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We consider the Brownian motion of a particle in a force field exposed to external periodic modu-
lations. Discussed are ergodic properties, the long-time behavior of correlation functions, and spec-
tral densities for general (nonlinear) force fields. For a parabolic potential we present analytical re-
sults for the quasispectrum (quasieigenvalues and quasieigenfunctions) at all values of the damping
constant as well as spectral densities and cycle-averaged probability distributions. The theory is
also applied to a Brownian oscillator with memory damping, yielding additional resonances between

the external field and internal degrees of freedom.

I. INTRODUCTION

Periodically driven Brownian motion is often used for
modeling activation processes in physical systems or de-
vices, such as in lasers,"2 shunted Josephson junctions,>*
and earth climate models.’® In spite of the large num-
ber of applications, the theory of periodically modulated
stochastic processes is developed only in a fragmentary
fashion. The activation out of a metastable state in the
presence of periodic perturbations has been considered in
the weak-damping regime by Larkin and Ovchinikov,’
Ivlev and Melnikov,'® Fonseca and Grigolini,” Carmeli
and Nitzan,'?> and Munakata.'>'* One of the main prob-
lems seems to be the treatment of purely coherent modu-
lations, since an infinite sequence of resonance zones (res-
onance between the higher harmonics of the well oscilla-
tions and the external modulation) does not allow a
description in terms of energy or action variables, where
the other variables are eliminated adiabatically. For the
high-damping regime (Smoluchowski limit) an approxi-
mate discrete state description has been proposed by
Nicolis,” McNamara and Wiesenfeld,!> and Gammaitoni
et al.'® This analysis, however, is based on adiabatic ar-
guments and thus is only valid for small modulation fre-
quencies (smaller than all typical system frequencies). An
approximate continuous-state description has been
presented recently by Fox'’ and Presilla, Marchesoni,
and Gammaitoni.!® The analysis of Fox and Marchesoni
is based on an eigenfunction expansion of the Green’s
functions. For the overdamped-limit case we recently
have developed a Floquet-type theory.'”?® We have
proven rigorously some generic ergodic characteristics
such as & spikes in the phase-averaged spectral power
density and the sensitive dependence on the initial condi-
tions of the large-time behavior of the system. Further,
we have presented numerical results for the asymptotic
(large-time) probability distributions, the dynamical sus-
ceptibilities'” and the modulation-enhanced escape
rates.”® Analog simulations have been performed!® '62!:22
to study the phenomenon of stochastic resonance. The
goal of this paper is to present some general properties of
periodically modulated stochastic differential equations
for small-to-moderate-to-large values of the damping and
to introduce a general language for the description of
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such systems.

This paper is a generalization of our recent papers,
where we have restricted ourselves to the overdamped re-
gime, to the case with inertia, and arbitrary friction. In
Sec. II we introduce the two-dimensional nonstationary
description with quasieigenvalues and quasieigenfunc-
tions as well as the three-dimensional stationary descrip-
tion with ordinary eigenvalues and eigenfunctions. Er-
godic properties and their relations to the correlations
functions and spectral densities are discussed. In Sec. III
explicit analytical results for the resonantly driven
Ornstein-Uhlenbeck process, such as the quasispectrum,
asymptotic probabilities, correlation functions, and spec-
tral densities as well as phase-averaged probabilities are
given. In Sec. IV our formalism is applied to the problem
of Brownian motion in an oscillator with memory friction
and colored noise.

19,20

II. BASIC CONCEPTS

We consider the motion of a Brownian particle in a
force field U'(x) under the action of white Gaussian noise
and an external periodic modulation. The corresponding
Langevin equation in normalized (dimensionless) vari-
ables reads

X+yx+U'(x)= 4 sin(wyt +¢)+E(t) (2.1a)

where y is the friction coefficient, ¢ is a random initial
phase, and £(¢) denotes Gaussion white noise, i.e.,

(&(1))=0,
(E(E(L))=2yT8(t —1t") .

(2.1b)

Without the modulation, i.e., for 4 =0, the system is in
equilibrium with its heat bath, with T being the normal-
ized temperature. With 450, Egs. (2.1) describe a non-
stationary Markovian process in the two-dimensional
x,v(=x) phase space.

A. Spectrum and quasispectrum

The corresponding Fokker-Planck equation for the
probability density P(x,v,t), i.e.,
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has a drift coefficient with discrete time-translation sym-

metry. This guarantees Floquet-type solutions of the
form 19-20.23,24

P'"™(x,v,t)=exp(—ut)p"*(x,v,1) ,
(2.3)
pHix,0,0)=p"(x,0,t +T) .

The dynamics of the periodically modulated stochastic
systems is completely described by the quasieigenvalues u
and quasieigenfunctions p'*'(x,v,t). They are the natural
extension to the eigenvalue-eigenfunction concept for sta-
tionary stochastic processes.

Equivalently, the stochastic process (2.1) can also be
treated as a three-dimensional time-homogeneous Marko-
vian process

xX=v,
v=—yv—U'(x)+ A4 sinf+ (1) ,

=0y ,

with the corresponding three-dimensional Fokker-Planck
equation (FPE) for the probability density W, obeying

iI’V()C,U,Q,I):_I_a_l:}:‘u/ >

a1 (2.5)
iW(xvt9t):L W—AsineiW—wiW (2.6
ar - Um0 v %30 "’ ‘

where 6 is now a random variable due to random initial
conditions.  Proposing indistinguishable phases 6,
6+2m, ..., we have to impose periodic boundary condi-

tions in 6. The periodicity of W, e,
W(x,v,0+2m,t)=W(x,v,0,t), immediately implies that
the quasieigenvalues p are identical with the eigenvalues
of Lgp (2.6).19:2°

B. Ergodic properties

Exactly in the same way as in the overdamped case!®2°
it can be shown that the Fokker-Planck operator Lgp in
(2.6) has a branch of purely imaginary eigenvalues

/‘Lon:lon:in Wy h=—x® (2.7a)

yee.y0,..., 00

where the spectrum of the Fokker-Planck operator (2.6)
is defined by

Lppy=—1¢ .

An initial probability which has a nornvanishing weight on
the subspace S, spanned up by the left and right eigen-
functions

(2.7b)
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{@on(x,0,0)=exp(—in6)} "~ __ ,
{Yonlx,0,0)} 7=

of Lgp in (2.6) thus does not decay to a steady state on S,
but rather moves dispersion-free in S. Therefore, al-
though the coefficients of the FPE (2.6) are time indepen-
dent, a general initial probability does not approach a
steady-state probability for large times. The conditions
for zero weight on S is—just like in the overdamped
case'”—a uniformly distributed initial phase ¢ in Eq.
(2.D1i.e,

(2.8)

C. Asymptotic probability density

For large times the solution of the two-dimensional
Fokker-Planck equation (2.2) approaches an asymptotic
periodic probability density P2 (x,v,z). On the other
hand, the solution of the three-dimensional Fokker-
Planck equation (2.8) converges in the case of uniformly
distributed phases ¢ to a stationary probability for large
times, i.e.,

IW(x,v,0,t) . a d
at Lo Asinb5 w7y

X Wi(x,v,0,t) — 0.

t—oc

2.9

Introducing the ‘“‘periodic” time 7=(0—¢)/w, then,
with 0W, /9t =0, Eq. (2.9) has again the form of Eq.
(2.2). Thus, W(x,v,0,f +¢) is the strictly periodic (in
time) solution of the two-dimensional Fokker-Planck
equation (2.2) and agrees with P% (x,v,t) up to a normali-
zation constant, i.e.,

1

W ((x,0,00f +¢))=——
2

PS.(x,v,T) . (2.10

The integral of W (x,v,0) over x and v does not depend
on 0, which is readily seen from (2.9). This is consistent
with the uniform distribution of the initial phase ¢, cf.
Eq. (2.8), and with the interpretation of T=0/w,—¢ /0,
as a time (since the normalization fdx dv P%(x,v,T) has
to be invariant under time 7 translation).

Let us now discuss the case of a nonuniform distribu-
tion of the initial phases ¢. In this case the two-
dimensional asymptotic large-time probability

W, (x,0,0,t)= (2.11)

lim W(xo,vo,Go,to|x,y,9,t)

to—

approaches a nonconstant periodic function in time ¢, i.e.,

W, (x,0,0,t)=W (x,0,0,t +T)

> W,(x,v,0)explinwgt) . (2.12)

n=—-=

The Fourier coefficients W, (x,v,8) obey the equation
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. 0 )
L, Asmeav Wy, ~inawg W,(x,0,8)=0, (2.13)

which is solved by

W, (x,v,0)=exp(—in0)p, W(x,v,0), (2.14)

where p, is the weight of the initial probability
W(x,v,0,t =0) on the left eigenfunction ¢.,(6)
=exp( —in6) corresponding to the eigenvalue A, =inw,.
Note that the weight of W(x,v,0) on
¢,,(0)=exp( —in0) is nonzero only for n =0, i.e.,

pi=J" av [dx [ a0 exp(—inO)W ,(x,0,60)

27 1
= [*d6exp(—in6)=—=5,, . .
fo 0 exp(—in0) Y 8.0 (2.15)

The general asymptotic two-dimensional solution is thus
given by

Wo(x,0,0,t)=W (x,0,8) 3 p,exp[—in(6—wyt)]

n=—oo

=p(0—wut ) W (x,0,0), (2.16a)
where p(6—wyt) is a positive periodic weight function.
One can show by insertion that (2.16a) in fact is a solu-
tion of the time-dependent FPE (2.6). The case of a uni-
form initial-phase distribution is represented in (2.16) by
p(6—wet)=1. The relation between the three-
dimensional asymptotic probability and the two-
dimensional asymptotic probability, which is a generali-
zation of (2.10), then reads

W, (x,0,00t +,t)

P¢(x,v,t)=2m o) (2.16b)
The angle-averaged asymptotic probability
Was(x,u,t)Efozvdep(e—a)ot)Wst(x,u,G)
- f027d¢p(¢)Wst(x,v,a)0t +4) (2.17)

is time independent only for p=const. For general initial
phase distributions the angle averaging does not provide
time-independent two-dimensional probabilities. Insert-
ing the general relation (2.10) into (2.17) we find the con-
nection between the angle-averaged probability
W, (x,v,t) and the phase-averaged asymptotic probabili-

ty P, (x,v), 1.e.,
p— _ 1 27 @
Was(x,v,t)—gfo dé p(¢)P? (x,v,1)

=(P2(x,0,0)) 4, - (2.18)

D. Correlation functions and susceptibilities

The correlation function ((x(t)x(0)>§),b, averaged
over the process and the initial phase is written within
our three-dimensional framework, see Egs. (2.5) and (2.6),
as

2979
K(l,t’):<<x(l)x(t')>§)¢
=fdx fdu fdex exp[Lgp(t —1")]
XxW ,(x,0,0,t")
={(x exp[Lgp(t —1")]x )y , (2.19)

where W, (x,v,0,t) is the asymptotic probability, given
by p(0—wyt )W (x,v,0). Note, that K(z,¢') has the sta-
tionary form K(t,t')=K(t —t') only for p(6—wyt)=1,
i.e., only for uniformly distributed initial phases we have
stationary (but still periodic) correlation functions.!® Let
us first discuss the case of uniformly distributed initial
phases. The correlation function can then be expressed
in terms of eigenfunctions and eigenvalues of the three-
dimensional Fokker-Planck operator.”’> With extremely
large times only the terms with the purely imaginary ei-
genvalues survive, i.e.,

K (ttg—>—o)= 3 g,expl —inwyt)+{x)?

n#+0

=2§ g cos(nagt)+{x)*, (2.20a)
n=1
where
g,,=fdxfd0fdv XYy, (x,0,0)
X fdx fd()fdvxexp(—int?)
X W (x,0,0) (2.200b)

and ¥,(x,v,0) is the right eigenfunction of Lgp corre-
sponding to A,,=inw, (Note that exp(—in0) is the cor-
responding left eigenfunction.) The spectral power densi-
ty S(w) of the ¢-averaged stochastic process is given via
the Wiener-Khintchin theorem by the Fourier transform
of the correlation function K (?), i.e.,

S(Q)=[" exp(—iQK(1)dt . (2.21)
The asymptotic contribution
S @)= [ K, (rlexp(—iQr)dr (2.22)

can now be expressed in terms of A, =inw, by the use of
Cauchy’s formula

L__p|Ll|—imsn), (2.23)
x+ie x
where P denotes the principal value, yielding
S, (=27 3 £,8(Q—nwy+2m(x )WB(Q) . (2.24)
g

Since the spectral densities, i.e., the Fourier transforms of
the diagonal elements of the time-dependent covariance
matrix have to be positive for a real-valued stationary
process in virtue of the Wiener-Khintchin theorem, g,
has to be real and positive. This has been used to derive
(2.20a) and (2.24). Thus, with g_, =g =g,, we finally
obtain
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S(Q)=273 g,[8(Q—nwy)+6(Q+nwy]

n=1

+27(x)%8(Q) . (2.25)

As a result, the spectrum contains & spikes at the multi-
ples of the driving frequency.

Another important result is that the correlation func-
tion K ,((¢) in (2.20) contains no additional phases in the
terms cos(nwyt) since g, is real. This vanishing phase,
however, is only true for perfect periodic modulation.
Switching on the modulation at a fixed time point gives
rise to a small phase shift, as observed by Presilla, Mar-
chesoni, and Gammaitoni.'®

Systems where the correlation functions K(t) do not
decay to zero, i.e.,

K@) =Ux()x(0)N —Ex()N?*5#0 fort—o ,  (2.26)

are called not strongly mixing.?® This nonmixing proper-
ty of our system on a functional subspace means that the
system does not lose information in the course of time on
that very subspace.

In the case of nonuniformly distributed initial phases ¢
the probability W, (x,v,0,t') can be expanded into a
Fourier series with respect to the time ¢'. Using (2.16a)
we find for the general asymptotic correlation function

K(t,t')= 3 p,{exp[—in(6—wyt')]x

Xexp[Lip(t —t")]x ),
(2.27)

where the average has to be taken over the stationary dis-
tribution W (x,v,0). Since the underlying three-
dimensional process is not stationary, the Wiener-
Khintchin theorem is not valid, and the spectral power
density is not related directly to the Fourier transform of
the correlation function.

In this section we have presented general characteris-
tics for periodically modulated stochastic systems valid
for all values of the damping constant ¢ and for general
(nonlinear) force fields. We have extended the concepts
introduced in Refs. 19 and 20 for the overdamped case to
the more general system with inertia. In Sec. III we con-
sider the analytically solvable case of the periodically
modulated Ornstein-Uhlenbeck  process. The N-
dimensional Ornstein-Uhlenbeck process has been solved
formally in Ref. 25. From this formal solution it seems,
however, difficult to extract explicit expressions for the
Floquet parameters and the Floquet functions. With our
method we have direct access to all those quantities. The
solutions for a nonlinear potential will be the subject of
future publications.

III. PERIODICALLY MODULATED
ORNSTEIN-UHLENBECK PROCESS

Within  our three-dimensional framework, Egs.
(2.4)-(2.6), the Langevin equations for a parabolic poten-
tial U(x)=7a)2x2 read with a unit mass
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xX=v,

V=—yv—w'x+ A sinf+¢ , (3.1

6.=CL)0 .

Note that this stationary process is not a three-
dimensional Ornstein-Uhlenbeck process. It is, however,
possible to transform it to an Ornstein-Uhlenbeck process
by introducing a set of shifted variables

x=x—f(0),
(3.2)

v=v—g(0),
with the still undetermined periodic functions
f(6)=f(0+27) and g(0)=g(6+27). The Fokker-

Planck operator (2.6) corresponding to (3.1) is, with L,
defined in (2.2), transformed to

Z(E,E,G)zéo(x,‘)—wo%+%[w0f'(9)—g(9)]
X

+%[w2f(9)— A sinf+oug'(0)+7g(0)] .
v

(3.3)

Choosing the functions f(6) and g(6) in such a way that
the square brackets in Eq. (3.3) vanish identically, i.e.,
with

_ A .
fle)= (@ — ol Pt 7 2al] sin(6+¢)
= A(wy)sin(0+¢) ,
_ Awo
ge)= (@ =l t 7 i) cos(6+¢) (3.4)
=wgA(wy)cos(6+¢) ,
tangp = — %%
L

_ 3
L(%,5,0)=Ly(%,5)—w,—
L(x,v,0)=Ly(x,v) LY.
3 d_. .. P 3
=—0—+y— 0+t —X+yT—5 —wo= - »
ax | ov v e “%ae
(3.5)

which is of Ornstein-Uhlenbeck form.

A. Spectrum and quasispectrum

The eigenfunctions v,,,(X,0,0) and eigenvalues A,
of L, ie.,

Elﬂblmn = _)"lmn d’[mn ’ (3.6a)
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are given in terms of the eigenfunctions K, (X,7) and ei-
genvalues A,,, of L, by

Y (X,0,0)=explil0)K,,, (X,7) , (3.6b)
Appn =illwg+ A, 1=—o0,...,0,...,0 , (3.6¢c)
where the eigenvalues A, , of the Kramers operator L,
are given for the parabolic potential by?*2
40? 172
Apm =T |1+ |1— 22 m
2 14
402 172
+L 1— |2 n, n,m=0, , 00
2 y?

(3.7)

The eigenfunctions K, (x,v) are given explicitly in Ref.
27. The particular eigenfunction K y(x,v) reads

(3.8)

In the original variables (x,v,0) the eigenfunctions have
the same form but X and U have to be substituted by
x —f(0) and v —g(0), respectively, (note that the Jacobi-
an is equal to the unity). The results for the quasieigen-
values (Floquet coefficients) and the quasieigenfunctions
(Floquet functions) then read

2981
pu(x,0,8)=K,,, (x — flwpt +¢),v —glwgt +¢))
Xexpl(ilwgt) , (3.9b)
with
I=—,...,0,...,0, mn=0,...,0 .

Note that in the complete Floquet solutions [Eq. (2.3)]
P™(x,v,t)=exp(—put )pH(x,v,t)
=exp(—A,,t)
XK (x — flogt +),0 —glwgt +¢)) (3.10)

the exp( —ilwyt) have canceled. The results in Egs. (3.9)
and (3.10) are the natural extension of the well-known re-
sults for Brownian motion in a parabolic potential. For
vanishing modulation ( 4 =0), f and g both are zero, and
the familiar results are recovered.”> 2’ The Floquet solu-
tions (3.10) “decay” with the same relaxation times
t,=A,, as the probability distributions in the
modulation-free system. The shapes of the ‘“relaxation
modes,” however, are periodically modulated. This re-
sult is intuitively clear, since in linear systems the
response to a modulation and to noise can be linear super-
imposed,® and thus one expects a “decoupled” action of
modulation and noise.

In the overdamped limit (y— o) the modulated
Ornstein-Uhlenbeck process reads (after a time-scale
transformation @y=wyy, I=t/Y)

) 12 x=—wx+ Asin(@f+¢)+VTEQ) . (3.11)
— Y _ Y 4.2
Pimn = ilan+ 2 (n+m)+(m—n) 4 4o ’ The quasieigenfunctions are obtained in the same way as
for the case with inertia, or may be derived from the re-
(3.9a) sults above to read
J
N 2 172 5 ' . 2
n 7 —_—— _ onl Vo)
P'"(x,T) 5aT D2 exp Yk ot sin(@yf +@)
172
|| A in@r+) (—nw’f) (3.12a)
XH, ST X (w4+(7)(2))1/28m gt +@ exp(—nwt) , .12a
w,y=no’*+liog , (3.12b)
|
where the zero eigenvalues. Thus from Egs. (3.2), (3.6a), and
n=0,...,0, m=—oc,...,0, , 00 (3.8) we find

T=d— -0
p=¢—arctan— .
©

Here H,(x) denote Hermite polynomials and ¢ denotes
an arbitrary initial phase of the modulation.

B. Asymptotic probability

The stationary solution of the three-dimensional FPE
(2.6) is identical with the eigenfunction corresponding to

1
Wst(x,u,(?):-z;Koo(x —f(08),v—g(8))

— e ox— f(O)]

exXp Y2

()
47T

1 2
2T[U g(6)] ] (3.13)
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The asymptotic probability is thus given with (2.10) by In the overdamped case y — « we find with the time-
scale transformation [cf. (3.11)]
2
¢ =_9 Y 2 A
Pi(x,v,t) 27T SXP 2T[x [logt+¢)] f(e)— PR sin(6+¢) ,
0
—2—1T[v—g(wot+¢)]2] (3.14) §(0)=0, 3.13
@q
tang———,
which is, as expected, time periodic with a period of “’
27 /wg and contains higher harmonics of w,. and thus
J
P4 (x,1)= —= _ o ———‘~"‘—~~-—'(—‘++)2 3.16)
o (x,t)= Vs exp o7 | (5(2)+w4)1/zsm Dyl +o+¢ . 3.

C. Time-averaged asymptotic probabilities

We now consider the time-averaged asymptotic probabilities. Since the time ¢ and phase ¢ enter only in the combina-
tion wyt +¢, time averaging is equivalent to averaging over the initial phase ¢ for uniformly distributed initial phases.
The resulting probabilities are time independent and important for comparison with experiments since the initial phase
in such system is averaged out by taking the average over many experimentally obtained time series. The averaged
probability in x is obtained from Eq. (3.13), i.e.,

2
— 2 [x— A(w)sind]?

oT deo . (3.17)

— ® 2m :L @ 27
p(x)—fwdufo dO W, (x,0,0)= 5~ fo exp

Using the fact that exp[iz sin(0)] and exp[iz cos(8)] are generating functions of the modified Bessel functions I (z), %

one finds

NN ) 1 1 o? w? »*
= Vot Xp —ﬁwzxz exp —Z—T*Az(wo) I, Z’T”Az(a’o) I, 7A(a)0)x
el X w A 2( (I)()) w2
+2k§1(-1) 1, AT I, 7A(wo)x (3.18)
In Fig. 1 p(x) is plotted for various of w, with w=1,
T=0.1, y=0.1, and 4=0.5. Most important the prob-
ability p(x ) becomes bimodal at a certain value of w,, or
equivalently at a certain value of the amplitude A(wg).
This can be understood as a consequence of the linear su- 15
perposition of the response of the system to noise and to
modulation. p(X)
The averaged probability p(x) close to the origin ——q=0

(x =0) is obtained by using the following expansions for 104
modified Bessel functions:?%®’ ' /"if 0.7

Iy(z)=1+1z24+0(z%) @=09

) ) (3.19) ]
-k k+1 W=

I,(z) Y: TktD? +0(z*"), 054 \

to be
1 o?
P(x)=—moexp | — 2 A4 Xwp)
P VorT P | T T 7o 0o Ll . .
5 0 5
o’ 2 2 X
X1y 4_T AN @g) | —Kx", (3.20a) FIG. 1. The phase-averaged asymptotic probability p(x)

(3.18) is shown at D =0.1, =1, and ¥y =0.1 for w,=0, 0.7, 0.9,
where and 1.
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exp —l—z—Az(w)
4T 0 1 o? I, 1 ©*A4%wp) 1 o*4%wp) 1 @*4%wg) | |1 04wy
o VorT 2T %4 T 4 712 e T °ld T :
(3.20b)

The sign of « is positive for an unimodal averaged proba-
bility, and negative for a bimodal averaged probability.
In Fig. 2 we have plotted the numerically evaluated k
(3.20b) as a function of 4 at 0=T=1.

For large values of the damping y the curvature quick-
ly approaches for increasing w, a positive-valued limit,
being identical with the curvature of the stationary prob-
ability without modulation. For decreasing y this limit is
approached more slowly. At y =1, the curvature de-
creases for small modulation frequencies, but increases to

damped limit (see also Fig. 1) the curvature has two mini-
ma, one below and one above resonance, and a relative
maximum between at resonance. This relative maximum
at resonance corresponds to an extremely flat probability
close to the origin x =0.

The averaged two-dimensional probability

Blx,0)= fOMdGWst(x,v,O) (3.21)

can also be obtained by using the generating functions for

the limit above resonance wy,=w=1. In the under- modified Bessel functions,
J
plx,v)=—— @ wz 2——l—v2 ex ~—1-A (o) @*+ d)
LG Y Y s P\ 7 qr 4% 0
22 2
0" —wg CL)()A((D()) w A(wo)
X |1 aT Az(a)o) 1 —T—v 0 —Tx
0 — ok 2
— o A(wgy) wy A ()
+22 zlk OAZ(CL)0) 121 9 X 121+2k 9 0 v (_l)l
k=01=1 T
) © o / Z—w%Az( A ©* A(w,) w0y A () (—1)! (3.22)
k§11§0 k 4T Wo) (L T X 421 —2k| T . .

In Fig. 3 p(x,v) is plotted for 4 =0.5, T=0.1, y=0.1,
and =1 for modulation frequencies below and above
resonance; i.e., wy=0.2, . .., 1.8 in Figs. 3(a)-3(f).

For frequencies far from resonance @,=w, p(x,v) is
unimodal with the peak centered at the origin x =v =0

8..
K
4.
Y=5
y=2
2 ’Y:l
v=0.1
0+~ b — e
0 1 2 3
W

FIG. 2. The curvature « (3.20) is plotted at 4 =0.5, D=0.1
and w=1 for y=0.1, 1, 2, and 5 as a function of the modulation
frequency wy.

[Fig. 3(a)]. For some frequency wy'( 4,T,y,w) the aver-
aged probability becomes bimodel with the two peaks
centered on the x axis at finite values of x. The origin has
become a saddle point [Fig. 3(b)]. A second topological
bifurcatlon takes place at some larger value of
wo=w(A,T,y,0). The averaged probability now has
two saddle points lying on the v axis, two peaks lying on
the x axis, and a minimum at the origin [Figs. 3(c) and

d)]. For w,=w=1 [Fig. 3(e)] the off-axis saddle points
have vanished and the probability is peaked on a circle.
For wy>w [Fig. 3(0] the off-axis saddle points occur
again, but now on the x axis and the peaks are now lying
on the v axis. For further increasing modulation frequen-
cies, an inverse cascade of topological bifurcations takes
place [cf. Figs. 3(e)-3(g)].

The observed rich topological behavior is quite surpris-
ing in view of the linearity of the underlying stochastic
process. The phase-averaging procedure, however, pro-
duces an averaged probability density corresponding to a
non-Markovian stochastic process.** The underlying non-
Markovian (and generally non-Gaussian) process is re-
sponsible for the complex topology of p(x,v). Bifurca-
tions of the second type (i.e., wi?’) mentioned above have
also been observed for joint probability densities of
colored-noise-driven nonlinear dynamical systems (for an
overview, see Ref. 29). The joint probability density
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=\

0.0 1

FIG. 3. The altitude charts of the phase-averaged two-dimensional asymptotic probability p(x,v) (3.22) are plotted at D =0.1,
y=0.1, 4=0.5, and w=1 for w;=0.2 (a), 0.5 (b), 0.6 (c), 0.7 (d), 1 (e), 1.3 (f), and 1.5 (g). The lines are equidistant with respect to the
probability in each figure. Dots denote hyperbolic points while maxima are marked by plus signs and minima by minus signs.

P (x,€) of x=—x3+¢, é=—(1/1)e+(1/7)V D I'(¢) has
for 7<7.(D) one saddle point at (x =€=0) and has for
7<7.(D) two off-axis saddle points, and a minimum at
x =€=0.2"3" Important for the bifurcation of the
second type is the existence of an unstable deterministic
point (x =€=0). In our system X =v, 0= —yv—wx
+ A sinwgt, the origin is also an unstable point yielding in
connection with the non-Markovian process the men-
tioned bifurcation. It is also worthwhile to remark about
the nonspherical symmetry of p(x,v) in the x and v direc-
tion, cf. Fig. 3. The reason for this is the w, prefactor in
the deterministic solution of x=v, vV=—yv —w*x
+ A sinwyt. This asymmetry, however, may also be re-
sponsible for the observed asymmetry in the resonance
curve of the rate enhancement in resonance activation ex-
periments.3

D. Correlation functions
The position-position correlation function is defined by

K (,t)=x(0x(t)) g s (3.23)

where the first average £ has to be taken over the realiza-
tions of the noise, and the second average ¢ has to be tak-
en over the initial phases of the oscillator. In the frame-
work of our three-dimensional description, the correla-
tion function (3.22) reads

K, (t,t")Y=(xexp[Lp(t —t)]x ) , (3.24)

where the average has to be taken over the three-
dimensional stationary probability. The equation of
motion for the correlation function reads

K +yK, +o’K,, ={xsind) coswy

+(x cosf)  sinwyt . (3.25)

The solution is with ¥ <4w given by

Kxx(T:t —l’): l,lexp

26 ?

— LT sinoT
2

- -12/*7- COSOT

T
+—exp
2]

+1 A wg)cos(wyT) , (3.26)
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— 1 2 _
while for y > 4w, the trigonometric functions are substi- Xxx ()= 37 A% ()[8(Q — o) +8(Q+ o) ]
tuted by the corresponding hyperbolic functions. The T
frequency @=|w?—y?%/4|!/?, and the resonant amplitude + ) [3(Q—0)+8(2+w)]
A(wg) is given in Eq. (3.4). The correlation function is Q T Q
the linear superposition of the deterministic correlation —1lid Y wy) i 55 (3.27¢)
function (noise strength 7'=0) and the correlation func- V- o V-

tion without modulation ( 4 =0).
The dynamical susceptibility, defined by

Xxx(().):fowd‘rexp(—iQT)Kxx(‘r) , (3.27a)
reads
T
xx(g): L
X (0= Q%) +y2Q?
0T  *—Q*—9? 2
+ —ir AN wy)——
o (0*— Q%) +y20% 7 @0 Q2 —w}
(3.270b)
for y#0, and

for y=0. The spectral power density (being twice the
real part of the susceptibility) shows, as predicted in Sec.
IID, a & spike at the driving frequency Q=+w,. In the
overdamped limit ¥ — oo the correlation function and the
susceptibility reduced to

2

7 1
K = —?r)+ ——F—— , 3.2
x(T) wzexp( 0°T) 2 (0 w%)COSﬁ’oT (3.28)
T 1 A’r
Q)= o —Q)+8(wy+
Xxx (2) 3 5 4@(2) wz[S(wO )+8(wy+ Q)]

QT 1 A*?
+i|—— .
(03 + ) (Q*—wd)

o Q’+o? —Ew

(3.29)
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Like in the inertia case, cf. Eq. (3.27b), the real part of
the susceptibility has § spikes at the driving frequency.

IV. APPLICATION TO NON-MARKOVIAN
EQUILIBRIUM SYSTEMS

In many situations®>*} the memory time of the non-

Markovian system is not small in comparison to the typi-
cal system time scale, and the white-noise assumption is
not valid. In this section we consider a linear non-
Markovian system, which is perturbed by periodic modu-
lations. The Langevin equations reads in normalized (di-
mensionless) variables

% +Bf0’¢(z — "% (2")dt’ + w*x =B2E(t)+ A sin(wyt +¢)

with the Gaussian noise £(¢) obeying the fluctuation-
dissipation theorem of the second kind

(E(NE(L")) =Tz —1")
(&(1))=0.
For the memory kernel we choose an exponential, i.e.,
B(1)= =yl
Introducing the variable z, i.e.,
i _
z= f0¢<t — )% (¢")dt' — BV 2E(1)

the equivalent four-dimensional Markovian system reads

4.1)

v exp(

(4.2)

X=v,

V=—Bz—w’x+ Asind ,

i=—yz+yv—yVT/BL(1) (432
b=, ,
with the Gaussian white noise I'(#)
(D()T(1))=28(t —1), (T(2))=0. (4.3b)

A. Spectrum and quasispectrum

The Fokker-Planck equation corresponding to Eqgs.
(4.3a) and (4.3b) is transformed to the simple form

d o - _ d _
EW(X ,0,Z,0,t)= Lo(x,u,z)—coo@ W(x,v,z,0,t)
(4.4a)
with
Lo(f,v,f)-——vi%—ﬁ'—-kwoxi
ox ov
J _ d yiT 3?
+y—z—yvr—++—— (4.4b)
Vaf "% B oaz?

The variables X,7,Z are defined by
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x=x—f(0), v=v—g(0), z=z—h(0), (4.5a)
where the functions f(8), g(8), h(6) obey the linear sys-

tem of differential equations

wof'(0)=g(0)

wg'(0)=—PBh(0)—w}f(0)+ A sinb , (4.5b)
woh'(0)=yg(8)—yh(0) .
The periodic solutions of (4.5b) are found to be
f(0)=B(wy)cos(0+¢) ,
g(8)=—B(wy)wgsin(6+¢) , (4.6a)
h(8)=Z(wy)cos(0+¢,) ,
where
o w2Biy4 =122
B(wg)= A4 a)z—a)0+ i ZOB 72 3
i+ o} (y*+wp)
(4.6b)
Ao }
Z(w0)=——2—‘*¥m *—wi+ by
(@3+7?) i+ wd
w232 * —1/2
5 1’22 (4.6¢)
(y*+ow§)
and
wy (0’ —w})wf+8%)
tamp:—o- 02 9 , (4.6d)
Y By e,
0 !
tanp,=——+ . (4.6¢)
P ” sz_wé e

The eigenvalues of the FPE (4.4a), being identical with

the Floquet coefficient of the equivalent three-
dimensional nonstationary FPE, are
Agmn =kiog—IA;—mA,—nAy,
k=—cw,...,0,...,00 , 4.7)
I,m,n=0,1,..., 0 ,

where A, ; 5 are the complex roots of the polynomial
(x2+w*)(x+y)+yBx=0. (4.8)

For a derivation of the eigenvalues of an N-dimensional
Ornstein-Uhlenbeck process, see our recent paper.** In
the Markovian 11m1t 7/-» c the roots are given by
x5 =—1B+t1(B*—40?)'/%. At B=20 two real branches
(B>2w) approach each other to create a complex pair of
eigenvalues (8<2w;). In the non-Markovian case we
have one additional complex root. For small correlation
times ¥~ !, there is another bifurcation at large values of
the damping 3 (¥ =100 in Fig. 4). For increasing correla-
tions times the two bifurcation points come closer (y =10
in Fig. 4) and finally cancel each other at the same value
for the correlation time (cf. Fig. 4 with y=5). For
7>t.=y. ' (y=1in Fig. 4) one has a real and a complex
root without a bifurcation.
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FIG. 4. The real parts of the complex roots of Eq. (4.8) are
shown at w=1 for y=100, 10, S, and 1. Real branches are
marked by r and complex branches by c.

B. Asymptotic probability

The asymptotic (periodic) probability is the Floquet
function corresponding to the vanishing Floquet
coeflicients and thus is given by

L(x,7,7)W(x,v,2)=0, 4.9)

where L(X,7,Z) is given in Eq. (4.4b). The solution of

Eq. (4.9) is
172
st 2myT Am?T
X % 2 Lga B oo (4.10)
exp 2Tx ZTU 27/Tz .

Integrating out the auxiliary variable Z the asymptotic
probability in x,v reads

Pé(x,0,0=27 [~ _dz W (x = f(wot +6),0 =gt +6),2
_ g COZ
T 2Tr P 2T[x

The time-averaged probability

P, (x,v ——f d¢P? (x,v,t (4.12)
may also be expressed analytically in a series of Bessel
functions. Since Eqgs. (3.14) and (4.11) have the same
structure, the phase-averaged probabilities of the Marko-
vian system (y =« ) (see Fig. 3) and the non-Markovian
system (y = o0 ) are very similar. The differences are due
to the different amplitude functions B(w,) (4.6b) and
A(wy) (3.4). The non-Markovian resonant amplitude

flegt+6)7 —ﬁ[v glwot +4)]

r
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(a)

B(a,)

101

B((l)o)

FIG. 5. The resonance amplitude B(w,) (4.6b) is depicted for
(a) high-damping =10 and (b) low-damping 3=0.5 for various
values of the noise color 1/y.

h(wyt +¢))

(4.11)

function B(w,), being identical with the frequency
response of the unperturbed system is plotted in Fig. 5
for A=0.5, =1 at §=0.5 (a) and =10 (b). In both
cases we observe that the amplitude function behaves for
increasing correlation times more underdamped, i.e., the
resonance curve becomes more sharp. Note, however,
that in the overdamped case the Lorenzian peak at w,=0
does not vanish for decreasing y and we thus have a dou-
ble resonance. It is also interesting that the position of
the resonance peak at wy70 crucially depends on the
correlation time ¥ ~!. For very large correlation times
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the resonant peak at w,70 converges to wy=w=1. The
physical meaning of the amplitude function becomes evi-
dent in the discussion of escape rates out of a metastable
state: for larger B(w,), the averaged probability becomes
more widespread. The activation process out of a meta-
stable state (modeled by a cut-off oscillator) is thus
strongly enhanced. In the overdamped case we therefore
find an enhancement at a resonance frequency w,~0.
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