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Probabilistic Analysis of Optimization Algorithms
Some Aspects From a Practical Point of View

Abstract

In this paper the utility and the difficulty of probabilistic analysis for optimization
algorithms arediscussed. Such an analysis is expected to deliver valuable criteria-
better than the worst case complexity - for the efficiency of an algorithm in practice.

The author has done much work of that kind in the field of linear programmig. Based on
that experience he gives some insight into the general principles for such an approach.
He reports on some typical and representative attempts to analyze algorithms resp.
problems of linear and combinatorial optimization. For each case he describes the
problem, the stochastic model under consideration, the algorithm, the results and tries
to give a brief idea of the way how these results could be obtained. He concludes with
a discussion of some drawbacks and difficulties in that field of research. Among these
are the strong sensibility with respect to the chosen model, the restriction of results to
the asymptotic case, the restriction to somehow inefficient algorithms etc. These points
are the reasons why probabilistic analysis is of limited value for practice today. On the
other hand they show which principal problems should be attacked in the future to
obtain the desired utility.



- How much storage space is needed?

Here we restrict our interest to those questions, although there are many other
important criteria like

- How easily can the algorithm be implemented on a computer?
- How difficult is it to understand the algorithm?
- How sensitively does the algorithm react on possible deviations in the input data?

Of course, A may not behave on all the II - instances in the same manner and equally
well. But the user needs rather general information in advance. We expect that difficult
instances take more computation-time, storage-space and lead to a greater risk of
deviations between output and theoretical solution. But we do not have a reliable
measure for "difficulty”. On the other side, we have the experience and the opinion that
mostly, difficulty increases with the size of the given instance. So it is plausible to
classify the problem-instances according to their size. Often the size of an instance
(especially in usual complexity-theory) is measured by the encoding length L(l) of the
given problem-instance |.

L(I) can be defined as the number of bits which are necessary to give a specific

problem-description to the computer. So we obtain certain problem-subclasses

M, := {I €eM|L(I) = n} for n € N

i.e., the class of IT - instances with encoding length n .

We should remark that in many special cases a classification according to certain
problem-typical dimension-parameters is more appropriate.

For example: Problems dealing with the structure of graphs are often classified
according to the number of ncdes or to the number of edges . If this is the case in
the following, we shall give a hint which classification-criterion is used for the problem
under consideration.

Now we want to measure the efficiency in dependency of n .

2. Woi st case analysis and polynomiality

A very conservative and cautious way to judge about the quality of an algorithm A for
solving the IT - instances is based on studying its worst-case-behaviour.
Let us introduce the following notation for the result of application of A on | .

da(l) := deviation of output from theoretical solution
ta(l) = time required for production of output
sa(l) := storage space required for job-run.

We define the worst-case complexity functions from IN into IR (or a corresponding
one-dimensioiial space) by



da.r(n) = Sup {da()| T € m,}
ta (") =Sup {tall) [T € T

SATI(N) = Sup {sa(l)| T € m !

Often it is sufficient to have upper-and lower-bound-functions for these complexity-
functions

f(n) <ta p(n) < g(n)  forall nelN .

For practical purposes such bounds are preferred that can be represented in a simple
form.

A very interesting question concerns the order of growth of the functions Tp 11,5a |7
with n . Let us concentrate on time-complexity.

Definition

A is called a (time-) polynomial algorithm for I if there is a polynomiai function g(n)
such that

Ta r1(n) < g(n) forall neiN .

Edmonds has introduced the term "good algorithm" for such methods because only
those have a chance to soive "large” instannas.

Consequently, one can prove the nonpolynomiality of A on 1 by showing that

nK = o(ta () forall  k €IN

Here we use o and 0 inthe usual sense, i.e. a sequence (ar,)is O0(bn) ifthere
is a constant C€ IR such that

lapl < Cbp, forall n€ N

and (ap) is called o(bg) iff

la, | ;
—_
bn n - oo

Notice that all these are asymptotical criteria which describe the behaviour for large . .



A nonpolynomial algorithm may behave much better than a polynomial one in the case
of moderate-sized n (for example: the polynomial n3 is greater than 2" as long as
2<n<9) .

So the polynomiality-criterion is of limited value when we have to solve problems of
moderate size.

3. Complexity of problems

Until now we have dealt with the behaviour of a certain algorithm A on a problem 1T .
Of course, the behaviour of A is not sufficient to judge about the difficulty of IT.

Instead consider the class A of algorithms which are applicable to IT and guarantee
an exact solution.

Then the best-behaving member of A can be used for describing the time-complexity
of IT .

Definition

IT is solvable in h(n)-time if there is an algorithm A€A suchthat A solves all 1€ IT
exactly and

ta (n) <h(n) forall n€IN ,

it such an estimation is possible with a polynomial h(n) , then II is said to be solvable
in polynomial time.

Note that we have one algorithm A€ A in mind which determines the

worst-case-complexity of II.lt is not possible to make the algorithm choice for the
single instances independently.

In order to relax that restriction a "nondeterministic" time-measure can be introduced.
To be precise we should introduce a nondeterministic Turing machine, i.e. a machine
which can duplicate its state at several points. Instead we explain this concept
informally in the following way. Consider an algorithm which is able to repeat its search
for the solution from the beginning with modifications of the search procadure.

Instead of counting the total computation time of that algorithm we count the time
required for the shortest successful repetition. This is what we call nondeterministic
solution time.

So we can define the nondeterministic complexity and ncndeterministic polynomiality
in a similar way as above. As far as decision-problems are concerned we distinguish

between the class IP of all decision-problems II which are solvable in deterministic
polynomiai time and the class INIP of ali decision problems solvable in




ficndeterministic time. it is an immediate consequence that IP< INIP | but it is an open
question (very important for complexity theory) whether that inclusion is proper.

But we know that some problems in INIP have 2 kind of "maximal difficulty”, namely
the INIP - compiete problems.

A decision-problem II is said to be_INIP-complete if the following irmplication holds:

I € P = II € INIP

Many decision-problems have been proven o be INIP-complete (see the list of such
problems in [Garey/Johnson].We want to give some examples for provably
INIP-complete decision problems:

- The satisfiability problem:
Is a Boolean expression satisfiable by assignment of 0 or 1 to the logical
variables occuring in the expression?

- the cligue problem:
Does an undirected graph (V,E) (V = set of nodes, E =set of edges)contain a clique
(a complete subgraph where every pair of nodes is connected by an edge of E) of
cardinality k €IN?

- the Hamilton-circuit-problem:
Does a graph have a Hamilton-circuit (a cycle containing every node iust once)?

- the_Colorability problem:
Is an undirected graph k-colorable (can the nodes be assigned to k different
colours, such that no two adjacent nodes have the same colour?)

Whereas usual complexity theory mainly deals with such decision problems with
"yes-or-no"-answer, many other problems ask for certain values, elements, points etc.
And many of those problems can be reformulated as decision problems. In our study
we shall emphasize the analysis of optimization problems. Such an optimization
problem can be defined as follows:

Definition -
Given aset M _and a function f:M-N , with an orcered set N , find an element m of
M suchthat f(m) > f(m) forall meM and the maximal possible value of f(m) .

Such an optimization problem can be reiaxed to a decision problem in the following
way: ~ _
Is there an element m of M whose objective value f(m) is not less than a given
bound n€N .

We finish with a difficulty-measure for such optimization-problems.

~



Definition
An optimization problem-class IT is cailed INIP-hard if the corresponding decision
problem is INIP-complete.

4. Drawbacks of worst-case analysis and the need for average-case analysis

Worst-case analysis gives a very pessimistic impression of the speed, the accuracy and
the storage-requirements of an algorithm. We must be aware of the risk that the
problem instance leading to the worst behaviour may be some kind of exception. So
the information based only on worst case is rather sparse. Practice requires other
criteria.

We have the feeling that worst-case analysis is ciosely related to traditional
mathematical thinking, where highest-achievable generality is the or one of the most
important aims. Practice - on the other hand - is not generality-oriented, but
success-oriented. That means that a user wants his special problem-instance to be
solved. The way how this can be managed does not matter. It would be typical for him
to stop all his efforts of dealing with the theoreticai problem as soon as the solution of
the given instance is achieved. In addition, we observe the following effect, which is in
strong contrast to the phiiosophy of mathematics. The user does not start with the
applicatiori of the most efficient algerithms if they are highly sophisticated and
complicated to understand and to implement. Only when simple methods have failed
he becomes willing to get into the theory and to deal with more difficult algorithms.

So it seems to be necessary to avoid further drifting away of the two points of view. This
aim could (partly) be achieved if the mathematician tries to find a formal structure to
simulate the practitioner's preferences, his judgements and his behaviour such that this
suits into mathematical logic.

One attempt in this direction lies in the assumption that the problem instances of IT are
somehow distributed. So the different importance of instances because of their
nccurence in practice could be taken into regard. It is our hope that by underlying such
realistic problem-distributions and by observing the induced average behaviour of the
solution-method the mathematician comes to similar conclusions as the practitioner.
Also from the very theoretical point of view we see a nsed for average case analysis.
There may be (we do not know whether this is true) a tendency of the foliowing kind in
the design of algorithms.

The more an algorithm is adapted (and improved in its efficiency) to the typical instance
(or what the designer assumes as typical), the worse is its behaviour in untypical
situations. If this is true then many of the improvements would be useless if we did not
accept distribution mode!s preferring the occurence of typical instances.

Of course, the introduction of such a distribution leads to a new dimension of
uncertainty. We want to discuss that dangerin Iv.

Summarizing our arguments, we come to the conclusion, that besides the worst-case
behaviour the average-case behaviour should be taken into regard before judging
about algorithms and comparing their efficiency. Necessary for that information is a
probabilistic analysis of the algorithms resp. the problems and this means a new
challenge for mathematicians.
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IT is called solvable in average polynomial time when there is an algorithm A which
admits a corresponding estimation with a polynomial g .

In the following sections we shall restrict our considerations to such concepts of
average case behaviour including the average analysis of possible deviations da(l) .

There are certain theorems of probability theory which turn out to be extremely useful
for doing such an analysis. We list some of these tools

Theorem 1

If X4,...Xp are random variables, then E(X1+..+Xp) = E(Xq)+..+E(Xp) .

Theorem 2 Markov's inequality

If X is a nonnegative random variable and if t >0 , then P(X > 1) < Etﬁl ,

Corollary

If (Xp) is a sequence of random variables in a sequence of sample spaces
{Q.} andif X,2 0 forall n ,then P(X,>1) <E(Xp) -

If, in addition, X is integer-valued, then E(Xp) =2 0 implies P(Xp21) » 0

n - o™ n—» o

Theorem 3 Tschebyscheff 's inequality

For t > 0 and for a random variable X we have

PO[x-ExX) | 2 t) £ YEL | ynere v denotes the variance.

Corollary t
If E(X) %0 ,then

E (x2)

P(X=0) < 5
[E(X) ]

=

Of similar importance are asymptotic laws.

Theorem 4 Weak law of large numbers

Let X4, Xp, ... be mutuaily independent random variables with a common distribution
F and with E(X)}=0 forall K € IN.

Set Sp = Xq+..+X, . Then forall € >0 we have

s
p(Tn>a)->o
I1—= oo



Theorem 5 Strong law of large numbers

Let X4, Xo ... beindependent identically distributed variables with E(Xy) =0 for all k.
Then

p(s—nrl sy =

Theorem 6 Central limit theorem

Let X1 .Xp,... be mutually independent random variables with a common distribution F
Assume that E(Xy) =0 , Var (X)=1 .

As n — « , the distribution of the normalized sums

Sp = (Xq+.tXn) A=

converges to the normal distribution with density e

V2T
Finally we should introduce three different concepts of convergence under

stochastical view, because most of the known results in probabilistic analysis are of
an asymptotic nature.

Convergence in probability

Let {X)) n=1,2, be a sequence of random variables and X be a random variable.
We say that

Y, — Y inprobability, if for every €>0 and n- « |im P{lyn-yl>€} =0

A stronger notion is

Almost sure converagence

We say that X convergesto Y almost surely if
Pllim sup X, =Y=IliminfX ]=1

n — oo IN—co

And even stronger is

Complete convergence

We say that X convergesto X completely, if

oo

ZPXyX >e]l <o  Ve>0.

n=1



<0

We specialize Xn and X to be the indicator functions of certain events. We say that a
property holds almost everywhere if

S PXp#1]<w
n=1

Equipped with these tools, the attempt of a probabilistic analysis of an algorithm (resp.
problem) should be done in the following stages:

1. Introduction of a reasonable stochastic model for the distribution of the
instances.

2. Characterization of the algorithm in stochastic terms depending on the (random)
input data only.

3. Derivation and evaluation of formulas for the desired stochastic parameters (as
mean values, moments quantities, etc.)

6. Outline of the paper

In the following sections we try to give an impression how probabilistic analysis of
algorithms works, how successful it is, where its complications and drawbacks lie and
what can be expected in the future. We do not want to call this paper a survey because
of several reasons. First the field ist too broad, to inhomogeneous and unstructured to
have a general overview. And the author certainly emphasizes those questions of his
individual preferences (e.g. optimization problems). The second reason is that we
desire to point out the general principles of such an analysis rather then listing all the
approaches and the corresponding results. This aim seems to be better achievable by
concentration on some typical and representative cases.

The author has done much scientific work in the Linear Programming case. This
problem had been one of the most important open and challenging problems of
probabilistic analysis. Based on that experience and on the comparison with other
approaches to that specific problem we want to figure out general principles and study
whether similar approaches can be used for other problems as well. For that reason we
give a rather detailed description of the LP-analysis in the second chapter. In the third
chapter we show at typical examples how other problems (mainly of combinatorial
optimization) have been attacked, which stochastic assumptions were made, which
types of results have been obtained and which tools have been used.

In the fourth chapter we try to discuss the utility and the drawbacks from a more general
point of view. We shall describe the difficulties to find "real-world-distributions” and we
give reasons why most of the existing results are of an asymptotic nature.
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Il. Experience with the linear programming case
1. The linear programming problem

One of the most important types of mathematical problems is the linear programming
problem. It appears in numerous applications as search for optimal mixtures,
composition of activities, allocation problems, cautious waste of resources, assignment
problems etc.

A general formulation for that problem is:
Maximize vlx

subjectto aqTx <b] s I% £ 5T

where x,v,aq,....aqm€IRM, belRM and m=>n .

m,n,v,aq ,....am,b are called the parameters of the problem. They can be specified by
attribution of the input data to obtain a special instance.

Every special instance defines a feasibility region X (which is a polyhedron) of points
satisfying the restrictions. The -until today - most efficient and powerful algorithm to
handle such problems is the Simplex-Method which had been derived by George B.
Dantzig in 1947.

Phase I: Calculate a vertex Xo of the polyhedron X .
STOP if it turns out that such a point does not exist.

Phase II: Start from the given vertex Xo and construct a sequence of vertices
X{,Xp,...,Xg such that x; and xj, ¢ are adjacent and vTxi < vTxiH for
i=0,...s-1 as long as this sequence can be extended. The algorithm stops
at xg ifitturns out that
Xg is the optimal vertex or that an optimal vertex does not exist.

The construction rule for the successor vertex determines the special variant of the
method. Since Phase | can be done in an analoguos way to Phase II (only a slight
modification of the problem-instance is necessary), it makes sense to concentrate on
Phase Il for the moment.

The data necessary for the pivot steps can be taken from a tableau containing m+1
rows and n+1 columns. For the usual variants the renewal of the tableau (necessary in
each vertex-exchange or pivot step) requires 0(mn) additions and O(mn)
multiplications. Whereas we have that moderate bound on the number of elementary
arithmetic operations per step, information on s , the number of pivot steps, is rare.

But such a-priori-information on s would be valuable. We must be aware that s
depends highly on

- the dimensions of the problem instance m and n



-19-

- the input data aq,...,.am,Vv,b
- the variant.

Since every variant V defines a separate algorithm , we should ask for the complexity
of such a single variant. It makes sense to aggregate all instances with equal
dimension-pair (m,n) and to study the behaviour of V on the class of (m,n) -
problems. In addition we may count the elementary arithmetic steps without regard to
the length of the occuring tableau-entries, because the calculation rules for the tableau
guarantee that the entry-length remains polynomial in the input length.,

So the crucial point for the complexity is the number of pivot steps s .

The worst-case step-number 'S_V(m,n) is defined as the maximal occuring length of

such a vertex-sequence when V is applied to all (m,n) - problems. In contrast to the
very good practical experience with the Simplex-Method, its worst-case complexity is
rather bad.

The very certain opinion of the fifties that the algorithm is polynomial was deceived in
the beginning seventies when Klee, Minty [Klee, Minty] and others derived
exponentially increasing lower bounds on Sy(m,n) for almost all usual variants. So it

was shown that every such variant has a practical solution gap, i.e. a set of problems
which cannot be solved in acceptable time. Still there is a little hope that there could be
a polynomial variant, but the chance to find such an algorithm and to prove
polynomality does not seem to be high.

The "embarassing gap between what has been observed and what has been proved"
[Gale] gave an additional motivation for studying the average behaviour of sy(m,n)

Consequently, one wants to know the expected value of s, (m,n) , denoted by
Em,n(sv) , under a given distribution of the input data.

Related but not identical investigations had been done by several authors in the field of
stochastic geometry. They had been interested in properties of randomly generated
polyhedra such as the average number of vertices, of faces, of facets ete.

But these investigations did not lead to results on the average number of pivot steps
since it was not possible to develop an easy characterization of those vertices located
on the Simplex-Path.

2. Borgwardt's approach

The first theoretical probabilistic analysis of such a variant was done by the author. He
observed that the so-called shadow-vertex-algorithm (a parametric version of the
Simplex-Algorithm) permitted such a simple characterization. The advantage was that
a simple geometrical criterion for the inclusion of a vertex into the Simplex-Path could
be given. This criterion could be used for the evaluation of expectation values.

Here is a brief description of the variant.

Suppose that Phase | is done and that a start vertex Xo Is available and that certain

nondegeneracy conditions are satisfied (an almost sure event in our stochastic mql_dei).
Then there is convex cone U €IRM suchthatforall ue U the linear function ulx
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is maximized in Xo - Now choose such an element uelU ,u=0 .
Project the polyhedron X orthogonally on the two-dimensional plane span (u,v). The
result is a two-dimensional polyhedron I'(X) . The vertices of I'(X) are images of

certain vertices of X . Those vertices of X which are mapped into vertices of T (X)
are called shadow-vertices. Xo is such a shadow vertex and we can construct a path of

shadow-vertices according to the requirements of Phase |l leading to  xg . This

construction is done by use of the shadow vertex algorithm.

We know that the number s cannot be greater than the number of shadow vertices S .
So we are allowed to concentrate on that random variable. (Under the stochastic model
given below we know that Em n(s) =1/4 Em.n(S) -

For doing our probabilistic analysis we have to fix a stochastic model

Rotation-Symmetry-Model (RSM)

We assume that the vectors a{,...,.am are distributed independently, identically and
symmetrically under rotations on IRM~{0} andthat b=(1,..,1)T € IRM

The latter normalization and restriction guarantees that only feasible problem-instances
occur (i.e.X=) ,because 0€ X .

For this class of instances the only candidates for being vertices on the Simplex-Path
are the solutions of the systems of equations

1

=, T [N nX= 1 where A = {A', ..,An}c{1,...,m} is an n-element set.

We call the solution points XA . Note that there are (ﬁ) such points.

Now we make use of the following

Lemma

1) XA is a vertex of X iff the hyperplane through the points aA-1 -.ecd s a
A
supporting hyperplane for the convex hull of the set (0,a4,...am)

2) Let x5 be avertex of X . Thenitis even a shadow-vertex iff span(u,v) intersects

the convex cone spanned by the vectors 81_\.1 ,...,aAn not only in the origin.

So we obtain an integral expression for the number of shadow vertices.

E (8) = (i)J...j P({a1,---ran} satisfies both the supporting

Ty Lt 4 n and the intersection condition)
R R

dF(a1)...dF(an) dF (v)

with F denoting the distribution under consideration.
The evaluation of that expression turns out to be complicated. But the use of several
integration tricks eventually leads to useful results.
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Note that conditions 1 and 2 have the following effect on the probability for being a
shadow vertex. Because of rotational symmetry the probability for 1 depends only on
the distance of the hyperplane from the origin. The higher the distance - the higher is
the probability. Condition 2 depends on the spherical measure of the respective cone.
The greater the spherical measure - the greater the probability.

The first results on Ep, 1(S) described the asymptotic behaviour, i.e. they hold for m — «
while n is fixed. For three special a; - distributions according to the RSM we obtain
the following growth rates.

Theorem 1 [Borgwardt 1977]
For m — « and fixed n the expected value of shadow vertices grows proportionally to

3/2
1) vinm n under Gaussian distribution
1

n+l 2 . , , . .

2) m n under uniform distribution on the unit
ball on R"

L

n_
3) m L n? under uniform distribution on the unit sphere of R

The asymptotic case is easier to deal with because condition 1 becomes extremely
unlikely for small distances between hyperplane and origin. This enables us to exclude
those cases in our integration formula. But the remaining cases allow rather sharp
approximations of the spherical measures needed for condition 2.
The asymptotic results could be generalized in the following way.

Theorem 2 [ Borgwardt 1982a]
Form- « and fixed n we have for distributions according to RSM:

n-1 2 \
1 Em'n(s) < m n 2n' and Em,n(S) = oo

if the support of the distribution is bounded.

2)  There are such distributions (with unbounded support) with
Em n(S) < C(n) ie. the expected value remains bounded by a value

independent upon m .
The reason for the observed discrepancies lies in the different redundancy rates.

Definition
A restriction aiTx <1 is called redundant for X , iff aiTx<1 forall xe X . The

redundancy rate is the share of redundant constraints among the total number of
constraints m .
An equivalent criterion for redundancy is

The restriction is redundant iff a; is located in the interior of the convex hull of
the points (0,a4,...,.am) -
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Note that the redundancy rate is 0 for uniform distribution on the unit sphere. On the
other side we can force the redundancy rate to be arbitrarily close to 1 by choosing a
distribution like

Pllajll vy =1 -

1]_ with k sufficiently great
Y Y
High redundancy rates yield a small number of constraints forming the feasibility

region. So we obtain only few vertices and short Simplex-Paths.

Later we succeeded in deriving corresponding results without use of the advantages of
the asymptotic case and in proving the polynomiality in both parameters m and n .

Theorem 3 [Borgwardt 1982b]
For all pairs {m,q) with m> n and all RSM-distributions we have

n-1 3 |
= [ ) —
um’n{s) < m n- em! +e)

A

For solving the complete problem including Phase | we constructed a new algorithm
which is based on application of the shadow-vertex algorithm n-1-times in increasing
dimensions. This algorithm could be analyzed, too, and allowed the following result.

Theorem 4 [Borgwardt 1982 b]
For all pairs (m,n) with m >n and all RSM-distributions the total number st of pivot
steps for solving the problem completey satisfies

1

n-

) £ m 1[n+1]4

2 en
g T (1 +-5)

3. Smale's approach

Steve Smale [Smale 1982, 1983] tried a different approach. He deals with problems of
the type

Maximize vTx
subject to a4 Tx <p! ve@mX <b™M and x>0

where v,x,a{,...aqn€ IR", be [RM
His stochastic model demands that

1) The distribution of the random variables A,b,v is
absolutely continuous.
2) Thevectors b and v and the columns of A are independent random vectors.
3)  The probability measure of A and b is invariant under permutations of
coordinates in singlecolumnsof A orin b .
Smale imbeds the LP into the more general Linear Complementarity Problem which
specializes to:
0 fb]

For a given matrix M = [ T - A} and for a given vector g = v
A 0
T
find vectors w20 and z 20 (ER"™ such that w-Mz=q and that wz =0 .
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These problems are solved by applications of the self-dual algorithm of Lemke. Here
one tries to represent the vectors
Q. =Aq + (1-L)e with ee R™**™ for growing A € [0,1]

in the form g, =wW-Mz . One starts with w=e forA =0 . (e = {1,..-,1T)

During that procedure the index - set of positive entries in w may change and every
such change requires a pivot step in the computation.

The question for the number of pivot steps amounts to the question for the number of
certain cones (spanned by unit vectors and column vectors of -M) which are
intersected by [e,q] .

Note that this geometrical concept is closely related to the geometrical question in
Borgwardt' s analysis. This is a result of the use of parametric variants in both studies.

The question for the number of cones gets simpler when dominance events (one
column not less then another in every entry) occur very often. And this becomes very
likely for m>>n because then M is rather sparse.

Using estimations concerning the spherical measures of such cones and of
combinatorial sums, Smale obtains

Theorem 5 [Smale]
For fixed n and m tending to infinity
Em.n(sh) <C(n) (1+ In (m+1))n(n+1)

Since C(n) may be exponential in n , we have polynomiality only in m .

Charles [Blair] showed that a slightly worse bound could under similar assumptions be
derived for the number of existing vertices (without analysis of the algorithm).

This shows that the choice of the stochastic model alone may have a dramatic effect on
the results of an analysis.

3.The Sign-Invariance Model

A different stochastic model, first proposed by [May and Smith] lead to much more
optimistic results.

Consider again the problem type

Maximize vIx

subject to a1Tx <b’ ,...,ame <bM

where v,x,a and m 2 n

17 ""m
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Besides nondegeneracy no other assumptions on the data aj ,b,v are made. Suppose
that the input data v,ai..., am ,b are fixed. Now flip a coin for i=1,....m (i.e. m times) to
decide whether the restriction

aiTx <bl or aiTx > bl

shall be included in the definition of the feasibility region. So we obtain 2M different
problem-instances each of same probability out of one set of input vectors. Averaging
over those instances yields expectation values on the number of pivot steps.
[Haimovich] and [Adler ]have analyzed the behaviour of the same parametric Phase |l
variant as Borgwardt's but under this different stochastic model. More precisely: They
study the length of cooptimal paths. A point x_is called coc_JIptimaI with respect to two
objectives ulx andvTx , if for fixed value of v'x the value uTx cannot be improved

on X

Since we have to deal with a finite number of instances, the mean value can be
calculated by applications of combinational formulas.

Every instance of the 2M creates a cell (its feasibility region). Those cells may be
empty. A rather simple proof shows that the expected number of steps under the
conditions that a cooptimal path exists, is rather low.

For that purpose we count the number of optimal vertices per cell (at most one because
of nondegeneracy), the maximal number of a cooptimal paths per cell (one), the number
of cells with cooptimal paths (1) +( ;=) ) =

And we take into regard that each of the ( ) basic solution-points is optimal in exactly
one cell. So we conclude that the number of edges to be traversed until every problem
is solved is (™. )(m-n+2) .

Division by the number of cells with cooptimal path yields:

Theorem 6 [Adler, Haimovich]

Under the sign-invariance model we have

Em n(sl cooptimal path nonempty) < n ”I;%ﬁ

This algorithm can be extended to an algorithm for Phase | and Phase Il in one. The
result of that extension is a Constraint - by - Constraint algorithm which is similar to the
dual of Borgwardt 's algorithm.

The idea is as follows. Define the feasibility regions forn <k <m

Xk = {x]a1Tx <A1 ,...,aka <1} 5

- . T o &
Initial stage: Calculate Xo Wwhich solves a;"x = ‘I,---,an Xx =1

Choose a vector u #0 suchthat x, isoptimal
with respect to uTx on Xn - Set k=1 .

Typical stage:

1) Giventhe point xp, k.4 Whichisoptimalon X, k.1 with respectto uTx , check
whether x,,k.1 satisfies an+ka <b™K Ifyes set Xn+k = Xn4k-1 - Goto 4).
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2)  If not, use the parametric variant to decrease an+ka until an+ka <bpuk - Ifthis
is impossible STOP.

3) If a certain pivot step leads to satisfaction of the restriction, the corresponding
edge contains a point with an+k-|;<= bN+K _ Call that point X,k -

4)  If k<m-n set k=k+1 andgoto 1).

Last stage: Start with Xm and apply the parametric Simplex variant to improve vTx
STOP with the optimal point or with the information that an optimal point does not exist.

Summation over all stages and steps yields the following result which was derived
independently and under different notation in three papers

Theorem 7 [ Adler/ Karp/Shamir 1983 b ] [Adler/Megiddo] [Todd]

Under the sign-invariance-model the average number of steps for the complete
algorithm satisfies

Em n(sh = 0(n?) .

This result looks sharper than the results mentioned above. But we must take care of the
following facts. Only a small share of the instance set has a nonempty cell. This holds in
particular when m >>n .

The average number of vertices per cell is rather low. Both figures tend to 0 (rather

quickly) when m -« and when n remains fixed. Even conditioning on nonempty cells
leads to the moderate average number of 2" vertices per cell. And the redundancy
rates (both for the unconditional case and for the case where feasibility is demanded)
tend to 1 very quickly. So this model seems to admit reliable comparisons with
Borgwardt's hard models (e.g. uniform distributions on unit sphere) only if m=n .
For m >>n the properties of the sign-invariance model seem to have similarities with the
harmless examples in Borgwardt's model (compare Theorem 2 part 2) because of high
infeasibility chance and high redundancy rate. Besides that, that analysis seems to
reflect properties of the model rather than the efficiency of the algorithm (compare
[Adler, Karp, Shamir 1983 b]).
So a lot of questions arise:

How can we recognize the "real-world-distribution"?

Can we compare different results on different stochastic models?

Are the results so sensitive with respect to the distributions, that probabilistic

analysis does not make sense at all?

These and other questions arise also for other problems and algorithms. We shall come
back to that issue in chapter IV. In the following chapter we want to show some typical
examples of probabilistic analysis of algorithms for combinatorial optimization.
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ll. Some Examples from Combinatorial Optimization
1. Knapsack and Related Problems

One of the most famous problems of integer resp. combinatorial optimization is the
knapsack problem. Its most illustrative formulation is the following:

A man plans to make a long-distance walk and he wants to take some items (objects)
with him. But he cannot carry more than a certain amount of weight. Every item under
consideration has a specific weight and a specific value for the walker. Now the walker
wants to maximize the value of his bag content under the restriction that the bag must
not be overpacked.

The formal description is

Let each of n items j=1,2,...,n require a certain amount of weight Y . Let Gj denote

the value or profit of including item j . Let X] be the knapsack-indicator, i.e. Xj = 1 if
item j is included, xj=0 else.

Then we have the following integer optimization problem

n

imi =k Cu¥
Maximize ¢(x) whe

n
subjectto = 8 X < b and xje{0,1} for j=1,...,n .
J=1
[Lifschitz] carried out a time-analysis of an exact enumerative method for solving that
problem.

First he introduces the partial order < defined on {1,...,n} .
Here i if g > g and ¢;<¢j
or aj2gj and ¢j<c;
It can easily be seen that a vector x = (x4 ,...,xn)TE {0,111 cannot be optimal if there is a

pair (i,j) suchthat x;=1 and xj=0 whereas i gj .

Points with such a property can be excluded from the set of 21  optimality-candidates.
Denote the remaining subset of {0,1}" by B . An enumerative procedure on B for
finding the optimum will require O(#(B)) time.

Lifschitz introduces the following stochastic model
Let a cj(j=1,...,n) be independent, identically distributed, nonnegative

variables with density functions.
Now he calculates the mean value of #(B) .

Theorem 8
Under Lifschitz's stochastic model we have

E(#(B)) = 0(e2VN) .
The result is still exponential, but much smaller than the former upper bound 2n |

We should notice that this is again a property due to the stochastic model, while a very
inefficient optimum-search-algorithm is used. So this analysis does not help very much
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for comparing algorithms.

[Meanti, Rinnooy Kan, Stougie and Vercellis] made a probabilistic analysis of the
Multi-Knapsack-problem.

Here every item requires space or wastes resources in several dimensions and for
every dimension a limit is given.

So the problem is
Given the values cj(j = 1,...,n) and the dimension weights ajj (I=1 M =1 0,n)

L

1l
Maximize ¢(x)= Z ajj xjsbi for i=1,...m
J=

n
subjectto © ajj xjsbi fori=1,..m
a=

and xj€{0,1} for j=1,...,n .

Here the authors are mainly interested in the behaviour of the optimal value of ¢(x) in
dependency upon the values b, , and not in a time analysis.

For that purpose they analyze the following stochastic model. Let the G be random

variables which are independently and identically distributed over a bounded
nonnegative interval of IR . Let the coefficients ajj also be independently and

identically distributed over [0,1] (without loss of generality). Let all these distributions be
absolutely continuous. And letforall i=1,...,m bj =np; with0<p; < E[aij] ;

Now the authors prove that the random variable 1/n Z, ,where Z, is the optimal value,

converges with probability one towards a value L(A ) which is itself an (almost surely)
limit of a sequence Ln(kn*J defined as follows

n m I,
b2 [cj = B a8 130N

m
L,(A) = A8, +
where Kn* is the multiplier vector AqseApy )T minimizing Ln(A) over

{\lA >0} and where .
T 3f [e. - T Xsa::] 20
X2 (A) = { 5 gm
] 0 else
Actually, L(A") is a function of the bj's, which is implicitly defined by minimization, but

difficult to describe in a closed-form expression.Iy, (A} has the same valuable



- O

properties,which support our ability to find the minimum. A second result says that

An" — A" for n — « almost surely and that xL(l") is infinitely often optimal when n
tends to infinity.

The tools for these derivations are Lagrangean-multiplier-theory, law of large numbers
and convex analysis. Besides that the authors give an approximation algorithm

belonging to the family of generalized greedy heuristics. Here the items are ordered
according to decreasing ratios

B -1
Cj[i; 7, 2y
where y denotes weights and should be chosen as y = A* (which had been
calculated by numerical minimization). Using this choice the heuristic yields
asymptotical optimality (for n — <« ) almost surely.

[Tinhofer] deals with the Subset-Sum-Problem. Here we have aj =Cj for j= 1.0 @nd

our aim is to fill as much weight into the Knapsack as possible or to close the gap
between weight of the load and upper bound. So we have to
n
Maximize X a; X;
j=1
n
subjectto X 3 xjsb and Xj € {0,1} for je{1,...,n} .
j=1

In his stochastic model the values aj(j=1,...,n) are independently, identically and

uniformly distributed over {1,2,...,d(n)}, where d depends on n.
The right hand bound may be independent of the a;'s and uniformly distributed over

{1,2,...,nd(n)} .

So a set of [n d(n)][d(n)]" problem-instances is defined and he averages over these
instances.

His greedy-algorithm works as follows

Initial Step: SetSUM=0 and i=1

Typical Step: 1) Set x;=0
2) fSUM + g; < bthen SUM=SUM +a;, xj=1 .

3)ifi<n set i=i+1,goto1)
4) STOP

Clearly, the actual optimal value SUM is not greater then b .

The algorithm delivers an output SUM < SUM. So the gap SUM - SUM has the upper
bound b - SUM. And we try to analyze the distributions of b - SUM as an upper bound
variable for the error made by the algorithm.
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Stochastically, the algorithm proceeds as a Markoff-process. The gap will be reduced
with certain probabilities.

The initial state of the gap has the following distribution
JQ for k = 0

Pn(gap=k) = 1
olgap=k) lnd(n} k £ n-d(n)

(7N

for 1

The probability for a change from gap = k to gap =% (%< k) (the transition probability)
has the following value:

0 for L > k
Max{d(n) - k,0} for £ =k
d(n)
_E%HT for Marx {k-d(n),0} £ ¢ £ k-1
0 for 0 £ ¢ < Max {k-d(n),0}

So we are able to calculate the transition matrix of the process and the distribution of the
variable gap after i=1,...,n steps. The n-th distribution is the final one.

Result: After step n we have a probability for gap =0 of

1,1 : 1 (d(n}) /1__ ﬂd{n)—1\n)

2 d(n) nd (n) 2 \ \ d(n) )

This implies that for n — <« , d(n) =~ and d(n) = o(n) the algorithm ends up atgap =0
with probability 1/2 .

Theorem 9 n

Under the condition that Z aj >b

=1

1 1 \
(which has probability 35 (1+ 1)) we know that asymptotically
1
P(gap becomes 0)= _ 2 =1 -
Ly
2 n n
This follows because the complementary event = aj < b excludesgap=0 .
j=1
The following modified algorithm GOLOSONE was analyzed by [D'Atri and Puech].
The modification lies in the fact that the items are first ordered according to their weight
(in decreasing order). After that we start the greedy-algorithm as above. But as soon as
SUM + aj > b is reached we admit at most one more item, i.e. the greatest one which

still fits into the gap. Afterwards we stop.

1
n+1

=1 - 0()

Theorem 10 [D'Atri]

For d(n) = o(n) we have
P(GOLOSONE solves the subset - sum problem exactly) -1 for n -
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=
1 _d(n)
where P(gap = 0) = 1 - 5 e
Remark

A GOLOSONE-version without preordering has the same limit, but slower convergence
P(gap =0)~ 1-1/2 d(n)

n
For the Knapsack-Problem we know 0(nb) = O(ned(n)) running time exact solution
algorithms, but they are not polynomial in the encoding length of b |
In contrast, Knapsack and even Subset-Sum-Problems are INIP-hard.

§ 2 Scheduling problems

Of great importance for production and service-planning is the machine-scheduling-
problem.
The definition is as follows:

n jobs Jq,....Jp have to be processed by one machine which cannot handle more
than one job at a time. Preemptions (i.e. interruptions) of jobs are not allowed. Job
Ji arrives at time v, (Y1 < Yo .. < v,) and requires pj= 0 time-units for
processing. The task is: Schedule the starting times for the jobs in such a way that
the sum of completion times (completion time = waiting time + processing time) is

minimized. The data of the problem instance are known in advance.
This problem is known to be INIP-hard .

[Gazmuri] makes a probabilistic analysis for certain algorithms under the following
stochastic model.
i) the processing times p; are identically, independently distributed integer

variables bounded from above by a constant M.
ii) the distances between arrival times ti = v;,1-Y; are identically,
independently distributed integer variables with a moment generating

function E(e™) which becomes finite for at least one t<0 .
ll) the random variables pq,...,pp t1 ...ty are independent.

Gazmuri uses different algorithms for the respective cases

a) E(p) < E(t).This is the undersaturated case. It must be expected that
sometimes the machine will be idle because no job is present.

b) E(p) > E(t) . This is the oversaturated case. The jobs arrive (on the average)
faster than they can be operated. Here jobs have to be postponed.

For the undersaturated case the algorithm partitions the set of jobs into smaller sets
whose size is a = |lnn| . These subsets are in a first stage independently scheduled in
an optimal way. This can be done by enumerative methods. The resulting list of starting
times for the total set of jobs may be infeasible, because jobs from different subsets may
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be working at the same time. To transform the list into a feasible one we define so-called
"breaking points" ¢ between 0 and a . For 0<i<c¢ the schedule for the first subset
is taken. Then we take into regard all jobs (from all sublists) which are present at the
end of job ¢ . They are ordered according to the "shortest job first"-rule and put onto our
final list. Then we take the remaining jobs according to the "shortest job first rule" until
the machine is (the first time again) clear of jobs. After that we repeat this process
starting with the next group of a jobs.

In the oversaturated case one starts by computing an optimal preemptive solution
(which would allow interruptions) by use of the Shortest Remaining Time-Rule. After that
one takes the first started but interrupted job and collects all the remaining parts. They
are put behind the remaining part of the first job. Now at least the first job runs without
interruption. After that we apply the same procedure to the next interrupted job.

Theorem 11

Both algorithms are asymptotically optimal. The relative error tends to 0 for n- e with
probability tending to 1.

In the first case the relative error will be at most O[(In Inn)"%] foran o with 0 <o < 1
with probability 1-0[(In Inn)~%]

In the second, a relative error of at most 0(1/n) has probability of more than 1-0(1/n) .
Now we turn to a related problem, the parallel processor scheduling problem.
Definition

Let n jobs Jq,...J, be present at the beginning and let m parallel working
machines be available. Let the processing tiimes be

P{,Pn€ [0, ) .

The task is: Minimize the completion time for the last finished job by assigning
every job to one of the machines.

This problem is also known in a more abstract formulation: the Partitioning Problem:
Given a list of n nonnegative numbers Pq,.--,Pp, Partition this setin m sublists

such that the length of the largest sublist is minimized.
This problem is also known to be INIP-hard.
[Loulou] studies two heuristics for the solution:

a) the LPT-heuristic (Longest Processing Time):
Sort the jobs in decreasing order with respect to p; . Assign the (next)

occuring job to the currently smallest loaded machine (for i=1,...,n).

b) the RLP-heuristic (Random List Processing):
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Assign in the same way as above but avoid sorting.

His stochastic model requires that we have an infinite list of random variables
X1,---Xp,--.. which are all nonnegative, independently and identically distributed with

finite mean. Regard the first n of those variables as processing times p;
Theorem 12 [Loulou ]

1)  The total running times are

n
Cq 2 log Xj+Conlogn+Cgnlogm for LPT
i=1

n
Cq Z log X;+nCologm for RLP .
die=

2) for LPT and m > 2: there is a finite random variable Z which satisfies the
following inequality almost surely

LPT-solution - optimal solution<Z < « vn .

3)  for RLP and m > 2 : The absolute error is stochastically bounded by a finite
random variable Z , which is independent of n | i.e.

P (RLP-solution - optimal solution > o) <P (Z>a)Voa=0andforall n .

These results imply that the relative errors tendto 0 for n — «.

3. Allocation and Assignment problems

For scheduling the locations for branches of a company it is very important to determine
the optimal assignment of branches to the elements of a given set of places. Our first
problem occurs when we try to distribute k warehouses or stores to serve n cities. We
assume that all cities are equally important.
This problem can be formalized as follows:

Definition

Let n points X4,-.,% be given in the plane. Select k of these points to serve as

centers. Do the selection in such a way that the sum of the distances from the n points
to their closest center is minimized.
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This means: Minimize Zn(S) where

#(S) =k n
S<={1,...,n} and Zn(S)=_§

min d;;
i=1 1

j€s
and where dij is the distance from point X; to point Xj .

For that problem we do not know a polynomial algorithm. [Fisher and Hochbaum] made
a probabilistic analysis under the following stochastic model:
The n points X1,...X are distributed uniformly and independently over a square

region R in the plane.
In general, we assume that k = o(n) .
The authors derive bounds on the optimal value Z(n,k)

Theorem 13 [Fischer and Hochbaum]

V2"
1) Forany B< __~ almost everywhere
e

Z(nk) 2 B(nk) JA(R), where A(R) isthe areaof R .
k

. V2
2) It R isasquare then for B < ey almost everywhere

Bl (0K VA(RY < 71 j) < \Z (kLAY
VK LK

The heuristic analyzed by Fisher and Hochbaum for the square works as follows:
R is partitioned into t2 identical subsquares (Rq,...R) .

i
Let d(Ri,Rj) be the distance between the sets R; and Rj .

Let N; be the subset of {X1,...X,} belongingto R; . And let H ={1sist2]Ni¢®} be an
indexset.

Now we calculate - by enumeration - the value

zﬁ = Min { S Min #(Ni)-d(Ri,Rj)}
J<H i€H j€eJ
#(J) sk

This is a non-Euclidean problem with at most t2 points. Let the solution set be J .
Select from every Nj with j €J one of the points to obtain a set Sp . (If necessary,

augment it with arbitrary additional points to achieve # (Sp) = k) .
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It is clear that ZnA <Z(nk) <Zn(Sp) - And the error can be bounded as follows
Zn(Sp) - Z(n,k) <2 V2A(R) ( (n-K)/t) .

Also, the running time for achieving a relative accuracy of at most ¢ is studied:

Theorem 14

e-optimality can be achieved almost everywhere when ¢ is fixed .
i) if k< Inn in polynomial running time

i) if K<InInn inlineartime.
A precise estimation leads to running time of

3 1
2 ==
0[(*%-) (Innj 2 n‘I lne}
£

I if k £ 1lnn

Another extremely difficult problem arises when n locations X1 ...Xp for n plants are

available and when the task is to minimize the transportation costs of material or
products between the plants. Suppose that the management knows the amount Cjj of

material which has to be transported from plant i to plant j on a normal working day
and that the transportation cost is Cij de , Where dij is the "distance" between X; and

XJ- . Now the question is: How shall the plants be assigned to the locations in order to
minimize the sum of transportation costs. This gives the Quadratic Assignment Problem.

Definition

Given two real n x n - matrices C = (Cij) and D = (dij) , let ceS, be a

permutation of {1,...,n} .
The quadratic assignment problem is the task to

n n
Minimize Q(o,n) = L & Cij dcs(i)cs(j) _
O'ESD i=1 j=1
We introduce the additional notation:

o« is the permutation leading to min {Q(c,n)}
o€ Sn

G s " max {Q(c,n)} .

cE S
n
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[Burkard and Fincke (1983)] derived surprising relations between Q(cs*,n) and Q(o»,n)
under certain stochastic models. In a first variant, the values djj are defined as the
distances between points X; and Xj et [ X Xj||2 . S0 we obtain the "planar

quadratic assignment problem". The stochastic assumptions are the following:
Let the X;(i=1,...,n) be independently and uniformly distributed over the square

[0,1] x [0,1] and let the Gij be identically and independently distributed over [0,1] with
mean value ¢>0 .

The authors found out that the relative distance between worst and best solution can
(with probability tending to 1) be bounded from above by a function itself tending to 0 .

Theorem 15

Under the above-mentioned stochastic model we have for any o > 0

glo*yn) -~ Qlogm) 3+ 0 =0,18] - 1
P{ Q(oy,n) = c n }n» o

[Frenk, Houweninge and Rinnooy Kan] weaken the assumption on the range of Cij
(which is now distributed over (0, )) and demand that there exists a neighbourhood of
0 such that for all A belonging to that neighbourhood

—Aci.
E(e Jy  is finite.

Theorem 16 [Frenk, Houweninge and Rinnooy Kan]

There are constants f and M such that forc=6+ and o =0¢"
1

lim sup {; | Q(G’né - 1] <M

n
o2 Ergon almost everywhere
IfX and Y are idependently and uniformly distributed points in the unit square, then
f=E|X-Y].
Note that we have a sharper version of convergence here.

In both papers the approach is similar. The square is partioned into a certain nump_er
m(n) of congruent subsquares 81,...,Sm2 . Fundamental theorems of probability

theory (Chebyshev) show that such a subsquare contains about 1%2 points X

The probabilities for the bad cases (where there are much less or much more points in a
subsquare) can be aggregated and estimated. They dissappear for n — « . Inthe
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same way we treat the sums of C-columns, which are in the regular cases about nc . In
the good cases we replace the point X; by the center of its subsquare, calculate the

QAP-value for the simplified situation and estimate the error we have made.

Both papers contain also an analysis of the general QAP. Frenk et al.work under the
assumption:

Cij and d;j are identically and independently distributed on (0, ) with
E(cjjdjj) =d > 0 and in a neighbourhood of 0 E(e™Cj%j) < o

Theorem 17 [Frenk, Houweninge and Rinnooy Kan]

There is a constant M such that almost everywhere for 6= o+« and 6 = ¢*
1
2
imsup D— Q@)1 |<Mm .
N— o ~NAm dn2

Under a bit weaker assumptions but with c;;,djj€[0,1] Burkhard and Fincke obtain
again stochastic convergence.

Theorem 18 [Burkhard and Fincke 1983]

- 1 Yo > 0

Il—co

o /O(o*,n) - Q(oe,n} 2 + o -0,225 ]
1 Q(04,n) = g - c |

Here the asymptotic is rather weak. It is much better in the case of a closely related
problem, the guadratic bottleneck assignment problem. [Burkhard and Fincke 1982]
show a similar result for that problem.

The only difference to the problem above is the objective

max. cjj ds (i) dG(J‘)
1<i,j€n
which is to be_minimized.

Such a problem arises in practice when we concentrate on the single transportation
costs between pairs of branches and not on the sum.

The property in Theorems 15 and 18 turned out to be a special case of the following
general result for combinatorial optimization problems.
Consider a combinatorial optimization problem with ground set E, . Let T, consist of

all feasible subsets of E,, and let Sbe anarbitrary element of Ty, . In addition

cm:Em — IRT is a weight function and | S| /[T, | denote cardinalities.

[Burkhard and Fincke 1985 show]:
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Theorem 19:

It ch(e),e€ S,S8€Ty, ,n €IN are identically distributed random variables in [0,1] with

2. 2(

expected value E = E(cy,(e)) and variance ¢“ :=¢ Cmie)>0 ,

If for given &> 0, e, fullfills 0<e, <o? and

Cm(e), e€S are independently distributed for every fixed s€ Tm, mEIN,
ifall S€T,, have the same cardinality,

itfor A, = Z(e o/ (e, + 202))2

AolSI-log [Tl = = as m — =

Then
max ¥ cm(e)
P{ SETmeES

min SE cm{e)

<1 + g} 2 1—2|Tm|eprﬁ8|&9 > 1 as m-
SET _ e€S
Loosely spoken, this says the following:
If the number of coefficients in the objective (multiplied by a factor Ay) minus  logarithm

of the number of feasible solutions tends to infinity for m — o, then the relative error
tends to 0 in probability:

Whereas the QAP is INIP-hard, the Linear Assignment Problem is rather easy to solve

(e.g. as a linear programing problem). For that purpose an 0(n3)-running-time
algorithm exists.
But here we do not find that type of convergence towards the same limit (in the relative
sense).

The problem is:

Given an nxn-matrix A= {ajj} . Find a permutation o« € S, such that

n
L(o+n) = Zajgy is minimized.
i=1

[Karp 1976 ] has shown that
if the aj; are independent uniformly distributed variables on [0,1] then

E(L(cwn)) <2 .

But here the sequences
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ElL{c".n) may have different limits. (c* = worst solution) .
n

So we have the ridiculous situation that the easier solvable problem must be handled
more carefully when n — o .

4. The Traveling Salesman Problem

Perhaps the most famous problem of combinatorial optimization is the Traveling
Salesman Problem:

A person has to visit n cities and to return to the starting point. Which order of the
visited cities provides the least traveling distance for that tour?

Formal: Given a complete graph (V,E) with vertices Vq,...,Vq and weights Cij

attributed to the edges eij=(vi,vj) . Consider all cycles Vo(1)Vo(n) Vo(1) Where
o E- 8.
n

Find - among these cycles - that of minimal weight

2 Co(i)o(i+1) * Co(n)o(1) -

The problem is INIP - hard. Heuristics are used to obtain approximate solutions. Some
of these heuristics show a remarkable good behaviour.
A realistic version of that problem arises when the weights cjj are defined as the

distances between points X; and Xj in the plane. Then we speak of the Euclidean

Traveling Salesman Problem (sometimes defined also in higher dimensions).
To study the average behaviour of heuristics one uses stochastic models as follows:

Let vq,...,v, be random points distributed uniformly and independently over the

d-dimensional unit cube.
The following questions arise:

Is it possible to get information on the optimal tour length? Is it possible to
analyze reliable heuristics?
How fast are such heuristics?

The mostly analyzed algorithm is closely related to the divide -and conquer- methods
used in section 3.
[Karp, Steele] [Halton and Terada ] analyze such a fixed dissection algorithm.
Let s(n) a function of n which is appropriate for the following application.
First stage: Partition the cube into s(n) congruent subcubes Q;. Consider V; ,
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the subset of V , which is located in Q; and denote nj = #(V;) for i=1,..,s(n) .
Calculate an internal optimal tour for every subset V; by an exact enumerative

method (derived from dynamical programming).

Second stage: Choose a representative out of every nonempty subcube and put
them into a certain order according to the location of their subcube. To derive such
a rule for that order is not very difficult, because we have a set of simply
describable points.

Third stage: Connect the subcube-cycles (first stage) according to the order
obtained in the second stage, delete excess edges and convert by this way the set
of subcube tours into a cycle for the whole cube.

The rule mentioned in stage 2 is based on dividing the unit cube by parallel
hyperplanes (orthogonal to the n-th coordinate) into strips of equal width . Then
the points X; of strip k are projected on the hyperplane basic to step k .These

points have to be visited according to a rule for dimension d-1 .

The recursion is initialized with dimension d = 2 , where we run through the
points from left to right in the bottom strip, after that run from right to left in the
second strip, from left to right in the third strip etc.

It is well-known that the length of the optimal tours L, and the length of the

constructed tour L':n satisfy

- (a-1) /4
lim Ly n ~(@-1)/d _jim F = ¢4 with probability 1 -

Il—co INN=»ce N

Theorem 20 [Karp and Steele]

It s(n)= 0 , where o(n) is an unbounded increasing function of n | then

8
=

P(L 2 1T + g) < o Ve>0

The method fogﬂtour construction in the subcubes requires exponential time (bounded
by ¢ (n;) <5 4
But our distribution-assumptions assure that the n; do not exceed s_r(]?ﬂ

dramaticallly (with high probability). So the "exponential" time for touring subcubes dogs
not deteriorate the behaviour too much. Stage 2 and Stage 3 can be carried out in
moderate time.

Theorem 21 [Karp and Steele]

For the specific choice 6= 0 =Inn , the expected execution time of the given

s(n)=

dissection method is O(n2 In n).
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[Halton and Terada] use a closely related algorithm and a similar, slightly more general
stochastic model. They prove that their algorithm runs in probability in time o[n s(n)] for
an arbitrarily chosen function s satisfying s(n) - « and s(n) 0

n

In addition, they show that with probability one (i.e. almost surely) the length of the
generated cycle is asymptotically equivalent to the optimal length.

A second version of the problem, the Asymmetric Traveling Salesman problem, requires
different algorithms and different analization methods. Here dij = dji is not necessary.

Now, we want to find the minimal closed directed-tour through the points vq,...,v,y .

The stochastic model of Karp and Steele demands that the weights dij are drawn

independently from the uniform distribution over [0,1]. So we have n2-n random
variables (dj; = 0 is assumed).

We cannot rely on the triangle inequality as in the Euclidean case. So it becomes
impossible to work with the geometrical methods used above. The heuristic used here is
based on first solving the corresponding linear assignment problem. It can be stated as
(LAP).

Mlnlmlze .ZdiT(i)
TE S i

Note that t ranges over all permutations, whereas the feasible permutations for the
TSP are required to be acyclic. So the above mentioned LAP is a relaxation of the TSP.

First the assignment problem is solved. This is possible within 0(n3) steps.
Then we consider the graph corresponding to the LAP-solution. A patching algorithm is
used to convert that graph into a cycle.

Since the assignment solution consists of the arcs {(i,z(i)|| i=1,2,...,n} and the
permutation may be cyclic |, the resulting solution may consist of more then one
cycle. In that case one connects the two cycles with highest length in the following
manner.

Let iy and iy be the indices of the two cycles Cq and Co Let 1(iq) and 1(ip) be the
corresponding neighbours. Delete the arcs iqt(iy) and iot(io) and connect (cross-

wise), i.e. iy with (i) and ip with <(iy) . So we obtain one cycle out of two, i and
io are chosen in such a way that the extension of the tour length becomes minimal.
Repeated application on the two longest cycles leads to a tour with length T .

Karp and Steele prove the
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Theorem 22 [Karp and Steele]

Let T be the heuristical tour length and T* be the optimal tour length. Then the
above-mentioned stochastic model induces that
T — T% !
Bl
[Frieze] deals with the task to solve the symmetric problem (with (0=1M(0-2) f1ee
variables) exactly. 2

= 0(n 2)

He demands that

the edge-weights are independent random variables, where each weight
is chosen uniformly from a set

{0,1,2,...,B(n)-1} of integers.

Theorem 23 [Frieze]

If B(n)=o0( ln—”hh ) then there is an algorithm ALGT with polynomial running

time 0 (n3 In n)

such that

lim P(ALGT solves the symmetric TSP exactly) = 1 .
N— oo

5. Probabilistic analysis of graphs

Many combinatorial optimization problems (compare sections 3 and 4) can be
formulated as problems of graph theory. For the analysis of algorithms for such
problems it is necessary to study the stochastic behaviour of graphs. Instead of
discussing further special problems we want to deal with some properties of randomly
generated graphs. They are basic for understanding the performance of algorithms on
such graphs. For that purpose we follow the book of [Palmer].

Let again G = (V,E) be a graph with vertex-set V and edge-set E , where
V={vq,..vq} .

For generating random graphs two stochastic models are very popular.

Model A: Consider the (9) ordered pairs (vivj) of VxV with 1<i<j<n andthe

random 0O-1-variables [{i,j) . Regard them as independently and identically
distributed variables with P(I(i,j)=1) =pe€ [0,1] .
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Now consider the empty graph Gy = (V,&) and connect v; and vj iff 1(,))=1 .

We can obtain 2  different (labeled) graphs. The probability of a fixed graph is

n —_—
pq(1-p)(2) 7, And the probability that the resulting graph has q edges is

—<§}((§_})\ s ) -a
2 ' p (1-p)
\a /

Model B: Forintegers n and q ,(0<qg< (9)) let the sample space consist of all graphs

with n vertices and g edges. Such a graph results from choosing - without repetition -
g out of (-'2‘) ordered pairs (vi,vj) and introducing the corresponding edg1es &jj = ViV -
s

(5)
Here the probability of a certain (labeled) graph with g edges is ((21 )

Asymptotically, model B can often be replaced by model A, which admits easier

computations. This is possible by choosing q =| p(r12 )| . So we concentrate on model A.

We say that "almost all graphs have a property Q", if
lim P(Q is satisfied in the sample space of n-vertex-graphs) =1 .

Ii— co

(This notion corresponds to convergence in probability.
Fixing p and a natural number k yields astonishing results under Model A:

Almost all graphs have diameter 1.

Almost all graphs are k - connected.

Almost all graphs are nonplanar.

Almost all graphs contain a given subgraph of order k
as an induced subgraph.

When variations of p (in dependence of n) are allowed, one may ask for certain
borders or threshold functions (telling the necessary size of p(n)) separating the regions
where a property can be guaranteed almost surely or not. That means that we search for
a function g(n) such that Q is satisfied almost by all graphs if p(n) = o(g(n)).

One of the most interesting results is

Theorem 23
If p(n) = 004X
n n

then we know that
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P(number of isolated vertices = k) -

T1—co

this number is Poisson-distributed.

The following case studies provide such bounds for important properties.

Theorem 24 The following properties hold for almost all graphs

a) If p(n)=o l) Then there are no cycles. All components are trees.

k-
b) If p(n)=o(n™ ) Then there are no components of order k or greater.
k

¢) If p(n)n¥ ' Then every tree of order k is a component.

I1— oo

arbitrarily slowly

d) If p(n)n=c<1 Then all components are trees or unicyclic. The largest component
is a tree of order about log n .

e) If p(n)n=c=1 Then certain components are cycles. The largest has order about
2
n3
f)y If pn)=c>1 Then there is a unique giant component. All but o(n) vertices
belong to the giant or to trees of order at most Inn .

g) If p(n) = cA0N with c<1 thenthe graph is disconnected
n

h) If p(n)=c NN with ¢ >1 then the graph is connected and Hamiltonian.
n

These results are based on work of Erdés and Renyi.

The jumps in connectivity and the quality of components have a dramatic effect on
certain algorithms which require connectivity for solving the problem. For instance, think
of Dijkstra's algorithm for finding the shortest connection between two points in the
simple case where all the existing edges have weight 1 and all the nonexisting = .
Dijkstra's method runs in 0(n3) steps in the worst case. But for average case analysis
we empirically observe the following behaviour:

i) For small p most of the paths constructed from the origin end very early. There
is little chance to reach the desired vertex.
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i) For medium p some paths are interrupted (but not early). We get along to the
solution on a few paths.

i)~ For high p most of the paths reach the goal. The shortest one is not long
but a lot of overfluous work has to be done.

So the change in the quality of the graph changes the computational effort to solve the
problem dramatically.

Remark
An improved version of Dijkstra's algorithm, developed and analyzed by [Spiralhas an

average case behaviour of O(n2(fog n)2) when the lengths of the arcs (in the digraph)
are identically and independently distributed nonnegative random variables.

IV. Open questions and drawbacks

On the first glance, the demonstrated results give a somehow confusing impression. The
first general observation may be that most results are of an asymptotic nature. They hold
under the assumption that the dimension of the given problem-instances tends to
infinity. This has many reasons. Some of those are:

1) The analysis is often done by studying a simplified, regular situation (compareIII.
and Ill. 4) combined with estimations of the error caused by that simplification.
These estimations rely heavily on the fact that an irregular situation does not occur
with high probability. But this is true and can only be shown in asymptotic cases,
where laws of large numbers orthe central limit theorem or similar asymptotic
theorems of probability theory apply.

Even in the case of linear programming analysis under the rotational-
symmetry-model there is some "regular" behaviour in the asymptotic case. When
m >> n then the spherical measure of a cone spanned by aq,...,ap Wwill be small

(with high probability) under the condition that the convex hull of a{,...,an ison
the boundary of CH(aq,...a,0) . This results from the need of a high distance

between origin and hyperplane in order to provide the boundary condition. But if

that distance is high in comparison to the spherical measure, then the latter
can beapproximated very well by linearization. That means: One replaces the

volume of the intersection between unit ball and the cone of ay,...,a, by the

volume of the pyramid generated by the points Oﬂ;—” aqre- ,H;—ﬂ- a . The latteris
1 n

much easier to calculate. So also the evaluation of the integral formula is
simplified in the asymptotic case.
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2) Another reason lies in the formulas which are first derived for the desired
moments or probabilities resulting from some characterization of the algorithm.
Often we find very complicated sums, series (sometimes alternating) or definite
integrals. Usually much more is known about their asymptotic limit then about their
value in finite cases (consider integrals of the Beta-Function type with integration
area ending between 0 and 1).

For instance, the expected number of components in a randomly generated graph
(Model A,lIL.5, [Palmer]) with edge probability p that are trees of order at

least m is &)
n k=2 k- - (k-']) + k(I‘l-‘k)
X (k) k p 1 (1-p) 2
k=m
For the evaluation of that formula one needs the Theorem of Moivre-Laplace,
estimations of tails of binomial sums and Stirling's formula.

Of course, such asymptotical results are of restricted utility for practice. This is
even worse, when - as often observed - the requirement of asymptotic is twofold:
With probability tending to 1 , the variable is less than a function tendingto 0 for
n— oo,

In fact - this double use of asymptotics is a very strong tool. And very much can be
proven under that continuous formulation.

In practical problems one has often to deal with rather moderate dimensions.

And actually, the INIP-hard problems show that even those moderate sizes may
cause great difficulties.

Grétschel (verbal-communication) characterizes the situation in the following
sense:

For many INIP complete problems we frequently have a region of "small
dimensional” instances which can be solved quickly, exactly and efficiently.

Then there is a set of moderate-sized instances, where the exploitation of the
individual structure of the problem and the knowledge of the applicationfield often
lead to practically efficient methods that solve these instances exactly and quicKkly.
There is a third category of instances with high dimensions, where only heuristics
can help.

The quality of such heuristics can only be described in probabilistic terms. Here
probabilistic analysis is necessary.

A fourth category of extremely high dimensions is nontractable by methods of
discrete optimization - simply, for instance, because of storage-requirements. Here
a reasonable line of attack is turning to continuous descriptions of the problems
and trying with analytical methods.

One drawback of the present probabilistic analysis is that we do not know that the
validity of the results is not restricted to the fourth category.

We need sharp estimations for the finite case - as for linear programming.

In my opinion the question whether [P = INIP should not be overestimated in its
relevance. Whether an algorithm behaves like n3 orlike n is often more important.
Another risk in doing a probabilistic analysis lies in the choice of the stochastic model.
The search for a realistic distribution remains a philosophical question. The impression
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what this is may differ from individual to individual. Mathematicians tend to use the
elegant and simple distributions: uniform distributions over [0,1] or over the unit square,
constant probability for existence of an edge, independence of random variables etc.
only these distributions seem to give a chance for evaluation.

But such simplifications may lead us far away from reality. If we try to modelize a realistic
phenomenon we get into a problem-trivial at the first glance - but of greatest importance
for probabilistic analysis.

For an example, consider the following situation. We want to check or test an algorithm
for finding the shortest connection between two cities in a nationwide railway-network.
To do a probabilistic analysis of that algorithm, we need a stochastic distribution of
networks which could be representative or realistic. How can such a stochastic model
be constructed?

Certainly the simple assumptions such as independence and constant probability for
connections do not hold.

Given n points (the cities) and the (Euclidean) distances between pairs dij , we could

associate the question for a connection with the distance (decreasing probability for
growing dij ) and with the importance of the cities (increasing probability with growing

importance). Such an approach would be

dij‘/Cij
P(edge v; Vj (exists) =il sieesnmane
dijf +1

Cij

where ¢ is increasing with the sum of inhabitants of v; and vj -

The single edges could be selected independently with that probability. But this still
rather simple model ignores the fact that the first aim during the network-construction
was to connect every city with the network. So every city should have at least two

neighbour-stations. Those neighbour cities could be chosen out of n - 1 (experiment
without repetition) where the probability foran edge from v; to V] is again proportional to

the above given formula. Now we have a stochastic selection process of two stages:
First a selection of two out of n- 1 , then independent Bernoulli experiments for the
remaining edges.

Now recall that we did not care at all about evaluability during our attempt to obtain a
realistic description.

The choice of the stochastic model would be less essential, if our analysis and our
results were less sensitive. But they are sensitive, as we have learned from may
examples. '

In linear programming, the RSM and the SIM yield quite different behaviour. The results
for Scheduling and Knapsack problems depend on independency of the entries. The
Euclidean Problems of Il 3. and Il 4. are based on uniform distributions over the square.
If we modify that assumption then it would still be possible to make a partition into
equally probable subsets. But then one such subset could be large, the other small. The
effect would be that we had much more trouble with the choice of representatives in the
larger subsets, the error would be much higher.

There is another interesting question arising when we speak about sensitivity. While
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A similar situation is with other problems:

For Knapsack, Subset-Sum-Problems we analyze Greedy-algorithms. The
patching algorithms for the traveling-salesman-problem are also rather simple.
But already the improvement methods for the latter, cannot be treated yet.

| want to summarize these observations in the following way: We cannot rely on
worst-case analysis alone. We must improve our ability to do average-case-analysis.
We should know what we want, i.e. which stochastic model should be used.

We should not expect too much from probabilistic analysis but regard it as an additional
aid for judging about algorithms. It may be that the real value of probabilistic analysis
does not lie in the detailed formulas or results but in the process of understanding the
manner how an algorithms works under normal circumstances.

I believe that this experience will be very helpful for finding
practically efficient algorithms.
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