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Slope rotatability over all directions designs
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| Exxon Chemical Co., Linden, N¥, *Institut fir Mathematik, Universitat Augsburg and
3 Department of Statistics, University of Wisconsin

SUMMARY  Slope rotatability over all directions (SROAD) is a useful concept when the
slope of a second-order response is to be studied. SROAD designs ensure that knowledge
of the slope is acquired symmetrically, whatever direction later becomes of more interest
as the data are analyzed. Some standard second-order designs are SROAD, but here we
explore aesigns for two and three dimensions, which do not have the full symmetries of
such standard designs but which still possess the SROAD property.

1 Introduction

In some response surface applications, attention focuses on the estimation of
differences in response, or slopes rather than the absolute value of the response
variable. It is then natural to consider the variance measure for the slope of the
fitted surface at any given point. On the assumption that equal information in all
directions about the design origin was important, Hader and Park (1978) intro-
duced the idea of slope rotatability and discussed it in the context of central
composite designs. Later, Park (1987) introduced the concept of second-order slope
rotatability over all directions (SROAD), and gave necessary and sufficient condi-
tions for a design to have this property based on the precision matrix. However,
only a few simple types of SROAD design have been discussed in the literature.
The purpose of this paper is to investigate the moment structures of SROAD
designs in detail for the two- and three-factor cases, and so to find alternative
SROAD designs. We begin with some general k-dimensional groundwork.

2 SROAD

Let us suppose that the response variable y satisfies a functional relationship in &
predictor variables, x,, x,, ..., x, of the general form

yi=nE)te;
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where y, is the observed response taken at a selected combination, X;= (x,,, X5, ...,
x,) of the predictor variables x=(x,, x5, ..., x,) and :=1, 2, ..., N. The ¢, terms
are assumed to be uncorrelated random errors with zero means and constant
variance o’. We assume that 7 can be represented adequately in a restricted region
of interest by a second-order polynomial, i.e.

k 3

N =P+ Z Bix;+ 2 Z ﬁ:jxixj:z;(ﬂ (1)

= i=1 =7

where z, = (1, x;, x5y ..., X X3, %3, ..., X%, XXy, ..., x,_,x,) and B is the vector of
correspondingly subscripted coefficients. The least-squares estimator of B is
b=(X'X)"'X'y, where X is the matrix of values of z, taken at the N design points
and y is the N X 1 vector of y observations. The variance-covariance matrix of b is
var (b)=¢*(X'X)"!. It is traditional to call N™'X'X the ‘moment matrix’ and its
inverse N(X'X)~! the ‘precision matrix’.

The first derivatives (slopes) of 7(x) at a general point u=(x,, ..., ;)" in the x-
space are

34
2 = b 2bu+ Y by @)
X [u JAi
Let us denote the estimated slope vector by
dy 9y Ay |
===, ,...,—| =Ab 3
g(w) ox, 0x, axh)“ 3

say. Thus, the estimated derivative at any point u in the direction specified by a
k x 1 vector of direction cosines, i.e. ¢ =(c), ¢y, ..., ¢,)s is €' g(u), where ¢'c=1. The
variance of this is

V. (u)=var[c'gu)]=c’cAX'X)"'A'c 4)

The (integrated) averaged value of V (u) over all possible directions, ie. the
averaged slope variance, is

2

V(u)=% tr[AX'X)"'A’] (5)

(see Park, 1987, pp. 450-451). V(u) is a function of the point u, through A, and
also 1s a function of the design, through X. A k-dimensional design is said to be
SROAD if V(u) at the point u depends only on the distance of the point u from
the design origin (Park, 1987). The necessary and sufficient conditions for a
second-order design to be SROAD are as follows (Park, 1987):

(1) 2cov(b, b))+ 3%, ;. cov(b, b;)=0, for all /

(2) 2leov by, by)+cov (b, b1+, covi(by, b,)=0,
for any (7, j), when i #j

(3) 4 var(b,)+>*% var (&), equal for all J

j=ELfAL

Some designs given by Park (1987, p. 452) followed from his corollary.



333

Corollary 1. If the following moment conditions are satisfied, then the design is
slope rotatable over all directions:

(1) all odd-order moments are 0 (i.e. [¢]=[i]=[i7j] = [iii] = [diff] = ... =0);
(2) [#] are equal for all 7,

(3) [#11] are equal for all 7;

(4) [#7j] are equal for all i#.

The quantities in square brackets denote the moments of the design. For example,
we have N™'3°W_\x, =[i], N"'3N_,x% x;, =[], and so on. If any subscript 1, j,

..., appears an odd number of times, then the moment is odd; otherwise, it is even.

This corollary is framed using moment conditions for specific types of design that
are known to be rotatable (i.e. var(y(u)) is a function only of u'u; see Box &
Hunter, 1957, p. 205) or slope rotatable over axial directions (i.e. var (33/dx,|u) is
a function only of u'u and var(9y/0x,|u) are the same for all i1=1, ..., k; see
Hader & Park, 1978, p. 414). The corollary thus implies that we have the following
relationship among designs:

rotatable Cslope rotatable over all directions

This means that the class of SROAD designs contains the class of rotatable designs.
Thus, there must be a much wider choice of SROAD designs. In particular, we
have found some with unbalanced moment structures and some with unbalanced
point arrangements. Odd-order moments of an SROAD design could be non-zero.
The types of SROAD designs vary from dimension to dimension. We discuss k=2
and k=3 dimensions here, giving examples of designs that are SROAD but which
do not belong to the classes of rotatable designs and designs that are slope rotat-
able over axial directions. None of these designs has been given by previous
authors.

3 Two-dimensional SROAD designs

Park’s necessary and sufficient conditions for SROAD designs are based on the
precision matrix, i.e. N(X'X)~!. It would be much more convenient if we could
find necessary and sufficient conditions for SROAD designs based on the moment
matrix rather than the precision matrix. It appears, however, that it may not be
possible to have general necessary and sufficient conditions for any dimension,
without added assumptions. For two dimensions, for example, we have the
following.

Lemma 1. For the two-dimensional case, suppose all odd moments of order 4 or
less are 0, except [12], [1112] and [1222], (i.e. []=[#}]=]:i7]]=0). Then, the design is
SROAD if and only if the following hold:

(1) [1112]+]1222]=([11] +[22])[12]
(2) [1111]+[22F =[2222] +[11]?

This can be proved by inverting the general 6 X 6 moment matrix symbolically,
" using the MAPLE matrix program and imposing the SROAD conditions on the
result. We now look at some specific examples.
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Example 1. Let us consider the design points (—a, — b), (a, b), (— «a, 0), («, 0),
0, — ), (0, a); and (0, 0), n, times. This is a 2°~! design (x, x, = ab) plus two pairs
of axial points at distances * a, plus 7, center points, in conventional notation.
When a?=(n,+4)(a’+ b?)/4, the design is SROAD. For example, if n,=4, a=1
and b=2, then a =10"?=3.162, as shown in Fig. 1.

The corresponding moment matrix is

1 . . 22 28 04
22 04

o 04 28 . o

~XX= 122 . . 22 08 04

28 . . 08 232 16

04 . . 04 16 08

where . denotes 0 here as well as in examples following. This SROAD design has an
unbalanced moment structure, ie. [11]#[12] and [1111)#[2222], and three non-
zero odd moments.

Example 2. Let us suppose that we add two more points (— b, —a) and (b, a) to
the design in example 1. Then, when a?=(n,+ 4)(a’+ b%)/4, the design is SROAD.
For example, if n;=4, a=1 and b=2, then « =102 =3.162, as in Fig. 2.

This design has a balanced moment structure. The corresponding moment
matrix is

X2
574,
;:’:‘; -
2

FiG. 1. Design points of example 1 (n,=4, a=1, b=2, a =3.162).
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Fic. 2. Design points of example 2 (ng=4, a=1, b=2, « =3.162).

| L2525 67
L2567

low | . 67 25 . S

XX s T 16 133 167
25 . 133 195 167
67 . 167 167 133

Example 3. Let us consider the design of Box and Draper (1987, Exercise 15.2,
due originally to A. M. Herzberg). The design points are (0, — a), (0, ), (— b, — ¢),

(b, —¢), (= b, ¢), (b, ¢); and (0, 0), 7, times. Let us suppose that a, b and ¢ are all
positive. Then, when

(@' =26+ 2c% ny+4(a* — b + ¢* = 2a%c?) =0 6)

the design is SROAD. For example, if a=1, b=2 and n,=3, then ¢ =2.0813, as in
Fig. 3.

The moment matrix of this design is

1 . . 1.78 2.15
_ 178 .
1 oo | . .215 . .
NXX‘ 178 . ) 7.11 7.70
215 . . 770 856 .
. . . . . 770

It should be noted that [11]#[22] and [1111]#[2222].
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F16. 3. Design points of example 3 (n,=3,a=1, b=2, c=2.0813).

Example 3 consists of a rectangle (+ b, % ¢), two axial points (0, *a) and n,
center points, and there are various other possibilities that involve different
comparative magnifications of the rectangle and the axial points. Another set of
solutions, for example, is a=1, c¢=1 and b=3n,/(4 +2ny); for ny=1, 6=0.8409,
the axial points are at the midpoints of the top and bottom of the rectangle, and
(11]=[1122] and [22]=[2222]. When equation (6) holds for all »n,, we have

at—=2b6%+2c4=0
at= b +ct—2a%ct=0

simultaneously, providing the solution a=2¢, b=¢(3"?). This design is fully
rotatable and, hence, necessarily is SROAD. It is, in fact, a regular hexagon on a
circle of radius 2c.

4 Three-dimensional SROAD designs

In three dimensions, the moment structures of SROAD designs are much more
complicated than those in two dimensions, as will be seen. With some added

conditions, we find, in general, two kinds of moment structure, shown in Lemmas
2 and 3 below.

Lemma 2. For the three-dimensional case, if all odd moments of order 4 or less
are 0, except [123], then the design 1s SROAD if and only if the following hold:
;‘-11/(;-11’:2233 —/ %23) - ’122/(222’:&1133 - ;;¥23)
- 4[2133()‘2222233 - ’1\&’11133) + (’:“is - Ams)(’hm - ;'-2222)

+)»3333(}Lf1—2§2)+(/1f13}—)L%333)]/(,17:0 (7)
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and
An/(Aydass = A33) = Ass/ (AsAyin — Ata)
- 4[2'122("133'12233 —AnAnn)t (A32 = A2222) (A1 = Asz3)
+ 202(At — AL+ (A = A3l 9 =0 (8)
Here, we have
@ =(Anins — Andnn) + 2[Andn(Assdng = Aissdans)
X AiAs3(AaazeAnss = Anzdans) T Aass(Aadssdin + Aipdyss)]
— 1Az Assss = A3as) — Aun(AdoAsss + Adsdann)
—(AunAdas + AssAtin A At — A dandsss)
and 4=}, 4,5 =[7k], 1;;=[air] and 2

The moment matrix of such a design has the form

=[iijj] for i#j#k=1,2,3.

iijf

(1 . )~11 /122 /133 :
- ,1“ . . . . /1123
. Ay Az
. . /133 . . . 1123
Ap A Aua Aus -
—XX= {4, . . o Aun Aan Aasn
A3 Ay Az Assss
. . A Az
- A 1133
\ ,1123 /12233

Three special cases of Lemma 2 are as follows.

Case 1. SROAD designs exist which have a non-zero [123] moment. For example,
a design is SROAD if it meets the following requirements:

(1) all odd-order moments up to and including order four, except [123], are 0;
(2) 4] are equal for all 7, [#7] are equal for all 7 and [:7jj] are equal for all 1 # ;.

Example 4. Let us consider the three-dimensional SROAD Hartley-type designs
with (10 + np) points (Hartley, 1959): (i) 2°~! fractional factorial with I=123; (i1)
three pairs of axial points at distance a; (iii) 7, center points. For this design,
[])N=4+2a? [123]N=[ijj]N=4 and [#i]]N=4+2a*. The design is SROAD
for any a and 7n,. The Hartley design can be orthogonally blocked for the second-
order model fit. For example, if we divide the original design into two blocks—one
consisting of four runs from a 2°~! design plus 7, center points, and the other
consisting of the six runs from the axial points plus g, center points—blocking is
orthogonal. The first condition for orthogonal blocks (see Box & Draper, 1987,
p. 509) is obviously satisfied. The second condition is satisfied if a?=2(6+ n,,)/

[(4 + ngy))
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It should be noted that, when we rotate the x axes, some or all third-order
moments other than [123] will become non-zero. This means that there are
moment structures of SROAD designs even more complicated than those which
satisfy Lemma 2, because rotation does not change the SROAD property of a
design, by definition.

Example 5. Bose and Draper (1959) gave an infinite class of second-order rotat-
able designs which combined point sets with non-zero third moments which
cancelled out. We can use part of such a design, retaining a non-zero third moment
for this particular point set and adding a set of axial points. Qur selected design
consists of these point sets: (i) (a, b, *¢), (¢, ta, £b), (b *c, *a)
subject to x,x,x; = abc, 12 points; (1) (* «, 0, 0), (0, * «, 0), (0, 0, * «), six points;
and (i1) 7, center points.

In this case, [i#]N=4(a*+b*+cD)+2a? [123)N=12abc, [iH|N=
4(a*+ b+ M+ 2a?, [HfIN=4(a’b?+ a’c?+ b3c?), for i#j, and the design is
SROAD for any values of a, b, ¢ and «, and any number of center points.
Similarly to the Hartley design blocking, we can divide this design into two blocks,
one consisting of the first 12 runs plus #,, center points and the other consisting of
the six axial points plus 7y, center points. The design is orthogonally blocked when
a?=2(a*+ b+ ) (6 + nyy) /(12 + ny,).

Example 6. In the notation of Draper and Herzberg (1968), ;S(a, a, a) with
I=123 denotes the half-fraction of a 2* design, such that Y x,x,x; =44a"; S(a, a, ...,
a) denotes the full 2* factorial design or ‘cube’ (+a, *a, ..., ta); and S(«, 0, ...,
0) denotes the 2k axial points (= «, 0, ..., 0), ..., (0, ..., 0, £ ¢). Then, the design
which contains the following points is SROAD for any values of a, b, « and n,:

(1) 38(a, a, a) with I =123 (four points);
(2) 1S(b, b, b) with I= —123 (four points);
(3) S(a, 0, 0) (six points);

(4) n, center points.

For this case, [i7]]|N=4(a?+ b)) +2a?, [123]N =4(a’ — b"), [#i]| N =4 (a* + b))+ 2a*
and [#j] N=4(a*+ b*), for 1 #j. (It is also possible to have an SROAD design with
multiple point sets of this type.) When a?=2(a?+ &?)(6 + ny,)/(8 + n,,), the design
is also orthogonally blocked if the design is divided into two blocks, one consisting
of runs from ;8(a, @, a) and ;5(b, b, b) plus n,, center points and another one
consisting of runs from S{«, 0, 0) plus 7, center points,

Case 2. If the following moment conditions are satisfied, then the design is
SROAD:

(1) all odd-order moments up to and including four are 0;
(2) A1 = A = Agap and A5 = Aygas
(3) 23333 = @)/ @,, where
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"= (Mm - 3-%122)[4'11122'11133 - '133(/1 1122~ A1ss)l
+ 2'1%133(’11111 + At122) (Aiss — 244, 435) + 41%3111111112211133
- 2/11122'11133('11111 - '11122)('11133 - 2'111/133 +4'1%1)

(Pz=('11122 - 11133)(1%122_ A%lll)+4’11111}‘l122'11133

+ 21%1[11122(11111 - 11122) - /11133(}*1111 + ’11122)]

This type of design is not balanced for all coordinates. For example, 4, is not
necessarily equal to 4,3, etc.

Example 7. Here, we consider hybrid-type designs. Roquemore (1976) proposed
his hybrid designs:

to achieve the same degree of orthogonality as central composite or regular
polyhedral designs, to be near-minimum-point in size, to be near-rotatable,

" and to possess some ease in coding. Hybrid designs for & variables may be
viewed as composite designs (with center point) for (k— 1) variables which
have been augmented with a column for variable & and, possibly, another
rOW Or two.

Roquemore (1976, p. 420) gave three three-dimensional hybrid designs, which he

called 310, 311A and 311B. These are not SROAD as they stand. If we use a

similar idea, however, i.e. choose a design such that the first (k— 1) variables form

an SROAD design in (k— 1) dimensions, and add a further variable, we can obtain .
an SROAD design in k variables (here, #=3). Let us suppose that we choose a

design that has a structure similar to Roquemore’s 311A, with points (— b, — b, ¢),

(b, — b, ¢), (= b, b, ¢), (b, b, ¢)y(—a,0, —¢),(a, 0, —¢), (0, —a, —¢), (0, a, —¢),

(0, 0, —d), (0, 0, d); and (0, 0, 0) 7, times. Such a design will satisfy condition 1 if
a= b(2"?) and automatically satisfies condition (2). Condition (3) reduces to

4c2(ny+2)(40* — ¢+ 8c2d*(2c?2 — dB) + nyd* (B2 — 5¢2) =0 9)
There are infinite solutions. For example, for any »n;, ¢ and d values which satisfy
¢ =2+ 64y(ng+ 2)[4y* (o + 2)— 1692+ (8 + Sng) y]> 13 (10)
the design is SROAD if
x=[¢"2— nol[32y(ny +2)]7 (11)

where x=b%*/d? and y=c%d% In particular, when c¢=d[(73"?~-3)/32]"? and
b=[(d?— ¢?)/2]""*=d[(35 — 73%)/64]"%, the design is SROAD for any d and any
nO-

Case 3. Here, we extend example 3 from two dimensions to three dimensions. We
need all odd moments as zero, [i7] unequal, [##17] unequal and [#Zjj] unequal (where
i #j). Let us consider the design with the following points: (i) (* b, * ¢, = d), eight
points; (ii) (0, *a, * g), four points; (ii1) (0, 0, % f), two points; (iv) (0, 0, 0), n,
times. When a, b, ¢, d, f, g and n, satisfy
[8f%(a*— 2?2+ 16f%(a’— c?)(c2g?— a?d?) + finy(a* + 2c%)
+4(ny+2)(c*g?—a*d?)a b f "*/(2ny) — (a’g?+2c2d?)"1/4
(BB = [(f*+ 28" o+ 4(f2 - gl a " mg=0
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and
[(f5+ 28" m+4(f2 = ga *f = +(c 2= d Dmyb /8= 2(my+2) [ =0

the design is SROAD. For example, if a=0.5, c=f=1, g=025 and n;=2, we
obtain b=1.180 and d=0.047 by solving the above equations. The corresponding
moment matrix has its same-order even moments all different.

In the next lemma, we present SROAD designs with several non-zero odd
moments.

Lemma 3. Suppose a design satisfies

(12]=[13]=[23]= 1,
[1123]=[1223]=[1233] = 1,
(1112]=]2223}=(1333]=1,,
[1113]=[1222]=[2333]=1,,
all other odd-order moments are 0, and
(11]=[22)=[33]= 1
[1111]=[2222])=]3333]=1,,
[1122]=[1133]=[2233]=1,,
Then, the design is SROAD if and only if the following holds:

(Taa+ Tis)[ 13,21y +3745) + 27357y + 27,))
+ 275, 15(T4y = Ty T 4743) = 2(T4 Tyy = Tyy Tys)
+ Ty3(Tyy — 4T — 2745)] + (T 189 [T (T2 — 8720) — Ty
1y (T T ) (1~ T T BT, — T (1, 1)
= Ty Tas)} = Tld T (T + 210) + 274,] + 275, 1
X[(Ta1 = Tu2) 2140 = 3743) F 2185 — Ty Tys) 1+ 273, + 139)
t T Tys(Ty —4T5) 6T?¢2 Tyt T§3(4741 +31,,)=0 (12)

The moment matrix of this kind of design has the form

/l . . . Ty Ty Ty Ty Ty T
Ty T Tn

T T I
T T In .
— X'X= T Ta1 Ty Tan Ty Tys Ty
Ty Tyo Ty Tz Tys Ty Ty
T Tyo T4 T4y Tay Tys Tys
T2 Ty Tys Tyy Taz Taz Tyy
Tn Tys Tz Tas Taz Tap Ty
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Example 8. The design points (—a, — b, —¢), (a, b, ¢), (— b, —¢, —a), (b, ¢, a),
(—¢ —a, = b){(c,a b), (£ a, 0, 0), (0, £ a, 0), (0,0, £ a); and (0, 0, 0) n, times,
satisfy the conditions of Lemma 3 with

15,=2(a’+ P*+c*+a?/N
T, =2(ab+ac+ bc)/N

7y =2(a*+ b+ c*+a’)/N
7= 2(a’b? + a’c? + b¥c?)/N
7,3 =2(a%bc+ ab’c + abc?)/N
1, =2(a’b+ac®+ bc)/N
1,5=2(a3c+ab’+ bc®)/N

For example, if we choose n,=1, a=0.1, b=0.2 and ¢=0.5, we obtain an SROAD
design with a =0.9683 from equation (12).
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