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For a bilinear control system with bounded and unbounded controls

nr

.\.’:A(|(u;)]x+ Z u,A,(u“).\‘ in R“’,

(A"

where u,(1)e 2 < R’ compact, v, (£)eR for i=1,.. m, the extremal exponential
growth rates of the solutions x{ -, x,, u) are analyzed: If A(x,, w)=limsup, ., (1,1)
log [x(t, xp, u)|, then ¥ =sup,., sup, ., A(xg, u)and ¥ *=inf, _,inl _,A(x,. u)
are the maximal (and minimal, respectively) Lyapunov exponents of the system.
This paper gives several characterizations of these rates, together with the corre-
sponding uniform concepts (with respect to the initial value or the control).
We describe the situations, in which ¥ = +oc and .#™* = —ux, and characterize
the sets of initial values, from which ¥ and .#™* can actually be realized. The
technigues are applied to high gain stabilization, and the example of the linear
oscillator with parameter controlled restoring force is treated in detail. Finally we
indicate how the results can be used for feedback stabilization of linear systems,
when the feedback is allowed (o be time varying, but restricted 1o certain types of
(bounded) gain matrices.

1. INTRODUCTION

The problem of destabilization and, in particular, of stabilization of
bilinear (and more generally of nonlinear) systems has attracted a great
deal of interest since the first systematic study by Mohler [Mo]. The

* Work partially supported by NSF Grant DMS-8813976 and DFG Grant Col24/6-1.
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problem has been approached basically with two methods: via feedback
(using only specific, a priori given classes of feedbacks), and via high gain
techniques. For an outline of the first approach we refer, ¢.g., to Gauthier
[Ga], Yong [Y], Rotea and Khargonekar [RK ], Jacobson [J], Gutman
[Gu], and Koditschek and Narenda [KN]. For problems without
constraints in the controls, Isidori [I, Chapt.7] describes a general
approach.

High gain techniques have been developed, e.g., by Meerkov er al. [ Me,
BBM1, BBM2] using the idea of vibrational stabilization, or Knobloch
[Kn], who uses a theorem on the global existence of center manifolds and
the theory of singuilar perturbations. The recent monograph by Kokotovic
et al. [KKO] contains some interesting ideas on this topic.

This paper introduces a different approach to the analysis of bilinear
control systems with control constraints. It is based on Lyapunov
exponents associated with open loop controls: The possibility of (exponen-
tial) stabilization (or destabilization) in a control system depends on the
minimal (or maximal, resp.) exponential growth rate that can be realized
in the system. For example, if the minimal growth rate is negative then
there exists an (open loop) control such that the system response, using
this control, decays exponentially. It seems therefore desirable, to charac-
terize the extremal growth rates of a bilinear control system. These rates
are the minimal (and maximal resp.} Lyapunov exponents, which
generalize the real parts of the eigenvalues of the matrix 4 in the linear,
autonomous equation x = Ax.

More precisely, the following setup is used in this paper: Consider the
bilinear control system with bounded and unbounded controls

J'c(t)=Aﬂ(u0(r))x(t)+.}’i] u; (1) A;(uo(1)) x(1) inRY, (1.1)
where
Uy R->Qc R, Q compact,
A;: Q — gl(d, R) (the d x d matrices) is analytic for j =0, ..., m,
u.R-»R for i=1,..,m
Denote

U=80xR" and choose as admissible controls

# = {u: R - U, locally integrable },

such that for each x,€ R and each we # Eq. (1.1) has a unique solution,
denoted by x(1, x,, u), for re R.
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Define the Lyapunov exponents of the solutions of (1.1) by

1
Alxg, u)=lim sup;log [x(t, xq, )] (1.2)

r—

In this paper we analyze the maximal and the minimal Lyapunov
exponents of the bilinear control system (1.1):

H=sup sup A(x,, u), H* = inf inf Alx,, u), (1.3)

uet xp+0 ue ¥ xg#0
the uniform concepts (with respect to the initial value)

A =sup inf i(xq,u), H* = inf sup i{x,, u), (1.4)

ue ¥ xp# 0 ue ¥ xo# 0
and the uniform growth rates {with respect to the controls)

X =sup inf Axo,u),  F*:= inf sup A(x,, u). (1.5)

xp# 0O HEW x0#*0 e n

Since we allow unbounded controls in (1.1), . < +oc and ¥ * > —aoc will
occur only in certain degenerate situations (iff there exists a nonsingular
matrix Te Gl(d, R) such that T{A,(uy), uye2,i=1,.,m} T 'cso(d, R),
i.e., the system matrices of the unbounded part can be made simultaneously
skew symmetric; see Theorem 4.5). The main emphasis i1s then on bounded
controls, and we show that the concepts in (1.3} and (1.4) are related to the
exponential growth of the norm, the conorm, the spectral radius, and the
spectral coradius of the systems semigroup (Theorems 4.1 and 4.10).

The extremal Lyapunov exponents, as defined above, involve suprema
(and infima, resp.) over all x,e R*\{0}. It is therefore important to charac-
terize the initial values x, # 0 for which these growth rates can be realized.
Since Alaxgy, u) = A{x,, u) for e R, x#0, it suffices to consider s,€ P, the
projective space obtained from R and it turns out that the controllability
properties of the projected system of (1.1} onto P play a crucial role in
determining the appropriate initial values: Under a weak nondegeneracy
assumption (cf. (H) in Sect. 2), #" can be realized for all x,# 0 (and hence
A = *), while X" * is in general attainable only for a certain subset of
initial values, which is characterized in Theorem 5.1. Of course, all quan-
tities in (1.3)}-(1.5) can be realized from all x,# 0 if the projected system
is completely controllable on P (which is a weaker requirement than
contrallability of (1.1) in R/\{0}), and then ¥ * = ¥".

If " * <0, then there exist x,e R and ue # such that A(x,, u) <0, ie.,
system (1.1) is exponentially stabilizable from x, via the (open loop) con-
trol u. The existence of feedback stabilization at the exponential rate " *
is not addressed in this paper, because the solution of that problem
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requires a complete characterization of the control properties of the
projected system on [, and of the complete Lyapunov spectrum
{Alxg, u), xg#0, ue¥} <R of (1.1). The problem is currently under
investigation and requires quite different techniques.
[t may be interesting to point out, how the results of this paper can be
used for feedback stabilization and robustness analysis of /inear systems.
Consider the linear system

X=Ax+ Bu in R¥,

for which we want to construct a time varying linear feedback F(r) in a
given class of (bounded) matrices, in order to stabilize (or destabilize) the
system. Assume that the feedback matrix F(r} has to satisfy constraints for
its elements, Then the closed loop system

X={(A+ BF(1)) x, F(1)e V, a set of constriants,

is of the form (1.1). For stabilization we have to distinguish two cases:

(a) The projected system is controllable on P: Then ¥ * <0 means
that for each initial value x, there exists F(-), such that |x(t, x,, F(-))|
decays exponentially, and £ * >0 means that there exists a (global) F(-)
such that x = (A4 + BF(-)) x is stable for all x,e R

(b) The projected system is not controllable on P: Here ¥ * <0
indicates that for certain initial values x, (characterized in Theorem 5.1) a
stabilizing F(-) can be found, while 2 * <0 again means that the system
is stabilizable with some admissible feedback F(-).

For destabilization we obtain: If ¥ > 0, then for each x, 0 there exists a
F(-) such that |x(s, xo, F(-))| is exponentially increasing, and # >0
implies the existence of a global destabilizing feedback F(-).

An example is the linear, additively controlled oscillator

. 0 1 ) 0 ) 5
x—(_l —2h)l+(l)u n R-.

For unbounded u this system is completely controllable in R*. With time
varying {bounded) feedback of the type f(r)=(f(¢)0) the system reads

x=[(_? _;b)—(?) (f(:)())] x, fl)e[A4, B]cR.

Depending on the constraints interval [ A, B], this system (or even its pro-
jection onto the projective space PP) may not be controllable. All extremal
Lyapunov exponents for this example are computed in Section 6, and, by
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the above, the results can be iterpreted as feedback stabilization (for
b < 0) or destabilization (for #>0) results in the context of the linear
system.

For the robustness analysis of linear differential equations X = Ax the
stability radius of a matrix plays an important role; see, e.g., [HP1, HP2,
HIP] or [ VL]. This concept, and also various types of instability radii, are
closely related to the extremal Lyapunov exponents of bilinear systems: Let
{U,.p=0} be an increasing family of subsets of g/(d, R), expressing the
uncertainty (of size p) about the parameters in a matrix A € gi(d, R).

Consider for a stable matrix A the bilinear control system

x=(A+u,(1)) x in R, u,(1)eU,.

and define J, :=sup,, . #, SUP 20 A(xy, u,). Then the (Lyapunov) stability
radius of 4 with respect to time varying uncertainties is given by

Fi(A)=inf{p=0, %, 20).

For the linear oscillator, this stability radius is discussed in Section 6. For
a general discussion of the relation between Lyapunov exponents and
stability, as well as instability radii, using the extremal growth rates .¢°,
H'* and A, see [CK2].

In Section 2 we introduce some techniques and preliminary resuits.
Growth concepts for linear semigroups in G/(d, R) are introduced in
Section 3, and are used in Section 4 to characterize the extremal Lyapunov
exponents. There also some results on the magnitude of the exponents are
derived. Section 5 concentrates on the characterization of the points, from
which system (1.1) can be (de-)stabilized in an optimal fashion, and the
example of the linear parameter controlled oscillator is treated in great
detail in Section 6. We conclude the paper with some applications of this
theory to high gain stabilization.

2. TECHNIQUES AND PRELIMINARY RESULTS

In this section we will briefly outline three major tools used in this paper:
geometric control theory, time reversal, and reduction to periodic controls.

The individual Lyapunov exponents A(x,, u), describing the radial
behavior of the solutions of (1.1), can be expressed in terms of the angular
behavior by projecting the system onto the projective space P in RY an
idea going back to Bogolyubov. A simple application of the chain rule
shows that the projected system reads, with s=x/|x|e P
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(1) = h(u(1), s(1)) = ho(u, s) + Z u,h (u, s)

i=1

with /1, (1, s} = (A, (uy) — g, (ug, 5) - 1d) 5, j=0,..,m,

. (2.1)
q;(tg, $)=35"A,;(uo) s,
q(u, 5) = qoluy, 5)+ Z u;q,(uy, ),
=1
where 7 denotes transposition and Id is the d x d identity matrix.
We have
IX(I, Xo, u)’ = 1x0| exp (J. Q(”(T)a S(T, 5o, u)) dt) (22)
(§]
and therefore
Alxg, u)=lim sup — f g(u(z), s(t, 59, 1)) dr. (2.3)

r— o

Thus computing ¢ and " * means solving an optimal control problem for
system (2.1) on P with the “average cost” functional (2.3).

The control structure of system (2.1) is crucial for the following analysis.
Denote by & the Lie algebra generated by the systems vector fields, i.e.,

=LAy, Y u=(ug, uy, ... u,)e U}

By assumption on the 4,, j=0, .., m, the system is analytic; hence the dis-
tribution 4 . generated by ¥ in T1P’ the tangent bundle of P, is completely
integrable by Nagano’s theorem (see, e.g., [I1]). Chow’s theorem implies
that (2.1) “lives” on the maximal integral manifolds of 4. In order to
exclude degenerate situations, we will assume throughout this paper

4,(p)=T,P forall pelP, (H)

i.e., the Lie algebra . has full rank on P. Hypothesis (H) implies local
accessibility, 1.e.:
For t>0, p,eP let

€ L (po) = {yeP,there exists 0 < v <t and ue ¥ with s, po, u) = y};

then int (7 (p(,)¢® for dll po€ P, t>0 and similarly for ¢ _ (p,) (see,
e.g, [1]) (f (po)=U 20 Z,(py) will denote the positive (i.e., forward in
time) orbit of the point p,.
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For the investigation of the extremal Lyapunov exponents of (1.1), we
will make use of the time reversed systems corresponding to (1.1) and (2.1):
If we solve either equation from r =0 backwards in time, and set x*(7)=
x(—1), s*¥(t)=s(—1¢), u*(t)=u(—1) we arrive at

"

X*(1)= —(A (ug (1)) x*(1) + Z ¥ A (uF(r)) x*(t )) (2.4)
§¥(r)y= —h(u*(1), s*(1)). (2.5)

Again we consider (2.4) and (2.5) as control systems with re R, and with
controls u*e#*=%. Then (2.5) 1s the projection of (2.4) and for the
corresponding functions g*, 2* one obtains g* = —g, h* = —h. If we denote
the (forward) orbit of (2.5) from peP by ('*/(p), then it is easy to see
that (‘X7 (p)=¢ _,(p). Furthermore, (H) holds for (2.1) iff it holds for
(2.5).

2.1. Remark. Associated with (1.1) 1s also the adjoint system 7=

Alug) v +3 u; AN (ug) v), whose projection onto P is §= —h(u’, s),
with /1, (u”, s) = (A[(uo) —s"A](1y) s -1d) . Now 57 4s=15"4"s, and hence
by (2.3} the individual Lyapunov exponents of the adjoint system are the
same as those of the time reversed system (2.4).

The Lie algebra condition (H) does in general not imply that (2.1) or
(2.5) 1s completely controllable on P. But there will always be subsets of P,
on which controllability holds.

2.2. DErINITION. A set D < P is called a control set for (2.1), if

(1) for all pe D there exists u e % such that s(¢, p, u)e D for all 1> 0,
(i1) for all pe D we have (' *(p)> D,

and if D is maximal with respect to this property. If furthermore,
¢*(p)= D for all pe D, then D is an invariant cotrol set. (For the relation
of this definition to other notions of control sets see Remark 3.2 in
[CK3].)

The following properties of invariant control sets of (2.1) and (2.5) play
a crucial role:

2.3. PrROPOSITION. Consider system (2.1) on P (under assumption (H)).
Then

(1) there is exactly one invariant control set C =)
compact with int C# &, and ¢ *(p)>int C for all pe C;

pel}l’ (p) Cls‘
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(1) there is exactly one open control set C , C =int(), _,
¢ (p)=int C*, and C* is the unique invariant control set of (2.5);

(iii) i (2.1) is completely controllable on P, then C=C =P:
otherwise CnC =,

Note, however, that CnC  # & is possible, see Section 6.

Proof. (i) This is Theorem 3.1 in [AKO] and Lemma 2.1 in [KI].

(i1) Consider the time reversed system (2.5): By (i) there exists a
unique invariant control set C*=(}, . C**(p)=,.» € (p) for (2.5).
Since ** (p)>int C* for all pe C*, we have ¢ (p)>int C*=C ~ for all
peC . Thus ¢ *(p)>C for all pe C . To complete the proof, we first
show: If pe C*\int C*, then p¢ D, the (maximal) control set containing
int C*. Indeed, if ¢ *(p)n C ~ # &, then there is a control ¥ € # such that
y=s(t, p,u)eint C* for some t>0. Hence there exists a neighborhood
V(p) such that s(¢,q,u)eint C* for all ge V(p). Therefore ¢ (y)=
C*H ()N (C*) # ¢, and C* is not invariant for (2.5).

We conclude that all points p e ¢C* are not in the (maximal) control set
containing C ~. Because control sets are path connected, we obtain that
C is a control set.

It remains to show: C ~ is the only open control set of (2.1). The
argument above says that, if D is an open control set of (2.1), then D is an
invariant contro! set of (2.5). But D is unique by part (i).

(i) If (2.1) is completely controllable on P, then P is the only
control set for (2.1) and (2.5), i.e, C=C~ =P. Vice versa C=P implies
complete controllability of (2.1) and thus of (2.5). Furthermore, because
control sets are pairwise disjoint by maximality, C#P implies C #P,
and therefore CnC =@, |

Note that the control sets in Definition 2.2 are defined via the closures
of orbits, and not through the orbits themselves. Nevertheless, Proposi-
tion 2.3 ensures that in the interior of the control sets C and C  we have
(precise) controllability. Definition 2.2 allows us to obtain the same control
sets also for restricted classes of admissible controls; compare [1] and
[S2]. We will make use of this fact, when we consider piecewise constant
controls in Section 3.

Finally we introduce two restricted sets of controls that will turn out to
be sufficient for the characterization of the extremal growth rates:

U,= {u: R* — U, measurable and T-periodic for some 7> 0}

U,,={uw:R* — U, measurable and (u(-), s{-, 54, u))

T-periodic for some T> 0 and some s, P }. (2.6)
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The growth concepts in (1.3) and (1.4) can now be defined with respect
to %, and #4,,, e.g.

1 pf
K, = sup lim sup ;j qlult), s(t, s(0), u}) dr; (2.7)

WE Wpp > ]
here the sup is taken over all e #,, and all initial values s, appearing in
(2.6). Similarly for X, ¥ X'}, .. To distinguish, when necessary,
between the growth rates of {2.1) and the time reversed system (2.5), we

will write ., (N)... for the former and #,,(— N)... for the latter.

3. EXxPONENTIAL GROWTH RATES OF LINEAR CONTROL SEMIGROUPS

The solutions of control system (1.1} take a particularly simple form, if
we allow only piecewise constant controls. This lgads to the definition of
the systems group ¥ and semigroup & as follows:

Denote by N the possible constant right-hand sides of (1.1), ie.,

N = {Ao(uo) + i uiA (ug), = (o, Uy, . U, ) € U} < gld, R), (3.1)

i=1
and define the systems group % and semigroup % by

4 :={exp(1,B,) ...-exp(t,B)), ,e R, Bie N, j=1,..,ne N} c Gi(d, R)
& = {exp(t,B,) ..-exp(t,B,). 1,20, B,eN, j=1,..,ne N| = Glld, R).

The subsets of the group and the semigroup at time ¢, ie., 3 |¢,| =t are
denoted by % and &, respectively. Note the following relationships
between the system and the time reversed equations: N*= —N, ¥* =%,
Fr=9"1

Instead of considering the Lyapunov exponents of the individual solu-
tions of (1.1), we can measure the exponential growth behavior by looking
at the growth rates of ¥, < .%. This can be done by either using any norm
in G/(d, R) or by looking at the spectral radius: Define the norm |-, the
conorm m(-), the spectral radius r(-), and the spectral coradius cor(-) on
Gl(d, R) by

I gll :=max{|gx|;|x|=1}, m(g) :=min{|gx|; x| =1}

r(g) :=max{|i|; Aea(g)}, cor(g) :=min{|i|; Aea(g)},

where a(g) denotes the spectrum of g.
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Note that all these quantities are strictly positive for all g€ Gi(d, R). We
now obtain the following concepts for extremal exponential growth rates
of &:

I N
f :=1lim sup - sup log r(g), p* :=liminf- inf log cor(g)
1 x ge t—x I ges

“ | - . 1.
f :=lim sup - sup log cor(g), fi* :==liminf - inf logr(g)

t—x L gew

L gEY l (32)
1 ) .
o :=lim sup - sup log | gl|, d* :=lim sup — inf log m(g)
t - o tge.‘/', te o L gEes
: - N
4 = lim sup — sup log m(g), o* :=liminf - inf log |l gl.
! - 7 g€ {— g E S

Here B(f, 8, 5) are understood to be + oo, if for some 7 < oo we have that
sup, . ., log r(g)=cc (or sup, ., logcor(g)= oo, etc.); similarly for the
quantities f*, B*, 0*, 0%, and — oo. This section is devoted to the analysis
of the concepts defined in (3.2).

3.1. LeMMa (On Time Reversal). Denote again by B(N).. the growth
rates of the system (1.1), and by B( — N)... the corresponding quantities of the
time reversed system (2.4). Then we have

(i) O*(N)= —3(~N)
(ii) B*(N)= —B(—N)
(i) 8*(N)= —8(—N)
(iv) B*(N)= —p(—N).

Proof. Note first that for all ge Gl(d, R) we have

|gx| |yl 1 1

g .
= max —— == max = = I
£l %0 |X v20 |g 'y min, Lo(lg 'l/Ix) mig Y

Furthermore, A €a(g) is equivalent to 2~ 'ea(g " '); hence

r(g)y=max{|i|, iea(g)} =max{]i ', iea(g )]

; 1
=min{MI, ieo(g ')}=cor(g' gl
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Proof of {1):

1 1.
- inl logm(g)=- inf log |l ot

reE My gE

1
= -——suploglg 'l

& €S

!
= —— sup log gl

VaE
g€

hence 0*(N) = lim inf, , , (1/1)inf, , log m(g) = —lim sup, . (1/t)
SUP ¢ e log gl = —d(—N). All other equalities are proved in exactly the
same way. |

3.2, LeMMA. Al quantities in (3.1) are actually limits. Furthermore

I !
f =sup — sup log r(g), p* = 1inf — inf logcor(g)

>0 ! gewy >0 1 ge,

-

1 o 1
B = sup — sup log cor(g), p* =inf — inf log r(g)

=0 ¢ ge.n >0 1 ge vy
1 1.

o = inf — sup log |l gl 0*=sup— inf logm(g)
>0 1 gesn P

3 1 a . 1 .

0 =sup — sup log m(g), o* = 1nf — nf log] gl
>0 1 geu, 1>01 gew,

Again, if one of the quantities above for some t < oo is + oo (or — ), we
define the corresponding growth rate to be + oc (or — o0, respectively).

Proof. For the fi-quantities recall that r{g")=r(g)", and therefore

1 1
fint) = - sup log r(g)=— sup log r(g)"

g€ Yy gEe.Y;

1
=7 sup lOg r(g) =. ﬁ(t)

EE S

for all ne N, t>0. Furthermore, (1) is obviously continuous (if it is finite
for all 1> 0), and hence f=limsup, , . f(r)=sup,., B(r)=1lim, _, , B(s).
Similarly we obtain for f
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. 1 1
ﬁ(m):=-; sup log cor(g)=—[ sup log

g€ Sy n g€ S (g )

1 1 "
>— sup lo ( - )
ST ARGV P

1 -
= sup log cor(g)=: f(r),

gE S

which implies f = lim sup, ., B(t)=sup,., f(r)=1lim, . B(r). The results
for f* and [;‘* follow via time reversal from Lemma 3.1.

For the d-quantities recall that ||g,-g.ll <llg,| llg,ll for all g,, g,
Glid, R). All ge¥,,, are of the form g=g,g,, with g, e, g, .
Therefore

(s+1)-6(s+1):= sup loglgl= sup loglg, gl

2SS4 RB1E &, gre

< sup log|igil + sup log | g,

gt € S g2€.9

=:50(5) + 19(1).

Thus #d(¢) is subadditive, and again continuous (if finite for all > 0). This
implies

d=1limsup &(t) = inf §(¢t) = lim I(¢) (see,e.g., [D, p. 147).

f— = >0 r— o

Similarly, the function 18*(1) := =1nf,_ .. log|/g| is subadditive, which gives
the result for 6*. The equations for 6* and 5 follow again via time reversal
from Lemma 3.1. |

In Section 4 we will relate the extremal Lyapunov exponents defined in
Sections 1 and 2 to the semigroup concepts (3.2). Here we discuss the
finiteness of these concepts.

Denote the unbounded part of the right-hand sides of (1.1) by

N0:={i w, A, (up), ue U} (3.3)
i=1

and let ¥ be the corresponding systems group.

3.3. PropPOSITION. (1} f, ﬁ, 5, 6> —oo, and B*, B* 0¥, 5* < + 0.

(i1) B= 4+ iff 6=+ iff H is not compact, and f*= —ov iff
% = —oo iff H is not compact.

3.4. Remark. Recall that a closed subgroup .# of G/(d, R} is compact

505/101,2-3
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if and only if there exists a basis transformation T e G/{d, R) such that
T#T '<S0(d, R), the special orthogonal group, or, equivalently in our
setup, iff TN, T “! < so(d, R), the skew symmetric matrices.

Proof. (i) ., 8> —x follows directly from Lemma 3.2. f< 4 can be
seen as follows: Recall that r(g)=1lim, ,, |g"|"" for ge Gl(d, R). Hence
for ge .,

I .1 1 ,
;log r(g)= lim ;{bg 1g"ll < lim - sup log [lg'l

n— x [ . .
g geSy

— lim &(nt)=3.

1 — X

This means that ff(r)<d for all >0 and again by Lemma 3.2 we obtain
f<o. i i

The result for f*, f*, 6* 0* now follows from Lemma 3.1 via time
reversal.

(11) Again because of Lemma 3.1 we have to prove the result only for
fi and 0.

(a) f=cc implies d = oo was shown in (i).

(b) Proof of “# not compact implies f = o0.” The goal is to con-
struct a point p,e P and a sequence g, € .% such that p, is an eigenvector
for all g,, and the log of the corresponding eigenvalue can be made

arbitrarily large. This part of the proof resembles that of Proposition 3.1 in
{AOP ], where constant matrices A,--- 4,, in sf{(d, R) are considered.

(ba) Denote M= {peP;sup,_, lgpl<oo}. M does not contain
a basis of R If (x,,.., x,} =P were such a basis, then SUp, . 4 1gx,|=
%;< a0, and thus sup,, , ligli ¥ a, < cc. But this means that # would be
compact.

(bb) Choose p,eint C\M, where C is the invariant control set
from Proposition 2.3. Then for all ne N there exist 4, € # of the form

h" = exp(fﬂ.i,, Bn.i,,(ul}.)) Tt exp({n.l Bn, l(u l))n
t"~,i€ R’ Bn.je N()s ]: I, any l‘,,E N

such that |h, p,|=2n+ 1. For e>0 and a sequence ¢, >0 with 37, ¢, <¢,
define

!
k,=expe, (Ao(u,”) +—"B, (u, )

“in

L,
T CXP (Ao(“l )+ ';‘1 Bn,l{ul))-
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Then ¢, can be chosen such that |k, p,|=n for all ne N, because Q 1s
compact, and k,e S,,.

Compactness of C < PP implies that n(k, p,), the projection of k, p, onto
P, has an accumulation point in C, say w.lo.g lim, ,  n(k,p,)=p,eC.
By Proposition 2.3(i} together with local accessibility, there exists for
all 1>0 a ke with py:=n(kp,)eint C, and a ke.¥ with n(kp,)=
p,eint C\M. Thus lim,, , , n(k,-k-k(p,))=p,eC.

(bc) Now let ¢>0 be arbitrary and %,., p,, p>. po be chosen as
above. Note that we can pick k €int &_,, such that there is a neighborhood
W ol Id e Glld, R) with kW cint ¥_,,. Let V< P be a neighborhood of p,
with poekVcint C and Ve {g 'p,: gekW}. Then there exists Ne N
such that for all n > N we have n(k, p,)e V. Therefore, by definition of V,
we can find /,e %, with =n(/ -k, (p;))=ps, and hence n(g,(pq)):=
n(l, k,~k(py))= p, forall n = N, ie., p, is an eigenvector. Note that for all
peV and all ge kW cint ¥_,, we have |gp| >0, uniformly in g, ie., there
is a constant x>0 with |gp| =a |p| > 0. Therefore

’gnp0| 2& {kn”k‘(p())l =1'C1 lknpll 2C(Cln’

where k(p,)=ec, p,. Thus we obtain for the spectral radius r(g,)=a,»n for
all n2 N with a, =ac¢, > 0. Furthermore, if ke.¥_;, then g,€ ¥, and
hence

.. loga,+logn

f(2e+ 1) = O forall n>=N.

Since ¢ >0 was arbitrary, f=sup,., f{1)= +x.

(c) Tt remains to show that § = +occ implies that J## is not compact.
If # is compact, then there exists a basis transformation T e Gi(d, R) such
that TN,T 'cso(d, R). We will assume that such a choice of basis is
made, and will continue to use the notation A,(u,), j=0,..,m, for the
representation with respect to the new basis. Using (2.2) and Lemma 3.2 we
can write

l !
0= lim sup sup —f glu(t), s(t, p, u)) dr. (3.4)
0

=X ye# peP {

Now qlu, 5)= qolug, )+ X7, u,q:(uy, s), and for Beso(d, R), s"Bs=0.

i=1

Therefore g(u, s) = qq(uqy, s) and because 2 is compact, d < <. |

A characterization similar to Proposition 3.3(ii) is not possible for the
untform concepts f, 4, f*, and d*, as the following examples show:
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3.5, ExampLes. (i) If #=GI(d R), then f=6=+x, and f*=
0¥ = —oo.

(1) For the parameter controlled linear oscillator

\ = 0 : c+ 00 X (el
X= 1 X+u 4 o) u

one obtains f=35=f*=5*= —b {compare Sect. 6).
In both cases the group # is not compact.

3.6. Remark. 1f the group # is compact, then g, d, ﬁ* and &% are of
course finite, but each of the cases B<p* B= £*, and £ > f* is possible.
For i < f3* and f = fi* see Section 6. For §> f* consider the system

x:(“‘ O)x, wr)e[2,4], u(rye 1, 3]
0 u,

Using the constant control {u,, u,) = (3, 3), one obtains f =3, while for
(u,, uy)=2 we sce that [)’* < 2. Theorem 4.4 will show that the same cases
can occur for § and &*,

4. MAXIMAL AND MINIMAL LYApUNOV EXPONENTS

In this section we study the relations between the extremal Lyapunov
exponents defined in Section I and the semigroup concepts from Section 3.
The first main result is:

4.1. THEOREM. (i) f=d=H"=X,=X,,,
(i) Br=d*=A*=A*=*

The proof will be accomplished in two lemmas.

4.2. LEMMA. # is not compact iff X = iff K, =0 iff H,,=x.

Proof. According to Proposition 3.3(ii), all we have to show is (a)
B =oc implies X, =00, and (b) X, <A, <A <0.

P

(a) Assume f=oc. By Lemma 3.2, for each k>0 we can find
g:exp((,,B,,)-...-exp(r,B,), B.e N (as defined in (3.1)) and ge ¥,
T'=3"_,t, such that (1/7)log r(g)>k. Each B corresponds to a con-
stant control u,€ U for the time interval ;= (3/_ t,], with 1,=0.

I*l :3 1_! ¥
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Define a control «” on (0,7] by u”(t)=u; for tel; and continue
T-periodically. Then the system (1.1) corresponding to this control has g as
its fundamental matrix at time 7. If ¢ has an eigenvector s,e P corre-
sponding to r(g) then |x(t, sy, u”}| =exp tk for all ¢ large enough, and
n(x(nT, sq, u’)) =5, for all neN, where m: R‘—> P denotes again the
natural projection. Therefore lim, _, .. (1/7)(log |x(¢, sq, 4”)|) = k, and, since
k >0 was arbitrary, ¥, = oc.

If r(g) 1s only attained for a complex eigenvalue A of g, we first
approximate (1/¢) r(g) by (1/t') r(g’) with g’ eint ¥, N ¥ for some ' <.
This is possible, since by (H) we have ¢l ., =clint ¥#_,. Now let A’ ca(g’)
satisfy |A'| =r'(g'). Then for s, in the corresponding real eigenspace we
have n(sy) € C, and hence n(g'sg) € C. In fact, even n(g'sy) € int C holds: By
(H), 4 acts transitively on P, and therefore the map & — hs;, from % into
P is open. Thus g'eint & implies g'sjeint C. Now Proposition 2.3 in
[CK1] shows that for arbitrarily large n, n(g'"sq)€ C can be steered in
uniformly bounded time to g'sgeint C. Since r(g'")=r(g’)", this shows
that there 1s g"e.%. with (1/t"}log|i"| = (1/t')logr(g’)—¢ for a real
eigenvalue A" of g”. Now we can conclude the proof as above.

(b) X,,<X, <X follows directly from the definitions. To show
X <9, simply recall the representation of A(xy, ) in (2.3), and of &
in (34). 1

4.3. LEMMA. Assume that # is compact. Then
(i) f=HA,=4,,,
(i) d=A =K,=X,,

Proof. As in the proof of Proposition 3.3(ii)(c) we can assume w.l.o.g.
that we work with a basis in R“ such that N,cso(d, R), N, defined

in (3.3).

(1) B<.ux,, follows exactly along the same lines as the proof of
Lemma 4.2(a), where we replace “for each k> 0" by “for each £¢>0,” and
we choose ge % such that (1/T)logr(g)>fi—e.

H,<f was shown in [CK1], and a proof similar to that of
Lemma 5.3(ii) for systems without unbounded controls, but for f < oo,
which is guaranteed here by Proposition 3.3, goes through for systems of
type (1.1). Since X, < X, we conclude that f=0,=.%,,.

pp =
(i1) # <6 follows as in the proof of Lemma 4.2(b), and it remains
to show d < ",

(a) Denote by C< P the invariant control set of (2.1) and fix an
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open set Vcint C with FPcint C. Then V contains a basis of RY say
{e,,...e ). Pick ge ¥ and denote k,=|ge,|, and k =max k,. Then

|
?108 I gl g;log max

o
g( Z alei)
<1 i=1

1‘|\

| d 1
é?log y k,—g?logdk

i=1

1 1
=7logd+7]ogk.

(b) For Vcint C as in (a), define

T:= sup inf {r>0;s(t, x,u)=yr}.
xe(.ye b HE ¥
By Proposition 2.3 in [CK1], T < .

(c) Recall that for Nyc so(d, R), ¢(u, s) = qy(uy, s). Therefore by the
definition of ¢ and using (a) and (b), for every £> 0 there exist s,€ V,
ide, and r,> 0 with

I

o+ 1

(up . sYe 2 = ¢

]
{j q()(ﬁ()(r)s S(I! S0, ﬁ))d'r‘l'[] : min qO(u(),S)}>é—8
g

for all ¢, € (0, T']. Since C is invariant, s(t,, s,, #)=: y€ C, and by (b) there
exists a control e % such that s(¢,, vy, 1) =5, for some ¢, < T. Define

u([)={ﬁ(t), 1e(0, 1,1,

u(r—ty), re(ty, to+1,]

and continue (7, + t,)-periodically to obtain the control #”. We then have

1
o+ 1,

n+n
'[ Golud(1), s(t, s, ")) dr >0 —¢,
0

and since (v, s(-, 5o, u”)) is (1o + ¢, )-periodic, we see that £, ,=4. ||

Proof of Theorem 4.1. (i) If # is not compact, then f=6=
A" = A, =NH,,= co by Proposition 3.3(ii) and Lemma 4.2. If 5 is compact,
the result is Lemma 4.3.

(1) Tt follows from (i) and time reversal (Lemma 3.1) that g* =4* =
Ay, H*< A is an immediate consequence of the definitions. All we
have to show is therefore 6* < #"*: For an admissible control » € % denote
by @ (1) the fundamental matrix of (1.1) with @ (0)=Id. Then
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1
o* = lim - inf log m(g)

= lge.‘/‘,

1
= lim - inf log inf |@ () p|

1> tuecw pelP

1
= lim inf inf -log |® (1) p|

1= uef/peﬂ”t

1 r¢
— lim inf inf - j qlu, s) dt
a

f— ueflpelpt

!

P, 1
< inf inf imsup-| g(w, s) dr
ue ¥ peP IJo

=

x|

4.4. COROLLARY. X *(N)= —A"(—N), ¥ ¥(N)= A (—N), ¥} (N)=

—X,,(—N), where (— N) refers again to the time reversed system.

Proof. For ,, the equality can be proved directly by noting that for
u€ U,, the lim sup in A(x,, ) is actually a limit. Therefore for ue %, one
has A(xq, u(-), N)= —A(xy, u( —-), —N), and hence

K:,,(N)= inf A(xy, u, Ny= inf — A(x,, u, —N)

ue -y, uE Hpp
= — Sup /...(.Yo, H, — N) = _*K)p( - N)
ue ¥y

For . the result follows from Theorem 4.1 and Lemma 3.1,
H*¥(N)=0*(N)= —6(—N)= —X(—N),
and similarly for ¢,. |

The second main result of this section is a characterization of the
extremal Lyapunov exponents ¥ and J# * in terms of associated systems
groups. Recall the definition of N in (3.1), and of N, in (3.3) with the
corresponding groups ¥ for N, and # for Ny. For a matrix Be gl(d, R)
define B® := B— (1/d) trace B-1d, and denote

NO = {Ag(uo) + Y w,A(ug), ue U}

i=1

NJ:= { Y u,A%uy) ue U}.

=1
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The corresponding groups will be denoted by 4° for N, and #* for N§.
Note that N°, N) < sl(d, R) and %°, # " < Si(d, R), and that (H) holds for
N iff it holds for N°.

4.5. THEOREM. # is not compact (in GHd R)) iff # =+ iff
H*= —o.
(i) If # is compact and
(a) % and 4° are not compact, then — % < X * < A < +o0;

(b)Y % is not compact, but 4% is compact, then

1
ifc—irrace Aoluy) =c: H*¥=H=c

1 I .
if y trace Ag{uy) Zc: A *=—min trace Ay(u,)

wp € §2

1
<—max trace Ay(u) =",
d up € 02

(c) %9 is compact iff #*=H4 =0.

A version of this theorem was proved in [AK] in a stochastic setup
under stronger assumptions. We will give a proof that uses our previous
results from Sections 3 and 4 directly. First we will show that under
assumption (H), 4 and %° are closed (see [O]).

4.6. LemMa. If 9 < Gl(d, R) is a connected, real Lie group, acting trans-
itively on P, then % is closed in Gl(d, R).

Proof. U % acts transitively, thus irreducibly on P, its Lie algebra g is
reductive, ie., g=h® z, where % is semisimple and the center z consists
only of semisimple elements (see [ Bo, Chap. 1.6.57). Then the complexifica-
tion g. = g®@igc glld, C) is also reductive. Let 4. c Gi(d, C) be the com-
plex (reductive) Lie group of g... Then ¥_ is closed in Gi(d, C) (see, e.g.,
[HM, p.94]). Denote by 4 the component of Gi(d, R) n % that contains
the identity matrix Id, and note that ¥ =%, and % is closed in G/(d, R).
Now dim , 4 =dim, g=dim (g, N gl(d, R))=dim %, where g. N gl(d, R)
is the Lic algebra of g. Since 7 is connected, we obtain 4=%. |

4.7. COROLLARY. Assume (H). Then % and % are closed in Gl(d, R).

Proof. Under (H), the maximal integral manifold through any peP is
P itself, and therefore % acts transitively on P. Obviously, %4 is connected
and a Lie group contained in G/(d R), and the result for % follows from
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Lemma 4.6. Furthermore, (H) holds for N iff it holds for N°, which implies
that also %° is closed. ||

Before we can prove Theorem 4.5, we need the following result from
[AKO, Proposition 6.27:

4.8. LEMMA. If # is compact, then the following statements are
equivalent

(i) B=0 and Ncsl(d, R),

(11) % is compact.

Proof of Theorem 4.5. (i) By Proposition 3.3(ii), .# is not compact iff
= +ow iff f*= —oc. By Theorem 4.1 the same is true for % and 4"*.

(il) If o is compact, we can assume again w.l.o.g. that we work with
a basis in R such that N, < so(d, R).

First of all, we will show that # * = 2 implies trace A,(u,) is constant:
If %=, then by Theorem 4.1(1) f* = f3, i.e., for all constant we U and
all 1> 0 we have (1/t)logcor(g,)=(1/r)logr(g,)=p*=p, where g, € .7 1s
the element in the systems semigroup at time ¢ corresponding to u. (Note
that cor(g”)=cor(g)" and r(g")=r(g)" for ge .#.) Thus for all u,€ 2, all
w,eR, i=1,.., m, trace(Ag(uy)+ 3 u,A4;(u,)) is constant (see, e.g., [LT,
Theorem 4.11.27), and hence (1/d) trace A,(u,) = ¢ for all uye 2.

(a) If # is compact, we know from Proposition 3.3(ii} that
H*> —oc and A < +oo. It remains to show that " * < #". Consider the
system

X=Ag(up) x+ Y u;ANuy) x (4.1)
== 1

I =

with semigroup %° and systems group 4°. Denote by ° the exponential
growth rate of &° with respect to the spectral radius. Since 4° < Si(d, R),
we know that %> 0 (see, e.g, [LT, Theorem 4.11.2]). If 4° is not com-
pact, then by Lemma 4.8 °>0, ie, #°>0, where #° is the maximal
Lyapunov exponent of (4.1). Similarly, using the time reversed system, we
obtain J# °* <0.

Now assume that )X * =" and consider the individual Lyapunov
exponents of (1.1) for xoe RY, x,#0

1 r!
A(xq, u) =lim sup ?J- golug(t), s(t, 5, 1)) dr
0

| S P
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with s, = x,/|x,]. (Recall that in the chosen basis g,=0 for i=1, .., m). If
we denote by gj and s the corresponding functions for (4.1), we obtain

Alxg, u )—hmsup|: j 7P (uU 1), 5°(z, 59, u)) dr
(]

! —

+— J—trace Ao(uu(r))dr} (4.2)

Since X * = . implies (1/d) trace 4,(u,) = ¢ by the argument above, we
have

H =x#"+¢c and A * =% 1 ¢,

which contradicts the fact that # %% < ¥,

{(b) If ¥®is compact, then Lemma 4.8 yields 4 °* = #"° = 0. There-
fore the first assertion follows from (4.2). To see the second assertion, let
uy, U € 2 be such that

min trace Ay(uy) = trace Ay(u,),
ug e 2

max trace A,(u,) = trace Ay(u])-
ug € §2

For the constant controls uj,, i =1, 2, there are x} € R? x! 0, with

A{(xp. ) = lim sup = f g3, (T, sh, u)) dt

r— o0

1 _
+ — trace Ay(ug).
d
The first summand must vanish, because ¢ °* = #° =0. Hence we obtain

|
A7* < — min trace Ay(u,)
u()EQ

I
A = - max trace A,(ug).

uy € 2
The converse inequalities are obvious.
(c) If % is compact, then ¥=%° and hence, by Lemma 438,
H*=4 =0. Vice versa, if ¥ * =4 =0, then by (i) and (i1)(a), (b) above,
# and %° are compact, and trace Aq(uy) =0. Since in the chosen basis

Ny < sold, R) and A,(u,) € sl(d, R) for all uy € Q2, we have that N < sl(d, R).
Hence by Lemma 4.8, % is compact. |
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4.9. Remark. Assume that # is compact. If % is compact, where & is
again the systems semigroup of (1.1), then ¥ =.%, and system (2.1) is com-
pletely (exactly) controllable on P (see, e.g., [JS, Theorem 6.5] or [AKQ,
Corollary 3.2]). Likewise, if 4" is compact, then the projection of (4.1)
onto P, s = k%, s), is completely controllable on P. Hence, because 4 = /°,
system (2.1) 1s also completely controliable. The cases (ii)(b) and (¢) in
Theorem 4.5, therefore, correspond to controllable situations on P.

We now turn to the uniform growth rates A and X' *. The analogue of
Theorem 4.1 for these quantities is

4.10. THEOREM. (i) f*=é6*=A ){f*—)i’;,",,,
(i) f=d=A=40,=%,,
Proof. Recall from Proposition 3.3(i) that ﬁ, 8> —oc, and
f*, 6% < +oo.

(i) o* <A™

-

1
0* = lim - 1nf log ||l gl

F— r

1
= lim - inf logsup |x(¢, p, u)]

t—x uew peP

1
< inf sup lim sup - log | x(t, p, u)|

MEH pep oo
=0
»

where the inequality can be shown as in Lemma 4.3(ii).

H* < f*: Assume first that f* > —ao.

Fix &>0. Then there exist 7>0 and g=@ (T)e% with
(1/T)log (@ (T)) .<\B“" +¢, where @,(T) is the fundamental matrix of
(1.1), for the control function € % that is associated with g e %. Extend
u, defined on [0, T), T-periodically to u,: R* — U. The periodic differential
equation X = A(u,)x has largest Floquet exponent (1/7)log r(® . (T)).
Hence for all p,eP and all 1> T large enough (1/1) log [x(t, pg, u,)| <
B* +2, ie., A x = =inf, _, sup,cp M Po, u) < p* + 2¢, which 1mphes the
result, because ¢ >0 was arbitrary. The infinite case follows similarly.

B* <o*: Recall that r(g) < | g| for all ge Gi(d, R).

Hence ﬂ* < 8* follows from the definitions.

We now have the following chain of inequalities

S¥ <A * <H*< A2 < f*<b*,

where the second and third inequality follow directly from the definitions.
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(11) [);=5 follows via time reversal (Lemma 3.1} from (1), and
.)f";‘,psgﬁ < X is obvious.
Jf’sg:

Fix £>0, then there exist 7>0 and g=® (T)e.% such that 4 <
inf,.»(1/T)}log |®(T) pl +¢, ie, H <(1/T)logm(®(T))+e Extend
again u T-periodically to u, on R", and we have

- 1 1 -
H <lim sup;log m(P, (1)) +¢&<lim sup - sup logm(g)+e<d+e

= ! = T ge

Finally f < ¥,

,» 18 proved in complete analogy to )?:p S/?* in (i). |

4.11. COROLLARY. JF*(N)= —A (= N), A H(N)= —A (= N), A %,(N)=
— X, (—N).

Proof. Use time reversal (Lemma 3.1} and Theorem 4.10. |

4.12. Remark. From Example 3.5 we have seen that a group charac-
terization similar to Theorem 4.5 is not possible for the uniform growth
rates f§ and $*, and therefore neither for ¥ and " *.

Finally we would like to point out that the growth rate . from (1.5),
which is a uniform growth rate with respect to ue %, does not correspond
to a (globally defined) growth rate of the systems semigroup .#. Indeed, £
is (locally) defined “over the control set C,” as we will see in the next
section.

5. THE POINTS FROM WHICH THE EXTREMAL GROWTH RATES
CAN BE REALIZED

Let us briefly recall the situation for a linear differential equation x = Ax
with constant matrix 4 e gl(d, R): Denote by i, <i,< -.- </, the real
parts of the eigenvalues of 4, and by E,, ..., E,, the corresponding sums of
(generalized) eigenspaces. Then the maximal Lyapunov exponent of this
system is 4,, the minimal one is 4,. 4, can be attained only for initial
values x, € E,, while 4, is realized for all x,e R™\@*_'E,.

For the bilinear control system (1.1) the situation is somewhat similar,
but assumption (H) guarantees that the systems semigroup & leaves no
proper subspace of R“ invariant, although it does not imply complete
controllability of the projected system on P. It turns out that under (H) the
maximal Lyapunov exponent X can be realized from all x,e R“\{0} and
even the minimal growth rate X * is attained for an open set of initial

values in R“ This set is described in the next theorem.
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5.1. THEOREM. (i) X =sup, ., Alxq, u) for all xo,#0, in particular
H =inf, L, Sup, ., Alxy, u)y=J0"* as defined in (1.5).

(i) A *=inf,_, AHxq, u) for all xo#0 with x,/|x,|eC .

In general, X * cannot be realized from p,¢ C .

Proof. (1) By Proposition 2.3, int C# ¢J in P; hence each open set
Vcint C with Fcint C contains a basis of RY. Therefore, for all ue#
there exists p, €V such that A(p,, u)=sup, . Alxe, ) (see, e.g., [C] for
standard properties of Lyapunov exponents).

Assume ¥ < +o0. Pick £>0. Then by the above there exist ve % and
p.€ V such that A(p,, v)> X —e Fix poe P. Then there exist, by Proposi-
tion 2.3(i) a time #(p,) and a control u(p,)e % such that s(t,, py, u)= p,.
Define the composite control by

(1) = {N(P(;)(I) for te[0,t,)
v(t—1t,)  for te[t,, oc).

We obtain A(py, w)=A(p,,v)> ¥ —¢, and, since ¢>0 was arbitrary,
4 =sup, ., Axy, u) for all x,e R¥ {0}. Note that by Theorem 4.1(i), for
each p,e PP the maximal growth rate " can be realized as the supremum
over all controls that are in %,, after time ty(p,).

(ii) Using the time reversed system (2.5) and Corollary 4.4, the proof
is exactly the same as in (i) for all p,e C~ =int C*. Note, however, that
for poe P C~ we have ('T(p,)nC =& according to the proof of
Proposition 2.3(i1). Hence, we do not expect that ¥ * can be realized from
initial values outside C ~; the example in Section 6 shows indeed that
A *<inf,_, mnf, o - A(po, u) is possible. |

Theorem 5.1 not only characterizes exactly the points from which the
extremal growth rates # and " * can be realized, but also shows that the
uniform (in %) growth rate inf, ,,sup, ., 4A(xo, u) is equal to . For
HF =sup, .oinf,., A(xy, 4) and ¥* we cannot expect a similar result,
because the points p,e P\C~ cannot be steered into C~. We have,
however, the following theorem:

5.2. THEOREM. (i) ¥ < +x.
(i) H =inf,_, A(xo, u) for all x,#0 with x,/|x,| €int C.
(iii) H = Jﬁ,= Jf,',p; in particular J?”pp: {A(pgs u): 8(-, po, u)int C
and periodic ).
(iv) X*<A iff # <. Recall that the cases in which X* <X
occurs are characterized in Theorem 4.5.
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Proof. (i) Consider the constant control w(t)=ce U. Then system
(1.1) with this control is periodic with maximal characteristic exponent 4,
say. Hence 4 < ., < x.

(i) We first show that & <sup, cimcinf, ., A(pg, u) := 7 (int C).
Take again, as in the proof of Theorem 5.1(i), an open set V' <int C with
V —int C, and fix a basis {e,,..,e,} of RY in V. For each x,=3%7_, 2,
with «,#0 for all i = 1, ..., d, we have that inf,_, £(x,, u) is attained for one
of the e,'s, and thus .# <max_ infl,_, A(e; u). Together with the obvious
inequality .# = .# (int C), we obtain . =.#(int C). Next, pick pyeint C.
Then for all peint C there exist t{p)=0 and u(p)e#¥ such that p,=

s(t{p). p, u(p)). Define for ue ¥

| I)_{u(p}(t) for 1€ (0, «p))
MAY= Ve —1(p))  for 13 1(p)

Then 2A(py. u) = A(p, w,). Hence inf,_, A(py, ) = nf, _, A(p, u).
Exchanging the roles of p, and p we obtain

inf A(p, u)is constant, independent of p € int C, and therefore
ue ¥

inf,_, Alp, u)= A (int C)=.% forall peint C.

(iil) H <X, <K, <x follows from the definitions. We thus have to
show by (i) that for pyeint C, all ¢ >0, and all w e % there exists a periodic
trajectory (u”(-), s(-, po, u”)) in % x int C such that A(p,, u”) < A(py, u) +&.

Denote

T=sup inf {r>0:5(t, x, )= p,}.

xe( e ¥

By Proposition 2.3 in [CK1], T'< x, and since C and {p,} are compact,
there even exists a compact set U° < U such that

T:=sup inf {r>0;s(s x,u)=p,} <,

xe(C U € ‘fl’o
where #° denotes the set of admissible controls with values in U/°. Define

K :=max max g(u, s).

vel uet?®
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For pyeint C and ue % there is a sequence of times {7,,n 20}, 1,1 o0 as
n— o0 such that (1/1,) (& glu(t), s(z, po. u)) dt < A(p,y, u) +¢/2. Choose
n,€ N large enough such that

1

—T UO glu(2), 5(t, po. u)) do+ (P + 1) K}

L A(po, U) + &, forall n>=n,,

and for all 7€ [0, T']. Since int C is invariant, s(,,, pg, ) := yeint C, and
let ve#® be a control such that s(z., y,v)= po with t,<T+ 1. Such a
control exists by the argument above. Now define v’ € %, by

(1) = {u(t) for 1e[0,¢,)
v(t—1,,) for te(t,,t,+1.)

and continue (1,, + ¢.)-periodically. Then (u”(-), s(-, po, u”)) is periodic and
A pa, U)K A(po, u) + &

(iv) If # is not compact, the result follows from Theorem 4.5 and
the fact that J# < oc. If 9° is compact {and in particular, if % is compact),
then by Remark 4.9 system (2.1) is completely controllable, and hence by
(ii) # * = . Thus the results hold in this case.

It remains to consider the case where % and 4° are not compact. Assume
that ¢ is compact. It follows from (ii) above and Theorem 5.5(ii) below
that # <. #*<.#. Thus the result is a consequence of the stronger
statement in Theorem 5.5(ii1). ||

A “probabilistic proof” of Theorem 5.2(iv) can be found in [AK,
proof of Theorem 2.3]. It can be shown that y =%y, =%, and
e[ A, ], where y ,v,, and A are stochastic exponential growth rates
analyzed in [AK].

5.3. COrROLLARY. If system (2.1) is completely controllable on P, then
K, K, and H°* can be realized from all x,#0, and X = A *.

5.4. Remark. We have seen in the proofs of Theorems 5.1 and 5.2 that

A =sup A{xy, u) forall x,#0,

ue ¥

1e., X = sup sup A{x,, u)
xo# 0 ue ¥

= Inf sup Ax,, u)= sup sup A(pg, u),
qFE0 ey poeinlC ue #



258 COLONIUS AND KLIEMANN

H*=inf i(xg.u) forall xowith—2eC |
uE | xq)

e, #*=inf inf A(x,, u)= inf inf A(p,, u),
xp#20 ue ¥ poeC  ue ¥

. L Xy
A = inf A(x,,u) forall x,with—=eint C,
ue ¥ ’.\’ﬂ

ie, # = inf inf A(p,, u).

poeintC ue #

It remains an open question at this moment, how to characterize
inf _, Alx,, ) for x, #0, when x,/|x,] 1s not in int C or C . The answer
to this question requires a complete characterization of the control proper-
ties of system (2.1) on PP, which will be addressed elsewhere. Here we would
like to point out that the above characterizations allow us to use " for the
definition of a stability radius of the linear system x= Ax, when A is
a stable matrix, and to use .# and #°* for the definition of instability
radii of ¥x=Ax when A is unstable. For details on these concepts and
corresponding robust design results compare [CK2]

Finally we consider the quantities # and . *, which are the extremal
growth rates, uniformly with respect to the initial value.

5.5. THEOREM. (i) A > —oc, # * < + 0.

(ii) # :=sup inf A(x,,u)

ue # “0#0

=sup{ inf A(pq, ulue¥ withs(-, p,uy=C " };

poe C

A* = infl sup A(x,, u)

He o # 0

=inf{ sup A(py, u);ue# withs(-, py, u)<int C}

posimC

= inf sup A(p,, u).

ve¥ preinlC

Proof. (i) By Proposition 3.3(i) ﬂ>-o<: and f*< +00, and by
Theorem 4.10 J# = f§ and A * = §*.

(11) For each ue ¥, sup, .4 4(xq, u) is attained on a basis in int C.

Furthermore, int C is invariant and therefore J* =inf,_, SUP, ¢ intc
i(x,, u). The result for & follows this via time reversal. But note that C
1s not an invariant set of (2.1); hence the sup has to be taken over all we #
with s(-, po, u)cC . |}
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6. AN ExXAMPLE: THE PARAMETER CONTROLLED LINEAR OSCILLATOR

In this section we will discuss a typical two dimensional bilinear control
system, the parameter controlled linear oscillator. Computing the exponen-
tial growth rates (1.3)-(1.5) means in general, solving the associated infinite
time optimal control problem based on formula (2.3) for the individual
Lyapunov exponents. By Theorems 4.1 and 4.10 it is sufficient to consider
periodic, piecewise constant controls that lead to periodic solutions of the
projected system (2.1). For this example, the optimal control problems can
be reduced to two dimensional optimization problems, which can be solved
numerically, and some growth rates can be computed directly.

Consider the linear oscillator with bounded controls

F4 2By + (1 +u) y=0, (6.1)

or with x=(x,, x,)={(», 1)

. {0 1 0 0 iy 6.2
x—(_l _2b)x+u(_l O)x—. (u) x. (6.2)

The uncontrolled part of (6.2) is exponentially stable iff 5> 0, marginally
stable iff » =0, and exponentially unstable iff 5 < 0. We want to investigate
the following problem: If 4 >0, does there exist a (bounded) control func-
tion, such that (6.2) becomes exponentially unstable, and if »# <0, can the
system be stabilized. In particular, we want to compute for each damping
b and a given range of control values the exponentiai growth rates
(1.3)—(1.5). Choose

U=0aQ, Q=[A,B]cR (6.3)

to study this problem depending on the control range via ¢ = 0.

In order to obtain an algorithm for the computation of all exponential
growth rates, we will use the methods developed in this paper and study
the projected system. To make the notation simpler, we first use the trans-
formation ¥ = y exp(bt) and obtain

- 0 1 _ 0 0y_ . _
x=(—l+b2 O)x—l-u(_l O)Xx.A(u)x. (6.4)

Note that i(x,, u)= —b+ Ax,, u).
Projection of (6.4) onto the projective space P in R’ yields with
p = (cos @, sin ), ¢ € [0, n)

¢ = —sin’ (1) + (b> — 1 —u(1)) cos® @(1) =: f(¢. u) (65
g(@, u} = (b> — u) sin ¢ cos ¢ )

with ¢ as defined in (2.1), here expressed in terms of the angle ¢.

505/101,2-4
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The Control Sets of (6.5) on P

Depending on the parameters # and ¢, the control sets can be of the

following type (compare Fig. 1):

(1) (b*—1)o<A: U is in the “rotation regime” of (6.6) and

C=C =P

(i1) A< (b*—1)/o < B: U is in the rotation and in the “switching
curve” regime of (6.6), where the switching curves are the zeros of

f((pvby U), here C=C" :P

Case():b=QS5 CuC=p

x
I,
a
45 -1.0 05 Y] es 18
| <Ft— y —O|
Case{i):b=10,CnCup
4
—___'____—_l—""—-"/
\Fz
__“"*\\‘.\A/I\
-5 -m% -cus+ oc 0.5 0, 18
| <t— U——=0|

Casa(#):b=15,CNC =3

.4
oxaren 2
Tt
o \/
o -‘,‘o 28 o:ﬂ 05 1:0 u 15

15

Fig. 1. Control sets for various values of /; N=[—1,1], 6 =025.

| <d+— y—
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(ili) B<(b*—1)/6: U is in the switching curve area, and there are
two disjoint control sets C and C . Note, however, that for (b’—1)/6 =B
we have Cn C* # ¢ (compare Proposition 2.3).

As in Fig. 1 we will denote the switching curves by

[ (u)=arctan /b*— 1 —u, u<hi—1

Fz(u)=1'[-—rl(u), u\<§b2—~1.

The Lyapunov Exponents for Constant Controls

For u(f)zue U we obtain
fu=b>—1:Mx,,u)=0  forall x,#0,

ifu<b?—1: A(xg, u)=g(F\(u), u)= /B> — 1 —u
forall x,# 0 with @,¢ (1)

Mxg, u)=q(Iu), u)y= —/b*—1—u

for x,# 0 with @ye I5(u).

The Individual Lyapunov Exponents A(x,, u)

Using the results from Section 4, we have to compute A(x,, u) only for
periodic, piecewise constant ue€ . According to formula (2.3), for each
constant piece u: [0, 7,1 — U, u(¢) =u we need [ q(u(t), s(1, sq, u)) dr. This
integral and the time ¢, can be expressed in terms of the coordinates of the
solution on P:

| 1
I(U,(P)zjmdw:j 1+ (u—b*)cos? o

dop

1 arct tan ¢
————— cian ——————
V01 +u—b? JI1+u—-»b?

= —cotep for u=h"—1

t —=1—u+5h’ )
! 1 ane vt for u<bh —1

-~ n -
2/=1—u+b? tang+/~1—u+h?

for u>h>—1

(6.6)
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and

M, @) = [ glu(r), s(z, 50, u)) de = _.m.__l‘;f(‘(’;* ‘;’)] d
= —l 2_ __.__d::____ . - 2
- 2(b u)-[]+(u—*b2): with z=cos’ ¢

1 ] 3 2
:Eln(l+(u—b‘):) for u#b-andl +(u—»b")z>0

=0 for u=»5°
1
=—51n(l+(u—b2)z) for u#b’and | +(u—>0%)z<0. (6.7)
/ / / I‘ "] // /
/ / /’l / 0?"/
A/ / e
/ | RN 7
] / / / -
I I / o /"/ -
I} f |~
/ 1%r{
Ty
8 I / 1/ ™
T E ) sl /0
J f I & 7 /5 DA S T
s L]y N .
A A
/ / / ;"‘J,A‘/ ‘ / —qu".S . .”V;\‘\ N B
-0.5 00 05 1.0 1.5 2.g

20 -5 -1.0

Fi1G. 2. (a) Maximal Lyapunov exponent .¥'(h,g), Q=[—1,1]; (b) level curves of (a)
with control range =1 —1,1]; (c) maximal Lyapunov exponent #'(h,0.5), @=[—1.1].
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(c)

AN * a5l
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FiG. 2—Continued

From the monotonicity of / and ¢ it is clear that solutions in the area
between the switcing curves I, and I',, where f i1s positive, do not
contribute to the extremal Lyapunov exponents.

The Maximal and the Minimal Lyapunov Exponent X~ and X*

Using Eqs. (6.6) and (6.7), one can reformulate the optimal control
problem based on formula (2.3) as a 2-dimensional optimization problem:
Note that for b fixed the function ¢, defined in (6.5), is monotone
increasing in « for all ¢ € [ n/2, n), and monotone decreasing for ¢ € [0, 7/2),
while f(¢, -) is decreasing for all ¢ € [0, n). Therefore it suffices to consider
piecewise constant controls with at most one switch in (0, n/2), one switch
in (n/2, n), and switches at ¢ =0 and ¢ =n/2, where g changes its sign.
This leads to the following 2-dimensional optimization problem for "

Given be R, [A4, B]= R, and ¢ >0, consider

®, = max max J(u, ¢)
uel[oA.sB] Yyef0n2]

o, = max max J,(u, ),
ue{acd.aB8] Yye(n2n

then

H(b,o)y= —b+a,+a,, (6.8)

where
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(= /b°—1—0A4 if oB<b>—1
=/b*—1—u
if Y<arctan /P —l—uandu<b®—1

= (I(GB, W)+t (u, g-) — Hu, df))

x (A(cB, y)— A(6B, 0) — A(u, ¥ ))
\ if ¢ >arctan /b*— 1 —uoru>h’—1,

with (i, @) and A(u, @) defined as in (6.6) and (6.7), and

‘]l(ua [/I)

.

(= — /b’—1—0B if oB<h*—1

Jz(u,l,{/){ if Yy=n—arctan./b"—1~wuwandu<h®—1

= _‘]l(usn_'j’)
x if Yy<m—arctan /h'—1—uoru>h>-1,

where the last equality holds because [f(¢,u)=f(n—4,u) and
q(, u)= —q(n —y, u) for Y € (n/2, ).

Recall that by Theorem 5.1 the maximal exponent ¥ can be realized for
all x, #0.

Figure 2(a) shows a 3-dimensional graph of (b, ¢), and Figure 2(b)
the corresponding level curves. These figures demonstrate an interesting
feature of the system: For o,>1 the exponent ¥(b, 6,) 1s monotone
decreasing with the damping parameter b. For g,=1 the system hits a
threshold at b,~0.405 (as computed from Eq.(6.8)): #'(h,1)=0 for
b= by, ie., increasing the damping above b, does not decrease the maximal
destabilization rate further. For o, < 1 this trend is even reversed: For each

€ (0, 1) there exists b(o,) e (by, 1) such that X 7(b, o) 1s decreasing for
b < b(a,), and increasing (but negative) for b > bh(g,), ie., further increase
in damping above #(o,) diminishes the stability reserve of the system
(overdamping); see Fig. 2(c).

The minimal Lyapunov exponent #* can be computed via the
minimization problem corresponding to (6.8). However, because of the
symmetries in f and g, one obtains immediately:

HA*b, o)y= —b—0a,—a,. (6.9)
According to Theorem 5.1, " * can only be realized from C | ie., for the
control sets in Cases (1) and (1), €~ =P, and in Case (1ii), C ~ is a proper

subset of P. Figure 3 shows the open control set C ~ for ¢ =0.5, depending
on b. Figures 4(a) and 4(b) present the 3-dimensional graph and the level
curves of # *(b, o). Here a similar effect as for the maximal Lyapunov
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L

\
/

/2t

-2.0 1.0 0.0 1.0 20 b
Fig. 3. Minimal control set for he [ -2.2], 2=[—-11]. 6=0.5.

exponent occurs, but now for negative damping: Again the system hits a
threshold for a,=1 at b,~ —0.405, and for all o,€ (0, 1) there exists a
b(oy)e(—1, by) such that the minimal exponent decreases toward 0 as
b— —ao (see Fig. 4(c)}.

As pointed out in the Introduction and in Remark 5.4, the maximal (and
minimal) Lyapunov exponents can be used to define stability radii (and
instability raddii, respectively) for linear equations X = Ax. The level curves
H# =0 (and # * =0) characterize these radii (compare [CK2] for details).
The Gonzalez Criterion for Exponential Stability

An algorithm to study the destabilization problem for general two-
dimensional linear systems with bounded intervals as input range was given
by Gonzalez [Go]. For our example his result says:

The system (6.2) is exponentially stable for all we % iff

(1) max,_, trace A(u}<0 and min,_, det 4 >0, and
(i) (a) (trace A(u))? —4 det A(u)=0 for all ue U, or

(b) the solution (T) of the following optimal control problem
satisfies (7)) < 1.

Here y( 7) is the solution of
maximize ¥(7T) with T> 0, where y(r) solves (6.1)
with y(0}= —1, 7(0}=0, y(f)#0forre [0, T]. (6.10)
Gonzalez shows that the following control function solves problem (6.10),
. B for y(t,u)<O
u(t}= .
A for y(1,u)=20,
and T=inf{r>0, y(1)=0}.
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(a) Minimal Lyapunov exponent £ *{(b,¢), 2=]—1,1]; (b) level curves of {a)
with control range £ =[ —1,1]; (c) minimal Lyapunov exponent ¥ *(h,05), 2=[~1,11].

FG. 4.

Conditions (i) and (i1)(a} above are obvious, because they concern the
real parts of the eigenvalues of A(u) for constant u e U. Condition (i1)(b) is
related to a periodic, piecewise constant control, which solves the optimal

control problem (1.3) for »#". We have (7)< | iff the Lyapunov exponent
corresponding to ' is negative. Therefore (6.10) reads in our setup:

maximize A(@,, #), where
(1, @q, u) solves (6.5) with ¢, = arctan b. (6.11)

(Note that p(0)=0 implies 3 =53(0), and hence in terms of the angle
@, = arctan b.)
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FiG. 4—Continued

The following control function solves the optimal control problem (6.11)
for >0 and ¢B>b*—1:

ul(t)=B for @(t, ¢, u")e [n/2, 7)
w(1)=<u(1)=A for o1, @y, u°)e[arctan b, n/2)  (6.12)
ud1y=8B  for olt, @4, u°)e [0, arctan b).
(Note that y =0 means y=0; hence the switching point in terms of the
angle is ¢, =n/2.)
For the corresponding Lyapunov exponent of this periodic, piecewise
constant control we obtain using (6.6) and (6.7),

1

i 0y = yl TN 1
Alpo, u’) ) + 1 +t(u°)( (u))+ A(u9) + A(u3)), (6.13)
where
Hul) = T
Y2 S1+aB R
r
1 (E—arctan _b_____) if aA>b>—1
J1+ed—bp2\2 \/1+O'A—b2
|
U =¢ - if eA=b>—1
(u3) <b if o
24..-. —_—
b —1-od it cA<bi—1
2,/b—1—aA b+\/b2—1—a
b
1(u3) = arctan

J01+aB—b’ J1+06B—b’
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{a) Minimal Lyapunov exponent ¥ (b, 0), 2=[—1.1]; (b) level curves of {a)
with control range Q= [ —1, 1 ]; (c) minimal Lyapunov exponent .# (b, 0.5), @ = [-L1]
and

- 1
Aul) = 3 In(1 + 0B —b7)

. 1
Hul) =

_1n0A+1
2 bhi41

- 1

AMul)=

5 oB+1
2 N B E (15 aB— b))
e, A(u)+ Awd) + AHud)=(1/2) In(1 + ¢B)/(1 + 0 A).
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Fic. 5—Continued

Note that the terms in Eq. (6.13) depend on b, 4, B, and .
For a given damping » >0 and control range 2 with 4 <0 < B, define

ro(b)=inf{c = 0; A(pg, u®) 20},

where A(@q, u°)= —b+ (@, u°). r, (b) gives the minimal size of U, such
that system (6.1) can be destabilized. This, of course, corresponds to the
level 0 of (b, ), the maximal Lyapunov exponent of (6.1) depending on
b and o (compare Figure 2(b)).

The Growth Rate ¥
According to Corollary 53 we have ¥ *=x% if C =P, ie, for
Cases (1) and (ii) above. In Case (ii1), U is in the switching curve area, and
hence
H(b,o)=—b+./b>—1—aB if oB<b'—1. (6.14)

Figures 5(a) and 5(b) present the 3-dimensional graph and the level curves
of & (b, o). Figure 5(c) shows the behavior of J#'(b, a,) for a,=0.5. The
X =0 curve agrees with " *=0 for be(—ﬁ,O]; for b< —\/5 the
curves disagree according to the bifurcation of the control sets.

The Uniform Growth Rates X and ¥ *
Using Theorem 5.5(i1) and the symmetries of the functions f and g it is
easy to see that one obtains for the uniform growth rates:
A =X*= b if C=C =P,
(6.15)
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In all cases we have
— < H < H K H*¥< H < +o0,

and J# <. #* holds, if CAC = (. In our example all uniform growth
rates can be realized using constant controls.

7. MaxiMaL LYAPUNOV EXPONENTS AND HIGH GAIN STABILITY

In this section we use the techniques developed so far to obtain a
criterion for exponential high gain stability of bilinear systems. Similar
tools for linear, stochastic systems were developed in [ACW, A ], but their
approach uses rotation matrices, which may not be appropriate for the
special structure of a given system.

We will formulate our results in the context of

()= (A(, +é u(f)) x(1) inRY (7.1)

where A, is a given dxd matrix and we# :={uw:R* > Q, locally
integrable }, with 2 c gl/(d, R) bounded and 0 e co 2, the convex hull of Q.
(Note that Oeco €2 is not really a restriction, because one can choose
B,ef and consider the system x,=(A,+ B,+ (1/e)v(t/e)) x, with
Q' ={B—B,, Be}.) £>0is a small parameter.

The semigroup of (7.1) is given by

] ]
S = {exp (t,,e (An +; B,,)) ‘... - €XP (118 (A0+; B,))

1,20, B,eQ,jzl,...,neN},

which coincides with the semigroup .# of the system
X (1) = (g + ul1)) 7,(0). (7.2)

The projected system of (7.1) reads
1 !
Sf(t) = hO(Sr.(t)) + E hl (H (E)s Sa(z)) =. h,;(ll, 3)9 (73)

where fi(s) = (Ao —qo(s)Id) s, h (u, s)=(u—q,(u, s) Id) s, and gqu(s)=
sTAgs, g (1, s)=s"us. Denote gq,(u, s)=q,(s)+ (1/e) sTu(1/e} s. We assume
throughout this section

s=h(u 5), u € % 1s completeley controllable on P. (A)



BILINEAR CONTROL SYSTEMS 271

Condition (A) means that the control structure of the system is rich
enough to ensure controllability on P without using the systems matrix A,.
This is, e.g., not true for the linear oscillator treated in Section 6.

7.1. LEMMA. Let a be any of the exponential growth rates defined in
Sections 1-3 for system (1.1), and let & be the corresponding quantity for
(7.2). Then a=(1/¢) a.

Proof. We have ¥ ,=.%, and the result for the rates defined
in Section 3 follows from this. Theorems4.1 and 4.10 then yield the
claim for all J-quantities, except for £. For J# note that i(s,, u)=
lim sup, _ ., (1/1) {§ g.(x, s) dr = (1/e) lim sup, _, , (1/1) {4 §(u, s)dr,  where
G(u,s)=es"Ags +s"us corresponds to system{7.2), which implies
A = (1/¢) #. Furthermore, it is interesting to observe that for ¢>0
small enough, Assumption (A) implies that system (7.3} is completely
controllable on P (see [S1]). Therefore, for these ¢'s we have that Jf = ¥ *
for system (7.1). |

7.2. LEMMA. Fix p,e P and let u be a probability measure on P. Then
there is a sequence {u*, k = 1} in % such that

lim lim ! 'q(u"'(r), s(t, po,uk(t)))drzf sT A, sulds),
153

k— 2 — 0

where s(, py, u*(1)) solves the equation §= [u* —s"u*s1d] s, and q(u, s)=
sT(Ay+u)s.

Proof. Construct the sequence {u*,k>1} in the following way: for
each k > 1 decompose P into subsets R}, ..., R} with g(R*)=1/k. (If u has
atoms, one may choose the corresponding point as multiple R%’s.) Pick a
p¥ e R* and without loss of generality pt = p, for all &. Now by (A} and the
compactness of P, the first hitting time map h: P x[P — R, defined by
hix, y)=inf,_, (+=0;s(s, x, u)=y} 1s uniformly bounded by say T
(compare Proposition 2.3 in [CK1]). Define u«* such that the trajectory
s(-, po, u*) goes from p, to p% in time <7, stays there for time k& (which
is possible since 0€co ), then goes to p4 in time < T, stays for time &,
etc.; from pf it returns to p,. stays for time &, etc.

Consider

] !
lim - L g(u(1), s(t, po, u*(1))) dr

!ﬁ*:(t

1

Ty X
=-ﬂjo qglu(t), s(t, py, u"(1))) dr,
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where T, is the period length of (s(-, p,, u*), v*). Since T < o0, we have
T./k*— 1. And because Q is bounded, say by ¢, we also have

S

S(T, pU: uk)'l" uk(r) S(T, p()* “k) dT
T,

kT kTk®

e <oz =0
‘“T.CRT,

for k— .
Hence for all ne N we find & large enough with
1 7%

}: o q(”(r)s S(T, p(‘n uk)) d’f

ko1
(Pf)TAon?+—
PR

I A
TN S N o BN O B

—

e

kK21 1
KT 4. p% — . — 4 =
(p7) ob; T, k+n

<

i

2
(pf-‘)’"Aopf-‘u(Rf-‘H;

, 2
—&'{ sTAgsulds) + = as k — oo.
P n

The lower bound can be proved exactly in the same manner, which implies
the result. §

We now apply this lemma to obtain a high gain stabilization result
for (7.1):

7.3. PROPOSITION. Let u be a probability measure on P and p,e P. Then

for & >0 small enough there exists a sequence {u*, k =1} in % such that
g

) N
lim lim - | gq.u(t), s.(t, po, u*)) dt =I sTAqsulds),
k—=x 12 I Jg g

where s, denotes the solution of (7.3).

Proof. Assumption (A) implies that for ¢ small enough the system

§.=[edo+u—3T(eAg+u)5,1d)5,, ue#

is controllable on P (see Sussmann [S1]). Fix ¢ >0 and apply Lemma 7.2
to this system, in order to obtain {u*, k> 1} c# with
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1 pe 1
lim lim P 5.(t, po,u")TI:A0+—u"(r)]
0 £

k—wx 1 - x

X §,(T, po. u*) dt =J. sTAgsulds).
B

Recall that s.(¢, py, u*) :=5.(t/e, po. u*) solves (7.3). Hence

: N 1
lim lim - | s,(t, po, t*)7 [AO + - u* (I)] (T, po, ) dt
" €

k== 4—-x [ Jg

k— % t— x

. e 1
= lim Ilim —J. s, (e1, po, t¥)T [A0+— u"(r)] s.(et, py, u¥) dr
0 £

1
= lim lim —
k- (= x f/&'

[£2X ) l
J. S‘r:(rs Po, uk)? I:A0+Euk(t):| Ee(-':a pOa uk)dr
0

. N Ag+1
= lim lim —J 5.1, po,uk)r[ ot u"(r)].ﬂ(t, Do, u*) dr

k=2 =% 0 £

= '( sTAgsu(ds).
P

7.4. COROLLARY. limsup, .o X" ¥ <min,_. p" Aqp and the minimal
exponential growth rates X ¥ of (7.1) can be realized for all x,#0, for ¢
small enough.

Proof. The inequality follows from Proposition 7.3 by choosing u=4,,,
the Dirac measure at p,, where p” 4, p attains it minimum. Furthermore,
by Assumption (A) and Sussmann’s theorem on controllability under small
perturbations {see [S1]), we see that the projected system (7.3) is control-
lable for ¢ small enough. Hence for these ¢’s ¥ * can be realized for all
xo#0 by Corollary 5.3. |

We thus obtain the following necessary and sufficient criterion for high
gain exponential stabilization of (7.1):

7.5. THEOREM. Suppose that system (7.1) satisfies Assumptions (H) and
(A). Then it is exponentially stabilizable as ¢ | 0 for all xy,# 0 iff there exists
Beco Q with Ay+ B not positive semidefinite.

Proof. (1) If all matrices in A,+ £ are positive semidefinite, then
pT(Ay+ B) p=0for all BeQ all pe P, and the system cannot be stabilized
exponentially.
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(it) If there is Beco £2, such that 4, + B is not positive semidefinite,
then the system

e
.x‘zl:A0+B+—u(-)]x, HeEQ—B=0 (7.4)

& £

can be stabilized by Corollary 7.4, and hence system (7.1) is stabilizable via
high gain. All we have to show is that (7.4) satisfies our assumptions. Now
Q" 1s bounded if @ 15, and Oeco Q' by construction. It remains to show
that Assumption (A) implies that

1
s,=—h, (u (E),s,;(t)), ue ',
> &

1s completely controllable on P for all ¢ small enough.

If Berelint co 2, where rel int denotes the relative interior with respect
to the span of Q, then this is obvious in the high gain context, ie.,
(1/e) — oc. Otherwise we can choose B’ e such that 4,+ B’ is not
positive semidefinite, but B erelintco 2. |
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