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PauliEngine: High-Performant Symbolic Arithmetic for
Quantum Operations

Leon Miiller ®!, Adelina Birligea 1 Alexander Knapp ! and Jakob S. Kottmann ®!2

Abstract: Quantum computation is inherently hybrid and fast classical manipulation of qubit operators
is necessary to ensure scalability in quantum software. We introduce PauliEngine, a high-performance
C++ framework that provides efficient primitives for Pauli string multiplication, commutators,
symbolic phase tracking, and structural transformations. Built on a binary symplectic representation
and optimized bitwise operations, PauliEngine supports both numerical and symbolic coefficients
and is accessible through a Python interface. Runtime benchmarks demonstrate substantial speedups
over state-of-the-art implementations. PauliEngine provides a scalable backend for operator-based
quantum-software tools and simulations.

Keywords: Quantum Software, Quantum Computing, Quantum Algorithms, Operator Algebra,
Scientific Computing

1 Introduction

Classical computation is and will remain a central part of quantum algorithmics. An
obvious aspect is the simulation of quantum computers [Xu25], both for understanding
quantum algorithms and for validating near-term hardware, but an often overlooked aspect
is the classical framework responsible for assembling the classical description — e.g. in
the form of gates and measurements — of the quantum computational protocol. In the
context of simulation, there has recently been renewed interest in simulation methods
that operate directly in the Pauli basis, such as Pauli propagation methods [LZ25; Ral9;
Ru25] or other simulators [Go25]. Their effectiveness, however, critically depends on the
availability of high-performance primitives for manipulating Pauli strings at large scale:
multiplying, commuting, and transforming millions of strings with minimal runtime and
memory overhead.

This paper introduces PauliEngine [PE25], a compact C++ backend designed to provide
fast, memory-efficient Pauli string arithmetic for quantum-software tools. PauliEngine
implements a binary symplectic representation together with optimized bit-level operations
for multiplication, commutator evaluation and testing, and symbolic phase tracking. The
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framework supports both numeric and symbolic coefficients (via SymEngine [De25]) and
is provided through a lightweight Python interface suitable for integration into quantum-
software workflows.

2 Preliminaries and Notation

Pauli matrices form a fundamental operator basis for describing quantum computations.
Besides the unit operation /, the single-qubit matrices are

01 0 —i 10
A O A R »

An N-qubit Pauli string is a tensor product of single-qubit Paulis,

N
Py = (X) ot @)
i=1

where the multi-index kK = (ky, k2, k3,...,kn) takes values each in k; € {0,1,2,3}
corresponding to the four matrices I, X, Y, Z. In the following, we will usually drop the
boldface k when the meaning is clear and, where convenient, write k; € {I, X,Y, Z} directly.

A weighted Pauli string is a pair (¢, P) with complex coefficient ¢ € C. Linear combinations
of weighted Pauli strings are sufficient to represent all operators relevant for quantum
computation, in particular: Hermitian and unitary operators.

Hermitian operators A linear combination of weighted Pauli strings,

M
H = chpk 3)
k=1

is Hermitian, precisely when all coefficients ¢, are real. In the same manner, if the coefficients
are purely imaginary, the operator is anti-Hermitian. Because the N-qubit Paulis form an
orthonormal basis for su(2"), every N-qubit observable and every generator of a quantum
evolution can be written as such a combination.

Unitary operators An N-qubit quantum operation is represented by a unitary 2%V x 2N
matrix. Any unitary U € U(2") can be written in exponential form through its generator G

U = €€, 4)

where G is Hermitian and may be expanded in the Pauli basis. In practice, however, it is
more convenient to work with elementary quantum gates generated by single Pauli strings.
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For a weighted string (6, P), the associated Pauli rotation is

_ -ifpr _ Q i Q
Up(0) =e —cos(z)l zs1n(2)P (5)

where the factor % follows a common convention in quantum-information theory. A general
unitary can be expressed as a product of such gates

U=[]Ur0), ©)
k

i.e., a quantum circuit. Pauli rotations form a universal gate set, which can be seen by
Trotterizing Eq. (4) or via more specialized decompositions. For common quantum gates,
the corresponding Pauli generators are listed in Eq. (1). Furthermore, given a generator G
for an operation U, a controlled version on qubit m can be realized by replacing G with
1(1-2,G.

Basic arithmetic rules The arithmetic of the data types introduced above follows directly
from the algebra of Pauli matrices. At the single-qubit level,

OkO] = I€ImOm, @)

with € the Levi-Civita tensor. In particular, XY = iZ and XZ = iY and Pauli matrices
anticommute whenever they differ and are non-identity.

The effect of basic arithmetic operations on the various data types is summarized in Tab. 1

Operation P (c,P) Hermitian Unitary
Multiplication (¢, P) closed operator closed
Scalar Multiplication (¢, P) closed operator*  operator**
Addition operator closed closed operator
Conjugation invariant closed invariant closed
Unitary Transformation | Hermitian Hermitian closed closed

* closed for real scalars, ** closed for unit roots

Fig. 1: Overview over datatypes and operations.

where we illustrated the transformation of the datatypes into each other via the given
operations. Here, closed means the datatype stays the same, while invariant means that the
datatype and content remain the same.
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3 Fast Arithmetics

3.1 Efficient Data Structure for Pauli strings

Pauli operators admit several convenient data structures for symbolic computation. If a Pauli
string P is given in the form of Eq. (2), then any qubit operator that is a linear combination
of such strings, as in Eq. (3), can be naturally represented as a dictionary mapping the
multi-index K to its corresponding complex coeflicients. This is, for example, the native
representation used by the QubitOperator class of OpenFermion.

An alternative, widely adopted format in various implementations [Ci25; DBB24; Gi21;
HG25; Ja24; JBB+19; LPS25] is the binary symplectic representation. Here, an N-qubit
Pauli string Py is encoded by two N-bit vectors x and y,

Px = (X, ) = (X1X2X3 .. . XN, V1, Y25 -« - YN)s )

where x; indicates the presence of X- or Z-operators on qubit i, and y; similarly tracks Y- or
Z-operators. Concretely,

1 ifk; e{X,Z} 1 ifk; e{Y,Z}
X; = and y; = 9
0 else 0 else.
This mapping is invertible:
I if (x;,y:) = (0,0)
X if (x,y;) = (1,0
k; = 1 (x; )’1) ( ) (10)
Y if (xl-,yi) = (0, 1)
Z if(xl-,yi) = (1,1)
For illustration:
X()Y(3)X(5)Z(7) Z(8) — 01001011]00100011 (11)
Z(3) X(4)Z(5) — 00111]00101 (12)
Z(2)Y(5) X(6) — 0100001|010010, (13)

where we used the

“|7a

to visually separate x from y.

3.2 Bitwise Multiplication and Phase Reconstruction

A key advantage of the symplectic encoding is that multiplication of Pauli strings becomes
a cheap bitwise XOR-operation, denoted in the following as &. For two strings

P=(xyy), P =(x"y’), (14)
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their product is another Pauli string P” = (x”,y”") with
x"=xox’, y"=yoy’. (15)

This reproduces exactly the multiplication table of single-qubit Pauli matrices, apart from
the complex phase +i that must be handled separately:

* | 1 X Y Zz
111 X Y Z
XX 1 iz —iY (16)
Y|Y —-iZ I iX
zZ|zZ ¥ —-iX 1

For multi-qubit Pauli strings, the same logic applies qubit-wise. For example,

XYZXYZ . YZXZXY
101101 011011 . 011110 110101

ZXYYZX
110011 101110.

However, the XOR-based multiplication alone does not track the global phase, which arises
from the noncommutativity of single-qubit Paulis. To recover this phase using fast bit
operations, we precompute truth tables indicating when a local product contributes a factor
of +i or —i (see Fig. 2).

~
~
~
~

x y x y|i x y x' y |-
7 0 0 0 010 7 0 0 0 010
Iy 0 0 1 010 Iy 0 0 1 0|0
IX 0 1 0 1|0 IX 01 0 1|60
Iz 0 1 1 010 Iz 0 1 1 010
Yyr 0 1 0 010 Yyr o1 0 0|0
Yy 01 0 110 Yy 01 0 110
Yx o1 1 0|0 Yx o1 1 0|1
Yz 0 1 1 1|1 Yz 01 1 1]0
Xl 1 0 0 010 XI 1 0 0 0[O0
XY 1 0 0 1|1 XY 1 0 0 1]0
XX 1 0 1 01O XX 1 0 1 010
XZ 1 0 1 110 XZ 1 0 1 1|1
ZI 1 1 0 010 ZI 1 1 0 010
Zzy 1 1 0 1]0 zy 1 1 0 1 1
ZX 1 1 1 0|1 ZX 1 1 1 010
ZZ 1 1 1 1]0 ZZz 1 1 1 1]0

Fig. 2: Coefficient Determination Tables to determine the phase factors arising in the multiplication of
two single-qubit Pauli operators in binary symplectic form. Each row corresponds to one pair of local
Paulis with bit representation (x, y) and (x’, y"). The left table marks the cases that contribute a factor
of +i, while the right table marks the cases contributing —i.
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From these tables, we obtain Boolean expressions for the bitstrings F, and F_:

Fi=(-xAX AYyAY)® XAX A-yAY) & XAX AYyA-Y),

17
F_=(=xAX AyA-y)® (xA-X AYyAY) & (XAX A-yAY), 17

where |F.| denotes the Hamming weight (the number of set bits). The total phase factor of
the multiplication is then

¢ = j(Fsl=IF-]) mod4 (18)
This new formula involves only one subtraction and two popcount operations. Combined
with the XOR rule from before, it enables fast multiplication of arbitrary Pauli strings using
purely bitwise operations.

3.3 Symbolic Extensions and Parametrizable Structures

An extension of the framework is support for symbolic coefficients of Pauli strings. Instead
of allowing only complex numbers as coefficients, also variables are possible. This enables
symbolic differentiation, analytic manipulation of parametrized operators, and delayed
substitution of parameter values. For this purpose, we integrate SYMENGINE [De25], a
library for high-performance symbolic manipulation.

PennyLane (qml.lie_closure)
10—t #- Custom (via PauliEngine)

10! %~ PennyLane (qml.structure_constants)
#- Custom (via PauliEngine)

9
¥
—— H
¥ 1 :51x 151x : ! :159x
0 i 1 1 H 1 o ¢ 1123x |
=, 1 1 131x | ! 10 § 8ax 1 1
© 10 1 1 130x | I ! 3 i 1 H
= r 1 130x | I P J; il j63x | 1 i
g 3 I28x 1 1 | h— i 1 1 ! !
2 i ! ! | | 39x ) | 1 I
oI ! 1 1 El? | | | 10-1 @ ! 1
103 ! li7x N | | ! ! ! ! I i
s I 1 * | | f 123x 1 1 1 H I
g = = R S
o o L R =
104 ‘% i - i 10-2 : H : * _ i i
3 ax |
| S
3 4 5 6 7 8 9 10 3 4 5 6 7 8 9 10
system size N system size N

Fig. 3: Runtime benchmark of DLA computations using PauliEngine arithmetic versus PennyLane.
Left: Mean runtime over 1000 runs for computing the Lie closure of DLAs isomorphic to so(2N).
Right: Mean runtime over 100 runs for computing the corresponding structure constants. Both axes
are logarithmic. For each N, the dashed vertical markers indicate the speedup factor (PauliEngine
relative to PennyLane). All benchmarks were performed on an Apple M4 processor with 24 GB RAM.

4 Initial Applications

Fast Commutators The commutator [A, B] = AB — BA between two operators A and B
is a fundamental concept in quantum mechanics, which determines whether two observables
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can be measured simultaneously. In principle, the commutator can be evaluated directly by
forming both products AB and BA. In the Pauli basis, however, computing these explicitly
is unnecessary; instead, we can infer the commutation relation between two Pauli strings
directly from their binary symplectic representation.

For two Pauli strings P = (x,y) and P’ = (x’,y’), their product produces phase factors +i
whenever both act nontrivially or anticommute on a qubit. Using the bit masks derived in
Eq. 17, the multiplication routine counts, for each qubit, how often the product contributes
a factor of +i and —i. Let F,.(P, P’) and F_(P, P’) denote these counts. Their difference
7 = F; — F_ then determines the global phase generated by the product.

Our fast commutator implementation uses this single multiplication to decide whether the
commutator vanishes:

° If 7 is even, then PP’ = P’P, and thus [P, P’] = 0.

. If 7 is odd, then PP’ = —P’P, and [P, P’] = 2PP’ up to the accumulated phase from
the bitwise multiplication. No second multiplication is therefore needed.

Algorithmically, the routine performs only a single XOR to determine the resulting Pauli
string PP’, two bit-summations (population counts) to compute F, and F_, and finally a
parity check on 7 mod 2. This yields an O(N) commutator evaluation for N-qubit Pauli
strings, without ever explicitly having to form both the products PP’ and P’ P.

Below, we discuss scenarios where this fast computation and check of commutators
drastically reduces runtime.

Dynamical Lie Algebras Recent work has revealed a strong connection between barren
plateaus (exponentially vanishing loss and gradient variance) in variational quantum
algorithms (VQAs) [La24] and the dimension of the dynamical Lie algebra (DLA) generated
by the ansatz [Fo24; La22; Ra24]. DLAs have since become a central tool for characterizing
the expressivity and trainability of parametrized quantum circuits. Furthermore, several
results indicate that ansitze provably free of barren plateaus often admit efficient classical
simulation [Ce25], which is understood to arise when the associated DLA grows only
polynomially with the number of qubits and therefore remains tractable to manipulate and
simulate [Go25].

A VQA is defined by a parameterized quantum circuit, which can often be written in this
layer-wise form,

L

U9 = ]_[ exp (—i6H,) (19)

I=1

acting on an initial state p;, and measured with an observable O. Many properties of
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the ansatz depend entirely on its generator set G = {HI}IL= |- The corresponding DLA is
obtained as the Lie closure,

g = (iG)Lic = ()i < su(2V), (20)

i.e., the smallest Lie algebra containing all generators and all (non-zero) nested commutators
among them. The scaling of dim(g) with system size is directly linked to the scaling of the
VQA loss function variance [Ra24], motivating efficient methods for explicitly computing
DLAs of concrete ansitze.

Whenever dim(g) scales polynomially, expectation values can be simulated efficiently
through the adjoint representation of the DLA [Go25]. Such simulators evolve expectation
values entirely within the linear span of g, with a runtime polynomial in the DLA dimension.
The main computational bottleneck is the construction of the structure constants,

, 21

Z ’ _ {1y [ha. hgl)

(hyshy)

with the Hilbert-Schmidt inner product (A, B) = tr [A*B]. The resulting tensor f defines
the full adjoint representation.

(s 5]

For many physically relevant ansitze, each hj in the DLA basis is itself a single Pauli string.
In this case, dense-matrix methods are unnecessarily expensive: matrix-level commutators
require O((2V)?) operations for each pair of basis elements, and identifying basis closure
necessitates repeated linear-independence checks on 2V x 2V matrices. Using Pauli
representations, this exponential bottleneck can be avoided. With the techniques of the last
section, the entire process becomes purely symbolic and can be accelerated significantly.
Both the Lie-closure and the structure constants reduce to: (i) fast commutator evaluation
between Pauli strings via bitwise operations, and (ii) constant-time dictionary lookup to
detect whether the resulting Pauli string is already in the basis. No large matrices or dense
linear algebra are required.

To empirically demonstrate the performance advantage, we benchmarked the DLA and
adjoint-representation routines using PauliEngine against state-of-the-art PennyLane imple-
mentations [Bel8] (see also the blogpost [binz]). Figure 3 shows the mean runtimes for
DLAs isomorphic to so(2N). Across all system sizes tested, our custom functions based
on PauliEngine reduce runtime by one to two orders of magnitude. This improvement is
especially pronounced for the structure constants computation, where the speedup grows
from roughly a factor of 4 at N = 3 to nearly 160 at N = 10 (right panel). These gains will
make DLA-based analysis and simulation practical for system sizes previously out of reach.

Commuting Cliques A major computational bottleneck in variational quantum algorithms
is the amount of individual measurements necessary to determine the expectation values
of interest — in electronic structure applications, this requires O(N*) individual runs to
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determine a single energy value. [Go22; Pa25]. Despite recent heuristics [BK25] and
randomized approaches [EI23; Na23], the dominant flavor of mitigation is to decompose the
Hamiltonian into commuting cliques [GK25; VYI20; YGI23; YVI20] where fast arithmetic
accelerates the involved algorithms and fast commutators allow fast verification of the
detected cliques.

Generator Gradients: Many applications in quantum algorithms are subjected to
parametrized expectation values

W (0)|HIy (8)) = (OIUT(B)HU (6)[0) = (H)u (o), (22)

where a parametrized quantum state y(6) is generated through a circuit U(6). In the case of
adaptive circuit construction, new gates V(¢) are screened with respect to their gradient

0
%<H>U(9)+V(<p) (23)

The gradient can either be evaluated via parameter-shift rules [Sc19] or, in the case where
¢ = 0, via the commutator of the operator H and the generator G or the gate V

0 1
%<H>U(0)+V(zp) = 4_1<| [H,GDue)- (24)

If the gradient at a different point is sought, and if the gate of interest is not a trailing gate in
the circuit, a similar approach can be used to speed up classical computation. [JBB+19;
JG20] Here, one additionally needs to consider operator folding techniques (see next
section).

Operator Folding A technique that benefits significantly in practice, when fast Pauli
arithmetic is available, is operator folding, typically carried out for expectation values

(H)y = (0|UTHU0) = (0|U| U UL U HU4U3 U, U, |0)
= (iUl (U;' UjHU4U3) U2UL(0) = (H)g 25)

in this example H = U;' UIH UsUs and U = U,U,. Typically, and especially in a variational
setting [An22; BH21; Ce21], the individual gates are parametrized, so we get a parametrized
transformation H — H (). Being able to perform these operations quickly is often beneficial
for analysis and testing purposes. Examples are so-called Heisenberg-picture techniques,
developed in various flavors [Ry20; Sh23; Zh22], circuits with Clifford tails which can,
for expectation values, be folded into the operator without changing the number of Pauli
strings [AB25; SCL24; SCZ25] or highly-specialized methods, like the transcorrelated
Hamiltonian in electronic structure [Do24; Ku22; So23]. There are also scenarios for
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non-symmetric folding, e.g. in transition amplitudes (|H|¢) where the different states
are constructed via different circuits. A typical example in practice are non-orthogonal
VQEs [Hu20; KS24; SHE20] and downfolding techniques [BPK23], where partial folding
can become a useful tool for analysis, numerical benchmarks, or as an algorithmic component.

5 Benchmarks

A natural stress test for symbolic Pauli arithmetic with the PauliEngine framework is the
multiplication of two Hamiltonians,

Hy = ) (ci. P, (26)

Hy = ) (d;, 0)), 27)

H\H, = Z Z(Cidj)(Pin)’ (28)
i

which involves evaluating all pairwise products of Pauli strings and accumulating their
coefficients. This task directly probes the efficiency of the underlying data structures, the
Pauli-multiplication routine, and memory usage.

We benchmark the PauliEngine implementation against the de facto community standard
in the form of OpenFermion [Mc20], and the recently developed PauliArray [DBB24], a
highly optimized bit-parallel approach. For each benchmark instance, random Hamiltonians
are generated by sampling Pauli strings of a fixed length with uniformly random local Paulis
(including the identity). Two complementary benchmarks are considered:

. Scaling with Hamiltonian size (i.e., the number of Pauli terms), while keeping the
Pauli string length fixed at 500.

. Scaling with Paul string length, while keeping the Hamiltonian size fixed at 500
terms.

All computations were performed on an Intel i19-11900KF CPU with 32 GB RAM. The
results of these benchmarks are visualized in Figures 4 and 5.

Figure 4 shows that both PauliEngine and PauliArray outperform OpenFermion by one to
two orders of magnitude for all tested system sizes with considerably better scaling behavior.
Because OpenFermion becomes prohibitively slow as soon as the Hamiltonian has more than
a few hundred terms, subsequent tests focus on a direct comparison between PauliEngine
and PauliArray .

The trends in Fig. 5 reveal a clear division of performance regimes. For small Pauli strings
(roughly up to 250 qubits) or small Hamiltonians, PauliArray achieves lower runtimes due
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to its extremely compact SIMD-based representation. However, as either the Hamiltonian
size or the Pauli string length increases, a sharp crossover occurs: PauliArray ’s memory
usage grows significantly, eventually saturating available RAM and triggering a steep
runtime increase. In contrast, PauliEngine maintains smooth scaling in both parameters. Its
memory-efficient symbolic dictionary and bitwise arithmetic prevent the rapid blow-up that
affects PauliArray at large sizes.

fix Pauli length = 500 fix Hamiltonian size = 500

—8— PauliEngine —8— PauliEngine

25+ PauliArray 25 PauliArray
—8— OpenFermion —8— OpenFermion

20 20 1

@ )

215+ g 151

B =

a =]

& 101 £ 101

(o)
s

*———0—0

100 200 300 400 500 100 200 300 400 500
Hamiltonian-Size Pauli string length

Fig. 4: Runtime comparison for Hamiltonian multiplication using PauliEngine, PauliArray , and
OpenFermion. Left: Runtime vs. Hamiltonian size at fixed Pauli string length (500). Right: Runtime vs.
Pauli string length at fixed Hamiltonian size (500). PauliEngine and PauliArray clearly outperform
OpenFermion across all tested regimes; OpenFermion becomes a bottleneck already for moderate sizes.
Performed on Intel i9-11900KF with 32GB RAM.

From a user perspective, it is comforting that applications relying on one of the three
packages can easily switch between them. The API are deliberately designed to mimic the
QubitOperator from OpenFermion to ensure this convenience. At the time, we would advise
the usage of PauliEngine in two scenarios: 1. Large operators are needed. 2. Parametrized
(and differentiable) operators are needed. In other scenarios, PauliArray and OpenFermion
can offer more convenience as they are solely written in python.

6 Conclusion

This work introduces PauliEngine, a compact, high-performance C++ backend for symbolic
Pauli string arithmetic. By combining a binary symplectic representation with optimized bit-
wise operations for multiplication, commutator evaluation, and phase tracking, PauliEngine
provides fast and memory-efficient primitives for large-scale operator manipulation. The
framework supports both numerical and symbolic coefficients and is accessible through a
lightweight Python interface, making it suitable as a building block for quantum-software
tools.

Across a wide range of benchmarks, PauliEngine consistently outperforms existing libraries
such as PennyLane, OpenFermion that in our opinion define the state of the art, as well as
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fix Pauli length = 500 fix Hamiltonian size = 500
1.751
—$— PauliEngine —$— PauliEngine
50 4 PauliArray 1.50 PauliArray
40 1 1.254
@ @
) ) 1
£ 301 g1
£ £ 0.75
é 20 A é ' M
0.50 1
104 .,.p.f
0.25
0 4
500 1000 1500 2000 2500 0 200 400 600 800 1000 1200 1400
Hamiltonian-Size Pauli string length

Fig. 5: Direct comparison between PauliEngine and PauliArray . Left: Mean runtime over 10 runs vs.
Hamiltonian size at fixed Pauli string length (500). Right: Mean Runtime over 100 runs vs. Pauli string
length at fixed Hamiltonian size (500). PauliArray is faster for small instances, but its runtime grows
sharply once memory consumption becomes substantial, whereas PauliEngine maintains stable, with
quadratic scaling in Hamiltonian size and near-linear scaling in Pauli string length. Performed on Intel
19-11900KF with 32GB RAM.

specialized libraries like PauliArray, with runtime gains of orders of magnitude and a clear
scalability advantage for large Hamiltonians or long Pauli strings over all of them. As the
PauliArray package was already benchmarked against qiskit [Ja24], we omitted it, in
this article. We further demonstrated the utility of PauliEnding in practical applications,
including accelerated computation of dynamical Lie algebras relevant for the analysis and
simulation of variational circuits. We see the strongest potential within SDKs that support
parametrized and differentiable structures, such as pennylane and tequila. In the latter,
PauliEngine can be integrated almost seamlessly and we expect the same for the former.

Overall, PauliEngine offers an efficient and scalable foundation for Pauli-based quantum-
simulation methods, enabling classical studies and analysis tools at system sizes that were
previously challenging to handle.
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