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INVARIANCE ENTROPY OF CONTROL SETS

CHRISTOPH KAWAN*1

Abstract. Invariance entropy for continuous-time control systems measures how often open-
loop controls have to be updated in order to render a compact and controlled invariant subset of
the state space invariant. A special type of a controlled invariant set for a control-affine system is
the closure of a control set, i.e., a maximal set of approximate controllability. In this paper, we
investigate the properties of the invariance entropy of such sets. Our main result gives an upper
bound of this quantity in terms of the positive Lyapunov exponents of a periodic solution in the
interior of the control set. Moreover, for one-dimensional systems with a single control vector field
we provide an analytical formula for the invariance entropy of a control set in terms of the drift
vector field, the control vector field and their derivatives. As an application, we study a controlled
linear oscillator.
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1. Introduction. In [4], we introduced invariance entropy for continuous-time
control systems on Euclidean space, to measure how often open-loop control functions
have to be readjusted in order to stay in a compact and controlled invariant set
in the state space from a subset K C @ of initial states. Precisely, we considered
two quantities, the invariance entropy hiny (K, Q) and the strict invariance entropy
hi (K, Q), whereas in the definition of hiny, (K, Q) we only required that trajectories
stay in an arbitrarily small neighborhood of . In the PhD Thesis [6], we proved that
the strict invariance entropy h,(Q) equals the infimal data rate necessary to render
@ invariant by a causal coding and control law. In [7], we extended the concept of
invariance entropy to systems on arbitrary smooth manifolds and provided general
upper and lower bounds. The present paper deals with control-affine systems on
smooth manifolds and the invariance entropy of compact sets which are the topological
closures of control sets, i.e., maximal sets of approximate controllability.

Let M be a smooth manifold, endowed with a metric d (not necessarily a Rie-
mannian distance). On M consider a control-affine system

o(t) = fo(x(t)) + Zui(t)fi(x(t))a uel, (1.1)

with L*-controls and a compact and convex control range U C R™. For simplicity,
the vector fields fy, f1,..., fm are assumed to be smooth and complete, guaranteeing
that for any initial value x € M and control u € U a unique solution (¢, x, u) exists for
allt € R. By [5, Sec. 4.2 and 4.3] these assumptions imply compactness of U endowed
with the weak*-topology of L>(R,R™) = L*(R,R™)*, and continuity of the cocycle
@ :RxMxU — M. A control set D C M of system is a controlled invariant set
such that for all z,y € D and € > 0 there are u € U and ¢t > 0 with d(p(t, z,u),y) < €,
and such that D is maximal with these properties. In Section[d we will give the easy
proof that controlled invariance of a set carries over to the closure of that set. Hence,
if D is a relatively compact control set, the (strict) invariance entropy hg*)(K ,cl D)

mv
for each compact subset K C cl D is defined. The main lemma of this paper, Lemma
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2 C. KAWAN

states that hl(:;),(K ,cl D) does actually not depend on the set K as long as it is
contained in D and has nonvoid interior. The common value of h,(*)(K ,cl D) for K

mv

with the described properties will simply be called the (strict) invariance entropy of
the control set D. Using this lemma, we prove our main theorem, Theorem [£.4] which
yields an upper bound for the strict invariance entropy of a control set in terms of the
positive Lyapunov exponents of a periodic solution with controllable linearization in
the interior of the control set. The proof of the theorem is a modification of the proof
of a result by Nair, Evans, Mareels and Moran. In [I0], they derived a formula for the
local topological feedback entropy of a discrete-time control system in Euclidean space
at a fixed point with controllable linearization in terms of the unstable eigenvalues of
the fixed point Jacobian. Combining our main theorem with the lower estimate for
invariance entropy, which we derived in [7], we are able to provide a formula for the
invariance entropy of a control set for one-dimensional control-affine systems with a
single control vector field. Moreover, we show that here hiy, (K, Q) and A} (K, Q)
coincide. We apply this result to systems on the unit circle which are the projections
of bilinear control systems in the plane. As a special case, we study a controlled
mathematical pendulum, linearized at the unstable position. The first-order equations
of such a pendulum can be regarded as a bilinear control system in the plane, which
we project to the unit circle. Under suitable conditions, this projected system has
two pairs of antipodal control sets, one pair of invariant and one of variant control
sets. The double cone over the pair of variant control sets is exactly the region in
the state space of the planar system, where stabilization at the unstable position is
possible, and the number of control functions necessary to keep the planar system in
that double cone for some positive time coincides with the number of control functions
necessary to keep the projected system in the corresponding control sets. Hence, the
invariance entropy of these control sets measures how often control functions have to
be updated in order to stay in the region where stabilization is possible.

The present paper is organized as follows: In Section [2] we provide notation and
recall facts on Riemannian manifolds, control-affine systems and invariance entropy.
Section [3]introduces the linearization of a control system along a controlled trajectory.
In Section [] the central results are formulated and proved. Finally, Section [f] deals
with the applications, including projected bilinear systems on the unit sphere and—
as a special case of that—a model for a damped mathematical pendulum linearized
around the unstable equilibrium.

2. Notation and Preliminaries.

2.1. Notation. The term “smooth” always stands for C*°. By a smooth man-
ifold we understand a connected, second-countable, topological Hausdorff manifold
endowed with a smooth differentiable structure. A chart of a smooth d-dimensional
manifold M is a pair (¢, V') such that V' C M is an open set and ¢ is a diffeomorphism
from V onto an open subset of R?. By T, M we denote the tangent space of the man-
ifold M at p € M, and by TM the tangent bundle. For the space of smooth vector
fields on M we write X'(M). A Riemannian manifold (M, g) consists of a smooth
manifold M and a Riemannian metric g on M, i.e., a family (g,)pen of positive defi-
nite symmetric bilinear forms on T, M, depending smoothly on p. By L(vy) we denote
the length of a smooth curve v : I — M on a Riemannian manifold.

If (X,d) is a metric space, we write B.(z) for the e-ball centered at z € X. We
write int A and cl A for the interior and the closure of a set A C X, respectively.
The support of a continuous function f : X — R is denoted by supp f. By o(A)
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we denote the spectrum of an endomorphism A. [ stands for the identity matrix,
and (-)T for the transposed of a vector or a matrix. Hom(V,W) is the space of
homomorphisms between the vector spaces V and W. | - || denotes a vector or an
operator norm. If F(z,u) is a differentiable function of two arguments, we write
Dy F(z,u) or D, F(x,u) for the derivative with respect to the first, and Do F'(x,u) or
D, F(x,u) for the derivative with respect to the second argument, respectively. |-]
denotes rounding down. Finally, we write ||ul|jo,;] for the L>°-norm of an essentially
bounded measurable function w : [0, 7] — R™.

2.2. Riemannian Manifolds. Let (M, g) be a Riemannian manifold with as-
sociated Levi-Civita connection V : X(M) x X(M) — X (M), (g, f) — V4f. Using
the fact that (V4 f)(z) is independent of the values of g except for g(x), the covariant
derivative of a vector field f € X (M) at a point x € M is defined by

Vfx): TuM — T, M, v (V,f)(z).

For every point x € M the Riemannian exponential function exp, : TuM D W — M
is defined on an open neighborhood W of the origin 0 € T,,M and has the property
that ¢(t) := exp, (tv) is the unique geodesic on M such that ¢(0) = = and ¢(0) = v,
where v € T, M. Moreover, exp, is a local diffeomorphism around 0 € T,M and
satisfies D exp, (0) = idp, .

2.3. Control-affine Systems. Let M be a d-dimensional smooth manifold. A
family of ordinary differential equations

(1) = fo(x(t)) + Y wi(t) fi(z(t), weld, (2.1)
i=1
on M is called a control-affine system. Here fo, f1,..., fm € X (M) are smooth and
complete vector fields and the family of admissible control functions is given by
U={u:R—-R™ : u measurable with u(t) € U a.e.},

where U C R™ is compact and convex. fy is also called the drift vector field and
f1,- .-, fm the control vector fields of the system. We also denote the right-hand side
by F(z,u),

F(a,u) = folx) + Y uifi(x).
i=1

By smoothness of the vector fields fo, f1,..., fm, for every initial value x € M and
every control function u € I a unique solution (-, z, u) exists such that ¢(0, z,u) = x.
We also write ¢y, (z) or ¢(x,u) instead of ¢(f,z,u). Note that ¢(t,z,u) is also
defined for an arbitrary L°°-function v : R — R, and by completeness, all solutions
are defined on R. On U we introduce the shift flow (O¢)ier by

O:RxU—U, (Biu)(s):=u(t+s).

By [5} Lem. 4.3.2], both © and ¢ are continuous and thus we obtain a continuous
skew-product flow

O:RXx(UxXxM)— UxM), O, (u,x)) = (0w, pt z,u))),
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the so-called control flow of system (2.1)).
For a point x € M we define the set of points reachable from x up to time T >0
by

Olp(x):={y e M |3ucll, t€[0,T]: y=p(tzu)},
and the set of points controllable to x within time T > 0,
Op(@)={yeM|[Iuel, te0,T]: z=9p(ty,u)}.

Furthermore, the positive and negative orbits of x are defined by

Ot (x):= | 0L, 07 (2):= | OZ4().

T>0 T>0

System is called locally accessible from x € M if both O .(z) and OZ.(x) have
nonvoid interior for all T > 0. The system is called locally accessible on a set A C M
if it is locally accessible from all z € A.
A set D C M is called a control set if it is maximal with the following properties:
(i) Controlled invariance: For all x € D there is u € U with ¢(R{,z,u) C D.
(ii) Approzimate controllability: For all z € D it holds that D C 1O (z).
Control sets with nonvoid interior have the so-called no-return property, i.e., if z € D
and ¢(1,z,u) € D for some 7 > 0 and v € U, then ¢([0,7],z,u) C D (see [
Prop. 1.3.8]).
By an equilibrium pair of system we mean a pair (zg,uo) € M x U such
that F(xg,uo) = 0, which is equivalent to (¢, xg,up) = z¢ for all ¢t € R.

2.4. Invariance Entropy. Consider the control-affine system and let Q C
M be a compact and controlled invariant set. The latter means that for every x € @
there is u € U with (R, z,u) C Q. Moreover, let K C @ be compact. A set S C U
is called (T, e, K, Q)-spanning, where T, e > 0, if for all x € K there is u € S with

o(t,z,u) € N(Q) forallt e [0,T],
where
N(Q)={zreM|[IyeqQ: dz,y) <e}
is the e-neighborhood of Q. Let riny (T, €, K, @) be the minimal cardinality of such a

set. Then the invariance entropy of (K, Q) is defined by

1
hinv(KaQ) = h{% hinv(€7K7Q)v hinv(gquQ) = hmsupflnrinv(TvE»Kv Q)

T—o0
Existence of the limit easily follows from monotonicity of rin, (T, ¢, K, Q) in €, and
finiteness of riny (T, €, K, Q) follows from compactness of K and continuous dependence
on initial conditions (see [4, Prop. 3.2(i)] or [6, Prop. 2.1.7]). Moreover, hiyy (K, Q)

does not depend on the metric d imposed on M (see [7, Prop. 6] or [6, Prop. 2.1.10(i)]).
A set 8* C U is called (T, K, Q)-spanning if for all z € K there is u € §* with

o(t,z,u) € Q forallte0,T)].
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By rf (T, K,Q) we denote the minimal cardinality of such a set, and we define the
strict invariance entropy of (K, Q) by

1
hi*nv(Ka Q) = lim sup f In Ti*nv (T7 Ka Q)

T—o0

Here, existence of finite T-spanning sets is not guaranteed (see [6]). If there are no
finite (T, K, Q)-spanning sets for some 7" > 0, hf (K, Q) is defined as co. Since every

mv

(T, K, Q)-spanning set is obviously (T, ¢, K, Q)-spanning for all € > 0, the inequality
hinv(Ka Q) S h;knv(K7 Q) (22)

holds. In [4], we conjectured that here equality holds if h,, (K, Q) < co. In the present
paper, we prove equality for control-affine systems with a single control vector field
and one-dimensional state space, in the case that @ is the closure of a control set (see
Corollary .

The following proposition shows that for the computation of the invariance en-
tropy it is sufficient to consider the system at times which are integer multiples of
some fixed time step 7 > 0. For a proof see [4, Prop. 3.4(ii)] or [0 Prop. 2.2.9].

ProPOSITION 2.1. For all 7, > 0 1t holds that

1
hinv (67 Ka Q) = lim sup ’1717 In Tinv (TLT, g, Ka Q);
T

n—oo

neN

and

h¥

mv

1
(K, Q) = limsup — Inrf, (n7T, K, Q).
T

mv
n—oo,
neN

3. Linearization along Controlled Trajectories. In this section, we intro-
duce the linearization of a control system along a controlled trajectory and show that
the solutions of the linearization approximate the solutions of the nonlinear system
in a neighborhood of the controlled trajectory. Moreover, we discuss controllability
of the linearization along periodic trajectories.

DEFINITION 3.1. Consider the control-affine system and let g be a Rieman-
nian metric on M. Let (-, x0,up) : R — M be a solution corresponding to an initial
value xg € M and a control function ug € U. Define

A(t) = VEu, ) (Pt (20)) 2 Ty g (o) M = T, (20) M
B(t) = DQF(SDLUO (xo),uO(t)) :R™ — Ttpt,uo(wo)M

for all t € R. The pair (¢(-, o, up), uo) s called a controlled trajectory and the
family

D2 (1) = A=) + BOu(r), pe IXRE™, (3.1)

of differential equations, where % denotes the covariant derivative along the solution
©(+, o, up), s called the linearization of along (¢(+, zo,up), up). A solution of
with initial value X € Ty M corresponding to a control function pu € L*°(R,R™)
is a locally absolutely continuous vector field z : I — TM along (-, xo,u0), defined
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on an interval I with 0 € I, satisfying equation for almost all t € I such that
z(0) = A

For the elementary but long and technical proof of the following proposition we
refer to 6l Prop. 1.2.22]. Statements (i) and (ii) can be concluded from the corre-
sponding “Euclidean version” (see, e.g., Theorem 1 in [J]) by writing everything in
local coordinates. Statement (iii) immediately follows from (ii), and the identity in
(iv) easily follows from periodicity and uniqueness of solutions.

PROPOSITION 3.2. Consider the control-affine system (2.1). Let (¢(-, zo, uo), uo)
be a controlled trajectory with corresponding linearization (3.1). Then the following

statements hold:
(i) For every T > 0 the mapping

pr: M X L=([0, 7], R™) — M, (z,u) = @(7, 2, u),

is continuously differentiable.
(ii) For every initial value A € Ty M and every control function p € L (R, R™)
there exists a unique solution o' (-, \,p) : R — TM of (3.1)) satisfying

@l(tAa:u) = D‘Pt(anUO)(/\aN) (32)
for allt € R and (A, p) € Tyo M x L=(R,R™).
(iii) For every T > 0 the mapping
Lpl(Tv %y ) . TmoM X Loo([()’ T]aRm) - TW(T,xo,UO)M

is linear and continuous.
(iv) Assume that the controlled trajectory (p(-, xo,uo), ug) is To-periodic for some
To > 0. Then for allk € Z, t € R and X € Ty, M it holds that

o (t, o' (KTh, X, 0),0) = @' (t + kT, X\, 0).

Statement (ii) of Proposition shows that the linearization is an object
which actually does not depend on the Riemannian metric g imposed on M, since the
solutions are the same for every metric.

ProPoSITION 3.3. Consider the control-affine system and its linearization
along the controlled trajectory (¢(-, zo, up), uo). Then for all 7,C > 0 there exist & > 0
and a function ¢ = (,c 1 [0,8) — Ry with

li =
i, ¢ () =0
such that
5P oy (7, 0) = & (roexpy) (@) u = wo) | < €O (33)
for all x € M with d(x,z0) < b and u € L>([0, 7], R™) with [|u—wuol[o,r] < Cb, where

b€ [0,6) is small enough that exp,!(x) and exp;(lT vo.u0)(P(T, @, 1)) are defined.

Proof. For given 7 > 0 consider the mappings
a: M x L®(0,7],R™) = M, (z,u)+— o(r,z,u),
and
& : Ty M 5 L=([0, 7], R™) D W — T o) M,

(ya u) = exp;(lf,zoﬁu()) (a(expm (y)a u))7
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where W is an open neighborhood of (0,ug) € T, M x L*°([0,7],R™), chosen small
enough such that a is well-defined. Since a(exp, (0),u0) = ©(7,20,u0) and « is

continuous, which follows from Proposition i), such W exists. By Proposition
i) both o and & are continuously differentiable. Differentiating & at (0, ug) by the
chain rule yields

-1
P (7,x0,u0)

Dao,uy)(A, 1) = Dexp (¢(7, 0, 10)) D(g,ug) D(exp,, X id)(A, p).

Using that Doz 0)(A, 1) = (7, \, 1) (see Proposition ii)) and that the deriva-
tive of the Riemannian exponential map at 0 is the identity, we obtain

Dai(0,ug) (A 1) = @1 (7, A\, ).
Thus

)

XD o oy (P(Ts XD, (y), ) = a(y, u)
= &(Oa UO) +Da(0,u0)(y7 u — UO) + ’I"(y, U)
———
=0
= Qol(Ta Y, u — U()) + T(y7 u)

for all (y,u) € W, where 7 is a function that satisfies

(Y, u)

lim ——2 =0, (3.4)
(:w)—(0,u0) [yl + [[wlljo,n
Hence, we obtain
XD 1y (705D, (), 0) = 6 (my g0 = wo) | = ()| (35)

Since W is an open neighborhood of (0, ug), for given C' > 0 there exists 6 > 0 such
that Bs(0) x Bos(ug) C W. Define (¢ : [0,8) — R by

b~ sup Iyl <b, lr(y,w)|]| for b€ (0,0d),
Cor(b) := lu=wuglij,,]<Cb
for b= 0.

Then from (3.5) we obtain (3.3)). From (3.4) it follows that for every € > 0 there is
b > 0 such that [|y|| < b and [[u — ugl|jp,7) < Cb implies Al < o Hence, from

Iy I+,
lr(y, wll — _ lr(y, vl b <e
lyll + llullfo,n byl + llullo, —
it follows that
+ r b(C +1
el W+ ellon _ MO +D) _
b b b
For b = b(e) this implies
ey = swp oo,
lll<b, b

llu=uglljp, ) <Cb
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which finishes the proof. O

Next, we introduce the notion of controllability for the linearization along a con-
trolled periodic trajectory.

DEFINITION 3.4. Let (¢(-, 2o, u0),up) be a To-periodic controlled trajectory of
system (2.1)). Then the linearization along (p(-, o, uo),uo) is called controllable
(on [0,T0)]) if for all Ay, Ae € Ty M there exists pn € L([0,Tp], R™) such that

gol(T(h A17/”') = )‘25
or equivalently, if for each X € Tpo M there is u € L*°(]0,Tp], R™) with

Sol(T07 >\u ,LL) = 0.

PropoSITION 3.5. Consider the control-affine system and its lineariza-
tion along a Ty-periodic controlled trajectory ((-, xo,up),uo). If the linearization
s controllable, then there exists C > 0 such that for all A € Ty, M there is p €
L= ([0, To], R™) with

¢ (To, A1) =0 and |uloz) < ClA-

Proof. By controllability, for every A € T, M there exists at least one p €
L>=([0,Tp],R™) such that o!(Tp, A\, 1) = 0, or equivalently

(pl(TOa Oa ‘LL) = (pl(To, 7>‘a O)

Consider the automorphism Q : T,y M — T, M, QX := ¢'(Ty, —,0), and the contin-
uous linear operator

L: Loo([OaTO]aRm) - T£0M7 o= SOZ(T()aO):u)'

Obviously, controllability is equivalent to L being surjective. Hence, by the bounded
inverse theorem (see [2, Theo. 16.5]), there exists a constant C' > 0 such that for all
A € Ty M there is p € L*([0,Tp], R™) with Ly = QX and |||, 7, < C||QA||. Thus,
with C' := C||Q|| the assertion holds. O

REMARK 3.1. For control systems on Fuclidean space our notion of controllability
for the linearization along a (periodic) controlled trajectory coincides with the usual
one, as it is defined, e.g., in [9]. In particular, in the case of an equilibrium pair
(20, u0), controllability is equivalent to controllability of the matriz pair (A, B) given
by A= D,F(xg,up) and B = D, F (g, up).

4. The Main Results. In this section, we state and prove our main results
about the invariance entropy of control sets. First, we prove the following easy lemma,
which shows that controlled invariance of a set carries over to the closure of that
set. This guarantees that hl(,:\),(K ,cl D) is a well-defined quantity if D is a relatively
compact control set and K C D is compact.

LEMMA 4.1. Consider the control-affine system and let A C M be a con-
trolled invariant set. Then also cl A is controlled invariant.

Proof. Let x € cl A be chosen arbitrarily. Then there exists a sequence (2, )nen in
A with x,, — x. By controlled invariance, there are u,, € U with @(Rg,xn,un) CcA

for all n > 1. By compactness of U (in the weak*-topology) we may assume that
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up, — u € U. By continuity of ¢ we have p(t, xn,u,) — @(t,z,u) for each ¢ > 0,
which implies @(RS‘ ,x,u) C cl A. Hence, the assertion holds. O

Next we prove our main lemma, which justifies to speak of the (strict) invariance
entropy of a control set.

LEMMA 4.2. Let D be a control set of the control-affine system with compact
closure @Q = cl D and nonvoid interior. Further, let K1, Ko C D be compact sets with
nonwvoid interior. Then

hinv(Klv Q) = hinv(KQ; Q) and hi*nv(Kla Q) = hi*nv(KZa Q)

Proof. Consider the first equality. Obviously, it suffices to prove that the left-hand
side is less than or equal to the right-hand side. By approximate controllability on D,
we can assign to each x € K; a control function u, € U and a time ¢, > 0 such that
o(ts, T, uy) € int Ko. By the no-return property, we also have ([0, t,],x,u,) C D.
By continuous dependence on initial conditions, one finds a neighborhood V,, of x with
O(ts, Vi, uy) C int Ko. The family {V, }rex, is an open cover of K;. By compactness,
there exist z1,...,2, € Ky with K1 C {J;, Vy,. Now, for arbitrary T,e > 0 let
S ={v1,...,v;} be a minimal (T, ¢, K3, Q)-spanning set. For every index pair (i, 5)
with 1 <4 <nand 1< j <k such that there exists x € K; with y, := ¢(ts,, z,us,) €
int K5 and ([0, 7], yz,v;) C No(Q) we define the control function w;; by

o e (1) for ¢ € [0, ty,],
wij () = { vi(t —ty,) fort>t,,.
The number of these control functions is bounded from above by nk = nri, (T, e, K2, Q).

Consider the set S consisting of the control functions w;;. Let T .= THmini—y1  pnts,-

.....

Then, by construction, Sisa (f, e, K1, Q)-spanning set. Consequently,
TiIlV(T) g, K17 Q) S rinv(j:’a g, Kla Q) S nrinV(Ta g, KQa Q)
Hence, we obtain

1 1 inv T7 7K7
hinv(E,Kl,Q> < limsup (T;;Il + nr ( € 2 Q)) _ hinv(€7K27Q)'

T—o0 T

For ¢ \, 0, the desired inequality hiny (K1, Q) < hiny (K2, Q) follows. The proof for
the strict invariance entropy works analogously. O

For the proof of our main theorem we also need the following well-known property
of the matrix exponential, which can easily be concluded from [8, Theo. 5.1], for
instance.

LEMMA 4.3. Let A € R¥™? and denote by a(A) the mazimum of the real parts of
all eigenvalues of A. Then

V6>0: 3e>0: VE>0: [e] < cel@HO

where || - || denotes any operator on R?*9,

Now we are able to prove our main theorem, whose proof is a modification of
the second part of the proof of Theorem 3 in [I0], which states that the local topo-
logical feedback entropy of a discrete-time system zpi1 = F(xk,ur) at an equilib-
rium pair (z.,u.) is given by >, 1) max{0,log, ||}, where A = Dy F(2.,u.) and
B =D, F(z.,u.).

THEOREM 4.4. Let D be a control set of the control-affine system with
nonwvoid interior and compact closure @ := clD. Let (o(-, zo, ug),uo) be a To-periodic
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controlled trajectory with ¢([0,Tp], o, up) C int D. Moreover, assume that ug(t) is
contained in a compact subset of intU for almost all t € [0,Tp], and that the lin-
earization of along (¢(+, zo,up), uo) is controllable. Let p1,...,p, be the differ-
ent Lyapunov exponents of the solution (-, xo,uo) with corresponding multiplicities
di,...,d.. Then for every compact set K C D it holds that

M (K, Q) < dymax{0, p; }. (4.1)

j=1

Proof. We prove the theorem in three steps.
Step 1: Consider the automorphism

13.2)
A= Do, (w0, u0) (- 0) &2 G2y, -, 0) : Ty M — Ty M. (4.2)

By Proposition (iv) it holds that A = ¢!(Tp,-,0)? and hence from the fundamental
lemma of Floquet theory (see, e.g., [3, Theo. 2.4.7]) it follows that there exists a linear
endomorphism R : T, M — T, M with

A = *ToR, (4.3)
By Proposition iv) it follows that
O (2Tok, A, 0) = AP\ = 2 ToREX for all X € T, M, k € N. (4.4)

The real parts of the eigenvalues of R are exactly the Lyapunov exponents of the
solution ¢(-, xg,up). To show this, we write t > 0 as t = 2Tpk + s with k € Ny and
s € [0,2Tp). Then for all A € T,,, M we obtain

Gt 1, 0) = ol(s, o' (k(2Tp), A, 0),0) () (s, -, 0)e2ToRR )

Hence,
TR < !t 2, 0] < b [T
with the positive constants

. _1n—1
I = i et (s, 071", b= dna |64 (s, -, 0)]|-

By Proposition ii) we have Dy, (z0)A = ¢!(t,A,0) and hence the exponential
growth rate of | Dy y, (x0)A]| for t — oo equals the growth rate of HeQTOLﬁJRAH for
all A € T, M, which proves the claim.

Choose a basis B,, of T,,M adapted to the real Jordan structure of R. Let

Li(R),...,L.(R) be the different Lyapunov spaces of R. Then we have the decom-
position

TyoM = Li(R) @ -+ ® L.(R).

Let dj = dimL;(R) and denote by AU) € L;(R) the j*" component of a vector
A € T,y M with respect to this decomposition. Moreover, denote by p; the common
real part of the eigenvalues corresponding to L;(R). For the restriction of R to L;(R)
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we write R;. Now, let g be a Riemannian metric on M such that the basis B, is
orthonormal with respect to ¢, and let d denote the distance on M induced by ¢g. In
order to construct a metric with this property, one can start with an arbitrary metric
gon M. Then one takes a chart (¢, V) around o and a scalar product (-, -) on R% such
that By, is orthonormal with respect to the induced scalar product (D¢y,-, Dy, -)
on Ty, M. On V consider the pullback § of (-,-) by ¢, i.e.,

g(x)(v,w) := (Ddyv, Dpyw) for all x € V, v,w € T, M.

Then let 8 : M — [0,1] be a smooth cut-off function such that suppd C V and
f(x) =1 on a compact neighborhood W of xy. Define g by

_f 0(@)g(x)+ (1 —-0(x))g(z) forallzeV,
9(@) := { ’ g(x) ? for all x € M\V.

It can easily be seen that ¢ is a Riemannian metric on M with g,, having the desired

property.
Step 2: We fix some constants: Let Sy be a real number which satisfies

So > Zdj max{0, p; }. (4.5)

=1

Choose £ = £(Sp) > 0 such that

0<dé<Sy— Zdj max{0, p; }. (4.6)
j=1

Let ¢ € (0,p) be chosen small enough such that p; < 0 implies p; + 6 < 0 for all
j€{1,...,r}. From Lemma [4.3]it follows that there exists a constant ¢ = ¢(§) > 0
such that

vie{l,...,r}: VEe€Ny: HekTORﬁ | < celPitORTy (4.7)

where || - || denotes the operator norm on Hom(T,,M,T,, M) induced by g,,. For
every t > 0 we define positive integers

et 11 if p; >0

M;(t) ::{ 1 iy <0 j=1,...,m (4.8)

Moreover, we define a function (3 : (0,00) — (0, 00) by

B(t) :=cy/r Jax. [e(pﬂ'""s)tﬂ\étg)] : (4.9)

If p; < 0, then (by our definitions) p; + 6 < 0 and M;(¢t) = 1. This implies that

e(pﬂ'""s)t—]\\/%) converges to zero for t — oo. If p; > 0, we have M;(t) > elPitot by
J

(4.8) and hence

elpi+d)t

G o oo VI G-orn

M;(t) elp+E)t
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Since 6 € (0,£), we have § — £ < 0 and hence the term above converges to zero for
t — oo. Thus, also 8(t) — 0 for ¢ — oo. This implies that for given € > 0 we can
choose a number 7 = 2kT; with k£ € N big enough such that

B(r) <1 and £In(2) <e. (4.10)
Since we assume that the linearization along (¢(-, o, uo), uo) is controllable, by Propo-

sition there exists a constant C' > 0 with the following property (Note that con-
trollability on [0, Tp] implies controllability on [0, 7]):

VA€ T M : Jue L2([0,7,R™) : ¢ (m, A 1) = 0 and [[ulljo.r) < CIAL  (411)

Let Wy C T, M and Wy C M be open neighborhoods of 0 € T, M and xg, respec-
tively, such that

exp,, : W1 — Wy

is a diffeomorphism. The inverse of exp, |w, will simply be denoted by exp, 01. Now,
choose by > 0 small enough that the following conditions are satisfied:

cl Bbo (O) C Wl,

cl By, (x0) C D,

cl B /gy, (wo(t)) C U for almost all t € [0, Ty,
@(7,¢l By, (w0),u) C Wa if [lu — uplljo,r] < CV/dby.

The second and third inclusion are possible, since zp € int D and wug(t) is contained
in a compact subset of int U for almost all ¢ € [0,Tp]. The last one is possible by
continuity of (z,u) — ¢(,z,u) (see Proposition [3.2[i)). By Proposition there
exists a function ¢ = ¢ 50 1 [0,a) — Ry (a > 0) with

lexpg, (p(7,2,u)) — ' (7, exp ! (2), u — uo) || < ((b)b (4.13)

for all (z,u) € M x U with d(x,z0) < b < bg and ||u —ugl[p,-] < CV/db, and ¢(b) — 0
for b — 0. We can assume that by < « and hence ((by) is defined. Because of the
strict inequality B(7) < 1 we can also assume that by is chosen small enough that

Vr¢(bo) + B(7) < L. (4.14)

Step 3: By Lemmaand we can assume that K = cl By, (zg). Consider a
d-dimensional cube C in T, M centered at the origin with sides of length 2by parallel
to the vectors of the orthonormal basis By,. Then exp '(K) = cl By, (0) C Ty, M
and hence expgjo1 (K) C C. Partition C by dividing each coordinate axis corresponding
to a component of the j* Lyapunov space of R into M;(7) intervals of equal length.
The total number of subcuboids in this partition is []_, M;(7)%. Now pick an
arbitrary x € cl By, (xg). Let 749 : [0,1] — M be a shortest geodesic from zy to x
and let A, € C be the center of a subcuboid which contains exp} ! (z) = 40(0). (Note
that ||90(0)|| = L(v) = d(zg,x) < by.) Then the following estimate holds, where
the additional superscripts denote components of vectors within the corresponding
Lyapunov spaces of R:

(4.12)

[ d. 1/2
0@ =22 = |52 (10000 - 22)

=1

r 1/2

dj 2

bo ) Vd;

< = b 415
I <Mj<T) M;(T) 0 ( )
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By (4.11) there exists u, € L>=([0,7],R™) such that ¢!(7, Az, uy —ug) = 0 or equiva-
lently,

@l(Ta )\Zvuir) = @1(7—70,@60) (416)
and
@ 1/2
T J ] 2
s = wollo < I <€ DDA < ovam,  (aa7)
j=11=1

since A\, € C implies H/\éj b || < by for each component. By (4.12)) it holds that u, € U
and

o(T, 2, uy) € Wa. (4.18)
Let 1 : [0,1] — M be a shortest geodesic from zq to (7, x, u,). Then

d(@(ﬂx,ux),mo)=ﬁ(%)=/0 I @) dt =[5 0)]]- (4.19)

= constant

By the triangle inequality we have
1@ < 519 = "7, 50(0), w = u0) @ + |7, 30(0), i = ) |

Since g is chosen such that the Lyapunov spaces of R are orthogonal, for the first
term we obtain

H"Yl(O)(J) — ©'(7,%0(0), ug — uo)(j)H = H [52(0) — @(7,40(0), g — UO)}(J')H
< [412(0) = ©'(7,50(0), 1z — o)

1 l 1 (.13
= Hexpxo (@(T7x7u1’)) - (T7 €XPy, (x)?ul - UO)H < C(bo)bo

By linearity of ¢!(r,-,-) for the second term we get

[ 00,1 —u)?|| = ¢ (730000, 1) = @' (7. 0,u0) |
2|6 (73000, wa) ) = 7, Aa )|
#(r.50(0) = A0, 09|
[T (50(0) = 1)) 7|
€™ (0(0) = A7

R

[§

I|=

T
1|2

By invariance of the Lyapunov spaces of R under e we obtain

(j)’

e (30(0) = A) Y|

e | H(;),O([)) _ )\I)(J‘)H

673000102 o)

IN

< celPito)T

(30(0) = A) 7.
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Altogether, we have

H%(O)(a‘)H < ((bo)bo + celPitOT

(4.15

(50(0) = A)9 |

/d:
(pj+o)T J
C(bg)bo + ce'rs 7Mj B bo.

By orthogonality of the Lyapunov spaces of R it follows that

1/2

dotra ) m0) = @) = (3 no0]

1/2

IN

- 2
Z <C<b0>bo + ce(/’j+5)T]\}/T‘lj)bO>

= i (T

- 2
(é) Vr¢(bo)bo + Z (Ce(mﬂ?)r @)b0>

=1 Mj(T

1/2

/d
(pj+0)T J
< Vr¢(bo)bg + cv/r Jax [e i j(T)l bo

D [ /i¢(bo) + By “Z bo.

The estimate (A) follows from the triangle inequality in R”. Hence, we have proved
that H;Zl M; ()% admissible control functions are sufficient to steer from every initial
value in K back to K in time 7. By the no-return property of control sets it follows
that the trajectories do not leave @) within the time interval (0,7). By iterated
concatenation of these control functions we can construct an (nr, K, )-spanning set
for each n € N with (H;:1 M;(7)%)" elements and hence we obtain

n n
d;
o (07, K, Q) < HM ST (et o))
J: pj >0
which implies
1 1 (05 4+€) dj
hi (K,Q) = limsup — Inr} (n7,K,Q) < — Z ( (P +)7 | +1)
n—oo NT T >
Lin ([etos+or Lo (2etesto)
- ¥ drln(Le PHOT] 1) < dy—In (26(0577)
J: pj =0 T J: p; =0 T
= > (M2 +0) < EmE) +de+ Y dipy
ji p;j =0 j: pj>0

2)+ 0 < So+e.

@-10)
< 4 n( S

The first equality follows from Proposition[2:1} Since & can be chosen arbitrarily small
and Sy arbitrarily close to Z 1 d; max{0, p;}, the assertion of the theorem follows.
0

REMARK 4.1. We do not know if periodicity of the controlled trajectory in our
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main theorem is an essential assumption or if it can be weakened. But we think that
some reqularity property will be necessary.

REMARK 4.2. If D is a control set of the control-affine system with nonvoid
interior and if the system is locally accessible on int D, then from [5, Prop. 4.58.3] it
follows that there exist controlled periodic trajectories in int D. But in general it is
not clear if the linearization along any of those trajectories is controllable.

Since an equilibrium is a periodic solution for every period T > 0, and the corre-
sponding Lyapunov exponents are the real parts of the eigenvalues of the linearization
at the equilibrium, the following corollary immediately follows.

COROLLARY 4.5. Consider the control-affine system and let g be a Rieman-
nian metric on M. Let D C M be a control set with nonvoid interior and compact
closure Q@ = clD. Let (xg,up) € int D X int U be an equilibrium pair with controllable
linearization. Then for every compact set K C D it holds that

hi(K,Q) < Y max{0,Re(\)},

A€o (V Fyug(0))

where every eigenvalue X\ is counted with its multiplicity.

For one-dimensional control-affine systems with a single control vector field we
can derive a formula for the invariance entropy of a control set from Corollary
and Theorem 14 in [7]. Moreover, here we can show that hi, (K, Q) and hi (K, Q)
coincide, which is not clear at all in the general case, but can also be shown for control
sets of linear systems (see [6, Theo. 4.2.4]).

COROLLARY 4.6. Consider a control-affine system of the form

#(t) = fo(2(t)) + u(®) f1(z(), wel, (4.20)

on M = R. Let D be a bounded control set with nonvoid interior, and assume that
local accessibility holds on @ := cl D. Then for every compact set K C D with nonvoid
interior we have

Wi Q) = i (8, @) = ma {0.mip | 50 - 28 |} an)

Proof. The proof proceeds in three steps.

Step 1: By [Bl, Lem. 3.2.13] D is connected and thus @ is a compact interval. In
order to show that formula makes sense, we have to prove that fi(x) # 0 for
all z € Q: Assume to the contrary that fi(z*) = 0 for some z* € Q). From [5, Theo.
8.1.1] it follows that for every z € @ there exists u, € U with fo(x) + uy fi(x) = 0.
Hence, fo(z*) = 0, which implies (¢, z*,u) = «* for all t € R and u € U and therefore
contradicts local accessibility on Q.

Step 2: Now we prove the lower bound, using [7, Theo. 14]. To this end, we define
a volume form on a small open neighborhood W of @ by

w(z) = fi(z)™' - wo(z),

where wg denotes the standard volume form. Since fi(x) # 0 on @ implies fi(x) #0
on a neighborhood of @, the definition of w makes sense. The divergence of the vector
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field x — fo(x) + uf1(x) with respect to w is (cp. [I, Prop. 6.5.17])

o'(x)

dive,(fo(z) +ufi(z)) = fo(z) +ufi(z) + (fo(x) + ufi(z))

o)
— fy(o) + ufi (@) ~ D o) + uh)
_ A

= i)+ ufi() - 4 o) - ufi(e)

gt fO() T

Hence, [7, Theo. 14] immediately implies

. / fO (IL‘) !
hiny (K, Q) > max {0’2%15 {fo(z) (@) (:c)} } .

Step 3: We prove the upper bound, using Corollary To this end, let x € int D.
Then, by [5l Theo. 8.1.1], there exists u, € U such that fo(x) 4+ uy f1(x) = 0. Since
fi(x) # 0, u, is unique, namely u, = _;?Eg By approximate controllability on D
there also exist uy € U such that fo(z) + u—fi(z) < 0 and fo(x) + us fi(z) > 0,
which implies that wu, lies in the interior of the interval with endpoints u_ and u.,
and hence u, € intU. The linearization of system at the equilibrium pair
(x,uy) is controllable, which in this case is equivalent to fi(x) # 0 by the Kalman

rank condition. Corollary [£.5] yields

Wi, Q) < (0, () + a4 2)) = mesx {0, £5e) — 20 1}

The point x was chosen arbitrarily in int D and thus we get

a.Q) < _int s fo. i) - 20010}

zeint D ( )

— i {0, 75e) — 240 1)}

— max {0,y [ 7o) - 248 1| |

Now, by (2.2)) the assertion of the corollary follows. O
REMARK 4.3. In the PhD thesis [6l], an alternative proof for Comllary can

be found which does not use Theorem [[.]] in order to obtain the upper bound, but a
combination of Lemma and the upper bound proved in [T, Theorem 12].

5. Applications. In this section, we apply our results to projected bilinear con-
trol systems on the unit sphere.
ExaMPLE 5.1. Consider a bilinear control system

Ao + Z Uj (t)A
i=1

on RY and its projection to the unit sphere S%~' = {z ¢ R? : |z| = 1},
§(t) = Fyy(s(t), Fu(s) = F(s,u) = (A(u) — s" A(u)sI)s, u€eU.

z(t), uwel,
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Let D C S%1 be a control set of the projected system with nonvoid interior and set
Q :=clD. Since S is compact, also Q is compact. In [7], we derived the following
formula for the covariant derivative of F,:

VF,(s) = Qs(A(u) — sTA(u)sI), Q. =1—ss’.
A pair (sg,up) € int D X int U is an equilibrium pair if and only if
0 = F(s0,u0) = A(ug)so — (s§ A(uo)so)so,

e., if and only if so is an eigenvector of A(ug). We write A for the corresponding
eigenvalue st A(ug)so. We want to compute the spectrum of VF,,(so). To this end,
let v e Ty, S = sg. Then

VE,u(s0)v = Qs (A(uo)v — (s§ A(uo)s0)v) = Qs A(ug)v — Av.

Hence, it suffices to determine the eigenvalues of the linear map L := Qs, A(uo)| T, 541
To this end, let p € C be an arbitrary eigenvalue of A(ug) and z ¢ {sg) a correspond-
ing (complex) eigenvector. Consider the vector ( := Qg z € TSOSdfl ® iTSOSdfl.
Then we obtain

L¢ = Qs A(u0) Qs 2 = Qsg Alug)(I — SOSOT)Z = QsyAug)z — QSOA(uo)sosgz
= IJ’QSOZ - Qso (A(UO)SO)(SgZ) = MC - QSD(ASO)(SgZ)
— 1€ = A(5F2) @y 50 = HC.

Hence, the eigenvalues of L coincide with eigenvalues of A(ug) and the eigenvalues
of VFy,(s0) are the eigenvalues of A(ug) minus A. Therefore, under the assumption
that the linearization at (so,uq) is controllable, by Corollary the estimate

d—

hi (K Z max {0, (Re(p;) — A)}

holds true for every compact set K C D, where A\, i1, ..., uq4—1 are the eigenvalues of
A(UQ)

REMARK 5.1. By [5, Theo. 7.8.3], for the projected system on projective space
PI=1 there exist (finitely many) control sets with nonvoid interior under the assump-
tion of local accessibility. The connected components of the lifts of these control sets
to the unit sphere are control sets for the system on the sphere.

EXAMPLE 5.2. Consider a bilinear control system on R? of the form

#(t) = (Ao + u(®)Az(t), uel. (5.1)

Let Ay = (af;), Ar = (a;;), and A(u) = Ay + uAy. Consider the projection of (5.1)
to the unit circle S*, given by

5(t) = (A(u(t)) — s(t)T Afu(t))s())s(t), ueU. (5.2)

Let D C S be a control set of system (5.2) with nonvoid interior, which is not the
whole circle, and assume that local accessibility holds on @ = clD. We want to
compute hmv(K, Q) for every compact set K C D with nonvoid interior. To this end,
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we describe system (5.2)) in polar coordinates. By writing s(t) = (cos¢(t),sin(t)) a
simple calculation leads to the system

¢(t) = fo(p(t)) +u®) fr(¢(t), uwel,
where fo, f1:1]0,27) — R are given by
fe(e) = (ak, — a¥))sinpcosp — a¥ysin? ¢ + ak, cos? ¢, k=0,1.
For the derivatives f;, we get
filp) = (a5 — afy) cos(2p) — (ayy + a5;) sin(2p).

By Comllary we obtain that hi (K, Q) is the mazimum of 0 and the minimum of
the following function on Q:

0 0 . 0 0 .
¢ (agg — ajy) cos(2p) — (ajy + azy) sin(2p)
[(ag2 —a?,) sin ¢ cos p—al, sin? p+a); cos? cp] [(a%z—ail) cos(2¢)—(ajp+as;) sin(ng)]
(aly—al;)sin g cos p—al, sin? p+al; cos? ¢

The next example provides an application of this formula.
EXAMPLE 5.3. We consider the scalar second-order system

g(t) +209(t) — (L+u(t)y(t) =0, uel,

with b > 0 and control range U = [—p, p|, where 0 < p < b* + 1. This equation de-
scribes the linearization of a controlled damped mathematical pendulum at the unstable
position (a linear oscillator). The corresponding first-order system is the following bi-
linear control system:

(t) = ( N )m(t)+u(t) < D >x(t), wel.

—— N——
=:Agp =:A;

The eigenvalues of the matriz Ag are given by

Ay = —bE /b2 +1.

Since b > 0, A_ is negative and Ay is positive. Hence, the uncontrolled system has
one stable and one unstable direction. From the preceding example it follows that the
projected system on S is given by

¢ = (—2bsin @ cos ¢ — sin? ¢ + cos? @) + u(t) cos® ¢, u € U.

From [5, Theo. 8.1.1] it follows that the control sets on S consist of equilibria. Hence,
in order to determine these sets, we have to find the zeros of the right-hand side. To

this end, we divide by cos® ¢ (which is possible for ¢ ¢ {3, 37”}) This yields

tan? o+ 2btangp — (1 +u) =0 < tanp=—-b+ b2+ 1+u.

Hence, we obtain the solutions

pre = avctan (b VI 1) € (-5, 3)
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and, by w-periodicity of the tangent function,

(2,+ = T+ arctan <fb;|: \/W) e (z,3x).

The solutions are real numbers, since

bP+1l+uc [b?+1—pb%+1+4p] C (0,206 +1)).

Hence, in (=%, %) we obtain the following two intervals of equilibria, which are the

closures of control sets:

Q- = [arctan (—b — \/m> ,arctan (—b — \/m)} ,
Qi+ = {arctan <fb + \/m) ,arctan (fb + \/mﬂ ,

and in (%, 37”) we obtain the sets Qo+ = 7™+ Q1,+. Applying the result from the

preceding example we can calculate the invariance entropy of these control sets. An
elementary computation gives

h.(*)(K, Qix) = maX{O, min (—2b— Qtancp))} , 1=1,2.

m PEQ:,+

Hence, we obtain

hfﬁi(K,QL):maX{O, min (2 b2+1—u)}=2 b2 +1—p,

u€[—p,p]
W) (K, Qi 1) = 0.

The sets Q; 4+ are easily seen to be invariant control sets, while the sets Q; — are the
closures of open, variant control sets. The following figure illustrates the situation.

Z2

Q1+

T

Qa2+ Q-

Fic. 5.1. The control sets on the unit circle
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The set Q1. contains the point ¢y = arctan(—b — v/b? + 1), which is an equilibrium
for the constant control u = 0, i.e., the vectors £(cos(vo),sin(po)) are eigenvectors
of Ay corresponding to the stable eigenvalue A = —b — Vb2 +1. On intQq,— and
int Q2,— the projected system is controllable. This implies that from any point in the
interior of the cone over Q1,— and Q2 —, C =1~ 1(Q1,- UQa, ), where

m(x) = , m:RAO{0} — S,

x
]l
it is possible to steer to the stable axis, i.e., the eigenspace of Ay corresponding to A_.
Hence, here it is possible to stabilize the system. It is easily seen that outside of C
stabilization is not possible.
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