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ASYMPTOTIC COMPACTNESS OF STOCHASTIC COMPLEX
GINZBURG-LANDAU EQUATION ON AN UNBOUNDED DOMAINS

DIRK BLOMKER AND YONGQIAN HAN

ABSTRACT. The Ginzburg-Landau-type complex equations are simplified mathemat-
ical models for various pattern formation systems in mechanics, physics, and chem-
istry. In this paper, we show that the complex Ginzburg-Landau (CGL) equations
in R perturbed by an additive space-time white noise generates an asymptotically
compact stochastic or random dynamical system in weighted L?-spaces. This is a
crucial property for the existence of a stochastic attractor for such CGL equations.

1. INTRODUCTION

This paper is concerned with attractors of semilinear stochastic partial differential
equations (SPDEs) on unbounded domains. This is the topic of many recent papers.
See for example the work of Bates, Lu, and Wang [4, 47, 48] or related for systems on
unbounded lattices [5, 3], or the work by Brzezniak and Li [8, 7] or [9].

Usually, results on random attractors on unbounded domains assume some decay
condition of solutions at infinity, which rules out the possibility of perturbing the equa-
tion with translation invariant noise, like space-time white noise. Here one expects the
solution to be unbounded at infinity in space. In [8] estimates in L? or L* force a decay
of solutions at infinity, while for example in [4] explicit far field estimates are used, in
order to show that the solution decays in space at infinity.

For simplicity of presentation we focus in this article only on the stochastic complex
Ginzburg-Landau (CGL) equation, which is an important model equation in the de-
scription of spatial pattern formation and of the onset of instabilities in non-equilibrium
fluid dynamical systems (see [6, 14]). For the deterministic CGL, a large amount of
work has been devoted to the study of the well-posedness of solutions, the global at-
tractors and the related dynamical issues, see references [2, 11, 12] [16]-][27] [31]-[33]
[36]-[38] [49, 50] and therein references.

Recently, stochastic complex Ginzburg-Landau equations are extensively used in
physics, and frequently appear in the study of dynamical critical phenomena. For in-
stance, for a statistical-mechanical system they may describe the time evolution of order
parameter [40]. On bounded domains the well-posedness of solutions and the existence
of global attractors for SCGL have been investigated in [28, 51]. The existence of in-
variant measures for stochastic Ginzburg-Landau equations on an unbounded domain
has been studied in [42].
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Using weighted L2-spaces (cf. for example also [10]), with a class of weights that
allow for algebraic growth at infinity, we are able to show the asymptotic compactness of
the stochastic dynamical system in our weighted spaces. But in order to establish this,
we need to rely both on nonlinear stability given by a non-linearity with superlinear
growth and the regularizing effect of the dominant linear differential operator.

Although our method of proof is quite general, for simplicity of presentation we
consider only additive space-time white noise as an example for translation invariant
noise. The main assumptions for the noise are verified in Lemma 3.1. We mainly need
the pathwise regularity of the stochastic convolution, which is sometimes a delicate
question, especially, if the covariance operator of the underlying Wiener process and
the differential operator in the equation do not commute.

Also for simplicity of presentation, we focus on stochastic dynamical systems (SDS)
instead of random dynamical systems (RDS). Nevertheless our main results on asymp-
totic compactness (AC) hold for RDS, too.

We will continue the line of research introduced in [30, 39, 41] or for stochastic
systems by [13, 8]. The key of the approach, in order to obtain AC of the SDS related
to SCGL equations (1.1) (1.2), are energy type estimates. It is well known that the new
ingredient necessary for stochastic PDEs is the transformation of the SCGL equation
(1.1) into a partial differential equation with random coefficients such that this random
equation is independent of initial time 7, but now initial data depends on 7. Our main
new feature is the use of weighted L?-spaces in order to allow for space-time white
noise.

To be more precise in the following, the stochastic complex Ginzburg-Landau (SCGL)
equation is given by

(1.1) du — {a@iu + xou — blu[*u}dt = dW (t),

(1.2) u(y,t)],_. = uo(y).

Here u is a complex valued function of (y,t) € R x R, complex constants a = ay + ias,
real constants a; > 0, b > 0, 0 > 0 and yg € R, W(¢) is a suitable cylindrical Wiener
process, defined later on.

As phase space for some fixed p > % we consider the equation in the scale of weighted
Hilbert spaces given by

Li = L?(R,dp) with respect to the measure du = m(y)dy, where m(y) = (14]y|*)™" .

The spaces LI, are defined analogously. This will allow for an algebraic growth of
solutions in space, but we aim at growth as slow as possible.

We will see later (cf. Lemma 3.1) that the condition p > % is necessary, as only
then our stochastic convolution is in Li. Moreover, it is easy to check, that LI, is

continuously embedded into Li for p > 2, as u(R) < oo for p > %

For simplicity we consider only space time-white noise for the random perturbation.
This is given by a standard cylindrical Wiener process W on L?. On some probability
space (92, F,P) endowed with a filtration (F;):>0

W(t) =Y Bit)e;,
j=1

where {e;} is any orthonormal basis of the standard L?-space and {f3;};en is a sequence
of mutually independent real valued two-sided Brownian motions on (€2, F,P). Let us
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remark, that {m~'/2¢;} is an orthonormal basis in Li, and thus we can consider W as
a cylindrical Wiener process in Li, too.

In order to be self-contained, we first establish the global well-posedness of the so-
lution for SCGL given by (1.1) (1.2). In our main result we prove AC of the SDS. To
be more precise we establish AC for bounded sets. The AC for tempered sets, which
is crucial for the existence of a random attractor will be proved in a following work.
Finally, we comment on the existence of a global stochastic and thus random attractor
A, which will be independent of the weight chosen.

Analogously to [13], we are working in the framework of a general SDS on a separable
Banach space. For RDS our results are similar to the results of [8], and we could
establish the existence of invariant measures based on random w-limit sets for RDS.
But for the existence of a random attractor we would need AC for tempered sets, as
stated in [3].

Throughout this paper, in order to simplify the exposition, the space LP(R,du) is
denoted by LI, for any 1 < p < oo, the inner product of LZ is denoted by:

(fag)# = /ngdﬂy

The space H™(R,dp) is denoted by H* for all m > 1.

Different positive constants are all denoted by the same letter C. If necessary, we
denote by C(+,-) a constant depending only on the quantities appearing in parenthesis.

The outline of this paper is as follows. In Section 2, we recall some appropriate
concepts and tools from the theory of SDS. In Section 3, we prove the existence of the
stochastic flow (and hence of the corresponding SDS) associated with SCGL equations
(1.1) (1.2). In Section 4, we show the asymptotic compactness of the SDS correspond-
ing to SCGL and in the final section 5, we comment on global stochastic or random
attractors, which are independent of the weight chosen.

2. NOTATION AND PRELIMINARIES

In order to investigate the long time dynamics of SCGL (1.1) under the influence of
white noise, we need some appropriate concepts and tools from the theory of stochastic
dynamical systems (see [1, 13]). For simplicity of presentation, we restrict the results
to SDS and attractors for bounded deterministic sets. Nevertheless, the results also
hold for attractors of tempered random sets for a RDS.

Let H be a complete separable metric space and (€2, F,P) be a probability space.
We consider a family of mappings S(t,7;w) : H — H, (t,7) € Ry = {(t,7)] — 00 <
T <t < oo}, parameterized by w € €, satisfying for P-a.e. w the following properties:

(1) S(t,mw)x = S(t,r;w) o S(r,7;w)r and
S(r,myw)r =2 foral 7<r<t and z € H,
(1) S is (B(Ry) ® F ® B(H), B(H)) — measurable.

A SDS is said to be continuous, if and only if S(¢,7;w) is continuous in H for all
(t,7) € R, and for P-a.e. w € Q.

Below we state the concept of a stochastic (global) pullback attractor of bounded
deterministic sets for an SDS (see, e.g., [1, 13] and the references therein), which extends
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the corresponding definition of a global universal attractor in autonomous systems (cf.
[29, 43|, for example).
Following [13], we define:

Definition 2.1. Given t € R and w € Q, we say that the bounded set K(t,w) C H is
an attracting set if for all bounded sets B C H,

d(S(t,7;w)B,K(t,w)) -0 as T — —o0.

Definition 2.2. Let A(t,w) be a nonempty compact set for allt € R. This set is called
a stochastic pullback attractor if it attracts all bounded sets from —oo, and it is the
minimal closed set with this property. Moreover, it is invariant in the sense that

St mw)A(T,w) = A(t,w), V7 <t.

The first result on existence of stochastic attractors is given by the following theorem
from [13].

Theorem 2.3. Assume that the SDS has a compact attracting set K. Then, for P-a.e.
w € Q, the SDS exhibits a stochastic pullback attractor.

Similar results hold true for random attractors of RDS that are AC and exhibit a
bounded (or tempered) absorbing set. Let us remark, that absorbing sets are a special
type of an attracting set. But as our approach is based on energy estimates, both
properties (absorbing and attracting) are established in a quite similar way.

We will discuss the following two types of AC, in contrast to [13] where the existence
of a compact absorbing set defines AC.

Definition 2.4. An SDS is called AC for bounded sets, if for all bounded sequences
{un}neny C H and all families of times {1y }nen with 7, — —o0 for n — oo, the family
{S(t, Tn, w)un }nen has a convergent subsequence.

Definition 2.5. An SDS is AC for tempered sets, if for all families of times {7 }nen
with 7, — —o0 forn — oo and all sequences {uy tnen in H such that lim, o, €™ u, =0
for all € > 0 one has that the family {S(t, T, w)un }nen exhibits a convergent subse-
quence.

In our main result we verify that SCGL is AC for bounded sets. As our attracting
set is not uniformly bounded in time, we would need AC for tempered sets, in order
to conclude the existence of a stochastic or random attractor. This is postponed to a
future work.

3. A PRIORI ESTIMATES, EXISTENCE AND UNIQUENESS OF SOLUTION

For the existence of global solution in time and for results on AC, in this section a
priori estimates are established. We introduce the stationary Ornstein-Uhlenbeck (OU)
process 7(y,t,w) in Li, in order to transform the SCGL (1.1) into a random partial
differential equation. Then a priori estimates can be obtained by standard methods.

3.1. Stochastic Convolution. The OU-process 7 is defined as

nt,w) := (/t e(t—s)(aaj—k)dw(s)) ()

(3.1) o
= (/_m St — s)dW(s))(w) :
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where W is our Wiener process defined in Section 1. The process 7 is the stationary
solution of the following linear stochastic partial differential equation

(3.2) — ={ad; — k}n+ W,

with some control parameter & > 0. This is important, as otherwise the existence of a
stationary solution is not obvious.

In the following, we also use a different representation given by a two-sided Brownian
Sheet B(t,x), t > 0, x € R. From integration with respect to B (cf. Walsh [46]) we
obtain in law

(3.3) / / Gr (o — y)B(ds, dy) ,

where

x2

Gy(z) = 76 daz Rt
2y/7lalt
is the Greens-functions corresponding to the semigroup S, such that [S(¢)f](z) =
Jr Gi(x — y) f(y)dy. Now using Gaussianity of 7 and Ito-formula (see for example
[20, 46]) we obtain:

Bln1y, = [B] [ [ Gosto - p)8tts, )| majas
/ / /Gt s(x —y)B(ds, dy))2]p/2m(m)dx

(3.4) o
< / / /Gt s —y)*dy ds} m(z)dz
= [[m|| 1 (|Gl L2 (j0,00) x )
< 00,

as

U
2

= / ﬁ e 2kt = C.
0 4\/Tait

Now it is easy to check, that for all a,b, and T

T+1
/Hn Hp dt <oo and E/ T n(t )Hp dt < oo .

—00
Moreover, from Kolmogorov continuity criterion theorem or Theorem 5.16 in [9, p.
134], we find that additionally 7(-,w) € Cioc(R; LE) for P-a.e. w € Q.
We proved the following Lemma, which is the main and only regularity assumption
on 7, that we will use in the following sections.

Lemma 3.1. For the OU-process n defined in (3.1), for allp > 1, T € R, and all
bounded I C R

P(n € LP(I1,L5) N CP.(R, LE)) =
3.5 T+1
(39 P(/ @)yt < o) =1

—0o0
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3.2. Energy-type estimates. We introduce the new variable

(3.6) a(t) == u(t) —n(t,w),

where the stationary process 7 solves the problem (3.2). Now from the standard method
relying on the mild formulation, we obtain the following random partial differential
equation for the new variable u:

Ayt — aAT — xot + bt 4+ n|* (@ + n) = (k + x0)7.

We consider the equation path-wise and treat 7 as a known process. For convenience,
we drop the tilde and rewrite the equation above. Thus, we finally get

(3.7) Oyu — alu — xou + blu +n* (u+n) = (k + xo)n
with initial data
(3.8) u(t)],_, =uo —n(r,w) € L2,

where 7 is the stationary solution to (3.2).
Now we work on this random partial differential equations.

Lemma 3.2 (Energy Estimates). Let ug € LZ and o > 0. Then for all sufficiently
smooth solutions u of (3.7) and (3.8), the following estimate is valid:

()1, + |

T

T+1
(Ivu() iz + a7, )d
(3.9)

T+1
<O Tl — )y +C [ T @ + InOlF bt VT2
T

(3.10) H@tu(t)HH/(ﬂT) < To(T,T,U(),'ﬂ), vT > T,
where the constant ro can be calculated explicitly, and the constant C' is independent
of T and 7, 01 = 20 + 2, and H'(1,T) is the dual space of H(r,T) = L*(7,T; H;) N
L20+2(7_ T- L20'+2)
) ) /,L -

Proof. Multiplying (3.7) by (1+ |y|?) "4, integrating by parts and considering the real
part in the resulting identity, we get that

1d

2dt
:Re/ (2ap(1 + |y|*) " ay - Vu+ blu + 0> (u + )7 + (k + xo0)n@)dp.

R

[u(®)[I72 + arl|Va®)l|72 — xollu(®) 72 + bllu+ nl15%.2
(3.11) g ’ g L

By using Holder’s inequality, we easily prove the following inequalities

_ 1
(3.12) k-4 x0) [ madu] < 3l + Cll,
_ 1
(3.13) o [ ut 0Pt ] < goll+ 02552, + Clalgs2
1o 1 2|apl|?
B14) | [ a4 ) ey Vud] < Jer |9l + 22

Taking M >> 1 sufficiently big, we obtain for |u| > M that
(xo + 1+ 2[apl*/ar)lul® <(|xol + 1+ 2|ap|?/ar) M 7[> 2.
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Since p > 1/2, we thus derive

(xo + 1+2lapl? far) ul2,

(3.15) <(xol + 1+ 2Japf/an){ / ulPdy + / ud)
|u[=M lul<M
1 - .
SZbHu + 77”%5:32 + C||77| iijfz +C.

Putting together (3.11-3.15), we have
d 2 2 2 20+2
org O WO el VOl + ol
<C(L+ lInllzz + H??Hi%jfz)

Applying Gronwall inequality to (3.16), we obtain for all 7' > 7

T
D)y + [ e MUV, + fule) 25 e
(3.17) g

T
<O Ty — ()l +C [ T+ @) + In(OI e
By (3.16) and (3.17), we obtain
T+1 ) S
[ (19u; + ez, ) o
m

(3.18) 7T

T+1
<0 Tl ()l +C [ T I + In(OI e
Now (3.9)is obtained from (3.17) and (3.18) and the first part of the Lemma is proved.

For any T > 7 and v(y,t) € L*(T,T + 1; Hﬁ) NL*+ (T, T+ 1, Li"”), multiplying
(3.7) by (1 + |y|*)~Pv and integrating by parts, we get that

T+1 T+1
/ (Opu(-, t), v(-, t))udt + a/T (Vu(-,t), Vo, t))udt

! T+1 T+1
(3.19) :XO/T (u+77,v(-,t))“dtb/T (|u+n|2g(u+n),v(-,t))udt
T+1 T+1
+2ap/T (1+ |y\2)_1y-Vu,v(-,t))#dt+k‘/T (n,0(,1)) dt.

Using Holder inequality, we have

T+1
(3.20) ‘G/T (VU(',t),VU('J))udt’ < CIVull e r1;2) Vol 2 ri1,02),

T+1
321 | /T (1w 1,00, 0) | < Cllu+nllaerringy o)),

’b/TT+1 (lu+ 07 (u+n),v(-, t))udt’

20+1
SCi”” + n||L02j+2(T7T+1;LZU+2) ||,U”L2”+2(T,T+1;Li‘7+2)v

(3.22)
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‘Qap/TT+1 (A+1y»H 'y Vu,v(‘,t))udt‘

<CIVulrzarivez)llvl2rriirz),

(3.23)

T+1
(3.24) ’k/T (W,U('7t>)udt‘ < Clnllzrrsvez)llvlc2errinrz)-

Plugging (3.17), (3.18) and (3.20)— (3.24) into (3.19) yields

T+1
(325) ’ A (atu(7t)7’l)(7t))udt‘ S CH’UHL2(T,T+1;H’&1) +CHU||L20+2(T,T+1;LZU+2)'
Finally, (3.10) is obtained from (3.25) and this lemma is proved. O

3.3. Existence and Uniqueness. The following Theorem is verified by standard
methods, but as some of the estimates are used later, we state its proof for com-
pleteness.

Theorem 3.3. (Existence and Uniqueness) Let uy € Lz and o > 0. Then equa-
tions (3.7) and (3.8) possesses a unique solution u(t) = u(t,7,w,up — n(r,w)) such
that u(7,7,w,ug — n(T,w)) = ug — (7, w), u(t) € Cioe([T,0); Li) N L2 ([r,00); Hﬁ) N

L2 2([r, oo);LZ"”) and Oyu € H'(1,T) for any T > 7 and P-a.e. w € Q and the

loc

energy estimates (3.9) and (3.10) hold.
Moreover, for every two solution ui(t) and us(t) of equations (3.7) and (3.8), the
following estimate holds:

(3.26) lur(8) = w2 ()75 < e"flus(r) —ua(r)|75, VE=T,

where Ko = 2|xo| + |al*p?/ax.
Proof. (1) Existence of Solution. For the proof we rely on the Galerkin method and
a compactness argument, which extracts a convergent subsequence from the Galerkin
approximations. This is used to prove path-wise the existence of solution of equations
(3.7) and (3.8). Let us remark that, as we rely on subsequences, the measurability
w.r.t. w of the solutions follow from the uniqueness of solutions.
Let {e;}32; C Hﬁ N Li be the orthonormal basis of L?M fixed in the definition of W.
We denote the Galerkin approximation by
N N
uy =D (e, uon(r) = Py(ug —n(t) = Y (uo = n(r).e5)e; (YN 2 1)
j=1 j=1
where the orthogonal projection onto the Galerkin space is denoted by
Py : Li — span{ey, - - ,en}.

It is obvious that limy_ . ||[uony — {uo — T](T)}"Lﬁ = 0 and Pyuny = uyn. Moreover,
[Pnvl[rz < [[v]lzz for all v.

Define now for all N > 1 the Galerkin approximation as the solution of the following
problem:

(3.27) dyuny — Pn{aAuy + xoun — blun + n* (un +n) + (k + xo)n} = 0,

(3.28) un|,_, = uon(7) .
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As this is basically an ODE in RY with polynomial nonlinearity, it is straightforward
to establish the existence and uniqueness of solutions.
Following the proof of Lemma 3.2, we derive in a completely analogous way

(3.29)

T
Jux (g + [ (luw OBy, + luw O3 )de
T

T
<CTe " uy — ()35 + CT / T (L I3, + IOl %)de, ¥T =

T

and

(330) HatuN(t) HH’(T,T) < TO(T7 T, UQ, 77)7 VT >,

where C' and rg are independent of N and given in Lemma 3.2. Define the space
W = C([r,T}; L2) N L*(,T; H,)) N L*72(7,T; L7 H2).

Thus there exists a subsequence of the sequence uy, which we also denote by uy for
simplicity, such that uy converges to w in W star-weakly and dyu converges to O:u in
H'(1,T) weakly (cf. [44]).

Let us now restrict the convergence to bounded intervals in space, in order to use
compact embeddings. To be more precise, for any M € N, let Iy = (=M, M) and
define for T' > 7 the space

War = {v‘ B € H'(,T),
v € C([r T)s L3(Ir)) N L7, T3 H' (Tar)) 0 L2772(7, T5 L2 (1) }

The energy estimates (3.29) and (3.30) imply immediately that uy is bounded in Wy,
uniformly with respect to N, as both estimates hold obviously with all norms restricted
to Ips on the left hand side of the equations.

Due to the Aubin-Lions lemma (see [34] or [45]), we obtain that (passing to a further
subsequence if necessary) uy converges to u strongly in L?(7,T;L?(Iy)). By using
a diagonalization process, we can assume that (passing to a further subsequence if
necessary) uy converges to u strongly in L? ([r,00); L7 (R)) and un(y,t) converges
to u(y,t) for a.e. (y,t) € R x [1,00).

These assertions on the weak convergence imply immediately that the limit « also
satisfies the energy estimates (3.9) and (3.10). Furthermore, one has enough regularity
to pass to the limit in equation (3.27) and (3.28). Thus w is the solution of equations
(3.7) and (3.8).

(IT) Uniqueness of Solution. Our main task now is to prove estimate (3.26), which
immediately implies the uniqueness. Let wu;(¢) and uy(t) be two solutions of equations
(3.7) and (3.8) with initial conditions u;(0) and u2(0), respectively, instead of ug. Then
the energy estimate (3.9) is also valid for u;(t) and ua(t). Define v(t) = uy(t) — ua(t),
which satisfies the equation

(3.31) 0w — alAv — xov + blug + n]QU(ul +n) — blug + n\QU(uQ +n) =0,

(3.32) (1) = u1 (1) — ua(7) .
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As v is sufficiently regular, we can multiplying equation (3.31) by ©(t) and integrate
over z € R. Using integration by parts and taking the real part, we have

d _
@13 + 200 T2, ~Re [ (tap(a + |y oy T)d
(3.33) + 2b Re(\ul + ng(ul +n) — |lug + n’za(UQ + 1), U)
n

= 2[xol v ()25
First note the fact that
Re (Jur +n[* (ur + 1) — |uz + 7> (uz + 77),11)# >0.
Using Holder inequality yields

|a\2/02 2
pl L0177

(3.34)

/R(Zlap(l + [y1*) oy - Vv)dM’ < a1 Vo(t)|7; +

Inserting (3.34) into (3.33), and using Gronwall inequality, we obtain that

T
(3.35) Il (D)II* + al/ IVo®)|Pdt < [lur(7) — uz(r)|Pe" ",

T

where the positive constant is Ko = 2|xo| + |a|?p?/a1. Finally, (3.35) implies estimate
(3.26)and the Theorem 3.3 is proved. O

Let us finally state a simple but yet usefull fact. recall that u = u(t, T, W, Uy — 77(7'))
is a solution of equations (3.7) and (3.8) given by theorem 3.3. By the proof of Lemma
3.1.2 [44], we have

d
§HUH2 = 2Re(0yu,u)y
in the distributional sense on R*. Thus we obtain the following lemma.

Lemma 3.4 (Energy Equality). Let u = u(t, T, W, Uy — 7)(7’)) be a solution of equation
(3.7) given by theorem 3.3. Then u satisfies the energy equality (3.11) in the distribution
sense for t > 0.

4. ASYMPTOTIC COMPACTNESS

In this section, we construct the SDS corresponding to the SCGL (1.1) and (1.2),
and establish AC for bounded sets.

Definition 4.1. We define a map
S RAxQxLi—>LZ
by
(41) (ta T, W, UU) = S(tv T (,U)U,() = U(t, T,W, Uy — 77(7—7 C(J)) + n(ta w)7

where u(t, T, W, Uy — n(T,w)), which is defined in Theorem 3.3, is the solution of the
transformed equation (3.7).

By the estimate (3.26), the map S(t,7;w) is obviously continuous in Li, forallt > 7
and for P-a.e. w € 2. We obtain the following Lemma.

Lemma 4.2. The map S defined in Definition 4.1 defines a SDS.
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Proof. All properties of a SDS with the exception of the cocycle follow from Theorem
3.3. Hence we only need to show that for any ug € LZ that
(4.2) S(t,m;w)ug = S(t,r;w)S(r, 7;w)ug, Vr <r <t
From the definition of S, we have for all 7 < r < ¢,

S(t, T w)ug = u(t, 7,w,ug — n(r,w)) + n(t,w),
S(t,r;w)S(r,m;w)ug
:u(t, r,w, S(r, T w)ug — n(r,w)) +n(t,w)

:u<t,r,w,u(r, T, W, Uy — n(T,w))) +n(t,w).
Therefore, in order to prove (4.2), we only need to prove
(4.3) u(t,T,w,uo — n(T,w)) = u(t,r,w,u(r, T, W, Uy — 77(7,w))>, Vr <r<t.
Let us fix 7 and define two functions uwq; and us by
ui(t) :u(t, T, W, Uy — n(T,w)),

ua(t) :u<t,r,w,u(r, T, W, Uy — n(T,w))), Vr<r<t.
Because 'LL(T, T, W, vo) = vy, we infer that

ug(1) = u(T, T,w,u(T, T, W, Uy — 77(7',(.0)))
= u(T, T, W, Uy — n(T,w)) = uy (7).
Since u(t,r,w,U) is a solution of equations (3.7) with initial data u‘t:T = U, we infer
that uy(t) and uy(t) solve the problem (3.7) and (3.8). Therefore, by the uniqueness of

solutions to problem (3.7) and (3.8), we have u; (t) = uz(t). Finally, since 7 is arbitrary,
(4.3) is proved. O

4.1. Weak and Strong Continuity of the SDS. Let us now prove continuous de-
pendence in the weak and strong topology of our SDS S(¢, 7;w) defined in Definition
4.1. This will be used later in the proof of AC.

Lemma 4.3 (Weak Continuity). Fiz an initial condition uy € Li and a sequence
{uon }n converging to ug weakly in Lﬁ for P-a.e. w e Q. Then for P-a.e. w € (),
{ S(t, T;w)ug, — S(t, T;w)ug  weakly in Li, YVt > T,

(4.4) S, myw)ug, — S, T3w)ug  weakly in H(1,T), VT > 7,

(4.5) S(-, 7 w)uon — S(-, T;w)ug strongly in L* (7, T; L2, (R)), VT >,

where again H(t,T) = L*(7,T; H}L) N L% *2(7,T; Li"+2).
Proof. Let us fix w such that n(-,w) is finite in CP_(R; L}) for any p > 2 and fix T > 7.
Denote the solution u(t, T, W, Uon, — (T, w)) of equation (3.7) by u,(t). From the a priori

estimates (3.9) and (3.10), it follows that
{un(t)}n 1is bounded in L>®(7, T} LZ) NH(r,T),
{Oyun(t)}n is bounded in H'(7,T).

As before by a diagonalization process, we can extract a subsequence {u,/(t)},s con-
verging to u(t) weakly star in L*°(7, T} Li) and weakly in H(7r,T). Then u(t) €
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L>(7,T; Li) N H(7,T). Thanks to Aubin-Lions lemma (see [26, 33]) and a diagonal-
ization process, we can also assume that (passing to a further subsequence if necessary)
{tps ()} converges to a(t) strongly in L?(7,T; L? (R)). Moreover, 1 satisfies the en-

loc
ergy estimates (3.9), where the initial condition is replaced by a constant, depending

on a bound on the weakly convergent subsequence ;.

Passing to the limit in the weak form of the equations (3.7) and (3.8) for u,(t), we
find that 4(t) solves the equations (3.7) and (3.8). By the uniqueness of solution, we
have 4(t) = u(t) = u(t,T,w,uo — n(T,w)). Then, by a contradiction argument, we
can deduce from the uniqueness of solutions that in fact the whole sequence {uy(¢)}n
converges to u(t) such that (4.5) holds and moreover

Un(t) — u(t) weakly star in L>°(7, T Li), VT > T,
(4.6) strongly in L?(r,T; L? (R)), VT >,

loc

un(t) = u(t) weakly in H(1,T), VT > .
Hence, for all v € H}L N Lza+2,
(4.7) (Un(t)ﬂ))# — (u(t),v)u, for a.e. t € [1,00).

Forall T <t<t+4+a<T,

t+a
(un(t + a) — un(t), v)u = / (Orun(s), v)uds
t
(48) < {llolly @'/ + ol zove /o2y | Oputn |1

< Cr{llollmy @' + [[vl] 22 @/ 7Y,

where Cr is independent of n. Thus {(un(t), v)u}” is equibounded and equicontinuous

on [1,T] for all T' > 0, and by uniqueness of the Limit together with Arcela-Ascoli we
derive

(4.9) (un(t),v)u — (u(t),v)u, Vt € [1,00), Vv e H}L N LZ"”.

(4.4) follows from (4.6) and (4.9) by taking into account the facts that H, N L27% is
dense in Li and u,, bounded in LZ. O

The following Lemma exploits bounds in the energy estimate given by the nonlinear
terms. It is crucial, in order to pass from convergence in Li to convergence in some

LE.

Lemma 4.4. (Strong Convergence) For any given T > T, suppose that
(4.10) u, — u strongly in L*(1,T; L} .(R)),

and that the sequence {u,}°° is uniform bounded in L?*°*2(7,T; Li"“), i.e.
(411) Hun||L20+2(T,T;LZU+2) S C7 Vn Z 1

Then

(4.12) up, — u strongly in LP(r,T; LE(R)),  Vp € [1,20 + 2).
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Proof. Recall that du = m(y)dy, m(y) = (1 + |y|*)™?, p > & and u(R) < co. Let us
first prove the result for p = 2. Using (4.10), we derive for any r > 0

. 2
nh_)ngOHUn - UHLQ(T,T;Lﬁ)

T T
= lim / / lun (s) — u(s)*duds + lim / / U (s) — u(s)|>duds
e Jyl<r e Syl
=1 +1

The convergence in L? immediately implies I; = 0. For I we obtain due to Holder
inequality

o/(oc+1 o
I < (T—T>”/(”“){/ )" sup o — w0

ly|>r L2742 (TS L2
Together with (4.11) and letting r — oo yields
(4.13) nhjgo [[un — uH%Q(T,T;LZ) =0.

Let us now turn to p € [1,2). Here the claim follows immediately, as

- 2 .
(4.14) [en — UHII)}’(T,T;LZ) <{(T- T)M(R)}l p/ZHUn - UHJZ/Q(T,T;L;%) =0,
For any p € (2,20 + 2), by Holder interpolation we have
20+42-p _ 2042—p

(415) T ot~ g < B ot =l o i — il 2 =01
Thus finally, the convergence in (4.12) is proved. O
4.2. Asymptotic Compactness. We now turn to the main result of the paper. The

following Theorem verifies AC for bounded sets, as for example defined in [8] or [3] for
RDS.

Theorem 4.5. (Asymptotic Compactness) Let {u;}; be bounded in L7, and {7;}; C
R with 7j — —oo. Then there exists w € LZ and a subsequence {j'} such that
S(t, i w)uy — w strongly in Li for P-a.e. w e Q.

Proof. Let us fix w such that n(7T,w) is sufficiently regular, as asserted by Lemma 3.1.
From a priori estimates (3.9) and (3.10) and from the fact that {u;}; is bounded in
Li, there exist constants J > 0 and Ry > 0 such that

(416) HU(t, Tjr, W, Ujr — 77(7'3’)) HL%L < Ry, VJ/ > J,
where u(t, 7;,w,ujs — n(7j)) is the solution of equations (3.7) with initial data
(4.17) “\t:Tj, = ujr — (7).

Thus {u(t, Tjr, W, Ujr — T](Tj/))}j/ is weakly precompact in L?

1> and we can assume that
(4.18) u(t, 7jr,w,uy —n(7j)) — v weakly in LZ

by passing to a further subsequence if necessary.
Similarly for each T > 0, we also have that there exist constants J = J(T') > 0 such
that ¢ —T > 75 and

(4.19) lu(t = T, 750, w0, w0 — (7)) |2 < Ro, V4’ > J.
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Thus {S(t—=T, 7, w, uj —17(7]-/)) }j¢ is weakly precompact in Li, and by using a diagonal
process and passing to a further subsequence if necessary we can assume that

(4.20) u(t —T,7j,w,uy —n(tj)) = vy weakly in Li

for any rational number T" > 0.
Then by the proof of Lemma 4.3 and Lemma 4.2 we deduce that

v = w-—lim U(t, Tjr, W, U — 77(7']/))
j'—o0

— w—1lim u(t,t — Tw,u(t — T, 7y, w, uy — n(Tj/)))

j'—o0

= u(t, t—T,w,w=lim u(t —T, 75, w,uy — ’I’](Tj/))) =u(t,t — T,w,vp),

j'—o0
where w—lim denotes the limit taken in the weak topology of Li. Thus
(4.21) v=u(t,t —T,w,vr), VI €N.
Now, from (4.18), we find
(4.22) lollzz < lim inf lw(t, 70, w, i = (7)) 2.
and, in order to show strong convergence, we will show that

(4.23) lim sup u(t, 7, w,uj — U(Tj’))HLﬁ < vllrz-

j'—o00

For T'e N and t — T' > 7; we obtain by integrating the energy equation (3.11) from
t —T to t that

t
(e, s = () +25 [ €O+ )25
t
[ e Ral VU - 2o+ DIT I ar
t—

¢
:||u(t—T,Tj,w7uj—n(Tj,w))H%ieT—|—2Re/ eTt/(k—l-XQ)an(T,w)d,u dr
t—T R

(4.24) +2Re /t eT_t/ b’Uj + n(T,w)‘%{Uj + n(r,w)}(r,w)du dr,
where o -

U; = u(T, Tj, W, Uj — n(Tj,w)) = u<7',t —T,w,u(t —T,7j,w,u; — n(Tj,w))).
From (4.19) we find

(4.25) lim sup Ju(t — T, 75,0, u; — n(rj,w))|[2e™T < RZe7T.
j/

Also, by the proof of (4.4) and (4.5) we deduce from (4.20) that
(4.26) Uy = u(-,t — T,w,u(t =T, 7jr,w,uj — n(Tj/,w))> — (-t —T,w,vr)
weakly in L?(t — T\ t; Hi) NL2°F2(t —T,t; LZ"+2),

(4.27) Uy = u(-,t - T,w,u(t —T,7jr,w,ujr — ’I’}(Tj/,(d))) —u(-,t—T,w,vr)
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strongly in L?(t — T,t; L (R)) and Uj(y,s) converges to u(s,t — T,w,vr) for a.e.

loc

(y,5) € Rx(t—T,t). By using Lemma 4.4, we get that U; converges to u(s,t—T,w,vr)

strongly in LP(t — T, ¢; L}) for any p € [1,20 + 2). Since u(R) < oo and
T e (T, w) € L2(t — T t; Li),

we find that

t
/ eT_t/ Uji(T,w)dp dr
t—=T R

(4.28) t
—>/ eT_t/ u(r,t — T, w,vp)ij(T,w)du dr,
t—T R

Next, as exp is L, the strong convergence in LQ(Li)) implies

t t
(4.20) / U |2, dr — / e Hu(r,t = Tyw, vr)|Badr,
t—T s t—T s

From strong convergence in LP(LL) with p < 20 + 2 we deduce

t 20
|t oy + a0 + nritrw)du dr
t_

(4.30) 2

t
— eTﬁt / "U,(T, t— T7 W, UT) + T,(T?w)
t—T R
{u(r,t = T,w,vr) + n(r,w)}i(r, w)dp dr,

Finally, the weak convergence bounds

t
| ettt = T, o)+t 25
t—T m

(4.31) .
<liminf [ e YUy + n(r,w)||*5 2 dr,
J'—oo Jy—T ! Lid

and

. t
(4.32) /t_T e Vu(r,t — T, w, UT)H%sz < 1§§riioréf /_ e" VU H%ng-
Therefore

t t
lim sup —2a; / e VU|12. dr = —2a1 lim inf/ e VU |75 dr

(4.33) /=00 T e i'=oo Ji-T g

t
< —2a; / e Vu(r, t — T,w,vr) |32 dr.
t—T .
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Now passing to the limsup as j goes to infinity in (4.24) and using (4.25), (4.28) —
(4.31) and (4.33), we get that

lim sup ||u(t, Ty, w, wyr — 1(Tjr, W)) H%Z
R '

¢
SR%@**T — 2b/ eTﬁtHu(T, t—T,w,vr)+n(T, w)Hz‘H'Q dr
t—T

2042
Ly

t
— [ et alVutn - Tl — 2o+ Dlull)dr
t_

T
t 20
+ 2Re/ em ! / b)u(T, t—T,w,vr)+n(r,w)| {u+n}ndudr
t—T R

t
(4.34) +2Re/ em ! / (k + xo)u(r,t = T,w,vr)f(T,w)du dr.
=T R

On the other hand, we obtain from the energy equality (3.11) applied to v = u(t,t —
T,w,vr) that

Hv”%i = ||u(ta t— va’ UT)H%%L

t
— e_T||vT||2 — Qb/ eT_tHu(T,t —T,w,vr) + n(1,w)] i‘;jdeT
t—T n

t
— / eT_t{2a1HVu(T,t - T, w, vT)H2 — (2x0 + 1)HuH%z}dT
t_

T
t 20
+ 2Re/ em ! / b‘u(T, t—T,w,vr)+n(T,w)| {u+n}ndudr
t—=T R

t
(4.35) +2Re/ e’ ! / (k + xo0)u(r,t = T,w,vp)n(T,w)dp dr.
t=T R

From (4.34) and (4.35) we deduce that
tmsup ot 70,1y — (7o) 2y < Joll2y + (B2 — lorlZy)e™
(4.36) i’
< |lv||3, + Rie™T, VT eN.
o
Letting T'— oo in (4.36), we have

(437) hmsup ”u(taTj/v(*J?uj’ - U(levw))H%ﬁ < HUH%ia

3=

as claimed. Since LZ is a Hilbert space, the bound (4.37) on the lim sup together with
the weak convergence from (4.18) imply

(4.38) u(t,Tj/,w, Ujr — n(Tj/,w)) =¥y strongly in Li.
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5. COMMENTS ON THE ATTRACTOR

Let us again by Lemma 3.1 fix w such that 7 is sufficiently regular. According to
Lemma 3.2, it is easy to show that for all t > 7

ISt 7 w)uollzz < Ce™ " |luo —nllrz +r(t,w)

where the random constant

t+1
) =C [ e (Lt Il ) + (s, )t
—00

is P-almost sure finite due to Lemma 3.1.
Thus the SDS S(t, 7;w) possesses an attracting set

K(t,w) = Byu) C Ly, .

It is obvious that by enlarging the radius, one obtains a bounded absorbing set B(t,w)
in Li. Moreover in the setting of RDS, it is easy to show that the set K and thus B is
a tempered set, which means that K (t,w) grows at most subexponential for t — —oco.

Let us remark that for more regular forcing, where 7 is uniformly bounded in time,
using Theorem 4.5, it would be easy to establish the existence of a random pull-back
attractor for bounded sets for the RDS, as the absorbing set is then uniformly bounded
in time.

Let us also remark, that using Theorem 4.5 and following the proof of Proposition
3.1-Theorem 3.4 in [8] for RDS, one could show that there is a compact {2-Limit set of
the RDS, which supports an invariant measure. This would recover results of [42].

It remains an open problem, whether one can use the concept of w-limit sets for SDS,
too. Moreover, as the absorbing set is tempered, we would need AC for tempered sets,
in order to show that the w-limit set of the absorbing set is a random attractor. In
that case it will also attract tempered sets.

Nevertheless, if we suppose that our stochastic forcing is more regular in time, such
that n(t) is uniformly bounded in ¢, then it is easy to see, that in this case there is a
deterministic bounded absorbing set. Using our results on AC for bounded sets, it is
easy to show (cf. e.g. [3]) that the RDS has a bounded random attractor for bounded
deterministic sets.

Let us conclude the paper by showing that the possible attractor is actually indepen-
dent of the weight chosen. This is not obvious, as illustrated by the following example.
For the deterministic PDE dyu = 92u the stationary solutions in Li are {0} for p < 3,
span{1} for p € (3,1), and span{1,z} for p > 1.

For any p > % denote the space Li now by Lg, in order to allow for different weights.

Theorem 5.1. Suppose that for all p > %, the SDS S(t, T;w) associated to SCGL (1.1)
and (1.2) possesses a tempered pull-back global attractor A,(t,w) for tempered sets, i.e.,
for P-a.e. w € Q, and for all t € R, the set A,(t,w) is a nonempty compact subset in
L% which attracts all tempered sets from —oo, it is invariant in the sense that

S(t, W) Ay(r,w) = Ay(t,w), Vr<t,

and is the minimal closed set with this property.
Then A, is independent of p > %

Let us remark, that for more regular noise, similar results hold true for the stochastic
or random attractor of bounded sets.
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Proof. Let us first show more regularity for A,. For ¢y and w fixed, take ug €
A, (to,w) C LIQJ, and define u(t) = S(t, to,w)ug. From energy estimates u € L2 2 (tg, ¢, L%"“),
and thus there is a t;(w) € (to,t) such that u(t1) € L%"*Q.

Now we can use the following fact that for 0 < 6 < o(2p — 1)/(20 + 2) Holder
inequality yields

lull7> = /(1+|~’v\2)_(”_9)IU(:L“)IZd:C
P R

—(p—f—(—L_yyotl  \Oo/(o+1) 1/(o+1)
< ([ ED R ([ @)
R R

= ClulZses

Thus u(t;) € LZ_(, and again from energy estimates it is straightforward to obtain
u € CO([ty, 1], Li_e) and thus u(t) € Li_e.
Finally, as ug was arbitrary, this yields

Ap(t,w) = S(t, to, w)Ay(to,w) C L2 .

Repeating the previous argument, this is actually true for all 6 € (0, p).

On one hand A, is an invariant set in L/2)—9’ which has to be attracted by A, .
Thus .Ap C .Ap_g.

On the other hand A, ¢ C L%_g C L% is also invariant, and thus A4, g C A,. O
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