®
OPEN a ACCESS Universitit Augsburg
OPUS AUGSBURG w k Universititsbibliothek

Mean-field theories for the quantum phase transition in
Josephson junction arrays

Jurgen G. Kissner, Ulrich Eckern

Angaben zur Veroéffentlichung / Publication details:

Kissner, Jurgen G., and Ulrich Eckern. 1993. “Mean-field theories for the quantum phase
transition in Josephson junction arrays.” Zeitschrift ftr Physik B: Condensed Matter 91 (2):
155-60. https://doi.org/10.1007/BF01315230.

Nutzungsbedingungen / Terms of use: licgercopyright

Dieses Dokument wird unter folgenden Bedingungen zur Verfiigung gestellt: / This document is made available under these conditions:

https://www.uni-augsburg.de/de/organisation/bibliothek/publizieren-zitieren-archivieren/publiz/

4\ >ﬁ
Deutsches Urheberrecht i d‘;;"%:\ 1=
Weitere Informationen finden Sie unter: / For more information see: ¥
%))
A B


https://doi.org/10.1007/BF01315230
https://www.uni-augsburg.de/de/organisation/bibliothek/publizieren-zitieren-archivieren/publiz/

Mean-field theories for the quantum phase transition

in Josephson junction arrays
J.G. Kissner*, U. Eckern®*

! Department of Physics, University of Manchester, Manchester M13 9PL, UK
2 Kernforschungszentrum Karlsruhe, Institut fiir Nukleare Festkorperphysik, Postfach 3640, W-7500 Karisruhe 1, Germany

Abstract. We compare two different approaches which
both attempt to describe the zero-temperature supercon-
ductor-insulator transition in Josephson junction arrays
through an effective Ginzburg-Landau functional. Both
methods agree only for the special case of a diagonal
capacitance matrix (self-charging limit). While the differ-
ences in the phase diagram are less significant, we find
that the fourth order term of the “coarse-grained” func-
tional changes its sign when the range of the interaction,
A, exceeds a few lattice constants. On the other hand, a
variational ansatz predicts a positive sign with a coeffi-
cient which increases with increasing A, which implies a
large critical region and strong correlation between order
parameter fluctuations.

1. Introduction

The superconductor-insulator transition in two-dimen-
sional Josephson-junction arrays has recently attracted
considerable attention, experimentally [1,2] as well as
theoretically {1, 3-9]. In short, with decreasing size of
the superconducting grains and hence increasing charging
energies, a transition from a superconducting to an in-
sulating ground state is expected, and clear indications
for this have been seen experimentally [2]. Of course, it
is of major interest to understand precisely how the tran-
sition depends on the relevant parameters (e.g. the ca-
pacitances), on an external magnetic and/or charge frus-
tration, and how the response behaves at and close to
the transition point {9].

Based on the expectation that the phase transition is
continuous, it appears natural to attempt, close to the
transition, a description in terms of an effective Ginz-
burg-Landau functional, and to derive the parameters of
this functional from the standard Josephson junction ar-
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ray mode] (which includes the charging and the Joseph-
son coupling energies). In fact, most investigations
[3, 6-9] have been based on what is known as coarse
graining approach [10], which can be characterized as a
certain path integral de-coupling procedure for the Jo-
sephson energies. Furthermore, it is often believed that
this de-coupling procedure is equivalent to a variational
ansatz: We point out in this article, which is largely based
on the results of [11], that this believe can only be sub-
stantiated for a model which takes only into account a
ground capacitance. Significant differences between the
coarse graining and the variational approach become ap-
parent when a nearest neighbor capacitance is included;
and we have found that the coarse graining functional
has serious shortcomings provided the range of the in-
teraction exceeds a few lattice constants.

In Sect. 2, we briefly describe the model and discuss
general aspects of the coarse graining vs. the variational
approach. In Sect. 3, we present explicit results for the
second order term in the Ginzburg-Landau functional
(from which uvsually the phase diagram, as well as the
response in the disordered region close to the transition,
are derived). The results for the fourth order term are
given in Sect. 4, and brief conclusions are presented in
the final Sect. 5. Some technical details can be found in
the appendix.

2. Coarse graining vs. variational approach

We consider the standard model Hamiltonian of a two-
dimensional weakly coupled array of superconducting
grains,

H=H0+ 7 (1)

where ¢ and #” denote the charging and the Joseph-
son coupling energy, respectively. In particular,

%Q=%2Qk %k71Ql @)
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with the convention %,;'=(% ~'),,, where % is the
capacitance matrix, and

A= _%EJZ Y& S (3)
k1

Here E, is the Josephson coupling energy between the
nearest neighbour grains (taken to be uniform over the
array); in view of later developments, we introduced y,,
which is one for nearest neighbors and zero else, and
. =exp(ip,). The charge and the phase operators are
conjugate variables such that

[Or,0/]= —2e-i5k,,. 4

An external charge can be included by the replacement
0, 0,—2eq, in (2). We follow in notation [6-9].
Clearly, the eigenvalues and eigenfunctions of Z< are

easily determined; the latter are ~exp <i 2ime k>, with

{n,} integers, and will be used repeatedl;ﬁc below. Note
that multiplication of an eigenstate by &,;(&}*) increases
(decreases) n; by one.

In the next step, we introduce a mean-field approxi-
mation for #7, namely

%r;zlf= “Z (Crwi+EEwy) &)
k

and correspondingly define %, , = #2+ 7). In order
to have a general formulation which includes time-de-
pendent situations, we change to a description in terms
of path integrals (see e.g. [5-9]), and define Euclidean
actions S, 87, S}, etc., corresponding to %, Z7, Z,;,,
etc. Then we introduce “partition functions” .Z and .Z°, ,

Z =j D (paths)e Sextre A7 ©
Zr={ D (paths)e™ W rtre™ A% o

where B is the inverse temperature (Ai=kp=1), and
statistical averages {( - }), and {( - )),,,, taken with the
“weight” exp(—S<) and exp(—S,, /), respectively.

With these preliminaries, it is straightforward to sum-
marize the results for the Ginzburg-Landau functional
obtained through the coarse graining procedure (see e.g.
[8]), .., and through the variational ansatz (see e.g.
[12]), &, These are

YE,\ !
Fog=0 [drwf (-f) y~InZ,, (8)
k0 ki
and
Zar=<(SJ— me)>mf'-ln sz. i (9)

For zero temperature and time-independent situations,
the latter reduces to the standard expression

T=0: E,, =mf|Z|\mf) (10)

where |m f is the (normalized) ground state of 7Z,,,.

Assuming that .# can be expanded with respect to the
order parameter fields w,, ,*, and omitting an unim-
portant constant, we arrive at expressions of the form
F=F D+ FD4 _; explicitly

YE;\7!
g@=y orwr () wilasie
k1

ki

Fo@ =387+ D (S50 (12)
and
T = = LS Do +5(Sm8 (13)
Fod =287 (S0

&[S Do =851 (14)

where in (14) we used that 2 =0 at the transition.
[The fourth order term will only be evaluated in the low
frequency, long wavelength limit.] No further general
conclusions can be drawn at this point, except for the
self-charging limit in which % ~! is diagonal (compare
(2)): In this case, the expectation value in {(§’>, - fac-
torizes, such that (&, &>, =<&, >, &>, for k%1,
and it follows that the “mean-field” equations obtained
by minimizing .#,, and &, , respectively, are consistent.

Furthermore, in the expansion close to the transition,
both approaches agree (see also below).

3. The phase diagram - .7 ®

Considering the expressions (11) and (12), it is clear that
F @ is of the form

FO=3 {drde’ (D) 1t 7)) wy () 15)
k.1

where x depends only on the difference variables (assum-
ing a translation invariant capacitance matrix); hence we
will use the Fourier representation, x (q, w). :

Specifying now the capacitance matrix, %, we put

Cr=Cy+4C,, &,,=—C, for kil nearest neighbors,
and %,,=0 else, i.e. F(q)=C,+(4—y,)C,, where
y,=2(cosq,+cosq,) is the Fourier transform of y,,.
Expanding for smallq, % (q)~C,+ C, ¢°, we realize that
4 =(C,/Cy)"/* can be identified as the screening length
(in units of the lattice constant, which is chosen to be
unity).

Corresponding energies are denoted by E,=¢?/2 C,,,
E, =¢%*/2C,, and E.=e* €;;'/2. The latter becomes
logarithmically large for large A; an approximate for-
mula, interpolating between the two limits (4 =0, A = o0),
is given by

E.~E In(1+4nA>)/4n. (16)

As an illustration, consider the spectrum of #9, and
assume further that the external charge g, is small enough,
such that the ground state is given by n,=0 for all .
(For large A, this requirement leads to the condition that
- roughly - the external charge within the area A? is
smaller than e). Then define ¢, (¢ _) to be the energy of
the state n,= +1 (n,= —1) for a single site, and ac-
cordingly e , _ <> (n,= +1,n,= — 1) for k! nearest neigh-
bors. Clearly



+=4E-F8q. E, (17)
and

er_ =4 (B — &) (18)
Explicitly,

4 — 8E, A=0
Yo { (19)

=] (271)2 Z@q) (2E, 1=

Note that ¢, , in contrast to E, has a finite limit for
A— o0 (since it is the energy of a charge-neutral state).
In (19), the integration is over the first Brillouin zone
(we consider a square lattice).

We restrict ourselves in the following to zero temper-
ature, and small ¢, as explained above, in which case the
relevant correlation functions are easily evaluated. De-
fining for k/ nearest neighbors the quantity

gz —1 )= (D) EF (T )0 (20)
one finds [8]

Xes=3 —g(w) (21)
q—J
and
E
Xvar:g(w) {1—))1;,

fon(dl e

where
1 1
g(w)= —— — (23)
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Fig. 1. Zero-temperature phase diagram for the capacitance model
described at the beginning of Sect. 3, based on the variational (solid
line) and the coarse graining (dashed line) approach
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The transition point is determined from the condition
x (q=0, w =0)=0; and the phase diagram obtained on
the basis of (21) has revealed fascinating features, in par-
ticular, as a function of the external charge [8,9]. While
we expect these features to persist qualitatively, there are
quantitative differences between (21) and (22), as is ap-
parent from Fig. 1 where we show the phase diagram for
zero external charge [11]. These questions were also
briefly discussed in [5], where an alternative plot of the
present Fig. 1 is given as Fig. 4. Note the change of no-
tation: The capacitances ¢ and C [5] are denoted by C,
and C| here.

As mentioned above, both methods agree in the self-
charging limit, in which the transition point is given by
(E;)°=E,. On the other hand, for 4 — c0, it follows from
(21) that the system remains in the d1sordered phase even
for very large values of E, (i.e. x, > 0), while the varia-
tional calculation leads to the physically more sensible
result of a finite (£,)°, namely (E,)*=E, /2.

4. Ginzburg-Landau functional in fourth order

In order to complete the Ginzburg-Landau theory, es-
pecially close to and below (i.e. in the ordered region)
the transition point, we consider now the fourth order
contribution, .# ¥, as given in (13) and (14), respectively.
The calculations are lengthy, though straightforward, and
we restrict ourselves to zero temperature and zero exter-
nal charge. Furthermore, in agreement with the usual
analysis of continuous phase transitions, the coefficient
of the fourth order term is evaluated for zero frequencies
and wavevectors; formally, this means that we may take
the order parameter fields to be time (and space) inde-
pendent, and thus apply standard time-independent per-
turbation theory. As a technical remark, we found it more
convenient to consider (compare (8))

E. = ={mf| 7%, flmf> (24)

and the expression (10) for the variational energy. In
particular, we need E,, , in fourth, and |m f> in third
order in the expansion with respect to Z,; .

Noting that presently ¢, =& _=4FE.=¢, (compare
(17) and (18)), we write the resulting static free energy
functional in the form

?/ﬁ=2812[ W, vl ] (25)

A &; h

where a and b are dimensionless; clearly, a=y (q=0,
w =0)-¢&;/2 {(compare (15)), and this quantity was dis-
cussed in detail in the previous section.

In order to have a physically transparent presentation
of the expression for b, see below and the appendix, we
introduce the following notation for excitation energies
of #2, whose construction principle should be apparent
frorgn the list below (|0) denotes the ground state of
ZL):

o8 LF|0>: e o8 £0) (26)
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8’12 ~e LR EF|0) (27)
g _ o & EF EX|0) (28)

where k=+/ and k=+/+m, respectively. Furthermore, if &/
are nearest neighbors in (26) and (27), the superscript
will be omitted. The energies are easily related to the
elements of the inverse capacitance matrix, and various
symmetries (e.g. €. _=¢&_, ,; recall that g =0) are
obvious.

Concerning b__, we obtain the following result:

cg?

=742 ( — _81_> (29)
=it Z el M
which can also be written as

bty S

—(Fa ')
Here the prime indicates that k=/ has to be excluded.
Clearly, b, (4 =0)=7/4. Using the fact that & "' is a
positive matrlx it also follows that b, > 0 for a nearest
neighbor model for % ~'. On the other hand, examples
are easily found where b,, < 0: Among these is the ca-
pacitance model introduced in Sect. 3, for which b,, has
been calculated numerically [11]. The result is glven in
Fig. 2, which shows that b,, changes its sign for 1°~2.
The determination of the variational result, bvar,

considerably more involved and leads to the expression
which is summarized in the appendix. Based on this ex-
pression, b, was calculated numerically [11] for the ca-
pacitance matrix of Sect. 3 (ground and nearest neighbor
capacitance), with the result shown in Fig. 3. From these
data, we realize that, as a function of 1, b, is practically
constant for A2 < 10, i.e. C; < 10 C,, and then increases
~0.07A%

(30)
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Fig. 2. The coefficient b, see (25), vs. 1%, as obtained from the
variational (solid line) and the coarse graining (dashed line) ap-
proach, normalized by b (1 =0)
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Fig. 3. The coefficient b, see (25), vs. A% as obtained from the

variational ansatz, normalized by b (A =0), over a wider range com-
pared to Fig. 2

The above results imply that the variational approach
is in a sense more stable than the coarse graining pro-
cedure, in agreement what intuitively might be expected.
However, we have found no simple criterion which en-
sures that b,,. > 0 for general capacitance matrices.

We remark that our calculation of 5., does not con-
firm the estimate presented in [3].

In summary, using the low frequency, long wavelength
expansion of x (q, w), we find the following continuum
limit form of the free energy functional (7=0, ¢ =0):

F =26, [ d1 [ d*r[a]¢|*+b]¢|*

T@E;/eD) |9 |2+ |V |*/4] (31)

where ¢ (r,7)= (r,7)/¢, is dimensionless; recall that
e,=4E., and (compare (22)) a=1-2E,(1/¢,
+2/g, ), while b is given in Fig. 3. Finally, introducing
=12} /4 E,, and rescaling the x — y-coordinates to re-
move the numerical factor 1/4 in front of the gradient
term, we obtain

1/2
Fum(Z) g Ortalg 01614 V01 ()

where V is now the three-dimensional gradient.

The critical properties of the functional (32), which
corresponds to the continuum limit of the classical 3-D
X — Y model, are well studied. We remark only that the
critical region, as estimated from the Ginzburg criterion
[13], is already of order one for A =0, and increases fur-
ther ~A for A> 1.

5. Conclusion

In conclusion, we have compared two mean-field-like ap-
proaches to the quantum phase transition in a two-di-



mensional array of Josephson junctions, namely the
coarse graining procedure vs. a variational ansatz, for the
model which includes a ground and nearest neighbor ca-
pacitance. We have found minor differences in the phase
diagram, and expect small quantitative, though presum-
ably not qualitative, differences in the response (e.g. the
conductivity, compare [9]) as well.

Surprisingly, within the coarse graining procedure, we
also find that the coefficient of the fourth order term in
the Ginzburg-Landau functional changes its sign when
the screening length exceeds about two lattice constant.
Given this fact alone, we could regard it as an indication
of the possibility that the transition might be of first
order, depending on the form of the capacitance matrix.
However, this result is not confirmed by a variational
ansatz, which turns out to be more robust such that it
predicts a positive fourth order term for all . Further-
more, within the latter approach, we find that 4(1) in-
creases strongly for large 4, leading to strong correlations
between order parameter fluctuations, which also indi-
cates that results based on a Gaussian approximation may
be of rather limited validity.

It is a pleasure to thank Albert Schmid for stimulating discussions.
JGK also thanks the W.W. Smith Foundation for financial support.

Appendix

Here we list some results related to the variational energy,
(10). We consider T=0, g, = 0 and, as explained in Sect. 4,
take the order parameter time and site independent. De-
noting by |mf) the ground state of %, ,=#°+ #,,,
compare (2) and (5), we have

E,o=mf| %+ X \mf. (A1)
Clearly, these expectation values are proportional to N,
the number of lattice sites. The notation with regard to
excitation energies of /#< has been explained in connec-
tion with (26)-(28); and, in the following, i/ denote near-
est neighbors. Using translation invariance, we may also
write (A.1) as follows:

Epu=mf|Z°|\mf
—2NEmf|&EEF|mf ).

We find the following results in second order in w:

(A.2)

mf| 22\ mfYP=N-2|y|*/e, (A.3)
mrleerimp@=2YL (LL) (A4)
) &, &4

and in fourth order:
mf| 22 mf @

2
W
_ylvl [_%_

€1

ny (1-2-20) @

k + + + =
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where the prime indicates that &= has to be excluded.
Furthermore

mfl&;ck|mf>®

=|y|* [XO+Z’ X+ (X2+X3)] (A.6)
where ‘ :
wglor ) lmaraa] @
O A Eoy ] A
v ot

X[ 1 ( 1 n 1 " 1 >__ 1
CEAAY- I TR
(A.9)

In (A.6), the double prime means that k=i and k=]
have to be excluded. Concerning the summations, note
that we subtracted the large k-limit of the expressions
which are summed. In this connection, we remark that,
for any «,,

D=2 (@—ag) +(N—1ay, (A.10)
k k

and

Tu=3 e a) T (V- (A11)
k

k

Finally,

2 1 4 2 71 1
Xy== -——|+—=|—7
I [£++ 31] & [51 8++]

1 1 4 i 4 g
=t —+ - .
[2812 (281 5+—)3+2,— et 8123+-:|

(A.12)

Further details can be found in [11].
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