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PETROV-GALERKIN METHOD FOR APPROXIMATION OF SOLUTIONS
TO OPERATOR EQUATIONS IN POSITIVE AND NEGATIVE BANACH
SPACES.

W.G. LITVINOV

ABSTRACT. The Galerkin method, in particular, the Galerkin method with finite elements
(called finite element method) are widely used in numerical solving of differential equations.
The Galerkin method allows us to obtain approximations of weak solutions only. However,
a rich variety of problems arise in applications, where approximations of smooth solutions
and solutions in negative spaces have to be found. This paper is devoted to the employment
of the Petrov-Galerkin method for solving such problems. General results on convergence
of the Petrov-Galerkin approximations of solutions to operator equations are obtained. The
problem on construction of the subspaces, which ensure the convergence of the approximations,
is investigated. By way of example, we consider two—and—three-dimensional problems of the
elasticity, a parabolic problem, and a nonlinear problem of the plasticity.

Key words.
Approximation, positive space, negative space, projection, convergence, kernel.

1. Introduction

Let U be a separable reflexive Banach space and Uy, be a finite-dimensional subspace of U.
Let A be a mapping from U to the dual space U* of U.
Consider the problem: Find u € U such that

A(u) = 0. (1.1)
A function u; € Uy, that satisfies the condition
(A(ug),h) =0, h e U, (1.2)
is said to be the Galerkin approximation of a solution u to the equation (1.1).
Once m(k) is the dimension of U, and ¢1,¢2,... s Pm(k) 18 a basis of Uk, we have up =

Zz(f ) a;p;, and (1.2) is represented in the form
m(k)
(A(Z ai@i)v@j) =0, Jj= 1727"'7m(k)' (13)
i=1
The Galerkin method and the finite element approximation, that originates from the Galerkin
method, are widely used for solving numerically and exploring the solvability of differential
equations.

However, the condition A is a mapping from U to U* is a strong restriction on A. The
Galerkin method allows us to approximate weak solutions of elliptic equations. The Faedo-
Galerkin method, that is a modification of the Galerkin method, which reduces the original
problem to a system of ordinary differential equations, is used for approximation of weak
solutions of nonstationary problems.
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2 W.G. LITVINOV

On approximation of smooth solutions to differential equations and solutions of differential
equations in negative spaces, we consider that A maps the space U to a space V other than
U*, see [10, 17]. The Galerkin method is unusable for such problems.

Problems on approximation of smooth solutions and solutions in negative norms appear,
in particular, in the theory of optimal control for partial differential equations, see [12]. The
investigation of the strength of a structure involves the computation of values of a function of
the components of the stress tensor, see e.g. [21]. The values of this function should not exceed
some magnitude at each point of the domain occupied with the structure. Since the stresses
are defined by derivatives of the function of displacement, smooth solutions should only be
used in such problems.

The optimization of the structure is associated with the searching of a solution to a conjugate
problem in a negative space.

Where the operator A maps the space U into a space V, the Petrov-Galerkin method can
be used advantageously. Let U, and V' be k-dimensional subspaces of U and V*, V* being
the dual space of V.

A function uy € Uy that satisfies the condition

(A(ug),h) =0, heVy, (1.4)

is said to be the Petrov-Galerkin approximation of a solution u to the problem A(u) = 0.

In the special case that V' = U*, we can take V" = Uy. Then the Petrov-Galerkin method
is transformed into the Galerkin method.

Below in Section 2, we consider the case where the operator A is a linear continuous and
one-to-one mapping of U onto V. A statement on the convergence of the Petrov-Galerkin
approximations ug in U to the solution w of the problem Au = f is proved. In Section 3, we
treat a problem on construction of the subspaces Uy and V', which ensure the convergence
of the Petrov-Galerkin approximations in the case that, A is a one-to-one mapping of U onto
V. The convergence of the Petrov-Galerkin approximations in the case, where the kernel and
the defect of A are finite-dimensional subspaces of U and V, is investigated in Section 4. In
Section 5, we consider two-and-three-dimensional problems of the elasticity theory and prove
the existence of solutions to these problems in the space WPQ(Q)”, where p > 2, n = 2 or 3,
and in W7T*(Q)", € (0,1). The Petrov-Galerkin method for the problems of the elasticity
theory is expounded in Section 6. In Section 7, the Petrov-Galerkin method is applied to the
approximation of the solution of a parabolic problem.

In Section 8, we consider a class of nonlinear operator equations, whose operators are re-
strictions of operators which map Banach spaces to Banach spaces in a one-to-one manner. In
particular, restrictions of strongly monotone operators are contained in this class.

Under some assumptions, we prove existence and uniqueness of smooth solutions to these
operator equations, and the convergence of the Petrov-Galerkin approximations to the exact
solutions. Here the approximations are computed by the modified Newton method, and in
doing so, we change the spaces V" in the Newtonian iterations.

By way of example, we consider in Section 9 approximation of the smooth solution to a
nonlinear problem of the plasticity theory.

We mention that the Petrov-Galerkin method for linear elliptic operators in positive Hilbert
spaces was considered in [3].
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2. Convergence of the Petrov-Galerkin approximations I.

We use the following notations: We denote the space of linear continuous operators mapping
a normed space X to a normed space Y by £(X,Y). If A € £(X,Y), the adjoint of A operator
is symbolized by A*, and the inverse of A, if it exists, by A~!. The dual of X space is denoted
by X*, and by (h, f) the duality between X and X*, where h € X and f € X*. In particular, if
f € La(2) or f e La()", then (h, f) is the scalar product in Ly(€2) or in Lo(2)", respectively.
If y is a point of X and G a set of X, we denote the distance between y and G by p(y, G),

— inf |y — 2|x.
p(y, G) ;gGIIy z||x

R, is the set of nonnegative numbers. The sign — denotes weak convergence in a Banach
space. If M is a subspace of a normed space X, we denote by X/M the quotient space of X
by M.
We assume that the following conditions are satisfied:

(C2.1): U and V are separable reflexive Banach spaces.

(C2.2): A is a linear continuous and one-to-one mapping of U onto V.
Let {Ug}, {Vi}, and {V;*} be sequences of finite-dimensional subspaces of U, V, and V* such
that

kli)rr;o hienli |lv—="hlly =0, vel, (2.1)
Vi = A(Uk), Vi = (A(U))". (22)
Let f be a given function of V. It follows from (C2.2) that there exists a unique u satisfying
uel, Au=/f. (2.3)

The Petrov-Galerkin approximations uy of u are defined by
up € Uk, (Aug,h) = (f,h), heV]. (2.4)
Let m(k) be the dimensions of Uy, and V!, and @1, a2, .. ., @ k) and 1,92, . .., ) be bases

m(k)

of Uy and Vi*. Then u, = > ,",” a;p;, and (2.4) is represented in the form

(A @) = (L), =120 m(h). (2.5)
i=1

Let P} be an operator of projection of V* onto V;*, and P, be the adjoint operator of P}, that
projects V onto V;, = V;**, where V;** is the dual space of V7,
Vi={vlveV, (v,9)=0, geN(P}, (2.6)

where N (P}) is the null-space of P}, see [5], VI, 3.3, VI, 9.18, VI, 9.19, [8], I, 3.4, III, 3.4.
There exists infinitely many projections which map V* onto V;*. A projection can be defined
as follows:

Let a1, az, ..., apm) be elements of V' such that (ay,1;) = d;5, where d;; = {1 ?f Z—] .
0 ifi#j
Then
m(k)
Ple= Z (i, e)h,, e V™.
i=1

In this case P} = P/ P;.
The projections P and Py are uniquely defined, when V' is a Hilbert space.
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It follows from (2.5) that
(Aug, — f,Pih) =0, heV™.
That is, (2.5) is represented in the form
P, Auy, = Py f. (2.7)

Since V;* = (A(Uy))*, the assumption (C2.2) implies the existence of a constant 7, > 0 such
that

HPkAwHV > 'YkH'UJHU7 weUg, keN. (28)

Therefore,
_ 1
N(PeA) " 2(vit) < g keN. (2.9)

For an arbitrary y € U, we denote the best approximation of y in Uy by bgy. It is defined as
follows:

lly —bryllv = inf ||y —w||v. (2.10)
weUy

There exists a function by that satisfies (2.10), and such function is unique, when the norm
of U is a strictly convex functional.

Theorem 2.1. Suppose that the conditions (C2.1), (C2.2), (2.1), and (2.2) are satisfied. Let
also f € V.. Then for any k there exists a unique solution uy to the problem (2.4), and uj — u
i U, where u is the solution to the problem (2.3). If

lim —||u—bku||U—0 (2.11)

k—o0 7,

then ug, — u in U. Furthermore, if there exists v > 0 such that vy >~ for all k, then
—ully < c inf |lu—hly, 2.12
lu — ully < ¢ inf {lu— hlly (2.12)

where ¢ is independent of k.

Proof. The existence of a unique solution to the problem (2.5) for any k follows from
(C2.2) and (2.2). By (C2.2), (2.1), (2.2), and (2.4), we obtain Aup — f in V. Therefore,
up =~ A7 f=u in U.

By (2.7) and (2.3), we get
(2.8) and (2.13) imply

1 1 c
lJur — brullo < — || PeA(u — bru)lly = —||PeA(u — bru)llv < —[Ju— by
Yk Yk Yk (2.14)

Therefore,
llu — ugllo < |lu— brullr + ||bru — ug||lo < (1 + %)Hu — brul|y. (2.15)
(2.15) implies that u; — w in U, if (2.11) is realized, and if v, > v > 0 then (2.12) with
c:l—i—‘fy—l holds. O

Remark 1. Suppose that the conditions (C2.1), (C2.2), (2.1), and (2.2) are satisfied. Let
feV and U be the solution to the problem (2.4). Let U be an arbitrary Banach space such
that U C U, and the embedding U — U is compact. Let A be an extension of A such that
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A is an isomorphism of U onto V, and also V C V. Then the function w, that is the solution
to the problem (2.3), also is the unique solution to the problem Au = f, and the Theorem 2.1

A

implies up — w in U.

Remark 2 (Second variant). Suppose that the conditions (C2.1) and (C2.2) are satisfied.
Let U and V be Banach spaces such that U C U, the embedding U — U is compact. Let also
V CcV, feV,and A be a restriction of A such that A is an isomorphism of U onto V. Let
@ be the solution to the problem A@ = f. Then @ is also the unique solution to the problem
Au=f.

Let {Ux}, {Vi}, and {V;*} be sequences of finite-dimensional subspaces of U, V, and V*
such that

lim inf |jv—h|lz=0, veU, (2.16)
k—o0 heUy
Vi =AUk, Vi = (A(Op)". (2.17)

Let also 1y be the solution to the problem
(NS Uk:> (Aakhh) = (f7 h)? h e Vk* (218)
Then by Theorem 2.1, we obtain

iy —u in U, up—u in U. (2.19)

Consider the case that A € L(U,U*), i.e. V = U*. Suppose that there exists a constant
a > 0 such that

(Au,u) > allul|l, weU. (2.20)

Then by Lax-Milgram theorem, there exists a unique solution u to the problem (2.3) for any
f € U*. The Galerkin approximations uy of u are defined by (1.2), that is

uy, € Ug, P]:; Auy = P]:f, (2.21)

where P is the adjoint operator of P that projects U onto Uy.
Let w € Uy. Taking (2.20) into account, we obtain

|| Py Aw| wl|g > (Pf Aw,w) = (Aw, Pyw) = (Aw,w) > a||w||3. (2.22)

U*

Therefore,

1P Awllg= = af|lwl[y. (2.23)

We apply Theorem 2.1. Taking (2.21) into account and remarking that V' = U* and P is the
projector of U onto Uy, we obtain.

Corollary. Let U be a separable reflexive Banach space. Let A € L(U,U*), f € U*, and
the conditions (2.1), (2.20) be satisfied. Then, for any k, there exists a unique solution uy to
the problem (2.21) and ux — w in U, moreover (2.12) is satisfied.
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3. Spaces U, and V.

Let {¢;}2, be a sequence of elements of U which satisfy the following condition:
(C3.1): 1, p9, ..., ¢k are linearly independent for any k € N, the union of all finite linear
combinations ) ¢;¢;, ¢; € R, is dense in U.
For any j € N, we denote the linear span of the elements of the set {¢;}72, \ {¢;} by A;.
We assume that there exists a constant G > 0 such that
plej Aj) = inf flpj —2llv =626, jeN. (3.1)
J

Consider the case where U is a Hilbert space. By the Schmidt orthogonalization (see e.g. [8],
I, 6.3 ), we can construct a sequence {¢}}2°, such that, the functions ¢} are linear combinations
of p1,¢2,..., i, and ¢; are orthonormal with respect to the scalar product in U. Let A’ be

the span of the elements of the set {¢}}72; \ {¢}}.
Then we have

Pl ) = inf [lgj —2llu =1, j=N.
z€A]
Therefore, the functions ¢} meet the conditions (C3.1) and (3.1) with 8; = 1.

Theorem 3.1. Suppose that the conditions (C2.1), (C2.2), (C3.1) and (3.1) are satisfied.
Then there ezists a sequence {1;}5°, C V* and a positive constant  such that

[Willv- =1, (Apj,¥i) = Gdij, 4,5 €N, G = p(Api, A(A)) = ¢ (3:2)
The elements 1; are defined uniquely by the conditions

and the linear span of the set {1;}5°, is dense in V*.
Let Uy and Vi be the linear spans of the elements o1,...,¢r and 11,...%,. Then the
condition (2.2) is satisfied and

|1 PeAwlly = [[Awllv > [|AT Ly llwllo, we Uy, keN, (3.4)
that s
N(PeA) e = A vy, k€N (3.5)

Proof. By (C2.2) and the Banach theorem on inverse operator, see [22], II, 5, there exists
the inverse A~! of the operator A and A~! € L£(V,U). For an arbitrary ¢ > 0, there exists
ze € A; satisfying

p(Api, A(Ai)) = [[Api — Az|lv —e.

Therefore,
|lei — zellv p(pi, Ai)
p(Api, AN)) 2 ooy — €2
(Aon A0 2 a2y ™ 2 T e
From here and (3.1), we obtain
Bi B

G = p(Api, A(Ay)) (3.6)

> > —
AT Y zovy T AT zvoy

It follows from the known result, see e.g. [7], V, 7, that for any i there exists an element ;
which satisfies (3.2). In view of (C2.2) and (C3.1), the elements v; are uniquely defined by
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(3.3). On the strength of (C2.2) (C3.1) and (3.2), the spaces V' meet the condition (2.2), and
the linear span of the set {1;}°, is dense in V*.
Let

k
i=1

Taking (3.3) into account, we obtain

k

|| Aw||y = sup (A(Z Cii), biwi)
(152721 bivsl|y==1 i=1 i=1

k k

= sup (A(Z ciei); Y bﬂﬂz‘) = || PpAw]|v. (3.8)
[ 355 bits|[y==1 i=1 i=1

Therefore, (3.4) and (3.5) are satisfied.

Remark. Suppose that the conditions (C2.1) and (C2.2) are satisfied. Let Uy be a finite-
dimensional subspace of U and {npl}y;(lk ) be a basis of Uj. Let ]5k be a projection of U onto
Uy, and My = (I — P)U, where I is the identical operator in U. Suppose that there exists a
sequence {gpi}gf(k)ﬂ C Mj, such that the linear span of the set {¢;}3°, is dense in U, and (3.1)
with 3 > 0 is satisfied

Let also {1#%}:1({6 ) be a set of elements of V* such that

l[illv- =1, (Apj, i) = Gdij, ¢G>0, i,5=1,2,...,m(k). (3.9)
Let Vi’ be the linear span of the elements 1, ..., ¥, x), and P be a projection of V* onto

Vi¥. Then (3.5), where P, = P;* and Vj is the linear span of the elements Agy, ..., App, 1), is
satisfied.

Consider the case where (3.9) is not satisfied. In this event we have

o0 1P D~ Acipillv
121 civillu=1 i=1

m(k) m(k)
= (k)inf sup ( D Acipi, Y bi¢i)
1257 civillu=1 || S ®) pyy|lpe=1 =1 i—1
m(k)
= kinf sup Z cibi(Api, ¥;). (3.10)
IS cipillo=1 || S b=t ig=1

4. Convergence of the Petrov-Galerkin approximations II.

We do not assume here that A is a one-to one mapping of U onto V; instead, we suppose
(C4.1): A is a linear continuous mapping of U into V', A has a finite-dimensional kernel
N, N ={u|lu e U, Au= 0},
and the operator A* adjoint to A, that is defined as
(Au,v) = (u, A*v), ueU, veV*
has a finite-dimensional kernel N*, N* = {v|v € V*, A*v = 0}.
(C4.2): The image of A, ImA = A(U), is a closed subspace of V.



8 W.G. LITVINOV

Theorem 4.1. Let U and V be separable reflexive Banach spaces. Let also the conditions
(C4.1) and (C4.2) be satisfied. Then the operator A is an isomorphism of U/N onto ImA, and

ImA={f|feV, (f,v) =0, ve N*}. (4.1)

Indeed, (C4.2) and the Banach theorem on inverse operator imply that the operator A is an
isomorphism of U/N onto ImA. The relation (4.1) follows from (C4.2), see e.g. [7], XII, 2.2.

Let P be a projection of U onto N. Then we have the decomposition U = U @ N, where
U = (I — P)(U), I being the identity operator in U.
Let also P be a projection of V* onto N*. Then V* = V* @ N*, where V* = (I} — P)(V*),

and I; is the identity operator in V*. (4.1) implies that V* = (ImA)*, where (ImA)* is the
dual of the space ImA.

Let {Uk} and {V}} be sequences of finite dimensional subspaces of U and V* such that

lim inf [|z—h|ly =0, zeU, (4.2)
k— °
heUy,
Vi = (A(Uk))" (4.3)
Consider the problem: Given f € I'mA, find u satisfying
uelU, Au=f. (4.4)

By virtue of Theorem 4.1, there exist a unique solution to the problem (4.4) and a positive
constant ¢ such that

|ullo < cllfllv, f€ImA. (4.5)

The Petrov-Galerkin approximations uy of u are defined by
Uk € Uka (Aukv h) = (f7 h)v h € Vk* (46)

Let P; be an operator of projection of V* onto V' and P} be the adjoint of P} operator, that
projects ImA onto Vy, = V;** = A(Uy,),
Vi ={f|f € ImA, (f,9) =0, g e N(P;)}, (4.7)

where N(P}) is the null-space of P}.
(4.6) is represented in the form

P Auy = Py f. (4.8)
Since V' = (A(Uy))*, there exists a constant 7, > 0 such that

HP]CA’UJHVz*ka’LUHU, we U, keN. (4.9)
By analogy with the proof of Theorem 2.1, we obtain.

Theorem 4.2. Let U and V' be separable reflexive Banach spaces. Suppose that the conditions
(C4.1), (C4.2), (4.2) and (4.3) are satisfied. Let also f = ImA. Then for any k there exists a
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unique solution to the problem (4.6) and up — u in U, where u is the solution to the problem

(4.4). If

1
lim —||u — byully = 0 4.10
dim e = brullo =0, (4.10)

where bgu is the best approximation of u, that is defined by (2.10) at Uy changed for Uy, then
ur — in U. If, in addition, there exists v > 0 such that v, > v for all k, then

lfug — ully < ¢ inf [Ju—hlly, (4.11)
heUy

where ¢ is independent of k.

The subspaces Uy, of U can be formed as follows: Let {Uy} be a sequence of finite-dimensional
subspaces of U that satisfy the condition (2.1). Let {(pik}iG:’CI be a basis of Uy.
Set

S%ik = (I_P)Splka L= 17"'aGk' (412)
We define Uy, as the span of the nonzero elements goolk Then the spaces Uy, satisfy the condition
(4.2).

[¢]
The nonzero elements &lk may be linearly dependent. Let M}, be the dimension of Uy. It is
obvious that G — n < M. < G}, where n is the dimension of N.

5. Problems of the elasticity theory.

5.1. Governing equations and a weak solution. Let  be a bounded domain in R? oc-
cupied by an elastic body. We suppose that the boundary S of € consists of two connected
components S; and Sy, S is the interior boundary, So the exterior boundary, Si () Sz = 0.
The components of the stress tensor o;;(u) are defined by
Uz](u) = aijlmglm(u)a iajv l> m = 11 2. (51)

Here u = (u1,u2) is the vector-function of displacements, €;,,(u) are the components of the
strain tensor

1 ( Oouy 8um)7 (5.2)

eim (1) = 2\ 0z, oxy

aijim are the coefficients of elasticity, depending on = = (z1,22) € . In (5.1) and below the
Einstein convention on summation over repeated index is applied.
The coefficients of elasticity have properties of symmetry

Qijlm = Gjiml = Qlmij (5.3)
and of positive definiteness
Qijim Yij Vim = O Yij Vij, = constant >0, v;; =5 € R. (5.4)
The equations of equilibrium have the form.
_ Ooy5(u)
Ox;

=K;in Q, i,j=12, (5.5)
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that is
0
- 7(a1jlm8lm(u)) - Kl in Q7 j7 l7m = 17 27 (56)
855]'
0 ) .
- 6x'(a2jlm5l’m(u)) :K2 m Q) ]7l7m: 172 (57)
J

Here K1 and K9 are the components of the volume force vector K.
We assign the displacements on .S7 and the surface forces on Sy, i.e.

U; = ﬂi on Sl, aij(u)vj = FZ‘ on SQ, 1= 1, 2, (5.8)

where 4; and F; are the components of the prescribed displacements @ = (11, U2) and surface
forces F' = (F1, Fy), vj the components of the unit outward normal v = (v, 2) to Sa.
Let

U={vve H(Q)? wv|g =0} (5.9)

By virtue of the Korn inequality, the expression

folli = ([ cutvies (o) de)’ (5.10)

defines a norm in U that is equivalent to the main norm of H'()2.
We suppose that

K = (K1, Ky) € U*, @ =(ig,iip) € H2(S))2, F = (F,F) e H 2(S)?
(5.11)
ijim € Loo(2), 4, 5,0,m =1,2. (5.12)
We also assume that the boundary S = S;|JS2 of Q is Lipschitz continuous. Since @ €
Hz (S51)?, there exists a function w such that

w = (wy,ws) € HY(Q)?, wlg, = . (5.13)
Define the following bilinear form on U x U
b(v,h) = / @ijim €im (V) €55(h) dx, v, h € U. (5.14)
Q
We consider the following problem: Find u° satisfying
u = (ud,u3) € U, (5.15)
b(u’,h) = (g9,h), heU, (5.16)
where
(,h) = (K, h) + (F,hls,) /Q Gistom €t (1) 55 (1) dz. (5.17)

By (5.12), (5.3) and (5.4), the bilinear form b is continuous, symmetric, and positive definite
in U. It follows from (5.11), (5.13), and (5.17) that g € U*. Because of this, the Riesz theorem
implies that, there exists a unique solution u° to the problem (5.15), (5.16).

Applying the Green formula, it is easy to verify that the function v = u® + w is a weak
solution to the problem (5.6), (5.7), (5.8).

This solution is unique. If w! is another function that satisfies (5.13) and u! is the solution
to the problem

u' €U, b(u',h)=(g",h), heU,



PETROV-GALERKIN METHOD 11

where ¢! is defined by the right-hand side of (5.17), in which w is changed for w', then
ul +w =u! +w'
Therefore, the following assertion is valid:

Theorem 5.1. Let Q be a bounded domain in R? with a Lipschitz continuous boundary S =
S1 U S2, where S1 and So are connected components of S. Suppose that the conditions (5.3),
(5.4), (5.11), and (5.12) are satisfied. Then there ezists a unique weak solution u to the problem
(5.6), (5.7), (5.8). The function u is presented in the form u = w + u°, where w satisfies the
condition (5.13) and u® is the solution to the problem (5.15), (5.16). There exists ¢ > 0 such
that

lallir s < (11K o= +11all 3 g0 + 1FI (518)

H*%(52)2)'

Restrictions on stiffness and strength are imposed on solutions of the problems of the theory
of elasticity, see [12], [21]. These restrictions may be taken in the form

max |u(x)| < ey,
e

I;leag((ﬂijaij(u))(x) + (Wijimoij(w)oum(uw))(z)) < 1, (5.19)

where II;; and II;5;, are the components of the strength tensors.
It follows from here that the solution w to the problem (5.6), (5.7), (5.8) should be of the
class C1(Q)2. Because of this, we will now deal with such solution to this problem.

5.2. Regular solutions and the solution to the conjugate problem. We suppose that
aijim € CH(QY), i,j,1,m =1,2, (5.20)

_1 _1
K = (Ki,K3) € Ly(Q)?, a=(a1,02) € W, 7(S1)%, F=(F,F)eW, "(S9)% p>1,
(5.21)

(C5.1): Q is a bounded domain in R?, the boundary S of Q consists of two connected
components S7 and Sy, such that S; () Sz =0, S; and Sy are of the class C2.

Define an operator A as follows:

A= (A1,A2), A1 =(A11,A12), Az = (A21,A2), u=(u,uz), (5.22)
0 0 .
Ajju = —a—xj (a1jimeim(u)), Arpu = —8—% (a2jimeim (u)) in €, (5.23)
_ _ | oy,
Asju=wuon Sy, Agpu= { agj(u)uj} on Ss. (5.24)
We consider the following problem: Find w satisfying
w=W2Q2
Anu . .
Aju = A (= Kin Q, Agi(u)=1uonS;, Ax(u)=F onS;. (5.25)

Theorem 5.2. Suppose that the conditions (5.3), (5.4), (5.20), (5.21), and (C5.1) are satisfied.
Then there exists a unique solution to the problem (5.25), and

lellwgione < (11K gy + el g o+ RN g ). (5.26)

p 1)
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The operator A = {A1 = (A1, A12), Az = (A21,A22)} is an isomorphism of WE(Q)Q onto
_1 _1
V= Ly(Q)2 x W, 7(S1)2 x W, " (Sy)?.

Remark. Since W2(€2) € C'(©2) at n = 2 and p > 2, the components of the stress tensor
0;;(u) belong to the space C(f2), when u € Wg(ﬂ)2 with p > 2. In this case the restrictions

(5.19) have sense.
Proof of Theorem 5.2. By (5.3) the operator A; is represented in the form

0 8ul 0 6ul
Ajju=——— im —— Apu=——— im —— - 2
"= e (atsm axm)’ 2= e (azitm axm) (5.27)
The matrix b(z, &) with elements
bir(z,€) = aijim(2)&ém (5.28)

is associated with the principal part of the operator —A; and the vector £ = (&1, &2), see [1],
[17], [19]. In this case

bt (2, )m = aijim(T)eimémy  bu(x, )mni = aijim(@)0i&mém, 1= (n1,m2) € R%,
(5.29)

Following the Lemma 3.2 from [15], let us show that
L(z,&) = det||aijim(z)&&m|| # 0 for £ £0, z € Q. (5.30)
Taking (5.3) and (5.4) into account, we obtain
2

Wijtm ()i & M Em = i%’jlm(x)(nifj +15&) (M€m + mm&) > %a > &+ 77j§i)2-( )
ij=1 5.31

If agjim (2)n: & M &m = 0, then

ni& +ni&% =0, 4,7=12.
We suppose that § # 0. Multiplying each of these equations by 7;{; and summing over ¢
and j , we obtain |n|?|¢|% + |9:&|? = 0; that is n = 0. Thus, for any ¢ # 0 and = €

@ijim ()1 &M Em > 0 for n # 0, and (5.30) holds.
It follows from (5.30) and (5.20) that there exists a positive constant p such that

p e < L(, O S plglt, 2 eQ, EER (5.32)

Consequently, the operator A; is uniformly elliptic.

L(x,&) is a polynomial of fourth degree with respect to & with real coefficients. Because of
this, for every pair of linearly independent vectors £ = (£1,&) and &' = (£, £3) from R?, the
polynomial L(z, & + 7€) in the complex variable 7 has two roots with positive imaginary part.
Therefore, the supplementary condition on L is satisfied.

The complementing boundary condition is also satisfied, because there is no a constant ¢
such that (5.18) holds, if the complementing boundary condition is violated, see [1].

Now it follows from [1, 19] that if a solution u of the problem (5.25) belongs to W7 ()?,
then there exists ¢ > 0 such that

lellwgione < (1K gy + 10l oy PN g+l
p

1
P (81)? P 2)
From here and the Peetre lemma, see [10], Chapter 2, Section 5.2, [16], it follows that the image
of the operator A is a closed subspace in V' and the kernel of A is a finite-dimensional subspace

of W2(Q).
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Denote the kernels of the operators A and the adjoint of it A* by IV and N*, respectively. It
follows from Theorem 5.1 that the problem Au = 0 has zero solution only. Therefore, N = {0}.

Let v and h be two smooth vector-functions given in €2. By applying the Green formula, we
obtain

0
/Qaijzme?zm(v)&j(h)dx——/ﬂ <a$j(aijlm51m('l}))) h; dx
+ [ asimetm@ghids = = [ (-G zun (1)) o
S yim =im J o 6£L'j 17lm <lm
—I—/ aijlmelm(h)l/jvids. (533)
S

Taking into account that S = S |J Sz, we obtain from (5.33) that

0
/ (T(aiﬂm elm(v))) hidx +/ Vi@ijim Eim (v ds — / @ijim Eim (V)Vjh; ds
Q Lj S1

52 (5.34)
0
_/ <67(Gijlm5lm(h))> vidw—i-/ hz’aijlmfilm(’l})l/jds—/ aijlmfflm(h)l/jvids.
Q Ly Sy S5

Therefore, the operator A is formally selfadjoint, and hence N* = {0}.
Thus, A is a one-to-one mapping of VV;(Q)2 onto V, and (5.26) follows from the Banach

theorem on inverse operator. Hence, A is an isomorphism of Wg(Q) onto V. [J

Consider the problem (5.25) provided that

aijim € CVN(Q), d,5,lm=1,2, (5.35)

R A 24+a—1
K = (K1, K») € W;‘(Q)Q, 0= (ly,02) €W, "(S1)%

1+a—1
F=(F,F)eW,  7(S)? aec(0,1),p>1. (5.36)
The next result follows from the proof of Theorem 5.2 and Theorem 10.1.1 in [17].

Theorem 5.3. Suppose that the conditions (5.3), (5.4), (5.35), and (5.36) are satisfied. Let
also the connected components S and Sa of the boundary S be of the class S*'. Then there
exists a unique u € W5+°‘(Q)2 that is the solution to the problem (5.25).

Solving problems on optimization and optimal control systems, depicted by partial and
ordinary differential equations, is directly associated with solving problems for the operator,
that is adjoint to the one that governs the process under consideration, see [11, 12].

Let us consider the boundary value problem for the operator A*, that is adjoint to A defined
by (5.22)-(5.24).

We have

(Ah,v) = (h,A*v), heWZQ)?, wveV* A e LV, (Wi (Q)*)),
(5.37)

where

41

_o4 1 -1
TS x W, P(S)?, g = T p>L (5.38)

V* = L,(Q) x W,
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Theorem 5.4. Suppose that the operator A is defined by (5.22), (5.23), (5.24), and the condi-
tions (5.3), (5.4), (5.20), and (C5.1) are satisfied. Then for an arbitrary g € (W2(Q)?)*, there

exists a unique v € V* such that A*v = g, that is
(Ah,v) = (g,h), heW;(Q)> (5.39)
The operator A* is an isomorphism of V* onto (W7 (Q)?)*.

Indeed, since the operator A is an isomorphism of I/Vp2 (2)2 onto V, there exists the inverse
operator A*~! of A*, and A*~t € L(WZ(Q)?)*,V*), A*1 = A~ see e.g. [8], Chapter III,
Theorem 5.30. Therefore, for any g € (Wg(Q)2)*, there exists a unique v € V* such that
A*v = g, and the operator A* is an isomorphism of V* onto (W7Z(€2)?)*. The equality (5.39)
follows from (5.37).

5.3. Problem with forces on S; and 5S,.

5.3.1. Weak solution. Let us consider the case where the boundary operator Ay = (Az;, A22)
has the following form:

Agi u = {aijim 5lm(u)1/j}?:1 on S,  Axu = {aijm Elm(u)uj}?zl on Ss.
(5.40)

We deal with the problem: Find u satisfying,

_ Aju o . N Ao u . F!
Alu—{ A12u}—K1nQ, Agu—{ A = 2 (- (5.41)
Here the operator A; is defined by (5.23), K, F', and F? are given functions of volume and
surface forces.

Define an operator A € L(H' ()2, (H*(22)?)*) by the relation

(v, h) = / Qijim et () 5 () dz, v, h € H'(Q)?. (5.42)
Q

The kernel N of the operator A consist of all functions v such that
ve HY(Q)?, / @ijim €im (V) €i5(h) dx =0, h € HY(Q)% (5.43)
Q
By (5.4) we obtain from (5.43) that e;,,,(v) = 0, [,m = 1,2. Therefore, N is the space of the
rigid displacements, which has the following form:
N = {vjv = (v1,v2), v1 = a1 + azze, v2 = ag — azry, ai,az2,a3 € R}. (5.44)
It follows from here that the functions
w1 = (1,0), Wwo = (0, 1), w3 = (xg, —:Bl) (5.45)

form a basis of N.
The space H'(2)? is represented in the form

HY(Q)? =UEPN. (5.46)

Here the subspace U can be defined so that the spaces i and N are mutually orthogonal with
respect to the scalar product of H*(Q)? or Ly(2)2. We consider that ¢/ and N are mutually
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orthogonal with respect to the scalar product of Lo(2)2. Tt follows from (5.45) and the Korn
inequality, see [12], 1.7, that the expression

= (s (f )+ (o s )

defines a norm in H'(Q2)? that is equivalent to the main norm of H'(2)2. The first, second,
and third integrals in (5.47) being the projections of v onto the basis functions wy, wy, ws with

respect to the scalar product of Ly(2)2. Therefore, the expressions (Av, h) and (Av, v)% define
a scalar product and a norm in the factor space H'(Q)?/N and in U.
We suppose that

K = (K1, K2) € (H\Q?)", F' = (FF}) € H #(51)%
F? = (F2 F2) € H 2(S,)>, (5.48)
(K,w;) + (FY wils,) + (F* wg)s,) =0, i=1,2,3. (5.49)
By (5.48) and (5.49), the functional J defined as
(J,h) = (K, h) + (F', hls,) + (F2,hlsy),  he H'(Q),
belong to the space (H!(2)?/N)*.
Consider the problem: Find w satisfying:
welU; (Au,h)= (K, h)+ (F' hlg)+ (F? hls,), heU. (5.50)

Bearing in mind (5.33), we can see, that if u is a solution to the problem (5.50), then u is a
weak solution to the problem (5.41).
By using the Riesz theorem, we obtain the following result:

Theorem 5.5. Suppose that the conditions (5.3), (5.4), (5.12), (5.48), and (5.49) are satisfied.
Then there exists a unique solution u to the problem (5.50), and

lllin gz < e (1K ey +1F -y g+ 12 g ) (5.:51)

the operator A is an isomorphism of U onto U*.
5.3.2. Regular solutions. At the conditions (5.20) and (C5.1), the operator A = (A1, As),
defined by (5.22), (5.23), and (5.40), is a linear continuous mapping of W72(€2)? into
1—1 1—-1
V =L,(Q)2xW, *(S1)>xW, ?(S2)? p>1 (5.52)

By (5.33) the operator A is formally self-adjoint, the kernel N of A is defined by (5.44), and
the kernel N* of the operator A* has the form
N*={R|R = (R1,R2,R3), R1 = (a1 + a3z, a2 — azxy) in €,

RQ = (CL1 + aszrgy,az — agl'l) on 51,R3 = (a1 + aszrgy,az — agl‘l) on SQ, ai,az,as S R}.
(5.53)
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Define the following set:

V ={(K,F', F)|(K,F',F} eV, / Kida:—k/ F}ds+/ Flds=0, i=1,2,
Q S1 Sa

/(K1:E2—K2l'1)dl‘—|—/ (Flll'Q—FQl:L‘l)dS—F/ (F12$2—F22:L‘1)d820}.
Q St Sa (554)

We consider the functions wi,ws,ws, which are defined by (5.45), as elements of La(£2)2.

i = ((/Q )) = ( (/ dxy%),

. ws — Y7 (ws, ;)

w3 - 2 ~ — .
lws =375 (w3, W) Wil| 1, ()2

(5.55)

The family {@‘}?:1 is a basis of N, that is orthonormal with respect to the scalar product in
Lo (92)2.
We denote the projection of Ly(€2)? onto N by P

3
vE Ly(Q)?, Pv=Y_ (v,i);. (5.56)
=1
Since WPQ(Q)2 C L2(Q)?%, we have
W2Q?2 =UEDN, U= (I-P{W2Q)2}, (5.57)

I being the identity operator.

Theorem 5.6. Suppose that the conditions (C5.1), (5.3), (5.4), and (5.20) are satisfied. Then

for an arbitrary (K, F*, F?) € V, there exists a unique u € U that is the solution to the problem
(5.41), and

1 2
ellwgione < e (o + 1y o+ IF2 g ). (5.58)

1 1
P p(Sl) Wp p( 2
the operator A = (A1, Az) is an isomorphism of WZ(€)?/N onto V.

The proof of this theorem is closely similar to the proof of the Theorem 5.2. Because of this,
we present a sketch of the proof.

It follows from the proof of the Theorem 5.2 that the operator A; is uniformly elliptic and the
supplementary condition on L is satisfied. By (5.51) the complementing condition is fulfilled.

Now it follows from [1], [19], that if a solution to the problem (5.41) u belongs to W2 ()2,
then the following inequality holds:

u §c<K +|IFY . +[|F?| . + ||u )
ullwz@)z < e ([1K]|L,@)2 + I HW; boe | HW; 11“52)2 [ull L, @2 (5.50)

(5.59) and the Peetre Lemma imply that the image of the operator A is a closed subspace in
V. Therefore, there exists a solution to the problem (5.41) if (K, F', F?) € V and

(K7h)+(Flvh’51)+(F27h’52):07 hEN*7
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see e.g. [7], XH 2. These conditions exactly mean that (K, F! F?) € V. Thus, for any
(K,F', F?) e V there exists a unique u € U that is a solution to the problem (5.41) and
(5.58) is satisfied. The operator A is an isomorphism of Wz?( )2/N onto V.

The next theorem follows from the proof of Theorem 5.6 and Theorem 10.1.1 in [17].

Theorem 5.7. Suppose that the conditions (5.3), (5.4), and (5.35) are satisfied, and the com-
ponents Si and Sy of the boundary S are of the class C*' Let also

1+oz—7
K = (Ki, K2) € WH(Q)?, F'=(F}, Fg) cW, 7(S1)%

1+a—
= (R, B e W, T (S:) (5.60)
and (5.54) holds. Then there exists a unique u € WZt*(Q)/N that is the solution to the
problem (5.41).

5.4. Three-dimensional problems. We consider two problems of the elasticity theory in a
three-dimensional domain 2. We suppose

(C5.2): Q2 is a bounded domain in R? with a boundary S of the class C?.

Let u = (u1, u2,us) be a vector-function of displacements. The components of the stress tensor
oi; are defined by (5.1), where 4,j,1,m = 1,2, 3, and €, (u) are determined by (5.2). Define
an operator A as follows:

A= (A1, Ag),
0
Ar = (Air, Arg, Avg),  Anu= aT(Qijlmflm(u)) inQ, =123, (5.61)
J
A2 = (Agl, AQQ,A23)7 Agiu = U; On S, 1= 1, 2, 3. (5.62)
We consider the following problem: Find w satisfying
weW2(Q)?, Aju=KinQ, Awu=daons. (5.63)
Here, we assume that
91
K = (K1, Ko, K3) € Ly(R)%, @ = (41,12,03) € W, 7(S)%, p>1. (5.64)

Theorem 5.8. Suppose that the conditions (5.3), (5.4), (5.64), and (5.20), where i,7,l,m =
1,2,3, are satisfied. Let also (C5.2) is valid. Then there ezists a unique solution to the problem
(5.63), and there exists ¢ > 0 such that

< U . .
lullwgiar < e (I11lzy@m +lall ooy ) (5:65)

91
The operator A is an isomorphism of W;(Q)?’ onto V.= Ly(Q)3 x W, *(9)3.

The proof of this theorem is closely similar to the proof of Theorem 5.2. Because of this, we
will dwell on some steps of the proof.

By repeating the arguments of the proof of Theorem 5.2, we obtain that the operator A; is
elliptic and the supplementary condition is satisfied. The Dirichlet boundary condition (5.62)
is complementing, see [1].

It follows from here that the image of the operator A is a closed subspace of V and the kernel

of A is a finite-dimensional subspace of Wg ()3

Let v € W2(92)? and Av = 0, that is Ajv =0, v =0, on S.
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From here and (5.4), we obtain

0=— /Q (%(aiﬂmslm(v))) v d = /Q (aimeim (v)es;(0) dz > /Q 23: (645 (0))? da.

j ij=1 (5.66)
The Korn inequality and (5.66) yield v = 0, that is N = {0}, where N is the kernel of A.
It follows from (5.33) that

0
/Q ((%(aijlmelm(v))) h; dx—i—/s Vi@ijimEim (h)v; ds

19}
:/Q (%thjlmflm(h))) U dx+/ hiaijlmelm(v)yj ds. (567)
J S

Therefore, the operator A is formally self-adjoint, and the kernel of the adjoint operator A*
contains zero element of V* only. Thus, A is an isomorphism of VV;(Q)3 onto L,(Q)? x

_1
W, 7(S)%, and (5.65) holds.

Consider the problem, where surface forces are prescribed on S. In this case, the boundary
operator As is defined by

A2 = (Agl, A22A23), A%u = aiﬂmslm(u)uj on S, 1= 1, 2, 3, (568)

where v; are components of the unit outward normal v = (v, v9,1v3) to S.
We consider the problem: Find u such that

ueWZ(Q)?, A=K, Apwu=F, (5.69)

where A; is defined by (5.61).
Taking (5.4) into account, we obtain from (5.33), that the kernel N of the operator A =
(A1, A2) consists of functions v such that €;;(v) =0, 4,5 = 1,2, 3. Therefore,

N = {U|U - (U17U27U3), Vi = a4 + bik‘xka aivb’ik‘ S Ra bzk = _bkia ia k= 1?273}
(5.70)

It follows from (5.33) that the kernel N* of the operator A* is defined as follows:

N* = {B|B = (By,B2), Bj = {Bji}}_, 1 =1,2,
Bii = a; + bigzy in Q, Bo = a; + bypxy, on S, ai, by € R, by, = —byy, i,k =1,2,3}.

(5.71)
The following functions z; form a basis of N:
z1 =(1,0,0), 22=1(0,1,0), =z3=(0,0,1),
z4 = (9, —x1,0), 25 = (23,0,—z1), 26= (0,23, —x2), (5.72)
and the functions y;, defined as
Yi = (Ui, ¥i2), Y =2in€Q, yo=2zonS, i=12,...,6, (5.73)

form a basis of N*.
We set

W = {(K,F)|(K,F) € Ly(Q)* x Wpl’%(S)3 =V, p>1, (K,h)+ (F,hls) =0, h € N*}.
(5.74)
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The condition (K, h) + (F,h|s) =0, h € N* is equivalent to the following equations:

/Kidx—i—/Fids:O, 1=1,2,3,
Q S

/ (leg — Kgxl) dx +/ (Fl.%'g — Fgl'l)ds =0,
Q S

/ (K1:E3 — Kgl‘l) dx —|—/ (F11‘3 — Fgl‘l) ds =0,
Q S

/ (Kgxg — Kgl’g) dx —I—/ (F2x3 — Fgﬂjg) ds = 0. (5.75)
Q S

By analogy with the proof of Theorem 5.5, we obtain

Theorem 5.9. Let the operator A = (A1, A2) be defined by (5.61), (5.68). Suppose that the
conditions (5.3), (5.4), and (5.20), where i,7,l,m = 1,2,3, are satisfied. Assume also that
(C5.2) holds and (K,F) € W. Then there exists a solution to the problem (5.69), and the
operator A is an isomorphism of WE(Q)?’/N onto W.

6. The Petrov-Galerkin method for the problems of the elasticity theory.
6.1. Spaces Uy. Let [a,b] be a segment in R and A be a partition of it
Ava=yo <y <---<yp=>b

We denote by Ss3;(A, [a,b]) the space of cubic splines consisting of functions w such that w €
C¥([a,b]), i = 1 or 2, and on each subsegment [y;, y;+1], the function w is a polynomial of the
degree 3. The space S31(A, [a,b]) is said to be the Hermite cubic splines.

Bases of the spaces S3;(A, [a,b]) are formed by corresponding cardinal splines, whose sup-
ports have the minimal length, see [2, 23].

Let 1 be a rectangular domain such that

le{:z:]a::(ml,xg), a1<x1<b1, a2<m2<b2}, QCQl,

where  is the domain of the problem (5.25).
Let {AF = A]lk X A%k}g‘;l be a sequence of partitions of the rectangle Q1 = [a1, b1] x [az, ba],
j=1,2and

Jk . _ Jk Jk Jjk
Ay .al—:c10<:1:11<---<331Mjk—b1, M, — oo at k — o0,

A%k tag = xJZIS < a:%lf < e < x;’fvjk = by, Nj — ooat k— oo. (6.1)
We set
" = ogig}ﬁA ($1(i+1) xy;), 1 Ogignj\%lk—l (xl(iﬂ) 1, ),
I7F =  max gk gk k=  min ko Ik :
2 0<i<N 1 ( 2(i+1) 21)7 ELY) 0<i<Njj—1 ( 2(i+1) 21)
V% = max(I1}F, 1), 1% = min(11", 113%). (6.2)
We suppose that there exists a positive constant ¢ such that
v+
— <0, keN, j=12. (6.3)

ik
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Define spaces W7* as follows:
ij = Sgi(A]ik, [al, bl]) ®S31(A32k, [ag, bg]), ] = 1, 2, 7 =1or 2, (6.4)

the symbol Q) denoting the tensor product.
The space W7* consists of all functions h such that

h(zy,me) = w@)v(ra), w € Ssi(AL [ar,ba]), v € Ssi(AL, [ag, ba)).
l

We mention that W7k W2(Q1), p > 1, and the following condition is satisfied:

. . _ 2 C
k11—>11;o hGHI/lIfjk HU - hHWg(Qﬂ - 07 (S Wp (Ql)7 J = 1727 (65)
see [23], 11, 9, III, 7.
Define spaces Uy, as follows:
Uy is the space of restrictions of the elements of W¥ = W% x W?* 0 Q.
(6.6)

Let {fyljk}fi " be the basis of W/ ¥ that is formed by the multiplication of the one dimensional
cardinal splines of the spaces Sgi(Ajlk, [a1,b1]) and Sgi(A%k, [az, ba]). Since the supports of some
functions v, and Q are mutually disjoint, the dimension of the space U}, can be significantly

less than the dimension of W*, especially at large k.
Taking (6.5) and [23], III, 3 into account, we obtain.

Lemma 6.1. Let Azk be defined by (6.1) and the condition (6.3) be satisfied. Then

o _ 202
khjgo hlenli lv = hllwz@p2 =0, veW;(Q)", p>L1 (6.7)
If i =2 in (6.4) then
. . _ 24« 2
kh—>nolo hlenli llv — h||W§+a(Q)2 =0, veW,7(Q)*, aec(0,1). (6.8)

6.2. Approximation of the solution to the problem (5.25). The operator A, that is given
by (5.22)-(5.24), is an isomorphism of W2(€2)? onto

91 1-1
V =L,(Q)2 xW, *(S1)>xW, ?(S2)%
The dual space V* is defined by (5.38).
The spaces V;* C V*, that satisfy the condition (2.2), could be formed by step-functions,
given in  and on Sp, and Sy. Let {¢rk}f:kl be a basis of V}*.
The Petrov-Galerkin approximation of the solution to the problem (5.25) is defined by
Ug € Uk> (Auknw'rk) = (fa wrk)a r= 1)"'1Gk> (69)
that is
P Auy, = Prf. (6.10)

Here f = (K, 4, F') and Py is the adjoint of the operator P that projects V* onto V}*.

Since 1), are step-functions, (Auy, 1) takes the form of scalar product in L ()% x La(S1)? x
L2(S2)?%, and we have not to calculate fractional derivatives.

It follows from [4], Section 26.3 that the embeddings W;“‘“(Q) — Wg(ﬂ) and WI,Q(Q) —
Wg_o‘(Q), a € (0,1), p> 1 are compact. Because of this, applying Theorem 2.1, Remarks 1
and 2 from Section 2, and Lemma 6.1, we obtain
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Theorem 6.1. Suppose that the conditions of Theorem 5.2 are satisfied. Let the spaces Uy
be defined by (6.6), and (6.3) be fulfilled. Let also V; = (A(Uy))*, k € N and (K, 0, F) € V.
Then there exists a unique solution uy to the problem(6.9) and w, — u in W2(Q)?, uj, — u
in W2™(Q)?, where u is the solution to the problem (5.25) and o € (0,1). If, in addition,
the conditions (5.35) and (5.36) are satisfied, S is of the class C*', and i = 2 in (6.4), then
Up — U In WPQ(Q)Q.

6.3. The Petrov-Galerkin method for the operator A*. We consider the following prob-
lem:
Given g € (W2(Q2)?)*, find v € V* such that
A*v =g, (6.11)
where A* is the adjoint of the operator A, that is specified by (5.22)—(5.24), V* is given by
(5.38).
The Petrov-Galerkin approximation of the solution to the problem (6.11) is defined as follows:

v € Vi, (Ah,vg) = (h,g), he Uy, (6.12)

where V" and Uy, are finite-dimensional subspaces of V* and U = Wg(Q)z.

The spaces Uy, which satisfy the condition (6.7), were defined above in 6.1. The spaces
Vi = (A(Uy))* can be formed by step-functions. Then, by analogy with the above, we obtain
that vy — v in V™.

6.4. Approximation of a solution to the problem (5.41). Let Uy be defined by (6.6).
Let {golk}l(icl be the basis of Uy, that is formed by the multiplication of the one-dimensional
cardinal splines.

In line with (5.56) and (5.57), we set

3

o =i — Pow = o — Y _ (fuk, 0i)hi, 1=1,...,Gy. (6.13)

i=1
Define (O] r as the span of the functions g%lk. Since N C Uy, the functions coplk are linearly
dependent, and the dimension of the space (O] k equals Gy — 3.
At the conditions of Lemma 6.1, the spaces ((} i satisfy the condition (4.2). The spaces
‘;k* = (A(Uok))* C 1;* can be formed by step-functions. Let {¢rk}§ﬁf3 be a basis of Vok*
The Petrov-Galerkin approximation of a solution to the problem (5.41) is defined as

Gr—3
U = Z cls%llw (Au]mQ;Z)Tk) = (fa ¢Tk)7 r= 1) R Gk - 37 (614)

=1
where A = (Ay, As), f = (K, F', F?).
Applying the Theorem 4.2, we obtain.
Theorem 6.2. Suppose that the conditions of Theorem 5.6 and Lemma 6.1 are satisfied. Let
Uo'k be the span of the functions 4,%”6, which are defined (6.13). Let {wrk}f,;:’“l_g be a basis of
Vok* = (A(Uok))* Then for an arbitrary k there exists a unique solution uy to the problem (6.14)

and u, — u in W2(Q)?, and u, — u in W2~*(Q)?, where u € U is a solution to the problem
(5.41) and « € (0,1). If, in addition, the conditions of Theorem 5.7 are satisfied and i = 2 in
(6.4), then up — u in W3 ()2
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By analogy with the set forth above, we can approximate solutions of three-dimensional
problems of the elasticity theory. In this case, the space Wg(Q)3 is approximated by the

restriction to © of the spaces W% x W2F x W3F where
Wk = 83;(AT", [a1,b1]) R) Ssi (A, [az, ba]) (R) Ssi (AL, [as, bs]),
j=1,2,3, i=1or2, QC[ay,b]x |ag,ba] x a3, b3].
The spaces V;* could be constructed by step-functions.
7. The Petrov-Galerkin method for a parabolic problem.

7.1. Parabolic problem. We consider an operator A;, that is given by

o o 0u 2 Ou
Alu_a—i_i,j:l ijaxiaxj—l—;aiawi—i—au in@=Qx(0,7). (7.1)
We suppose that T' < co and
a;j € C(Q), ai,a€ Loo(Q), (7.2)
p? < @iz, )iy < pehyl?, (2,0 €Q, v =(n,72) €R%, (7.3)

w1 and pg are positive constants.
We also assume that

(C7.1): Qs a bounded domain in R? with a boundary S of the class C?.
Define a boundary operator and an operator of initial data as follows:

Asu=won Sp =85 x(0,T), Asu=wuonx{t=0} (7.4)
We consider the problem: Find wu satisfying
Aju=fin Q,
Aou = 1 on Sp,
Asu = ug on . (7.5)
Set
R 9-1j_1 9_2
Vi ={glg = (f,@,u0) € Lp(Q) x W, 7" *"(S1) x W, "(Q), p > 2},
V ={glg = (f.0,u0) € Vi, wuols = tfe=o}- (7.6)
It follows from the embedding results, see [4], Chapter 5, Section 24, that if w, — w in

2-2 2-11-L
W, *(Q), hy — hin W, ?° *(S7), p> 2, and wy|s = hn|i=o, then w|s = h|i—p. Therefore,
the set V, provided with the norm

1(fs @ wo)llv = [ fllLy@ + 1Al o, p 4 uoll -

2
w, P7 P (Sr) w, P(Q)

, (7.7)

is a Banach space.
The next result follows from [9], IV, 9.

Theorem 7.1. Suppose that the conditions (C7.1), (7.2), and (7.3) are satisfied. Then for

any triple (f,0,ug) € V, there exists a unique u € Wg’l(Q) that satisfies the conditions (7.5)
and there exists ¢ > 0 such that

lullyzsg) < el ullv, (f o) € V- (73)
The operator A = (A1, Aa, A3) is an isomorphism of WS’I(Q) onto V.
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7.2. Spaces Uy, Vi and the Petrov-Galerkin approximations. Let {}; be a rectangular
domain in R? such that

0 = {l"l’ = (:E1,$2), a; <x1 < bl, ag < To9 < bg}, QC Ql,

where  is the domain of the problem (7.5).
Let {AF = A’f X A’g}zozl be a sequence of partitions of the rectangle Q;, where

A]f:allef0<xlfl<---<:c'ka:b1, My — oo at k — oo,
Ag:agzx§0<x§1<~-<a;I§Nk:b2, N — o0 at k — oo. (7.9)

Let also {AF}2° | be a sequence of partitions of the segment [0, 77,

A510:t§<tlf<"'<tlzk=T, L, — oo at k — 0. (7.10)
We set
Hlf = Ogirgz%/l}iq (xlf(i+1) - ﬂzlfz), ﬂ]f = Ogiglji\?k_1 (xlf(iﬂ) — x’fl)’
Ik — 022X | ($]2€(z'+1) —afy), 1= 0921]1\%_1 (wg(iﬂ) — k),
I = ogggl%}lfq(tf“ —t)), 1= Oggiﬁ_l(tfﬂ — ),
I = max(IT, 115, 115), 11" = min(I1}, 115, I1). (7.11)

We assume that there exists a positive constant o1 such that
Hk

<o, keN (7.12)
Define a space X* in the form
X* = S5i(AF, [a1, 1)) (X) S3i(AF, [ag, bo]), i=1 or2. (7.13)
Denote
Y* is the set of restrictions of the elements of X* to €. (7.14)

Let S1(AF,[0,T]) be the space of splines of the first degree, that consists of functions w such
that w € C([0.7]), and on each subsegment [tF,tF ], the function w is affine, i.e. it is a
polynomial of the first degree.

We define subspaces Uy, of Wy (Q) as follows:

U =YY" (X) S1(AF,[0,T]). (7.15)

Let {elk}fz’cl be the basis of Y}, that is formed by the multiplication of the one-dimensional
cardinal splines. Let {zzk};] *. be the basis of S1(AF,[0,7]), which is formed by the cardinal
splines. The dimension of the space S1(AF, [0,T]) is equal to the number of points of partition
of [0,T7, i.e. Ji = Ly + 1, see (7.10).

The set of functions

elk(m)zik(t), [l = 1, .o .,Ek, 1= 1, ey Jk (7.16)

is a basis of Uy.
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Define functions @ji, j =1,..., JpE} as follows:

en(@)zn(t) at 1<) < B,

ej—p, (T)22(t) at By +1<j < 2E,

pik(z,t) = (7.17)

€j—(Jp—1)Ey, (x)zjkk(t) at (Jk - 1)Ek +1<j < JpEg.

Theorem 7.2. Suppose that the condition (7.12) is satisfied and the spaces Uy are defined by
(7.15). Then the functions @i, defined by (7.17) form a basis of Uy, and

. . - 2,1
klirgo hlenli [lv — ]’LHWEJ(Q) =0, veWy (Q), p=>2. (7.18)

Proof. Let Q = (a1,b1) x (az,bs) x (0,T). Denote the set of continuous in @, functions,
which have continuous derivatives in @ up to the third order with respect to = and the second
order with respect to t, by C*2(Q;). The space C%2(Q,) is tightly embedded in Wg’l(Ql),
p =2

Let y € C3%(Q,) and the function S(y) € X* & S1(AF,[0,T]) interpolates y on the grid
Ak x AE x AF according to the orders and the defects of the one-dimensional splines, see [23],
IT, 1, II, 2, II, 9, III, 7. Then we have

ly = Sz gy < AT, KEN, (7.19)

where ¢ depends on y but independent of k.
Since C32(Q,) is tightly embedded in W' (Q1), we obtain (7.18) from (7.19). O
The dual space of V; is defined by

* 2-13-L * 2_2 *
Vi ={w|w = (w1, w2, ws), w1 € Ly(Q), we = (Wp r p(ST)) , wg € (Wp ”(Q)) ,
p
= > 21, 2
¢= " Pz } (7.20)

1y 2 *

2-L171- L * 2
The spaces (Wp pro% (ST)> and <Wp r (Q)) can be determined as the completion of
Lo(ST) and Ly(f2) in the norms

o]l = sup [(v, h)Ly(sp) | HhHW;_%,l_%p(ST) =1,
zl|l2 = sup|(z, e , e 2 =1
||z]l2 = sup [(z, €) Lyl |l ij m

Therefore, the set of the products of step-functions given in @) and on St and 2 is dense in

V¥, and finite-dimensional subspaces V;* = (A(Uj))* can be formed by step-functions. Let
{zprk};]i]f”“ be a basis of V.
Approximate solution to the problem (7.5) is defined by
JiEj

U = Z CiPjk, (Auk:awrk:) = (977;Z)Tk)a r= 13 ) Jk‘Ek‘; (721)
7j=1

where g = (f?ﬁau(J)? A= (AlyAQ,A?))'
Applying the Theorems 2.1, 7.1, and 7.2, we obtain.

Theorem 7.3. Suppose that the conditions of the Theorem 7.1 are satisfied and (f,u,ug) € V.
Let the spaces Uy, be defined by (7.15) and (7.12) holds. Let also Vi = (A(Uy))* for all k.

Then for an arbitrary k there exists a unique solution uy to the problem (7.21) and up — u
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in Wg’l(Q) and ui, — uw in W, (Q), a € (0,1), where u is the solution to the problem
(7.5).

8. Nonlinear problems.

8.1. Operators and problems under consideration. We suppose that A is a nonlinear
mapping of U to V, U and V being separable reflexive Banach spaces, and the following
conditions are satisfied.

(C8.1): A is a Fréchet continuously differentiable mapping of U to V. At an arbitrary
point v € U, the Fréchet derivative A’(v) is invertible, i.e. there exists the inverse
operator (A’(v))~! of A'(v), and (A'(v))™! € L(V,U). There is ug € U such that

(C8.2): A is a restriction of an operator A which is a one-to-one mapping of W to W1,
where W and W' are separable reflexive Banach spaces such that U ¢ W,V c W'; in
this case,

A(u) = A(u), weU.
We consider the problem. Given f € V, find u satisfying
uel, A(u)=7Ff. (8.1)

Theorem 8.1. Suppose that the condition (C8.1) is satisfied. Then for an arbitrary f € V,
there exists a solution to the problem (8.1). If, in addition, the condition (C8.2) holds, then
the operator A is a homomorphism of U onto V.

Proof. For a given f € V, we define a mapping M : [0,1] x U — V as follows:

M(e,v) = A(v) —ef. (8.2)
We consider the problem: Given e € [0, 1], find u, € U such that
M (e, ue) = 0. (8.3)

Then the problem (8.1) is represented in the form
M(1,u1) =0, (8.4)

i.e. the element u = u; is a solution to the problem (8.1).
At an arbitrary fixed e € [0, 1], the partial derivative

oM

ov
is an isomorphism of U onto V', and M (0,up) = A(ug) = 0. This enables us to use the implicit
function theorem, see e.g. [18], Chapter 3, Section 8. Then we obtain, that there is £; > 0 such
that for any e € [0, e;] there exists a unique u. € U that satisfies (8.3). Moreover, the function
g:e— g(e) = ue is a continuously differentiable mapping of [0, e1] into U.

The mapping %—]‘f(el, Ue, ) = A’(ue, ) is an isomorphism of U onto V. Therefore, the solution
to the problem (8.3) can be prolonged to a point es > e;. In the same manner, the solution of
the problem (8.3) can be prolonged up to e = 1.

Therefore, there exists a solution to the problem (8.1) for any f € V. If the condition (C8.2)
holds, then any solution to the problem (8.1) also is a solution to the problem A(u) = f, and
hence, the solution to the problem (8.1) is unique.

Thus, A is a bijection of U onto V.

(e,v) = A'(v) (8.5)
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Define a mapping g; : (U x V) — V as follows:

g1(u, f) = A(u) — f. (8.6)
For any f there exists a unique u(f) such that g (u(f), f) = 0. Since the operator
0
SE(ulf). ) = A'u(f) (8.7)

is invertible, we obtain from the implicit function theorem that f — wu(f) is a continuous
mapping of V to U. Therefore, A is a homomorphism of U onto V. [J

8.2. Approximation of the solution to the problem (8.1). We apply the modified Newton
method for computing the Petrov-Galerkin approximations of the solution to the problem (8.1).
Let U' and V! be a pair of separable reflexive Banach spaces which satisfy the condition

UcU!c w, V C vic Wl, each space is dense
in the consequent, the embedding V — V! is compact. (8.8)

We suppose

(C8.3): A is a twice Fréchet continuously differentiable mapping of U to V and U! to
V1, and at arbitrary points of U and U?, the Fréchet derivatives are invertible, i.e.

(Aw)teL(V,U), weU, (Aw))tecVtul), weU
The functions u — [[A"(u)|z@w,v) and v — [|[A"(w)||z,@,v;v) are bounded in any ball
of U, and A(0) = 0.

Let {Ux} be a sequence of finite-dimensional subspaces of U, which satisfy (2.1). Let {V;;j}732,
be a sequence of subspaces of V* such that V5 = (A’(0)(Uy))*. Let P}, be a projection of V*
onto Vi, and Py = P;. Then we have

H(PkoA%O))il‘|£(Vk0,Uk) < Y, > 07 k€ N7 (89)

where Vio = A’(0)(Uy), and ~ depends on V.
We also have

Py A(0) = 0. (8.10)

Taking (C8.3), (8.9), and (8.10) into account, we obtain from [7], XVIII, 1.5 that there exists
€1 > 0 such that for any n there is a unique solution to the problem

ug(n+1) € Uy, PkOA/<0) (ug(nJrl) - ugn) = _PkO(A(ugn) - 51f)? Ugo =0, ( )
8.11

and ugn — ug, where ug is the solution to the problem
Pio A(u) = e1Pio f, k €N. (8.12)

Next, we have to prolong the Petrov-Galerkin approximation (8.12) by using the modified
Newton method. By (8.9) we can consider that at small €1, there exists vy > 0 such that

[1(Pro A/(ug))_lHL(A’(u%)(Uk),Uk) < 0. (8.13)

However, we cannot estimate 7, it may be smaller as well as larger than ~. If 7 is very large,
it is desirable to find V}; C V*, and u,lgo C Uy, such that

(A(upy) —e1f, Pih) =0, heV*, (8.14)
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where P} is a projection of V* onto V7, and

NP1 A" (upo)) e <7, 1<, kEN, (8.15)

where P = P} and Vi = A’(U;%;O)(Uk).

Thus, we face the following problem:

Problem B: Given the subspace Vi) C V* and u{ € Uy, which satisfy (8.12) and (8.13),
where Py = PJ; and P}, is a projection of V* onto V}j,. Find V}’; C V* and u}w € Uy such
that (8.14) and (8.15) hold.

There exists a solution to the problem B that can be computed, see Subsection 8.3 below.

It follows from [7], XVIII, 1.5 that there exists 2 > 0 such that there is a unique solution
to the problem

u}c(n—‘rl) S Uk” PklA,(ui:O)(uli’(n—i-l) - u/%:n) = _Pkl (A(u%:n) - (51 + 52)f)>
n=0,1,2,..., e1+ey<1, (8.16)

and u,{m — u,lc, where u,%; is the solution to the problem
ur € Uy, PuA(ui) = (61 +2)Puf. keN. (8.17)

We mention, that if v is not very large, then we take Py; = Py in (8.16), and we obtain (8.17)
with P = Pyg.
By analogy, at some finite [, we obtain

uy € Ug, PklA(uk) = Pklfa k € N. (818)

Theorem 8.2. Suppose that the operator A satisfies the conditions (C8.2) and (C8.3), and
also (8.8) holds. Let f € V and {Uy} be a sequence of finite-dimensional subspaces of U which
comply with (2.1). Let also {uy} be a sequence of solutions to the problem (8.18). Then uy — u
in UL, where u is the solution to the problem (8.1)

Proof. Since A’(w) is an isomorphism of U onto V for any w € U, and (2.1) holds, we
obtain from (8.18) that

Hm(A(ug), h) = (f,h), heV* (8.19)
that is

A(ug) — f in V. (8.20)
(8.8) yields

A(ug) — f in V5. (8.21)

It follows from Theorem 8.1 that the operator A is a homomorphism of U onto V and U onto
V1. Because of this, (8.21) implies

up — u in U, lim A(ug) = A(u) in V1. (8.22)
and
Au) = f. (8.23)
As f €V, we obtain u € U. [J
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8.3. To the problem B. We consider a more extended problem than the problem B. Let
{‘Pik}ﬁ\zﬂ be a basis of U, and {@b?k}fvz’“l be a basis of V}j;. We can reckon that
Define the following set:

Gy = {vlY = (Y}, |1irl

ve =1, (A(0)@jk, Yir) = Cik, 04y,

a < Gk < Gins Gk — ikl < B}, (8.25)
where « and ( are small positive constants, and
Cir = sup (A(0)pir, h), (8.26)
heW;

where

Wir = {hlh e V*, ||h||v+ =1, (A (0)pjr,h) =0, =1,...,a —1,i+1,...,Ng}.
(8.27)

The metric in G is defined as follows: If ¢! = {¢} ?21 and % = {¢3k}f\2“1 are elements of
G, then the distance is given by
p(p', 9% =max|¢ — G, i=1,..., Ny, (8.28)

where
Ch = (A'(0)pir, ), 1 =Tor 2. (8.29)
For a given ¢ € G, we define a mapping gy : [0,1] x U, — RN% as follows:

(A(u) = erf, Mg + (1= N)py)
gpy(Au) =< oo L (8.30)
(A(u) = erf, Mo + (1= NP )
We consider the problem: Find a pair A, u) satisfying
gw(/\, u,\) =0, M€ [O, 1]. (8.31)
In the same way, that was used in the proof of Theorem 8.1, we obtain by the implicit function
theorem, that at small 3, there exists a unique solution to the problem (8.31) for any A € [0, 1],

and the operator %(1, u1) is invertible.
The function uq depends on 1. Because of this, we denote

u(y) = u. (8.32)
It is apparent that (1)) is the solution to the problem
u(®) € Uy, (Au(®)) —eif,ti) =0, i=1,..., Ng. (8.33)

Let Vk*w be the span of the elements 91y, ..., ¥ n%. Let P,;kw be a projection of V* onto Vk*w
and Py, be the adjoint of P,;‘w.
It follows from (8.33) that

Pry(A(u(y)) —erf) = 0. (8.34)
We define a functional ¥ of the form
V() = [|(Peyp A" (u()) M cipvn)» ¥ € Ga, (8.35)

where Vk¢ = Al(u(’(ﬁ))(Uk)
The functional ¥ is well-defined at a small (.
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We consider the problem: Find 1/; satisfying

JEGy W)= min V(). (8.36)

The set G, being supplied with the metric (8.28), is a compact, and ¥ is continuous mapping
of G into R. Therefore, there exists a solution to the problem (8.36).
The element i can be considered as a solution to the Problem B. We can also obtain a

better solution to the problem B by using the above computations in which 9% = {w?k}f\i“l is

changed for ¢ = {ﬁzk}fvz’“l and A’(0) is changed for A’(1)) in the above formulas.

9. A problem on deformation of an elastoplastic body.

9.1. Main equations. Operators A and A. At small deformations, the components of the
stress tensor in an elastoplastic body are defined by the following formula, see [12], 5.12.

O‘ij(u) = ﬁe(u)éw + QG(I(U))eU(u), 1,5 =1,2,3. (9.1)
Here u = (u1,ug,us3) is the vector of displacements, 3 the compression modulus,
1
e(u) = 3 div u, (9.2)
eij(u) are the components of the deviator of the strain tensor

eij(u) = &ij(u) — e(u)dy, (9.3)

gij(u) are the components of the strain tensor that are defined by (5.2), I(u) is the second
invariant of the deviator of the strain tensor
3
I(u) =Y (eij(w)?, (94)
ij=1
G is plasticity modulus, which depends on I(u).
The equations of equilibrium are defined by (5.5), where 7, j = 1,2, 3. Considering (9.1) and
(9.2), these equations take the form

o .. 0 . .
o2, divu — 26—%(G(I(u))ew (u)=K;inQ, i=1,2,3, (9.5)

where K; are components of the volume force vector K = (K1, Ko, K3).
We prescribe displacements ¢ on the boundary S of €,

As(u) = uls =gq. (9.6)

Avi(w) = 3

We suppose
(C9.1): The function G is a four times continuously differentiable mapping of Ry into
R and there exist positive numbers a; — a4 such that, at any y € R, the following
inequalities hold:

az > G(y) > a1, (9.7)
G(y) +2 Cfg(y)y > az, (9.8)
a5 (y)y’ < ay. (9.9)

dy
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The inequality (9.7) indicates that the plasticity modulus is bounded above and below by

positive constants. The estimate (9.8) implies that under a simple shear, the stress increases

as the strain increases. The inequality (9.9) is a restriction on ‘fg( ) for large values of y. The

inequalities (9.7)-(9.9) are natural from the physical viewpoint.
We also suppose

(C9.2): Q is a bounded domain in R? with a boundary S of the class C3.
B is a positive constant. (9.10)
We denote
Ay = (Ann, Arg, Ai), A= (A1, A), (9.11)

where Aj; and Ay are the operators defined in (9.5), (9.6).
We consider that the operator A has the following domain of definition

D(A) = WT(Q)°, a€(0,1), ap>3. (9.12)
The norm in W},Jra (Q), I being a positive integer, is given by
|DF h(z) — D* h(y)|” v
||h’|wzg+a(g) = (||h’|€vlg(g + |kz:l / / |x — ‘3+pa dx dy)p. (9.13)
Let A = (Aj, A3) be an extension of the operator A = (Aj, Ay) such that
D(A) = H'(Q)*, A(v) = A(v), veWIT(Q)>. (9.14)
9.2. Problem for the operator A.
We assume that
K = (K1, Ko, K3) € H1(Q)3, (9.15)
1
q=(q1,q2,q3) € H2(S)". (9.16)

Theorem 9.1. Let Q be a bounded domain in R® with a Lipschitz continuous boundary S.
Suppose that the condition (C9.1) and (9.10), (9.15), and (9.16) are satisfied. Then there
exists a unique u such that

we HY(Q)3, Aj(u) =K, A(u)=q. (9.17)
Proof. It follows from (9.16) that there exists a function w satisfying
we HY(Q)3, wl|s =q. (9.18)
We define a mapping L: H}(Q)? — H~1(Q)3 in the form
—35/ d$—|—2/G (v+w))eii(v+w)eii(h)de,
v, h € HY(Q)3. (9.19)

Consider the problem: Find g such that
g€ HYQP, (L(o)h) = (K.h) =38 [ clw)eh)de, he HI@P.  (920)
Q

Taking account that,

3
ei(h)5;; = Z (% ~ 3 divhdy) =0, (9.21)
=1
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we obtain by the Green formula, that if w is a solution to the problem (9.17), then g = u — w
is a solution to the problem (9.20). On the contrary, if ¢ is a solution to the problem (9.20),
then u = g + w is a solution to the problem (9.17).

Under the conditions (C9.1) and (9.18), the operator L is a strongly monotone, coercive, and
continuous mapping of Hg(0)? to H1(Q2)3, see [13]. Therefore, there exists a unique solution
to the problem (9.20). If w! is another function that satisfies (9.18), and g! is a solution of the
problem (9.20) in which w is changed for w', then g +w = g' + w'.

Therefore the solution of the problem (9.17) is unique. OJ

9.3. Two lemmas.

Lemma 9.1. Suppose that the conditions (C9.1), (C9.2), and (9.10) are satisfied. Then the
operator A is a twice Fréchet continuously differentiable mapping of WPQJFO‘(Q)?’ into VV;‘(Q)3 X

W;Jra_%(S)?’, where a € (0,1), ap > 3. The derivatives of A are defined by

A (v) = (A} (v), Ap(v), Aj3(v)), (9.22)

Ab(v)h = hlg, v,h € WZT*(Q)?, (9.23)
(0 = 305 divh =25 (G 0)er (1)

_ 4(‘363):]- {fg([(v))ekm(v) eij(v) ekm(h)} inQ, i,j,kkm=1,2,3, (9.24)
2(v) =0, (9.25)
; o 1dG
L) (s 2) =~ [T @)ean(0) exg(Wern(2)]

2

- 88‘; 52 (0t () om0 5 0) (1) ()]

g [ ST e 0) ) () + €1 (0) () ().

v,h,z € WEYHQ)?, 4,4, k,m,l,r=1,2,3. (9.26)

The functions
D [V [Fr—
v = AT gz @ w2t @mwg @)
are bounded in any ball of W2T*(Q)?, and A(0) = 0.
Proof. It follows from the embedding theorem that

— 3
e A
W) C C*(Q), O<)\<a—5atap>3. (9.27)
Taking (9.13) and (9.27) into account, we obtain

the function f,g — fg is a bilinear continuous mapping of Wp1+a (Q) x WpHa (©Q) into WZ}“LO‘(Q),
(9.28)

the function f,g — fg is a bilinear continuous mapping of WPH'O‘ (Q) x WH(Q) into W7(Q).
(9.29)
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It is not difficult to verify that
L (Ao + ) (@) — (Au(0) (@)
v—0 y
v,h € WITH(Q)?, i=1,2,3, (9.30)

= (Au()h)(z), zeQ,

where A); is given by (9.24).
(9.27)-(9.29) imply that A, € L(WZT(Q)3, W) and

v — Al;(v) is a continuous mapping of WI?JFO‘(Q)?’ into E(W§+°‘(Q)3, W5 ().
(9.31)

Let v, h € VV;“‘O‘(Q)3 and v € R, |v| is small. By using the mean value theorem [18], III, 5,
Corollary 1, we obtain

HAu(v + ’Y:) —Au(v) A’u(v)hH

< sgp || A% (v + &h) — /li(v)|‘L(W5+a(Q)3,W;}(Q))HhHWg"'O‘(Q)%

W (Q)

0<é<~yif y>0, 0>&>vif v<O0. (9.32)

By (9.31) the right-hand side of (9.32) tends to zero, when v tends to zero. Therefore, A/, (v)
is the Gateaux derivative of Aj; at the point v, and by (9.31) it is the Fréchet derivative, and
the mapping v — A(v) is Fréchet continuously differentiable in W (€2)?.

By analogy, we prove that the function v — A’(v) is Fréchet continuously differentiable in
W2te(Q)?, and its derivative is defined by (9.25) and (9.26).

Taking (C9.1), (9.24), (9.26), and (9.27) into account, we obtain that the functions

v — || 4] (U)’|L(Wg+‘¥(Q)S,I/Vg((z)?’)7
v = \|A,1/(U)||£2(Wg+a(g)3,wﬁ+“(g)3;wg(9)3)

are bounded in any ball of W2+*(Q)3. It follows from (9.5) and (9.6) that A(0) = 0.
Our lemma is proved.

Lemma 9.2. Suppose that the conditions (C9.1), (C9.2), and (9.10) are satisfied. Then for
any v € Wﬁ*o‘(Q)?’, where o € (0,1), ap > 3, the operator A'(v) is invertible, and it is an

24a—1
isomorphism of W2T(Q)> onto W (Q)? x VVpJr P(S)3.
Proof. Let v € W2*(Q)3 and h,y be two functions from H?(2)? " Hy(22)?. We multiply

the equation (9.24) by y; sum over i, and integrate over §2. Taking the Green formula and
(9.7)-(9.9) into account, we obtain

(A1(v)h,y) = (A1 (v)y, h), (9.33)

(A} (v)h, h) > ;ﬂ/(div h)2dw+/¢/ I(h) dz, (9.34)
Q Q
where 1 = min(2ay, 2a3).
(9.2)—(9.4) and (9.21) imply that

3

/Q S (i) do

i.j=1

I
S
—~~
~
—~
=
_l_
Wl
—~
=
<
>
S~—
\[/\')
I
8

(9.35)
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(9.34), (9.35), and the Korn inequality yield, see [13],
(A (v)h,h) > c\|h|\§{5(m3, c> 0. (9.36)
We also have

(AL ()R, )| < el g s Yl 1)) (9.37)

Therefore, the operator A}(v) is uniformly elliptic. For the Dirichlet boundary conditions
(9.6), the complementing boundary condition is satisfied, see [1]. By (9.36) the kernel of A’(v)
contains zero only. By using the Green formula, we can see that the operator A’(v) is formally
selfadjoint. Therefore, the kernel of the adjoint operator (A’(v))* contains only zero element

—92_a4+1
of the space (W;‘(Q)?’)* x Wy +p(5)37 q= 2

p—1°
2+a—1
Now it follows from [17], [19] that for any (K,q) € W () x Wp+ ?(S)3, there exists a
unique w € WT*(Q)? such that A’(v)w = (K, q). For any v € W7T*(€2)?, the operator A’(v)

a1
is an isomorphism of W™*(€2)? onto W (Q)? x W;Jr P(S)3. O

9.4. Approximation of the solution to the problem (9.5), (9.6). The ensuing theorem
follows from theorems 8.1, 9.1 and Lemmas 9.1 and 9.2.

Theorem 9.2. Suppose that the conditions (C9.1), (C9.2), and (9.10) are satisfied. Let also

2+a—1
(K,q) € W;(Q)S X I/Vp+ ?(S)3, where o € (0,1), ap > 3. Then there exists a unique u €
2+« 3 ; ; ; 2+« 3
Wyt (Q)° that sat;sﬁesl(Q.S) and (9.6), and the operator A is a homomorphism of W;+(2)
onto W (Q)3 x Wp+a75(S)3.
Let {Uk} be a sequence of finite dimensional subspaces of W5+0‘(Q)3 such that

. . . o 24« 3
kli)rgo hlen(i [|lv h||W§+a(Q)3 =0, veW, Q). (9.38)
A sequence of subspaces Uy, which satisfy the condition (9.38), can be constructed in the
manner presented in 6.1. In this case we use cubic splines which are twice continuously differ-
entiable.

Let ug be a sequence of solutions to the problem

up € Uy,  PuA(uk) = Pa(K,q), k€N, (9.39)
where Pj; in the projection specified in Subsection 8.2.
Theorem 9.3. Suppose that the conditions (C9.1), (C9.2), (9.10) and (9.38) are satisfied. Let

24a—1
also (K, q) € I/Vpo‘(Q)3 x Wp ?(S)3, where a € (0,1), ap > 3. Let also uy, be a sequence of
solutions to the problem (9.39). Then ui — u in W§+a1 ()3, where u is the solution to the
problem (9.5), (9.6), and oy € (0, ).

. . 24a—1 . 24— 1

Indeed, the embedding of W'(€2) into Wt (2) and W, 7 (S) into W), ?(S) are com-
pact at a1 € (0, ). Bearing in mind Lemmas 9.1 and 9.2, we obtain Theorem 9.3 by applying
Theorem 8.2.

Remark. By analogy with the above, we can construct approximations of smooth solutions
of nonlinear operators, which are restrictions of strongly monotone operators, such that, they
are twice Fréchet continuously differentiable in corresponding spaces of smooth functions, and
their first derivatives are invertible.
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