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CONVERGENCE ANALYSIS OF AN ADAPTIVE INTERIOR
PENALTY DISCONTINUOUS GALERKIN METHOD FOR THE
BIHARMONIC PROBLEM

T. FRAUNHOLZ*S, R. H. W. HOPPE*TY AND M. A. PETER *%l

Abstract. For the biharmonic problem, we study the convergence of adaptive CO-Interior
Penalty Discontinuous Galerkin (C°-IPDG) methods of any polynomial order. We note that C°-
IPDG methods for fourth order elliptic boundary value problems have been suggested in [9], whereas a
residual-type a posteriori error estimator for a quadratic CO-IPDG method applied to the biharmonic
equation has been developed and analyzed in [8]. Following the convergence analysis of adaptive
IPDG methods for second order elliptic problems [6], we prove a contraction property for a weighted
sum of the CY9-IPDG energy norm of the global discretization error and the estimator. The proof
of the contraction property is based on the reliability of the estimator, a quasi-orthogonality result,
and an estimator reduction property. Numerical results are given that illustrate the performance of
the adaptive C°-IPDG approach.

Keywords: C-Interior Penalty Discontinuous Galerkin method, biharmonic
equation, residual type a posteriori error estimator, convergence analysis

AMS subject classification: 35J35, 65N30, 66N50

1. Introduction. For second order elliptic boundary value problems, adaptive
finite element methods (AFEM) are well established numerical tools that have been
intensively studied in the literature (cf., e.g., [1, 3, 4, 16, 20, 23] and the references
therein). The convergence analysis of AFEM for conforming discretizations has been
initiated in [14] (cf. also [19]) with the most far reaching result so far given in [13].
Nonconforming discretizations based on the lowest order Crouzeix-Raviart elements
have been addressed in [11], whereas for Interior Penalty Discontinuous Galerkin
(IPDG) methods we refer to [6]. However, considerably less work has been devoted
to AFEM for nonconforming discretizations of fourth order elliptic boundary value
problems. As far as IPDG approaches are concerned, C%-IPDG methods have been
suggested in [15] (cf. also [25]) and subsequently analyzed in [9] focusing on an a priori
error analysis. An a posteriori error analysis of quadratic C°-IPDG methods based on
residual-type a posteriori error estimators has been performed in [8], however, without
addressing the issue of convergence.

The purpose of this contribution is to provide a convergence analysis of C%-IPDG
methods of any polynomial order for the biharmonic problem. Following the ideas
from [6], we improve on [8] by showing that for sufficiently large penalty parameter the
consistency error can be controlled by the estimator (Theorem 3.1) which gives rise to
a novel reliability result (Corollary 3.2). Together with standard estimator reduction
for Dorfler marking (Lemma 4.1) and a quasi-orthogonality result (Theorem 5.3) this
results in a contraction property for a weighted sum of the C°-IPDG energy norm
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of the global discretization error and the estimator (Theorem 6.1). The performance
of the adaptive C°-IPDG approach is illustrated by a documentation of numerical
results.

2. C'-Interior Penalty Discontinuous Galerkin method. Let Q C R? be a
bounded polygonal domain with boundary I' = 9Q. For a given function f € L?(Q)
we consider the biharmonic problem

A?u=f inQ, (2.1a)

0
u= a—z =0 onl. (2.1b)
We use standard notation from Lebesgue and Sobolev space theory [22]. In particular,
(-,)o,0 and || - |lo,o stand for the inner product on L?(2) and the associated norm.
Moreover, H*(Q), k € N, refers to the Sobolev space with norm || - ||, and seminorm

| - k., whereas H¥(Q) denotes the closure of C§°(€2) with respect to the topology
induced by || - ||xq-
A weak formulation of (2.1) requires the computation of u € V := HZ(Q) such that

a(u,v) = (f7'U)07Q, v E ‘/a (22)
where the bilinear form a(-,-) is given by

a(v,w) = (D*v, D*w)o.q := Z (DB’U,DB’LU)O)Q, v,w € V. (2.3)
|B]=2

Let 75, be a geometrically conforming simplicial triangulation of £2. We denote by S}?
and EF the set of edges of T, in the interior of 2 and on the boundary T', respectively,
and set &, := EFUEL. For T € Ty, and E € &, we denote by hr and hg the diameter

of T and the length of F, and we set h := qrpz%g( hr. For two quantities A and B we
€Tn

write A < B, if there exists a constant C > 0 independent of h such that A < CB.
Denoting by Pi(T'),k € N, the linear space of polynomials of degree < k on T, for
k > 2 we refer to

Vi = {vn € Hy(Q) | vn|r € Pu(T), T € Tr} (2.4)

as the finite element space of Lagrangian finite elements of type k (cf., e.g., [7]). We
refer to N}, as the set of nodal points such that any vy, € V}, is uniquely determined
by its degrees of freedom vy, (a),a € Nj.

We note that V;, ¢ V and hence, V}, is a nonconforming finite element space for the
approximation of the biharmonic problem (2.2). In particular, for vy, € V} the normal
derivative Ovj,/On exhibits jumps across interior edges E € £5!. After numbering of
the elements T € Ty, for E € &Y E =T, NT};,i > j, we set T :=T;, Ty := T}, and
for £ € 5,1:,E =T,NT, weset T :=Ty. Then, for 1 < v < 2 we define averages and
jumps according to

1({ 6%, 8% vy, Q
Ty { s(Ft oy + Flenry ) B g
on¥ o | gty » E € EF,
9" vy oY Q
@ony Gl — Gl < E €& (2.5b)
onv %T;Uyh |EOTE ) E e 557




where n is the unit normal vector on E pointing in the direction from T to T4 for
E e 5{3 and the exterior normal vector for E € £} .

We further refer to Mj,(T,; R?*?) as the set of matrix-valued functions on 7, such
that for Wy, € My (T,; R?*?) the restriction Wy|7,T € T, is a 2 x 2 matrix with
entries that are polynomials of order k.

Given a penalty parameter o > 1, the CY-IPDG method for the approximation of
(2.2) requires the computation of u;, € V}, such that

ap” (un, vn) = (fyon)o.0s vn € Vi (2.6)

Here, the mesh-dependent bilinear form aﬁP (-,+) : Vi x V}, = R is given according to

8 0
ap” (vn, wp) = Z (D?vp,, D*wy)o 1 + Z o }E,[ wh] )o,E (2.7)
TeTh Ee&y
8’Uh 3 W, 6'Uh Owy,
+Z anE; }E0E+Oézh 8nE’[3n])E'
Ecé&y Eeéy,

It is worth noting that this is the symmetric interior penalty formulation (S-IPDG). It
would also be possible to investigate the non-symmetric variant (N-IPDG), in which
the terms involving the averages arise with different signs. But we do not follow this
direction here. We note that al?(-,-) is not well defined for v,w € V which can be
cured in terms of a lifting operator L : L?(&y,, R?) — My, (Th; R?*2) given by

(L(q), Wh)o,0 = Z (In- e {n-Win}e)og, Wi e Mu(Th;R>?). (2.8)
Eecé&y

Then, alP(-,-) can be extended to V + V}, by means of

aff (v,w) = Y (D*v,D*w)or+ Y (L(Vw), D*v)or (2.9)
TeTh TETh
+ L(Vv), D*w)or + a hyt 8U]E,[8£]E)0,E,
8n on
TGTh E€E),

where with a slight abuse of notation we have also used al”(-,) for that extension.
The lifting operator satisfies the following stability estimate:

THEOREM 2.1. Let L : L?(&E,,R?) — My (Tn;R?*2) be the lifting operator as
given by (2.8). Then, there exists a positive constant Cr,, depending only on the local
geometry of the triangulation and on the polynomial order k, such that there holds

IL@I5e <Cr Y he' lln-delds a€L?EnR). (2.10)
Eecg),

Proof. For q € L?(&,,R?) and W), € My, (Tr,; R?*?) we have

L))o= sup  [(L(q), Wh)o,al-
Whllo,<1

In view of (2.8) we find

1/ /
(L@ Wioal < (X lin-delds) (X lnor - WanorlZor)

Ec&y, TeTh

3



where ngr is the exterior unit normal on 97. Then, the trace inequality (cf., e.g.,
[24])

<k by [Willor, T €Th,

lnor - Wi

gives the assertion. O

On V + V}, we introduce the mesh-dependent C°-IPDG norm
[vllzne =Y lvl3r+ Z E||o By VEV 4V, (2.11)
TeTh Eégh
where |- |3 stands for
| Br= D> ID" I3z TETh (2.12)
[B]=2

It has been shown in [9] that for sufficiently large penalty parameter « there exists a
positive constant v < 1 such that

a0, (0, 0) 2y vl pa, vEV + Vi, (2.13)

whereas for any o > 1 there exists a constant C; > 1 such that
olP 2
h (U,U) S Cl ||U||2,h7ﬂ7 v E V“I‘Vh. (214)

In particular, it follows from (2.13) and (2.14) that (2.6) admits a unique solution
up € Vi.

3. Residual-type a posteriori error estimator and its reliability. For
adaptive mesh refinement we consider the residual-type a posteriori error estimator

M = ( o+ Y 77%)1/2, (3.1)

TETh Ee&f}

where the element residuals ny, T € Ty, and the edge residuals ng, E € &, are given
by

77% = h4 ||f — AzuhHg’T, T e 77“ (3.2a)
ng = hg H[ T2 }EHOE +h H[ Auh]EHo s Ec€& (3.2b)

We further introduce
1/2 L Oup
mei= (D ) o b= ISt s g (33)
Ee&y

The term 7y, . represents an upper bound for the consistency error

inf a Up — Vp, Up — Up
vp EVE h ( ’ ),

where V¢ C HZ(2) stands for the C! conforming finite element space generated by the
Argyris elements of the so-called TUBA family [2]. In fact, denoting by Ej : Vj, = V¢

4



the enriching operator from [9], it follows from the results in [9] (cf. also [8]) that
there exists a constant C,. > 0, depending only on the local geometry of 7, such
that

ug/c arf (up, — vp,up —vp) < alf (up — En(un),un — En(up)) < Che nfb,c. (3.4)
VhE&Vh

The following result shows that 77 + ani, . provides an upper bound for the IPDG
energy norm of the discretization error u — up. As an essential tool we will use
Clément’s quasi-interpolation operator Il : HZ(2) — V¢ which enjoys the local
approximation properties (cf. section 3.7 in [23]):

D (v —Tev) o S by [vlear, T € Th, (3.5a)

0
lv=Tlevlo.s + hell 5 (v~ Tev)lo.s < by 2 lasy, E €& (3.5b)
Here, O and @g stand for the patches

o= | IT' € T | Na(T) N N(T) £ 0},
= \J{T" € T | Na(B) N NG(T") # 0},

THEOREM 3.1. Let u € V and up, € Vi, be the unique solution of (2.2) and (2.6),
and let nn, and np . be given by (3.1)-(3.3). Then, there exists a constant C, > 0,
depending only on the local geometry of Tr, such that

af (= upu = up) < Gy (nf + anf, ). (3.6)

Proof. We split uj, € Vj, according to uj, = u) + ujr,u) € V¢ ui- € Vb, where
Vh is the orthogonal complement of V)¢ with respect to aIP ( ,'). We further set
ep = u—up and eh =u— uh Due to Galerkin orthogonahty a Pep, Hceg) =0, we
have

I IP(

ahP(ehveh) = ay ehaeh HC@h) - aﬂp(eh,uﬁ) = (3.7)

(f,ep —oey)oo — ay’ (un, e = eeh) — ay” (en, up).
Since [aﬁn(e% —Hee))p = 0,E € &, for the second term on the right-hand side in
(3.7) we find

atf (up, ed —Tged) = Z (D?up,, D*(€) —Tlced))or (3.8)
TETh
+ Z (Vuyg), ( 2— Hceg))o’T.
TETh

Elementwise integration by parts yields

> (D?up, D*(e) — Taed))or =, (A%up, e —ee})or (3.9)
TETh TETh
0%u 0
- > ([aTQh]& n (e) —Teep))oe+ > ( anAuh]Eae(})L cep o, z-
Ecegp Ecegp



Using (3.8),(3.9) in (3.7) and taking advantage of (2.10),(3.5a),(3.5b), for the first
two terms on the right-hand side in (3.7) we obtain

|(f,eh = eed)oa — ay” (un, e —Tloe)| (3.10)
S D f- A2 —Teelor+ Y, I1L(Vun)llorlD*(eh — Teep)llo
TeTh TETh
8 uh 0 0
+ ) 1,2 1elo.El 5 ( ~Tee)llos+ > Il AUh —leepllo,p
Ee&f} Ee&fl
< 0 1/2,,0%up,
< Y (mr+IL(Vun)lor )ledl2er + > (R 1,2 1Ello.2
TeTh Ee&j}
I Nunlsllo g )lehla.an S O + om0l (e, )7

where we have observed a > 1 as well.
On the other hand, for the last term on the right-hand side in (3.7) there holds

at? (ensu) < i (en, en) 2 aff (uit i) (3.11)
au 1/2
S aff (ensen) (Y a5 el p) = o mncaf” (en,en) /2.
Ecgy,

Combining (3.10),(3.11) and using Young’s inequality gives (3.6). O

We will improve on (3.6) by showing that similar to the case of adaptive IPDG me-
thods for linear second order elliptic boundary value problems [6] the second term on
the right-hand side in (3.6) can be controlled by the first one, provided the penalty
parameter « is chosen sufficiently large.

THEOREM 3.2. Let n, and ., be given by (3.1)-(3.3). Then, there exists a

constant C; > 0 depending only on the shape regularity of Tr, such that for o > 2Cy /vy
there holds

Cy
anp . < 2 - ne. (3.12)

Proof. In view of (2.11),(2.13), and (3.3) we have

1
ozr],%,c < |lup — < g a{LP(uh —uj,up — uy), (3.13)
where uf := Ej(up). Since uy, satisfies (2.6), for v, = up — uj, it follows that

ar® (un — uf,,un — uf) = (f,un — uf)oo — ar’ (uf,, un — uf). (3.14)

For the last term on the right-hand side in (3.14) we find

ap? (ufy up —ufy) = Y (D?up, D*(up, — ufy))o.r (3.15)
TeTh
8 u$ (')uh
- > ID*wn —up)llr+ > angh}m ——1E)o.E-
TeETh Ec&y,
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Using the integration by parts formulas

/D2 up, : D?vp, dx = Z /VAuh Vo, dx (3.16a)

TETh TeTh

aQUh 8vh 6 Up c%h
+ / + ) ds, up,vy € Vp,
TEZTh an%T onaor OtogrOngr Otor ho Th h

> / VAuy, - Voy, do = (3.16D)
TGThT

— Z /A2uhvh dz + Z /7Auhvhds Up, Vp € Vi,

T€7—h T€7—}L3T

where tor stands for the unit tangential vector on 0T, and observing (up — uf,)(a) =
0,a € Ny, for the first term on the right-hand side in (3.15) we obtain

> (D?un, D*(up — uf))or = > (A%up,up —uf)or (3.17)
TETh TeTh
Uh — U%) 0 c
- A - :
+ Z < 8”3717 3ﬂaT )o,oT (3naT Up, Up uh)o,aT)

TETh

Taking advantage of (3.17) in (3.15), from (3.14) we get

apf (un = ufy un —uf) = Y (f = Aup,up —ug)or + Y 1D (un — uf)|§ 7

T€eTh TETh
+ Z (({a(u}}; i) VB, [aau;] Jo.E — ([%Auh]Ea {un — UZ}E)O,E>
Ee&f}
+ Z ({%}E»[au}l] )o,E-
EEE),

Straightforward estimation yields

]' - c
af? (un = yun =) < 5 (D0 (h‘*T If = A%unlid g+ b7 llun =il r)  (318)
TETh
8uh _ 8u ug)
b3 (nelt 4 1 VolB + bl AunleR
Ee&y?
B3 _c 2 _1),(Oun h 0 (up — uj) 2
+ gt s — i sl p) + D (hE 156l o + hel{ =g 5l
Ecé&y,

+ > 1D (un = up)llg 7

TETh

Now, using the trace inequality

O (un —ug)
||7||0 or S hT lup, — uj, 2T
3n(29T

7



and the interpolation estimates

lun = ug 157 = llun —uf, — W (un — i)+ < by lun — ufl3 7,
lun = us 1§ o7 = llun —uf, — Wy (un — up)lI§ or S W lun — uf |3 1,
O(up — us) O(up —u§ — Mp(up — uf))
||7h||8,aT = | b b ||%,8T S hr fun — “E@,Tv

(9TL5T anaT

where 11, : H}(Q) N H*(Q) — Vi,s > 1, is the Lagrangian nodal interpolation
operator, as well as (3.4), it follows from (3.13),(3.18) that there exists C; > 0,
depending only on the local geometry of 7Tj, such that

Cy
@ e < = (2 +n2..),

from which one easily deduces (3.12). O
Combining (3.6) and (3.12) results in the reliability of the estimator 7y,

COROLLARY 3.3. Let u € V and u, € V, be the unique solution of (2.2) and
(2.6), and let ny, be the residual error estimator as given by (3.1). Then, there holds
at®? (u —up,u —up) < Cp 1, (3.19)
where Cg := C,.(1+2y71Cy).
Proof. The assertion follows readily from (3.6) and (3.12). O

4. Refinement strategy and estimator reduction. As a marking strategy
for adaptive refinement we use Dorfler marking [14], i.e., given a constant 0 < © < 1,
we compute sets of elements M of elements T' € T, (2) and My of edges E € E,(Q2)
such that

Om < > mpt Y, nh (4.1)

TeMy EcM,

After having determined the sets M;,1 < ¢ < 2, a refined triangulation is generated
by a recursive application of newest vertex bisection (cf. [13] and the references
therein). This choice yields optimal complexity of the refinement process as has been
established in [5] for the two dimensional case and a conforming initial triangulation
and in [13] for higher dimensions requiring the initial triangulation additionally to
satisfy a certain labeling condition (cf. section 4 in [13]). In particular, there exist
constants 0 < 81 < (2, depending only on the initial triangulation, such that for each
triangle T' of refinement level ¢ it holds ﬂ12_5/2 < hr < ﬂ22_5/2. Hence, if Tj is
obtained from Ty by newest vertex bisection, for T € Ty and T' € Tpwe have

thT’ g HT g KJQhTI, (42)

where s, := 2281 /By and ko := 2Y/26, /1.
As in [13] (cf. also [6]), we can prove the following estimator reduction property:

LEMMA 4.1. Let Tp be a simplicial triangulation obtained by refinement from
Tu, let up, € Vi, ug € Vi, and np,mm be the associated C°-IPDG solutions and error
estimators, respectively, and let © > 0 be the universal constant from (4.1). Then,

8



for any T > 0 there exists a constant C. > 1, depending only on the local geometry of
the triangulations, such that for k(©) := (1+7)(1 — 27/2)© there holds

h < K(0) nfy + Cr |lun — ug||3 .0 (4.3)

Proof. By definition of 7, and taking into account the inverse estimates

A2 (up, — ug)or < C hz? | D*(un — u)llors T € Th,

20,
1 =ty < o ngt 1K)y, Bl
ENOT
o A — un)los < O hg? |12, e,

where Ci(niv), 1 < ¢ < 3, are positive constants, depending only on the local geometry
of the triangulations, we have

B3 IS = A2%unlor < b3 (IF = A2unllor +CL) hz? 11D — um)lor ),

(4.4a)
O*uy, 12, 0um 2) 172 ,O(up — up)
BL/2 / c® p-t
E H anEmaT H anQEQ{)T | 0,E + inv E || anE T ||0 E,
(4.4b)
8 — a(uh - UH)
3/ 2 | =——Au + OB B T
e I Bz 2=ty
(4.4c)

By an application of Young’s inequality, in view of (2.11),(4.2) and observing « > 1,
from (4.4a),(4.4b) and the marking and refinement strategy we deduce the existence
of C,, > 1, depending only on the local geometry of the triangulations, such that for
7 > 0 there holds

i<+ -270( Y B - A%l + (4.5)
TeETH

(9UH 2

e il Buneli 5)) + (1477 C.

Eeey

Ie

Uh — uH||§,h,Q7

which gives the assertion with C, := (1+771) C,,. O

5. Quasi-Orthogonality. As a further significant ingredient of the convergence
analysis, in this section we prove quasi-orthogonality of the C°-IPDG approach. We
first provide a mesh perturbation result in subsection 5.1 and then establish quasi-
orthogonality in subsection 5.2.

5.1. Mesh perturbation result. In the convergence analysis of IPDG methods
for second order elliptic boundary value problems, mesh perturbation results estima-
ting the coarse mesh error in the fine mesh energy norm from above by its coarse mesh
energy norm have played a central role in the convergence analysis as a prerequisite
for establishing a quasi-orthogonality result (cf., e.g., [6, 17, 18]). Here, we provide
the following mesh perturbation result:



LEMMA 5.1. Let Ty, be a simplicial triangulation obtained by refinement from Ty .
Then, there exists a constant Cp > 0 such that for any € > 0 and v € V 4+ Vi there
holds

o (00) < (1+2) aff (0.0) + 2 (14 ). (51)

Proof. For v € V + Vi we have

= > ID%|3r+ Z — H[ ]EII%,E (5.2)

TETh E€5h

+2Z D’UOT.
T67-h

Obviously, there holds

Yo ID%lEr = D0 1D (5:3)

TEThH TET

Moreover, in view of (4.2) we have

> e ot Y e Nigelsl e (5.4

Ec&;, EGEH

Using (5.3) in (5.2), we find

ay” (v,0) = ajy (v, 0) + Z — H[ }EHOE Z 7 II[ ]EIIOE (5:5)

EES;L FEe 8}.}

+ 2 ) (L(Vv),D*v)or —2 Y (L(Vv),D*0)or

TEThH TETu
The assertion follows by using Young’s inequality in (5.5) and taking (2.10),(2.13),
and (5.3),(5.4) into account. O

5.2. Quasi-Orthogonality. The quasi-orthogonality result can be derived from
the following property of the conforming approximations u$;, € V§,uf, € V¢ of (2.2)
which are given as the unique solutions of

(fsvh), vy € Vg, (5.6)
(f,v5), w; €V

a(ufy, vi)

a(uj, vR)

LEMMA 5.2. Let T be a simplicial triangulation obtained by refinement from
Ta, and let up, € Vi, ug € Vg and nn,ng be the C°-IPDG solutions of (2.6) and
error estimators, respectively. Moreover, let uj, € Vi¢ and u$; € Vi be the conforming
approzimations of (2.2) according to (5.6). Then, for ul® = up — u§ and ulff =
up — ugy there holds

4C;C
Juh I3 < =507 (o + ). (5.7)

where Cyp. and Cy are the constants from (3.4) and (3.12).
10



Proof. Due to (2.13) we have
i — w3 < 2 (I3 ng + IuEl ) (5.8)
2 ) . ,
< = (afP(upe,up) + aff (uff, ugp) ).
Y

On the other hand, in view of (3.4) and (3.12) there holds

QC’ma 9 <46"]C’nc 9

2 nc nc
= az (up,up®) < Mhe < M- (5.9)

Vo
Likewise, taking

1 ou¢ 1 oune
S = FEelle <t Y. w 5216180
gz, he T on Fegy HE 0N

into account, we find

4/{27 1 C,]Cnc 2

2
P ny. (5.10)

Za umC. uC) <
~y h(Hv H)— 7205

Noting that x5 < 1, we conclude by using (5.9) and (5.10) in (5.8). O
The quasi-orthogonality result reads as follows:

THEOREM 5.3. Let Ty, be a simplicial triangulation obtained by refinement from
T, and let up, € Vi, ug € Vi and ny, g be the associated CO-IPDG solutions of
(2.6) and error estimators, respectively. Further, let ey, :== u — up and ey := u — upg
be the fine and coarse mesh errors. Then, for any 0 < € < 1 there ezists a constant
Cq > 0, depending on v,C4,Cy, Cye,Cp, such that there holds

arf (en,en) < (5.11)

C
(1+2) aff (ensen) = 3 llun —unl3po+=2 (v +n ).

Proof. In view of the partial Galerkin orthogonality
a’ﬂp(ehaulcz - ufq) =0,

we get

atf (en,en) = abf (en +u§ — ufy, en +uf —ufy) — (5.12)
ay” (uf, — ufy, uf, — uf).
Using up, + u§; — uf, = ug — ujf + up®, (2.14), and Young’s inequality, for the first
term on the right-hand side of (5.12) we find that for some 0 < 7 < 1 there holds
alf (en +u§ —uly,en +uf —uly) = all (eg —ul® +ulf ey —ul +ulf)  (5.13)
<ap(em en) + Cr up® —uifll3 o + 2017 af (e em)'/? Ui = wjf om0
< (1) of (earsen) + ColL+ ) i~ w0

11



Moreover, in view of Lemma 5.1 and (3.12), for some 0 < e < 1 we have
(L+e1) az”(em, em) (5.14)

2C,C
L+ ) )

Y2aesg
We choose 1 =3 =¢/4, 0 < e < 1, and obtain from (5.13), (5.14)

< (1+ 51)((1 +e2) ayf (en,en) +

atf (en 4+ uf — ufy, en + uf — uy) (5.15)

16C;Cp

4
Sk i) O D) o i

<(1+¢) affP(eH,eH) +

On the other hand, due to (2.13), u§; = ug — uff,uf = up — up®, and Young’s
inequality, for the second term on the right-hand side of (5.12) we obtain

afP (u, — uSy,uf, —uSy) > Juf, — w30 > (5.16)
3 (s — sl ~ g~ lape) > Llun —wirlng — 7 I — i I
Taking advantage of the estimates (5.15) and (5.16) in (5.12), it follows that
af? (ensen) < (L+€) aff (err,en) = 2 Jun — w30 + (5.17)

16C;Cp

4
e O i) + (G4 2) ) o = w0

The assertion now follows from Lemma 5.2. 0

6. Contraction property. We now use the error reduction property (4.3), the
quasi-orthogonality (5.11), and the reliability (3.19) to prove the following contraction
property:

THEOREM 6.1. Let u € HZ(Q) be the unique solution of (2.2). Further, let
Tn(Q) be a simplicial triangulation obtained by refinement from Ty (), and let uy, €
Vi, ug € Vi and ny,ng be the C°-IPDG solutions of (2.6) and error estimators,
respectively. Then, there exist constants 0 < § < 1 and p > 0, depending only on the
local geometry of the triangulations and the parameter © from the Dérfler marking,
such that for sufficiently large penalty parameter o the fine mesh and coarse mesh
discretization errors ep :=u — up and ey = u — uyg Satisfy

ay” (en.en) +pmp <6 (CLIIHP(eHa em)+p 7712q> (6.1)

Proof. Multiplying the estimator reduction property (4.3) by ~v/(2C;) and sub-
stituting the result into the quasi-orthogonality (5.11), we obtain

ap”(en,en) +p i < (1+¢€) aif (e en) (6.2)
Cq y 2 Cq | 7k(O) 2
(as ZCTer) nh+<a5+ 2C, )771{-

If we choose a > (2CqC)/(ve), we have p := v/(2C;) — Cq/(ae) > 0, and it follows
from (6.2) that

@ vk(©) 2
Qe + 2C; )

at?(ensen) +p i < (1+¢) aff (e en) + ( ke (63)

12



Now, taking advantage of the reliability result

aif (em,en) < Cr 0

(cf. (3.19)), for 0 < § < 1 we obtain

Plen,en) +pnp < (6.4)

_ C k(©)
P 1 _ Co | 7 2
5 aff (exr,em) +67 (Crll+2—0)+ (2 + 57)

aj

We choose § such that

_ v Co _ Cq 7k(©)
P= o0 e =0 (CR(1+5 0+ (ot + g )). (6.5)

Solving for §, we obtain

CR(1+5) + %2 4+ 260
Cq .
e

5= (6.6)

Cr+ 2 -

For instance, if we choose 7 = 7* := 271/2 and ¢ := v/(8CRC,~), we have £ < 1 (due
toy <1, Cr>1, Cr« > 1), and it follows that

5= Cr + 8(1* + SCQg}?CT* + 4?}?* 6.7
- C + Yy 8CqQCRC * ( : )
R 2C 1« ay
Looking for « such that
y N 8CoCRrC:~ N ~vO < Y 8CoCRrC,~
8C -« ary 4C« ~ 2C,, ay ’

we find that 0 < § < 1 for

128CoCRrC2. (6.8)
(3-20)y '

This concludes the proof of the contraction property. O

7. Numerical results. We provide a detailed documentation of the perfor-
mance of the adaptive C°-IPDG method for an illustrative example taken from [8].

Example: We choose  as the L-shaped domain Q := (—1,+1)%\ ([0,1) x (—1,0])
and choose f in (2.1a) such that

u(r,p) = (7‘2 cos?p — 1)2(r2 sin?p — 1)2 2 g() (7.1)

is the exact solution of (2.1a),(2.1b), where

9(p) =
(z i 1 sin(g(z ; 1)7T) — j_ 1 sin(g(z —; 1)7T)) (cos((z — 1)) — cos((z + 1)@))—
(z i 7 sin((z — 1)p) — . i 1 sin((z + 1)@)) (cos(@) - cos(g( ; 1)7T)

13



and z & 0.54448 is a non-characteristic root of sin®(22%) = 22 sin*(3).

For the documentation of the performance of the adaptive C°-IPDG scheme, we
have run simulations for polynomial degrees 2 < k < 6 with penalty parameter
a = 25(k+1)%2 For k = 2,k = 4, and k = 6, Figures 7.1-7.6 show the adaptively
refined meshes after 10 adaptive cycles (top left), the convergence histories in terms
of the broken CY-IPDG energy norm of the error alf (u — up,u — up) as a function
of the total number of degrees of freedom (DOF) on a logarithmic scale (top right),
the decrease of the estimator as a function of the DOF (bottom left), as well as the
computed effectivity indices ny,/al” (u — up,u — up)'/? (bottom right) for uniform
refinement and adaptive refinement with © = 0.7 and © = 0.3 in the Dérfler marking.
As far as the convergence rates and the estimator reduction are concerned, the benefits
of adaptive versus uniform refinement can be clearly recognized, in particular for
increasing polynomial degree. Moreover, as in case of IPDG methods for second order
elliptic boundary value problems [17] and H-IPDG methods for Maxwell’s equations
[12] we observe a different convergence behavior depending on the choice of © in the
Dorfler marking. The effectivity indices show a clear dependence on the polynomial

degree k.

»—_uniform
*x 0.7
* 03

-t 107
&% ~05 0.0 05 10 107 0 0 0°

degrees of freedom

Fic. 7.1. k = 2: Refined mesh after 10 adaptive cycles (left) and convergence history (right).

»—<uniform
*x 0.7
12| %% 0.3

»—uniform S 4
*x 0.7 E
*-%x 0.3

degrees of freedom degrees of freedom

Fi1G. 7.2. k = 2: Estimator reduction (left) and effectivity indices (right).
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1 10
10°
0
1
0.
2
tX
10°
= uniform ’é;(
* % 0.7
*-x 0.3
-1 107 3 3 s
~10 ~05 0.0 05 10 10 10 10 10

degrees of freedom

Fia. 7.3. k = 4: Refined mesh after 10 adaptive cycles (left) and convergence history (right).

10° 1
»*—uniform
* % 0.
160 07
*-x 0.3
150

120|
10" H = uniform Xy ! ;
*x 0.7 * 110| ' “ P
*x 03 e X
10° -
107 10° 10" 10° 10° 10° 10" 10°
degrees of freedom degrees of freedom
F1G. 7.4. k = 4: Estimator reduction (left) and effectivity indices (right).
1 10°
0. 107
[X < 10? <
-0, 10°
»—_uniform
*x 0.7
x % 03
- .
1005 ~05 00 05 10 1007 0 0 0

degrees of freedom

Fic. 7.5. k = 6: Refined mesh after 10 adaptive cycles (left) and convergence history (right).
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5 10*

»—uniform
*x 0.7
x-x 0.3

10°
10°

degrees of freedom

*—_uniform
600) *x 0.7
*% 0.3

550
500
450)

= 400

3500 X S %

300

degrees of freedom

F1G. 7.6. k = 6: Estimator reduction (left) and effectivity indices (right).
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