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REDUCTION OF CODIMENSION OF SURFACES

Let M be a 2-dimensional smooth manifold, Q an n-dimensional space form of
constant sectional curvature and x: M — Q an immersion. We say that we can
reduce the codimension to k < n — 2 if there is a (k + 2)-dimensional totally
geodesic submanifold Q' c @ such that x(M) = Q'. We always equip M with
the induced metric. Let N be the normal bundle with its induced connection
D and H the mean curvature vector of the immersion. Qur first theorem
generalizes a result of [1] and [6]:

THEOREM 1. Let x: M?> - Q" be an analytic immersion such that its mean
curvature vector H lies in a parallel subbundle E of N. Then either we can reduce
the codimension to dim(L) + 1, or x(M) is minimal in an (n-dim(L))-dimensional
totally umbilic submanifold.

THEOREM 2. Let M be homeomorphic to a 2-sphere and x: M — Q" a smooth
immersion such that H lies in a parallel subbundle E of N. Then either the
codimension can be reduced to dim(L) or x(M) is minimal in an (n-dim(L))-
dimensional totally umbilic submanifold of Q".

Proof of Theorem 1. Let F be the orthogonal complement of E in N; this is
also a parallel subbundle. Let a: TM ® TM — N be the second fundamental
form of x and g, a; its components in E and F. For any {c N, define
A TM - T,M by

(Agv), w) = —{a(v, w), &
The Ricci equation gives for {,ne N,

(R) (RY(0, W), > = <[4, 4,Tv, w).

By analyticity we have the following two cases:
(a) F is aflat subbundle, i.e. the curvature tensor of the normal connection
D vanishes on F.
(b) The normal curvature tensor on F does not vanish on an open dense
subset of M.

Cask (a). This is proved by the following more general lemma:

LEMMA 1. Let M be any manifolzi of dimension m and x: M —> Q" an
immersion. Suppose that H lies in a parallel subbundle E of N whose orthogonal
complement F is flat with respect to the normal connection. Then we may reduce
the codimension to dim(E) + m — 1.
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Proof of Lemma 1. By (R), the endomorphisms A, and A, commute for any
two vectors ¢, 1 € F , since F is flat. Thus the linear maps A, are simultaneously

diagonalizable for all £e F - Hence there is an orthonormal basis e, ..., e, of
T,M such that

™) agle; ) =0 forj +# k.

Let N, denote the first normal space, i.e. the linear span of the values of a.
We claim that E + N is a parallel subbundle of N. In fact, if € F n (N,)*,
then

Ay =D, &, alej, €,))
=<D.&, aplej e)) = — <, D alej, e))

is symmetric in all three indices, by Codazzi’s equation, and by (*) it vanishes if
at least two indices are different. But since H lies in E, we have trace o = 0 and
SO

A = — Y. (D, v, 05(e;, ¢;)> = 0.
i#k
Thus D, ,ve F n(N,)*, which shows that F N (N)* and therefore also E + N,
are parallel. Since N, is spanned by afe;, ¢;) forj = 1,...,nand Z}_;a(e;, e;) €
E,wehave dim(E + N,) < dim(E) + n — 1 and the result follows by Erbacher’s
theorem (cf. [3]).

Cask (b). Let pe M be a point where the normal curvature tensor RY does not
vanish. So there exist 6, 7 € F , such that {R¥(v, w)o, 1) # 0.On the other hand,
RMw,w)t e E, for any ¢ € E,, since E is parallel in N. Hence by (R),

[4,,A4,1+#0, [4,,4,]1=[4.,4,]1=0.

It follows that A, = A(¢)-Id for all (e E, i.e. { is an umbilic normal vector.

Next we claim that DH has valuesin R+ H ‘DH < R- H’ for short). In fact, if
¢is a section of E with ¢ L H, then & is normal to N |, the span of the values of o..
Moreover, since each n € E,, is umbilic,

(n, ofey, e)) = <n, aley, e,)) = {n, H), (n,ofe;,e;)) =0
for an orthonormal base e,, e, of T, M. We apply this to # = D, £ and using
Codazzi’s equations, we get
<D % H) =<D,¢ ole;, ;) = —<&, D, ale;, e))
= —{¢, D ule; €))> = <D,¢, ole;,e))> =0
for i # j, similar to Case (a). Thus En(H)* and hence R+H are parallel

subbundles of N.
Now by the following lemma, H itself is parallel in N. Thus o has values in
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the parallel subbundle F + R+ H of N, by umbilicity of E. If H = 0, we may
reduce the codimension to dim(F). If H # 0, then x(M) has codimension
dim(F) + 1in a totally geodesic submanifold Q' — @, and since H is parallel, it
follows from a theorem of Yau [7] that x(M) is minimal in an umbilic
hypersurface of Q. This finishes the proof of Theorem 1.

LEMMA 2. (Chen [1]). Let M be any manifold and x: M — Q" an immersion
with umbilic mean curvature vector H and parallel mean curvature direction (i.e.
DH < R+ H). Then the mean curvature vector is parallel, i.e. DH = (.

Proof of Lemma 2. Choose an orthonormal tangent frame e, , ..., e, (where
m = dim(M)) which is parallel at the point pe M which we consider. Put
a;; = ole;, e;). By umbilicity, we have

{az5, Hy = CH,H)+ 6y,
and in particular, (H, H) = {ay, H) for any k. Moreover,
D, H=i;H
for some function 4;. Thus ¢;{H, H) = 24;{H*H}. On the other hand,
e;<H,H) = e;{o, H) = {D, o4, H) + A;<H, H).
Thus at the point p we get for k # j, using Codazzi equations
$e;X(H,H) = (D0, H> = (D, a3, H)
= e, oy, H) — 4oy, H) =0
which finishes the proof.

REMARK. The umbilicity of H need not be assumed but can be concluded
from DH = R- H.

Proof of Theorem 2. We use the same notation as above. The metric induces
a conformal, hence complex, structure on M. Let z = x + iy be a holomorphic
chart and put 9, = $(9, — i0,). After complex-linear extension we have in
general (cf. [5, 4.17)

Dz‘(a(az9 az)) = %AzDsz

where D is the normal connection and D, = $(D, + iD,). Since F is a parallel
subbundle of N normal to H, we get

%) Dfsl0.,0,) = 0.

This implies that {oz(9,, d,), 5(0,, 0,)) is a holomorphic function, where the
metric {, ) has been complex linearly extended. Hence the quartic form

A = {a5(?,,0,), 0p(9;, 0,)) dz*
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(which is the (4, 0) part of the quartic form {oy, & >) is holomorphic. If M is
homeomorphic to the 2-sphere, such a global holomorphic differential must be
zero (cf. [4] for a simple proof), so a.(d,, ¢,) is an isotropic vector (i.e. zero
scalar product). In geometric terms this means that the projection to F of the
ellipse of curvature {a(v,v); ve Tp M, |lv|| =1} is a circle centered at 0. By
alemma of Chern (cf. [2], [4]), (**) implies that either az(d,, 3,) = 0 (Case (a)),
or the zeros of «(9,, 0,) are isolated (Case (b)). Since H is normal to F, we have
ap(0,, 0,) = ~ag(d,, 8,), and so ar(d,, 9,) = 0 if and only if ay = 0. Hence in
Case (a), o takes values in the parallel subbundle E of N, and so the
codimension can be reduced to dim(E), by Erbacher’s theorem.

Now assume that the zeros of «(0,, d,) are isolated (Case (b)). In general, if e,
e, is an orthonormal tangent frame, e.g. e; = 8,/4, e, = 0,/4, and if we put

(p=a11—H=H—fX22, l/l=0t12,
where a;; = afe;, e;), then for any normal vectors £, 7 we have

[Ag AyJes, €20 = @AY, EAMD.

In our case, since &(@,, 8,) is isotropic, the F-components ¢, ¥ of ¢, i are
linearly independent. So it follows from the Ricci equation (R) that F has
vanishing normal curvature tensor only at isolated points, and we may apply
Case (b) of the proof of Theorem 1. This finishes the proof of Theorem 2.

REMARK. One may try to extend these theorems to more general target
spaces Q, e.g. Q = CP™ However, if we wish E to behave nicely with respect to
the complex structure, then only the minimal case (H = 0) is possible:

THEOREM 3. Let (Q,J) be a Kihler manifold and x: M* — Q an immersion
whose mean curvature vector H lies in a parallel J-invariant subbundle E of the
normal bundle N. Then H = Q.

Proof, Let & be a section of E and X a tangent vector ficld on M. Let
V denote the connection in x* TQ and D = V* the induced connection on N.
Then

Vo &= IV & =Dy + JA,X,

and JD,¢ is a section of E while JA,X lies in E* which is the orthogonal
complement of E in x*TQ (containing TM and hence JTM). On the other
hand,

ViJE = DyJE + Ay X

which is again a decomposition with respect to E and E*. Therefore we get in
particular

JAX = Ay X,
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and JA,X is tangent. Consequently, at any point either the tangent space is
J-invariant which implies H = 0,0or A, X = Oforall £ and X and, in particular,
Ay = 0 which also implies H = 0.

ACKNOWLEDGEMENTS

This work was done while the second author visited ICTP, Trieste and the
University of Freiburg. He wishes to express his gratitude for hospitality and
for financial support by UNESCO and GMD.

REFERENCES

1. Chen, B. Y., ‘Surfaces with Parallel Normalized Mean Curvature Vector’, Monatsh. Math. 90
(1980), 185-194.

2. Chern, S. S, ‘On the Minimal Immersions of the Two-Sphere in a Space of Constant
Curvature’, in Problems in Analysis (ed. Gunning), Princeton, N.J., 1970, pp. 27-40.

3. Erbacher, J. A, ‘Reduction of the Codimension of an Isometric Immersion’, J. Diff. Geom.
5 (1971), 333-340.

4. Eschenburg, J.-H. and Tribuzy, R., ‘Branch Points of Conformal Mappings of Surfaces’, Math.
Ann. 279 (1988), 621-623.

5. Eschenburg, J.-H. and Tribuzy, R., ‘Conformal Mappings of Surfaces and Cauchy-Riemann
Inequalities’, ICTP, Trieste, Preprint No. IC/87/418, 1987.

6. Rodriguez, L. and Tribuzy, R., ‘Reduction of Codimension of Regular Immersions’, Math. Z.
185 (1984), 321-331.

7. Yau, S. T.,‘Submanifolds with Constant Mean Curvature, I’, Amer. J. Math. 96 (1974), 346-366.



