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Impurity spin dynamics and quantum coherence
in mesoscopic rings

P. Schwab and U. Eckern

Institut fiir Physik, Universitdt Augsburg, Memminger Str. 6, D-86135 Augsburg, Germany

Abstract We investigate the effects of impurity spin dynamics on quantum coherence in meso-
scopic metallic rings. Spin relaxation induces temporal current fluctuations which are closely related
to persistent currents in such systems. The persistent current is suppressed in the presence of mag-
netic impurities. We discuss spin-polarisation effects, spin-glass ordering, and the Kondo effect
which are shown to restore the current even in the presence of magnetic scattering.

Keywords: Mesoscopic quantum systems; persistent current; magnetic impurities.

1 Introduction

Recent experiments on metallic [1, 2] and semiconducting [3, 4] mesoscopic rings
demonstrated the existence of persistent currents at low temperatures. In the first ex-
periment the persistent current in an ensemble of 107 copper rings [1] was measured.
The current was found to be periodic in the magnetic flux, ¢, with the periodicity
given by half a flux quantum, ¢o/2 = h/2e, and with an amplitude of the order
I ~ evpl/L?* (vr is the Fermi velocity,  the mean free path, and L the circumference
of the ring). Another group measured the current in single gold rings [2]. In that ex-
periment the periodicity was one flux quantum, the amplitude was of the order
I ~ evp/L. Qualitatively these experimental findings can be explained assuming
strong fluctuations of the current from one sample to the other. If these fluctuations
allow for different signs of the current in different samples, the typical current mea-
sured in a single ring is much larger than the mean current in an ensemble. We can
also explain the different periodicities: Expanding the current in each ring in a Four-
ler series,

1(¢) = I sin(2r¢/ o) + L sin(4nd/do) + - - -,

the experimental observation is consistent with the theoretical result that the average
of I; vanishes.

The amplitudes, however, of both the mean current and the current found in the
single ring experiment are larger by about two orders than predicted by theory. Many
efforts have been devoted to an understanding of this discrepancy. Early calculations
for noninteracting electrons predicted an exponentially small current in a grand cano-
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nical ensemble. An important step was the realisation that a much larger current is
found in a canonical theory, i.e. the particle number is fixed instead of the chemical
potential. Unfortunately the result is still two orders of magnitude too small. On the
other hand, it was found {5] that the Coulomb interaction gives an important contri-
bution to the mean current, namely I ~ ).cevpl/Lz, where 4. is a dimensionless
constant characterising the strength of the interaction. Parametrically this is the same
as the observed current, but the estimated value of A, is again far too small. It is re-
markable that the temperature dependence of the mean current is described quite ac-
curately by this theory [5].

The situation is even less clear for the single ring experiment. Analytical calculations
for non-interacting electrons determined the root mean square current to be
(12)'*/ 2~ evpl/L?, much too small, since I/L ~ 1072. The role of the Coulomb interac-
tion for the persistent current fluctuations is still unclear: Analytic calculations which
predicted an enhancement of the current were not convincing [6—8)]. Numerical inves-
tigations are restricted to small systems. In weakly disordered, strictly one dimensional
systems it was found that the Coulomb interaction suppresses the current [9, 10}, while
in systems with many transverse channels an enhancement of the current has been re-
ported [11]. However, compared with the experiment it is still too small.

In the present article we investigate the effects of magnetic scattering on quantum
coherence in mesoscopic rings. In Chapter 2 we briefly review aspects of the theory
of persistent currents. Using the methods of perturbation theory, we consider both
interacting and non-interacting electrons.

In Chapter 3 we extend these calculations to include magnetic scattering, i.e. spin-
flip scattering, spin-orbit scattering, and Zeeman effects. We first discuss paramag-
netic impurities above the Kondo temperature, and then apply the results to the spin-
glass case. At the end of this chapter we take the Kondo effect into account. We must
point out that we are not able to explain the large persistent currents observed experi-
mentally, as we do not find a scenario where the persistent current in the presence of
magnetic impurities is enhanced over the value in the “clean” limit, i.e. without mag-
netic impurities. On the other hand, our results for the current as a function of para-
meters like the impurity concentration, magnetic field and so on, may serve as a test
for the applicability of the theoretical concepts.

In Chapter 4 we consider a related phenomenon, i.e. temporal current fluctuations
which are induced by impurity spin dynamics. Our results are summarised in
Chapter 5.

2 Persistent currents
In the idealised situation, where the effects of magnetic field penetration can be ne-

glected, the persistent current in a ring penetrated by a magnetic flux ¢ is given by
the derivative of the thermodynamic potential,

16) = -—%Kw). (1)

In a system with fixed particle number K(¢) = F(N, ¢), where F is the canonical
free energy, while for a system coupled to a particle reservoir, K(¢) = Q(u, ¢),
where € is the grand canonical potential. Clearly K(¢) is periodic in the flux, ¢,



59

with the period given by the flux quantum, ¢y = h/e. The thermodynamic potentials
and the current can be represented as a Fourier series,

K(¢) = Ko + f: [Kin cos(2nme/ o) + K sin(2mme [ ¢o)] (2)

and

i I sin(2ame/ o) + I, cos(2mmep/ do)]. (3)

m=1

In the case of time reversal symmetry, K(¢) is an even function in ¢, and I(¢) is
odd, i.e. K, = I, = 0 for all m. In a disordered system the impurity-averaged quanti-
ties (K), Mg = (KK), = (KK) — (K)(K), and the higher correlation functions are
the central objects to study. In the metallic regime (diffusive electron motion) the fol-
lowing results are generally accepted:

{(Iam+1) =0 (4)
(nkw). =0 if m#n 5)

Higher connected correlation functions are small, provided the number of electrons is
large [6-8].

We consider a weakly disordered metal in the diffusive regime. In a typical sample,
we may assume the following inequalities between relevant length scales:
AF € 1 € L < & ~ MI. Here Ar is the Fermi wavelength, / the elastic mean free path,
L the perimeter of the ring, and ¢ is the localisation length; the latter is in quasi-
onedimensional systems proportional to the number of transverse channels
M = kX A/4n, where A is the cross section of the ring. Alternatively, we may consider
the relevant energy scales, which are in descending order: ¢, the Fermi energy,
h/t = hup / I, the elastic scattering rate, fivg /L, the energy to localise a particle in one
half of thering, E. = hD/L?, the Thouless energy (D = vrl/3 is the diffusion constant),

= 1/2 NV, the mean level spacing at the Fermi level (N is the density of states, V
the volume). For a general orientation, we give the values which are applicable for the
experiment on single gold rings (in units of Kelvin): er ~ 10°K, K /T ~ 10%K,
Fvp/L ~ 1K, E. ~ 4mK, and A ~ 0.02mK. Clearly, all these energy scales are well
separated.

2.1 Non-interacting electrons

Since the impurity-averaged density of states is insensitive to a magnetic flux, it fol-
lows immediately that the mean persistent current in a grand canonical ensemble is
practically zero, i.e. exponentially small. Considering then a system with fixed parti-
cle number, the persistent current is given by [12-14}, I(¢) = —0,F(N, ¢). The free
energy, F, and the grand potential ) are related via a Legendre transformation,
F(N,¢) = Q(u(N, ¢),¢) + u(N,¢)N. Hence we conclude that 8,F(N,¢) =
6 tt, ®),,— v 5)» Where the chemical potential, u(N,$) = yF(N,¢), varies as a
function of the flux ¢ such that the particle number is fixed. Writing
(N, $) = po + ou(¢) and expanding the grand potential, the result is
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16) = = 2008,y — 519 555260 ©

At fixed chemical potential the particle number varies due to fluctuations of the den-
sity of states, i.e. N(uo) = —0,Q(u, ¢)|,—,, = N +N(#). On the other hand,

0 8 g
N= ——-87‘—51(;1, Dmsan = = 7 20 )y -5u(¢)5;59(u, Plu=e  (7)

from which we can relate dN(¢) and du(d): (5N( @) = dul ?)6252] —,.- The mean
level spacing, A, is given by A = —(? Q| ) ~ (2NgV) 6ollect1ng these rela-
tions, we express the average persnstent current at fixed pamcle number as follows:

A0

(1) = 55 N, 0) = =5 (N, 0

where the right hand side of this equation depends on expressions at the chemical po-
tential £ = pg only.

The last expression in Eq. (8), which assumes for example that the average level
spacing is independent of the magnetic flux, is certainly valid when neglecting terms
higher than quadratic in du. However, it has been argued [15] that Eq. (8) is exact
when one considers a large ensemble of rings with varying particle number. It should
be noted that for strong spin-orbit scattering and near the Kramers degeneracy (zero
flux) at very low temperature, there are subtle even-odd effects which are lost when
averaging over the particle number [16].

Below we will evaluate Eq. (8) perturbatively within the cooperon-diffuson expan-
sion; for such an analysis to be valid, one has to require that either the temperature
or the phase-breaking rate is large compared to A.

The current fluctuations, (/(¢)/(¢'))., can be found from the fluctuations of the
thermodynamic potential, (I(¢)I(¢')). = 3,04 (K(¢$)K(¢')).. For this quantity, the
condition of fixed particle number seems not to be significant. We mention also that
the particle number correlator can be found from the correlations of the grand poten-
tial, Mg = (Q(u, 9)Q(, ¢')),. by differentiation with respect to x and y'.

Alternatively, we can directly calculate the expectation value of the current opera-
tor. Using the standard Green'’s functions, the (thermal average of the) current is

16) = [ 3 3 tne(e) [Gloo(6) - Gloole)]. ©)
ko

np(s) is the Fermi function, and the current vertex is given by I, = (—e)hk,/mL. In
the ring geometry under consideration k;, assumes the values k, = 2z/L - (n + ¢/ o).
Furthermore, G*(G*) is the retarded (advanced) Green’s function, Gf,("?)(a) denotes
the exact Green’s function, before impurity averaging. For the Green’s functions aver-
aged over :mpunt;/ configurations, which are diagonal in momentum space, we use
the notation G®*) (g, k). For example, for noninteracting electrons and within the
Born approxlmatxon the retarded Green’s function is GR(g,k) =

(e+ p— e + ih/27)"". Note that in many cases the expressions for Q(u,¢) are

more compact than thelr derivatives, as we will see below.
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To determine the mean current at fixed particle number within the Green’s function
approach, we follow the procedure described above: The chemical potential is set
equal to y = pp + dp, and we expand Eq. (9) to first order in du:

I(g)) = -2 / ngIxnp(e)Im{GR(e ) ymo = 902[ G0, )] ]2} (10)

The first term gives the mean current at a fixed cherm%al potential 1 and can be ne-
glected. We rewrite the second term using I,[G®(e, k)]?| = —8,G®(¢,k) and find

H=po
the expression

( (¢)> = _26” 8¢Z/—nF(8)ImGR 8 k)[p:,uo (11)

= +op(é) 57 N(ﬂo, ¢) (12)

which agrees with Eq. (6).

The calculation of the current correlator involves averages of products of retarded
and advanced Green’s functions. The average of two retarded or two advanced
Green’s functions factorises, (GF, k,k:) ~ (GR)(GR.), while products of a retarded
and an advanced Green’s functlon give a connected, flux-sensitive contribution:
(GR.Gie) = (GR.Giv)e + (G (Gigwe) - Using Eq. (9) we find

1O =-8() [ S e netett - nee)
x Y kK Re(Gyr(e-)Giy(e+)). (13)
kK

where a spin factor of four has been included.

We consider now explicitly the expression for (I(¢)I(¢')}, and relate it to the expres-
sion for Mn, within the usual perturbative treatment for the average
(Gf (e-)GR, (&+)),. Note that this approach has some limitations {15, 17]. The leading
diagrams are shown in Fig. 1. The solid lines represent Green’s functions, averaged over

Fig. 1 Diagrams used
for the calculation of
the current correlator.
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€ b I, , B
T — e—— Fig. 2 The elements building
i { 1 up the diagrams in Fig. 1.
' k e !'{y,»»  The broken lines are impurity
‘ e, d § i lines, the continuous lines
J'_ - ! ! represent Green'’s functions,
T N ¥ . .
The small circle is a current
(a) (b) (a) © (a) vertex.

impurity configurations. The broken lines are impurity lines, and current vertices are

represented by small circles. The leading diagrams are those which do not have crossed

impurity lines {18]. We did not explicitly assign arrows to the Green's functions, since

there are always two possibilities (parallel or antiparallel) which have to be added. The

diagrams are built up by the following elements, compare Fig. 2:

(a) Impurity lines, associated with a factor Xy = #/2n/Nyt. These lines carry the mo-
mentum £k (but no energy).

(b) Products of an advanced and a retarded Green’s function, integrated over the mo-
mentum:

d*k

HC’D(Q18+ - 8") = (271.')3

GR(£+s k)GA (8-3 :Fk + Q) (14)

C and D denote the cooperon and the diffuson. If we include the arrows in Fig.
1, the diagrams with the parallel arrows correspond to cooperon contributions,
and q is the sum of the momenta of the two Green’s functions. For antiparallel
arrows we have a diffuson contribution, and q is the difference of the momenta.

(c) Blocks build up of three or four Green’s function plus one or two current ver-
tices. Since I [GR* (e, k)]* = —8,G®* (e, k), these blocks can be related to deriva-
tives of IT2.

In three dimensions and for g < kr; &;,6_ < ¢r, we find

aNot i 0 gl+(ey —e)t/h+i
B oqgl —ql+ (e, —e)t/h+1i’

N°(g,ey —e_) = (15)

where | = vpt is the elastic mean free path. In the limit gl < 1, (64 —e )t/A <K 1,
°(q,e, — &) ~[1 +i(ey — &_)t/h — D1g*]2nNot/h, with D = vgl/3 the diffu-
sion constant. Summing up an impurity ladder leads to the following result:

X(g.er —e-)=Xo » (TT5Pxp)" (16)
)
X 1 R’ !
°1 - TIPX,  2aNot? —i(s, —£_) + hDg2

(17)

where X = C, D is the cooperon or diffuson propagator. The notation g. indicates
that g is the sum or difference of two momenta.
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Now we can transform the diagrams in Fig. 1 into an analytic expression. The
contribution to the current fluctuation from the left diagram of Fig. 1, for example, is

de_de,

IS =8 | -5 nr(e-)1 = nrle)]
X
x Re [; (8¢6¢6HC'D) T:—ﬁ(é’ano C+D‘ (18)

While in general, q is a threedimensional vector, for the ring geometry ¢ can be con-
sidered onedimensional. The subscript C + D indicates that we have to sum over
both (cooperon and diffuson) contributions.

After a change of variables to y = &, — &£_ we can integrate over ¢_:

yey/ZkgT
/dé‘_np(s_)[l —nply+e-)l = e¥/2ksT _ o—y/2ksT (19)

The combined contribution of both diagrams in Fig. 1 is of the form

coy o, 1%V (8,11 S —
(90, 11°%) ez, * (%M1 (01177) 1-nC‘DXQ)

= —8,04 In(1 — TTI“PXy). (20)

Note that only TTS? depends on the fluxes. Here we realise that it is more conveni-
ent to consider the (flux-dependent part of the) correlations of the thermodynamic po-
tential,

(QUQS)), = %/:c dyycothgk-}-;?Re [Z In{—iy + r’iin)} . (21)
4 c+D

The diagrammatic representation of this expression is shown in Fig. 3: Graphically one
only has to remove the current vertices from the diagrams for the current fluctuations.
The remaining diagrams are vacuum diagrams, as is normal for the thermodynamic po-
tential. The summation is over momenta g+ = 2z{n + (¢ + ¢')/ o] /L, with integer n
and plus or minus for the cooperon or diffuson contributions. Problems of convergence
can be overcome by subtracting, in Eq. (21), a flux independent constant.

In the next step we determine the Fourier coefficients, compare Egs. (2) and (3).
Writing the summation over g in the form

n=+00

Mq = Z [G(4n2E‘.(n —&—x)z)]

n=—00

C+D (22)

With x = (¢ & ¢')/¢p and a suitable function G, we obtain



Fig. 3 Diagram used for the calculation of the
fluctuations of the grand potential Mq.

Mq = Z [ezanM]cw (23)

1/2 >mi n=+400 s 5 +<>odx ) 2
— —~2nimx _ LA —imx
Gn= [ dre Y G(4nEc(n +x) ) _/-m e mGER).  (24)

-1/2 = —-00

Since G, = G_,, only terms o cos(2amx) survive in Eq. (23). In the present exam-
ple, Eq. (21), the integration over x is easily achieved after integrating by parts:

Cdx _, < dx E.x E.x
=2 pmimp s E. 2y _ —irmx ¢ :
[_m 2’ eln(—iy + Ecx’) e 2m'me (miy + E.x2 + iy+ Ecxz)

= — ’—i—e'v ym2Ee oo ym?/2E,. (25)

The combination of cooperon and diffuson terms is of the form
0 7 7
¢+ ¢ ) (¢ - ¢ )]
2Y Gplcos 2nm | + cos 2nm
,; ”‘[ ( %o %o

RS 2ame 2amg’
-.4”;0,,,003( oo )cos( ™ ) (26)

The explicit result at zero temperature is the following':

96EZ N 1 2mm¢p  2nm¢!
Mg = = wcos ™ cos ramt

m=1

from which we find (Inlu), = Om (€Ec)*96/ (H*72m®).

! This quantity was first estimated in [19].
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The calculation of the mean current is very similar. First we determine the poten-
tial correlator at different chemical potentials ;s and p'. The expression is the same as
in Eq. (21), except for the replacement In(—iy + ADg?*) — In[—i(y + p — p')+EDg?).
The potential correlator has to be taken at equal fluxes ¢ = ¢/, i.e. we need the coop-
eron contribution only. The explicit result for the current at zero temperature is
{bm)cp = deA/hm? (CE means canonical ensemble).

2.2 Interacting electrons

As pointed out in [12], the flux-dependent contribution to the canonical potential
given in Eq. (7) can be explained by the absence of global charge fluctuations. This
becomes apparent by considering a grand canonical ensemble, and adding a capaci-
tive energy [20,21], i.e.

Hc = % (BN (28)

If we take this expression — which is similar to (8) except that the charging energy,
€?/2C, replaces the level spacing — directly, we find a persistent current which is
comparable in size to the result for onedimensional non-interacting electrons on a
perfect ring (since C ~ L, and €* ~ fip for metallic densities, implying 2/2C ~
hvp/L). However the standard RPA approximation leads to the replacement

2
L (29
C 1+A¢e/C
since A < €?/C, and we are back to (8), i.e.
1
(6Q)c = 5A((6ON)’). (30)

From this argument, it appears reasonable that an interaction, which suppresses the
charge fluctuations locally and hence is a stronger constraint, leads to a larger persis-
tent current. For example, consider the Hartree contribution to the grand potential,

gy = %/dB’ds",@(" — r')(On(r)én(r')) (31

where ¢ denotes the screened Coulomb interaction. The subscripts C and EEI denote
capacitance and electron-electron interaction. Both parts of (0Q) are represented
graphically in Fig. 4. By definition, the momentum transfer of an interaction line in
Q) is k = 0, i.e. the leading diagram consists of two cooperons. The momentum
transfer of the local interaction line in (6Q) g, is of the order k ~ kp, i.e. the leading
diagram consists of only one cooperon. The latter calculation is more involved since
Hartree and exchange (Fock) contributions are of the same order, and also higher or-
ders in the interaction © have to be considered. We approximate ¥ by a local interac-
tion, #(x) ~ 96(x), and introduce the dimensionless coupling constant, Ay = No.
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Fig. 4 Diagrams representing the flux-sensitive part of the grand potential Q (Hartree contribution).
The wavy line represents the Coulomb interaction. In the diagram on the left, the Coulomb interaction
couples to local charge fluctuations, i.e. the interaction line carries a momentum of typically ¥ ~ kr. In
the diagram on the right, the Coulomb interaction couples to global charge fluctuations, i.e. the inter-
action line carries zero momentum. The latter corresponds to the capacitance model.

Higher order corrections can be absorbed in a renormalisation of the coupling
constant, 4o — 4, < 4g. While the bare coupling constant can be reliably determined
(copper: Ag ~ 0.3), the estimate A, ~ 4o/10 is unfortunately very rough. Including
Hartree and Fock contribution [5], the electron-electron interaction contribution to the
grand potential is the following:

1
(OQ) gz = —24c Z/ ycochkBT e (32)

where at present ¢ = 2n(n + 2¢/¢o) /L The final result for the Fourier coefﬁc:lents
[5] of the persistent current at T = 0 is (k) gy = 84c€E./finm?* ~ Ac(evel/L*)m™?

3 Magnetic impurities

The sensitivity of quantum coherence with respect to magnetic scattering is well
known. It has been discussed in detail for weak localisation [22-24] and conductance
fluctuations [25-27]. Persistent currents in the presence of magnetic impurities have
been discussed in [28-30], including effects of spin-flip scattering, spin-orbit scatter-
ing and Zeeman splitting. In these papers the spin configuration was considered stat-
ic, leaving the role of impurity spin dynamics an open problem.

In order to include impurity spins, we start from the usual Hamiltonian where the
local magnetic moments are coupled to the conduction band electrons by a local ex-
change coupling,

He z > exp[—i(k — K)R]c},Cp ForSh. (33)
R kk'oo’

J is the coupling constant, R _are the impurity sites, ¢, and ¢, the Fermi operators,
& are the Pauli matrices and Sg denotes the spin operator for a spin § = 1/2 impur-
ity at site R.
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This model contains a number of “magnetic” energy scales which are characteris-
tic for the system: The spin-flip scattering rate, A/t = nS(S+ 1)]227;/\/ 0
(ny = N;/V is the denmgy of magnetic impurities), the Korringa rate for spin relaxa-
tion, ﬁ/tg ~ kgT(JN)", the Kondo temperature, kgTx ~ erexp(—1/2|J|Np), and
the spin glass temperature, kgT'sg ~ nsJ’No ~ h/1,.

3.1 Spin polarisation in magnetic fields

Here we discuss magnetic scattering perturbatively in J, i.e. we exclude the Kondo
effect. We include both the Zeeman splitting of the conduction band and the effect of
Zeeman splitting on exchange scattering. In a magnetic field, the impurity spins are
polarised, (S) # 0. Assuming that the magnetic field is in z-direction, we have
(§*) = () =0, and (S) = tanh(w,/2T)/2. {---) denotes the thermal average®. The
corresponding first order contribution to the electron self energy is

1 —
) = —ndGap(8) = —nJd%y ta hﬁ (34)

In second order in J, there is an effective electron-electron interaction, V, due to the
coupling of conduction band electrons and magnetic impurities. In imaginary time re-
presentation it is given by

2
Vantion) = =(3) [ dee* ¥ o, dum o). (39)

ab=xyz

T, is the time ordering. The result is

J 2
vos==(5)

11 1 -
X (T ~000,00,0 85 +tanh27,—-—-—:a§},a& tanh———-n———a Yor}d) (36)

where @, = 2xnT is a bosonic Matsubara frequency. There is no energy transfer if
no spins are flipped, i.e. in the o}, 04; term. For weak magnetic fields, w,/T — 0, all
contributions to Vg4 become stanc,

11/J P,
Vapw = “ T2 (') GayGpsd0cw,- (37)
The electron self energy second order in J is
2(2)(18::) Z Z Viaay (ico))G(ie, — iy, K). (38)
w ko

% In the following we use units where /i = kg = 1.
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Since £ (and V) is diagonal in the spin, here and below we use a simplified no-
tation, £, — X, X__ — X_. Details are given in App. A. After analytical contin-
uation, ie, — ¢& + i0, the retarded self energy in second order is found as [31]

R(2) 12 Yos |, EF 1 e+yo
Re X" (¢, ;) = nyJ°Ngtanh 5T [l T Re Y’(z i ST (39)
Im =¥ (e, ;) = —nmNoJ* tan hyz,; [ns(yaws) + nr(yaws + £)]
1
- ZK.N()HPF. (40)

n, is the density of the magnetic impurities, ng and nr the Bose and Fermi functions,
y = +1, and ¥ the digamma function. The term first order in J, Eq. (34), renorma-
lises the electron Zeeman energy, w; — s + n,J tanh{w,/27T), compare Eq. (41) be-
low. Above the Kondo temperature, the second order correction to the real part of X
is small compared to the first order, nevertheless it has to be included since it is of
the same order as 1/7,.

For w, = 0, only the second order contribution to the self energy survives, which
is purely 1mag1nary, ImER () = n3nNoJ? /4 = 1/21;. In the presence of magnetic
fields, ImZy (&) is energy and spin dependent The first of the two terms on the nght
hand side of Eq. (40) describes spin-flip processes; for |ws| > T and |¢| < wy, spin-
flip is forbidden and this term is negligible.

The impurity averaged retarded Green’s function is given by

1
K2 2m 4 gy /2 +if2t + i) 2t — EF(ey)

Gf(es k) = (41)

where 1/7 and 1/7;, are the nonmagnetic and the spin-orbit scattering rates, and
ZR (e4) is the spin- and energy-dependent contribution of the paramagnetic impurities
to the self energy as given in Egs. (34), (39) and (40).

3.1.1 Noninteracting electrons

For noninteracting electrons the main task is to determine the potential correlator
(Q(d)Q(¢)),, from whxch both the mean current and the current fluctuations can be
found. The quantity H},‘5 , defined now by (compare Eq. (14))

d*k
n‘""’_/ ——GRe., k)G) (e, Fk 42
is given by
cD . Y5 — 00 1
;" /2zNot=1~7 _‘(8+_8“)+qui"’_2—+}’y§+r_ (43)
50

where ys =i Z — £2). We omitted the dependence of I'I}%D on the difference of
chemlcarspotentlals The spin-flip scattering rate, the spin-orbit scattering rate, and
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the Zeeman energy are assumed to be small compared to the non-magnetic elastic
scattering rate, 1/7.

Considering correlations between two different systems, the bare impurity vertices
X3j,s are given by

4]

1 1 -t —t
and
1 | S
27N oCops = ;5ay6}3§ " 37, Cer%p5 + 1,00,9%s (45)
where
1 W '
= 2(87 L 2 = -3
7, = 2eNone*(S°) (S = ny 57N 0% tanh (ZT) tanh (27")' (46)

In order to determine the potential correlator Mgq, we have to compute the eigenva-
lues ¥ of the 4 x 4 matrix X0 ,TT;,

x 4
QAU . D Z%Tr(XOUX)"‘ == 5 S mr -2 (47)
X=C,.Dm=1 X=C,D j=1

We express the cooperon parts using the combinations

I

No=—i(e, —e-) + D@ + =Tt 1y, (48)
4 I

Ny = —i(er —2.)+Da + 3+ Pt 4y, (49)
4 I

Ny = —i(e; —e_) + D% + 31,,,+y+ 2y 2 —y, (50)

and the diffuson contributions using the combinations

+y__

Mo = —i(z, —2.) + Dt + 152722 =y, (1)
4 +y__

My = —i(e, —&_)+ Dg" + 3T e 0o Ve (52)
Tso 2
4 +y_.

My = —i(e, —e_)+Dg* +—+ Py TPom Y- (53)

3150 2

The notation Ny. ..M, is chosen such that No and M, correspond to singlet, and Ny,
and M, , to triplet parts. The explicit result for the potential correlator is
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QAU =2 [ 5 —5—nr(e-)[l — HF(8+)]R6%:1D

2
x {[NzNz - ("** > Y- —i“";“’;) ]

2 T2
- Pog — Vo 05— 7]
x | MM, ~ — . (54)
2 2
In the absence of spin effects, No=..=My=..= —i(e, —¢&.)+Dq’,

Y = @s =0, i.e. the terms in the logarithm depend only on the difference of ener-
gies, y = &, — &_. One of the two energy integrations is feasible and, finally, we re-
cover Eq. (21).

If we reverse the sign of the magnetic field in one of the thermodynamic poten-
tials, ¢, wy — —¢, —w;, we have to replace y, — —v,, y,, — ¥_,, and so on. In
that way diffuson contributions transform into cooperon contributions, and vice versa.
As a result, we have shown explicitly that Mgq(—w;, —¢, 0, ¢)=
Ma(ws, ¢, ), ¢'), as implied by time reversal symmetry.

For the following discussion, we consider w; and ¢ as independent variables. The
persistent current is a periodic function in ¢, but the Fourier components depend on
the Zeeman energy w;:

o0

1= "[In(w,)sin(2nmp/¢o) + In(wws) cos(2nme/do)] . (55)

m=1

Due to time reversal symmetry I,(w;) and I,(w;) are even and odd, respectively; in
particular, I,,(w; = 0) = 0.

In the ideal case, i.e. T =0, and 1/7; = 1 /15, = w; = 0, one finds for the Fourier
components of the current correlator

96 , , 1
Um[’"’)id == 5mm’ Fé’ Ec ’? . (56)

In general, we define h,, through the relation {£,(ws)ln(0!)), = hm{I2)4s 1.€. b is a
function of the T, 1/1,, 1/75, w;, w). For example, the temperature suppression is
given by

ho(T) = --§- fe ™ dss® coth(s/I")e~* cos(s) (57)
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with I' = T/T,,, T,, = D/ (mL)?. The asymptotic results for low and high tempera-
ture are h,(0) =1, and h,(I" > 1) ~ (n2I'?/3)exp(—v2nI). The temperature
scale for the decay of the m* Fourier component is set by T,,, so at a given tempera-
ture 7 the higher components are suppressed stronger than the lower Fourier compo-
nents. Considering the suppression of the current due to exchange scattering, we find
at zero temperature, and for /1, = w;, = w, =0

h(T) = e VT(1 + \/T-{-%r), (58)

with I" = 1/1,T,,. If Zeeman splitting is the only mechanism destroying the coher-
ence, i.e. T =0, 1/1, = 1/75 = 0, and for w; = w!, we find

1 1
Po() =§+§e"\/”2

X [cos(\/m)(l + \/F/_Z) +sin(\/m) (\/F-/2+§)}, (59)

here I" = w,/T,,. Equation (59) can be obtained from Eq. (58), taking into account
that only two of the four diffuson/cooperon channels are suppressed, and I” — +il”
in the remaining channels. Fig. 5 depicts k; as a function of the Zeeman energy in
the two limiting cases, 1/7; = 0, compare Eq. (59), and for strong spin-flip scatter-
ing, 1/7; > E.. Remarkably, h; is a non-monotonic function in w;/E,. The asymp-
totic value h; — 1/2 is only reached for rather high values of the magnetic field.
The broken line is the curve for strong spin scattering; we have chosen 1/1, = 40E,,
and T = 0.2E.. We took into account the second order self energy, Ef) (), only,
since the first order term Zg) is irrelevant: For 1/7, > E, and w, = w!, the relevant

0-8 - 1/1-3:0 -

hy

-
e e o A .
o e S
P
———
—
——
-

o2l 1/7, = 40E, i

T
hY
-

5 106 15 40 4 5
0 20 f4}32/58,': 30 35 40 45 50

Fig. 5§ Normalised amplitude of the first harmonic of the current, (1%, = h(I¥), as a function of
w,/E,. The continuous line shows the result in the absence of magnetic impurities, where the cur-
rent is reduced due to Zeeman splitting. The dashed line shows the result in the presence of strong
spin-flip scattering. The temperature is T = 0.2E.
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parts for the potential correlator are the N, contributions for the cooperon, and Mp,
M, for the diffuson. 25:1) cancels in y, . and p__, i.e. the relevant parts are indepen-
dent of z;”.

The limit w; < T has been discussed before (compare Eq. (58)) and explains the
limiting value of A, for low w,. Note that the condition w; > T is not at all sufficient
to find a “large” current: For T <« w; <« T, spin-flip processes are still allowed
since, for calculating (I2),, typical energies e4 in the integrations are of the order
g4 ~ T, or even larger. Further increasing the strength of the magnetic field, spin-flip
processes will be forbidden for @ > T,, i.e. ImEF = —1/67, in the energy range of
interest. Using the relation angfr = —2/(3ntw;), we find an algebraic reduction
of the current: e=0

1

1
I = = .
2(1 +2/3n7,0;)

(60)

This function fits the dashed curve in Fig. 5 for high values of w;/E..

3.1.2 Interacting electrons (mean current)

In this case the two Green’s functions which determine the cooperon correspond to
the same thermodynamic potential. Because of this the bare impurity vertex C%, . is
different to that in Eq. (45): Instead of inserting the term y,07, 0%;, the Green’s func-
tions are connected by the interaction V4,5 as defined in Eq. @6). We restrict our-
selves to two cases, w; < T, and w; > T,E,. For a weak magnetic field Vg, is
dominated by its static part from which we find

1 1 I\, .
ZRNQCgﬁ)ﬁ - ;aayaﬂﬁ + (3—?_‘. - 3150) Oay0ps (61)

for the bare cooperon. It is interesting that in this case the current, related to global
charge fluctuations, {(I(¢)) = —0s(0Q2), is not equal to the mean current found for
non-interacting electrons. Although the current is reduced in the presence of mag-
netic impurities in both cases, the decay of the cooperons is not identical. (I)gz =
—~03(0Q) g, has been discussed in detail in [28], where expressions similar to Egs.
(57)-(59) have been given. The flux-dependent part of the grand potential was found
as

00

d

(6Q2) P —10271./\/’012 Z [0 %ycoth%l{e(cagap — Ca‘gﬂ(,). (62)
g.a.8

We assumed A, the effective interaction constant in the Cooper channel, to be the
same for Hartree and exchange contributions. The relevant combinations of the spin-
dependent cooperon can be expressed in terms of singlet and triplet components,
zaﬂ Copap = 3Cy + Cp, and Zaﬁ Coppa = 3C1 — Cp, such that only the singlet com-
ponent is relevant for (5Q)g.. In particular, Co(q,w) = (1/2Nt?)(—iw + Dg*+
2/ ts)"l. Note that Cy is independent of spin-orbit scattering.

In the opposite limit, w, > E,, T, the inelastic parts of V,g,s, that is the spin-flip
contributions, can be neglected. As a consequence cgm is given by
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1 - o
2?INOC2§)¥5 = ;aa}ﬁﬁé - O oy ps + 3’20'51?0?85 (63)

3150
which is identical to C? 5 given in Eq. (45). For the thermodynamic potential we
can use the previously defined quantities Ny and N; as well as the expressions for
the cooperon Cop,s given in App. B. We find

q

2T NoNy—[(y_y — 7,.2)/2 + i)

Note that Ny, N; are functions of ¢ = 2n(n + 2¢/¢o)/L and y = &, —¢_.

Some results are collected in Table 1 and 2. We consider the zero temperature lim-
it and the asymptotic results only. We give both the results for the current fluctuation,
(I2)., and for the mean current, i.e. the free electron contribution in a canonical en-
semble, (Im)cg, and the collective contribution due to electron-electron interaction,
{(Iam) ggy- All the numbers in the tables are normalized to the values without spin ef-
fects (see second row in Table 1). Table 1 shows the results in the absence of spin-or-
bit scattering. All contributions are strongly suppressed if 1/7; > T, and for weak
magnetic fields. In the presence of strong magnetic fields, w, 3> T, the collective
contribution remains suppressed, the free electron contributions are only suppressed
algebraically (Eq. 60) and can reach one half of their ideal values.

In the presence of strong spin-orbit scattering, the results are somewhat different
(see Table 2). In this case, only the singlet, i.e. the My and Ny components, contri-
bute to the current. If there are no exchange scatterers, the current is only weakly de-
pendent on Zeeman splitting, in the sense that the typical energy scale is set by

Table 1 Relative magnitude of the typical current, the free electron contribution, and the collective
contribution to the mean current as a function of the exchange scattering rate 1/t, and the Zeeman
energy ;. In the regime T, < @, < 1/7, the current is suppressed algebraically, compare Eq. (60).
The spin-orbit scattering rate 1/, is set equal to zero.

1/t € T 11, > Ty

w; LTy, w; > Ty w; KX Ty (/78 »Tm,l/'{s
(). : 1 12 0 12
(B g 1 172 0 122
(IZM)EE] : 1 0 ] Q

Table 2 Relative magnitude of the current in the presence of strong spin-orbit scattering. Treating
w, and ¢ as independent variables, we find odd and even contributions to the current, compare Eq.
(55).

l/‘l’,((Tm ]/7S>Tm
ms(wst,,,) & Tr ms(w!tsn) > Ta w; KT, W > T, ]/“{,
gz> . 1/4 178 0 11
i 0 1/8 0 178
<I2M>Cg : 1/4 0 0 0
<I2m)g£, . 1 0 0 0




74

Wy - WTep »» instead of w,; ~ T, as before. Note that the collective contribution is
not reducea oy spin-orbit scattering. For very high Zeeman energies only the M,
component contributes to the current, so (Iy)cz = 0 and (12) . is reduced by eight.
Since the symmetry of diffuson and cooperon contributions is broken, there are also

even harmonics, (7). = (I%)..

3.2 Spin glasses

An interaction of the type given in Eq. (33) induces an effective interaction among
the localised spins, which is called the RKKY interaction,

Heg = = Jrrr (Ri, R;)Sr,Sw,- (65)

iy

Below the spin glass temperature, Tsg, the spins are in an ordered phase, and within
a mean field description each impurity spin can be considered in an effective mag-
netic field Hgs due to the other spins. This magnetlc field is of the order ugHgss ~
Tsg. Generally, the electron self energy Z,g(e) is the sum of a scalar part, Z, and a
vector part, X: Z,8(g) = Z(€)dqp + Z(s)oag If the internal magnetic fields are distrib-
uted isotropically and no external magnetic field is present the vector part of the self
energy is zero. The scalar part of the self energy can be found from Egs. (39) and
(40), L = (Z; + Z.)/2. The result is:

1 1)
ReXf(e) = ——J*Ny ) tanh—
2! Mo anh o
« |Rew(}— iEX9R) _Rew --za""“ (66)
2 2nT 2nT

Im=*(e) = "%m\fonsﬁ - %nNanztanh(—;%
R

X [np(ewr) + np(wr + &) — (wr < —wr)}. (67)

Here wgr > 0 is the Zeeman energy associated with the internal magnetic field Hgg at
the impurity site R. In the fully polarised regime, T <« Tsg, the spin-flip scattering
rate is now given by 1/t; = 2aNonJ*S? = nNonJ? /2, which is by a factor three
smaller than the scattering rate of paramagnetic impurities. Another consequence of
the random distribution of the directions of internal fields is that
Y m(SENSE) = dm ZR((SR))Z/& For wg > T the bare impurity vertices are

i i i
i ] — - S V- -
2aN UDaﬁyé = 75,,7‘5533 + (31} + BISO)O},,,G‘& (68)
2N oClpys = 00 + (5 5 B (69)
by * 31, 31,) ¥
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A scattering of this type has been considered in [29] and [30]. In the present work
we consider the full energy-dependent electron self energy glven in Egs. (66) and
(67), instead of the simple approximation ¥ = —i/2z,, which is the first term in Eq.
(67). For 1/1; > E, only the diffuson singlet component contributes to the potential
correlator, which is of the form

Q)¢ ReZln [—ier —e_)+Dg” + i(ZR(ey) T (e_)) - 1/2]. (70)

The internal magnetic fields break time reversal invariance and  is not an even
function in ¢, equivalently /(¢) has odd and even parts, I, and I,.. They are of the
same order, (I7). = (I j2).. Considering the amplitude of the current we can use the
results from the previous section. Spin polarisation has the tendency to restore the
current, but as long as wr < E, the current remains small, i.e. the current is strongly
reduced if Tso < E. € 1 /'rs For Tsg > E, there is no exponential suppressxon of
the current, but there remams a suppression of the Fourier components (/2)_ given
by (1/8)(1 + 1/nt,ugHsg) ", compare Eq. (60). The factor eight takes into account
that only one diffuson channel instead of four diffuson and four cooperon channels,
contributes to the current. In the presence of an external magnetic field there is a
crossover from the regime of random spin directions to the regime of aligned spins
at w, ~ upHsg. The regime of aligned spins has been discussed in the previous chap-
ter. For weak spin-orbit scattering the current increases, since more diffuson and
cooperon channels contribute.

3.3 Kondo effect

For temperatures lower than the Kondo temperature, Tx ~ &r exp(—1/2|J|N), per-
turbation theory in J breaks down, but in principle we can calculate the potential cor-
relator as before. We express the self energies using the T-matrix,
ER*“‘ (&) = n, ’1‘“ ge) In addition, we replace in Egs. (44) and (45) y 1053055 bY
HSZWOTR(E; +)T{(8-)0ay0ps. In the weak coupling limit TR =y(-J)/2 - tanh(a),/2T)
and we recover the results given above (Egs. (39) and (463)

Neglecting Zeeman effects and spin-orbit scattering the potential correlator can be
determined from

QA : Red In[—iles —&-) +Dgl + 1/7,] (1)

where 1/7, = n,[iTR(e4) — iT?(e-) - 27N TR (e, )T*(e-)]. Although many exact re-
sults for the Kondo model exist, an analytic expression for the T-matrix is not
known. As an approximation for the T-matrix we use (for E. > Ty) the expression
given by Haman [32]

TE®) = 5 1 - x(2 +32%/4) ] (72)

with x = In[(e + iT)/iTx|. This approximation gives the correct behaviour for high
energy or temperature. It interpolates into the low temperature regime such that
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T®(e=0,T =0) is corect, ie. the so called unitarity limit is reached,
TR = 1/(inNy). If T®(e,T) is replaced by this constant value, there is no suppres-
sion of the persistent current since i(T§ — T§) — 22N TRT4 = 0. However Eq. (72)
is not sufficiently accurate in the low energy regime. Exact results for low tempera-
ture can be found from Fermi liquid theory. A systematic expansion around the Fer-
mi liquid fixed point has been formulated by Hewson [33]. For low energy the T ma-
trix is given by [34]

1 4Ty 1

R —_
TFL(g) N Ny nw &+ 4iTg/?IW.

(73)

wa 0.41 is the Wilson number. Higher corrections are of the order (T/ TK)2 or
(¢/Tk)*. Fig. 6 shows the normalised current as a function of E,/Tk. Fixing E./Tk
one parameter remains undetermined, namely the impurity concentration n,. Here we
choose n; = 50 - 2N ,E.. For the solid line we used Tf}a as an approximation for the
T-matrix, and for the dashed line we used T§F,. There is a maximum suppression of
the current for E. ~ Tx. The physical reason is that the spin-flip scattering rate has a
maximum at T ~ Ty (or equivalently £ ~ Tx). For E. <« Tk, i.e. when the impurity
spins are well screened, we find from Eqs. (71) and (73) for the relative magnitude
of the current fluctuation

B = 1/(1 + ngw/4N o Tx)*. (74)

Note that Eq. (73) for the T-matrix is exact for ¢ € Tx and for the single impurity
problem. For the present situation with a finite concentration of magnetic impurities,
Eq. (73) is thus only appropriate if the concentration of magnetic impurities is low.
Recent experiments have shown a size dependence of the Kondo effect in systems of
reduced dimensionality [35]. These experimental results are still controversial since

0.8 - \\ -

06 N\ -
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0 N e i e 1 ol " P " "
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Ec/TK

Fig. 6 Normalised amplitude of the first harmonic of the current, (IZ), = hy {I?};;, as a function of
E./Tk. We use two different approximations for the T-matrix, as explained in the text. The impun(}y
concentration is chosen to be n; = 50 - 2nNoE.. If we estimate the ratio E./A = 2N GVE, ~ 10%,
and the number of electrons in the sample to be N,; ~ 10'°, this corresponds to N;/Ng ~ 1.5 - 10°8.
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they could not be confirmed [36]. We would point out, that the limits of applicability
of the single impurity results are far from clear. A rough estimate for the maximum
number of magnetic impurities in systems with Kondo screening is given by compar-
ing the ratio of the number of magnetic impurities, N;, and the number of electrons,
N., with the ratio of the Kondo temperature and the Fermi energy, i.e.
N;/N ~ Tx/er. Since N;/V =n, and ep/Ng~ A =1/2NV we can rewrite this
condition as n;/2N Ty ~ 1. As a consequence we expect that the result given in Eq.
(74) is not accurate in systems with Kondo screening, when h,, becomes much smal-
ler than one.

4 Temporal current fluctuations

In metals there are current fluctuations on many different time scales and due to dif-
ferent mechanisms. Here we concentrate on one aspect, i.e. current fluctuations
which are induced by the dynamics of magnetic impurities. We follow the ideas of
[26, 27] where the effects of spin relaxation on conductance fluctuations and on

weak localisation were studied.

For this calculation we use the real time Green’s function formalism, originally
formulated by Keldysh [37]. Our notation follows the review by Rammer and Smith
[38]. In this formalism, Green’s functions are matrices,

GR GX
= 75
- (% &) (75)
where G® and G* are the usual retarded and advanced Green’s functions. GX is
called the Keldysh component; in equilibrium it is related to the retarded and ad-

vanced function by the relation G¥ (&) = tanh(a/2T)[GR (¢) — G*(¢)). The current can
be determined from the Keldysh component, according to

I(t) = :232 LG (1,1)- (76)
ko

In equilibrium this is, by definition, the persistent current (compare Eq. (9)). In the
following we determine the current correlations including correlations of the impurity
spins for different times, assuming the spin dynamics to be given as described below.

4.1 The effective electron-electron interaction

Interactions are also represented by matrices. The effective electron-electron interac-
tion due to magnetic impurities, which we presented in Eq. (36) in Matsubara repre-
Sentation, is now given by

2
Vipale =)= =8 =1)(3) > Al 0.8 )

a,b=xy,2
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2
Vipslt =) =60 =) T o, aha(0. 80 (78)
ab=xy,z
J 2
V=0 ==i(3) 3 a0, 8O, (19)
ab=xy.z

Here [,] is the commutator, and {,} the anticommutator. For fixed impurities (time
independent), (5°(¢)S?(0)) = 8,S(S+ 1)/3, and the retarded and advanced compo-
nents of V are exactly zero. The impurity spin dynamics is induced by a magnetic
field or due to coupling to the conduction band. The retarded (advanced) component
of V is related to the dynamical response functions, which have been studied in de-
tail in the context of spin resonance experiments. Using phenomenological arguments
it has been found that for small magnetic fields, w, < 7,

il
w+ il

i /0 " (IS (), SO))) e = %o (80)

—wg + il
w~cog+i1“2x“’

3i [ s @5t 81)

where y, = 1/4T is proportional to the static spin susceptibility. In a microscopic
calculation these quantities have been determined under the conditions
lw—wg| < T, and I'y, T'y KT (see e.g. [39]). The resonance frequency cwg is
shifted by the coupling to the conduction band, wg = w,(1 +JNo + -+ +), and the re-
laxation rates are given by I'y = I'y = 4n(JN)’T = 1/1x.

The Keldysh component is found from the fluctuation dissipation theorem,
VE(w) = coth(w/2T)[VR(w) — VA(w)] = 2T /w)[VE(w) — VA{(w)]. For the frequen-
cies we consider, w < T, the retarded and advanced component of the interaction are
much smaller than the Keldysh component |V (w)| « |V (w)|, and will therefore
be neglected in the following. In the absence of magnetic fields this is equivalent to
the ansatz in [24, 26, 27] where the impurity spin dynamics was assumed to be
(89(2)8%(0)) = 6,5S(S + 1)e~ "/« /3, This expression is symmetric in $* and S® such
that the commutators of two spin operators and therefore the retarded and advanced
components of the effective interaction are neglected from the beginning.

In the Keldysh formalism an interaction generally has a rather complicated structure.
We already mentioned that Green’s functions and interactions are matrices. Vertices are
tensors of third rank, and absorption yf, and emission vertices 5{; are distinct. An inter-
action, Vi, where k and %' are these matrix indices, is to be translated into
i Yo V;(kzi’rl’.?,. Within the notation used in [38], 7}, = ¥ = o}/ V2. If we only consider
the Keldysh component (VX = Vj, ) of the interaction, this structure simplifies consid-
erably according to i 3, ¥& Vwif;, — 8,76, VXK. Within this approximation, the struc-
ture of the interaction is identical in form to a time-dependent external field [38].

4.2 Diffuson and cooperon

We determine the diffuson and cooperon in the absence of magnetic fields, w; = 0.
In the absence of magnetic impurities we found the following result, see Eq. (16):
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1 1

Cley —¢e-) = .
(8 —2-) 2nN o2 —i(ey — &) + Dg?

(82)

In the presence of spin effects the cooperon is not simply diagonal in spin space, as
in the equation above, but it can be represented conveniently in the form of singlets
and triplets. As shown above, spin-flip scattering is formally identical to a time-de-
pendent external field, and we can make use of the methods in {40, 41], where the
cooperon in the presence of a time-dependent electromagnetic field was discussed.

The cooperon including spin-flip scattering is expressed as a function of the “un-
perturbed” cooperon as

Ci(es,e-;¢,,8) = Cley — &) [(275)25(84- -, )oe- - )+ E;C}(er,s-;aL,s’_)],
(83)

where C denotes the cooperon without spin effects. The d-functions reflect that there
is no energy transfer between the two Green’s functions defining C. C; is the singlet
(j = 0) or triplet (j = 1) component of the full propagator. Spin-flip scattering is in-
corporated using the operator

- 1 ! fdo 2% —w8
— 2|2 e | SE K ebtwd | 84
C] 27WOT L.s + Cj T, D ((1)‘(}()2 +1 } ( )

A graphical representation is shown in Fig. 7. The first term appears as a result of
the two self energy diagrams, the second term corresponds to the diagram where
both sides are connected by an interaction line. The interaction transmits an energy
w, so the cooperon energies are shifted by +w. (co =1 and ¢; = —2/3 for the sing-
let and triplet channel, respectively.) |

We multiply Eq. (83) with [C(e+ —¢-)]” and Fourier transform into the time re-
presentation, &, — ¢, and so on. After a change of variables, defining ¢ =
(ty +1-)/2 and y = t, —t_, we find, for the cooperon, an expression that depends
on four time variables, but only two are relevant: It has been shown [40] that the
cooperon can always be represented as C(t,7,7,7") = d(t — )C{t,n,7’). In our spe-
cial case C(t,n,7') does not depend on ¢, i.e. we have to consider the function
C(n,7') only. It is related to the cooperon in frequency representation by

w T
S
€. - €. €. %gﬂﬂé’ €. E. €.-w

Fig. 7 Graphical representation of the operator {. The curly line is the effective interaction due to
spin-spin correlations.

ot aow - -
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- —-——— -
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Cero-i2,,8.) =28(e, + & = & —2-) [ dndn/Cn, 1)
X exp{ig(b; —&_) —i%(s‘; —s'_)}. (85)
The cooperon obeys the following differential equation:
20, + D¢ + 1 (1 + c~e“""f“’) Ci(n,n) = —~—-}~—~—5(q —11). (86)

The diffuson can be determined analogously. Again we use a notation with two time
variables, D(t,¢,n,%') = d(n — #/)D(t — ¢, n). The Fourier transformation from time
to frequency representation is

Di(e,,e_;¢, el y=2nd(e, —e_ — &, +&)

X /dtdryDj(t, ) exp{z‘t(s+ —e-)+ ig (64 +e_—¢ — s’_)}. (87)

The differential equation for the diffuson is

i e
0402 + L (14 46 | D) = 300 (58)

with dy = —1 and d; = 2/3 for the singlet and triplet, respectively.

4.3 Temporal current fluctuations

Again, we use the approximation, that spin-flip scattering is in form identical to a
time-dependent external field. Explicitly we consider

{I(010)), = <Z! G (1:0) ;1 Ko (0,0)), (89)
{4

compare Eq. (76). The relevant diagrams are given in Fig. 1, showing that they are
of the same structure as the diagrams for the persistent current fluctuations. Consider
for example the one-cooperon diagram. Concentrating on the frequency dependen-
cies, it is of the form

do [de, de_ ot
/E 2;' > np(e-)[1 ~ np(es)|Rele™ Ciley, - + w84 +w,6-)]  (90)

f gg—fé?:np (e-)[1 — nrles)]

x Re f %(:“:' / dtdtye= 01/ 2+0/2) giles =) =)20, (1 1) 1)
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Some of the integrations can be achieved rather easily, e.g. from the w-integration
we find the delta function 26(2f + #; + 1,). The integrations over &, and ¢_ can be
treated as in the case of persistent currents, see Eq. (19). The current fluctuations are
the sum over cooperon and diffuson contributions, hence

1 o y
(OIO), =~ 55 [ oo

X {z RC/dt;c’iy" [(8¢,8¢:1'IC)2C}(t +t,t— 1’1) + (5‘»64,'“0)9;(!], I)]
qJ

+ 3 (B,T1°) (85 TI°)Re [ dtdne® 20+ 1,1 — 4)2Ci(t + 1,1 — 1)

qJ

+ Z(%HD)(B@HD)Re / dtdt,e” Dyt 1 + 1)D;(ta,t — z,)}. (92)
qv
The quantities ISP have been given in Eq. (15). The Fourier transformation

* Y g L [T Y i
Re-/o' dyycothﬁey’ =§/_®dyycothé?ey‘ (93)

can be performed by closing the path of integration in the upper half plane (; > 0).
We find a sum over Matsubara frequencies which can be evaluated analytically, with
the result

o0 . 7Z2T2
Re /0 dyy coth 2 e” = — (94)

2T [sinh(zTt)]*

In the long time (or high temperature) limit, 47 >> 1, this expression equals
—472T2 exp(—2nt; T), while in the zero temperature limit, T < 1, it decays alge-
braically, ~ —1/%.

All time integrations in Eq. (92) will be cut off at a phase breaking time, 7,
which may assume different values in the different diffuson or cooperon channels.
Phase breaking may be due to finite temperature, spin-flip scattering, or other pro-
cesses not considered explicitly. Since we at least have thermal dephasing, i.e.
1/74 > 2nT, and also have to assume T >> 1 /tk, the impurity spin dynamics is slow
enough for the spin configuration to be considered static during the phase coherence
time. Consequently, the diffuson and cooperon can be approximated such that an ex-
plicit calculation of (92) is straightforward: The solutions to the differential equations
(86) and (88) are

1 1 3 i C; 42 ;
2G(t+n,t—n) = mexp{— 5 {(un. )20+ 2 die”! ?ffx] }

S Jt—~h

I 21
= 27N p? exp{ (Dq+ + T to .t h (95)

and
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1 1 1
Df(tl o= 52) = 2N 412 eXp{— (DQE + o + a&t—e“""?’/“’) 3] }

1 1 1
P A D +—+d—e M ) 9
-y fotzexp{ ( q- + . +d}rse 4 (96)

On the formal level the approximations are valid since the time integrations in (92)
have a cutoff at #;,1; ~ 14 < ¢, and we can expand in lowest order in the ratios
Ig/’(}( and 32/1.'1(.

Considering the current fluctuation for very long time differences ¢, the decay rate
in all diffuson and cooperon channels is equal to 1/7;. In this limit Eq. (92) gives
the stochastic fluctuations of the equilibrium current. If we neglect the impurity spin
dynamics, tx — oo, there are different rates in the singlet/triplet channels for diffuson
and cooperon. In this case the spin subsystem is not ergodic. Although (I(¢)I(¢')).
is time independent, it is different to the fluctuations in equilibrium (compare Sub-
sect. 3.1.1). The static spin configuration breaks time reversal symmetry, and as a
consequence we find that (I(¢)I(¢')), # (I(—¢)I(¢')), similar to the spin glass case.

In the case of strong spin-flip scattering, 1/7, > E,, the diffuson singlet compo-
nent is the dominant contribution to the current fluctuation. Within the quasistatic
limit discussed above the current fluctuations are given by (¢ = ¢/, T = 0)

I()10)), = 212"23 (1+\/— +I'n/3) exp( /T ) (97)

m=1

with Iy = (1/7,T,)[1 — exp(—|t|/7x)]. We conclude that in the presence of strong
spin-flip scattering there are strong temporal fluctuations of the current. The current
follows the actual spin-configuration. The time scale for changes in the spin config-
uration is the Korringa relaxation time tx. Since the current and the spin configura-
tion are coupled nonlinearly, we find a much shorter time scale for the current fluc-
tuations, 7 ~ tx(1,E.) < 1g, from the condition I'i(¢) ~ 1.

An extension to weak magnetic fields is straightforward. For w; < T the spin con-
figuration can be considered static within the phase coherence time as before. In this
case the current is found most conveniently using the methods of Chapter 3. The spin
correlations are of the form

S,

(S4(1)S*(0)) = = S(§ + 1)eH/ (98)

Winy W

(S(1)ST(0)) = T S(S+ 1)e™ e/, (99)
compare Eq. (81). The bare diffuson vertex is
i .
D?xﬁ';é = ay&tiﬁ + §__e —{ti/x (G’z oz + 28““"0’;},6‘3‘}3 +2e” lwgt + 66;3) (100)

The diffuson is nondiagonal in singlet/triplet representation, but it is sufficient to
know the eigenvalues of the diffuson. The eigenvalues are independent of w;, which
means that a weak magnetic field does not affect the current fluctuations.
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By further increasing the magnetic field this approach breaks down at w, ~ T.
Here we have to take the full structure of the interaction into account, and a quasi-
static approximation is not sufficient.

5 Conclusions

We studied the effect of paramagnetic impurities on the persistent current in normal
metal rings. Magnetic impurities tend to destroy quantum coherence. In weak mag-
netic fields the persistent current is strongly reduced due to the impurity spin dy-
namics. Instead of the persistent current, there are temporal current fluctuations fol-
lowing the actual spin configuration. By freezing out the spin dynamics in a mag-
netic field, the amplitude of the typical current is of the same order as the amplitude
without magnetic impurities. However the mechanism of restoring the persistent cur-
rent works only poorly, and the maximum value for the current is only reached for
magnetic fields, for which the Zeeman energy w; is larger than the spin-flip scatter-
ing rate 1/t,. The interaction contribution to the mean current is strongly reduced in
the presence of magnetic impurities, whether or not the impurity spins are polarised.

If the Thouless energy E. and the temperature T are below the Kondo temperature
Tk, the impurity spins are effectively screened, and the magnetic impurities behave
like nonmagnetic defects.

Finally we consider the observability of the temporal current fluctuations. A direct
observation in a single ring experiment will be difficult. On the other hand, the tem-
poral current fluctuations are related to the dynamic linear response y(w) to a fre-
quency-dependent flux ¢(w). In the static limit, y(w = 0) is the derivative of the
persistent current with respect to the flux ¢: y(w = 0) = —2K(¢) = 84(¢). In the
presence of magnetic impurities, (x(w = 0)) is strongly suppressed. However, there
are the temporal current fluctuations, which are of the order (I(2)I(0)) ~ (E./¢o)%,
and which decay on the time scale t ~ tx(E.7s). As a consequence, we find for the
dynamic response at frequencies w ~ 1/(txE.7;) a contribution which is of the order
(x(w)} ~ (E./¢3)(E./T). Note that this averaged susceptibility is measured in an ex-
periment with many rings. The amplitude of the dynamic response, (x(w)), in the
presence of magnetic impurities can be larger than (y(w = 0)) without magnetic im-
purities, by a factor ~ E,/T.

Appendix A: The electron self energy

We calculate the self energy for electrons with spin up,

2?)(;'3”) = N(-T) Z Z Viaa+ (io))Glie, — o, K). (101)
wy ko

The relevant matrix elements of the interaction are

, 1 /"
V++++(zw;)=—-T- V 5‘50“)1 (102)

and
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, J\ *tanh(c;/2T
Vi (i) = —(g) *_‘_[w—) (103)

The frequency and momentum summation for the first type of interaction is easy,
since the interaction does not transfer energy,

s § O Glin W (104)
and
3
52 Glen k) = [ 556l k) = —inNoseaten) (105)
k

In the second term, the integration over k can be achieved as in Eq. (105). For
&, > 0 we have

(2) _ 2 sgn(en —wp) _ . 21
2 (ign) = —inguNoJ*T tanh — 272 oo~ el g (106)
The sum Ew[ ) is cut off at the Fermi energy, and can be expressed using the di-

gamma function ‘F

7 Z sgn(e, — ) _

iw; + wy 27:

1 ¢, — i 1 &, — iw,
{W(zxr) y’(i" 2aT )_Y’(TL T )} (107)

Using the property

Y(1 —z) = ¥(2) + mcot(nz), (108)
we find
(2) EF 1 & —iwg\ n (1 & — iy
L (ien) = {?’(2 T) ’{’(2+ 5T ) 2cot(2 +57 )}
- insn./\fojzé. (109)

This can be simplified using

T &y — it
— 110
cot(2 + =57 ) chT (110)
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After analytic continuation, ig, — &+ i0, we make use of another property of ¥,
namely Im¥(iy + 1/2) = (n/2) tanh(zmy), and we arrive at the expressions given in
Egs. (39) and (40). =¥ (¢) can be found in the same way.

Appendix B: Diffuson and cooperon in the presence of magnetic impurities

Rather than calculating (QQ), and subsequently finding the persistent current in
terms of the derivative with respect of the flux ¢, the current can also be found di-
rectly, as described in Chapter 2. In this case we need the expressions for the diffu-
son and cooperon; the bare expressions C° and D° are given in Egs. (44) and (45).
Using the quantities N; and M, defined in Eqgs. (48)—(53), we find for the non-zero
components of the cooperon

—y- o=\
2EN012€++++ = (N2 + Yot 3 ! —t 2 s) (111)
T .ws - a)’ -
2nNo*C____ = (Nz e 5 Yoo g 5 ) (112)
2 N() '+'Nl y_+_y+,_ _C!)s*‘}-w;
275./\[07 Ciyo = 5 + ) +1 5 /D+ (1 ]3)
2 N0+N1 y_+—)’+__ .O)S +(1);
ZTWQf Ciy= 3 - 3 —1 ) /D+ (114)
No—N
N2 Cy_y = [ — 5 ')/‘D+ = 27N’ C_y s (115)

with

Yoy — V4 'w5+w; 2
> + i 2 ).

Dy = NNy — ( (116)

Using the Clebsch Gordan coefficients (o¢’|jm) the components of the cooperon can
be written in terms of singlets and triplets:

(im|Cf'm) = z (o0’ [im) (W' [/ m') Cagrn. (17

ag’/

For w;, | = 0 the matrix (jm|C|/m') is diagonal, but in general there are off-diago-
nal elements mixing the m = 0 components.
The non-zero components of the diffuson are

ws + W, =\
2aNot? Dy = (Mz —i— > s 0r 5 4 *’) (118)
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Fig. 8 Diagrams representing mixed potential and spin-flip scattering. The sum of the three dia-
grams is zero.

N GCD- s, = (M s +w Ve ‘2“ }’-+)~] (119)

R s e T8 (120)

2N oD. . = (Mo +M ;s - w, e ‘2" Y--)/D_ (121)

2aNot* Doy = (M L M") /D- (122)
with

D_ = MMy — (i = ‘2""; g5 3 Yooy2 (123)

Appendix C: Potential and spin-flip scattering

One may ask why we consider two distinct types of impurities, on the one hand a
pure potential scatterer, on the other a pure spin scatterer. A real magnetic impurity
will have both, potential and spin-flip scattering, described by a Hamiltonian

Hy = —'}3 > expl—i(k - k’)R](Véw'Ckock'a' +Jckack'a'0aﬂ'sk) (124)
kk'ae

In particular, we cannot rule out that V > J. In second order in the interaction there
are three types of contributions, proportional to V2, VJ and J? ~ 1/7,. The part ~ V?
gives a correction to the nonmagnetic scattering rate 1/7. In the absence of magnetic
fields, the term ~ VJ is equal to zero. In the gresence of magnetic fields, however,
this part can be much larger than the terms ~ J°.

Corrections to the diffuson or cooperon from these mixed terms are shown in Fig.
8. The sum of these diagrams is exactly zero, which means contributions ~ JV are
unimportant for the questions considered.
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