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Effects of Intraclass Correlation on Weighted Averages
SHAYLE R. SEARLE and FRIEDRICH PUKELSHEIM*

Weighted averages of class means using different sets of
weighting factors are compared in terms of sampling vari-
ances and of relative weights given to the class means.
Details are given for the 1-way classification, and extensions
to other models are indicated.

1. INTRODUCTION

When subclasses of data have unequal numbers of ob-
servations, averages of the subclass means can be defined
in a variety of ways, depending on the weights used for
(linearly) combining the subclass means. At least three dif-
ferent weighting systems are often used: (I) weighting by
the number of observations, which leads to the grand mean;
(II) weighting equally, which yields the simple average of
the subclass means; and (III) weighting inversely according
to variances of the observed subclass means. In the 1-way
classification, with the fixed effects model, III is the same
as II; but with the random effects model (which we call the
mixed model, see Sec. 3.1) in which the class effects are
taken as random, I and II are special cases of III corre-
sponding to an intraclass correlation of 0 and 1, respectively.

Variances of these weighted averages are compared in
each model, and the manner in which changes in the intra-
class correlation affects the relative weights given to the
class means is described. Extensions to 2-way classifications
are suggested.

2. FIXED EFFECTS MODELS

2.1 A Model

Suppose that y; is the jth observation of the ith class of
a 1-way classification, withi = 1, .. .,aandj =1, . . .,
n;; that is, a classes and n; observations in the ith class.
Then the model equation for y; can be taken as

i =t a +e =t e )

in which u; = u + ¢ is the population mean of the ith
class and the e; terms are random variables, identically
distributed with zero mean, variance o2, and zero covari-
ances. Under these conditions the best linear unbiased es-
timator (BLUE) of u; and the sampling variance of that
estimator are

ni
i =y = '21 yymi  and  vp(3) = o%n,  (2)
f=
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respectively, similar to Searle (1971, p. 235 and 339). In
(2) the subscript F in vx(y;) emphasizes that the variance
is based on the fixed effects model.

2.2 Weighted Averages

We begin with weighted averages I and II of the intro-
duction. The first is denoted by w,, in which weights pro-
portional to the numbers of observations are used:

Mn = Eni:u'i/Eni'
(All summations are with respect to i, over the range i =

1,2, ..., a.) The second weighted average is denoted by
M. and is based on equal weights:

e = 2/“’1/ a.
The third average mentioned in the introduction uses weights
inversely proportional to v(¥;) and so, on using (2), is the
same as W,

2(winl o)l o) = D Xmy = o
A general form of weighted average is to use arbitrary,
(usually) positive weights w;:

My = Ewil’«i/EWr
Then w, and w, are special cases of u,,, since w; = n; gives
My = M, and w; = 1 gives w,, = u.. The BLUE’s of
these three averages and their sampling variances are

b, = Eniyi/Eni =y , withve(f,) = 03/2’% 3)
fre = 23ila, with ve(,) = aZ(El/m) / )
a,, = Ewiyi/Ewi’

2
with vp(4,,) = UZ(EW%/’%)/(EV%‘) . 5)

Clearly, @, is the grand meany , whereas fi, is the average
of observed class means, Xy;/a.

2.3 Discussion

Estimators (3), (4), and (5) are BLUE’s of different para-
metric functions, so comparing their sampling variances
does not seem, a priori, to be beneficial. In Section 3, where
we are interested in the case in which the subclass means
W; are all the same, namely u, the three estimators then all
estimate u and comparing variances of those estimators is
then of some interest. As a prelude, the variances in (3)-
(5) are compared, beginning with those of &, and &,,.

From applying the Cauchy—Schwartz inequality, Zp*Zq?
= (Zpq)?, we have

Sw St = (Svatm) = (Sw)
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Hence

uSn = (Swim) / (Sm).

and so from (3) and (5),
vF(ﬂ’n) = vF(ﬁ‘w)' (6)

Therefore, in the fixed effects model, no weighted average
of the u;’s has a BLUE with variance smaller than that of
f,. This is an attractive property for f4,. In particular, it
applies for w; = 1, giving

vF(/-A"n) = VF(/:Le)‘

This is perhaps a little surprising, since defining an overall
mean as U, seems more natural than does u, because of
the dependence of u, on the numbers of observations in the
classes.

In applications, w,, for a particular set of w; values can
well be a parameter of interest; for example, if three varieties
of wheat are grown in a county in acreages proportional to
wiiwyws, the county’s mean wheat yield per acre is u,,.
Therefore, if in some experiment designed to measure yield
the areas in which the three varieties are grown are pro-
portional to n,:n,:n,, different from w;:w,:ws, then u, #
M., and g, will be the estimated mean of interest. Never-
theless, (6) shows that fi, always has variance never less
than that of fi,. This suggests one reason for having subclass
sizes in data proportional to subclass population sizes.

3. MIXED MODELS

3.1 A Model

Suppose with the model equation (1) that we take the a;’s
as uncorrelated random effects with zero means and variance
o2, with the covariance between every a; and every ey
being zero. The e; terms retain the same mean, variance,
and covariance propertles as described following (1). With
these properties, the model is usually called the random
effects model, or random model, of the 1-way classification.
But since u is a fixed effect and the «;’s are random effects,
it is strictly a mixed model, and we think of it in that manner
for purposes of estimating w in the presence of the random
effects.

3.2 Weighted Averages and Estimators

In the preceding mixed model the BLUE of u, to be
denoted by fi,, is similar to Searle (1971, p. 463):

N n; . n;
Hr = 2n,»cr2 + azy’/En‘O'2 + o2
with vy, (2,) = 1 / >

The subscript M in v,, of (7) denotes variance based on the
mixed model. The estimator /i, in (7) is, of course, a special
case of i, with w; = n;/(n;02% + o2); and if f,, for other
values of w; is to be used, its variance is

no? + 03. @
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2
vu(fy) = 2wi(al + o/n) / (EW,), 8)

derived by replacing o 2/n; in vg(i,,) of (5) with o2 +
o?/n,.

3.3 Comparing Variances of Estimated Averages

First, from (8) and (5) it is easily seen that
2
wi

>
m + ve(f,) > ve(ly,),

for o2 > 0.

vu(f,) = o3

Thus every weighted average has variance in the mixed
model that exceeds its variance in the fixed model, as one
would expect. (When o2 = 0 the variances are equal.)
What is more interesting is that by applying the same rea-
soning to (7) and (8) as is used in deriving (6), it is easily
shown that

vM(ﬁ’r) = vM(liw)' (9)

This shows that in the mixed model no weighted average
f,, has smaller variance than does f, (as is to be expected
because @, is the BLUE of u).

A special case of (9) is vy({d,) = vy(fi,). Nevertheless,
ve(f,) of (3) is less than vy, (fi,) of (7), as may be seen by
observing that

Ve () = Uy () = 2mill/ a2 = 1o+ a2)] > 0,
for g2 > 0.

Hence
Ve(fln) = Vi) = Vig(in). (10)

Thus the variance of [, in the mixed model is between that
of 4, in the fixed and mixed models, with these variances
being equal when o2 = 0, for then 4, = f,.

3.4 Relative Weights for Observed Subclass
Means in fi,

In 4, the observed subclass means, y,, are weighted in
proportion to their n;-values; in i, they are weighted equally.
In the mixed model with intraclass correlation p = o2/
(% + 02), it is interesting to see how the weights in
£, change from those of (i, when p = 0 to those of 4,
when p = 1. To observe this, write &, of (7) as

A n; - n;

u,,,,—Enier n _pyi/Enip+ T A
Then p = Oyields 4,0 = fi, =y of(3)and p = 1 gives
.1 = fi, of (4). This is not surprising. p = 0 is equivalent
to 0% = 0, which reduces the mixed model to being a fixed
effects model y; = u + e; and so 4, = fi,, the BLUE
of w in that model. And p = 1, although equivalent to

= 0, is more interestingly the case of observations within
each class being perfectly correlated—in effect, identical.
Hence no matter what the value of n; is, y; has variance
o2, and so the linear combination of y;’s that has minimum
variance is i, = Xy;/a.



Despite these consequences of putting p = Oand p = 1
in fi,, it is nevertheless surprising how quickly the weights
given to each y; change from being proportional to n; in
f,0 = fi, to approaching being equal in &,; = fQ, as p
increases from O to 1. Consider two classes, one described
as having a large number of observations, n;, and the other
having a small number, ng, with of course, n;, > ng. In
/i, the ratio of the weight given yg to that given to y; is 7,
where, from (11),

coefficient of ys in 4, ,

Te = Coefficient of y. in @,
_nmp+1-p p+td-pin (12)
nsp + 1 —p)  p+ (1~ ping

Corresponding to p = 0 with i, = [, we have 7, =
ns/ng; and as p increases from zero to unity, 7, increases
from 7y = ng/n; to 7, = 1. Thus as p — 1, we see that
¥s, the data mean of the smaller-sized class, gets increas-
ingly larger weights in 4, ,, relative to y,. It is interesting
to see that this increase can, depending on the magnitudes
of n; and ng, be quite appreciable, even for very small values
of p. This is so because the first derivative of 7, with respect
to pis

T, =097,/3p= (1/ng— Uny)/(p+ (1 — p)ing)?, (13)

and for small values of p and not-too-small values of ng,
this can be relatively large. In particular, for p = 0,

7o = ng(1 — ng/ny), (14)

and so when ng/n; is small and ng is not too small, Ty can
be relatively large [e.g., for ng = 20 and n, = 100, 79 =
20(1 — .2) = 16]. This is the slope at p = 0 of 7, plotted
against p. The value 16 represents an angle of 86.4° from
the horizontal, which means that, for values of p near zero,
7, increases very rapidly from 7, = ng/n, = 20/100 = .2.
This is evident in the second column of Table 1, which
shows values of 7, for three pairs of ng,n, values and a
range of values of p.

3.5 Discussion

The BLUE of u in the mixed model is &,; it reduces to

. = ¥ _in the fixed model wherein o2 = 0, and to 4,
= 3¥,/a in the trivial case of o2 = 0 when all observations
in each class are then identical (and of course, if every n;
has the same value, then 4, = fi, = y. ). Each of the
estimators fi,, [i,, and [, has variance in the mixed model
that exceeds its variance in the fixed model, as is, of course,
to be expected. In contrast, as in (9), in the mixed model
[, has the smallest variance of any (linearly) weighted av-
erage, although in the fixed model fi, has still smaller vari-
ance.

In 4, the weight given to y5 having ng observations,
relative to that given to y, with n, > ng observations, is 7,
given by (12). The value of 7, is ng/n; for p = 0, that is,
in f,; and it is 1.0 for p = 1, that is, in &,. The rate of
increase in 7, for p increasing from O to 1 is given by 7,

Table 1. Dependence on Intraclass
Correlation of the Relative Weights Given to
Two Observed Subclass Means in the Estimator
fro = 2Inlnip + 1 = Pl VilZIni/(nip + 1 — p)]

;= coefficient of ys in fr,, _ p + (1~ p)in,
Intraclass " coefficient of y, in fi,, p + (1—p)ins
correlation, for three (ns, n.) pairs
2
p= 20'01 ns=4 ns=20 ns=5
0%, 0% n. = 20 n. = 100 n, = 100
0 (lar,o = Mpy
To = Ns/ny) 20 20 .05
.05 .33 .61 .28
1 .45 .75 .38
3 71 .92 .70
5 .840 .962 .842
7 .923 .983 .925
.9 978 .996 .979
1.0 (r1 = fo
T = 1) 1.00 1.00 1.00

of (13) with 7y = ng(1 — ng/n;). Thus for small values of
p the rate of increase in 7, depends not only on ng/n; but
also on ng; hence small changes in p can bring about big
changes in 7,. This is illustrated in Table 1, where, for the
example having ny = 20 and n, = 100, changing p from
0 to .05 changes 7, from .20 to .61. Thus not only can
relative sizes of data subclasses be important in the contri-
butions that observed subclass means make to fi,, but ab-
solute sizes are also important. This is also illustrated in
Table 1, where in each of the first two examples ng/n; =
.2: in the first of these, ng = 4 and 7 o5 is .33, whereas in
the second, with ng = 20 the value of 7 s is .61, nearly
double its value for ng = 4.

4. EXTENSIONS

Consider a 2-way nested classification in which the num-
ber of main classes is a, with the ith having b; subclasses,
in the jth of which there are n; observations y,-jk fork =1

s ng,withi =1,...,aandj =1, ..., b. A mixed
model for this situation can be taken as y,]k M+ By +
e, with w; as a fixed effect and B;; and e as random effects
with zero means, variances af; and o2, respectively, and
with all covariances zero. Then, similar to g, of (7), the
BLUE of u; is

n;
fi= 2 =" E

,1n,10'3+a 0'B+O'

Discussion of this and of linear combinations of the 4,’s
can be made similar to those of Sections 2 and 3. Analogous
extensions could also be made for a 2-way crossed classi-
fication for combining BLUE’s fi; = y;. in situations in
which v(3;) = o2 + on;..
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