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CONTROL THEORY AND DYNAMICAL SYSTEMS

FriTz COLONIUS WOLFGANG KLIEMANN
Institut fiir Mathematik Department of Mathematics
Universitat Augsburg Jowa State University
86159 Augsburg, Germany Ames, Iowa 50011 USA

ABSTRACT. Control systems can be considered as dynamical systems on the space
U x M, where U is the set of admissible control functions, and the manifold M is
the state space of the control system. This point of view allows us to study in this
survey paper single trajectories depending on the control and the initial value, and
it results in a number of connections between control theory and the theory of dy-
pamical systems. On the one hand, one obtains new results for control theoretic
questions, on the other hand one finds new (explicit) examples for many concepts in
dynamical systems. Of particular importance are concepts like topological transitiv-
ity, chain recurrence, limit sets, Morse decompositions, linearized flows, subbundle
decompositions and spectral theory (Lyapunov exponents), and their control theoretic
analogues. This approach also yields, among others, new perturbation theorems for
ordinary differential equations. We will study in detail applications to the (feedback)
control about hyperbolic fixed points and the controllability around the attractor in
the Lorenz equations {‘control of chaos’).

1. Introduction _

The analysis of complex behavior in dynamical systems has made rapid progress
in the last years, and it has attracted considerable interest with mathematics (and
also general scientific) audiences. In the center of this analysis is the study of
nontrivial limit behavior (attractors, fractals, ergodic and entropy theory) and its
parameter dependence {bifurcation theory, perburbation theory). The recent text
books of Mafié [62], Ruelle [75], and Schuster [77] illustrate these points.

If a dynamical system (in continuous time) is given as an ordinary differential
equation # = X¢(z), one can consider a family of differential equations

£ = Xo() + 3 w(OXi(a), )
i=1
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where the X;, i =1...m are vector fields, and the u;, t = 1...m are functions with
values in R, i.e. (%i)i=1..m =u €Y := {u: R = U C R™}. The additional term on
the right hand side of (1) can be interpreted in different ways, leading to different
but closely connected mathematical problems:

(i) as global, time dependent perturbations of an ordinary differential equation
by the vector fields X7 ... X,,. Here the perturbation is given, and one wants
to study the limit behavior of the trajectories of (1) for £ — oo relative to
the limit behavier of £ = Xo(x). For v € U time invariant and small one
obtains the typical setup of perturbation theory.

{(ii) as control, where the vectorfields X, ...X,, determine the input structure
and U C R™ is the given control range. Here the problem is to choose
among the admissible control functions « € I one function in such a way
that the system (1) has a particular behavior, e.g. reachability of a point
y starting from z, stabilization at a fixed point or a periodic trajectory,
sometimes with additional properties.

(iii) as parameter uncertainty, where the question is e.g.: Given X;...Xm, how
large can the uncertainty range U be, such that 2 stable fixed point of the
“nominal system” & = Xy(z) remains stable? This problem can be combined
with (ii): Consider the equation # = Xy(z) + Du;(#)X:(z) + Zv;(1)Y;(z),
where the second term on the r.h.s. describes the control, the third term
is the parameter uncertainty. Now we can study the question, for which
uncertainty range V C R", ie. (vj)j=1,.n EV={v:R=>V CR"}is
there a u € Y, such that the system with this control u is stable for all
v € V (stabilization of uncertain systems).

(iv) as stochastic process, e.g. as “white noise”, leading to an It5 stochastic dif-
ferential equation. Here one can discuss e.g. questions about the existence
of a stationary (ergodic) solution, about the law of large numbers, large
deviations, etc.

In this paper we will discuss in particular the aspects (i) and (ii), and its relations
to the theory of dynamical systems. The interpretation of (1) as a dynamical system
(control flow) is the starting point of the analysis, which will lead, among others,
to two quite close connections between control and chaos. With respect to (iii) and
(iv) a few short remarks must suffice here,

The ergodic theory of Markov stochastic processes, e.g. as solutions of stochastic
differential equations, has always been developed in close vicinity to the ergedic
theory of dynamical systems (cp. e.g. Ventcel [93] and Maiié [62]) by analyzing
the limit behavior of Markov transition semigroups on the corresponding function
spaces. The so-called support theorem for stochastic differential equations (cp.
Stroock and Varadhan [90], Kunita {56),{57]) allows furthermore, to associate the
trajectories of a diffusion process with those of a control system, and to characterize

in a control theoretic way the supports of transition probabilities or of invariant mea-
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sures, see Kunita [57] or Kliemann [54] and the domains of multistability, Colonius
et al. [33]. For certain problems, like the exponential convergence of trajectories,
the analysis of transition probabilities or invariant measures on the state space is too
rough (see Baxendale [7]). Here the dynamics in form of the induced stochastic flow
(random dynamical system) plays a crucial role: To study exponential convergence,
one linearizes the stochastic system over a stationary solution, and characterizes it
locally using the theorem of Oseledeé [67] and associated invariant manifolds (see
e.g. Ruelle [73), Carverhill [18], Boxler [16], Dahlke [40]). In the same way, by
associating stochastic flows and control flows, one can clarify the fine structure of
invariant measures etc. (Colonius and Kliemann {24]), also for non-Markov sto-
chastic systems. In this approach, Markov processes are characterized by certain
measurability and hyperbolicity properties (Crauel [36]; [37]). All in all, these few
remarks concerning (iv) show the close proximity of approaches for the analysis of
the long term behavior of stochastic, dynamical , and control systems. Many more
detailed results can be found in the conference proceedings [3] and {71]. Meanwhile,
a consistent stochastic bifurcation theory (Arnold and Boxler [2], Boxler [17]), a
theory of stochastic normal forms (Arnold and Kedaj [4]) and entropy theory (Bo-
genschiitz [10]) has been developed on the basis of stochastic flows, see also Arnold
(1}

Concerning (iii), just a few remarks shall suffice, since a theory of nonlinear
systems with uncertain parameters is still in its infancy. In uncertainty theory, the
state or output of a system are affected in a noticable way (which is different from
the problem of disturbance decoupling), but for stability or stabilization the entire,
uncertain system is to remain stable. This leads to a worst case analysis: If one
knows in a system the growth behavior with respect to all possible uncertainties
about, say, a fixed point, then the maximal (exponential) growth rate determines,
whether the uncertain system is stable at this point. For linear systems, such
considerations are made e.g. in H* theory, (see e.g. Francis [43], Doyle et al. [42]),
or by Hinrichsen and Pritchard [49], Rotea and Khargonekar [72], and Townley and
Ryan [92]. See also Knobloch et al. [55] for an exposition of linear H* theory and
an approach to the nonlinear counterpart. Precise results are obtained by using the
Lyapunov exponents of the associated control flow, see [22],[28],[34]. In the case of
stochastic uncertainties one can analyze again a control system, and the connections
are described using the theory of large deviations, see Amold and Kliemann [5] and
Colonius and Kliemann {22}.

In this paper we will treat the system (1) in particular with respect to (i} and
(ii), i.e. from a control theoretic and perturbation point of view. It will become
clear that control theoretic aspects are also crucial for (i), together with an analysis
of (1) as & dynamical system (control flow). In various ways connections between
control systems and complex dynamics will show up:

On the one hand, controllable systems themselves are “chaotic”, i.e. they have
a dense set of periodic points, are topologically mixing and transitive, and show
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sensitive dependence on initial conditions. (The fact that an embedded chaotic
behavior helps in controlling a system, is emphasized also in some applications, see
e.g. Ott et al. [66] or Shinbrot et al. [85].) We will introduce in Section 2., after the
discussion of some basic control theoretic questions, the concept of control flows,
and relate control theoretic concepts to those from the theory of dynamical systems.
This will allow for a finer analysis of control systems than the usual reachability
and controllability sets.

Using those concepts and a weak form of local accessibility, we will analyze the
limit sets of control systems in Section 3. As applications we obtain.

o Generically the limit sets of globally perturbed ordinary differential equa-
tions are contained in certain control sets, in which the periodic points are
" again dense. “Generic” is understocd here in the strong, topological sense of
“valid on an open and dense set”. Genericity results of this kind are rather
rare in the theory of dynamical systems (they hold e.g. for the hyperbolicity
of linear systems, or for Peixoto-systems on 2-manifolds, see [69]), where one
often has to settle for staterments on residual sets (see e.g. Kupka-Smale sys-
tems, Pugh’s closing lemma, Lyapunov regularity in the sense of Oseledet).
For small perturbations this result can be strengthened to include the re-
lation with the finest Morse decomposition of £ = Xy(z). One obtains a
topological analogue to the measure theoretic result of Ruelle [74], which
says that dynamical systems under small stochastic perturbations live basi-
cally on attractors.

¢ Chain recurrent components of ordinary differential equations £ = Xo(z)
can be steered to periodic solutions, which can be chosen arbitrarily in the
control sets that belong to these components. This result is closely related
to the ‘control of chaos’, as described e.g. in Ott et al. [66] or Shinbrot et
al. [85], see also experiments in Ditto et al. [41]. Here we present as an
example the controllability of the (chaotic) attractor in the Lorenz equation.

The last Sections 6. and 7. are devoted to the discussion of linearized systems
on the tangent and the projective bundle. They show, on the one hand, how the
control structures on these bundles are related to Morse decompositions (and we
obtain a new class of examples, for which finest Morse decompositions exist); on the
other hand, we develop a spectral theory for control systems and discuss connections
with other spectral concepts. Applications of this theory to stabilization of bilinear
systems, and to linear feedback systems with bounded feedback again show how
one can utilize the ideas and techniques developed here to answer classical control
theoretic questions — results in this direction can be found e.g. in [22], [31], [46].
Furthermore, robust feedback design for nonlinear systems can be based on the
detailed analysis of the linearized system and on the global structure of (1) using
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invariant manifolds.

2. Control Systems as Dynamical Systems
In the following, we consider a family of differential equations

z = Xo(z) + Y ui() Xi(z) (2.1)

i=1

on a Riemannian C° manifold M, with dimM =d < co. Here the X;,i=0...m
are C* vector fields and as functions u; we take (ui)i=1.m =2 €U 1= {u: R >
U Cc R™, locally integrable}. We assume that {2.1) has a unique solution ¢(t, z, 1)
for all z € M, u € U with (0, z,4) = z and being defined for ali £ € R.

If one interprets (2.1) as a control system, the first important question is that of
reachability, i.e. denote by

O*(z) = {y € M; thereis u € and t > 0 with ¢(t,z,y) =y}
the positive orbit (reachable set) from z € M, and analogously by

O~ (z) = {y € M; thereis u € 4 and t <0 with ¢(t,z,u) =y}
= {y € M; thereis u €/ and t > 0 with ¢(t,y,u) = z}

the negative orbit, then we are looking for conditions such that, given z,y € M, we
have y € OF(z) (or 2 € O~ (y)). Problems concerning reachability under additional
assumptions, like stability, optimality, etc., can be treated once some basic results
in this direction are obtained.

In general, the answer to this question is very difficult. For linear systems of the
form

#=Az+Bu inR®withU=R"™

a satisfactory criterion can be given (Kalman’s controllability rank condition}: (2.2)
is completely controllable {for all z,y € R?) iff rank (B, AB,...,A?"'B) =
The proof simply uses the explicit solution of (2.2) {variation of constants for-
mula) and the Cayley-Hamilton theorem. If the rank of the reachability matrix
(B,AB,...,A%"1B) < d, one can steer z into y, if both points are in the smallest
A-invariant subspace of R? which contains B, i.e. in the linear space generated by
the columns of the reachability matrix.

Complete controllability of linear systems (with I/ = R™) is equivalent to a seem-
ingly weaker condition, namely int O%(z) # ¢ for all z € R? (accessibility), where
‘nf’ denotes the interior of a set. The equivalence is proved via the observation
that accessibility holds iff the Lie-algebra

L = LA{Az + Bu; u € R™} = LA{Az, by, ..., bm}
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has rank d for all z € RY. (Here the b;,...,bn, are the columns of B, and for a
set H of vector fields LA{H} denotes the Lie algebra generated by the elements of
H.) For z = 0 this is exactly Kalman’s criterion. In this sense accessibility and
controllability are the same for linear systems (2.2).

In the case of nonlinear systems (2.1) there is a gap between these two concepts:
accessibility does not imply controllability. The accessibility problem is very well
understood these days with the help of geometric control theory: A somewhat
sharper version (local accessibility, i.e. for all neighborhoods N C M of = and all
t > 0 it holds that int Ozt(z)r‘lN # ¢, where Ozt(z) consists of the points reachable
up to time ¢ > 0) can be described again by a Lie algebraic criterion, namely

L =LA{X, + Zu; Xi(2); (%) = u € U} has rank d for all z € M.

(These are the theorems of Frobenius [44] and Chow [20].) If £ has the maximal
integral manifolds property then the state space of (2.1) can be reduced to such a
‘maximal integral maunifold, since these are invariant for (2.1), and there the above
Lie-algebraic condition holds, see e.g, Sussmann [88]. If the Lie-algebra £ is not
integrable, the orbits of (2.1) in M are still immersed submanifolds; however, one
has to give up the connection between accessibility and the rank criterion.

For complete controllability there is — under the assumption of accessibility —
a series of sufficient conditions, all of which use specific properties of the system’s
vector fields, see e.g. the textbooks of Isidori [51] or Nijmeijer and van der Schaft
[65). However, in general this property is not even satisfied for relatively simple
classes of systems, such as systems on the unit sphere $2~1 C R?, which are obtained
as projections of linear systems in R? onto §4-1, cp. Section 6. Therefore it is
important to clarify the control structure of accessible systems, ie. to identify
those regions in M, where any two points are reachable from each other. At least
on compact manifolds, or in compact, invariant sets of (2.1), such regions always
exist.

For the rest of this paper we always assume (local} accessibility, i.e.

dim LA{X, + Zu; X;; (u;)=uelUl(z)=dforallz € M (H)

holds, and also U ¢ R™ is compact and convex.

2.1. Definition. A set D C M is a conirol sef of (2.1) if
(i} D C £O*(z) for all z € D,
(ii) for all z € D there is u € U with (t,z,u) € Dforall t €R,
(iii) D is maximal (with respect to set inclusion) with the properties (i} and (ii).
(Here ‘cf’ denotes the closure of a set.)

In the context of control theory, in particular for the construction of suitable
feedback laws, only those control sets D play a role, for which int D # ¢ holds. For
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these control sets (ii) is automatically satisfied, and we have furthermore: Control
sets are pairwise disjoint, connected, cf(int D} = ¢f D, and int D C O*(z) for all
z € D, i.e. each point in int D is precisely reachable from any point in D,

Besides controllability the concept of limit sets is crucial for the analysis of the
long term behavior as ¢ — oo, such as stability, global perturbations, control of
complex behavior. For this aspect, a study of the control sets is, in general, not
sufficient;: Reachability is a finite time concept, i.e. y is reachable from z if there
is u € U and ¢t > O with ¢(t,z,u) = y. If a system is completely controllable, then
M is the control set, and all limit points are again contained in this control set. If
D G M, this fact need not hold. Therefore, one defines in analogy to the concept
of chain recurrence in the theory of dynamical systems, so-called chain control sets:

2.2 Definition. A set E C M is a chain control set of (2.1) if

(i) for all z,y € E and all £,T > 0 there aren € N, z = zg,...,%, = y in
M, ty...tp-y >T and ug...uy—1 €U with d(tp(t.',:r.',u.'),t.'+1) < ¢ for all
1=0...n—1, where d{,-) is a Riemannian metric on M,

(ii) for all z € E there is u € U with ¢(t,z,u) € E for all £ € R,

(iii) E is maximal with the properties (i) and (ii).

Chain control sets are pairwise disjoint, connected, and closed. The following
example illustrates the difference between control sets and chain control sets.

2.3. Example. Consider the control system on M = S!, given by

& = —sin? z 4 acos’ z — u{t) cos’ z,
z€Rmod2xr, a>0, U=[4,aCR.

This system has four control sets with nonvoid intetior (see Figure 1.)

D, = [O,arctan(a — A)llz] , D, = (1r _ arctan(a __A)IIZ,_’I_) ,
Dy =Dy +m, Di=Ds+m.

However, there is only one chain control set E = 8!, cp. [24], where a general
procedure is described to determine the control sets and chain control sets on one-
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dimensional manifolds.

Figure 1. Control sets and dynamics for Example 2.3.

This example shows in particular that chain control sets do not necessarily reflect
the reachability structure of a system. Therefore, the relation between the control
and the limit structure plays an important role in the sequel, in particular we look
for conditions, under which the limit sets are contained in the intericr of control
sets. This will enable us to analyze various aspects of the long term behavior also
for systems that are not completely controllable.

So far, we have argued with the orbits and chain orbits of the system (2.1},
where the contribution of each single trajectory {¢(f,z,u); t € R} is lost. A precise
analysis of the global fine structure of control systems is not possible with these
concepts alone, just as for stochastic systems, where one has to use the associated
stochastic flow to be able to answer certain questions. In complete analogy we will
define the control flow on ¥ x M, which describes the precise behavior of (2.1)
and which yields via the theory of dynamical systems, results for control systems.
In this way another mathematical area, which has enjoyed substantial progress
over the last years, can be utilized for control theory, in addition to the theory of
ordinary differential equations, differential geometry, Lie groups and Lie algebras,
linearization techniques and linear algebra.

A continuous dynamical system (or flow) on a metric space § is given by a
continuous map ¥: R x § — § with (i) Yo = id and (ii) Y4, = ¥t 0 ¢, for all
t,s € R. (Here we have used v = 1(1,-).) For a given, nonconstant function
u € U the map (¢,z) — ¢(t,z,u) does not define a flow, as u is time varying. If
one considers, however, the entire family of differential equations (2.1), indexed by
u € U, then one can define a corresponding control flow on § = U x M, in the
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following manner:
S RxUxM-UxM, &tuz)=(ut+-)pEz,u)).

The shift #;u(-) = u(t +-) on U, which is itself a dynamical system, guarantees
the desired group property (ii), and turns & = (0,¢) into a skew product flow,
For compact and convex U/ C R™ the set U is a compact, complete, metric space,
if equipped with the weak* topology of ¥ C L™(R,R™) = (L'(R,R™))". This
also yields continuity of . The use of the weak*-topology on U is appropriate
for control theoretic considerations, because convergence of u, — u in U implies
uniform convergence of ¢(-,z,un) — (-, £,u) on compact time intervals.

2.{. Remark. For a fixed feedback v = F(z) € U with F Lipschitz continuous,
the equation = Xy(z) + LF;(z)Xi(z) defines, of course, a dynamical system on
M. But for this one has to choose a certain feedback, which restricts the possible
control functions a prieri. Furthermore, for nonlinear systems it is not appropriate
to consider only continuous feedback laws, see e.g. Sontag [84]. Sussmann [89] and
[86] describe a construction to obtain piecewise smooth feedbacks from open-loop
controllability of points for controllable systems.

2.5. Remark. The control flow ® consists in its first component (i, #) of the time
shift, for which only the concepts of topological dynamics are appropriate. In the
second component, which by itself is not a flow, we find the smooth dynamics of
the vector fields — and hence linearization techniques etc. can be used there, cp.
Sections 6. and 7. Similar constructions for the definition of flows corresponding to
non-autonomous differential equations were described in the 60’s by Sell [79] and
Miller [63], in particular for the almost periodic case. In the theory of stochastic
differential equations with randem perturbations §; instead of u(t) in (2.1), it is
common place to consider the system over the trajectory space of £;. The classical
construction of Kolmogorov leads, for stationary £, to a shift invariant probability
measure P on this space, which is considered given in the stochastic theory. In
contrast, for the ergodic theory of control flows one first has to construct shift-
invariant measures, e.g. via the Krylov-Bogolgubov device, see e.g. [CK4].

Let us recall the following concepts from the topological theory of dynamical
systems (see e.g. Maiié [63]). In the following (S,1) denotes a flow on a metric
space.

2.6. Definition. The limit set w(s) of s € § is given by
w(s) = {y € S; there is t; — oo with ¥(¢,s) — y}.
(S,%) is topologically transitive, if there exists s € S with w(s) = S.

(S,) is topologically mizing, if for all open sets V3, V3 C S there exist times Tp € R,
Ty > 0 such that for all n € N we have ¢(—nT) + To, )N Va £ 4.
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A closed -invariant subset W C S is mazimal topologically transitive, if (W, ¢|w) is
" topologically transitive, and if for each closed W' 5 W with (W', ¥|w) topologically
transitive, we have W' = W. Similarly maximal topologically mixing sets are
defined. .

We obtain a relation between these concepts for the control flow (24 x M, &) and
the control sets of {2.1) in the following manner: Define the lift of a control set
D C M with int D # ¢ to a ®-invariant set D in U x M by

D =cbt{(u,z) €U x M; @(t,z,u) € intD for all t € R}. (2.3)

2.7. Theorem. Let U C R™ be compact and convex, and assume (H).

(1) If D C M is a control set with int D # ¢, then D, defined by (2.3), is a
maximal, topologically transitive (and mixing) set with

imntD=dntayD and dD=clnryD. (2.4)

Here 7r denotes the projection from & x M onto the second component,

(ii) f D C U x M is a maximal, topologically transitive (or mixing) set of
(U x M, ®) with int mps D # ¢, then there is a control set D C M satisfying
(24).

2.8. Remark. In fact, under the assumptions of Theorem 2.7.(i) one obtains more:
The periodic points are dense in (D, ®|p) and @ has sensitive dependence on initial
conditions in D. Furthermore, one obtains immediately from this theorem: The
system (2.1) is completely controllable on M iff the flow (¢ x M, @) is topologically
transitive (or mixing).

For a proof see [25], Theorem 3.9.

Next we describe the limit set structure of a control system and define for a flow
(S, 1) (compare, in particular, Conley [35]):
2.9. Definition. Let ¢,T > 0. An (¢,T)-chain from = € S to y € S is given by
neEN,z=xp...2p=y1in §, ty,...,ta—1 > T such that d(l/)(t., i) Tit1) < € for
t=0...n-1 Here d(+,+) is the metnc on S.
The cham limit setofz € S is

Q(z) = {y € §; for all £, 7 > 0 there is an (¢, T)-chain from z to y},

and the chain recurrent set is defined as CR = {z€S8; zeQ(z)}.
The flow (S,9) is chain recurrent, if § = CR, and chain transitive, if y € {)(z) for
all z,y € S.

For the control flow (U x M, &) we lift again the chain control sets E C M to
Ux M via

£ = ct{(u,z) €U x M; p(t,z,u) € F for all t € R}. (2-5)
The analogue of Theorem 2.7 is the following result. -
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2.10. Theorem. Let U C R™ be compact and convex, and assume (H). For a set
£ CUx M, the set E = wps £ is a chain control set in M iff £ is a maximal, chain
transitive set of (U x M, ®). In particular it holds:

(i) For all (u,z) € U x M with {o(t,z,u), £ > 0} bounded, there exists a
chain control set E C M with w(u,z) € &, the corresponding lift, and hence
apw(u,z) C E. (Here the limit set is with respect to the flow (U x M, ®).)

(ii) For all minimal, ®-invariant sets W C U x M there is a control set D C M
such that mpy W C el D.

For the proof of Theorem 2.10 see [25], Theorem 4.1 and Lemma 5.3.

Theorems 2.7 and 2.10 clarify some basic relations between the control and limit
structure of (2.1) on the one hand, and the control flow on the other hand. In the
next section we analyze the connections between these two structures, aiming at
the control of (complicated) limit behavior.

3. Limit Behavior of Controlled Trajectories

In this section we discuss the behavior of controlled trajectories as ¢ — too.
According to Theorem 2.10, the limit sets are contained in chain control sets and
their lifts. For control theoretical purposes it is important to know, under which
conditions trajectories enter areas of complete controllability. A characterization of
this property is the aim of this section, various applications will be discussed in the
remaining parts.

We start by defining (partial) orders on the sets of control sets and of chain
control sets in the following way: ‘

Let D;,D; C M be control sets of (2.1), define
Dy < Dy if there is z; € Dy with O+(I1) nD, -',é é. (3.1)

“<” is a partial order on the set {D C M; D is a control set of (2.1)}, and under
the hypothesis (H) we have:

3.1. Lemma.

(i) Open control sets are minimal, and closed control sets are maximal elements
w.r.t. <.

(ii) Invariant control sets C C M, i.e. £O%(2) =c£C for all z € C, are always
closed, and hence maximal w.r.t. <. _

(i) If M is compact, or if K C M is a compact, invariant set of (2.1), then there
exist (at least) one open and one closed control set in M (or in K C M,
respectively), and these are exactly the minimal and the maximal elements
w.r.t. <.
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In a similar way we define for chain control sets E,E' ¢ M

E < E' if there are chain control sets E=E, ... Er = E' and
(v1,z1)...(uk,zk) in U x M with wprw*(ui, z;) C E;
and wpw(ui, ;) C Eggq fori=1,..k—1.

(Here w* denotes the limit sets for ¢ - —c0.)

(3.2)

‘<’ is a partial order on the set {E C M; E is chain control set of (2.1)}, and it
holds: For each control set D C M there exists exactly on chain control set E(D)
with D C E(D). If Dy < Dy, then E(D1) < E(D;), and as Example 2.3 shows, -
equality may hold here. The connection with Morse decompositions is given by

3.2 Proposition. The number k of chain control sets is finite iff the control flow
(U x M, ®) has a finest Morse decomposition, i.e. iff the number k' of the connected
components of the chain recurrent set is finite. In this case we also have k = k.

The proof follows from Theorem 2.10. This theorem and Proposition 3.2. show
that chain control sets and their order describe the limit behavior of the trajectories.
For control sets we know first of all that each minimal set of the flow &, projected
onto M, is contained in the closure of a control set (Theorem 2.10(ii)). From
this fact we see immediately that for all (u,z) € & x M there is a control set D
with myrw(u,z) NcfD # ¢. But this does not guarantee that int D # ¢ or that
mpw(u, z)Nint D # ¢ hold. This last statement would imply that masw(u, ) C c€.D
for some control set with int D # ¢, and then one would be able to control the
limit behavior of this trajectory. The following example shows the difficulties that
can arise, if these conditions are not fulfilled.

3.3 Example. Consider the linear system in R?

EY_( 1 w)\(=z R A |
(9) B (ul(t) Uz(t)) (y) with U = [0,2 x [1,2],
and its projection onto the unit sphere 8! C R?. We parametrize S! by the angle

o € R mod 27 with @ = 0 for z = 1, y = 0, and obtain for the projected system
four control sets with nonvoid interior

In T
D1=(T’”)' D2=[Zv§, Dy=Dy+7, Dy=D;+m,

and a continuum of one-point control sets

Dy ={a}, aeS'\ (UD.-) = A.

i=1
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The points in A are fixed points on S! corresponding to u4(t) = 0 and us(t) =1,
see [26], Example 5.3 and {24].

D,

N
&///D,

4

Figure 2. Control sets and dynamics for Example 3.3.

For a € A and u(t) = () we have rg:w(y,a) = Dy, but the projected system
cannot be steered back to o after a small perturbation to g > «, and it cannot be
stabilized at the point a.

Therefore, we try to find conditions, under which mpw(u,z) C int D for some
control set I} holds.

3.4, Definition. The pair {u,z) € U x M is called an inner pair, if there are T > 0
and S > 0 with (T, z,u) € int Ogﬂ_s(:).

It follows from hypothesis (H) that OF,(x) has nonvoid interior for all ¢ > 0.
Now the property of inner pairs means that the trajectory ¢(+,z,u) is eventually in
the interior of the reachable set from z. This excludes basically those trajectories
that appear as optimal ones in time optimal control problems. Using the concept
above we obtain the following characterization:

3.5. Theorem. For(u,z) € UxM let the positive trajectory ¢t (z,u) := {p(t,z,u); t =
0} be bounded. Then the following statements are equivalent:

(1) w(u,z) consists of inner pairs,

(i) mprw(u,z) C int D for some control set D C M of (2.1).

The proof of this theorem can be found in [28], Theorem 4.4. The remaining
problem is to find simple criteria for (u, z) such that w(u,z) consists of inner pairs.
In Section 5. we will demonstrate strategies for two examples, the model of a
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chemical reaction and the Lorenz equation. Here we point at two rather general
criteria.

J.6. Remark. The maps ¢(t,+,u): M — M are diffeomorphisms on M, forming for
t 2 0 a semigroup §. If § is a subsemigroup of a Lie group acting on a homogeneous
space M, then (H) implies that § has nonvoid interior in G, the group generated
by &, see e.g. Brockett [12]. In this case it is easy to see that we have for g € intS:
(ugy2) is an inner pair for all z € M, where u, € U is a control associated with
the diffeomorphism g. This includes in particular the action of matrix groups on
spheres S4-! or on flag manifolds.

3.7. Remark. Consider the control system (2.1) with a constant control u® € U. We
can analyze the system ‘translated by u%": & = Xo(z) + ZulXi(z) + Lvi() Xi(2),
where v(t) € V := U —u°. According to Theorem 3.5. the limit set 7 pw(u®,z)
is contained in the interior of a control set, if all points y € mpw(u®,z) are locally
controllable for the translated system. A survey of results on local controllability
can be found in Bacciotti [6]. In particular, let us mention the following criterium,
which is particularly simple to verify: Let Y(z) = Xo(z) + ZulX(z) and denote
by ad{‘,X.- the k-th Lie derivative of the vectorfield X; along ¥. Then we have for
u® € int U: y € myw(u®, ) is locally controllable for the translated system, if linear
span {ad}X;, i=1...m, k=0,1,2,... }(y) = T, M.

Summing up, we obtain for the results above for control theoretic applications:
If
mpw(u, z) C iat D for some control set D, then the system can be steered from z
to any point y € int D; in particular, trajectories with a simpler limit behavior can
be realized in int D, e.g. periodic orbits with sufficiently long period. Recall that
through any point y € int D there passes a variety of periodic trajectories of the
control system, and vice versa all periodic trajectories of (2.1) are contained in some
control set. In Section 5. we will discuss two examples, but first of all we present
some consequences for the perturbation theory of ordinary differential equations.

4. Two Perturbation Theorems for Ordinary Differential Equations

In this section we consider time varying perturbations of ordinary differential
equations, and we study their limit behavior using the concepts from the previ-
ous sections. In the literature the perturbation problem is usually formulated like
this: Given a small, possibly periodic perturbation of a differential equation, which
qualitative properties (e.g. the existence of periodic solutions) remain valid under
the perturbation (persistence, see e.g. Murdock [64]), and which ones are changed
(structural stability, bifurcation, see e.g. Ruelle [75]). Here we ask the question
in the following form: = What is the behavior under all possible, time varying
perturbations with values in a given set? It turns out that under certain richness
assumptions on the perturbation, the limit sets of the perturbed equations and their
relation to the Limit sets of the original, unperturbed equation can be described in
detail.



135

As a first step we consider perturbations with values in a bounded set. We for-
mulate the results for compact manifolds, but all hold as well for compact, invariant
sets. ‘

Consider the differential equation
3= Xo(z) (“.1)

on a compact manifold M , together with time varying perturbed right hand sides
of the form

m
Xo(@) + ) uilt)Xi(2), (42

i=1
where, as in Section 2., u € ¥ with U C R™ compact and convex. We analyze
the limit behavior of the trajectories w(t,z,u) for t — *oo. According to Lemma
3.1.(iii), there are on M (at least) one open and one closed control set of (4.2), and
these are exactly the minimal (and maximal, respectively) elements with respect
to the order <, defined in (3.1). Furthermore, on a compact manifold there are at

most finitely many open or closed control sets with nonvoid interior.

4.1. Theorem. Under Hypothesis (H) for (4.2) we have: The set

{(u,z) €YU x M; there is T > 0 with: for all t < —T we have
¢(t,z,u) € int C*, some open control set, and for all t 2 T we have

@(t,x,u) € int C, some closed (i.e. invariant) control set}

is open and dense in U x M. In particular we have for the limit sets mpw*(u,z)
and marw(u,z) in an open and dense subset of U x M: wyw*(u,z) C cf C* and
myw(u,z) C C.

This result, the proof of which can be found in [28], has various stochastic and
measure theoretic analogues, see e.g. Ruelle [74] or Kliemann [54]. It says that
generically all limit sets are concentrated on the finitely many open or closed con-
trol sets; it therefore describes a relation between limit sets and the minimal and
maximal topologically transitive components of the associated control flow. Out-
side of these control sets there are therefore only limit sets of a “thin” subset of
perturbations u € ¥ and initial values z € M (and they are contained in the lifts
of chain control sets).

4.2. Remark. If D C M is a control set (with int D # §), then we have, of course,
for all (u,z) € D, (the lift of D to U x M) that myw(u,z) C ¢f D holds. Now we
have with respect to the behavior of w(u,z) in D: The set {(u,z) € D; wmw(u,z) =
¢f D} is residual in D, ie. this set contains a countable intersection of open and
dense subsets, in particular it is dense in D.

4.3. Remark. H D C M is a control set (with int D # ¢), then for each 2 € D there
is u € U with myw(u,2) C int D, and @ € U with 7yw(ii,z) = ¢fD. Indeed, any
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point y € {J D' can be in the projection of a limit set with initial value z € X.
DSD’
The converse problem, i.e. is there for a control set D and a perturbation u € If a

point z € D with myw(u,z) C ¢f D, is a central question in the ergodic theory of
control and stochastic systems, see [24]. Simple examples show that this need not
be the case. This property is satisfied, however, for the action of linear semigroups
on spheres or projective spaces, which will be considered in more detail in Section
6.

We now turn to the problem of small perturbations of the differential equation
(4.1). We embed (4.1) into the following family of differential equations

&= Xo(z) + 3 ul®)Xilx) (4.3%)

i=1

with 4 = (4;)i=1..m € U? := {u: R > R"™; |u(t)| < p}, where p > 0, and |- | is any
norm on R™. We are interested in the connection between the Morse sets of (4.1)
and the control structure of (4.3%).

Let us assume that (4.1) posses a (finite) finest Morse decomposition M =
{M;,..., M.}, ie. the M;,i=1...n, are the connected components of the chain
recurrent set associated with the flow of (4.1) on M. In particular, the attractors
of (4.1) are the maximal elements of M, see e.g. Conley [35] or Ruelle [75]. We
obtain the following result:

4.4. Theorem. Assume that the chain recurrent set of (4.1) consists of finitely
many connected components My...M,,. Forall p > O and all z € |J M; let
i=1
(0,z) € U? x M be an inner pair of (4.3#). Then we have:
(i) For all i = 1...n there is an increasing family D! of control sets of (4.3°)
with M; C int DY, such that M; = [ D!.
p>0
(ii) Vice versa, if for a sequence p; — 0 and for control sets D+ of (4.3°%) the
set of limit points L := {y € M; there is z* € D?* with z; — y} is not
empty, then L = M; for somei=1...n.

For a proof see [28]. This result says that the chain recurrent components of the
differential equation (4.1) are ‘blown up’ to the topologically transitive components
of the control flow associated with (4.3), if the embedding of (4.1) into the family
(4.37) is sufficiently rich, i.e. if (H) holds and if the points in the Morse sets are
inner pairs of the flow. We would like to point out a connection of this result
with two ideas in the theory of stochastic dynamical systems: Ruelle [74] embeds
a differential equation into a stochastic system with small noise, which satisfies a
nondegeneracy condition, and he shows that for ¢ — oo this system lives basically
on the attractors. If we combine Theorems 4.4 and 4.1, then we have a topological

analogue of Ruelle’s result.
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On the other hand, the Ventcel-Freidlin theory is concerned with small, random
perturbations of dynamical systems and their transient and limit behavior, see [04].
The difference between our approach and the stochastic theories is that we consider
perturbations of bounded size U? C R™, while in the latter the strength of a
nondegenerate noise goes to zero.

We will make a few remarks concerning the meaning of Theorem 4.4, and draw
a control theoretic consequence.

4.5. Remark. One could try to draw from Theorem 4.4 the conclusion that for p > 0
sufficiently small the number of control sets of (4.37) coincides with the number
of chain recurrent components of (4.1). In general, this is false, as the following
example shows. The reason is that even for small p the control system can change
the dynamics of the differential equation substantially.

4.6. Example. Consider the following system on the unit circle M = §*
# = Xo(z) — 3uy + 6up =: X(z,u1,u2), z € Rmod 27,

with U = [-1,1] x [-1,1]. We construct the vector field X, in the following way:
Define for n e N

Sl

Tn s

I

T+

1 1
(—;w+;)
Jn 1= l I 1( + )
n = 2(In+$n+l),2 Tn T Tp-1) ]} -

Then it holds for no sufficiently large and for alln > ng 1 zn € In C Jo C(0,27),
and J, N Jpy1 = ¢. Choose a C* vector field X on [0,27) such that

_2 <Xo(z) < -1 forz €l,
n n
Xf(z)S -2 forz€Ja\n,

and such that for some y, € J, \ In, ¥n < . we have

10
Xo(yn) =—-

n

Then Xo(7) = 0 and we 'require furthermore that there is 29 € (0,7) with

Xo(20) —3-6>0
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so that the system cannot be steered from z = = to y = 2r = 0. With this
construction we obtain the following behavior:
For z € (m,27) and u; > 0 one has

X(.z',ul,O) =.Xo($) —3u; < 0.

Take py = #, ie UPN = [—ﬁ, N] x [--#, }v] Then we have for all n € N with

Y <n<N,andforuy=-4,u,20,z€l,

1 2 3 1
X (I,—N,ug) = Xo(z) — 3uy + 6uy > _F+ﬁ+6u1 > -N:+6u2 >0.

Hence I, is contained in the interior of a control set DY . Furthermore, = is in the
interior of some control set DJ:

1 3 3
X. (ﬂ,ﬁ,ﬂ) =Xo(7r)—ﬁ=—‘—<0 and
1 6 6
X(FO,N) Xo(?l')-l-l—v——]'\'f)o.

Let N > 2nq be given and take j,n € N such that N < j < n < N, then one cannot
steer the system from Djv to DY: The point y, 1s in between DN and DY and we
have for all (u1,up) € UPN:

6 1
X(y,.,ul,uz) Xo(y,.) Ju; +6u; € —— + F+ =< =< 0,

N N N— N

and DY N DY = ¢. Similarly one obtains for n € N with & < n < N that
D({V n D,’,v = ¢ holds. Then we have for even N € N at least % +2 —ny control sets
with nonvoid interior, namely DY, DN N2 .. DY, while X can be chosen on [0,27)
in such a way that the differential equa.tlon % = Xo(x) has only two connected
components of its chain recurrent set {e.g. a stable and an unstable fixed point).
Note that in this example the number of chain control sets goes to infinity with
PN = % — 0. For any given control range U” a control system has only finitely
many control sets (with nonvoid interior) on a one dimensional compact state space,
if (H) holds, see [24].

4.7. Remark. Between the order on the Morse decomposition M = {M;...M,}
(see Conley [35]} and the associated control sets Df we have the following relation:
M; < Mj implies Df < Df for all p > 0. If M; 75 Mj, then there exists pg > 0
such that for all p € (0, po) it holds that D! # D7, and hence D! N Df = §. Vice

versa, if (] Df and () DY are nonvoid and if for p small enough Df % D? holds,
p>0 >0
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then M; < M;. In particular we obtain: The maximal (and the minimal) Morse
sets of (4.1) correspond exactly to the maximal (and the minimal, respectively)
control sets of (4.37) for p small enough. Hence attractors of (4.1) are in one-to-one
correspondence with the invariant control sets. Additional control sets, like those
in Example 4.6, can be neither open nor closed. :

As a last remark in this section we draw a control theoretic consequence from
Theorem 4.4, concerning complete controllability with arbitrarily small controls.

4.8. Corollary. Under the assumptions of Theorem 4.4 we have: The system
(4.3#) is completely controllable for all p > 0 iff the flow of the differential equation
(4.1} is chain recurrent on M.

This corollary generalizes results of Lobry [59], Cheng et al. [39] and Jurdjevic
and Quinn [53].

5. Two Examples

In this section we discuss examples that show how to use the theory developed
so far for control of the dynamical behavior of systems. The first example is the
model of well-stirred tank reactor, which is to be controlled around a hyperbolic
fixed point, and the second example concerns the controlled Lorenz equation, for
which we want to change the (numerically observed) strange attractor to a simpler
limit set, namely a periodic trajectory. In both cases the system is not completely
controllable, but the limit sets of the uncontrolled system are contained in the
interior of control set, in which we can accomplish the desired changes. For the
Lorenz equation we will use a generalization of Theorem 3.5.

The model of a well-stirred tank ractor is given by the equations (see e.g. Golu-
bitski and Schaeffer [45] or Poore [70])

f z —_y — — - z -
(;;) = ( o )J”‘(t) (% 0 ﬂ) = Kola)tult)Xaf).
(5.1)
Here z, is the (dimensionless) temperature, z; is the product concentration, and a,
o, B, z. are positive constants. As control we use the heat transfer coefficient, and
take u{t) € U = [-0.15,0.15] C R. The state space for (5.1) is M = (0, o) x (0,1).
For our analysis we have taken a = 0.15, @ = 0.05, B = 7.0, and coolant temperature
z, = 1.0, see Poore [70] for the system behavior with different parameter values.
The uncontrolled equation for © = 0 has 3 fixed points in M, namely

0 ,
0 _ 4
z’ = (ae‘u/(l + ac‘o)) s stable
hyperbolic, i.e. the linearization about z?

21
2! = (ae‘lf(l + aez‘)) ’ 3:13 one negative and one positive eigen-
ue

2
2 _ F4
‘= (ae’z/(1+ae’!)) . stable,
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Here 2° < 2! < 2? are the zeros of the transcendental equation

ae®
—z—a(z—z.)+ B -——}ef =0
z—a(z —x.)+ a(l 1+ae’)e 0

Figure 3. shows the phase portrait of (5.1) for the parameter values chosen above.
1 , v . . . .
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Figure 3. Phase portrait of (5.1) for a = 0.15, « = 0.05, B=7.0, z. = 1.0, u = 0.

The interesting feature of this system is that the stable fixed point 2 with the
highest product concentration cannot be realized because of technical reasons, see
Bellman et al. [8], while the fixed point z? is unstable, and hence it cannot be used
for a technical realization of the system without modification. However, if one can
embed z! into the interior of a control set D, then we can steer the system to z!
from all # € D, and from the entire domain of attraction of D, and stabilize the
system there.

In order to use Theorem 3.5 and Remark 3.7, we compute the corresponding Lie
derivatives of Xy and X3, with these vector fields defined as in (5.1):

]
ad%, X1 =(1 —31)3—1]'

] . 0
adl, X; =1+ Ba(l = 22)e™ (<2 + z)] 5~ + (o —22)e™ (=1 +21) 5~
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ad¥, X; =[(~1.15z, + 0.15 + Ba(1 — z3)e™) Ba(l — z2)(~1+ 1)
— (1 +Ba(l - z3)e** (=2 + 21)) (—1.15 4+ Ba(l — z2)e™)

a
+ Bae™(2— z1) (22 + a{1 — z2)e™) + Ba®e*! (1 — za)(—-1+ 21)] 5~

+ [az1(1 = z2)e® (—1.152z; +0.15 + Ba(l — zé)e"‘) —afl — z3)e™
(14 Ba(1 — z2)e™* (=2 + z1)) + ae™ (1 — 21} {—22 + a1 — z2)e™)

d
+ a1l = z2)e* (=1 + 71 (1 + ae™)) o2y

One sees easily that for z = (21,22) € (0,00) x(0,1) with 1 # 1 the vectorfields
X;(z) and ad), Xi(z) span the tangent space T,.R2. For z; =1 we have

Fé] ]
1 201 - =  —_
(adxoxl)(zr) = (1 - Ba(1l — z3)e) B, +0 Bz5’

and the second component of (ad, X1)(z) vanishes iff 1 — Ba(1 —z9)e = 0. But for
the choice of the parameters above, this equation has no zero in the interval (0,1).
Hence the three vector fields adg(nXl, i = 0,1,2, span the entire tangent space for
all (Il, zz) € M.

Using the results from Sections 3. and 4. we see that there exist control sets Do,
D', D? around the fixed points z°, z!, 22 with z* € int D? for i =1,2,3. Here D°
and D? are closed {invariant) control sets, and D! is variant, i.e. for all z € D!
there is u € U such that (¢, z,u) ¢ D! for t sufficiently large, see Theorem 4.4
with respect to these remarks.

Figure 4. shows the numerically computed control sets D%, D!, D?, and Figure
5. contains the domain of attraction A(D") of the variant control set D, i.e.

A(D) = {z € M; O*(z)ND # ¢}.
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Figure 4. The control sets D, D!, D? of the system (5.1).
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Figure 5. The domain of attraction A(D') of the variant control set D! of (5.1).

As a result of these considerations we obtain that the reactor (5.1) can be steered
to the interesting point z! from ,A(D'), and it can be kept at that point, as long as
disturbances do not perturb the system out of A(D"). Furthermore, the control set
D! and the domain of attraction A{D'} can be characterized precisely via the stable
and unstable manifolds of the hyperbolic fixed points z(u), u € U. This allows the



143

construction of a (discontinuous) feedback law u = F(z), such that z! = z* (u = 0)
becomes a globally asymptotically stable equilibrium on A(D') for the feedback
system. This feedback has certain maximal robustness properties with respect to
disturbances. The explicit construction can be seen in [31}.

Our second example concerns the Lorenz equation

:i:l p(xz - I]) 0
(:z':z) = (—:n I3 4 rey — zg) + u(t) (::1) =: Xo(2) +u{t)X1(z) (5.2)
I3 z172 — by 0 T

with U = [~p,p], p = 10, b = §, r = 28, where p > 0 is a constant. This system
serves as a finite-dimensional model of the Rayleigh-Bénard convection, and we have
chosen as control u the Rayleigh coefficient, i.e. the temperature difference applied
at the boundary, see e.g. Lorenz [60] or Bergé et al. [11].

Equation (5.2) exhibits for the parameter values above a (numerically observed)
strange attractor A C R?, and we want to answer the question, whether it is possible
to reduce this complex limit behavior to a simpler one, e.g. to periodic trajectories,
using small controls u(t) € U (‘control of chaos’). We will need the following facts,
which can be found e.g. in Hairer et al. [48] or in Sparrow {87].

For constant controls U(t) = u € U the set

R={(z1,72,23) €R* al+ i+ (za—p—(r +u))? €}
is positively invariant for ¢ sufficiently large. Hence the positive trajectories

{¢(t,z,u); t > 0} are bounded for z € R. If r +u > 1, the equation has three
(hyperbolic) fixed points, namely the origin 0 € R® and

z* = (\/5(r+u—1),\/b(r+u—-1),r+u—1) and
P (—\/b(r+u-1),—\/b(7r+u—1),r+u—1).

In order to show the existence of a control set D with nonvoid interior, which
contains the strange attractor, it would be tempting to use Theorem 3.5 and the
criterion from Remark 3.7, just as in the first example. However, this approach
is not successful because of the invariance of the zz-axis. Hence we will use the
following generalization, which does not need the hypothesis (I).

5.1. Theorem. Assume that there exists an open set L C M, such that we have for
allze LandallT' > T > 0: (T, ,0) € int Ot (z) and z € intO_ 1, ((T, x,0)).
Let K C L be a compact set. Then for all 2 € M with {¢(t,z,0); t > 0} bounded
there exists a conirol set D C M such that K N wpyw(0,z) C int D,

We will now check the assumptions of this theorem, whose proof can be found
in [CK8], for equation (5.2) with L =R3\ {z € R%; z; =z, = 0}. Let Xj and X,
be defined as in (5.2). Then one computes

a 2
adx, Xy = p(z — w:)a—zl- +(z1 —pzq — zf)"-m
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. a2
adi, X1 =p(z2 — 1)1 —p— 221 + 23 — 1 - Iz)a—n*

8
+ [(—31:1:3 +rzy —z2)p+{z, — pz1 — zf)(l —p— zl)] .

a a ' a9
ad}nXl = fl(:t:)%-; + fg(z)-'a—;; +p(1122 - bz3)(1'2 - 211)5:;,

where the precise form of the functions f; and f; is not important. We have for
(i) z1 #0, and '

(1) z1 # z2
that X;(z) and (adx,X1)(z) are linearly independent. Furthermore, if

(iii} zyzg — bz # 0, and

(w) g — 23] ?’-‘ 0,
then the linear span of {Xi(z),(adx,X:)}(z),(ad%,X1)(z)} is all of the tangent
space T;R? for those z that satisfy (i)~(iv). Hence the system is locally controllable
at these points, and therefore the assumptions in Theorem 5.1 are satisfied on this
set. For all points that do not satisfy (i)-(iv) and that are not on the z3-axis, one
verifies that the vectorfield X is nowhere tangential to the manifold described by
(i)-(iv). Hence for all points outside the z3-axis one can steer the system with the
control u = 0 immediately into a region of local controllability. This verifies the
assumptions of Theorem 5.1 in the current set up.

Therefore, we obtain the following result: Let z € R? be a point outside of the
z3-axis. Then there exists a control that steers the system from z into the interior
of a control set D, which contains the strange attractor in its interior (actually
the strange attractor intersected with any compact set that does not contain the
z3-axis). In ini D one can follow any periodic trajectory, which is realized in (5.2)
by appropriate steering. Let us recall that through any point in int D there exists
a variety of periodic trajectories.

The simplification of the limit behavior follows this recipe: Embed the attractor
of dimension between 1 and 3 into a control set of dimension 3, and realize there a
limit set of dimension 1.

6. Analysis of Linearized Control Systems

Linearization techniques play an important role in the theory of dynamical sys-
tems for the analysis of local behavior, such as stability statements, Lyapunov ex-
ponents, invariant manifolds, entropy theory, etc. It seems possible to use all these
methods also for the analysis of control systems, but here one faces the problem
that a control system always contains trajectories that are not Lyapunov regular.
Furthermore, there is no ‘natural’ shift-invariant measure on the space I of admis-
sible control functions. But such a measure is needed in the theorem of Oseledes
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[67] for the characterization of the spectrum. In this section we will present briefly
some ideas concerning the control theoretic analysis of linearized systems, and then
state some results on the spectrum in the next part.

Let us start again with a nonlinear contro! system

2 = Xo(z)+ i u;(OX(z) =: F{z,u(t)) (2.1)

.=l

as explained in Section 2. In control theory the linearization of (2.1} is usually done
in the following way: Pick a fixed point z° = 2°(u?), u® € R™ of (2.1) and linearize
the system about this point with respect to z and u. One obtains a “linear control
system” of the form

v = Av + Bu ' (6.1)

where A = D, f(2% u?), B = D,f(2% u%), compare the basic paper by Brockett
[13] and the survey by Sontag [84] for stability results that can be obtained via this
approach. :

Instead of following this procedure, we will linearize the system (2.1) only with
respect to r to obtain a system on the tangent bundle TM. This allows for global
results on M, and will lead, as in the theory of dynamical systetns, to a construction
of invariant manifolds via the linearization, see e.g. [15] and [32]; compare also
Ruelle [73] and Dahlke {40] in the context of stochastic flows.

On the tangent bundle TM we obtain the equation

(Tz) = TXo(Tz) + i wi(t)TX{(Tz) (6.2)

i=1

with initial values Tzo = (z0,v0) € Ty, M, where Tz denotes points in TM, and for
a smooth vector field X on M we write its linearization as TX = (X, DX). In local
d
coordinates on a chart in M this means: If X; = 3 ak_,-(x)-é%; forj =0...m,
k=1

denote by A;(z) = (2%:1"_(—')) " its Jacobi matrix. With this notation we have

TXi(z) = (aji{z), Aj(z)v), where a; is the column (ag;)k=1..4. Then (6.2) is
locally a pair of coupled differential equations

= oo(z) + Y ui(t)ai(z)
i=1

! (63)
o =As(z)v+ Z u;(t)Ai(z)v.

=1
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If 2° € M is a fixed point of the control system (2.1), linearization about z° yields
a so- called bilinear control system

v = Ao(z%)v + Z ui(t)A;(z%)v in RY. (6.4)
i=1
Its analysis gives information about local stability and stabilization for (2.1) in a
neighborhood of z°. For this reason, bilinear systems play an important role for
control theoretic problems, when one uses this linearization approach.
- Before we are able to make statements about the structure of (6.2), we need some
further concepts:  (6.2) induces a control system on the projective bundle PM,
which is given by

(Pz) = PXo(Pz) + i ui(t)PXi(Pz) (6.5)

i=1

with initial values Pzq = (zq, s0) € Pz, M, the projective space in T,, M. Here PX

is the projection of a vector field TX from TM onto PM, i.e. for j = 0...m the
PX; are given locally by

PX;j(z,8) = (@j(z), h (4;(z),s)) -

h(Aj(z),s) = (Aj(z) - sTA,-_(m)s -Id) s, (66)

where 7 denotes transposition and Id is the d x d identity matrix. In the following
we denote the solutions of (6.2) by T¢(-, Tz, ), and those of (6.6) by Pip(-, Pz, u).
Just like the basic control system (2.1), the linearized system (6. 2) and the pro-
_]ected system (6.6) induce associated control flows
TE:RxUXTM - UxTM, T&,(u,Tz)=(0u,Te(t,Tz,u))

6.7
P@:RxUxPM - UxPM, P®(u,Pz)=(0u,Pp(t,Pz,u)). (67)

First we describe the chain control sets of the projectivized system. We have to
introduce some notation. For a chain control set E.C M and its lift £ c U x M

(cp. (2.5)) let
) TE = {(u,(z,v)) € U x TM;(u,z) € £}
PE = {u,(z,Pv)) €U x PM;(u,z) € £}.

Note that T is T®-invariant and the dimension of the fibers is equal to dim M =d.
In fact, TE — £ is a vectorbundle. For a chain control set pE C PM denote the lift
to I x PM by p& and define the Lift to &/ x TM by

7€ = {(u,Tz) € U x TM; Tz ¢ Z implies (u,P(Tz)) € p£},

where Z is the zero section in TM.
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6.1. Theorem. Let E C M be a compact chain control set of system (2.1}.

(i) There are 1 < I < d chain control sets pE; of the projective system (6.5)
on the projective bundle PM with Pr(pE;) C E. The order on these sets
(cp-(3.2)) is linear and we enumerate in such a way that pEy < --- <p Ey.

(il) The lifts v&,i=1,...,¢ are invariant subbundles of (T €, T®|TE) with
TE =7 & @ - - &p & (Whitney sum).

(iii) {p&1,...,pEe} is the unique finest Morse decomposition of the flow P®|PE.

The proof of this result follows from a theorem due to Selgrade [78] describing
the chain recurrent components of projectivized linear flows over a chain recurrent
base space. Recall that according to Theorem 2.10 the lifts p&; of the chain control
sets are the chain recurrent components of the projectivized linear control flow.

Next we will describe the control sets in PAf and their relation to the chain

control sets. We consider the linearized system (6.2) and extend the control sets
from PM to TM

rD; = {Tz € TM; Tz ¢ Z implies P(Tx) € pD;}. (6.8)

For a control set pD and its extension 7D we define the lift to 4 x PM (and U x TM)
by ‘
pD = cb{u,Pz) € U x PM; Pp(t,Pz,u) € intpD for all t € R}, (6.9)

and analogously for 7D.

Now we are faced with a question, which is particularly important for spectral
theory and related problems: Do the rD; define a decomposition of ({{ x TM,T®)
into invariant subbundles? The following example shows that this cannot be ex-
pected in general. '

6.2. Example. Consider again the system from Example 3.3, i.e.

(g;)=(}) g)v+u1(t)([1} }])um(t)(g ‘l‘)v

with U = [0,1] x [1,2]. For the projected system on the projective space P! in R?
we obtain 2 main control sets D; and D;, see Example 3.3., which are connected
by a continuum of control sets with void interior. For constant controls u(t) = a,

uy(t) = B we get the eigenvalues of the system matrix (i ;) as

M= J148) £ far - g4 2148,

Hence for @ # 0, § # 1 the eigenspaces are one-dimensional, but for @ =0, 8 = 1 the
(generalized) eigenspace is R?. Subbundle decompositions necessarily have constant
dimension, hence 1D, 7Dz cannot yield such a decomposition.
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Below we will show that this is an ‘exceptional’ situation. We embed — as in
Section 4 — the control system with fixed control range U into a family of systems
with varying control range pU, p > 0. Then we will show that under an inner pair
assumption the control sets with nonvoid interior and the chain control sets coincide
up to closure for all p > 0, with the possible exception of at most d p-values. For
U C R™ compact and convex with 0 € U denote

Ul =pU = {pujue U} for p>0.

To complete the picture we also consider the case of unbounded perturbatiohs.
Let U = |J U? = L(R,R™) and denote the corresponding control system by
p>0

(2-1)*°. Also for other quantities a superscript p will indicate their dependence on
the control range U? for 0 € p < co. Note that for p = 0 we simply obtain the
differential equation & = X¢(x).

Let E° be a chain recurrent component for (2.1)°. For p > 0 there are unique
chain control sets of (2.1)? with E* C EP. Under an inner pair assumption (cp.
Theorem 4.4) there are also unique control sets D? with E® C int D°. Similarly,
we consider the chain recurrent components pE? in the projective bundle PM (with
Pr(pE?) C E®) of the uncontrolled projective system

(Pz) = PXy(Pz), t €R.

Here i € I, some index set according to Theorem 6.1. for p = 0. Let C(PM) denote
the set of compact subsets of PM with the Hausdorff metric, and consider fori e I
the following maps associating to p a chain control set of (6.5)?

PE,‘ :[0, 00] d C(PM), prp E;o
where pE? C yEf for p > 0.

Similarly we define for ¢ € I maps associating to p control sets of (6.5)” by

pD;: [0,00] = C(PM), pws clpD?
where pD;(0) =pE! and pD? is a control set with pE} C int pD? for p > 0.

The following theorem shows in particular, that these maps are well defined.
Note that some of the pE; (and pD;, resp.) may coincide.

6.3. Theorem. Fix 0 < py < oo and assume that for all p € (0, p1] the systems
(6.5)r are locally accessible. Let E® be a chain recurrent component for the un-
controlled system (2.1)° and for p € (0, p,] let E? denote the unique chain control
set of (2.1)F with E® C E°. Suppose that there is a compact set L C M such that
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E# C L and the set L is positively invariant under all controls u € U, Assume
that the following p-p'-inner pair condition holds:

For all p',p € [0, p1) with p' > p and all chain control sets pEf

every (u,Pz) € pE] is an inner pair for (6.5)°'.

(i) Then for all p € (0, p1] there are unique chain control sets E? with E° C EP
and ¢(p) chain control sets pE{ with Pr(pE?) N E® # ¢; their number £(p)
satisfies 1 < {(p) < d and one has Pr(pEl) = E°.

(i1} For all p € (0, p1] there are unique control sets D? of (2.1} with E® C int
D? and control sets pDf of (6.5)° such that pE? C int pD?; for all but at
most d p-values

int D* = int E? and int pD? = int pE?.
Furthermore, for all p € [0, p,] the projections onto M satisfy Px(Df) = D*.

The first part of this theorem is a consequence of Theorem 6.1. The proof of the
second part which, additionally, uses control theoretic methods is given in [32] (a
proof for the bilinear case is given in [30}). In the next section we will use these
control sets and chain control sets in the projective bundle in order to describe the
Lyapunov exponents of the linearized system.

6.4. Remark. Local accessibility of the projective linear system can be guaranteed
if Hypothesis (H) holds for the system on PM, i.e.

dim LA{PX¢ + Bu;PX;; (u;) = u € U}(x,v) = 2d — 1 for all (z,v) € PM,

compare San Martin and Arnold {82] and San Martin [81] for a discussion of this
hypothesis. Furthermore, [82] shows uniqueness of the invariant control set in PAM
over an invariant control set in M. In [14], Barros and San Martin give more precise
information about the number of control sets in bilinear systems.

6.5. Remark. In the bilinear case, the relation between control sets and chain
control sets of the projected system (6.5) can be described precisely, without the
inner pair condition, see [26]. Here we only mention that each chain control set
pE; contains (at least) one control set pD); with nonvoid interior. Furthermore,
control sets and chain control sets are described by eigenspaces that belong to the
fundamental matrices of solutions which are periodic on P4~! and associated with
piecewise constant periodic controls. .
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7. Spectral Theory of Nonlinear Control Systems

For the analysis of dynamical and of stochastic systems via linearization spectral
theory (Lyapunov exponents) play an important role. As far as we know, there is
no approach to a systematicspectral theory for nonlinear control systems, although
the well-known concepts of the Oselede? spectrum [67], the dichotomy spectrum
(see Sacker and Sell [76]) and the ‘topological’ spectrum (based on the condition
that the zero section is isolated, see Selgrade [78], Salamon and Zehnder [91}) are
applicable to this situation. We want to start a systematic investigation in this
section and analyze the Lyapunov spectrum of nonlinear control systems, as well as
its connections with other spectral concepts. There are several results for bilinear
systems (see [21], {23], and the survey [34]}, which, in particular, have applications
to the stabilization of linear, uncertain systems via output feedback (see [22], [27]).
Let us mention here, that spectral theory for control systems is first of all an open-
lIoop theory, and one has to construct appropriate feedbacks from a detailed analysis
afterwards.

Let us consider again the control system (2.1) and its linearization (6.2), where
we can write, according to (6.3), the solutions of (6.2) as T'p(t, Tz, u) = (¢(t, z,u),
Dy(t,z,u)v) for Txr = (x,v) € T:M. The exponential growth behavior of the
solutions of (6.2) is described by the Lyapunov exponents, which are defined on the
linearized control flow (6.7) :

MUXTM —-R
7.1
Mu,z,v) = limsup % log || De(t, z, ulv|, v#£0 (7.1)
t—oo

where R is the extended real axis. (7.1) defines the forward Lyapunov exponent,
i.e. for t = 0o, and in a similar way the backward exponent A=: U x TM — R is
defined for ¢ — —oo. .

In general it holds even for linear systems: There is, for (z,u) fixed, no decompo-
sition R? = @V, into linear subspaces with Mu,z,v) = A~ (u,z,v) for all v € UVj;
the limsup need not be a lim; and (exponenetial) stability of a system does not
necessarily imply stability under small perturbations of the vectorfield, since con-
trol systems have time dependent right hand sides, see e.g. Cesari [19] or Hahn
[47] for examples in the context of ordinary differential equations. Lyapunov [61]
introduced the concept of regularity, which guarantees the three properties above.
The main result in this direction is the theorem of Oseledet [67), for which one has
to assume stationarity of the underlying flow @ (i.e. the existence of a ®-invariant
probability measure P), together with an integrability condition on the cocycle De.
Then there is 2 ®-invariant set of full P-measure, such that all points in this set
are Lyapunov regular, see e.g. Ruelle [73] for a presentation of this theory, and also
Maifié [62] for the time discrete case. (Note that from a topological point of view
the set of Lyapunov regular points, although of full measure, may be quite ‘thin’,
namely residual, see e.g. Mafié [62].)
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For control systems the situation is somewhat more complex, since one always
has to consider non-regular points as well: Let the vectorfields Xy ... X,, in (2.1)
be linear, i.e. the system is bilinear £ = Aoz + Tu;(t)A;z, with non-zero matrices
Ag...An. Let the space U C R™ of admissible control values be a product of
intervals. Then there is an admissible control function u € U, such that the matrix
function Ag + Zu,(#)A:z is not Lyapunov regular, (examples are easily constructed
using the ideas in Cesari [19] or Hahn [47]). We are interested in the full Lyapunov
spectrum ‘ . : .
Zry = {Mu,z,v); (u,z,v) €U x TM} {7.2)

and therefore we cannot use Oseledeé’s Theorem. In the following we will analyze
T using the projected linearized system (6.5) on the projective bundle FM, and we
will discuss relations with other spectral concepts. For applications to the stability
theory of control systems we refer to the papers mentioned above.

In the following we construct for the Lyapunov spectrum an ‘inner’ approxima-
tion, the Floquet spectrum, and an ‘outer’ approximation, the Morse spectrum.
Then the Lyapunov spectrum is sandwiched in between. Additional assumptions
will imply that the {closure of) the Floquet spectrum and the Morse spectrum and
hence the Lyapunov spectrum all coincide. In this situation, semicontinuity prop-
erties of the Floquet and the Morse spectrum yield continuity properties of the
Lyapunov spectrum. ’

We start by defining the Floquet spectrum, which is based on periodic coefficient
functions for the linear part. Clearly, this can only be guaranteed, if the corre-
sponding control function together with the trajectory in the base space M is peri-
odic. Then the Floquet exponents of the corresponding linear periodic differential
equations will be special Lyapunov exponents. Essentially, the Floquet spectrum
will consist of these Floquet exponents with some convenient additional properties,
which we specify in the following formal definition of the Floquet spectrum of the
system (2.1).

7.1. Definition. Let pD be a control set with nonvoid interior of the system (6.5)
on the projective bundle PM induced by the linearization (6.2) of system (2.1). The
Floquet spectrum of the system (6.5) over pD is defined as

S or(eD) = Mu, z); (u,Pz) € U x int pD,u is piecewise constant,
ri(pD) = periodic with period 7 such that Py(r,Pz) = Pz

The Floquet spectrum over a control set I in the base space M of the system (2.1)
is

S D) = Lre(pD); pD is a control set with nonvoid interior
re(D) = U of the system (6.5) with Pr(pD) C D

Obviously, one has for every control set D C M the inclusion

Zr(D) C Iy,
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Thus the Floquet spectrum furnishes an inner approximation to the Lyapunov spec-
trum.

Next we introduce an ‘outer’ approximation of the Lyapunov spectrum given by
the Morse spectrum. This concept is based on topological considerations. Chain
control sets in the projective bundle PM or the chain recurrent components of
the corresponding control flow P® on & x PM are an appropriate generalization
of sums of generalized eigenspaces. (On the other hand, the Floquet spectrum is
based on control sets corresponding to topologically transitive components of the
control flow and to eigensapces of periodic matrix functions, see [26]). Observing
that chain recurrent components are defined via chains, it may appear natural to
base a corresponding concept of exponential growth rates on chains. This leads us
to the following definition.

For £,T > 0 an (¢,T)-chain ¢ of P® is given by n € N,Ty,...,7, > T, and
(u0,Pzo), ..., (un,Pzn) in U x PM with d(PE(T;, (us, P2;)), (tiga,Pris1)) < € for
t =0,...,n — 1. Define the finite time exponential growth rate of such a chain ¢
(or ‘cha.ln exponent’) by

n—-1 =la:
A¢)= (E T-) D _(log|o(Ti, iy wi)| — log Jzi])

i=0

where z; € P~1(Pz;).
7.2. Definition. Let pL C U x PM be a compact invariant set for the induced

flow P® on U x PM and assume that P®|pL is chain transitive. Then the Morse
spectrum over pL is

Bato(pl) = A €R; there are efF — 0, T* — oo and (¢*,T*) - chains ¢*
Mo/ = mpﬁthh,\((")mn\ask—»oo

For a compact invariant set £ C U x M define the Morse spectrum over £ as
EMD(C) = U EM‘o(l’g)

where the union is taken over all chain recurrent components p€ of P3|(Pr)~1L.
For £ = U x M we call Zpo(U x M) the Morse spectrum of the system (2.1),
denoted by Zjs,.

Of particular interest is the Morse spectrum over a control set D C M with
nonvoid interior and compact closure. Then pC = (Pr)~1D.C U xPpM C UXPM
is compact, where D is the lift of D. Define via this compact invariant set in I x M

z:Ma(vD) = EMO(D)
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Similarly, we define the Morse spectrum Eps,(E) over a chain control set E C M
via the lift to ¢ x M. Theorem 3.7 in [29] implies that the Lyapunov spectrum is
contained in the Morse spectrum, i.e.

Ype CEry C EMoe

Hence the Lyapunov spectrum lies in between the Floquet and the Morse spec-
trum. We are mainly interested in the Lyapunov spectrum, hence we present condi-
tions which imply that the closure of the Floquet spectrum and the Morse spectrum,
and hence the Lyapunov spectrum all coincide.

7.3. Theorem. Let the assumptions of Theorem 6.3 be satisfied. Then the fol-
lowing assertions hold:

(i) Forall p € [0,p1] and for eachi =1,...,¢, the Morse spectrum has the form
Zmo(pEY) = [£*(pEY), x(PE])]

with K..(yEip) < K'(PE;) and K(pE:) < K(pE:) HPE:’ # pEjp andi < j.

(ii) For each i = 1,...,£ the sets of continuity points of the two maps p —
LT pe(pD?) and p — B (pE!) agree. At each continuity point we have
AL p(pDf) = Zmo(pEf). In paraticular, if p is a continuity point for all
i=1,...,¢, then

4 [ 4
cLZre(D?) = | | ofZre(pD?) = Sry(D?) = | Suo(vEr) = Saro( EP).

i=1 =1
Note that there are at most countably many points of discontinuity.

This theorem gives - under the p-p'-inner pair condition - a complete character-
ization of the Lypunov spectrum and the corresponding ‘eigenspaces’ for bilinear
control flows on vectorbundles. The proof follows from the separate analysis of
the spectra together with the inner pair condition and the results in [28], see [32].
For the special case of bilinear systems, see [30]. We also note that the strict in-
equalities in assertion (i) follow from an important (but apparently little known)
theorem which appears in Bronstein and Chernii [9], see also [15]. It sheds new
light on Selgrade’s Theorem [78] and states that a decomposition of a linear flow
into subbundles corresponding to attractor-repeller pairs in the projective bundle
is equivalent to a decomposition into exponentially separated subbundles.

7.4. Remark. Suppose, in addition to be assumptions of Theorem 6.3, that M is
compact. Then the set

{(u,z,v) e x TM; Mu,z,v) € U(EF[(pC), pC is an invariant control set}}

contains an open and dense subset of U X TM. Thus, generically, the Lyapunov
exponents will belong to an invariant control set in PM.

The spectra E1,(pE) corresponding to different chain contro] sets in PM can
overlap, as the following simple example shows:
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7.5. Example. Consider the following 2-dimensional linearized (bilinear) system

:'r=u1(t)(é 2)v+uz(t)(g (1))v+u3(t)((1] g)v

with U = [0,2] x (3,1] x {3,1]. The control sets of the projected system on the
projective space P in R? are given by

pD-l = Hp{(::) €R%L vy =av, a € (-\/5,—-%)}

_ Y1 2. —_ _1_
pD> = np{(vz) ER vu=0m, a € {‘/i,‘\/i]},
where IIp is the projection of R? onto P. The chain control sets are
pE1 =clpDy, pEx=p Dy, see|[CK4].

For constant u € U denote the right hand side of the system equation by

-3 3)

Furthermore, let A;(u), Az(u) be the real parts of the eigenvalues of A(u) with
- A1(u) € Az(u). Then we have {M(u); u € U} = [-1,%] and {Xa(y); v € u} =
[%,3]. Since these intervals are contained in the spectral sets over pE;, and pE;
respectively, we obtain [%, %] C Zry(pE1) N Zry(pEr).

Little can be said about the relation of the different spectra at the p-discontinuity
points of Theorem 7.3. The next example shows that while the spectral intervals
can be different at these points, the closure of the entire Floquet spectrum and the
- Morse spectrum may still agree.

7.6. Example. Consider the bilinear system

b= (2 (1))v+u(t) (_?1 g) o,

with u € U = [A,a] C R. The projection of this system onto the unit circle
§! ¢ R? yields Example 2.3. If we identify the projective space with the angle
@ € [0,7), then the projected system has two control sets, namely (with 0 = =)
pD = [O,a.rctan(a - A)llz] and pD; = (m — arctan(a = A)1/2,1r), while the only
chain control set is pE = P. The associated spectral sets are

1 S@D1) = (0.va=4), SEDy) =(-va=40),
3¢ NpE)=[-vVa—AVa-4]  =IeE)=L.
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Hence the control spectrum decomposes the Morse spectrum I(pE) into two in-
tervals, corresponding to the controllability structure of the projected system. In
particular, we have:

o {Mu,v); u €U} = cfE(pD,) for v € P\ (pD2 U {7 — arctan(a — A)*/?}),

e {\u,v); u €U} = E(pE) for v € pD»,

o {Mu,v); u €U} = LZ(pD,}U {—va — A} for v = 7 — arctan(a — 4)1/2,
Hence only for v € pD; U {7 — arctan(a — A)'/?} is there an u € U, such that
the Lyapunov exponent of the solution is negative, i.e. such that the system is
open-loop stabilizable at the origin 0 from v. '

Finally, we briefly discuss the relation to the dichotomy spectrum (or dynami-
cal spectrum) introduced by Sacker and Sell [76], cp. also Selgrade [78], and the
Oseledet spectrum [67]. We note that a number of interesting connections between
the dichotomy spectrum, the Oseledeé spectrum and the Lyapunov spectrum have
been derived in [52]. The dichotomy spectrum is based on exponential dichotomies
of the flow and, over a chain recurrent base space, this is equivalent to the topo-
logical spectrum. The Lyapunov spectrum is always contained in the dichotomy
spectrum, The intervals of the dichotomy spectrum are obtained by taking' the
unions of overlapping intervals of the Morse spectrum, ¢p. [29]. Example 7.5 above
shows that the intervals of the Lyapunov spectrum correspending to different con-
trol sets (or chain control sets) may overlap. Hence the bundle decomposition of
the Morse spectrum can be strictly finer than the one induced by the dichotomy (or
the topological) spectrum. Furthermore, the bundle decomposition associated with
the Morse spectrum is equivalent to a decomposition into exponentially separated
subbundles. And exponential separation is equivalent to the existence of a scalar
cocycle such that the linear flow multiplied by this cocycle admits an exponential
dichotomy, cp. Palmer [68] and, in particular, Bronshtein [15].

For the case of a base space which is not chain transitive, we note that the
topological spectrum is still associated with attractor-repeller pairs in PM, (cf.
[91], Theorem 2.7.), and the dichotomy spectrum corresponds to a subbundle de-
compositien via the projectors of exponential dichotomies, but the decompositions
corresponding to the Morse spectrum are not defined globally.

The Oseledet spectrum is defined for invariant measures g on the base space.
Hence, for a given u, the associated (measurable) bundle decomposition can be
finer than the one induced by the Morse spectrum. One of the main results of [52]
shows that for all ergodic u the Oselede? spaces are contained in the subbundles
induced by the dichotomy spectrum. Combining this with Bronshtein’s result on
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the characterization of exponentially separated subbundles [15], one obtains that
for an ergodic measure g on the base space the Oseledeé bundles are contained in
the Morse spectral bundles, with y-probability one, see Latushkin [58].
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