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MODULATION EQUATION FOR STOCHASTIC
SWIFT-HOHENBERG EQUATION

DIRK BLOMKER AND WAEL W. MOHAMMED

ABSTRACT. The purpose of this paper is to study the influence of large or
unbounded domains on a stochastic PDE near a change of stability, where a
band of dominant pattern is changing stability. This leads to a slow modulation
of the dominant pattern. Here we consider the stochastic Swift-Hohenberg
equation and derive rigorously the Ginzburg-Landau equation as a modulation
equation for the amplitudes of the dominating modes. We verify that small
global noise has the potential to stabilize the modulation equation, and thus
to destroy the dominant pattern.

1. INTRODUCTION

We consider the stochastic Swift-Hohenberg equation on an unbounded domain
near its change of stability. This equation has been used as a toy model for the
convective instability in Rayleigh-Bénard problem (see [8] or [10]). Now it is one of
the celebrated models in the theory of pattern formation. For a scalar field U(t, z)
it takes the form

(SH) U = LU + e*vU — U? 4 00,5,
where the linear differential operator is £ = —(1 + 92)? and its eigenvalues are
—Ax = —(1 — k?)? for k € R corresponding to eigenfunctions e’**. The noise is

the derivative of a standard Brownian motion {#(t)},~, in R. In this article we
restrict ourselves to the case of noise constant in space, because on one hand, this
is the case where we are able to study the stabilization effect. On the other hand
noise in space and time may lead to spatially unbounded solutions of (SH). So, this
result is only the starting point for modulation equations on unbounded domains.
The stochastic Swift-Hohenberg model was first studied in the context of amplitude
equations with non-degenerate noise in [5] and later in [3].

For (SH) on the whole real line with degenerate additive noise, Axel Hutt and
collaborators [11], [12] used a formal argument based on center manifold theory.
They showed that noise constant in space leads to a deterministic amplitude equa-
tion, which is stabilized by the impact of additive noise. The aim of this paper is
to make their results rigorous.

In a previous paper [6] we considered a similar setting. We studied the sto-
chastic Swift-Hohenberg equation (SH) near its change of stability but on bounded
domains. In this case the evolution is well approximation by an ODE for the am-
plitudes of the dominating pattern. With degenerate additive noise (i.e. the noise
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2 DIRK BLOMKER AND WAEL W. MOHAMMED

does not act directly on the dominant modes) we established rigorously an ampli-
tude equation in this form (for a noise constant in the space and periodic boundary
conditions)

ora= (v—30%)a - 3a|’a,
where a is the complex-valued amplitude of the dominating modes in ker L =

span{e’®, e~}. We approximated the solution of (SH) by
U(t) = ca(e*t)e'™ + c.c. + e2.(e%t) + O(e*7),

where the fast Ornstein-Uhlenbeck process Z. is defined later in (1). With “c.c.”
we always denote the complex conjugate.

Blomker, Hairer, and Pavliotis [4] considered the stochastic Swift-Hohenberg
equation (SH) near its change of stability on a large domain [—L/e, L/e] with
additive noise, where the noise is assumed to be real-valued homogeneous space-
time noise. They showed that, under appropriate scaling, its solutions can be
approximated by the solution A of the stochastic Ginzburg-Landau equation.

Ul(t,z) =~ eA(e*t, ex)e™ + c.c.

One severe problem is, that solutions of stochastic PDEs are not very regular in
space and time. They are at most Holder continuous and only for (SH) we have
one spacial derivative. In [4] the amplitude A(T) was shown to split into a more
regular H'-part and a Gaussian.

For the deterministic Swift-Hohenberg equation on an unbounded domain (i.e.,
o = 0). Kirrmann, Mielke, and Schneider [13] approximated solutions of the Swift-
Hohenberg equation via the Ginzburg-Landau equation

OrA = 40% A +vA — 3| AP A,

but this method of approximation depends on high regularity of the modulation
equation, as they needed A € C;A([O, T] x R), which means one bounded derivative
in time and four bounded spatial derivatives. For more results on the deterministic
Swift-Hohenberg equation, see for instance [7], [15], [16] and [18].

Our method of approximation relies on very low regularity of the modulation
equation, which is necessary when turning to spatial noise. Unfortunately, we still
need too much regulatity for A, as we need A € C°([0, T], H'/?T). But as a solution
of the stochastic Ginzburg-Landau, A is at most Holder continuous with exponent
less than 1/2.

The main aim of this paper is to show that the solution U(t,z) of (SH) is well
approximated by

Ut,z) ~ cA(*t, ex)e™ + e A(e%t, ex)e™™ + e2Z.(et) ,

where the complex amplitude A(T, X) is the solution of the Ginzburg-Landau equa-
tion

(GL) OrA =10%A+ (v — 30%)A—3|APA,
and
T L B
(1) Z(T)=co / T gB(r) |
0

is a fast Ornstein-Uhlenbeck process (OU, for short) with 3(T) := (e ~2T) being
a rescaled version of the Brownian motion.
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The remainder of this paper is organised as follows. In the next section we define
the standard fractional Sobolev space H*. We also state and prove the relation
between the norm in H® and the norm in C°(R). In Section 3 we give a formal
derivation of the modulation equation and state the main result. In Section 4
we recall the Green’s functions G;(z) of the Swift-Hohenberg operator, and give
estimates on it. In Section 5 we bound the Ornstein-Uhlenbeck process Z.(T).
Finally, in Section 6 we give the proof of the main result.

2. THE H*-SPACES

In this section we define the well known Sobolev space H®, where we rely on
weighted L2-norms of Fourier transforms. We also recall the relation between the
norm in H* and the norm in C°(R) by stating the Sobolev embedding theorem.

Definition 2.1. For o € R we define the space H by
e = {usRo R [ (140)" 1P )Py < oo,
— 0o

with norm
oo

mﬁ=/ (1+ %) | F () (v) 2 d,

— 00

where F(u) is the Fourier transform of u, which takes the form
o0
Flu)y) = = / w(k)e*vdk.
Vor |

Note that in the space H* functions still decay to 0 at co. Thus if A € H* we
are still in a setting, where the solutions of (SH) and the amplitude A decay to 0
for |z| — oco.

Let us now consider semigroups in the space H<.

Lemma 2.2. Let A be a non-positive operator with eigenvalues P(k) such that
P(k) <0 defined by F(Au) = P(-)F(u). Then fort >0 and u € H*

(2) le"ull, < llulla -

It is well known that e defined by F(e'Au) = e!¥ F(u) generates a contraction
semigroup. Nevertheless, we give a proof for completeness of presentation.

Proof. We note from Definition 2.1 that (as e=2*7(®) < 1)
el = [ (4 6)" e PO F @ W) dy < .
]

The next lemma states the relation between the norm || - ||, and the supremum-
norm in C°(R).

Lemma 2.3. For a > % there is a constant C' > 0 such that
(3) [u)lco < Cllulle for all u € H*.
Proof. Sobolev embedding theorems (see Theorem 5.4 in [1]). g

The following Lemma is necessary in order to estimate the nonlinearity. It states
that H® is up to the constant a Banach algebra for a > %
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Lemma 2.4. For o > % and m € N there exist a constant C' > 0 such that
(4) [u™|a < Cllully’ for u e H®.

(e

Proof. See proof of Theorem 4 in [17]. O

3. FORMAL DERIVATION AND THE MAIN RESULT

In this section let us discuss a formal derivation of the amplitude equation or
modulation equation corresponding to Equation (SH). This is based on the ap-
proach in [13] and uses high regularity of the amplitude A. Let us first rescale (SH).
If we assume that

Ul(t,z) = eu(e’t, ex),
then Equation (SH) takes the form
(SH.) Oru = Lou + vu —u’ + e LodpB(T),

with differential operator £. = —e~2(1 +£20%)? on the slow time 7' = €%t and the
"slow” space X = ex. Now define w via

(5) U(TaX) :”(U(T,X)+ZE(T),
where Z. was defined in (1). Plugging (5) into (SH,), we obtain
(6) orw = Low + vw —w® — 3w?Z, — 3wZ2 +vZ. — Z2.

Leaving out the error term for simplicity of presentation, we make the following
ansatz:

(7) wa(T, X) = A(T, X)e"™ + 2B(T, X)e** + 2H(T, X)e*™ + £2J(T, X) + c.c.,

where c.c. denotes the complex conjugate. The higher order terms of order O(g?)
are used to cancel various terms that appear due to the nonlinearity. We assume
that all functions are sufficiently smooth.

Plugging (7) into (6) and using the relation

. Lo(f(X)eeX) = —[e72(1 = n)2f + die (1 —n?) f
) +(2 — 6n?) f + dienf™ + 2 M - eieX ,
in order to obtain
OrAe'™ + c.c. =[4A" — 4ic AN]e™ — [9B — 24ic B'|e*™™ — [64H — 96ic H'|e%™®
— J +vAe™ — A3e3T — 3|A2Ae™ — 3|A|PAem® — A3 T3
—3Z_[(A%e*™ £ 2| A2 + A%e7%") — 3Z2[(Ae™ 4 Ae™ ™)
+cec.+vZ, — Z? + (9(62) .
Removing all unwanted O(1)-terms by defining
(9) B=-12.A* H=-%LA% and J=vZ —Z}-62.|AP,
we obtain
OrAe™ + c.c. =[4A" — 4ie AN + VA — 3|A|IPA - 322A] - e
(10) + 24ie B'e*™ + 96ic H'e>™ + c.c. + O(e?) .

Before we proceed this formal derivation, let us state the following two Lemmas on
the approximation of Z.. In the following we will rely on the important fact that
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due to averaging we can replace Z2 approximately by the constant o2/2. Here we
state the result in a way, which is useful for the mild formulation later.

Lemma 3.1. For every kg > 0 and p > 1 there is a constant C' > 0, depending
only on p, o, kg, and Ty, such that

E sup [Z(T)|P <Ce™,
T€[0,To)

where the fast OU Z.(T') is defined in (1).

Lemma 3.2. Let y be a complex function with y =0(¢~") in H* and initial con-
dition ||y(0)|lec = O(e™") for some r > 0.

IfY(T,s) = eXT=9)9% y(s) and dY (T, s) = e*T=99%G(s)ds with G =O(¢~") in
HE, then for any small kg € (0,1)

T 2
(11) /O Y(T,s){Z2 — & }dr = O(e' 7772%).

Note that X = O(e”) in H® if for p > 1 there is a C' > 0 such that supjo 1) | X% <
CePP. Moreover X = O(eP™), it X = O(eP~") for all k > 0.
These two Lemmas on averaging will be proved in Section 5 later.

Now let us complete our formal derivation. Collecting all coefficients in front of
e in (10), yields

OrA =4A" + vA - 3|APPA - 3224+ O(e).
Using the averaging result of Lemma 3.2, we obtain
OrA = 40%A + (1/ — %O’Q)A —3|APPA+ O ).

Neglecting all small terms in ¢, yields (GL).

The main result of this paper is the following approximation result for the sto-
chastic Swift-Hohenberg Equation (SH) through the Ginzburg-Landau Equation
(GL).

Theorem 3.3. (Approzimation) Let U(t,x) be a solution of (SH), wa(T,X) the
formal approximation defined as

L1
(12) wa(T, X) = AT, X)e"™ = + c.c,

where A(T, X) is a solution of (GL) such that A € C°([0,To], H*) for o > 3.
Suppose for the initial condition |[U(0) — e A(0)e™® —eA(0)e™ || < de*~3"0¢, for
some fized d > 0 and for ko € (0, %) such that e=8%0¢2 — 0 for ¢ — 0.

Then for each Ty > 0 and p > 1 there exist C > 0, depending on supjg 7] | Al

such that

(13) ]P’{ sup  ||U(t,z) — ewa(e’t, ex) — aZg(€2t)HDo > C’El_%otﬁs} < CeP,
t€[0,e=2Tp]

where Z.(T) is the fast OU defined in (1) and
g2 if a>3/2,

(14) #? =14 In(1/e) if a=3/2,
gla-l if a<3/2.
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4. GREEN’S FUNCTION AND SEMIGROUP ESTIMATION

For the first part of this section we follow the ideas of Collet and Eckmann [7]
which they apply to a slightly different operator. We define the Green’s functions
Gi(x) of the Swift-Hohenberg operator, and we give estimates on it.

Definition 4.1. Define the Green’s function Gi(x) of the operator L fort > 0 and
z €R as

(15) Gi(z) = / eihe et A=2K k) gp.

The next Lemma states that the Green’s function G;(x) is bounded with respect
to the norm || - ||z:.

Lemma 4.2. There exist a constant C' > 0 such that for allt >0
(16) 1Gell < C.
In order to prove this Lemma, let us state and prove the following two Lemmas:

Lemma 4.3. Define the function g,(y) as

o0
/ eimye*Ql(m’T)dm,
— 00

g-(y)

where Q1(m,7) =772 —2m? + 72m*. Then there exist a constant C > 0 such that
foro< <1

sup|(4+y*)g-(y)| < C .
yER

Proof. Using integration by parts, we obtain

00 0
@+ 90 = [ Pl e e @ [Py, e i

— 00

= Il + IQ;

where Pj(m,7) = 12m?r? — 16mS7* 4 32m*72 — 16m?. For m > 0 and 0 < 7 < 1
we not that

Qi(m,7) = (mr — 12 (m+ 79> > (m —771)2,

~——
>r-2
and
Pi(m,7) = *m?*[12 — 16(m — 77 1)*(1 + 7m)?] .
Hence,
|Py(m,7)| < C[1+ (tm)*][1 + (m —771)%].
Thus,

|P1(m +r7 )| < CL+ (rm + DY+ m? < c(1+mb).
Now we bound I; and I, separately. For the first integral I; we obtain

I = / Pi(r+ 7'71,T)ei(ﬂ”_l)ye*@l(T+T_1’T)dr

(o)
< / Pi(r+ 1 T)ei(r-l-r*l)ye—r?dr 7

—7r—1
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where we substituted r = m — 771, Thus
o0 2 o 2
|I;| < / (c+erSe ™ dr < / (c+cr®)e ™ dr = C.
77——1 — 00

For the second integral Is, we put —m instead of m to obtain
o0
I, = / Py (m, 7)e” ™MV @1m) gy
0

where P; and (1 are even polynomials in m. Analogously to the first integral, we
derive

|I5] < C.
Hence, from the bounds on I; and I> we obtain sup,cg |(4+y*)g-(y)| < C for
0<7<1. O

Lemma 4.4. Define the function hy,(y) as

(o) = [ etre

where Qo(k,n) = n* — 2n?k? + k*. Then there exist a constant C > 0 such that for
0<n<l1

sup |(1+y*)hy(y)| < C.
yeR

Proof. Using integration by parts, we obtain

[e’e) —1
(1+ y2)hn(y) = /1 Pz(k,n)eikyesz(k’")dk —|—/ Pg(k,n)eikyef%(k’”)dk

1
+ / Py(k,n)etveQzkm) g, =11y + I, + I3
1

where P3(k,n) = 1+ 12k? — 4n? — 16k° + 32k*n? — 16k?n*. We note that for k£ > 1
and 0 <n <1

Qa(k,n) = (k=n)’(k+n)* > (k—n)*, and |Py(k,7)] <c(1+k°).
>1

We now bound all three terms separately. To bound II; and II5, we follow exactly
the same steps as in the case of Lemma 4.3. For the third term

1 1
i< [ Pemldb<e [ @ raE=c.
1 —1

Hence, combining all three estimates on II7, I, and II3 we obtain for 0 < n < 1
that sup, g |(1+y?)hy(y)| < C. O

Proof of Lemma 4.2. In order to prove (16), we consider two cases:
First case t > 1.
In this case we note that
Gi(x) = 79 (1),
with 7 = t=1/2 and

6 = [ Iro-rallde < sup |4+ -] - [ s,
o) ye —00

where y = 7z. Using Lemma 4.3, we obtain (16) for ¢ > 1.
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Second case t € (0,1).
In this case we note that

Gi(x) =n""hy(n~"2),

1
with n = t4 and

19 = [ ;¢m+wmww4%$umem/ Lody,

where y = n~!z. Using Lemma 4.4, we obtain (16) for ¢t € (0,1). O
Lemma 4.5. There exists a constant C' > 0 such that,
(17) e “ulloe < Cllulloe  for allt >0 and u € C°(R).
Proof. As
(oo}
(18) Culw) = & [ ul)Gia )y
We obtain

le"“ulloo < Cllull 1Gellze -
Using Lemma 4.2, yields (17). O

Corollary 4.6. There exists a constant C' > 0 such that
HeTﬁauHoo < Clulloe  for all T >0 and u € C°(R).
Proof. We note that
eTLEU(X) _ es”T(1+(sax)2)2u(X) _ es*QT(1+a§()2u(€X) _ etﬁug(x)7
where u.(X) = u(eX). Using Lemma 4.5, we obtain
[ ul, = leul., < Clluell. = Clullo
d

The following Lemma provides a result on how to change from semigroup e’%-

to €4T6§(, when they are applied to Ae'X e
Lemma 4.7. There is a constant C > 0 such that for all T > 0 and all A € H*
with o > %

sup |72 A(X)e' X — (e4T9% A)(X)e X | < C||Allade,
XeR

where ¢ is defined in (14).

Proof. We write e** A(ex)e’® as a convolution with the Green’s function of £, as in
(18),

ewA(sx)e” = i/ / eik(m*y)e*tAkA(sy)eiydydk

oo o0

% ei(k_l)(x_y)e_t)"“A(ay)dy dk - ™

83
83

3=

/
/

_ / eik(sxfy)eft)\sk+1 A(y)dy dk - eim’



MODULATION EQUATION FOR STOCHASTIC SWIFT-HOHENBERG EQUATION

where we used the substitution y = ey and k = e~ 1(k — 1). Hence,

(19) eT'CEA( sz T / / 7k(57: y) —T(ek®+2k)? ( )dydk e

Analogously, we can write (e*79% A)(X) - e'Xc " as

(20) (64T6§<A)( zXa T / / zk(sx y) —4Tk? A( )dydk 6

Let

1 —1

O — eTLEA(X)eiXE’ _ (64T8§(A)(X) . eiXe

Hence,
(oo} oo
o = %/ / A(y)eik(az—y) {e—T(ak2+2k)2 _ 6—4Tk2} dy dk - €
5 / " F(A) (k) [e TR0 i) ek g i

Using Cauchy-Schwarz inequality, yields

o0
o < clal [ vk,
— o0
where
2
\Ij(k) = (1+}€2)a €_8Tk2 |:€_T(E2k4+48k3) — ].:| .

In order to bound © it is sufficient to bound

0 1671 0 0 71671
/ U(k)dk = /2 \Il(k;)dk+/1 \I/(k)dk:—ir/l \IJ(k)kor/ ’
—o0 0 —5e ! et —o0

2
= I + 1o + I3 + 1y,

U(k)dk

where we consider all terms separately. For I1, we note that ek3(ek + 4) is non-

negative for all k € [0, 1e71].
follows directly from the intermediate value theorem:
(21) le® — 1] < |z|max{1,e”}.

Hence,

56
I < / e e 8T [Tk (ck + 4)]” dk
0
1 1

26
Ce? / e (Th?)° ST dk,
0

where we used (ek +4) < 5 for all k € [0, 37!]. Now, using the fact

IN

(22) sup {zme_z} < oo forall m>0,
z2>0

we get

s [2° 2 2-2a 2
L <Ce redk < O 4 O k220 dk < Cg2.
0 1

Thus, we can use the following inequality, which
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Let us now turn to I5. Substituting k = —k, yields
1

3¢ 2
I :/ (H}Cz)ae—smz [eeTkB(él—ak) _ 1] dk.
0

We note that ek3(4 — k) is non-negative for all k € [0, 3e7']. Using (21), yields

1

%67 1 8Tk? 3 4eTk® 2
/ e [45Tk ete } dk
0

I, T+k2)e

IN
™
(V]
o\
[V
m

where we used ek < 1 for all k € [0, 3¢7!]. Now (22) implies

1 1
2¢ 2
I, < 052/0 (H’“T)adk < Co2.
To bound I3:

00 2
I3 < C/l m {efT(5k2+2)2 Jreng;gz dk
2t
1 2a—1 1
< C/lsilmdkgc% fOI'Oé>§.
2

Analogously for Iy :
I, <Ce®* ! fora> %

Collecting all four results together, we obtain||©|2, < C||A||24? . O

Let us now state a bound for the semigroup e, when applied to B(X)emxsfl.
The case n = +1 was treated in Lemma 4.7 before.

Lemma 4.8. Let n € Z ~ {*1} and a > % Then there are two constants C > 0
and ¢, > 0, depending on n, such that, for T > 0 and B € H,
(23) sup |7 B(X)e™ ¥ P < O B2 {emo T 22071,

X€ER

Proof. Writing e'* B(ex)e™™® as a convolution with the Green’s function of £ as in
Lemma 4.7

o o0
etLB(gx)einw — % / / eik(ax—y)e—t/\ngrnB(y)dy dk - ™%
— 00 —0o0
Hence, using the definition of Ay and X = cx, we obtain

eTEe B(X)enXe™' = = /OO /OO X =) o —tl=(ektn)** By gy dk - X

Taking the absolute value || on both sides and using Cauchy-Schwarz inequality,
yields

o0

(24)  [e"EB)E T < B2 [ kel e T g,
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It remains to bound the integral in (24):

1
o] % 0 o]
0 —1 L

- 2e 2e
with
O(k) = goimy=e W and  q(k) = [1— (ek+n)*)*.
Now, let us bound g(k) on [0, 45-]. We consider several cases depending on n and

I];:‘.irst case n =0 and k € [—5-, 5. In this case as |k| < 5
o) =[1 - 2K > 8
Second case n > 2 and k € [0, 5-], (or n < —2 and k € [52,0]) . In this case as
ek >0
gk) = [n+ 1+ ek’ n =1+ k) > n+ 12 n —1]% = (n*> = 1)°.

Third case n > 2 and k € [52,0], (orn < —2and k € [0, 5-]). In this case as
k<o
€
qlk) =[n—1—cekP’[n+1—ek]> > &n+ 1%
We deduce from the previous three cases that

q(k) > 30 > 0.

Thus,
(o] L (o]
d(Rydk < 2 [ L eentdk 42 L dk
(Rdk <2 | e e Ak 42 [ e
oo L
< 26*6"‘5/ —(H;z)udkm/l k2 dk
0 —_
2e
(25) < Ce ot 4 Og2o 1,
Plugging (25) into (24), yields (23). O

5. GENERAL BOUNDS ON Z.

In this section, we prove Lemmas 3.1 and 3.2.

Proof of Lemma 3.1. See the first part of the proof of Lemma 14 in [6] with A\ =
1. O

Proof of Lemma 3.2. First, we note from Lemma 2.2 and 2.3 that

V(T )[E, < C sup y]l2, < C sup ]l < C=".
K T

[0,To] [0,T0]

Applying Itd formula to Y Z2, yields

d(Y22) = X T=99% G(5) 22ds — 2e72Y Z2ds + 2c 0 2.V df + e %6V ds.
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Integrating from 0 to 7, taking || - |2, norms, and using triangle inequality, yields

T
H/ vizi-gyds| < e |y e [ 0% (s 2Ras||
0 o0 o]

T ~ p
+cng / YZEdB(s)H
O oo

T
< O sup | 2|2 4 ce? / Y(T, 5)2.dB(s)||”
[0,To] 0 o0
Taking expectation after supremum on both sides, we obtain
(26)
T P
E sup / Y{Zf—%z}dsH < Ce?PmPr=2r0 L CePE sup / Y (T, s)Z.dB(s )H
0,75 "' Jo o0 [0,T0) 00

In order to obtain (11), let us bound the last term on the right hand side of (26).
Using Sobolev embedding from Lemma 2.3, yields

P

E sup
[0,To]

/ Y(T,s)Z dﬁ()‘p < E sup

[0,T5]

/ V(T 5)2.(s)aB(s)||

By a variant Burkholder-Davis-Gundy theorem (see, Theorem 1.2.5 in [14] or the
paper of Hausenblas and Seidler [9]), we obtain for p > 2

T ) ~ » Ty ) 2
Bowp || [t % oz 0aie)| < CB( [ )20 ds)
[0,T0) 0 o0 0
T, L
2 2
< cr( [ 1Z6F lu)12 )
0
< CegmPrTro,

O

As a final result in this section, we prove an averaging result for a mild formu-
lation of (GL).

Lemma 5.1. If A is a solution of (GL) with supjy 1,1 [[Alla < C, then

(27) /T 64(T_S)B§A(S){Z€2(S) _ %Z}ds — O(c} 200,

0
for any ko > 0.

Proof. Define for s € [0,T]
Y(T,s)= AT =9)0% A(s),
with
2 2
dY = (—48%)e* T =% A(s)ds + e*T—*)%% dA.
Using (GL), we obtain
Ay = eHT—9)% (v — 30%)A - 3|A]PA] ds = 64(T*S)8§(G(s)ds

Using Lemmas 2.3, 2.2 and 2.4, we derive

1G]l < ClIGla < CllAlla + ClIAIl-
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Thus
sup 1G]l < C.
[0,T0]
Now applying Lemma 3.2, yields (27). O

6. MAIN RESULTS
In this section, we give the proof of the main result.

Definition 6.1. Define the residual p(T') as

T
(28) p(T) = wa(T) — eTF=w4(0) — /0 e(T=9)ke [v(wa + Z2) — (wa + ZE)B] ds,

where wy is defined in (12).

Lemma 6.2. Ifsupjy r [|Alla < o0 fora > %, then for allp > 1 there is a constant
C > 0 such that

(29) E sup |[p(T)[5, < Ce?Progr,
TE[0,Ty]

where ¢ is defined in (14).

Proof. From (12), we obtain

T
p(T) = A(T)e™ — e < A(0)e™ — / eT=9Le (YA — 3AZ% — 3|APPA)e'*ds
0
+/ e(Tfs)LEASGBZmd5+3/ e(Tfs)EEAQZEe%de
0 0
T .
+3 eT=3)L| A2 2 e*"ds + c.c.
0
T T
—1// e*(T*S)LEZEdS—F/ e T3k 23,
0 0
Using Lemma 4.7, we obtain
T
p(T) = [A(T)—e4Ta§<A(O)— / e4<T—s>8i(yA_3Azg—3|A|2A)ds} el
0
T _ T _
+ 6<T78)E5A363’md5 + 3/ 6(T78)£5A2256211d8
0 0

T T
+3/ e(T=3)L<| A2 2.2 ds + c.c. — V/ et T2 ds
0 0

T
+/0 e~ (T 2345 4 O(e 30 g,).
From (GL) we have

T T
p(T) = 3/ 64(T75)6§(A(Z€2 _ %O’Z)ds R +/ e(Tfs)EEASGSide
0 0

T T
+3/ e(T=9)Le p2 2 o2 qg 4 3/ e(T_s)£E|A|QZEe%”ds
0 0

+c.c. + O3 0p,).
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Taking the norm ||-||?. on both sides and using Lemma 4.8 in order to obtain
T -2 2 1.2 P
ol < cf [ etz - sotyas

+O(% 42772 ) - [ A2 + 2P IA%)E + | 2217 1A
+Ce™ 3P0 P,

Taking expectation after supremum and using the bound on Z. from Lemma 3.1,
the fact H* is a Banach algebra from Lemma 2.4 and averaging result for a mild
formulation from Lemma 5.1, yields (29). O

Definition 6.3. Define the set Qg C Q2 such that all these estimates

(30) sup |Z:(T)| <e ",
Te[0,To]

< 51—3.‘{0 ,

T, )
(31) ‘ / (2.1 - £ }ar

sup ||p(T)]|oe < 0.,
T€[0,To]

hold on Qg for all e € (0,1).
Corollary 6.4. For all p > 0 there exist a constant C), such that on £y
(32) P() > 1—Cpe?  forall €€ (0,1).

Proof. We note that

To ) ,
P() > 1~ P([ﬁt;p] |Z.(T)| > 5‘”0) - ]P’( i (2.2 = Zydr > 5173@)
40

—B( sup [p(T)| = e, ).
[0,T0]

Using Chebychev’s inequality

P(Q) > 1 —e9F sup |Z.|? — " ¢IE sup |p||%,
[0,T0] [0,T0]

v [z - g ary
From Lemmas 3.1,3.2 and 6.2, we obtain
P(Qy) > 1 — Cpeomro — e,
Thus for sufficiently large g
P(Qy) > 1 — Cpe? for all p>0.
d

Finally, we use the previously obtained results to prove the main assertion of
Theorem 3.3 for the approximation of the solution of the SPDE (SH.).



Sec6 Main Results 15

Proof of Theorem 3.3. Define
(33) R(T) = w(T) — wa(T) — Z.(T).

Considering the mild formulation for (SH.), we obtain

T T
(34)  w(T) = eTF<u(0) + 1// eT=9Ley(s)ds — / eT=3)Leu(s)3ds + Z.(T).
0 0

Substituting (33) into (34), we obtain

T T
R(T) = eT*<R(0) + V/ eT=9)L<Rds — 3/ e(T=3)L z_ R ds
0 0

T T T
- 3/ e T=9)L 22 R ds — / e T=9)L R3 ds — 3/ eT=9Lw? Rds
0 0 0

T T
— 6/ eT=8)Ley, Z.Rds — 3/ e Ty R2 ds + o(T),
0 0

where the residual p(7T') is defined in (28). Taking the norm || - || on both sides
and using Corollary 4.6, yields on g

T T
|mawwsmmmww+qAHMMw+cA|amm;w
T T T
+0/|£Mmuw+0/nm&@+c/|awmhw
0 0 0

T
+ O/ |R||Zds + Ce~* ¢,
0

where we used ||wa (oo < C. Define for some D fixed later the stopping time T} as
the largest time, such that T, < Ty and ||R(T)||cc < De %@, for all T < T,. We
obtain for T' < T, that

|R(T) |0 < (Ceod + )0 ¢,

T
+0u+Df“wfw£%Hﬂf“wawau/nmmw
0
T
gcﬁ%M@+O@+D5“w@+aaf+wf“wa/nmmw
0

T
gcﬁ%wm+/[@+%mamwwwm,
0
where C7 = Cd + C and
C[3 + D¢, + D?e™%0¢7] < Cl2+ §D% 92| < Cy

Note that by Assumption on kg, we can choose Cy independent of D, provided
€ > 0 is sufficiently small. Using Gronwall’s inequality, we obtain

T T
RO < Cﬁ”“%ﬂ+/nKE+§N&fhmﬂ/[@+%OEﬁwﬂ%]
0 s

IN

To To
Cre™M0g,[1+ / (G2 + 5C | 2. "] exp{CaT + %C/ 2| dr}ds].
0 0
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Taking the supremum over [0, T}] yields

(35) sup  ||R(T)|loo < Cre™* 0 [1 + C'g} on Q,
TE0,T,]

where we used (see (31))
To , )
(36) / |Z|2dr <e'73R0 + 2T, < C on Q
0

and defined L
éz = (CoTp + %Cé)e(CQTOJrﬁCC) .
Now fix D > C}[1 + Cy]. Hence, (35) shows that

sup  ||R(T) |0 < De4rog_ .
T€0,T,]

Hence, T, = T and finally

sup  ||U(t,z) — ewa(?t, ex) — EZE(€2t)HOO < ¢ sup |[|R(T)|o
t€[0,e—2T)) T€[0,To]

é C€1—4KQ¢E'

Thus,
IP’{ sup  ||U(t,x) — cwa (et ex) — 525(52t)||oo > 051*4”””0%} <1—-P(9Qyp).
te[0,e 2Ty
Using (32), yields (13). O
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