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ABSTRACT
In electronic structure theory, variational computing offers a valuable paradigm for the approximation of electronic ground states. However, 

for historical reasons, this principle is mostly restricted to model chemistries in predefined fixed basis sets. Especially in quantum compu-
tation, these model chemistries are far from an accurate description of the initial electronic Hamiltonian. This work demonstrates a fully 

variational approach to the electronic structure problem by variationally optimizing the orbitals representing the second quantized Hamilto-
nian alongside a quantum circuit that generates the many-electron wavefunction. To this end, the orbitals are represented within an adaptive 

multi-wavelet format, guaranteeing numerical precision. We then showcase explicit numerical protocols and highlight the quantum circuit’s 

effects on determining the optimal orbital basis.

© 2026 Author(s). All article content, except where otherwise noted, is licensed under a Creative Commons Attribution (CC BY) license 

(https://creativecommons.org/licenses/by/4.0/). https://doi.org/10.1063/5.0316008

I. INTRODUCTION

In the long term, the hope for quantum computers is to increase 

the applicability of (near-exact) quantum chemical calculations. A 

central algorithm here is quantum phase estimation 

1 that can com-
pute accurate eigenenergies of a given second-quantized Hamilto-
nian. The only remaining source of error with respect to the original 

electronic Schrödinger equation is the finite orbital basis, used to 

construct the second quantized Hamiltonian from the original real-
space operator. Execution of such energy estimations is currently 

anticipated to be computationally expensive, 

2–4 which motivated the 

development of optimal representations with respect to the cho-
sen orbital basis. The standard approach is to select an active space 

of orbitals where the quantum computation takes place, followed 

by repeatedly rotating this active space within the fixed space of 

the basis orbitals. In order to operate in the optimal orbital basis 

on a given number of available qubits, essentially two conditions 

need to be satisfied: (1) the underlying atom-centered Gaussian

basis set needs to be sufficient to represent the optimal orbitals, 

and (2) the orbital-optimization algorithm needs to converge. By 

choosing a large (correlation-consistent) basis set (e.g., d-aug-cc-
pCV6Z), the first condition can, in principle, always be satisfied 

such that no domain expertise is necessary to ensure a sufficient 

quality of the basis set. The resulting calculations are, however, far 

from feasible—this is due to the increased computational cost of 

the underlying orbital optimization as well as decreased empirical 

heuristics to initialize the parameters of the orbital optimization in 

such large basis sets. The second condition is also challenging, as 

the selection of active spaces alone is already not trivial 

5,6 and an 

ongoing research topic. 

7–12

A prominent alternative to phase estimation is variational algo-
rithms that deal with the expectation values of electronic Hamiltoni-
ans. In the long term, they are expected to provide useful initial states 

to increase the success probabilities of direct energy measurement. 

Although computationally more tractable, the evaluation of these 

expectation values and the optimization of the underlying quantum
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circuits are still considered costly, so that optimal bases are again 

desirable.
In this work, we will investigate the direct construction of 

second-quantized electronic Hamiltonians by representing the spa-
tial orbitals in a formally complete basis of multiwavelets. Starting 

from an initial guess of spatial functions, the active orbitals are 

further refined by solving an integral equation defined by the cur-
rent solution of a variational quantum algorithm. We will start 

with the technical background in electronic structure and multi-
wavelet representations, followed by a brief summary of varia-
tional quantum eigensolvers. In Sec. III, we will provide details 

of the main algorithms and their implementations and assess 

their numerical performance by means of molecular examples in 

Sec. IV.

II. TECHNICAL BACKGROUND
This work builds up from a series of prior studies that all focus 

on the determination of numerically exact real-space representa-
tions of chemical systems in a black-box fashion. Further below, the 

broader background is illuminated, while we summarize the devel-
opments most important for this work in this paragraph. In Ref. 13, 

Kottmann, Bischoff, and Valeev realized the first attempt to deter-
mine optimal orbitals in an adaptive real-space basis from scratch, 

essentially reaching the basis set limit with affordable runtime. Here, 

the correlated many-body method was Møller–Plesset Perturba-
tion Theory (MP2), and the determined orbitals were pair-natural 

orbitals (PNOs). As a follow-up, Kottmann and Aspuru-Guzik et al. 

employed the optimal PNOs to construct second-quantized Hamil-
tonians that can then be tackled with the full toolset of classical 

quantum chemistry [e.g., coupled-cluster or configuration interac-
tion (CI)] as well as variational quantum algorithms, realizing the 

first hybrid approach that couples adaptive real-space orbital deter-
mination with general many-body methods. 

14 Here, the notion of 

a surrogate functional to determine the optimal orbital basis was 

introduced—in this methodology, the basis error is solely deter-
mined by the quality of the surrogate functional. In a further study, 

the same authors adapted the variational quantum circuits (many-
body part) to the surrogate model (one-body-part), leading to the 

separable pair-approximation. 

15 In Ref. 16, Valeev et al. derived 

the equations to determine optimal orbitals for general many-body 

methods. In the terminology of previous studies, these equations 

determine an exact surrogate potential depending on the reduced 

density matrices of an arbitrary many-body method.
This work functions as a bridge between the surrogate func-

tional of Ref. 14 and Valeev’s functional, 

16 where we focus on the 

application domain of quantum computation and the interdepen-
dence of the quality of the determined orbital-bases with the used 

quantum circuits.
After the initial release of this work, Nibbi et al. released 

a preprint 

17 investigating the combination of Valeev’s functional 

with the Density Matrix Renormalization Group (DMRG) for the 

many-body part.
We note that different approaches formulated in real space, 

18–20 

as well as methods to directly optimize Gaussian-based basis sets 

(e.g., pioneering studies by Tamayo-Mendoza et al. 

21 using auto-
matic differentiation; see also Refs. 22 and 23 and recent studies 

24 ) 

have also been investigated.

In the following, we will give an overview of the individual fields 

of research essential to this work.

A. The electronic structure problem
The electronic structure problem of quantum chemistry aims 

to approximate the eigenstates of electronic Hamiltonians,

H =
Ne

∑
k=1

h(rk) +
1
2

Ne

∑
k≠l

g(∣rk − rl∣), (1)

with r k 

∈ R 

3 being a spatial coordinate of an electron and h(r k 

) being 

the corresponding one-body energy operator h(r k 

) = T(r k 

) +V(r k 

) 

consisting of the kinetic energy operator T and an external poten-
tial V—typically a Coulomb potential of point charges generated by 

nuclei in a given molecule—in which the electrons move. The two-
body operator g(r k 

− r l 

) = 1/(∥r k 

− r l 

∥) is the electrostatic repulsion 

between two electrons at points r k 

and r l 

. In the absence of magnetic 

fields, the Hamiltonian is independent of the electron spin, which 

is usually introduced ad hoc to the electronic wavefunction. The 

state of an isolated electron can be described as a function ψ(r, s)
= ϕ(r) ⊗ ∣s⟩, with spatial part φ ∈ L 

2 

(R 

3 

) (note that the choice of 

L 

2 is somewhat pragmatic here, and the Hilbert space of ϕ can 

be restricted further as a proper subspace of L 

2 —see, for example, 

Ref. 25, Chapter 2.3) and spin state ∣s⟩ ∈ span{∣↑⟩, ↓}. Building up 

from the one-electron spaces, we can construct spaces for many-
electron wavefunctions as anti-symmetric tensor products. A more 

convenient and dominantly used form of the electronic Hamiltonian 

is in its second quantized form using the anti-commuting field oper-
ators 

26 ψ̂(r, s) (ˆ ψ † 

(r, s)) that annihilate (create) electrons with spin 

s at the spatial coordinate r,

H = ∑
s ∈ {↑↓}

∫ 

dr 
ˆ ψ † 

(r, s)h(r)ψ̂(r, s)

+
1
2 

∑
s 1 

,s 2 
∈ {↑↓}

∫ 

dr 1 ∫ 

dr 2 

ˆ ψ†
1ψ̂

†
2g 12 

ˆ ψ1 

ˆ ψ2 
, (2)

where we used 
ˆ ψn 
≡ ψ̂(r n 

, s n 
) and g 12 

= g(∣r 1 
− r 2 
∣) for brevity. The 

operator can be interpreted as probing each spatial point and assign-
ing the corresponding energies if electrons are present. The second 

quantized form given above in Eq. (2) is admittedly not ideal 

for numerical methodologies, such that a more prominent version 

exploits a discretized form where the field operators are expanded
into a set of different operators a k 

(a†
k) that annihilate (create)

electrons with spin s k 

in the spatial orbital ϕ k 

,

ψ̂(r, s) = ∑ 

k
ϕ k 

(r)∣s⟩a k 

, (3)

ˆ ψ † 

(r, s) = ∑ 

k
⟨s∣ϕ 

∗ 

(r)a†
k. (4)

The formal assumption in the above expansions is that the spatial 

functions {ϕ k 

(r)} are dense in the three-dimensional Hilbert space
L 

2 . Inserting the expansions (3) and (4), respectively, in Eq. (2) leads
to the usual form of the second-quantized Hamiltonian

H = ∑
kl

hkla
†
kak +

1
2∑klmn

gkl
mna†

ka†
l anam, (5)
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with the tensors h kl 

= ⟨ϕ k 

∣h∣ϕ l 

⟩⟨s l 

∣s k 

⟩ and gkl
mn = ⟨ϕ k 

ϕ l
∣g 12 
∣ϕ m 

ϕ n 
⟩⟨s k 

∣s m 
⟩⟨s l 

∣s n 
⟩ defined via integrals of the corresponding 

orbitals and spins with the one- and two-body operators. Note 

that a set of suitable basis functions ϕ k 

has to be introduced 

here, which simplifies the original electronic structure problem 

so that the Hamiltonians from Eqs. (1) and (5) are not equivalent 

anymore. The central assumption is that the chosen set of basis 

functions represents the chemically relevant wavefunctions well
enough that these differences become negligible. The most common 

approach in quantum chemical applications is the use of fixed sets 

of atom-centered basis functions (basis sets).

B. Multiresolution analysis
In the context of this work, we leverage multiwavelets to 

numerically represent the basis orbitals that define the second-
quantized operator in Eq. (5). In the following, the basics of multires-
olution analysis (MRA) are captured briefly. The main advantages 

are that, in contrast to atom-centered orbitals, MRA constructs a 

complete orthonormal basis of L 

2 

(D) (the Hilbert space of quadrat-
ically integrable functions on the domain D) on a finite simulation 

domain D = [−L, L] 

d with dimension d that can be truncated in 

a systematic and individual manner. To illustrate the basics, we 

will use d = 1 and L = 1. A complete orthonormal basis of L 

2 

(D) 

is given by the Legendre polynomials {P n 
(x)} n∈N 

. If we truncate 

this set by restricting the maximal order n to a finite integer k, we 

receive an approximation of L 

2 

(D) spanned by these polynomials 

V 0 
= span({P m 

(x)} m<k 

). By increasing k, we can increase accuracy, 

but we will not have much control over it. Alternatively, we can keep 

the initial k fixed and divide the domain D = [−1, 1] in the mid-
dle. This leads to two new non-overlapping domains D0

1 = [−1, 0]
and D1

1 = [0, 1], on which we can define two new sets of polynomi-
als up to order k that span the vector spaces V0

1 and V1
1 (outside

of the corresponding domain, the polynomials will be set to zero). 

Each of the new sets of polynomials will be derived from the original
set by shifting and rescaling, V0

1 = span({ 1
2 P m 
(2x − 1)∣ x∈D 

0
1
} 

m<k 

),

and correspondingly for V1
1 . Our total approximation space is then

given by the direct sum of the two spaces representing the left 

and right parts of the original domain D (note that through the 

piecewise definition, the corresponding functions remain orthog-
onal). We can repeat this process recursively in order to locally 

increase the resolution of the domain D. The general approximation
space is given by V 

l
n = span{2 

n/2 P k 

(2 

n x − l)}, which will resolve the

subdomain D 

l
n = [l ⋅ 2 

n , (l + 1) ⋅ 2 

n 

] with the rescaled and shifted k
polynomials. Here, n denotes the refinement level that also restricted 

the spatial interval through l ∈ [0, 2 

n 

− 1]. Key to an automatized
truncation of the local resolution is the wavelet spaces W 

l
n that

span the orthogonal complement between two levels: V 

l
n ⊕W 

l
n

= V2l
n+1 ⊕V 

2l+1 

n+1 

. It suffices to compute the wavelets that span
W 0 
≡ W0

0 and apply the same shifting and rescaling procedure as for
the polynomials before to obtain the wavelets of W 

l 

n. An arbitrary
function f can now be represented by the original k polynomials 

(the space V 0 
) supplemented with an arbitrary deep refinement of

the wavelet spaces W 

l 

n. A complete representation that is dense in
L 

2 

(D) is

L2
(D) = V0

n∈N0

⊕( ⊕
0≤l≤2n

−1
W l

n). (6)

Since each wavelet space has two children, we can represent this 

construction as a binary tree. A function f can now be represented 

with arbitrary accuracy by starting at the root (or a full-tree arbitrary 

level n to avoid undersampling) and recursive refinement. Once the
norm of wavelet coefficients of a specific level W 

l
n falls below a given 

accuracy threshold, the refinement can be stopped.
Higher dimensional representations can be constructed via 

specific tensor products between the low-dimensional spaces. A 

two-dimensional MRA can, for example, be constructed as V 

(d=2)
0

= Vd=1
0 ⊗V 

d=1 

0 = {P m 1 

(x)P m 2 

(y)} m 1 
,m 2 
<k 

. The shifting and rescaling
procedure stays the same, just that we now have four children of 

each parent space, splitting the two-dimensional domain into four 

quadrants. Correspondingly, there are also four wavelet spaces, con-
structed from the direct tensor product of W 0 

and the three possible 

combinations of V 0 
and W 0 

. Operators follow essentially the same 

construction pattern, and the details are omitted here.
An MRA is a proper basis of L 

2 and is, therefore, in the context 

of quantum chemistry, often referred to as a basis-set-free repre-
sentation. Software packages such as MADNESS 

27 or MRCHEM 

28,29 

implement high-level access to MRA technology in an intuitive way 

that is sometimes referred to as a basis-free formulation, as the user 

can choose to ignore the details of the underlying numerical rep-
resentation entirely. Consider, for example, two analytically known 

functions and their product,

f (x) = e 

−∣x∣ , g(x) = x 

2 , p(x) = g(x) ⋅ f (x). (7)

A basis-free implementation would take the following form:

1 def functor_f(x) = exp(−abs(x))
2 def functor_g(x) = x ∗ ∗ 2
3 f = project(functor_f)
4 g = project(functor_g)
5 p = f ∗ g

The so-constructed MRA representation of f , g, p is carried out 

fully automatized in the background and, in practice, guarantees an 

accurate representation up to a given threshold.

C. Multiresolution quantum chemistry
In the following, we will highlight the general strategy of 

directly determining quantum states for quantum chemistry, fol-
lowed by a brief overview of existing work. Schrödinger’s equation 

for a single electron in a potential V is

(−
Δ
2
+V(r))Ψ(r) = EΨ(r). (8)

We can rearrange this equation to obtain a defining equation for the 

quantum state,
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Ψ(r) = −2(−Δ − 2E) 

−1 V(r)Ψ(r), (9)

where the inverse of the shifted Laplacian [or a bound-state 

Helmholtz (BSH) operator] is an integral operator with the 

Helmholtz Green’s function in three dimensions,

(−Δ + μ2
)Gμ(r) = δ(r), Gμ =

e−iμr

4πr
(10)

as kernel. Altogether, Eq. (9) can be written as

Ψ(r) = −2 ∫ 

G μ 
(r − r 

′ 

)V(r 

′ 

)Ψ(r 

′ 

)dr 

′ , (11)

with μ = 

√ 

−2E. The quantum state Ψ(r) can be determined by a 

fixed-point approach starting with an initial guess for Ψ(r) and 

repeatedly inserting into the above equation with updated μ via 

expectation values. Most methods in quantum chemistry lead to 

similar equations—the main difference being that the potential V(r) 

is usually not a multiplicative potential of an analytically given func-
tion anymore. We can summarize the procedure for most quantum 

chemical methods as follows:

1. Choose an initial guess of orbitals {ϕ i 
} and represent each of 

them through an MRA tree.
2. Construct the defining equations for each orbital in the 

following form:

ϕ k 

(r) = ∫ 

G μ 
(r − r 

′ 

)V k 

[{ϕ i 
}](r 

′ 

)dr 

′ , (12)

where the potential V k 

usually depends on all orbitals, and the 

definition of μ depends on the method.
3. Solve Eq. (12) by iteratively computing the potentials V k 

, 

updating the orbitals according to the defining equation, and 

orthonormalizing the updated orbitals.

For example, in the case of restricted Hartree–Fock for a system 

with N e 
electrons in an external potential V(r), the Schrödinger-like 

equation is

(−
Δ
2
+V(r) + 2J − K)ϕk(r) = ϵkϕk(r), (13)

which has to be solved for a set of orthonormal orbitals {ϕ k 

}
N e 
/2 

k=1 and
orbital energies {ϵ k 

}
N e 
/2 

k=1 . After a similar rearrangement, we end up
with defining equations for the orbitals

ϕ k 

= −2 ∫ 

G μ 
(r − r 

′ 

)V HF i 

(r 

′ 

)dr 

′ , (14)

with μ = 

√ 

−2ϵ k 

, and the potential 

30–32

V HF i 

(r) = (V(r) + 2J − K)ϕ i 
(r) = V(r)ϕ(i)

+ 2(∑ 

k
gk

k(r))ϕ i 
(r) −∑ 

k
gk

i (r)ϕ k 

(r) (15)

with the abbreviation

g 

l
k(r) = ( ∫ 

g 12 
(r − r 

′ 

)ϕ k 

(r 

′ 

)ϕ l 

(r 

′ 

)dr 

′ 

). (16)

In passing, we note that in quantum chemistry, HF is usu-
ally only the first step of more complex calculations due to a 

poor description of the electron correlation. In order to describe 

the missing correlation, these methods include additional, initially 

unoccupied orbitals, the so-called virtual orbitals, in the many-body 

wavefunction. While these virtual orbitals are obtained as a by-
product of the Roothaan–Hall procedure (HF in a fixed basis), this 

is not the case with MRA representations that typically tackle the 

HF equations directly by iteratively solving the fixed-point equa-
tion (33). The challenge for post-HF methodology is to generate a 

set of virtual orbitals that can describe the missing correlation as 

accurately as possible with as few orbitals as possible. In the early 

days of MRA quantum chemistry, this was often circumvented by 

solving the corresponding methods, such as MP2 

33,34 and CC2, 

35–37 

directly by representing the occurring electron-pair functions with 

six-dimensional MRA trees. The first demonstration of a post-HF 

with adaptively refined one-body functions was a many-body per-
turbation method (PNO-MP2-F12). 

13 For this purpose, pair-natural 

orbitals (PNOs) were generated as virtual orbitals, which repre-
sent the optimal solution to the problem (PNOs used in this work 

will always refer to the PNOs of Ref. 15 obtained without explicit 

correlation and using the “diagonal” approximation).
More recently, going beyond single-reference Ansätze, Valeev 

and co-workers developed a procedure for describing arbitrary 

MRA-based many-body wavefunctions together with a protocol to 

determine optimal virtual orbitals. 

16 In the latter work, they used 

full CI and Heat-Bath CI (HCI) as exemplary post-HF methods and 

started with virtual orbitals based on finite (Gaussian-type) basis 

sets. Apart from multiwavelets, approaches based on Daubechies 

wavelets 

19 and optimized Gaussian basis sets via gradient-based 

approaches 

21,22,38 have been investigated as alternatives to fixed 

Gaussian basis sets and have been demonstrated on mean-field HF. 

For example, in Ref. 38, the orbitals from a Gaussian basis set were 

contracted through intrinsic contraction. Moreover, in contrast to 

this work, where multiwavelets in a discontinuous Galerkin fashion 

are used to represent orbitals that form the second quantized Hamil-
tonian, Ref. 39 investigated a direct construction in the numerical 

basis.
Apart from traditional “wavefunction” based methodologies, 

the MRA representation has been applied to density functional 

theory, 

31,40–42 orbital effective potentials, 

43 range-separation, 

44,45 

magnetic and optical properties, 

46–48 solvation models, 

49,50 and 

even relativistic approaches. 

51–55 Although seemingly unrelated 

at first glance, these developments and their open-source imple-
mentations within the two main packages MADNESS 

27,56 and 

MRCHEM/VAMPYR 

28,29 are crucial to this work as well as open up 

for possible future extensions of our present approach beyond pure 

ground-state energy estimations.
To summarize, our algorithm, detailed in Sec. III, exploits ideas 

from previous studies in multiresolution quantum chemistry. Start-
ing from HF MRA orbitals, 

30,57 PNOs 

13 are generated and optimized 

via Eq. (33) to serve as initial functions for the methodology in
Sec. III. Subsequently, the h kl 

and gkl
mn tensors are obtained directly

by integration on the MRA representation, and the resulting Hamil-
tonian is used to calculate many-body wavefunctions and reduced 

density matrices (RDMs) via a second-quantized variational pro-
cedure. 

14 To optimize many-body wavefunctions, we employ (i)
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a variational quantum eigensolver (see Sec. II D) and (ii) a stan-
dard full CI solver. The calculated RDMs ηl

k and ηmn
kl are then used

to refine the MRA orbitals similar to Ref. 16 but using our own 

implementation.

D. Variational quantum eigensolvers
The basic idea of variational quantum computing can be sum-

marized into a three-step procedure: (1) represent the electronic 

Hamiltonian [Eq. (5)] of N spin orbitals as an operator, commonly 

referred to as qubit Hamiltonian, on N qubits; (2) construct a param-
eterized quantum circuit, execute it on a quantum processor, and 

measure the expectation value of the qubit Hamiltonian; and (3) 

update the parameters of the circuit to lower the energy expecta-
tion value and repeat until convergence. Fortunately, the gradients of 

expectation values can be measured as well 

58,59 so that standard clas-
sical optimization procedures can be employed. After the optimal 

parameters of the circuit are determined, it can be used to prepare 

the electronic ground state approximation Ψ, and general observ-
ables can be measured. In this work, the observables of interest are 

the RDMs that can be written as expectation values with respect to 

the quantum state Ψ,

γ 

l
k = ⟨a 

†
l a k 

⟩ Ψ 
, γmn

kl = ⟨a†
ma 

†
na k 

a l 

⟩ Ψ 
, (17)

where we will explicitly require spin-summed reduced density 

matrices that only depend on the indices of the spatial orbitals,

η 

l
k = ∑

σ ∈ {↑,↓}
γ 

lσ
kσ 

, ηmn
kl = ∑

σ,τ ∈ {↑,↓}
γ 

mσnτ
kσlτ . (18)

The first step (encoding the second-quantized Hamiltonian) is to 

represent it in the standard Pauli form,

H = ∑ 

k
c k 

P k 

, (19)

where P k 

are Pauli-strings (tensor products of the Pauli matrices 

X, Y , Z). The most common encoding is Jordan–Wigner, where the 

second quantized operators are encoded quite naturally into the 

qubit raising and lowering operators σ 

± 

= 

1
2 

(X ± iY) and a string
of Z operators to ensure anti-commutativity,

a 

†
k = (∏ 

l<k
Z l 

)σ−k , a k 

= (∏ 

l<k
Z l 

)σ+k . (20)

In the same way, we can then express the RDMs of Eq. (17) in the 

standard Pauli form.
The design of the quantum circuit is currently an active prob-

lem in research, and several methods have been proposed—see Refs. 

60 and 61 for recent reviews. A significant fraction takes inspiration 

from unitary coupled-cluster (UCC), which provides unitary build-
ing blocks in the form of n-electron excitations. We can construct 

them with a list of tuples [(k 0 
, l 0 
), (k 1 

, l 1 
), . . .] that encode electronic 

exchanges between spin-orbitals (k j 
, l j 
) and result in the generator

G n 
= i
⎛

⎝ 

∏ 

j
(a 

†
kj 

a l j 

) − h.c.
⎞

⎠ 

(21)

that itself generates the parameterized unitary

U(θ) = e−i θ2 G. (22)

The anti-Hermitian as i(x − x 

† 

) ensures that the resulting unitary 

only creates real superpositions. The generators G n 
can be decom-

posed into the standard Pauli form in the same way as it was done 

for the electronic Hamiltonian—in this case, the decomposition will 

result in a set of commuting Pauli strings 

62 so that the compilation 

of a quantum circuit is straightforward (see, for example, Ref. 60 

or 63 for a direct approach).
Pioneering studies proposed adaptations of the conventional 

Unitary Coupled-Cluster with Singles and Doubles (UCCSD) 

62,64–66 

method into the individual building blocks in Eq. (22) via Trot-
ter decompositions. Over the following years, “bottom-up” strate-
gies that assemble the UCC building blocks directly, e.g., through 

adaptive 

67,68 or heuristic 

69–73 strategies, have been demonstrated to 

be more effective in the cost-to-benefit ratio.

E. The separable pair approximation 

In this work, we will employ mostly the separable pair approx-
imation (SPA) 

15 and some extensions of it, as the range of applica-
bility of the approximation is understood, and the method has been 

shown to produce consistent results in several applications. 

74–77 This 

allows us to create wavefunctions with controlled quality in their 

approximations and study the effects on the basis refinement. In 

the following, we will summarize the main idea and sketch the con-
struction of the quantum circuits. For more details, see the original 

publication 

15 as well as Refs. 78 and 79. 

Although not strictly necessary, SPA circuits are usually 

restricted to the seniority zero sector of the many-body space, 

meaning that all electrons form spin-pairs and can be treated as 

quasiparticles, so-called hard-core Bosons (HCB). For N o 
spatial 

orbitals, the corresponding quantum states can then be represented 

on N o 
qubits. If desired, these states can be transformed to the spin-

orbital representation with N o 
controlled-not gates. The central idea 

of the separable pair approximation is, however, to approximate the 

N e 
-electron quantum state as a product,

∣Ψ⟩ =

N e 
/2

⊗ 

k=1
∣ψ k 

⟩, (23)

of N e 
/2 electron-pair functions ∣ϕ k 

⟩, defined on n k 

qubits with the 

restriction ∑ k 

n k 

= N o 
, and no qubit can be shared between two pair 

functions. An individual electron-pair state can be initialized with a 

simple circuit consisting of (controlled-) not operations and R y 
(θ)

= e 

−i 

θ 

2 

Y rotations,

U k 

(θ 

k 

) = NOT(0)
n k

∏ 

i=1
CNOT(i, i − 1)CRy(i − 1, i, θ 

k
i ). (24)

An example for such a circuit on six qubits is

(25)
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where the control on the first Ry rotation can be removed for 

efficiency. Due to this construction, the final SPA circuits are compa-
rably low in depth: Assuming a constant orbital per pair assignment, 

the depth is constant with system size and increases linearly with 

the number of orbitals per pair (see Table 1 of Ref. 15 for explicit 

examples).
SPA circuits are typically coupled with an orbital optimization, 

or alternatively, a sequence of generalized single-electron excitations 

after the initial circuit (indicated as SPA+GS). Both variants have the 

same expressibility, and the respective results only differ through 

the involved optimization algorithms. To apply the SPA in prac-
tice, the user needs to assign all orbitals to an electron pair. In the 

original work, this assignment was based on pair-natural orbitals 

(PNOs) and was later extended to a valence-bond picture where 

a resonance structure guides the assignment of orbitals as well as 

the initial guess in the orbital optimization. In this work, we stick 

to the PNO-based assignment. Note, however, that in the chosen 

test systems, this does usually correspond to the valence bond-based 

assignment.

F. MRA-PNOs
Here, we give a brief overview of how MRA-PNOs are gen-

erated. By default, this is performed in combination with Boys 

localization 

80 and follows the computational protocols described in 

Refs. 13–15. As an initial step, the (occupied) Hartree–Fock orbitals
{ϕ 

HF
k }

N e 
/2 

k=1
are generated. 

30 For each HF orbital ϕ 

HF
k 

, we compute

a set of diagonal (see Ref. 15) PNOs {ϕ 

k
a}

nk

a=1 

. As the individual
PNO sets are not orthogonal by definition, they are symmetrically 

orthonormalized. The total set

N 2 
/2

⋃ 

k=1
M k 

=

N 2 
/2

⋃ 

k=1
({ϕ k 

} ∪ {ϕ 

k
a}

n k 

a=1
) (26)

consisting of n 1 
+ n 2 
+ ⋅ ⋅ ⋅n N e 

/2 

spatial orbitals is then used as the 

one-body basis to construct the Hamiltonian in Eq. (5). In order to 

achieve a balanced description, we usually set the individual PNO 

ranks n k 

to the same number. When combined with the SPA circuit 

(see Sec. II E), all orbitals in the sets M k 

are assigned to an individual 

pair. Using tequila in combination with madness, Hamiltonian 

and circuits can be constructed and used as an input to a Variational 

Quantum Eigensolver (VQE) minimization in the following way:

1 mol = tequila.Molecule(”coord.xyz”)
2 H = mol.make_hamiltonian()
3 U = mol.make_ansatz(name=”SPA”)
4 E = tequila.ExpectationValue(H=H, U=U)
5 result = tequila.minimize(E)

Note that the PNO assignment to the SPA pairs happens auto-
matically, while the default number of orbitals corresponds to two 

spatial orbitals per active electron pair—the equivalent of a minimal 

basis. We refer to the Appendix of Ref. 15 and the evolving codebase 

for more options.

III. FULLY VARIATIONAL QUANTUM CHEMISTRY
The overall goal of the electronic structure ground state prob-

lem given in Eq. (2) can be rephrased to fully minimize the 

many-body energy,

E[Ψ,{ϕk}] = ∑
kl
ηl

khl
k +

1
2∑klmn

ηmn
kl gmn

kl , (27)

here given as a functional of a second-quantized many-body wave-
function Ψ and a spatial orbital basis {ϕ k 

}. The one- and two-body
RDMs ηl

k and ηmn
kl [cf. Eq. (17)], respectively, are obtained from Ψ,

while the one- and two-body coefficients h 

l
k 

, gmn
kl are dependent on

{ϕ k 

} as can be seen in Eq. (4). By invoking the variational principle

E 0 
≤ min 

Ψ,{ϕ k} 

E, (28)

the latter will yield the true ground state energy E 0 
with respect to 

the original first-quantized Hamiltonian given in Eq. (1). To achieve 

this goal, we set out from a sequential minimization of a parameter-
ized many-body wavefunction Ψ(θ) for a fixed set of orbitals in the 

form of a VQE run, followed by a variation of the orbital basis for 

a fixed set of RDMs. The resulting procedure is then repeated until 

convergence. Whereas the first step is outlined already in Sec. II D, 

the orbital variation step deserves further discussion.
While the many-body wavefunction is parameterized in a dis-

cretized form through parameterized quantum gates, the variation 

of the orbitals is performed in a continuous fashion. The Lagrangian

L = E[Ψ, {ϕ k 

}] − ∑ 

kl
ϵ kl 

(⟨ϕ k 

∣ϕ l 

⟩ − δ kl 

) (29)

results directly from the energy functional in Eq. (28) but also takes 

the orthonormalization of the spatial orbital basis {ϕ k 

} explicitly 

into account through the last term. Stationary conditions can now 

be obtained by requiring the functional derivative to vanish,

δ
δϕi

L = 0. (30)

Taking the functional derivative of the first term in the Lagrangian 

will reveal the Laplacian hidden in the one-body integrals,

δ
δϕ i 

∑ 

kl
hl

k 

ηk
l = ∑ 

kl

δ
δϕ i 
(r) 

∫ 

ϕ l 

(r 

′ 

)h(r 

′ 

)ϕ k 

(r 

′ 

)dr 

′ ηk
l

= ∑ 

kl
2h(r)ϕ k 

(r)δ il 

ηk
l

= 2∑ 

k
(− 

1 

2
∇ 

2 ϕ k 

(r) +V(r)ϕ k 

(r))η 

k
i . (31)

The stationary condition for the whole Lagrangian is then given by 

the differential equation

2∑
k
(−

1
2
∇

2ϕk(r) +V(r)ϕk(r))η
k
i +

δ
δϕi

V = 0, (32)

where V comprises the second and third terms in the energy func-
tional of Eq. (27) given above. Following Valeev and co-workers, 

16 

we can transform the orbitals into natural orbitals by diagonalizing
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the reduced one-body density matrix ηk
i , which will eliminate all

Laplacian terms with k ≠ i in the sum above. This results in the 

defining equations for the stationary orbitals,

ϕi = −2Ĝ
−

ϵii
ηi

i

⎛

⎝
V̂ϕi −

1
ηi

i
∑
k≠i

ϵi
kϕk +

1
ηi

i
∑
lnk

gn
l η

in
klϕk
⎞

⎠
, (33)

where Ĝ μ 
= (∇ 

2 

− μ) 

−1 

is the bound-state Helmholtz Green’s oper-
ator, and the Lagrange multipliers ϵ 

i
a are given as

ϵ 

i
a 

= ηi
ih 

i
a +∑ 

lnk
η 

in
kl 

gkn
al . (34)

In a general form, Eq. (33) can be written as

ϕ i 
= −2Ĝ μ i 

V i 
[{ϕ k 

}] (35)

with a potential operator V i 
[{ϕ k 

}] for each orbital ϕ i 

that is also 

functional of all orbitals. Using the terminology of Ref. 14, this is 

the surrogate potential that determines the basis of the electronic 

system. Valeev’s potential (33) denotes an exact potential, while the 

PNO-based potential of Ref. 13 is an approximation. In the same 

way, a mean-field potential could be used, but this typically results 

in unbounded virtual orbitals, i.e., for most molecular systems, we 

would only obtain N e 
/2 bound solutions.

Since the orbital update of each orbital also depends on all other 

orbitals, the update is performed iteratively until all orbitals con-
verge. For faster convergence, more efficient solvers can be used 

instead of the fixed point update shown in Eq. (33)—historically, the 

KAIN 

81 approximation has proven useful here. Since the update of 

all orbitals is performed simultaneously without updating the inte-
grals within an iteration step, the orthonormality of the orbitals is no 

longer given after an iteration step, which makes reorthonormaliza-
tion after each iteration step necessary. To this end, we make use of 

the symmetric (“Löwdin”) orthogonalization following Ref. 15. After 

the convergence of all orbitals, the new h kl 

and gkl
mn tensors are used 

to update the Hamiltonian of the quantum part for optimization 

of the many-body wavefunction Ψ(θ). The procedure of adapt-
ing the many-body wavefunction and orbital refinement is then 

repeated sequentially until the energy converges to a given thresh-
old. We illustrate our proposed multiresolution quantum computing 

framework in the flow chart depicted in Fig. 1.
In passing, we note that our proposed workflow bears a close 

resemblance to the Complete Active Space Self-Consistent Field

(CASSCF) approach commonly used in quantum chemistry, in 

which both the many-body wavefunction and the orbitals are opti-
mized in a similar fashion. In contrast to CASSCF and the use 

of (Gaussian-type atom-centered) basis sets, our orbital refinement 

step is not limited to the space spanned by the basis functions, which 

means that unmatched results can be obtained with the same num-
ber of orbitals. To this end, we are discriminating between orbital 

optimization—rotating the current set of active orbitals within the 

given orbital basis, and orbital refinement, where the orbital basis 

gets refined with the methodology described above. As with orbital 

optimization, orbital refinement with MRA orbitals can be com-
bined with any other quantum chemistry method, which allows 

the calculation of RDMs, for example, coupled cluster methods, 

configuration interaction, or tensor-network approaches such as 

DMRG.

IV. NUMERICAL DEMONSTRATIONS
Subsections IV A–IV D summarize numerical demonstrations 

of our proposed multiresolution quantum framework described in 

Sec. III on selected test systems. We commence with one of the 

largest possible systems for the orbital refinement implementation 

presented in this work, cyclohexane with 36 active electrons in 36 

spatial (72 spin-) orbitals. Subsequently, we highlight the fundamen-
tal features of orbital refinement compared to the previous PNO 

approximation on simple (effective) two-electron model systems 

(H 2 
and LiH) before continuing with chemically more interesting 

systems (BeH 2 
and H 4 

). In the latter, we will in particular highlight 

the influence of an approximate VQE Ansatz (leading to a qubit 

wavefunction with varying quality across the molecular instances) 

on the basis refinement.
In Table I, we summarize the notation used within this work. 

It follows the standard pattern: WFN/BASIS(N e 
, N q 

), where WFN 

refers to the method employed to represent the second quantized 

many-electron wavefunction (or quantum circuit) and BASIS refers 

to the method employed to determine the one-electron basis func-
tions (spatial orbitals) that define the second quantized Hamiltonian 

(5). The numbers N e 
and N q 

refer to the number of active elec-
trons and qubits, respectively (the latter being equal to the num-
ber of spin-orbitals) for our multi-configurational wavefunction 

Ansatz.
For standard Gaussian basis sets, BASIS is just the identifier 

of the corresponding basis set. For example, FCI/cc-pVDZ(N e 
, N q 
) 

denotes a full CI calculation, that is, an exact diagonalization in

FIG. 1. Flow chart of the proposed mul-
tiresolution quantum framework. Based 

on initial HF orbitals and pair natu-
ral orbitals as well as their integrals 

with the molecular Hamiltonian (pink), 

energy and RDMs are determined using 

a VQE Ansatz (orange) alternating with 

an orbital refinement step (green).
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TABLE I. Notation: Methods are denoted as WFN/BASIS(N e 
, N s 
), where WFN

denotes the method to describe the many-body wavefunction (e.g., SPA+GSD, FCI, 

and CASSCF), while BASIS denotes the various orbital bases listed in this table. See 

Sec. IV for some examples.

Basis identifiers Details

PNO Short for MRA-PNO as in Ref. 15 

MRA Orbitals refined as in Sec. III 

MRA[it=n] Results after n macro-iterations 

MRA[opt=n] Only the first n orbitals are refined 

MRA[wfn=X] Different wavefunctions used for refinement 

(aug-)cc-pVXZ Reference Gaussian basis sets 

82

the N e 
-electron singlet subspace, and N q 

will refer to two times 

the number of basis orbitals in the standard basis set cc-pVDZ 

(corresponding to the number of qubits in most encodings). By con-
trast, for MRA represented orbitals, we use the general notation: 

MRA[wfn, opt, it], where “wfn” denotes the many-electron wave-
function used in the basis refinement, “opt” denotes the number 

of orbitals that are refined, and “it” denotes the number of macro-
iterations. For better readability, we list in Table I all abbreviations 

of this general format.
In the supplementary material, we provide further computa-

tional details for the numerical studies in this work along with 

references to the employed software packages.

A. Cyclohexane
We used the cyclohexane molecule as a demonstration of a 

molecule that is still feasible to compute with the exact basis refine-
ment and will give an exemplary illustration of the cost and perspec-
tive gains of orbital refinement. The results are shown in Fig. 2. To 

the best of our knowledge, this is one of the largest simulations for 

VQE optimizations as well as exact orbital determination.

FIG. 2. Applicability: Full calculation of the cyclohexane molecule in an active 

space of 36 electrons and 36 spatial (72 spin) orbitals with different orbitals and 

many-body methods. This serves as a stand-in for the system sizes still treatable 

with the method. We show the energy difference (atomic units) with respect to 

DMRG[BD=1000]/MRA(36,72). In this example, MRA-PNOs are computationally 

cheapest while still comparable in numerical precision.

In the example, we use DMRG/[BD=1000]MRA(36,72) to 

determine the optimal minimal basis for this molecule. We then 

compare combinations of DMRG, SPA many-body wavefunctions 

combined with MRA-PNOs or fully refined orbital bases with vary-
ing many-body methods used for the determination. When com-
pared to the cheaper MRA-PNOs, the total error is between 20 and 

40 mEh, depending on the used many-body state: in this case, either 

a SPA quantum circuit or a DMRG calculation with large bond 

dimension. The determination of the MRA-PNOs takes around 

15 min on a standard compute node, while the full refinement cou-
pled to a DMRG calculation takes around 1–2 days. These timings 

should not be taken as accurate benchmarks but rather as illustra-
tions of the necessary cost to reach the last 20–40 mEh in the energy. 

In this case, a full basis refinement with quantum circuits on SPA 

level alone is most likely not an attractive scenario, as the method-
error of the SPA circuits alone is already around 100 mEh, which 

is significantly higher as the corresponding basis error of around 

20 mEh.
To put the numbers into perspective: An orbital-optimized 

active space simulation within the cc-pVDZ basis already has a sig-
nificantly larger basis error of around 100 mEh (75 of them already 

at the mean-field level). In our case, the calculation took around 15 h 

and was significantly longer than the MRA-PNOs that took around 

15 min (with around the same time for the subsequent many-body 

simulation).

B. H 2 

and LiH
To study the influence of orbital optimization on the energy 

and the many-body wavefunction, we calculated the dissociation 

curves of H 2 
and LiH with different active spaces. For both 

molecules, SPA circuits can describe the (effective) two-electron sys-
tems exactly if the orbitals are in the correct linear combination. 

78 

We use a slightly expanded approach in the form of SPA+GSD (SPA 

plus a layer of generalized pair-excitations that are missing in the 

leading SPA excitations, followed by a layer of generalized singles 

excitations) to aid the orbital-optimizer in finding the correct linear 

combinations.
To verify whether and how fast the orbitals and the multi-

particle wavefunction expressed by reduced density matrices con-
verge with alternating optimization, the dissociation curve of H 2 

with four spin-orbitals was considered as the simplest possible test 

case with results displayed in Fig. 3. In the case of the dissociated 

H 2 
, the system is resolved exactly with two spatial orbitals given 

by the analytic solution of the isolated hydrogen atom. The spa-
tial orbital basis determined via the MP2-PNO model is not able 

to represent this solution due to the neglect of important coupling 

terms in the MP2 model. Hence, a refinement of the PNO basis 

via Eq. (33) is able to correct this deficiency in a single iteration. 

By comparison, at shorter bond distances, the energy of the refined 

basis is of similar quality as the CASSCF/aug-cc-pVTZ(2,4) refer-
ence, which indicates that this is the best possible representation 

restricted to two spatial orbitals only, and the resulting error is solely 

due to this restriction. We confirm the latter hypothesis by increas-
ing the number of spatial orbitals in the active space from 2 to 9. As 

illustrated in Fig. 3, this modest increase results in a smooth con-
vergence toward the full FCI/aug-cc-pVTZ(2,92) energy (obtained 

with 46 orbitals). In passing, we note that the remaining total error 

is lower than 3 mhartree compared to an aug-cc-pV5Z reference,
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FIG. 3. Illustration on the H 2 

molecule: Comparison of the H 2 

dissociation calculated with SPA+GSD(2,4) and adaptive MRA orbitals after several optimization steps starting 

from pair natural orbitals as an initial guess. Top row: total energies. Bottom row: occupation numbers.

indicating that we can essentially reach the basis set limit for this
system.

The convergence behavior in the case of the H 2 
molecule can

be explained as follows: In a representation with two spatial natu-
ral orbitals ϕ 0 

and ϕ 1 

, the full first-quantized wavefunction of H 2
can be expressed as a linear combination of two anti-symmetric pair
functions,

Ψ 00 
= ϕ 0 
(r 1 
)ϕ 0 
(r 2 
) ⊗ S(s 1 

, s 2 
), (36)

S(s1, s2) =
1
√

2
(∣↑↓⟩ − ∣↓↑⟩), (37)

and similarly for Ψ 11 
. The total wavefunction can then be written as

Ψ = c 0 
Ψ 00 
+ c 1 

Ψ 11 
(38)

with the energy expectation value

E = ⟨Ψ∣H∣Ψ⟩ = c2 

0⟨Ψ 00 
∣H∣Ψ 00 

⟩ + 2c 0 
c 1 
⟨Ψ 00 
∣H∣Ψ 11 

⟩ + c 

2
1⟨Ψ 11 

∣H∣Ψ 11 
⟩.

(39) 

The initial orbitals obtained with an MP2-PNO approach essentially 

assume c 0 
≫ c 1 

—the total wavefunction is dominated by a single 

configuration Ψ 00 
, whereas Ψ 11 

is just a small perturbation. The ϕ 0

is then determined through the minimization of ⟨Ψ 00 
∣H∣Ψ 00 

⟩ alone 

(Hartree–Fock), while ϕ 1 

is determined by keeping only first-order 

terms (in the two-body interaction) in c 1 
, hence disregarding most

of c2
1⟨Ψ 11 

∣H∣Ψ 11 
⟩. If the underlying assumption c 0 

≫ c 1 
holds, this is

physically justified; in the dissociated case, we have, however, c 0 
= c 1 

, 

leading to an unbalanced treatment in the determination of both 

orbitals—as a result of neglecting the coupling between ϕ 1 

and ϕ 0 

in the determination of Ψ 00 
and the coupling between ϕ 1 

and ϕ 0 

in 

the determination of Ψ 11 
.

In Fig. 4, a similar behavior can be observed for LiH. Here, 

the total errors are larger as we are dealing with a more correlated 

system, although the dissociated LiH still contains only two active 

electrons. In LiH, we assumed a frozen core approximation, keeping 

the two core (1s) electrons of the Li atom frozen in all calcula-
tions. For a discussion on the validity of this approximation even 

for orbital bases that allow core correlation, see the Appendix of 

Ref. 78.
As an alternative to enlarging the active space and optimizing 

all orbitals, only a limited number of active orbitals can be optimized
as the active space increases. This possibility was also investigated
using a (2, 18) active space for H 2 

and a (2, 16) active space for LiH 

(see Fig. 4). Here, only a fixed number of initial NOs (ordered by 

their respective occupation numbers) are refined.

APL Comput. Phys. 2, 026106 (2026); doi: 10.1063/5.0316008 2, 026106-9

© Author(s) 2026

 16 O
ctober 2026 14:53:26

https://pubs.aip.org/aip/aco


APL Computational Physics ARTICLE pubs.aip.org/aip/aco

FIG. 4. Effect of selective refinement: Orbitals of an initial orbital set (in the form of PNOs) are gradually refined, while the others remain in their initial form (up to 

orthogonalization effects). Left: Absolute errors with respect to FCI/aug-cc-pV5Z for H 2 

. Center: Absolute errors with respect to FCI/aug-cc-pVQZ for LiH. Right: Absolute 

errors of LiH (same reference values), but here the number of fully refined MRA orbitals is gradually increased. The red line, SPA+GS/MRA(2,18), is identical to the plot 

in the center. For H 2 

(left), the difference of the reference values to the next basis set (aug-cc-pV5Z) is consistently below the millihartree threshold. For LiH, aug-cc-pVTZ 

was chosen as a reference as it contains a similar amount of orbitals on Li as aug-cc-pVQZ on H.

The examples illustrate that it is not always necessary to refine 

all initial orbitals, and thus, the computational cost of the refine-
ment can potentially be reduced. In our current implementation, a 

limitation to a fixed number of orbitals does, however, not result in 

considerable savings in computational time. Furthermore, orbitals 

that are not optimized are also modified in each optimization cycle 

to ensure orthonormalization, which entails that the one- and two-
electron integrals of these orbitals must also be updated in each 

cycle nonetheless—and this step can become computationally quite 

expensive.

C. BeH 2

As a further example, we studied the dissociation of BeH 2 

by means of SPA+GSD/MRA and CASSCF calculations employing 

active spaces of different sizes. In contrast to H 2 
and LiH, BeH 2 

has four valence electrons such that the SPA+GSD approach is no 

longer exact by construction, which allows us to study the effects of 

an imperfect Ansatz on the refinement of the orbital basis. The dis-
sociation curves with all three methods for the active spaces (4, 8), 

(4,12), and (4,16) are summarized in Fig. 5.
A comparison of SPA+GSD/MRA with FCI/MRA shows that 

the SPA+GSD approach can reproduce the FCI/MRA energy almost 

exactly for all active spaces, both around the equilibrium dis-
tance and for high distances in a dissociated situation. This can be

explained on the basis of valence-bond resonance structures, where 

the “molecular” one dominates around the equilibrium, while the 

“atomic” resonance structure dominates at the dissociated limit. An 

SPA Ansatz can represent only a single resonance structure, so its 

associated error will decrease within the dissociation curve. For a 

further in-depth discussion, we refer the interested reader to Ref. 79, 

in particular Fig. 5 and its accompanying text therein.
Turning next to a comparison of FCI/MRA with CASSCF/aug-

cc-pVTZ shows a consistent behavior of the refined bases with 

respect to its traditional counterpart. In passing, we note a challeng-
ing convergence of the smallest active space for the CASSCF with 

default parameters (PYSCF implementation), which can be attributed 

to a convergence to local minima often encountered for large and 

diffuse Gaussian basis sets like the one we employ in the current case 

(aug-cc-pVTZ). Convergence to local minima could then be avoided 

if one employs active-space selection tools like the ones detailed, for 

example, in Refs. 7 and 9, respectively.

D. H 4

As a final example, we will study the potential energy sur-
face for the Paldus 

83 H 4 
/(H 2 

) 2 
system. Similar to BeH 2 

, the SPA 

Ansatz is unable to describe the full potential energy surface with 

the same accuracy, leading to a cusp-like feature in the resulting 

energy error around the square structure. The underlying reason

FIG. 5. BeH 2 

in MRA orbitals determined by VQEs (SPA+GS). Left: Absolute energies. Center: Energy errors relative to FCI/cc-pVDZ(4,46). Right: CASSCF/aug-cc-pVTZ 

with different sizes labeled as (N e 
, 2N o 

) using the number of spin-orbitals 2N o 
for consistency in notation.
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comes from the inability of the SPA Ansatz to describe more than 

a single valence-bond resonance structure, while the square config-
uration has two degenerate resonance structures. 

79 The system here 

was specifically selected because of this shortcoming of the quantum 

circuit. SPA+GSD/MRA, FCI/MRA, and CASSCF calculations were 

performed with the active spaces (4,8), (4,12), (4,16), and (4,20) with 

the potential energy curves around the square configuration, and the 

results are summarized in Fig. 6. Regardless of the method, a signif-
icant reduction in the energy over the entire potential energy curve 

can be seen with increasing active spaces. Notably, the energy does 

not yet appear to converge with the active space size even for the 

largest active spaces. As expected, the deviation in energy is partic-
ularly large around the square configuration, as more orbitals are 

required to correctly describe the increasingly complex chemical 

bonding situation.
Overall, MRA methods provide continuous energy profiles and 

almost consistently lower energies than the CASSCF counterpart, 

where significant energy jumps occur in some cases, highlighting 

difficulties in converging the CAS wavefunction without manual

(or automated) adjustment of the CAS space orbitals. A compar-
ison between SPA+GSD calculations with non-optimized orbitals 

(SPA+GSD/PNO) and optimized orbitals (SPA+GSD/MRA) shows 

hardly any differences at the example of the (4,20) active space, 

indicating that the HF orbitals and PNOs were already almost opti-
mal for the problem at hand. If the SPA+GSD solver is replaced 

by FCI based on the previously optimized SPA+GSD/MRA orbitals 

(FCI/MRA[wfn=SPA+GSD]), lower energies are obtained, although 

the kink in the quadratic configuration remains albeit slightly mit-
igated. This finding indicates that the shortcomings of the SPA 

Ansatz were inherited with the refined basis in a more drastic way, 

as, for example, with the BeH 2 
molecule.

When switching to an FCI based refinement, there is still 

an observable deficiency around the square configuration where 

the energetic lowering with increasing basis set size seems to be 

hindered. The visualization of the active orbitals after orbital opti-
mization provides insights into the reason for this behavior. For H 4 

in the square configuration with a (4, 16) active space, all active spa-
tial orbitals before optimization, including their PNO occupation,

FIG. 6. Comparison of methods for H 4 

: Comparison between CASSCF/aug-cc-pVTZ (a) with SPA+GSD [(b) and (c)], and FCI (d) each with optimized MRA orbitals for the 

dissociation of two parallel hydrogen molecules for different active spaces. All calculations use PNOs (see Fig. 7) as initial guesses.
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FIG. 7. MRA orbitals for H 4 

: Initial HF orbitals and PNOs as well as the optimized natural orbitals and their occupation resulting from a SPA+GSD or FCI calculation with 2 

active electrons in 8 (6) spatial orbitals for a quadratic H 4 

configuration.

as well as the NOs optimized with SPA+GSD/MRA and FCI/MRA, 

including occupation numbers, are depicted in Fig. 7.
With the exception of phase changes and the exchange of 

the order of equally occupied orbitals, there are no significant dif-
ferences between the original PNOs and the final NOs from the 

MRA-SPA calculation. Although the orbitals were refined and the 

energy lowered, SPA is not able to describe the binding situation 

correctly. In SPA, the system is treated as two parallel H 2 
molecules 

with one bond each, and thus, only one of the two possible resonance 

structures is described accurately. This limitation is particularly evi-
dent in the NO populations. Thus, one set of four orbitals is obtained 

for each H 2 
bond, with the NOs having the same populations for 

both bonds. By contrast, FCI-MRA can describe both resonance 

structures simultaneously and thus the many-body wavefunction 

correctly. As a result, the orbital shape also changes fundamentally 

in the refinement process, and the populations of orbitals 2 and 3 

approach each other (last row in Fig. 7). Ideally, both orbitals should 

have the same population after the refinement, but in the case of 

a six-orbital calculation, the energy converges before both orbitals 

have exactly the same shape and population. In the case of a calcula-
tion with eight orbitals, the two additionally generated PNOs favor 

one of the two resonance structures, which eliminates the expected 

degeneracy of the ground state, and the populations of orbitals 2 and
3 do not equalize any further. This physically inaccurate descrip-
tion cannot be compensated for by the orbital refinement, as it 

is not able to break certain symmetries. The selection of suitable 

initial orbitals via PNOs, therefore, represents a limitation in the

method presented here and requires particular attention in challeng-
ing cases such as H 4 

. Interpretive concepts based on valence-bond 

resonance structures 

78,79 provide a valuable tool in estimating these 

effects.

V. CONCLUSION AND OUTLOOK
In this work, we have presented a novel approach for quantum 

chemistry in the framework of quantum computing that com-
bines variational quantum eigensolvers with a basis-free represen-
tation of orbitals. Starting from initial MRA representations of 

Hartree–Fock orbitals and PNOs, the chosen VQE Ansatz is alter-
nately re-optimized, and a refinement of the orbitals is performed 

until both parts converge. The resulting orbitals, dependent on the 

initial guess, thus obtained provide the best possible energies, while 

at the same time eliminating the need to choose a basis set. Fur-
thermore, the use of PNOs provides a systematic basis to define 

active spaces and avoids a time-consuming selection of a suitable and 

system-dependent space. In the numerical examples of this work, 

they provide well-suited initial guesses for the full refinement on a 

broad range of molecules, where we highlighted and analyzed excep-
tions and potential shortcomings of PNO guesses. The capability to 

calculate the best possible energy from a given number of orbitals 

without including unnecessary orbitals in the active space allows in 

most cases a reduction in the active space size without significant 

loss of accuracy and thus reduces the number of required qubits and 

gates in the case of VQEs. All these advantages, but also current
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limitations, were demonstrated by combining orbital refinement 

with the SPA+GSD VQE Ansatz using various electron correla-
tion and chemical bonding challenges at the example of a number 

of textbook molecular systems for quantum-chemistry develop-
ments. In most cases, our VQE approach with refined orbitals led 

to consistently better and, above all, continuous energies over the 

entire dissociation profiles compared to (unguided) CASSCF refer-
ence calculations in large basis sets. From a quantum computing 

point of view, all examples discussed in this work exemplify how 

results obtained with a VQE Ansatz based on MRA-PNOs can be 

improved without modifying the Ansatz itself, making the Ansatz 

with its low circuit depth a promising candidate for meaningful 

quantum chemistry calculations on real, contemporary quantum 

hardware.
Even though the code for orbital refinement developed in this 

work stands on the shoulders of the high-performance library MAD-
NESS, 

27 it is not yet fully optimized, which means that the number 

of possible orbitals is lower than it could be. Nevertheless, the code 

is suitable for making use of significantly larger active spaces than 

those demonstrated in this work. Work along these lines is currently 

in progress and will be published elsewhere. Notably, the initial 

MRA-PNO code can, for example, already be routinely employed 

to compute systems with hundreds of orbitals. 

13 In the foresee-
able future, the limiting factor is, therefore, the solution of the 

many-particle wavefunction and the simulation/execution of/on a 

quantum computer. Furthermore, we would like to point out that 

the combination of orbital refinement with an initial active space 

comprised of PNOs as demonstrated in this work as well as the 

newly developed code base is not limited to the use of VQEs but 

can also effortlessly be combined with other classical active space 

solvers. 
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SUPPLEMENTARY MATERIAL

See the supplementary material for further details on the used 

computational methods.
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