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Lower bounds for the strict invariance entropy

C Kawan
Institut fiir Mathematik, Universitdt Augsburg, 86135 Augsburg/Germany
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Abstract. In this paper, we present a new method for obtaining lower bounds of the
strict invariance entropy by combining an approach from the theory of escape rates and
geometric methods used in the dimension theory of dynamical systems. For uniformly
expanding systems and for inhomogeneous bilinear systems we can describe the lower
bounds in terms of certain uniform volume growth rates. In particular, we obtain
criteria for positive entropy.

AMS classification scheme numbers: 93C15, 34C40, 94A17

1. Introduction

Invariance entropy for continuous-time control systems was introduced in [2] to measure
how often open-loop control functions have to be updated in order to achieve invariance
of a given compact and controlled invariant subset ) of the state space for a fixed set
of initial states K C Q. For K = @ it is shown in [9] that the (strict) invariance

%
inv

entropy hf (@) equals the minimal data rate in a feedback loop necessary to render the
set () invariant by a causal coding and control law. General upper and lower bounds
were established in [8]. In [I0], we derived an upper estimate for the strict invariance
entropy of a control set in terms of the Lyapunov exponents of a periodic solution.
In the present paper, we use a new approach to derive sharper lower bounds for the
strict invariance entropy hf (K, @), which is based on the observation that hf (K, Q)
is bounded from below by a quantity that is very similar to the escape rates of dynamical
systems, studied, e.g., in [I3] 14]. For a dynamical system, given by a map f: X O on

a compact metric space (X, d), the (upper) escape rate from a set ) C X is defined by

n—oo

n—1
A=Af,m,Q) = limsup%logm<ﬂ f_i(Q)>>
i=0

where m denotes a reference measure on X. By covering the sets (/- f~*(Q) with
Bowen-balls

B'(z,e) ={y € X : d(f'(x), f'(y) <e, i=0,1,...,n—1},
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centred at the elements = of maximal (n, e, f)-separated subsets, and applying standard
arguments from the proof of the variational principle for pressure, one obtains an f-
invariant measure p supported on @ such that

/\Spﬂ(fv_Qp):hu(f)_/god,u (1)
holds for any continuous function ¢ : X — R that satisfies
m(B"(z,e)) < Ce™ Zico #(/'(@),

For a control system & = F'(z,u), u € U, on a smooth manifold M with solution maps
Y M — M it follows easily from the definition of A} (K, Q) that

mv

hi, (K, Q) > —limsupllnsupm<K N ﬂ @[&(Q))
Tooo T ueld t€(0,7]

for any Borel measure m on M such that 0 < m(K) < oo. Since the control system
induces nonautonomous dynamical systems (¢:,)ier (v € U) on M, the concept of
invariant measures does not apply here. Instead, we use a technique from the dimension
theory of dynamical systems which allows to estimate the volumes of Bowen-balls by
singular value functions of the tangent mappings of the given dynamical systems. Here
we use a result of Katrin Gelfert [6l [7], which can be generalized from the autonomous to
the nonautonomous context very easily. We end up with a lower bound for A} (K, Q),
which splits into two additive parts that resemble the summands of the right-hand side
in . One of them describes in some sense the “escape behavior” of the system from
the set , the other one describes the minimal exponential growth rate of n-dimensional
volumes on a given (n-dimensional) subbundle of the extended state space.

The paper is structured as follows: In the second section, we recall basic facts on
Hausdorff and capacitive measure, nonlinear control systems, singular value functions
and ellipsoids in Euclidean space. We also introduce the notion of strict invariance
entropy and some new quantities related to invariance entropy, which will be used for
the proof of our main theorem. In Section 3, we adapt Katrin Gelfert’s lemma on
estimating the Hausdorff measure of Bowen-balls to control systems. The main result,
Theorem [4.1] is proved in Section 4. Finally, in Sections 5 and 6, we apply our estimate
to uniformly expanding systems and to inhomogeneous bilinear systems, respectively.
In both cases, our general lower bound reduces to a uniform volume growth rate. In
particular, we are able to show that under the assumption of K having positive volume,

*
inv

the strict invariance entropy hf (K, Q) is positive for a system which is uniformly
expanding on (). For an inhomogeneous bilinear system, the same can be shown under
the assumption that the associated homogeneous system is expanding on a nontrivial

invariant subbundle for the corresponding control flow.
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2. Preliminaries

2.1. Notation

The term “smooth” always stands for C*°. By a smooth manifold we mean a connected,
second-countable, topological Hausdorff manifold endowed with a smooth atlas. If M is
a smooth manifold, we write T, M for the tangent space at € M. The zero element of
T, M is denoted by 0,. We write ToM for the tangent bundle over a subset ) of M and
TM for ThyM. The derivative of a C'-mapping ¢ : M — N at € M is denoted by
Do(x) : TyM — Ty N. A diffeomorphism ¢ : M — N is a smooth invertible mapping
such that also ¢=! : N — M is smooth. A Riemannian metric on a smooth manifold
M is a smooth function g which assigns to each x € M an inner product g, on T, M.
The norm induced by g, is denoted by || - ||z,a. For a Riemannian manifold (M, g),
the Riemannian exponential map at = € M is denoted by exp,. We write B.(x) for the
open ball of radius ¢ centred at x € M. By N.(A) we denote the open e-neighbourhood
of a set A.

By |d] we denote the greatest integer strictly smaller than d € R. For the number
of elements in a finite set A we write #A.

2.2. Hausdorff and capacitive measure

Let (X, ) be a metric space, Z C X, and d > 0, ¢ > 0. Define

pr(Z,d,e) = pu(Z,d,e; 0) == inf{erl cr;<e ZC UBT]},

§>1 Jj=1
where the infimum is taken over all countable covers of Z by balls B,, of radii r; < e.
The function pg(-,d,e) is an outer measure on X. For fixed Z and d the function
wur(Z,d,-) does not decrease with decreasing ¢ and hence the limit
MH(Zv d) = NH(Zv d7 Q) = I%MH(Zv d7€> = SulgluH<Za da 6)
€ e>
exists (it may be 00). puy(Z,d) is called the d-dimensional outer Hausdorff measure of
Z. The function pg(-, d) is a metric outer measure on X (i.e., the restriction of pg (-, d)
to the Borel-o-algebra of X is a measure).
For Z7 C X, d > 0 and € > 0 we also introduce the quantity

NC(Z> d> 5) = ,UC(Za d,€; Q) = 6dN€<Z)>

where N.(Z) is the minimal number of e-balls necessary to cover Z (cp. also [I, Ch. III,
Sec. 2.2])). It is easy to see that uy(Z,d,e) < pc(Z,d,c). We define

ne(Z,d) = po(K, d; o) := lim\sup pe(Z,d,e).
e\0

The properties of uc(Z,d) are similar to those of uy(Z,d). In particular, uc(-, d, ) and
pe(+, d) are outer measures on X.
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2.3. Control systems

Let (M, g) be a d-dimensional Riemannian manifold and
#(t) = F(z(t),u(t), uwel, (2)

a control system on M with continuous right-hand side F' : M x R™ — T'M satisfying
F(z,u) € T, M, smooth in the first argument. The set of admissible control functions
is given by

U={u:R—R" : umeasurable with u(t) € U a.e.},

where U C R™ is compact. By these assumptions, for every control function u € ¢ and
every initial value x € M a unique solution ¢(¢,z,u) satisfying ¢(0,z,u) = x exists.
Additionally, we assume that this solution is defined for all ¢ € R. If we want to view
the solution as a function of the initial value, we write ¢;,(x) instead of p(t,z,u). By
smoothness of F' in the first argument, the maps ¢;,, : M — M are diffeomorphisms.
For each u € U, the vector field z — F(x,u) will also be denoted by F,. On U we
introduce the shift flow

O:RxU—-U, (Owu)(s)=u(t+s).

Note that we do not need continuity of © with respect to any topology on U in order
to prove our main result. In Section 6, we will endow U with a weak*-topology which
makes it a compact metrizable space and the shift flow a continuous dynamical system,
which works for control-affine systems with compact and convex control range. The
mapping ¢ : R x M x U — M satisfies the cocycle property

o(t, (s, z,u), Osu) = p(t + s,z,u) forallt,s € R, (u,z) €U x M.

Let ) C M be a compact controlled invariant set, i.e., for every = € () there is
u € U with p(Rf,z,u) C Q. Then for each compact set K C @ the strict invariance
entropy Al (K, Q) is defined as follows: A set S* C U is called (7, K, Q))-spanning if for

mv

every © € K there is u € 8* such that ¢(t,z,u) € Q for all t € [0,7]. By rf (7, K,Q)

mv

we denote the minimal cardinality of such a set and we define

1
h: (K, Q) :=limsup —Inr} (7, K,Q).
T

mv
T—00

We further define the lift of QQ to U x M by
Q:={(u,z) eUx M : (R, z,u) CQ}.
With the set Q@ we can associate a vector bundle of rank d = dim M:
o U {u} x T,M — Q, mg(u,v) = (u,z) if v e T, M. (3)
(u,x)€Q
On U we may consider the natural topology from L*(R,R™), which makes Q C U x M

a metrizable space. The vector space structure on the fibres {u} x T, M = 75" (u, z) is
the natural one induced by the vector space structure of T, M.
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By my : U x M — U we denote the projection onto the first factor, my,(u, ) = u.
For each compact set K C ) we define

Ko ={(u,z)e Q : x€ K}.
Moreover, for each u € m,Kg we introduce the nonempty compact sets
K(u,7):={zx € K : ¢(t,z,u) € @ forallt € [0,7]}, 7>0. (4)

Let o denote the geodesic distance induced by the Riemannian metric g. Then for each
u € U and 7 > 0 we define the Bowen-metric

Our(T,y) == Inax o (p(t,z,u), p(t,y,u)). (5)

It is easy to see that g, , indeed is a metric on M which is topologically equivalent to
0. (See also [11], where topological entropy is defined for nonautonomous dynamical
systems.) For each (u,x) €U x M, 7 >0, and € > 0 we define the Bowen-ball

Bl(u,z):={y e M : ou-(x,y) <e}. (6)
A set S C M is called (u,T,¢)-separated if for all z1,xo € S with x1 # x5 one has
Our(T1,2) > €. By 7sep(u, 7, ¢, K, Q) we denote the maximal cardinality of a (u,T,¢)-
separated subset of K (u, 7). We say that aset F' C M (u, 7, €)-spans another set G C M
if for every € G there is y € F such that o, ,(x,y) < €. By ryan(u, 7,6, K, Q) we
denote the minimal cardinality of a set which (u,7,¢)-spans K (u, 7). It is easy to see
that a maximal (u,T,e)-separated subset S of K(u,7) also (u,T,e)-spans K (u,7) (cp.
proof of Prop. (i)) and hence it holds that

K(u,7) C U Bl (u, ).

z€S

In addition, we call a set S C M e-separated if o(x1,x2) > € holds for each pair of
distinct points x1, x5 € S. We define

Fsep(7—757[(7Q> ‘= sup €deep(U,T,€,K,Q),

uemy Ko
Toep(T, K, Q) 1= lmsup Teep (7, €, K, Q),
e\.0
1
hese (K, Q) = Nese (K, Q; g) := limsup — InTeep (7, K, Q).
T

By definition, hes.(K, Q) is an element of the extended real line [—o00, oc], and it might
depend on the Riemannian metric g. As for the topological entropy, one obtains an
alternative definition of he (K, Q) by replacing maximal (u,7,¢)-separated subsets of
K (u,7) by minimal (u,,¢)-spanning sets (cp. Prop. 2.1] (ii)). We define

Tepan (7,6, K, Q) := sup  £gpan(u, 7,8, K, Q),
ucmy Kg

Tepan (T, K, Q) = lim\syp Tepan (T, €, K, Q).

Then we can prove the following statements:

Proposition 2.1
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(1) Tspan(t, 7,6, K, Q) < rgep(u, 7,6, K, Q) < repan(u, 7,6/2, K, Q) < 0.
(11) hese(K, Q) = limsup._, . (1/7) InTepan (7, K, Q).

(i11) If g and g are complete Riemannian metrics on M, then

hesc(K> Q7 g) = heSC(K7 Qv g)

(10) hese(K, Q) < 0.
(v) If By (Q) < 00 and pc(K, d; 0) > 0, then hese(K, Q) > —oo0.

(i)

(iii)

Proof.

Let S € K(u,7) be a (u,T,¢c)-separated set of maximal cardinality. Assume to
the contrary that there is y € K(u,7) with g, ,(z,y) > ¢ for all x € S. Then
also S U{y} is (u, T,e)-separated, in contradiction to the maximality of S. Hence,
S also (u, ,¢)-spans K (u,7) implying that repan(u, 7,6, K, Q) < 1eep(u, 7, ¢, K, Q).
Now, let S C K(u,7) be any (u,T,¢e)-separated set and F' C M any set which
(u,7,e/2)-spans K(u,7). Define a map « : S — F by assigning to each z € S
one «o(z) € F such that g, ,(x,a(z)) < £/2. Assume that a(z;) = a(xs) for some
1,29 € S. Then

Qu,‘r(xth) S Qu,‘r(xb 06(1'1)) + Qu,T(a(xQ)wrQ) < E.
Hence, x; = x5, which shows that « is injective. Therefore, #S < #F implying
Tsep(U, 7, 8, K, Q) < ropan(u, 7, 5, K, Q). By compactness of K (u,7), it is clear that
minimal (u, 7, €)-spanning sets are finite.

From the first statement it follows that

e gpan (U, 7,8, K, Q) < e¥ryep(u, 7,6, K, Q)
d
S Qd (g) T'span <ua7—a ga K7 Q) )

which implies the assertion.

Let o and p denote the distance functions induced by ¢ and g, respectively. Then
0 is equivalent to ¢ on the compact set (), which is shown as follows: For every
x € M the norms induced by g, and g, on T, M are equivalent, so in particular
there is L(z) > 0 such that g,(v,v)"? < L(z)g.(v,v)"/? for all v € T, M. Since
g and g, depend continuously on z, we can assume the same for L(z). Now, let

z,y € @ and let v : [0,1] — M be a shortest geodesic from z to y with respect to
g, which exists by completeness. Then

0e.9) < [0 (i(5)4(5) s
< / L)) (35, 4(5) V2 ds

< gﬁ}f]L(V(s))/o Gry(s) (7(3),7(3))1/2 ds

= max L(v(s))e(z, y).



Lower bounds for the strict invariance entropy 7

(iv)

Let A C M be the set defined as the union of the images of all shortest geodesics
with respect to g joining points in ). This set is obviously bounded, and hence for
all x,y € () we have

o(z,y) < Lo(z,y) with L := max L(z).
xEeC

Changing the roles of g and g yields the claim. Now, let S C K(u,7) be a maximal
(u, T, €)-separated set with respect to the metric p. Then for all distinct =,y € S
we have

£ < our(z,y) = max o(p(t,z,u), p(t,y,u))

< Ltgl[gmf] olp(t, ,u), ot y,u) = Lou-(,y).

Hence, S is (u, T,e/L)-separated with respect to g implying that

d
L (%) Tsep (u, T, %7 K, Qag) > elrep (u, 7,6, K, Qs g)

which yields hese(K,Q;q) > hese(K,Q;g). By changing the roles of g and g the
converse inequality follows.

Let ¢,a > 0 be constants such that
o(p(t,z,u), p(t,y,u)) < ce®olz, y)

holds on a compact neighbourhood of @, for z,y € @ with o(z,y) < ¢ for some
sufficiently small ¢ > 0, ¢ > 0, and u € U (cp. proof of [§ Theorem 12]). Then
o(z,y) < e”*¢ implies

o(p(t, z,u), o(t,y,u)) < ce®o(z,y) < ce® e < ce for all t € [0, 7].

For fixed v € myKg, 7 > 0, and € > 0 let N(u, 7,¢) be the minimal number of balls
of radius e~ ¢ necessary to cover the compact set K(u,7). We have shown that
every such ball B,-ar () is contained in the Bowen-ball B7_ (u,x), which implies

Tspan (U, T, ¢, K, Q) < N(u,T,¢).
Hence, we obtain

Tspan (T, I, Q) < limsup sup(ce)dN(u, T,€)

e\.0 u
= ¢ lim sup sup e i (K(u, T),d, e“”s)
e\0 U
< e lim sup e (K, d, e_“Tg) = %o (K, d).
e\0

This implies hes. (K, Q) < ad < 0.
It holds that e%rgpan(u, 7, ¢, K, Q) = pc (K (u,7),d, €; 0ur) and hence

Tepan(T, K, Q) = limsup sup pc (K(u,7),d,€; 0ur) -
eN\o0 uemKg

Since Bl (u,x) C B.(x) for all e > 0, 7 > 0, and (u,z) € U x M, we have
2%} (K(U, 7_)7 d: g; Qu,’r) Z 2%} (K(U’7 T)’ d7 €] Q) .
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The assumption A (Q) < oo guarantees finiteness of minimal (7, K, Q))-spanning

sets (cp. [2, Rem. 3.2]). If S is such a set, then K C |J,.s K (u, ) and hence
o (K. deo) <Y pe(K(u,1).ds )
ucsS
< Tin (T K, Q) sup e (K(u,7),d, €5 0) -
UETI'L{/CQ

Altogether, we obtain

_ : po(K,d,g;0)  pc(K,d;o)
Tspan(T, K, Q) > lim su =L '
Y ( Q) 5\0 p ri*nv(7—7 K? Q) Tinv (Ta K7 Q)

Using (ii) and the assumptions, we can conclude that

hese (K, Q) = —hip (K, Q) = —hi, (Q) > —o0,
which finishes the proof.

O

Remark 2.2 The quantity hes. (K, Q) can be interpreted as a measure for the difference
in the exponential growth rate of vol(K (u, 7)) and vol(BI(u,x)) for 7 — oo. Indeed, if
S is a maximal (u, T, ¢)-separated subset of K (u, ), then

vol(K (u, 7)) < Zvol(Bg(u,a:)) < reep(u, 7,6, K,Q) sup vol(B](u,x))
zeS €K (u,r)
implying that
vol(K (u, 7))
SuprK(u,T) VOI(B;-(U’7 l‘)) .
On the other hand, the sets B ,(u,x), € S, are disjoint and contained in the £/2-
neighbourhood of K (u, 7). Hence,

vol(Nej2(K (u,7)) = ) vol(BL)s(u, z))

z€eS

> reep(u, 7,6, K, Q) Ie;(n(ﬁ . vol(BL)y(u, r)),

Tsep(u7 T, €, Ka Q) Z

which implies

VOI( 5/2( ( )))
1nfx€K(u T) VOI(Be/Q( )) .

Tsep(U, 7,6, K, Q) <

2.4. Singular values and tensor analysis

Let (V,(:,-)v) and (W,{-,-)w) be d-dimensional Euclidean spaces and L : V. — W a
linear mapping. Then we write

or(L) >+ >04(L) >0
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for the singular values of L, i.e., for the eigenvalues of the self-adjoint positive semi-
definite operator vV L*L : V — V. For r € {0,1,...,d} we define the singular value
function of L of order r by

wy (L) == Hai(L).

In particular, we will use the following basic properties of the singular values:
(i) If L is an isomorphism between d-dimensional Euclidean spaces, then the singular
values of L are positive and o;(L)™%, i = 1,...,d, are the singular values of L™1.
(ii) For every linear mapping L between d-dimensional Euclidean spaces it holds that
|det L| = wy(L).
Let (V, (-,-)) be a d-dimensional Euclidean space and k € {1,...,d}. Then A"V denotes
the k-th exterior power of V. A linear mapping L : V' — V induces a linear mapping
L - NV = A"V by
L(vy AcooAvg) i =Log Ao Avg+vp ALug Ao Ao+ ..
—|—U1/\.../\L’Uk.

The BEuclidean scalar product (-,-) on V induces a scalar product on A"V by

(VAo A VW AL A wk>/\kv = det ((vy, wj>)ﬁj:1
with associated norm || - || \x . We will use the following lemma which can be found in
[12] Lem. 1.2]:

Lemma 2.3 Let (V,(-,-)) be a d-dimensional Euclidean space and L : V — V a linear
mapping. Then for all k € {1,...,d} and all vy, ... v, € V it holds that

(Le(ui Ao A o), o1 Ao Avg) gy = o /\.../\Uk‘ﬁ\kvtr(LOQ),

where Q = Q(vy, ..., vg) denotes the orthogonal projection in V' onto the linear subspace
spanned by vy, ..., V.

Now, consider control system and let ) C M be a compact controlled invariant
set. Let £ — Q, E = U(M)eg{u} X B, ., be a subbundle of 1) of rank n, 0 < n <d.
Then for (u,z) € Q, 7 € R, and i = 1,...,n we define

Uf(u,m, 7-) =0 (DSOT,U('T”EuL) .

For r € {0,1,...,n} we write

WP (u,2,7) = w, (Depy ()

T

Fu) - (7)
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2.5. FEllipsoids in Fuclidean space

Let £ be an ellipsoid in a d-dimensional Euclidean space V. Then the lengths of the
half-axes of £ are denoted by

T (E) > > ay(E) 2 0.

Analogously to the definition of the singular value function, we set
w(€) =[] oi().
i=1
The following lemma on covering ellipsoids by balls can be found in [4] or [6, Lem. 4.2.2]:

Lemma 2.4 Let € be an ellipsoid in a d-dimensional Euclidean space V and ¢ > 0.
Then &€ can be covered by LQ”WZ—(TE)J balls of radii (\/r + 1, where

0 for( > o),
r=q¢ 1 foro(€) <<€, le{l,...,d—1},
E

d for( < o4(E).

3. The Hausdorff measure of bowen-balls

In this section, we generalize a result of Katrin Gelfert for estimating the outer Hausdorff
measure of Bowen-balls (see [7, Lem. 1] or [0 Lem. 5.2.2]). Similar techniques are used
in [5] for estimating the Hausdorff dimension of invariant sets of diffeomorphisms.

For the proof we will use another lemma which can be found in [6, Lem. 5.2.1]:

Lemma 3.1 Let (M, g) be a Riemannian manifold, U C M an open set, ¢ : U — M
a C'-mapping and Q C U a compact set with inf,cq |det Do(z)| > 0. Then there is
g0 > 0 such that for all x € Q and y € B.,(z) with ¢(y) € B.,(¢(x)) the mapping
Do(y) : TyM — Ty M is invertible and the inequality

exvzw) = Do) exvly (0(w))]| <) - =0
holds with

5o Dg(y) ' o Tf(%) — Dep(z) ™

n(z) := sup
y: d(y)EBeq (¢(x))

Y

where 7, is the isometric operator defined by parallel transport along the shortest geodesic
from y to x. Hence, for every y € Be,(x) it holds that

y = exp, (0, + Dola) ™ expyl,y (6() +w(y))
for a vector w(y) with ||w(y)||r,am < n(z).

Now we can formulate and prove our main lemma. We like to emphasize that the
proof is just a very slight modification of that given by Katrin Gelfert in [6] for the
situation of a single (autonomous) dynamical system.
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Lemma 3.2 Consider control system @) and let Q C M be a compact controlled
wnvariant set. Let E be a subbundle of (@ of rank n, 0 < n < d. Furthermore, let
u € myQ and T > 0 such that

inf wE(u,z,7) > 1.
z€Q: (u,x)€Q n( )

Then there is € = €(u,7) > 0 such that for all x € Q with (u,x) € Q and for all
e € (0,€) it holds that

% (Bg(u,x),d,SJge) < (24\/35>dwf(u,x,7')_1. (8)

Proof. Let E!' := E. If n < d, then we choose another subbundle E° of rank
d — n, which is complementary to E', ie., E°® E' = U, ,colu} x T.M. If n = d,
then E' = (J, .yeotu} x T M and it is not necessary to consider another subbundle.
The projections onto E° and E' are denoted by

T U {u} x T,M — E', (u,v) — m;(u)v, i =0,1.
(u,x)€Q
We consider the map ¢ := ¢,,. Since ¢ is smooth and inf,cq |det Do(z)| > 0 (¢ is a
diffeomorphism), there are 6,7 > 0 such that the inequalities

o> (geapote) . < (oot

z€eQ
hold. (Note that | det Dé(x)| = [I, os(Dé(x)).) Since
1
71 _
b (DO)™) = b gt
1
. -1\ _ -
inf oa (Dole)™) = inf 2oy
we have
supoy(Dé(x)™1) <60 and n < incf2 oca(Dop(x)™1). (9)
zeQ xe

From the assumptions of the lemma and elementary transformations we obtain

inf WP (u,x,7) > 1

z€Q: (u,x)€Q
& sup W <D¢($)_I|D¢(x>E&,x> <1
z€Q: (u,z)€Q
and therefore
inf afl(u,mﬂ') > 1
z€Q: (u,z)EQ
(10)
& sup  on (Dd)(ib’)*l\w(x)&{z) <1
z€Q: (u,x)EQ 7
(Note that w (u,z,7) = o (u,2,7)-...- 02 (u,z,7) and o1(-) is the greatest singular

value.) We choose € > 0 small enough such that the following conditions hold:

(i) € is smaller than gy from Lemma applied to ¢ and the compact set Q).
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(ii) For any x € () we have

)
for all y € Bz(z) with ¢(y) € Bz(¢(x)).
(iii) The inequality

70 Doly) ™ oY) — Do) || < (11)

0 (exp,(v1), exp, (v2)) < 2[lvr — valz,m (12)
holds for all y € Q and vy, vy € Bz(0,) with |[v; — va|l7,nm < (6 + n)(2v/d + 1),

Now we fix a point z € @ with (u,z) € Q and a number ¢ € (0,&). Obviously, we have
BI(u,x) C B.(x). By applying Lemma to ¢ = @4, With we get

exp, ' (BI(u,z)) C Dé() ' Be(042)) + Bye(02)- (13)
With the chosen splitting of [, ,yeo{u} x T M we obtain

exp, " (BI(u,x)) C m1(u) Dé(x) ™ B(0g(a)) © mo(tt) Bz (0z) + Bye(0a). (14)
The set & := (m1(u) 0 Do(x) ") B-(04(s)) is an ellipsoid in E}, , with half-axes of lengths

Ui(gl) = 0; (D¢(x)_1|D¢(x)E57x> g, 1= 1, ey n. (15)
The set & := mo(u)(exp, ' (B:(x))) is an e-ball in E , and hence an ellipsoid with half-
axes of lengths 01(&) = - -+ = 04-,(&) = €. The set & + B,-(0,) is obviously contained
in an ellipsoid & with half-axes of lengths
€)= (1+ "= )a&), i=1 (16)
o; g; , L=1,...,N.
Un(gl) '
From and we conclude that
O'n(gl) < e.

With e +ne = (1+L)e it follows that & + B,.(0,) is contained in an ellipsoid & C Ej ,
with half-axes of lengths

" ne . B
01(50)—(14—0”(81))& i=1,...,d—n.

= (1 + 071;)) on(E).

By Lemmawe can cover & with Ny := LZ”“’"(S J balls of radii (v/n + 1 and &) with
Ny = {2‘1 ”wdcd"(f )J balls of radii (v/d —n + 1. From ([14]) it follows that
eXp; (BZ(’U/, l’)) C gl D 5.0 =+ an(ox) C g{ @ 8(/),

and hence the set exp; (B (u,z)) can be covered with Ny Ny balls of radii 2¢v/d. (The
product of a Euclidean ball of radius (v/n + 1 and one of radius {(v/d — n + 1 is contained

in a ball of radius ((¢v/n + 1)2+ (¢(Vd —n + 1)2)/2 = (V/d +2 < 2¢V/d.) From@and
it follows that each of these balls lies in the ball of radius (6 + 77)(2\/_ + 1)e and

We set
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centre 0, € T, M. This is shown as follows: By each v € exp, ' (B7(u,z)) can be
written as v = wy + wy with |Jw || < o1(Dé(x)Y)e, ||we|| < ne. Hence, |Jv|| < (0 +n).
Now consider a ball with radius 2¢v/d around v. Since 2(vVd = 2v/d(0,(E1) + ne) <
2V/de (o1 (Dp(x)~Y) + 1) < 2v/de(f + 1), we obtain that the norm of such a vector is
bounded by (8 + 1) + 2v/de(0 +n) = (0 +n)(2v/d + 1)e. If one maps this cover with
exp, down to the manifold, then, by (12)), BI(u,z) is covered by NiN, balls of radii
4¢v/d. Hence, we obtain

L (Bg(u,x), d, 4g\/&) < NN, (44\/&)

d

This implies

. (Bg(u,x),d, 4(\/@ < Q”wgqui)Qd—"zjj::(gé) (4C\/;l>d

d
< g (1 + crﬂ%)) Wi (E1)wa—n(Eo)

d
(1 + o—ﬂasl)> on(Er)d

(163)

d
= (23\/3)de (D¢($)71|D¢(x)Eiz> .
/N ow (Do) powrm.. )
_ (23\/E€)dwfl(u,x,r)1 n <D¢(x)_l‘D¢(x)E5w> o d
o (Do) by )
By choice of n we have
n < ;gé o4 (Do(y)™") < 04 (Do(z)~") <oy <D¢($)_1’D¢(x)E5,I> :
Hence,
I (Bg(u,x),d, 4(@) < (24\/86>dw51(u,x,7')_1.
We can assume that n < 1 and hence, with , we have
(=¢ (an <D¢(x)7l‘D¢(x)E‘}hz) + 77> < 2e.
This gives
1% (B;(u,x),d, 8\/E€> < pug (B;(u,x),d, 4(\/@ ;
which implies the result. 0]

4. The main result
Now we are in position to prove our main theorem:

Theorem 4.1 Consider control system (@ and let ) C M be a compact controlled

invariant set with h (Q) < oo. Let K C Q be a compact set of positive d-dimensional

mv
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Hausdorff measure and let E be a subbundle of (@ of rank n. Assume that there is
7o > 0 such that for all u € m;Q and T > 19
inf Ey,x, 1) > 1. 17
er:I&,x)ean (u, 2,7) (17)
Then it holds that

1
b (K, Q) > limsup —  inf  Inw?(u,2,7) — hese (K, Q). (18)
r—oo T (u,x)€Kq
Proof. Fix an arbitrary 7 > 75 and a minimal (7, K, Q)-spanning set S*. Since
h%,(Q) < oo by assumption, S* is finite (cp. [2, Rem. 3.2]). Moreover, we can assume

that S* C myKg C myQ. For each v € §* Lemma [3.2] yields an £(u) > 0 such that for
all x € @ with (u,x) € Q and € € (0,£(u)) the estimate

% (Bg(u,x),d,8\/g€> < (24\/_8) wr(u,z, ) (19)

holds. Let € := minges+&(u). For each ¢ € (0,€) and u € S* let S,.. be a
maximal (u,7,¢)-separated subset of K(u,7). Then, since K = (J, g« K(u,7) and

K(u,7) € U,es,.,. BZ(u,z), for each € € (0,€) we obtain
1% (K, d,8\/2le> Z ,uH( u,7),d 8\/Ele>
ueS*
< 1nv(T K Q) max 2954 (K(U, T), d, 8\/E€>
< T
— 1nv(T K Q) Hé%}f ESZ HH (BE (U, $), d, 8\/38)
< rf 4 1
— va(T K Q) Z%E}S‘}*{ Z <2 \/85) Wy, (U X 7')
TESu,r,e
and
max ewE (u, , 7)7 < max [ e¥rgep(u, 7,6, K, Q) sup  wZ(u,z,7)
ues* . ues* z€K (u,T)

< | sup efrep(u, 7,6, K, Q) sup - w,, (u,2,7)7" ).
uemy Ko (u,r)eXq

With v := (2*v/d)~? this implies the estimate

ri (7, K, Q) > vy (K, d,8\/35) Tsep(T, €, K, Q)_ ( 1?{”C wE(u,x,T).
u,r)ENQ

Applying the logarithm to this inequality yields

7, (7, K,Q) = In (yur (K. d,8Vie) )

— InTeep(7,6, K,Q) + inf lnwf(u,x,r).
(u,z)eLq
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Since this holds for all € € (0,¢), we also get
Inr; (1, K,Q) > hmln <7pH <K d 8\/_€>)

— hm supIn7eep (1,6, K, Q) + inf  Inw?(u,x,7)
e\0 (u,2)€Kq
=In (ypp (K,d)) — InTep (7, K, Q) + ( il)af,C Inw? (u, z, 7).
u,x)EXQ

Dividing by 7 and letting 7 go to infinity yields

1 1
hi(K,Q) > limsup [——lnrsep(T K,Q)+~ inf InwZ(u,z,7)

T—00 T (u,x)eq

1 1
> lim sup T 1§1.Ef’C Inw?(u,z,7) — lim Sup — InTeep(7, K, Q).
T—00 u,x Q T—00

This finishes the proof. U

Corollary 4.2 Assume that the subbundle E in Theorem is invariant under the
cocycle ¢, i.e.,

Doy yEuy = Foup ) forallt>0, (u,z) e Q. (20)
Then

hi(K,Q) > limsup 1 inf /T tr [V () (@su(7)) 0 Q(Ostt, s,u(2))] ds — hese (K, Q),

r—oo T (u,7)EKqQ 0
where Q(u,x) : T,M — E, , is the orthogonal projection.

Proof. We have
ff(u, T,T) = wp (Dgof,u(w)]Euyz) = |det Do o(2)|E, .| -
We fix (u,x) € Ko and write
L(7) := D ()| Byt Bug — Fo,upru@: T2>0.
Let (vy,...,v,) be an orthonormal basis of E, ,. Then
(det L(7))? = det(L(7)*L(7)) = det ((L(7)*L(7)v;, “J‘>)Zj:1
= det ((L(7)vi, L(7)v)));;

W,

i,=1"
Using that v;(7) := L(7)v; solves the Riemannian variational equation for each i €
{1,...,n} (cp. [8 Prop. 9]), we obtain for almost all 7 > 0 that

li (det L( )) %dd_T <U1(7') APIA Un(T)a UI(T) ARERWA Un<7'>>/\"T¢(T7x7u)M

2dr
— <%(T) Ao Av(T), 01 (T) AL /\U"(T)>/\ oy M

+ ...+
<'Ul(7') Ao N ]2;}"(7),@1(7) A /\vn(r)>
T A" T, (Tzu)M
= (VEu) (pra@)or(r) A A7), 01(T) A A (7)) po Y
+ ...+

M .

(VI(T) Ao AV Eyiry (0ru(2))0n(T), 01(T) Ao Aoy (T >/\n

Ap(Tzu
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With Lemma 2.3 and assumption (20)) we thus obtain that det L(7) satisfies the scalar
linear differential equation

d B 4 (det L(1))?
dr det L(r) = £ 2det L(7)
= tr [VF,(r)(0ru(2)) 0 Q(Oru, oy (2))] det L(7).
This gives
| det L(7)| = det L(T)
= exp (/0 tr [V Fy) (@s.u(x)) 0 Q(Osu, 0su(2))] ds) )
since det L(0) = detidg, , = 1. O

5. Uniformly expanding systems

We call the control system uniformly expanding on a set A C M with respect to the
Riemannian metric g if there are constants C, A > 0 such that for all u € U, x1, 29 € A,
and 7 > 0 with ¢([0, 7], z;,u) C A (i = 1,2) it holds that

o(o(1,m1,u), o(1, 12,u)) > Ce o(x1, x5). (21)

By [9, Prop. 3.2.8] a sufficient condition for uniform expansiveness is the existence of a
constant 3 > 0 such that

>\min (SVFu(x)) Z ﬁ

for all (z,u) in a sufficiently large superset of @ x U. Here SVF,(x) denotes the
symmetrized covariant derivative of the vector field F, at x and Api,(+) is the minimal
eigenvalue.

Proposition 5.1 If system (@) 15 uniformly expanding on the compact controlled
invariant set Q, then hese(K, Q) < 0 for every compact set K C Q.

Proof. For arbitrary u € m;Kg, 7 > 0, and € > 0 let S be a (u, 7, )-separated
subset of K (u,7). Choose distinct points z1,x2 € S and let s = s(z1,x2) € [0, 7] such
that o(¢(s, 1, u), p(s, 2,u)) = 0ur(x1,x2). Then, by the cocycle property, it holds that

0 (90(7-7 Iy, U), 90(7—7 T, u)) =0 (SD(T -5, 90(87 L1, U), @SU), SD(T - S, ()0(87 T2, U), G)SU’))
> CeA(T_S)Q (‘P(Sv L1, U’)? 90(87 T2, u))
> CeM™9)e > (k.

Hence, ¢,,(5) is a Ce-separated subset of (), which has the same cardinality as S
(since ¢, is injective). By compactness we can cover () with finitely many balls
Bs(x1), ..., Bs(zy) of a fixed radius 0 > 0 such that exp;!(Bs(z;)) = Bs(0,,) and

0 (expwi (v),expxi(w)) < 2||v — w|| for all v,w € Bs(0,,) (22)
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for : = 1,...,n. The latter is possible since D exp,(0,) = idp, s for all x € M. Then
we have

#oru(S) < Z # (0r.4(S) N Bs(1))

< nuhx # exp;) (ru(S) N By(x,)).

=:N;

By , the set exp, ! (¢-.(S) N Bs(x;)) is a (Ce) /2-separated subset of Bj(0,,). Hence,
Bsi(cey/4(05,) contains N; disjoint balls of radii (Ce)/4. This implies

Ce Ce\? 46 + Ce\*
- >N, | — P < .
(+5) = () = m= (")

Hence, we get
46 + Ce\*
Ce

#5 = #peul) <0
Therefore, we obtain

Teep(T, K, Q) = lim\Sélp Teep(T, €, K, Q)

< limsupn 40+ Ce d—n g ’
=P C "\

which implies the assertion. [l

Corollary 5.2 Assume that control system (@ 1s uniformly expanding on a compact
controlled invariant set Q with hi (Q) < oco. Then for every compact set K C Q of
positive volume we have

1 T
Rt (K,Q) > limsup — inf /0 divFy ) (@su(®))ds. (23)

r—o0o0 T (u,x)eKq

In particular, this implies hi, (K, Q) > 0.

Proof. Combine Corollary 4.2 with E' = {J, ,ycofu} X T M and Proposition .
In order to show that assumption ([17)) of Corollary holds, note that implies

1Dgru(@)v]l = Celu] (24)

forall7 >0,z € Q, u elU, and v € T, M, since for x1,zy € ) with small distance
d = o(x1,x9) we can choose a shortest geodesic v : [0,] — M from x; to x2 and with
v :=%(0) we obtain

Ce§ = Ce To(x1,2) < o(p(T, 21, 1), o(7, T2, 1))

0
d
< [ |&enenton]as= [ 1Demtromeas

1/ . .
" <5 [ 1D sD3 ds < sup [Der()IO]
0 5€[0,4]

Hence,
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For 6 \, 0 this implies || D¢, (z1)v]| > Ce* = Ce ||v||. Therefore, we obtain
inf w) = inf det Dy, ,(z) > (Ce)"™ .
Inf o, (u,z,7) inf det Do, (z) > (CeM)" — 0

This proves the claim. The right-hand side of is positive, which is shown as follows
(using the Liouville formula and ([24)):

1 T 1
limsup — inf / divEys)(@su())ds = limsup — inf Indet Do, ,(x)
0

r—oo T (u,7)EKqQ r—oo T (u,7)EKq

1
> limsup — In(Ce*)? = d\ > 0.

T—oo T

This finishes the proof. O

Remark 5.3 By replacing the integrand in by min weqxv divE,(z) we recover
the earlier estimate

Moo (K,Q) > min divF, (),
m(KQ) 2 min  divE,(z)

which also holds for hy,, (K, @) and without the assumption of uniform expansiveness.

6. Inhomogeneous bilinear systems
Consider the inhomogeneous bilinear system
(t) =

A + iui(t)Ai x(t) + Bou(t), (u,v) €U XV, (25)

on R?. Assume that the control range is the product of two compact and convex sets
UCR™ and V C R™ (my; +my = m). For each u € U let A,(t, s) be the evolution
operator of the homogeneous equation

We also write A(u) := Ay + > i w;A;. By the variation of constants formula, the

=

solution of can be written as

ot 2, (1, 0)) = Aot 0) + /0 Au(t, $)Bo(s)ds. (26)

Recall that for a control-affine system (so in particular for an inhomogeneous bilinear
system) with compact and convex control range the set of admissible control functions
becomes a compact metrizable space when endowed with the weak*-topology of
L>®(R,R™) = L'(R,R™)*, and that both the shift flow and the cocycle (¢, z,u) are
continuous mappings with respect to this topology. The mappings ®; = (0, ¢(t,-,)),
t € R, define a continuous skew-product flow, the so-called control flow of the system.
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Proposition 6.1 Let Q be a compact controlled invariant set for system and let
K C Q be compact. Assume that there exists a vector bundle decomposition
UxR'=WTe W™, dF := RankW*,

into subbundles WT and W™, respectively, both invariant under the control flow of the
homogeneous bilinear control system corresponding to such that the following holds:
There are constants C, X > 0 with

|AL(t,0)z|| > Ce||x|| for allt >0, (u,z) € W, (27)
and for every 6 > 0 there is D > 0 with
|Au(t,0)z]| < Deb||z|| for allt >0, (u,z) € W. (28)

Then hese(K, Q) < 0.

Proof. Let 7 (u) and 7~ (u) denote the corresponding projections onto W (u)
and W~ (u) (u € U). Then

7 (0u) Ay (t,0) = Ay(t,0)7%(u) forallt €R, uecl. (29)

For arbitrary (u,v) € myxy/Kg, 7> 0, and € > 0let S be a ((u,v), 7, €)-separated subset
of K((u,v), 7). From the solution formula it follows that

QO(t, z, (U, U)) - gD(t7 Y, (U'7 U)) = Au(ta O)(‘T - y)7
and hence for each pair of distinct elements x,y € S we obtain

e < max || Au(t,0)(z — v)||
te(0,7]

= max ||[77(Ou)A,(t,0)(z — y) + 7 (Ou)Ay(t, 0)(z — v)||

te[0,7]
< trél[(é)nf] (H7r+(@tu)Au(t, 0)(z — y)H + ||7T_(@tu)Au(t7 0)(z — ?/)H)
< trg(zi):] |7 (©u)Au(t,0)(z — y)|| + tfél[(é)i:z_(] |7~ (©)Au(t, 0)(z — y)|
(29) _
D [ 1, 0 () — )| + s [4u6,0)7 () )]

Assume that the first maximum in the last term is attained at s* € [0, 7] and the second
one at s~ € [0, 7]. Then, using the cocycle property of the solution, we get

HAU(T, )t (u)(x — y)H = HA@ (71— s, 0)A,(sT,0)m" (u)(x — y)H

CerT= || A, (s, 0)7 " (u) (z — v) |

> O max || Ay (t, 0)7 (u)(z — )

te[0,7]

st

and

ma [Au(6,0)7 (1) = )| = Ao, O () = )
(28) _
< De% ||7r_(u)(:)3—y)H

< De" ||7T_(u)(:c — y)H )
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Hence, altogether we obtain

e<Ct HAU(T, )t (u)(x — y)” + D" ||7r_(u)(x — y)H )
With v = v(7) := min{C, D~'e~%"} this gives

[Au(7, 0)7 " (u) (@ = y)|| + [|7~ (u) (@ = y)|| > e,
which implies

e - €

HAU(T, )t (u)(z — y)H > 5 or H?T (u)(x — y)” > %
Now we cover ) with sets @1, ..., Q, such that for each i € {1,... ,n} and z,y € SNQ;
it holds that |7~ (u)(z — y)|| < (ve)/2. The sets Q1,...,Q, can be defined as follows:

First cover 7~ (1)@ with a minimal collection of d~-dimensional balls of radii (ye)/2,
say Bi,..., By, n =n(u,e,7), and then define

Qi =7"(W)Q®B;, i=1,...,n.
Then for each distinct z,y € SNQ; it must hold that ||A,(7,0)7 " (u)(x — y)|| > (ve)/2,
so in particular 7" (u)z # 7t (u)y. Hence, the set A,(7,0)7"(u)(S N Q;) is (ve)/2-
separated and has the same cardinality as S N Q;. Using that S C K(u,T) we obtain
Au(7,0)m " (1) (S N Q;) = 7 (O,u)Ay(T,0)(S N Q;)

(0, u) lgp(T, SNQ;, (u,v)) — /OT Ay (t, s)Bu(s)ds

C7H(0,u)Q — 7 (0,u) /OT Au(t,s)Bu(s)ds.

(.

~
=:b(u,v,T)

Since 77 (+) is continuous and U is compact in the weak*-topology, there is R > 0
such that each of the sets 77 (0,u)Q — b(u, v, T) is contained in a d*-dimensional ball
with radius R contained in W (u). Using a volume argument, one easily sees that the
maximal cardinality of a (ve)/2-separated set contained in such a ball is approximately
((2R)/(7e))*". Also m~(-) is continuous and hence there is 7 > 0 such that 7 (u)Q is
contained in a d~-dimensional ball with radius r centred at 0 € W~ (u), which implies
that n is approximately ((2r)/(ve))%. We thus obtain

#S < Z#(S NQ:) = Z#A“(T’ 0)7* (u)(S N Qy)

< or\* 2R\ _ const
~\ne ve)  (r)led
This implies Fep (7, K, Q) < const - v(7)~% = const - min{C, D~'e™97}~¢ and hence

1
hese (K, Q) < limsup — In (DdeédT) = 4d.
T

T—00

Since § can be chosen arbitrarily small, we obtain hes (K, Q) < 0. O
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Corollary 6.2 In addition to the assumptions of the preceding proposition, suppose
that K has positive Lebesgue measure and hi (Q) < co. Then

mv

hi (K, Q) > limsup e inf /OT tr [A(u(s)) o Q(Osu)] ds, (30)

T—00 T 'lLGT('L{’CQ

where Q(u) : RY — WT(u) is the orthogonal projection, and my : U x V x R™ — U,
(u,v,x) — w. In particular, if the subbundle W is nontrivial, then hi (K, Q) > 0.

mv

Proof. Define a subbundle E of U, ) necof(w:v)} X ToM by Eyp)e == W (u)
for all ((u,v),z) € Q. Then combine Corollary [4.2] and Proposition [6.1} To show that
hi (K,Q) > 0if d" > 0, note that

T—oo T U Too0 T U

1 T 1
lim sup — inf / tr [A(u(s)) o Q(Osu)] ds = limsup — inf Indet Ay, (7, 0)|w+(w)
0

1
> limsup — In(Ce* )™ = \d* > 0.

T—oo T

This finishes the proof. [l

The following theorem shows that the estimate also holds without the
assumption on the subbundles in Proposition [6.1, which in general is a restrictive
condition. The proof is not based on our main theorem, Theorem but uses similar

techniques. In particular, it uses the following lemma which can be found in [9, Lem.
4.1.8]:

Lemma 6.3 Let k € N, K C RY a compact set with positive Lebesque measure and
P C R4 o compact set of projections with k-dimensional image. For all P € P let
AX, denote the k-dimensional Lebesque measure in im(P). Then there exists a > 0 such
that for every finite open covering {K,...,K,} of the set K (i.e., K = U;Zl K; and
the sets K; are open relative to K) and for all Py,. .., P. € P we have

Z Xp, (P;(K;)) > a.

Theorem 6.4 Consider the inhomogeneous bilinear system . Let Q C R? be
a compact controlled invariant set with hi (Q) < oo, and K C @ a compact set
with positive Lebesque measure. Then there exists a maximal tnvariant subbundle
WT C U x R? on which the system is uniformly expanding such that the estimate
1 T
hi (K,Q) > limsup inf —/ tr [A(u(s)) o Q(Osu)] ds (31)
0

r—oo UWETUKg T

holds with Q(u) and my as in Corollary[6.3

Proof. We prove the theorem in two steps.

Step 1: Selgrade’s Theorem (see, e.g, [3, Theo. 5.2.5]) yields a decomposition
UxR*=W, @---®W, into subbundles, which are invariant under the control flow
of the homogeneous system corresponding to . We can define W+ as the Whitney
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sum of all those subbundles on which the system is uniformly expanding. Then there
are C, A > 0 such that

|Au(t,0)z|| > Ce||z|| forallt >0, (u,z) € WT. (32)

Let W~ be the sum of the remaining subbundles. For each u € U, let 77 : RY — W™ (u)
be the projection onto W+ (u) with respect to the decomposition U x R = W+ oW~
and let d* be the rank of W+. By m% we denote the d*-dimensional Lebesgue measure
on any of the fibres W (u), u € U. Let S C myxyKg be a minimal (7, K, Q))-spanning

*
inv

K = U K((u,v), 7).
(u,w)eS
By Lemma [6.3| there is a constant a > 0 (only depending on K) with
a< Y omh(mH(K((,v),7)))
(u,w)eS
< #S- sup  md (T (K ((u,v),7))).

u
(ww)EmuxvKq

Since #S = i (1, K, Q), this implies

mv

set. From the assumption A (Q) < oo finiteness of S follows. Moreover,

«

1
hE (K, Q) > i -1
an( ’ Q) - lfis;lp T = Sup(uﬂ)) md+ (WJ(K((U7 U), T)))

1
=limsup |—=In  sup  m¥ (7] (K((u,v),7)))
T—00 T (uv)emyxvKq
Step 2: Fix an arbitrary ¢ > 0. For each 7 > 0 and (u,v) € myuxpKq select a
maximal ((u,v),,e)-separated set S, C mf (K((v,v),7)) C W (u). Then for all
distinet 1,22 € S(uv), it holds that

max [|Ay(t,0)(z1 — z2)|| = max [p(t, 21, (u,v)) = @(t, 22, (u,v))]| > €.
te[0,7] te(0,7]

Since x1 — o € W (u), from we obtain (with the same arguments as in the proof
of Proposition
|Au(T,0)(x1 — 22)|| > Ce.
The set Ay (7,0)S(u,0),- has the same cardinality as Sy, ), and
Swwyr C{miz = oz, (u,0) € Q}
={mfz : A(7,0)z € Q — ¢°(T,u,v)}.
Hence,
Au(7,0)S ), C {Au(T,0)mfz © Au(r,0)2 € Q — @*(T,u,v) }
= {78 Au(1,0)z : Ay(7,0)z € Q — ¢*(T,u,v) }
={rd v yeQ—¢(r,uv)}

=7 ,Q — 7S (T, u,v).



Lower bounds for the strict invariance entropy 23

The projection 7, depends continuously on u in the weak*-topology and hence, by
compactness of U, there is R > 0 such that each of the sets wQ, u € U, is contained
in a ball in W (u) of radius R centred at the origin. Therefore,

Au(7,0)S(u0)r + 7 09" (T, u,0) C Br(0) € W (u).

The set on the left-hand side has the same cardinality as S(,.)r and each two distinct
points in this set have distance > Ce. This implies that there is a global bound N € N
on #Sww),r, 1.€.,

#S(ww),r <N forall (u,v) € myxy, 7> 0. (33)

Since S(u),- is maximal ((u,v), 7, €)-separated in 77 (K((u,v), 7)), we have

T (K((wo),m)c |J BIf((uv).),

2E€S () r
where
Bt ((u,v), ) := Bl ((u,v),2) N W (u).
Hence,
m (e (K ((uw,0),7))) < Y m™ (BIF((u,0), 7))
PES (oo
< #S(u).r - maxm®™ (B ((u,v), 7))
DN masxm™ (B ((u,v),))
We have

B ((u,v),x) = {y € WH(u) : max ||[A,(t,0)(z —v)| < 5}

t€(0,7]
C{yeW*(u) : |Au(r,0)(z —y)|| <c}.
Since Lebesgue measure is invariant under translations, this implies
m (B2 ((w,v),2)) <m® ({y € WHw) : [Au(r.0)y] <e})
< m (Au(r, 0)* (B-(0)N W+(@Tu)))

1

= C(e) (det Au(T, 0)lw+ )

where C(¢) is the volume of the d*-dimensional Euclidean e-ball. Thus, with Step 1 we
obtain

BOK,Q)  >limsup |-~ sup  m® (rH(K((u,0), 7))

T—00 T (uw)emyxvKq

[ 1
> limsup [——In  sup N -maxm® (B;’Jr((u,v),x))]

T—00 T (uw)emyxvKq T

1 —
> limsup |——In sup NC(e) (det Ay (T, O)]W+(u)) 1]

T—00 T (up)emuxvKqg
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1 —
= lim sup [——ln sup (detAu(770>|W+(U)) 1]

T—00 T uemy Ko

1
=limsup inf —Indet A,(7,0)lw+(w) -

oo UETUKQ T

From invariance of W7 it follows as in the proof of Corollary that

det Ay (7, 0)|w+ ()= exp (/ tr [A(u(s)) o Q(O4u)] ds) :
0
This finishes the proof. 0

Remark 6.5 For a linear control system

#(t) = Ax(t) + Bu(t), uvel,
estimate yields

R (K, Q) > ) max{0,Re(A)},

A€o (A)

when we define the subbundle W+ by W¥(u) := E“(A) (the unstable subspace
associated with A) and W~ by W~ (u) := E*“(A) (the centre-stable subspace). This
is the exact value of hi, (K, Q) (not necessarily hl (K, Q)), as was proved in [2, Theo.
5.1].

7. Open questions and future directions

We end with some conjectures and remarks.

Remark 7.1
(i) We conjecture that hes (K, Q) > 0 if po (K, d; o) > 0.

(ii) One could try to drop the assumption of K having positive d-dimensional Hausdorff
measure in Theorem We conjecture that the estimate then still holds in a
slightly modified version.

(iii) We conjecture that in general he (K, Q) is completely determined by the behaviour
of the systems (¢;4)ier, u € mKg, on the sets
Ko(u)={z € K : pR{,z,u) CQ}.

(iv) Certainly, similar lower estimates for hi,, (K, Q) can be derived, whereas things get
technically more complicated here. In fact, that is the reason why we considered
the quantity A% (K, Q) rather than hy,, (K, Q).

mv
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