation as parametric input.

Although the architecture remains largely identical to that of a 

standard PINN, the presence of this additional independent parameter 

introduces the issue of determining an appropriate sampling and train­

ing strategy. Therefore, three training methodologies are analysed and 

discussed:

Training with random angles over the sample domain: This 

approach follows the idea of non-parametric PINNs, where random 

collocation points are created over the sample domain. Each point 

is assigned not only a random spatial location and time, but also a 

random fibre orientation, which changes with every new epoch. The 

independently assigned fibre orientations constitute a mathematical 

sampling strategy for exploring the material parameter space and are 

not intended to represent physically discontinuous or randomly oriented 

fibres. Instead, the underlying material model remains a homogenised 

anisotropic continuum, with the fibre orientation treated as an indepen­

dent material parameter. PINN training proceeds with sample domains 

as illustrated in Fig. 4 and according to Eq. (5).

Training with sequential sample domains: This approach first 

generates a random sample domain with a fixed, randomly selected an­

gle 𝜙𝑖, as shown in Fig. 5(a). The PINN is then trained on this domain 

according to Eq. (5). Once training on that sample domain is completed, 

a new random sample domain with a different fixed angle is gener­

ated, as shown in Fig. 5(b) and training continues with this new sample 

domain.

Training with batched sample domains: This approach begins by 

generating 𝑁𝜙 random sample domains, each with a different, fixed, and 

randomly selected angle 𝜙𝑖. Instead of training the PINN on each domain 

separately, the loss for each domain is first calculated as in Eq. (5), is 

subsequently summed as 

 = 1
𝑁𝜙

𝑁𝜙
∑

𝑖=1
𝜙𝑖 (9)

and is then used collectively for training. This work also extends previous 

studies [25] by introducing the concept of generating a new set of 𝑁𝜙
sample domains with new random angles 𝜙𝑖 at the start of every epoch, 

as shown in Fig. 6.

2.2.2 . Techniques for enhancing accuracy and training efficiency

This section presents five techniques incorporated into the PINN to 

boost performance and accelerate the learning process.

Sampling distribution: PINNs are typically trained with randomly 

generated sample points across the domain. This approach can lead 

to poor model performance since some regions may be more difficult 

to learn than others. Different collocation points contribute different 

amounts of information, which implies that redistributing them, such 

that more points lie in the harder-to-learn regions, improves training 

efficiency and reduces the likelihood of the network getting trapped 

in local minima [26]. In this case, the region near the top side is ex­

pected to be more challenging to learn, as it presents sharper gradients. 

Therefore, the y-component of the randomly generated internal points 

is transformed into an exponential distribution, 

𝑦r,exp = 𝑒−3𝑦r − 1
𝑒−3 − 1

(10)

concentrating the points on the top side.

Learning rate scheduler: The learning rate 𝜂 determines the mag­

nitude of weight updates throughout training and is a critical parameter 

for controlling both the speed of convergence and the final accuracy of 

the model. An excessively large initial 𝜂 can hinder convergence, partic­

ularly in the final steps of training [27]. To address this, a learning rate 

scheduler is introduced, which reduces 𝜂 exponentially every 𝑀  steps 
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Fig. 4. Exemplary sample domains in different training epochs for training with random angles.

Fig. 5. Exemplary sample domains with fixed angles 𝜙𝑖 for sequential training.

Fig. 6. Exemplary sample domains with 𝑁𝜙 = 3 fixed angles 𝜙𝑖 for batched training.

according to:

𝜂(𝑡) = 𝜂0 ⋅ 𝛾
𝜏
M , for 𝜏 = 𝑛 ⋅ M, 𝑛 = 1, 2, 3,… (11)

Random Fourier Features: Although PINNs can approximate any 

function, they tend to favour low-frequency components, exhibiting a 

bias towards smooth functions, an effect known as spectral bias [28]. 

Random Fourier Features mitigate this spectral bias [29] by mapping 

the input coordinates into frequencies

𝛾(𝐯) =
[

cos(2𝜋𝐁𝐯)
sin(2𝜋𝐁𝐯)

]

, (12)

where 𝐯 = (𝑥, 𝑦, 𝑡, 𝜙) ∈ ℝ4 represents the input vector of the PINN, and 

𝐁 ∈ ℝ𝑚×4 is a random matrix sampled from a Gaussian distribution 

 (0, 𝜎2).
Adaptive loss balancing: As previously shown in Eq. (5), the loss 

function in a PINN usually consists of three terms: the loss of the ini­

tial condition, the boundary conditions and the residual of the physical 

equation. During training, each term might behave differently, caus­

ing the optimizer’s priority in minimising them to change due to their 

different natures, potentially reducing the final accuracy [30]. The adap­

tive loss balancing method addresses this issue by weighting the loss 

terms with factors 𝜆𝑖, which equalise the gradient norms across the 

components. These weights are calculated and automatically updated 

according to [30] as

𝜆̂ic =
‖∇𝜽ic(𝜽)‖ + ‖∇𝜽Neu(𝜽)‖ + ‖∇𝜽r(𝜽)‖

‖∇𝜽ic(𝜽)‖

𝜆̂Neu =
‖∇𝜽ic(𝜽)‖ + ‖∇𝜽Neu(𝜽)‖ + ‖∇𝜽r(𝜽)‖

‖∇𝜽Neu(𝜽)‖

𝜆̂r =
‖∇𝜽ic(𝜽)‖ + ‖∇𝜽Neu(𝜽)‖ + ‖∇𝜽r(𝜽)‖

‖∇𝜽r(𝜽)‖

𝜆new = 𝛽𝜆old + (1 − 𝛽)𝜆̂new (13)

every 𝑀𝜆 steps and are thus referred to as adaptive weights.

Temporal loss balancing: PINNs exhibit a tendency to first min­

imise the PDE residuals at later times before adequately fitting the initial 

data, thereby neglecting the temporal causality inherent in transient 

problems [31]. This effect leads to an accumulation of inaccuracies and 

becomes more pronounced the further into the future the prediction ex­

tends. To address this issue, the causal training algorithm proposed in 

[31] employs a temporal weighting of 𝑁𝑡 chronologically sorted time 

segments via 

(𝜽) = 1
𝑁t

𝑁t
∑

𝑖=1
𝑤𝑖r(𝑡𝑖,𝜽) (14)

with weights 

𝑤𝑖 = exp

(

−𝜖
𝑖−1
∑

𝑘=1
r(𝑡𝑘,𝜽)

)

for 𝑖 = 2, 3,… , 𝑁t. (15)

These temporal weights depend on the losses of the previous time 

frames, preventing the PINN from learning later times until losses at 

the earlier times are sufficiently low.
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2.2.3 . Implementation, evaluation, and validation of the PINN

All training is performed on an NVIDIA GeForce RTX 4060 Ti 

Graphics Processing Unit (GPU). The PINN was built using PyTorch with 

the following fixed settings: A fully connected neural network with six 

hidden layers and 60 neurons each is employed. The activation function 

𝜎 is selected as the hyperbolic tangent (tanh) due to its differentiability 

at higher orders. The models are trained with 𝑁r=10,000 internal points 

and 𝑁Neu=𝑁ic=1000 points on each boundary and initial time. To en­

sure a fair comparison, all three training methodologies were trained 

using the same total number of optimization steps. Consequently, the 

random-angle and batched-angle training strategies were trained for 

500 epochs, whereas the sequential-angle training strategy, which is 

performed over 20 sequential domains, was trained for 25 epochs per 

domain. In all cases, training was performed using the Adam optimizer 

with an initial learning rate of 𝜂0 = 0.01, and a learning rate scheduler 

applying a decay factor of 𝛾 = 0.9 every 𝑀 = 200 optimization steps. 

Since the optimal weighting of the loss is initially unknown, the adaptive 

loss balancing factors 𝜆𝑖 are set to 1 at the beginning and dynamically up­

dated every 𝑀𝜆 = 2000 steps using an update factor 𝛽 = 0.9. For temporal 

loss balancing, the domain is divided into 𝑁t = 5 time frames with 𝜖 = 1. 

The hyperparameters of the random Fourier features are set to 𝑚 = 40
and 𝜎 = 1. The resulting 80 input features from the sine and cosine map­

pings yield a total of 23,221 trainable parameters in the fully connected 

network. Unless otherwise stated, the results reported in this work cor­

respond to a single training run. Whenever the neural network is newly 

trained, a different random seed is used, and consequently, some dif­

ferences in the resulting predictions may occur between independent 

training runs. Finally, the PINN results are validated by comparison with 

FEM models generated in COMSOL Multiphysics. This is carried out by 

calculating the relative error

RE =
𝑇PINN − 𝑇FEM

𝑇FEM
(16)

at each point 𝑁𝑝 and the maximum absolute value of the relative error 

of all points |RE|max as well as the mean relative error

MRE = 1
𝑁𝑝

𝑁𝑝
∑

𝑖=1
|RE𝑖| (17)

over the entire domain for the fibre orientations 𝜑 =
[0, 30, 45, 90, 120, 135, 150, 180]◦, thereby providing a comprehen­

sive view of the error distribution across all angles. For simplicity and 

clarity, only errors at the final time 𝑡max are shown, and only the angles 

with the highest and lowest MRE are plotted.

3 . Results and discussion

The transient heat transfer problem for an anisotropic 2D material 

domain at an arbitrary angle, presented in Section 2.1, is analysed in 

this section using the three methodologies described in Section 2.2.1.

3.1 . Training with random angles over the sample domain

The results of this training methodology are presented in Figs. 7 and 

8. As shown in Fig. 7, both MRE and |RE|max are minimal at 0◦, whereas 

90◦ exhibits the highest MRE, revealing a clear trend in which errors 

Fig. 7. Mean relative error (MRE) and maximum absolute value of the relative error (|RE|max) for all angles at 𝑡max during training with random angles over the sample 

domain.

Fig. 8. RE distribution for the angles with the highest and lowest MRE at 𝑡max during training with random angles across the sample domains.
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decrease towards 0◦ and its analogue 180◦ and increase towards 90◦. 

This behaviour can be attributed to the characteristics of the training 

domain, which consists of points with randomly assigned angles. This 

assignment is not intended to represent the physical geometry of individ­

ual fibres or discontinuous randomly oriented fibres within the sample. 

Instead, it is a mathematical sampling strategy that exposes the para­

metric PINN to different configurations of the homogenised anisotropic 

material model during training. At each collocation point, the assigned 

fibre orientation determines the corresponding components of the effec­

tive thermal diffusivity tensor, while the collocation point itself does not 

represent an individual fibre or fibre segment. Consequently, the PINN 

is required to satisfy PDE residuals associated with different material 

orientations at independently sampled collocation points. This can intro­

duce inconsistent constraints between neighbouring collocation points 

assigned different orientations, as the local PDE residuals are evaluated 

using different thermal diffusivity tensors. This inconsistency can hinder 

the PINN from learning a coherent spatial temperature field across the 

domain and can contribute to the poor prediction performance observed 

with the random-angle training strategy.

The observed angle-dependent error can therefore be interpreted 

as a consequence of the sampling strategy rather than as a physical 

effect associated with variations in fibre length or morphology. The 

angles 0◦ and 180◦ both fall within the training range, represent the 

same orientation, and lie at opposite ends of the domain. This results 

in a higher representation of orientations equivalent or close to 0◦

within the training data, biasing the PINN towards learning the cor­

responding solutions. Consequently, as the orientation deviates from 

0◦/180◦, the prediction error increases. On the other hand, Fig. 8 shows 

no clear spatial error pattern. Nevertheless, the spatial covariance is 

6.176%2 for 0◦ and 4.260%2 for 90◦, indicating that the prediction errors 

exhibit spatial correlation. The higher covariance at 0◦ suggests that 

the errors are more strongly clustered into localised regions compared 

with 90◦, although no consistent spatial pattern is observed across 

the investigated fibre orientations. Ultimately, the training took 0.92h, 

while the mean inference time for predicting the temperature field at 

𝑡 = 𝑡max over 10,000 spatial points for each of the considered fibre ori­

entations was 2.77ms per orientation. Because of insufficient accuracy 

and bias towards certain angles, this training methodology has proven 

to be unsuitable for learning the parametric solution of the heat transfer

equation.

3.2 . Training with sequential sample domains

The PINN was trained over 20 sequential sample domains, each with 

a random fixed orientation 𝜙𝑖. The corresponding loss function through­

out the training is shown in Fig. 9, where the start of each new domain 

appears as a peak. This occurs because the PINN initially fails to rep­

resent the new domain with the weights and biases obtained from the 

previous epoch, resulting in a high loss that is then minimised as the 

weights and biases are adjusted for the new domain. The peaks grow 

larger than the loss reduction achieved during training in that domain, 

leading to an overall increase in the loss function. This indicates that 

instead of generalising the problem across new domains with angles 𝜙𝑖, 

the PINN learns each new domain by forgetting the previously learnt 

ones. This highlights a key problem with training on sequential sample 

domains, since each new domain introduces noise, leading to unstable 

updates that hinder the model’s convergence to the true minimum across 

all domains, as reflected in the high loss in Fig. 9 and inaccurate temper­

ature predictions shown in Figs. 10 and 11. On the other hand, neither 

Fig. 10 nor Fig. 11 reveals a consistent error pattern across the fibre 

orientations or within the spatial domain. Nevertheless, the spatial co­

variance is 13.885%2 for 0◦ and 27.456%2 for 150◦, indicating that the 

prediction errors are strongly spatially correlated despite the absence of 

a consistent spatial bias.

Fig. 9. Training loss with sequential sample domains.

Fig. 10. Mean relative error (MRE) and maximum absolute value of the relative error (|RE|max) for all angles at 𝑡max during training with sequential sample domains.
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Fig. 11. RE distribution for the angles with the highest and lowest MRE at 𝑡max during training with sequential sample domains.

Ultimately, this training approach is more time-consuming than the 

previous strategy, as each model must be trained sequentially before the 

next can begin, preventing the use of GPU parallelization. To ensure a 

fair comparison with the random-angle sampling strategy, the total num­

ber of optimization steps was kept the same (50,000). Consequently, the 

number of epochs per domain was reduced from 500 to 25, resulting in 

the same total training time of 0.92h as in Section 3.1. Had each of the 20 

sequential domains been trained for 500 epochs, the total training time 

would have been approximately 20 times longer. The mean inference 

time for predicting the temperature field at 𝑡 = 𝑡max over 10,000 spatial 

points for each of the considered fibre orientations averaged 3.283ms per 

orientation. For all these reasons, this training methodology has proven 

to be unsuitable for learning the parametric solution of the heat transfer 

equation.

3.3 . Training with batched sample domains

The PINN was trained with the combined loss from 𝑁𝜙=5 sample 

domains, each with a randomly fixed angle 𝜙𝑖. Fig. 12 shows that the 

mean relative error across all angles is below 2%, demonstrating sig­

nificantly better performance than the previous strategies. Some angles 

present lower errors than others, which is expected, as certain orienta­

tions may be more difficult to learn. Importantly, in contrast to Fig. 7, 

there is no clear tendency towards any angle, thus proving that the PINN 

generalises across all angles. Furthermore, Fig. 13 shows no clear spatial 

Fig. 12. Mean relative error (MRE) and maximum absolute value of the relative error (|RE|max) for all angles at 𝑡max during training with batched sample domains.

Fig. 13. RE distribution for the angles with the highest and lowest MRE at 𝑡max during training with batched sample domains.
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Fig. 14. Maximum values of the mean relative error (MRE) and of the maximum absolute relative error (|RE|max) among the evaluated domains for different 

combinations of internal and initial/boundary collocation points.

error pattern and, consequently, no noticeable bias across the domain. 

This observation is further supported by the spatial covariance, which 

is 0.171%2 for 150◦ and 1.875%2 for 0◦. The former indicates minimal 

spatial clustering of the errors, whereas the latter suggests only weak 

spatial correlation, with small errors forming locally coherent regions. 

This outcome can be explained by the fact that batching the sample 

domains during training, analogous to batching internal domain points 

within a single domain, reduces stochastic diffusion noise by decreasing 

the variance of gradient estimates, leading to more stable updates and 

consequently smoother and faster convergence. Ultimately, this method 

allows the parallel processing of operations across the batched domains 

on the GPU, resulting in a training time of 4.4h, while the mean infer­

ence time for predicting the temperature field at 𝑡 = 𝑡max over 10,000 

spatial points for each of the considered fibre orientations averaging 

2.719ms per orientation. Because of high accuracy and the lack of bias 

towards any particular angle or across the domain, this training method­

ology has proven to be suitable for learning the parametric solution of 

the heat transfer equation.

3.4 . Additional considerations

As only the “Training with batched sample domains” strategy proved 

to be effective, it was used to systematically investigate whether the 

number of collocation points could be reduced while maintaining a max­

imum MRE below 2%. The number of internal points 𝑁r, as well as the 

number of boundary and initial points, 𝑁Neu = 𝑁ic, were varied over 

six representative levels using three ratios, 
𝑁r

𝑁Neu
= {5, 10, 20} resulting 

in 18 different combinations. The resulting maximum values of MRE 

and |RE|max among the evaluated domains are shown in Fig. 14. The 

prediction accuracy depends on both sampling densities and does not 

follow a simple proportional relationship between 𝑁r and 𝑁Neu = 𝑁ic. 

Nevertheless, several configurations achieved MRE < 2%. The empirical 

reduction resulted in 𝑁r = 750 and 𝑁Neu = 𝑁ic = 150, which provided 

the lowest number of points while satisfying the accuracy criterion. 

With the reduced sampling density, the total number of optimization 

steps decreases to 3500, while the adaptive loss balancing factors 𝜆𝑖 are 

dynamically updated every 140 steps.

In addition, the mean training times for the different numbers of in­

ternal points are summarised in Table 1, as no noticeable differences 

were observed between the tested ratios of boundary and initial points 

to internal points for a given 𝑁r. The training time is reduced from the 

original TT = 4.4h to TT = 0.3h for the resulting configuration. The 

mean inference time over 10,000 points was 1.478ms. By comparison, 

the FEM models used to validate the PINN contained 3821 degrees of 

freedom (DOFs) plus 220 internal DOFs and required 8 s per calculation. 

Based on these computational costs, the break-even point of the PINN is 

Table 1 

Mean training time (TT) for different 

numbers of internal points (𝑁r).

𝑁r Mean TT [h]

10,000 4.40

6000 3.49

3000 1.29

1500 0.65

750 0.30

300 0.13

reached after 135 temperature-field evaluations. This threshold is com­

paratively high: despite the advanced training strategy employed here, 

the upfront training effort is not recovered until well over a hundred 

FEM evaluations have been replaced. Accordingly, we regard the pri­

mary value of this study as methodological rather than as evidence that 

the PINN is a cost optimal surrogate. The batched parametric training 

clarifies how conventional feedforward PINNs can be trained effectively 

for parametric heat-transfer prediction. Where the dominant objective is 

to minimise the cost of many repeated evaluations, other reduced-order 

modelling approaches, such as POD/Galerkin methods, are likely better 

suited.

To assess the reliability of the model with 𝑁r = 750 and 𝑁Neu =
𝑁ic = 150, the PINN was trained three times using the same number of 

collocation points. For each training, the maximum values of |RE|max and 

MRE over all fibre orientations were selected for comparison, as these 

maxima can occur at different fibre orientations in each training. The 

results, summarised in Table 2, show a mean MRE of 1.319% and mean 

|RE|max of 4.804%, with a range of 0.958% and 4.476% respectively, 

demonstrating the reliability of the model.

Table 2 

Maximum values of the mean relative error 

(MRE) and maximum values of the maximum 

absolute relative error (|RE|max) for three in­

dependent training runs, along with their 

mean values and ranges.

Training MRE [%] |RE|max [%]

1 0.963 1.972

2 1.921 6.448

3 1.074 5.993

Mean 1.319 4.804

Range 0.958 4.476
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As discussed previously, the training was performed using angles 

𝜑𝑖 ∈ [0180]◦, since any fibre orientation outside this range can be 

substituted with an equivalent one within it. Although this relation­

ship is commonly understood, the PINN does not have such knowledge. 

Providing an input angle outside the trained domain results in an erro­

neous temperature prediction, which also reflects a poor extrapolation 

capability of the PINN. Therefore, angles outside the training range must 

be converted to their equivalent within the range before being used as 

input to the PINN, which guarantees accurate and reliable predictions.

Training was conducted using a dimensionless thermal diffusivity 

formulation for a unidirectional material characterised by a thermal dif­

fusivity ratio 
𝛼⊥
𝛼∥

= 0.5, as this is the value exhibited by the ceramic 

matrix composite material that motivated this study. Since the PINN is 

trained using dimensionless parameters, the trained network can be ap­

plied to other anisotropic composite materials with the same thermal 

diffusivity ratio without requiring retraining. For such materials, the 

corresponding dimensional properties only need to be converted into 

the appropriate dimensionless form before being provided as input to 

the PINN, and the predicted dimensionless results can subsequently be 

transformed back into dimensional quantities using the corresponding 

dimensionalisation procedure. However, if the thermal diffusivity ra­

tio of the material differs from 0.5 or if the boundary conditions are 

qualitatively modified, the PINN must be retrained for the new problem 

configuration. To demonstrate the applicability of the PINN to differ­

ent levels of material anisotropy, three independent training runs were 

performed using the selected reduced collocation and boundary/initial 

point configuration for the thermal diffusivity ratios 
𝛼⊥
𝛼∥

= {0.1, 0.5, 1.0}, 

representing a CFRP (Carbon Fibre-Reinforced Polymer), a CMC, and an 

isotropic material, respectively. The temperature predictions obtained 

with FEM and the PINN for an exemplary fibre orientation of 45◦ are 

shown in Fig. 15, while the maximum errors across all fibre orienta­

tions are summarised in Table 3. The results demonstrate that the PINN 

is able to keep the mean relative error below 2% across the different 

Table 3 

Maximum values of the mean relative 

error (MRE) and maximum values of 

the maximum absolute relative error 

(|RE|max) for different 
𝛼⊥
𝛼∥

.

𝛼⊥
𝛼∥

MRE [%] |RE|max [%]

0.1 1.952 6.229

0.5 0.744 3.961

1 1.244 3.486

anisotropy ratios considered. Some variation in prediction accuracy can 

be attributed to the random initialisation of the network weights and 

biases. Furthermore, cases with stronger anisotropy can result in steeper 

temperature gradients, which may require a higher sampling density to 

adequately resolve these gradients.

4 . Conclusion

In this work, a PINN with a simple feedforward architecture was 

developed to obtain the parametric solution of the heat transfer equation 

for an anisotropic composite material by directly incorporating the fibre 

orientation as an input parameter.

Three training strategies were analysed and compared against FEM 

solutions generated using COMSOL Multiphysics, with the objective of 

identifying an effective training approach for solving the parametric 

heat transfer problem. The strategies Training with random angles over 

the sample domain and Training with sequential sample domains were both 

found to be unsuitable for the considered problem. The former did not 

reach the required accuracy and showed a bias towards the angle 90◦, 

which corresponds to the mean of the training domain [0, 180]◦, reach­

ing |RE|max of over 16%. The latter exhibited catastrophic forgetting of 

previously learnt solutions, which limited its ability to generalise across 

Fig. 15. Temperature distributions at an exemplary fibre orientation of 45◦ obtained using FEM (a–c) and PINN (d–f) for different thermal diffusivity ratios.
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the investigated fibre orientations. Consequently, the |RE|max across the 

different angles exceeded 30%, with strongly spatially correlated errors. 

The strategy Training with batched sample domains exhibited both high 

accuracy and robustness compared with the other training methodolo­

gies. It achieved a |RE|max of approximately 6% and an MRE below 2% 

across the angles. Furthermore, no systematic bias was observed across 

the angles or within the spatial domain, as reflected by the low spatial 

covariance values of 0.171%2 for 90◦ and 1.875%2 for 0◦. These results 

demonstrate the feasibility of parametrically learning the temperature 

distribution of an anisotropic material using a simple PINN for arbitrary 

fibre orientations. Subsequently, the number of collocation points was 

empirically reduced to 150 initial and boundary points and 750 inter­

nal points while maintaining the established error level. This reduced 

the training time to 0.3h and yielded a mean inference time of 1.478ms

over 10,000 points. It should be noted that even this batched parametric 

strategy, designed to exploit the full potential of the PINN by amortis­

ing training across many orientations, only reaches break-even with FEM 

after more than 100 evaluations.

Ultimately, the PINN was trained and validated primarily for a spe­

cific geometry, boundary-condition configuration, and thermal diffusiv­

ity ratio. Within this defined problem setting, the proposed framework 

is applicable to arbitrary fibre orientations within the considered pa­

rameter range. The dimensionless formulation also enables the trained 

PINN to be applied to other anisotropic composite materials with the 

same thermal diffusivity ratio without modifying the trained network. 

For these materials, the corresponding physical properties are used to 

convert the dimensional input parameters into the dimensionless form 

required by the PINN before prediction, and the resulting dimensionless 

temperature fields are subsequently converted back into dimensional 

quantities through the appropriate dimensionalisation process. In addi­

tion to the considered reference ratio, the applicability of the approach 

to different levels of anisotropy was verified through three indepen­

dent training runs with thermal diffusivity ratios 𝛼⊥∕𝛼∥ = {0.1, 0.5, 1.0}, 
for which mean relative errors below 2% were achieved in all cases. 

Thus, the approach can be adapted to different material properties; how­

ever, changes in the thermal diffusivity ratio, geometry, or boundary 

conditions require retraining for the corresponding problem setting.
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