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LOCAL EXISTENCE AND UNIQUENESS FOR A
TWO-DIMENSIONAL SURFACE GROWTH EQUATION WITH
SPACE-TIME WHITE NOISE

DIRK BLOMKER AND MARCO ROMITO

ABSTRACT. We study local existence and uniqueness for a surface growth model
with space—time white noise in 2D. Unfortunately, the direct fixed-point argu-
ment for mild solutions fails here, as we do not have sufficient regularity for
the stochastic forcing. Nevertheless, one can give a rigorous meaning to the
stochastic PDE and show uniqueness of solutions in that setting. Using spectral
Galerkin method and any other types of regularization of the noise, we obtain
always the same solution.

1. INTRODUCTION

We study local existence and uniqueness of the following equation
(1.1) Oh + A%h + AIVA|* =17

subject to periodic boundary conditions on [0,27]? and with space-time white
noise n. This equation arises in the theory of amorphous surface growth, see for
example [17, 18], and it has been considered also in the theory of ion sputtering.
The equation is simplified in the sense that we have left out lower order terms
that can easily be handled and do not present any obstacle in the theory of local
existence.

A thorough analysis of the one-dimensional version of the problem has been
given in [3], where the general theory introduced in [8] has allowed to prove the
existence of Markov solutions to the equation. Moreover each of these solutions
converges to a unique equilibrium distribution.

In order to complete the same program for the (physically relevant) two—dimensional
case, there are several problems that need to be faced.
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2 D. BLOMKER AND M. ROMITO

e When dealing with space—time white noise it turns out that the expected
smoothness of the solution is not enough to define the non—linear term.

e In contrast with the one—dimensional case, existence of global weak solu-
tions is harder, due to the lack of reasonable energy estimates. Existence
of weak solutions without noise has been proved in [21], using a-priori
bounds derived from the estimate of [ e" dx, which cannot be used for any
approximation by Galerkin methods.

e The weak-strong uniqueness principle (i.e. uniqueness of local solutions
in the class of weak solutions) fails, and this is a serious obstacle to the
application of the same ideas used in [2].

In this paper we address the problem of proving the existence of local solu-
tions for the equation forced by space—time white noise, as well as the issue of
low regularity for the non—linear term. A preliminary existence result of local in
time solution has been already given in [4], based on the ideas introduced in [15].
Nevertheless, these methods where not able to treat the physically relevant case
of space-time white noise.

Here we follow an approach similar to the one used in [7] for a similar singular
two-dimensional problem with space-time white noise. One key difference is that
we cannot rely on an explicitly given invariant measure. The idea is to decompose
the solution in a rough part having the low regularity dictated by the forcing and a
remainder, slightly smoother. The non-linearity for the rough term is then defined
as the limit of cut—offs via spectral Galerkin methods, thanks to the underlying
Gaussian nature of the processes involved. This, roughly speaking, corresponds to
a re-normalization of the non—linearity, but without any additional term, due to
the fact that the Laplace in front of the gradient squared kills the infinite constant.
The method works even for rougher noise at the price, of a lower level of regularity.
For even rougher noise the remainder fails to be regular enough, and then we need
an additional term in the expansion of the solution.

To be more precise, we interpret the solution as h = z 4+ v, where z solves the
corresponding linear stochastic equation (where the non-linearity is dropped) and
v is the remainder. The term z is a function valued process. Due to regularization
of the bi-Laplacian it is even continuous in space and time, but it fails to have a
derivative. The remainder v is then given by the mild solution

t
v(t) = e hy — / e =98 A(IVo]? + 2V - V2 + |Vz|?) dt + 2(2).
0

Since v is regular enough, the double product Vv-Vz is well defined. The problems
originate from the “squared distribution” |V z|?. Once this term is properly defined
as a limit of spectral approximations, for instance, we can work out a fixed point
argument similar to [9] (see also [3]).

Recently there is an interest in the analysis of non-linear PDEs that, like the
one presented here, are forced by noise rough enough so that the non—linear term
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in principle is not well-defined. The meaning of the non—linearity is then recovered
through probability. We refer to [11, 13]. Two recent papers [10, 12] have proposed
general and powerful methods that apply to our equation (1.1) as well as to more
difficult problems, where for instance the re-normalized infinite constant shows
up in the equation. The method we have used here, based on Fourier expansion,
works very well for our problem (1.1) and we believe it is, at least for this problem,
neat and simple.

1.1. Notations. Let T, be the two dimensional torus, understood as Ty = [—, 7>

with identification of the borders. Consider the complex Fourier basis of L*(Ty; C),
defined by e, = (2m)~!el*® for z € Z2 Notice that if u € L*(Ts) is real valued
and u = > ugey, then uy = u_y. Define Z2 = Z%\ {0}, Z2 = {k € Z* : k; >
0or ky =0,ky >0} and 2% = —Z73.

For s € R and p > 1, denote by WP the space of 2r—periodic W*? functions,
and by WSP its sub—space of functlons with zero mean. We will use the notation
H; H s and L? when p = 2. Such spaces can be defined either as the closure in the
Correspondmg norm of smooth periodic functions, or as spaces on R? with weight,
or by interpolation. We refer to [19, Chapter 3] for details on the definition as well
as for their properties. In particular, we will use that the dual (Wg’p)’ is Wit
where ¢ is the Holder conjugate exponent of p. Moreover the standard Sobolev
embeddings hold, namely qu C Wé’p ifr<sandr — % <s-— g.

Denote by (S(t))i>0 the semigroup generated in L? by —A? with domain of
definition H 4 Set for real valued functions w1, us,

B(Ul, Ug) = A(Vm . VUQ) .

It will be useful, for our purposes, to extend the definition of B over complex
valued functions as B(uy,us) = A(Vuy - Vuy). With this position B coincides
with the previous definition for real valued functions and it is Hermitian, namely
B(ug,uy) = B(uy, us).

In the rest of the paper we shall adopt the sloppy habit to use the same symbol
for numbers that depend only on universal constants and that can change from
line to line of an inequality.

2. MAIN RESULTS

2.1. Existence of mild solutions. Our first main results shows existence of a
local solution of (1.1). The solution is interpreted in the mild formulation

(2.1) h(t) = S(E)ho — / " S(t — $)B(h,h) ds — / S(t— 5)dW,
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for a suitable initial condition hg. Denote by z(t fo (t — s) dW; the stochastic
convolution. The above mild formulation can be recast in terms of v = h — 2z as

o(t) = S(E)ho — /O S(t — $)B(v,v) ds — /0 S(t — 5)(B(z,2) + 2B(z, v)) ds.

Since we do not expect the term B(z, z) to be well defined, given the regularity of
the stochastic convolution (see Lemma 3.1, we replace it by a suitable extension
B(z z) defined in Section 3 as the limit of spectral Galerkin approximations of z.

In conclusion a mild solution h of (1.1) is a random process such that v = h — z
is a mild solution in the sense that

t t _

(2.2) v(t) = S(t)ho — / S(t—s)B(v,v)ds — / S(t —s)(B(z,z) + 2B(z,v)) ds.
0 0

Given p > 0, € > 0 and T > 0, define

lluller == supti ||w(t) || grrse.
t<T

We will find a solution of (2.2) by means of a fixed point argument in the space
X(e.p,T) = {v € C([0, T L*(T2)) : vl < p}
for suitable p, T'.

Theorem 2.1. Let hg € H’1 and € € (0, ;) Given a cylindrical Wiener process
W on LQ(TQ) there exist a stoppmg time Ty, and a solution h of the mild for-
mulation (2.1) defined on [0,7y,), such that h € C([0,7,); L2(Ts)) and h — z €

C((0, Thy ); H1+€) Moreover, P[r,,, > 0] = 1.

The proof is given later in Section 2.1. Note that solutions are unique up to
the minimum of both their stopping times in the space X'(e, p,T). Moreover, by
standard methods one can continue uniquely the solution as continuous H ;,*6—
valued solutions, until they blow up.

2.2. Other regularizations. Here we consider regularizing methods different
from the spectral Galerkin method used to define B(z,z). We give an abstract
criterion and examples of its application.

We first define what we mean by regularization of z. Let ® be a bounded
operator on L2(T,) and define

/St—s )P dW (s

Z/ —(t—s)|k[* dﬁ@( )en,

keZ?

where the 8F(t) = (PW (t),ex) are (not necessarily independent) Brownian mo-
tions with variance ||®ey||2,. We suppose that the regularized process z® defined
above is smooth enough in order to define B(2%, 2%) uniquely. A sufficient condi-
tion that ensures this statement is given in the following lemma.
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Lemma 2.2. Let ® and 2% as above. Assume that for every k € Z2,

de,, e,
23 s [oenlieltels

[ml |n|

;
m-+n=~k

then B(2%, 2%) is well-defined as an element of ﬁﬁ‘” for every v > 0. In partic-
ular (2.3) holds if 3= |m|72||Pe, |72 < oo

Having approximations in mind, we turn to sequences (®y)yen of bounded
operators satisfying (2.3) and we analyse under which conditions they provide a
"good” approximation of the process z. By "good” we mean that the quantities
involved in the definition of B(z, z) and in the proof of Theorem 2.1 should be well
approximated by the corresponding quantities for the sequence (2*¥)y>;. The
first result gives sufficient conditions that ensure convergence in LY ([0, 00); W*P).
The technical assumptions on @y basically states, that they converge in a weak
sense to the identity, and that the off-diagonal terms of the operators are not too

large.

Theorem 2.3. Let (®y)ys1 be a sequence of bounded operators on L2(Ty) such
that

e for every m,n € Z2,
<(I)7V(I)N€m7 €n> — 5m,n7

where the Kronecker-Delta is given by 0,,,, = 1 if m = n and zero otherwise,
e there is v € (0,1) such that

(2.4) Z sup { (@x = Dem, (2x = Den)] } < 0.

2 U (ml+ [

Then for every s € (0,), p>1 and T > 0,
E[HZCI)N - Z‘|ip([07T];Ws,p)] — 07 N — oo.

Our second result gives some sufficient conditions that ensure that different
approximations give the same limit non-linearity. The particular choice of the
Galerkin truncations operators yields conditions for the limit of a generic sequence
(Pn)nen to the limit non-linearity defined in Section 3.

Theorem 2.4. Let (Py)nen and (Vy)yen be two sequences of reqularizing oper-
ators such that for N — oo

(Pnem, Pnen) = S, (Unem, Unen) = Omon,

(2:5) (Unem, Pnen) = Omn,
for every m,n € Z2. Let

Conn = Jsvu§{|(<1>1v6m, Dyen)| + [{(Unem, Ynen)| + [{(Pyem, Unen)|}
S
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for m,n € Z2, and assume that for some v > 0,

_ Cmn

keZ? m+n=k
and
(27) Z ’k’*Q’Y Z CmimaCning < o0,
reze o [P ma P [P [ns|?
* mo+no=k

Then for all T >0 and ¢ > 1,

E[||B(z*~,2%¥) — B(z"V, Z\I’N)H%q([o’TLH,Q,W)} — 0.

With the above results at hand, we verify that a convergence of a regularization
(®)nen that leads to the convergence of 2% to z and of B(z*",2%") to B(z, 2)
result in the solution v®* = h®" — 2®» of the regularized problem converging to
v = h — z, the solution given by Theorem 2.1, in probability. We give only one
possible version of the result. Other versions may be obtained by working on
different function spaces. )

Given an initial condition hg € H ;(Tg), let v be the process given by the mild
formulation (2.2). Define for every R > 0 the stopping time

T =inf{t > 0: |lv(t) — S(t)ho|m+ > R},

and 7 = oo if the above set is empty. By its definition, it is immediate to see
that 77 < 7,,, where 73, is the life-span of v.

Theorem 2.5. Let hy € ﬁ;}(’ﬂ‘z). Let ®x be a sequence of reqularizing operators
such that z®N € C°([0,00), Hj") for all N € N and fiz

4
EG(O,—), a:1_§’ q>E, ﬁe<2,3—6), andq’>3_—ﬂ_€.
If
(28)  El2* = 2llzoqo,weay + BB, 2%) = B(z, 2)ll o fo,17,-2) = 0,

as N — oo, then

sup ||v — v®¥||grre — 0,
[0,1/\7’R]

i probability.

The proof of these results is given in Section 5.2. Here we illustrate examples of
applications of the results presented above.

Remark 2.6. For every N > 1 define ® e, = e, if |[m| < N, and 0 otherwise. The
spectral truncations @y are clearly regularizing and all assumptions of Theorems
2.3, and 2.4 hold true. Indeed, the two theorems find a non-trivial application
when one needs to control the off-diagonal terms.
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FExample 2.7. Given a non—negative smooth function ¢ with support contained in
a small neighbourhood of the origin and such that [¢(z)dz = 1, let gy be the
periodic extension on Ty of z — ¢(Nz). Let

oxfe) = [ Nante—0)f)dy

The operators @y are self-adjoint and diagonal in the Fourier basis. Denote by ¢
the eigenvalues of ®y. These are (up to constant) given by the Fourier coefficients
of z — N%q(Nz).

Assume that ¢ € H" for some n > 0 and that ¢7 — 1 as N — oo, which is easy
to verify. Then it is straightforward to check that the assumptions of Lemma 2.2
and of Theorems 2.3 and 2.4 are verified. We comment in more details in Example
5.1.

Example 2.8. Here we study a non-diagonal case, which is for instance given by
noise not homogeneous in space [1]. Define

Dy f(x) = /{02 . N2qn (z,9)) f(y) dy

with a kernel gy which determined by a non-negative, smooth ¢ such that the
support of ¢ is contained in a small neighbourhood of the diagonal x = y such
that fT2><T2 q(z,y)dxdy = 1. The kernel gy is the periodic extension on Ty x Ty of
(&) = q(NE, Nn).

We can now again check all assumptions of Lemma 2.2 and Theorem 2.3 and 2.4.
As before, let V) = 7 be the projection onto the first Fourier modes. Again,
(2.3) is true, once g is sufficiently smooth.

The bounds in (2.6) and (2.7) are easy to establish, as we verify later that ¢, ,, is
uniformly bounded. The crucial condition is (2.4), which requires some work and
does not seem hold for arbitrary kernels. We comment on all these assumptions
in detail later in Example 5.2.

2.3. Rougher noise. As it is apparent by the previous sections, space-time white
noise is the borderline case between the standard theory for mild solutions and
the additional work summarized by Theorem 2.1. It is then possible to consider
rougher noise. _

In view of the computations needed to define B(z, z) (Lemma 3.4) it is reasonable
to consider a simplified case, namely when the covariance operator we apply to
white noise is diagonal in the Fourier basis. Consider a bounded linear operator
® on L*(T,) and assume for the rest of this section the following properties,

o Oy, = ¢pey for every k € Z2,

e there is 3 > 0 such that |¢,|? < c|k|? for every k € Z2.
This situation is similar to Example 2.7 before, when we consider kernels ¢ given
by a distribution instead of a function.
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The value 3 = 0 is morally the space-time white noise. Moreover, the definition
of B(z,z) imposes a structural restriction that limits the range of possible values
of B to B <1 (see Remark 6.4).

The same ideas of Section 2.1, when slightly modified to take into account the
parameter 3, lead to the following result.

Theorem 2.9. Assume 3 € (0, 3) and let hy € H}p and € € (2,(1—-B)AL). Given
a cylindrical Wiener process W on L*(Ts), there erist a stopping time T, and a
solution h of (6.1) understood as h = v + z, where z is given by (6.2) and h — z
satisfies the mild formulation (2.2) on [0,7,). Moreover, h € C([0, 74, ); L*(T2)),
h—2zeC((0,m,); HST) and P[ry, > 0] = 1.

The restriction § < 2 is due to the term B(v, z) in the mild formulation (2.2).
When the noise is too rough, the auxiliary function v is not enough regular to
ensure that the product B(v, z) is well-defined.

Assume now [ € [%, 1). To overcome the difficulty caused by the poor regularity
of both v and z, we add a term in the second Wiener chaos in the decomposition
of h, namely h = u 4 ( + z, where ( solves

(HACHB(z,2)=0,  ¢(0)=0,
and wu is the mild solution of
i+ Au+ Blu,u) + 2B(u, 2) + 2B(u, () + 2B(C, 2) + B(¢, ) = 0,

with initial condition u(0) = h(0). To this end we need to suitably define B((,z) as
we have already done for B(z, z), by exploiting the cancellations in the expectations
of these processes. This gives no gain for ¢ (we have already “used” the cancellation
to define B(z, z)) but it is effective both in improving the regularity of B(¢, ¢) (with
respect to what we would get from standard multiplication theorems in Sobolev
spaces), and in defining B((, z).

Actually, the approach through the higher Wiener chaos expansion of h can be
used for any value of 5 € (0,1). Indeed, it is sufficient to define B((, z) = B((, 2)
whenever the latter term is well defined (see Remark 6.8). We are able then to
prove the following result.

Theorem 2.10. Assume 5 € (0,1) and let hy € H}p and € € (g,%) Given a
cylindrical Wiener process W on lolz(Tg), there exist a stopping time T4, and a
solution h of (6.1) understood as h = u+ ( + z, where z is given by (6.2), ¢ by
(6.4) and u = h — z — ( satisfies the mild formulation (6.3) on [0, 7y,). Moreover,

h € C([0,7h,); L*(T2)), h — 2 — ¢ € C((0,7); HL) and Pr,, > 0] = 1.
3. THE STOCHASTIC CONVOLUTION

Let z be the stochastic convolution
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namely the solution of
dz + Az dt = dW,

with initial condition z(0) = 0 and zero mean. The stochastic convolution can be
expanded in the complex Fourier basis,

(3.1) z= Z Zker, 2(t) = /t oK t=2) g, (s),
0

where 3, = (W, ex), B = P, and (ﬁkz)kezi is a sequence of independent complex—
valued standard Brownian motions.

Due to the bi-Laplace operator, the stochastic convolution is function—valued.
On the other hand the stochastic convolution is not sufficiently regular to define the
non-linear term A|Vz|? as a function (and neither as a distribution), see Lemma
3.1 below. It turns out that, suitably defined, the term A|Vz|? makes sense.

Lemma 3.1. For everyt > 0,
E[[|2(8) 7] = oo
and z & H; for all times, almost surely.
Proof. Using the explicit representation of z in Fourier series,
1 4
2 —2k|4( 20k
BV(t)2] = 3 IK] / s = 3 (=) o
keZ? keZ?

The almost sure statement follows from Gaussianity [6, Theorem 2.5.5]. 4

3.1. Regularity in Sobolev spaces. Lemma 3.1 above shows that the gradient
of z is not defined. On the other hand, z has a “fractional” derivative of any order
smaller than one.

Proposition 3.2. For every p > 1 and s € (0, 1)
sup E[[|2(t) [fy«s] <
>0

Proof. Use the Fourier representation of z to get,

Efl=(t, z) — J <Y Ellz(®)lles(x) — ex(y)] <
keZ?
ALk (z =yl -
Sed - S e —yPlog(enle —yl ),
kez?

where to estimate the last sum on the right hand side of the formula above one
can split in the two parts |k| > |z — y|™' and |k| < |z — y|~'. By Gaussianity, for
every p > 1, E[|z(t x) — z(t,y)|P] < cp]x — y[Plog?’?(8x|x — y|~'). Therefore,

|2(t,2) — 2Lyl log”"? (8| — y| )
e[ FEEE I
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Remark 3.3. The regularity in time stated in the previous proposition can be
improved, with standard arguments, to L> or even Holder, but we will not use
this fact in the paper.

3.2. The non—linearity for the stochastic convolution. If u = Ekezg URCL
and v = Zk,ezg vrer are real valued, the non-linear term can be formally written
in terms of the Fourier coefficients as

B(u,v) = Z \k|2< Z m-n umvn>ek.

keZ? m4n=~k

Consider the stochastic convolution z and set for every k € Z2,

(3.2) Te(t) = D men zn(t)za(t).

Formally, B(z,z) = Y., |k|*Jrer. Lemma 3.1 immediately tells us that Jo(t) =
—[|Vz(t)|| L2 = oo almost surely. Likewise, an investigation of absolute convergence
of Ji(t) for k # 0 yields

E[ 3 menllzn(® za(®)l] = Y - nlEllzm () E] 200 ZJ;LTMTQ'_

m+n=Fk m+n=Fk m+n
m#n m#n

Following [7], we extend the definition of the non-linearity B so that the terms
Ji(t), for k # 0, are convergent. This is possible due to cancellations, since the
zm are centred Gaussians. The term Jy(t) = —||Vz(t)||z2 should be the most
problematic, since there is no hope to exploit any cancellation. On the other hand
it is constant in the space variable and it is cancelled by the Laplace operator.

Given N > 1, let Hy be the linear sub-space of L*(T5) spanned by (ex)o<kj<n-
Let my be the projection of L?*(T;) onto Hy and define

By (u,v) = B(ryu, Tnv).
We extend the operator B on the non—differentiable function z as the limit of the

sequence (By(z,2))ny>1 in suitable function spaces.

Lemma 3.4. Let z be the stochastic convolution. Then (By(z,2))nz1 is a Cauchy
sequence in L?(£; H 277 Jor every v > 0. In particular, the limit B(z,z) is well-
defined as an element ofH 2=,

Proof. Let J} be the term analogous to J; for myz. If N < N/,

NN’ NN’

E(JY@6 =T OF = > > mu-m ma - noElzmy 2 Zma Zna),

mi+ni1=k ma+na=~k

where by the symbol N <> N’ in the sum over m,n we mean that the sum is
extended only over those indices m,n that satisfy N < |m|V |n| < N’
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The sequence (zy,)mez+ is a family of independent centred Gaussian random
variables. Moreover z,, = z_,,. A few elementary considerations show that
E[2m; Zny Zms Zny) 18 non—zero only if m; = my and ny = ng, or if m; = ny and
msy = ny. Therefore

NN’
B[N () — T OPT =2 Y (m-n)Ellzml*|z.]"] <
m+n=k
N«N (m ) n)2 ol ol N« N’ 1
< S (1 — e 2mltty (1 — g2l < S
<¢ D Qa0 Se 3
m+n==k m+n=~k

The last series above can be estimated with Lemma A .4, indeed since |m|V|n| > N,

N+ N’ NN’ N+ N’

1 2 1 2 1 c
Y s Y <= S < .
|m|?|n|? = N7 |m|>=Y|n|? = N7 |m|>=|n|? = N7|k|>
m+n=~k T—\ZL\ZIT m+n==k
n|<|m

In conclusion,

B{IBy(2,2) = B (2. lfp-acr] = 3 B =) < 55 3 s
keZ? keZ2
and the term on the right hand side converges to zero as N, N’ — oc. U

Remark 3.5. In order to define B we have chosen Galerkin projections as regu-
larizations of the underlying Wiener—process and passed to the limit in order to
define the solution. We will see that other regularizations, for example convolution
operators, yield exactly the same result.

We shall need higher moments of B (z, z) for our considerations on the non-linear
problem. We shall derive the claim from hyper—contractivity of Gaussian measures
[16, 20].

Proposition 3.6. Given v > 0 and p > 1, there is a constant ¢ > 0 such that

sup B[ B(=(1). =) -+-,] <

Proof. For the second moment we can proceed as in the previous lemma, using
again the elementary estimate of Lemma A .4,

1
m+n=k m+n=k
Im|,|n|<N
Thus
log(1 + [k|)
E[||Bn(2(t), 2(t)) I 7r-2--] Z|k| 2E[| Y]] < Z|k;|2—+27

k
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and the second moment is finite. To prove that all moments are finite, consider
an integer p > 1. Theorem 1.22 of [20] yields that

E[|7'1*] < (2p — D> (E[ )"
hence by the Holder inequality,

E[IBx (=(), 2() 2] = [(Zrkr R <
< (S E BV ) <

and the moment of order 2p is uniformly bounded in time. U

4. PROOF OF THEOREM 2.1

Fix € € (0,1) and hg € H;) Let T be the operator that takes as its value the
right—hand side of (2.2), namely

Tu(t) == S(t)ho — /0 S(t — s)B(v,v)ds — /0 S(t — s)(B(z, 2) + 2B(z,v)) ds.

We use the standard contraction fixed point theorem. To this end we show
that by choosing p, T suitably, 7 maps X (¢, p, T') into itself. By possibly taking a
smaller value of p, 7 is also a contraction.

The self-mapping property. Set Rp,(T') := supjy t1||S(t)hol| 1+, then it is easy

to show ([9], see also [3, Lemma C.1]) that Ry, (7)) — 0 as T'— 0. Continuity of

Tov in L*(T,) is standard (see [3, Lemma C.1]). Moreover, by Lemma A.1, with
€[l—2¢1—¢),ift <T,

‘ /{:S(t — $)B(v,v)ds

/ |AZGTeI (1 — §) A~ DB(y, v)| 12 ds

C
_/0 (t ) (3+a+E)H ( )||H1+c ds

< et o2 pta e,

H1+5

The mixed term is estimated with the help of Corollary A.3, with v < 1 — e,
a=1—(eANvy)/2and ¢ >4/(e N\v A (1 —€— 7)), and the Holder inequality,

H/ S(t—s)B Uz)ds

/ ARG+ — ) AECDB(0, 2)| 12 ds
Lodz]lwes
<
< H'UHG,T/O (1= o) iGrergs ds
1

< a5 ol ([ 1olnads)
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where e; = }1(1 —€—7) — % is positive and the integrals are well defined by the
choice of gq.

Finally for the quadratic term in z we use Proposition 3.6. Let 2 < 7' < 3 —¢€
and p' such that $p'(1 4+’ 4 €) < 1, then by the Hélder inequality,

t t
[ st 2as],, < a0 s - B )i
t 1
< i —i(Hf*“/)p/d ?' / I1B(
<([=2 Bz, 2 ds)”
T 3
< ot TETe (/ 1B(z, 2 H )

where ¢’ is the Holder conjugate exponent of p’ and ey = z% — }1(7’ + 1) is positive.
The three estimates together yield

(41) HTUHE,T S Rho (T) + C0p2 + CopTel Zl (T) + CoTGQZQ(T),

where Z;(T") is the norm of z in L%(0, T} VT/g’q), and Z5(T') is the norm of B(z, z)
in L9(0,T; H o 7). All the quantities in the displayed formula above converge to 0
as T' — 0, so for T" small enough we can find a positive value of p that satisfies the
self-mapping property.

,_
U=

The contraction property. The contraction property follows from similar estimates.
Let vy, v € X(e€,p,T), then

Toi(t) — Tua(t) = /Ot S(t — s)B(vy + vg,v9 —v1) ds + Q/OtS(t — $)B(z,v3 — vy).

We use Lemma A.1 for the first term and Corollary A.3 for the second term (with
the same choice for the value of the parameters as the previous part),

”TUl —

er < cllvr +vollerl|vr — valler + T Z1(T) |01 — va|er

4.2
(42) < co(p+ T4 Z0(T)) 01 — vallerr

and again by choosing 7" small enough the mapping is a contraction.
Given a € (0,1) and b € (0, fc ), where ¢ is the constant appearing in (4.1)
and (4.2), choose p such that cop? —ap +b < 0. Let

= inf{t: ¢t Z(t) > 1 —a}, 7, = 1inf{t : Rp,(t) + cot®Za(t) > b},

and choose T' < 7 A 7). With these choices and positions, it is immediate to verify
that the right-hand side of (4.1) is smaller or equal than p and that the Lipschitz
constant of 7 appearing in (4.2) is smaller than 1. It turns out that 7, > 75 A 73
and, since 77 > 0 and 7 > 0 almost surely, the same holds for 7.
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5. OTHER REGULARIZATIONS

Let ® be a bounded operator on E(TQ) and consider the associated stochastic
convolution,

22(t) = /O S(t—s)®dW(s) = > 2 (t)ex,

where
t
z,f(t) = / o~ (t=s)lkl* dﬂ,f, and ﬁg(t) = (PW (t), ex),
0

and the 8¢ are Brownian motions. These are in general non independent, unless
® is diagonal in the Fourier-basis e;. We recall that ® is regularizing if it satisfies
the conclusions of Lemma 2.2, whose proof is given below.

Proof of Lemma 2.2. Condition (2.3) ensures that the terms Jj defined in (3.2)
are a.s. absolutely convergent, hence the computations in Lemma 3.4 can be made
rigorously for z® without relying on the spectral truncation. U

5.1. Good approximations. Here we prove Theorems 2.3 and 2.4. The proof of
Theorem 2.3 is a straightforward modification of Proposition 3.2.

Proof of Theorem 2.3. Let v € (0,1) be the value given in the statement of the
theorem. If z,y € Ty,

B[z (t, @) — 2(t,2) — 2%V (t,y) + 2(t, y) ]

= ZE[(ZSQN (8) = 2z (1)) (2™ () = 2a()] (€m () — €m(¥))((en() — enly))

< CZ e |m|4 + |77,|4[)em’€n>|(1 Afmiz =)L A [z = y)])

[((Pn — = em, en) 2
= CZ Gl e ol
where we used that

E[(Br¥ (1) = B (B~ (1) = Bu(1)] = (@5 = I)* (N — Dem, en).
As in Proposition 3.2, Gaussianity and the definition of the norm in WP yield

(I)N— @N—I)em 6n>| p/2
sup E|[z®¥(t) — 2z o < ( I ’ ) )
S Bl (1) = =0l 2

The Lebesgue dominated convergence theorem for the double sum on the right
hand side concludes the proof. O
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Proof of Theorem 2.4. Consider two different regularizing operators ® and W. Of
course we have in mind ®y5 and ¥y, but we omit the index N in the following.
First

B(",2%) — B(=",2¥) = B(=" + 2%, 2% — 2¥) .
Define for every k € Z2,

¢
Bf = BE £ 8 = (W(t), Pey £ Vep) and  zf = / 6_(t_s)‘k‘4dB]:€t :
0

Modify moreover the definition of Jj

Z m-n 25 (t)z, ().

m+n=~k
Thus
B(z*,2%) = B(z",2Y) = ) |k Juex
keZ?
and
(5.1) E||B(2",2%) = B(z", 2")[}-2-0 = Y [k 7 E|JiJ?
keZ?

By exchanging expectation and summation,

E|Ji|?* = Z (my - ny)(my - no)Ezt 2 24 2- .

mi~TniTma2Tng"
mi+ni1=k
mao—+no=k

Wick’s formula [20, Proposition 1.2] yields
Ezt 2o 2% 2= =Rz 2-Ezf 2= + Bzl 24t Bz 2> + Bz 2-EzF

mi1TnyTme n2 mi1Tni m27Tn2 mi1 7T mo n1~na m1~ng mo n1

Hence, (using the symmetry of variables ny <> mo in the last term)

B2 =] > (m-n)Esz

m-+n=~k

+ Z )(ma - no)Ez) 2t Bz 2,
(52) m1+n1_k

Since EQV(1), 70,5 — (0.4,
L ¢
Ezizf = / e~ (t=s)(ml*+eh) ds{®e, F Vey, Pe,, + Vey,).
0

Hence,

1
ST |4+|€|4| dey F Vey, Pe,,, + Ve, )|,
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and similarly for other combinations of signs.

Let us now consider again the sequences & and Wy. We treat the diagonal
terms with m; = my and n; = ny and the off-diagonal terms differently. We have
to assume some uniform summability of the off-diagonal terms. This is ensured
by the bounds (2.6) and (2.7). Moreover, all summands go to 0 in (5.2) due to
the convergence in (2.5). Thus from (5.1) by the Lebesgue dominated convergence
theorem:

sup B[|B(z*Y, 2%V) — B(z"~ 2'™)||3 s, =0 for N — 0.

>0
As before, using hyper—contractivity as in the proof of Proposition 3.6, we can
show that this holds for all moments and not only for the second. U

Let us come back to the examples given in Section 2.1.

Ezample 5.1 (Example 2.7 resumed). The operators @y are diagonal and self-
adjoint, denote by ¢% the eigenvalues of ®y. These numbers are (up to a constant)
determined by the Fourier coefficients of N2qy. Write

Niqn(z) = ) anem(2),

meZ?2

then ®ye, = ¢V, thus ¢ = ¢V,. It is easy to check now that (2.3) is a decay
condition on the eigenvalues and a sufficient condition is given by |¢n | < |k|~" for
some 1 > 0, that is ¢ belongs to H". The off-diagonal assumptions are clearly
verified. It remains to check the convergence (2.5) when the ®y are combined
with the Galerkin truncation operators my. To this end, it is sufficient to show
that ¢ — 1 as N — oo. This can be checked using the fact that g is supported
around 0,

q = N2/ gy (x)e_g(z) dx = / q(z)e_gn(z)dz — 1.
[771-777}2 [771-777}2

Ezxample 5.2 (Example 2.8 resumed). For simplicity of notation extend the oper-
ator to complex valued functions by

0@ = [ Nan(eu) Ty = (Vax(e, ). ).

Recall that gy is given by a non-negative smooth ¢ supported in a small neigh-
bourhood of the diagonal x = y, such that gy is a periodic extension of ¢(Nz, Ny)

on Ty x Ty. Denote by q,i]\? the Fourier coefficients of N2qy, i.e.

N
Nqn(z,y) = Z Q;i,g)€k<$)€e(y) :
k (€Z2
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This immediately implies, that

<CI)Nem7 en) = <Z ql(g{\geka 6n> = qT(LJ,VTY)L
keZ?

keZ? keZ? keZ?
We can now again check all assumptions of Lemma 2.2 and Theorem 2.3 and 2.4.
First (2.3) is true, once ¢ is sufficiently smooth, for example in some H¢, as this

implies that q,(j\g < |IN?qn ]|z (|k|? + |€]?)¥/? by Lemma A 4.
For the next steps, as before, let &) = 75y be the projection onto the first
Fourier modes. Now,

N) (N
Cmn < sup {| Z q]E)"rr?,Q](g’n)| + 0 + qT(z],V)}‘
NeN keZ?

and

The bounds in (2.6) and (2.7) are easy to establish, as we can verify that ¢, ,, is uni-
formly bounded together with the fact that, by Lemma A4, %" .~ |m|7?|n| 7% <
C(1+ |k|)™3. In order to establish uniform bounds on ¢, ,, consider

=3 [ [ ax(epe-s@enly) drdy,
To JTo
anda as <QN(~T, E 6m> = ZZEZQ %,mek(l’)»

N) (N
S a0l =N [ [ ot 2len(a)en(y) de dy.
keZ2 Te JTo
The bounds now follow immediately from substituting N and bounds on the sup-
port of q. With some more effort, one can also verify that

QS\QL = N2/ / C](LU, y)e—n/N<x>e—m/N(y>dxdy — 5n,m for N — oo.
' NTy JNT,

We rely on a splitting on NT, into in N translated copies of Ty here. The conver-
gence of >, q,ﬁ{\gqg\g to a Kronecker-Delta is more involved, and we skip details
here. The crucial condition is (2.4), which does not seem to hold for arbitrary ker-
nel ¢g. First let us remark, that main problem in (2.4) are the terms with m # n,
as the diagonal terms are easily summable under our assumption.

A weak sufficient condition for the off diagonal term would be to assume that
for some & > 1,

g’ < C@+ kP + 1)

Now we can verify by comparison with integrals, that
(@ = Dew, (B = Dew)| < Y gkt |+ 100 + 0 < O+ [m] + )7
keZ?

Thus (2.4) is true, as long as 7 < a.
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5.2. Proof of the stability theorem. In this section we prove Theorem 2.5. Let
ho € H\(T,), € € (0,3) and let (Py)yen be a sequence of regularizing operators
satisfying the convergence property (2.8). In the following the index N is omitted,
and we use a general regularizing operator @ first.

Step 1: Existence. Fix e € (0, %) from the proof of existence of solution in Theorem
2.1 and let v = h — 2z be the solution from Theorem 2.1. We first establish:

Theorem 5.3. Assume that the reqularized operator ® is such that z* € C°([0, 1], ﬁ;fﬁ).

Then the equation with regularized noise z* has a unique local solution v® in

X (e, p,T) for some small random T > 0.

This is follows from [4] or analogous to the result presented in this paper in
Theorems 2.1, 2.9, or 2.10.

It is straightforward to verify that v®—S(t)hg and v—S(t)hg are both continuous
with values in H 1+¢ Jocally close to 0. Moreover, we can continue all v® by standard
arguments as an H ;fﬁ -valued continuous function, until they blow up in H*¢.

Recall for a given large radius R > 0

= 1nf{t >0: ||U(t) — S(t)hoHHlJre > R}

Moreover, we can define 7% > 0 as the maximal time of existence in H'*¢, at which
v® blows up.

Step 2: Bounding the error. We can define for all t € [0, 7% A 77) the error
d®(t) = v®(t) —v(t) .
Define the stopping time, where the error exceeds 1:
=inf{t > 0: ||d®||zi+e > 1} ATEAL

Obviously, 7® > 7* > 0. Using Ito-formula, we have
t

4 (1) = / S(t— )[BT, 0™) — B(v, v) + B®, 2%) — B(v, 2) + B(=", =%) — B(2, 2)|ds
0

= /t S(t — s)[B(d®,d®) + 2B(v,d®) + B(d®, z)
+ B(d®, 2% — 2) + B(v, 2% — 2) + B(2%, 2%) — B(2, 2)]ds

Here, we rewrote all terms in a way that they depend only on v, z, d®, z — 2%, and
v — v®. Thus, using the bounds from the proof of Theorem 2.1 with
1

4
TEe a=g5-6 ¢>-, e2,3—¢€) and ¢ >4/(3—LF—¢)
€
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yields

t
4 ®)lmse <C [ (¢ =) AU e + ol
0
t
40 [ (1= sy O e
0
P

t
+C’/(t—s)_}l(3+2€)||v||H1+e 2% — z||lwaads
0

+C|B(z*,2") — B(z, )l o o,17,1-2) -

d® || gra+)ds

2|lweaa + [|2° — 2|l waw)ds

The definition of 7* and using ¢ € [0, 1] yields

t
1,
1d® (£)]| 1+« SC/ (t — 5)" 14| d® || grse (1 4 ||v]| grrse + || 2]|wess + |22 = 2|l wena)dss
0

t
4 C/ (t = 8)~2EF2) [yl rae]|2® — 2 wends
0

+ C|IB(2*, 2%) - B(z, 2|z o0, -5 -

Now define the random variable of the error

EP = 2% - 2|l oo, weay + 1B(2%,2%) = B(z, Z)HL‘Z'([O,I],H*B)

This simplifies the previous estimate for ¢ € [0, 7*) to

t
1d® () || gree < c/ (t — 5)" 349 d®|| grve (1 + R+ || 2|l wer + CE®)ds + CE®
0

Step 3: Estimates in probability. Now define for 6 € (0,1) the set
Qo5 ={Es <0}

which is a large set, in case if z? approximates z well, as P(Qgp5) > 1 — EEg /4.
Thus on the set {2¢ 5 for ¢ < 7 we obtain

t
2@ ms <€ [ (£=7)
0

(4_€)qu)||H1+e -ds(1 + sup ||z||wer) + CO
[0,1]

Using Gronwall’s inequality for ||d|| g1+ in the version of [14] yields the existence
of a finite random constant C'(w) independent of § such that

sup [|d® ()| grre < C(w)é

tel0,7*]
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Hence, we verified that for all dp € (0,1) on the set {C'(w) < do/d} N Qe s we have
7 > 1A 7g and ||d®| gi+e < d. Thus

P( sup ||d®|gve > 6p) < P({C(w) > 8o/0} U QG 5)

[071/\TR]

<P({C(w) > 6o/0}) + EET /S
Fixing § = VEE? yields
P( sup ||d®|| e > ) < P({C(w) > 6o/ VEEDY) + VEE®

[0,1ATR]

Step 4: Convergence. Now we can apply the results of the previous step to our
sequence ®y. Here EE®Y — 0 for N — oco. Thus supj i, [d%[|gi+e — 0 in
probability.

6. ROUGHER NOISE

In this section we deal with a bounded linear operator ® on IOJQ(TQ) and we
assume that
o Oep = grey for every k € Z2,
e there is 3 > 0 such that for every k € Z2,

[dul* < clk]”.

Since ® is real valued, we clearly have that ¢, = ¢_p.
Remark 6.1. 1t is obvious that any additional information on the ¢, would in
principle improve the results of this section. On the other hand our results are
optimal once we know that |¢|?> =~ |k|?, namely there are ¢, > 0 such that
k7 < |gxl? < cl k)7

We wish to find a mild solution of the following equation,
(6.1) dh + A?h + B(h, h) = ® dW,

where W is a cylindrical Wiener process on L?(Ty), again as h = v + z, where

(6.2) z(t) = /Ot S(t—s)®dW = Z Or2ker,

kez?
and the z; are defined as in (3.1). The following lemma can be easily proved as in
Proposition 3.2.
Lemma 6.2. Let § < 2 and let z be the process defined in (6.2). For every p > 1
and s € (0,1 — g),
Sup E[[[2(8) -] < oo.
>0

We turn to the definition of B(z, z). The counterpart of Lemma 3.4 and Propo-
sition 3.6 is the following proposition.
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Proposition 6.3. Let 5 < 1 and let z be the stochastic convolution defined in
(6.2). Then (By(z,2))n>1 is a Cauchy sequence in L*(; H ?77) for every v > .

Denote by B(z,z) the limit of this sequence, which is well-defined as an element
of HgQ_V, for~v > B. Given v > 8 and p > 1, there is a constant ¢ > 0 such that

sup E[|B(=(1). (1)) -] <

The proof of the above proposition follows the same lines of the above mentioned
results (direct computations and hyper—contractivity).

Remark 6.4. The restriction # < 1 in the assumptions in the above proposition is
necessary, at least in our simple approach. Denote by J; the term J, = > . (m-
N)Prm®Przmzn, and assume, as in Remark 6.1, that |¢x|? ~ |k|?. Then it is easy to

see that
1
2 ~
E[Jx|"] ~ z:pﬂﬂﬁﬁﬁ’
m-+n==k

which converges only if 5 < 1.

In order to manage the problem for § > 1, it is necessary to consider another
renormalization of the non-linearity. While the first renormalization has been
hidden by the Laplace term in front of the squared gradient (killing the infinite
constant, see Lemma 3.1), it looks like one should need a more refined approach
as in [12, 10] to proceed further, but this does not fit in our simple approach.

We have all ingredients to prove the existence of a local mild solution of 6.1,
interpreted as h = v + z. Here v is the solution of the mild formulation (2.2), and
z is given by (6.2).

Proof of Theorem 2.9. Let us look first at the “self-mapping property”. We need
to estimate the three terms Z; = [j S(t — s)B(v,v)ds, T, = [ S(t — s)B(v, z) ds
and Ty = [} S(t — 5)B(z, 2) ds.

The estimate of Z; is the same of Theorem 2.1. For Z, we use Corollary A.3.
Choose « such that g < v < 1—¢€, a such that g <1l—a<eAv, and q large
enough, then

rt

B0, )| ds < et~ / EE

Finally, the estimate of Z3 is the same of Theorem 2.1 and for f <+ < 1 — € and
q large enough,

t
1Tl s < c / A5 5t — 5)A-
0

34etry’
4

t ‘42 ~ € ~
| Zs || e < c / IATTS(t—5)A™"7 B(z, 2)|| 12 ds < et 3T%(|B(2, 2) || o (-2
0

The contraction property follows by the same inequalities, as in Theorem 2.1. [
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Remark 6.5. The “troublemaker” in the proof of the above theorem is the last
term, the one denoted by Z3. Indeed, the computations for Z; and Z, work for any
B € (0,1), given € € (0,3) for the first term, and € € (5,1 — &) for the second
term. The term Z3 requires € € (0,1 — f3), hence § < %

6.1. The second order expansion in Wiener chaos. Assume now 3 € [3,1)
and consider the decomposition h = u + ¢ + z of h, where where ( solves

(+AC+B(z,2) =0,  ((0)=0,
and v is the mild solution of
(6.3) U+ Au+ Blu,u) + 2B(u, 2) + 2B(u, () + 2B(C, 2) + B(¢,¢) = 0,

with initial condition u(0) = A(0), and B((, 2) is defined below in Lemma 6.7. We
can write ( as

(6.4) ¢(t) = —/0 S(t—s)B(z,z)ds,

then by maximal regularity, ¢ € H ;ra, for every a < 1— 3. Notice that there is no
additional gain in regularity if we try a direct computation in the style of Lemma
3.4. Roughly speaking, we have already “used” the effect of cancellations in the
definition of B(z, z).

Although we have gained additional regularity for the term B((, () appearing
in the equation for the remainder u, this is not enough. Indeed a standard multi-
plication theorem in Sobolev spaces (Lemma A.1) yields that B(¢,¢) € H,*7 for
~v > 28 — 1, which by a quick computation allows, in the fixed point argument, for
€ € (§,2 — 2f3), thus g < g. Even worse, when dealing with B((, z), we see that
we still have not enough regularity to give a meaning to this term. We shall solve
both problems exploiting cancellations.

Before proceeding, we state a few preliminary remarks. First, we know that
z =Yy, ¢rzper and that

g(t):/o S(t—s)z?(z,z)ds:h]rvn/o S(t —s)B(z", 2V) ds = lim ¢ (2),

with obvious definition of (y. If we write ¢ = ¢y, if |k| < N and ¢ = 0 otherwise,
we have 2V(t) = 35, o zi(t)er, and CN(t) = 3o, cp [FPTY (t)er, where we have

set for every k € Z2,

t
JY = Z (m - n)oN N 2,2 and TN(t) = / e IF =) N (5) ds.
m+n=~k 0
Finally, we remark a simple computation that will be useful in the next sections.
Let m,n € Z2, then E[z,,(t)2,(s)] = 0 unless m + n = 0. In the latter case,

(6.5)  Elzm(t)zn(s)] = Elzm(t)Zm(s)] = ﬁ(e—mm—q erlmlt9) < ﬁ
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6.1.1. The term B((, (). We shall prove the following result.
Lemma 6.6. Let 5 € (0,1). Then for everyy > —1 and p > 1,

S;gIODEH|B(C,C)HZ—2-V] < 0.

Since B(¢,¢) = limy B(¢N,¢Y) in H*77 for every v > 283 — 1, to prove ad-
ditional regularity of B((,() it is enough to prove that (B(¢Y,(V))ny>1 is uni-
formly bounded in L*(Q; H;*7") (and hence in LP(Q) for every p > 1 by hyper—

contractivity, see Proposition 3.6) for every v > 5 — 1.
We have

BN, ¢ = D (D WRIE (- 0T TN e,
keZ? h+t=k

hence we can estimate its norm, to obtain

ElIB(CY, ¢V e = D KIE| S [62hE - 07 T

:

keZ? h-+e=k
N> sup|E[JN JN IN JH|
hez mi, |l lhal |6 6]
ho+la=k
Each E[J;Y JY JY J{¥] contains sums of terms like
(66) ]E[Zml (Tl)znl <T1>Za1 (Sl)zbl (51>2m2 <r2>2n2 (7“2)2(12 (52)2b2(52)]7

with m; +n; = h;, a; + b; = £;, © = 1,2. Wick’s formula yields 105 products of
four expectations. Of these terms, 45 are zero by (6.5), since they contain terms
like E[z,,2,] with m 4+ n # 0. By symmetry, we can collect the remaining terms
in four classes as suggested in the picture! The first term gives no contribution,

ai az ai az ai az al az
/| e N e N e N
, \ N , N
bl( N by b1><‘b2 by e by bl( N ba
ni S n2 ni < > N2 ni < - N2 ni S N2
\ ,
N~—— N~—— N~——
mi ma mi ma mi ma mi ma

FIGURE 1. Graphical representation of classes of terms (6.6)
since it is non-zero only if m; +a; = 0 and b; + n; = 0, hence k = hy + {1 =
my +ny +a; + by = 0. The second term contains terms like

5m17m2 5n17b2 5a17a2 51)1 —ng
[ *nal*|ag|*|by]*

Y

‘E[ZmIZWQ]E[ZnIZbZ]E[ZalzaQ]]E[zbl an]‘ <

1A dashed line means that the sum of the two connected labels is one of the numbers h;, £;,
the continuous line means that the two labels are in the product of the same expectation, for
instance the first picture reads E[zp,, 2a, |E[2n, 26, ) E[Zms Zas ) E[Zn, Z6, |-
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hence ny = bg = ]’Ll my, b1 = N9 = hQ mi, a; = Ay = El — hg +my and for these
indices,

5 sup|E[TY JY TN TN .y c |
wi hallhal |16 7 o= bl [hof [2] 162
ho+lo=k ho+lo=k

c
— m1|2_f8|€2 —hy + m1|2_ﬁ>'

' <; [ma[>~Plhy — ma[*~F |y
1

Change the order of sums, summing first over hy, then over hy and finally over m;,
then by the Cauchy—Schwartz inequality and Lemma A .4,

C
<
hl§=k [hal [a] [hy = ma 8|l — by + a9

1 \3 1 2 _ /log(1 + k)
< () ( ) < -
hZ1 |ha[?|61]? hzl |h1 = ma[*2P[ly — hy + my [*2F k| [£2|*7

If we plug this result in the sum over h; and we repeat the same estimate, we obtain
that the sum over h; and hy is bounded by |k|72|k — m,|~® ) log(1 + |k|). B
applying Lemma A.4 to the sum over m;, we finally obtain that the term arising
from the fifth class is bounded by |k|~“=2%log(1 + |k|). The third and fourth
classes can be estimated by similar but simpler considerations. In conclusion
B((,() € H*77 for v > 8 — 1 and the lemma is proved.

6.1.2. The term B((, z). Given the information we have on the regularity of z and
¢, we cannot use Corollary A.3 to give a meaning to B((, z) (and it may not have
a unique meaning, as B(z, z)). Hence we resort on the same method we have used
for B(z, z).

Lemma 6.7. Let § € [%,1) and let z, ¢, 2V, ¢V be defined as before. Then
(B(CN,2N))ns1 is a Cauchy sequence in L*(0; H,*™7) for every v > 4.
Denote by B(¢, z) the limit of this sequence, whzch is well-defined as an element

ofH =7 for > 5 5. Given v > é and p > 1, there is a constant ¢ > 0 such that
StlipE[HB( C(t), 2(0)ff—r] <

Remark 6.8. When g € (0 ,3) the term B((,z) is well-defined and hence the
above lemma ensures additional regularity for B((, z). The argument is the same
of Lemma 6.6.

As in the previous part,

= > kPO 2T Bley,e) =

k.lcZ?

= SRS PG 06 2T ek = S kPG,

keZ? h+l=k kez?
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where G is the inner sum, and compute the norm of B(¢", 2V) — B(¢Y', 2Y') in
Hp*Q*7 to obtain

2

IB(CY, =) = BN, 2N 3 = D K[2|GY - G

keZ2
Thus
NN/ -
y y2Nv; _
ey —a¥p < S AAlelondnl g (6 ()20 (02 (0)]

wie mallhe] s

1+01=k

ho+lo=k

The term E[J},, Jp, 2¢, Z¢,] contains sums of terms like (2, Zs, 2, 2ny Zmy Zny| that, by
Wick’s formula, are the sum of 15 products of three pairwise expectations. Five of
these terms are 0, by (6.5), since contain E[z,,2,] with m 4+ n # 0. By symmetry
we can collect the terms in classes, whose representatives are

Bz, 20, ] E[2m, Zim, JE[ 20, Zny E(2e, 2m, B2, Zims | E 20, Zn,
E[Zh EWQ]E[Zb Zm1]E[Zn1 2712] :

We focus on the first class. Fix n > 0 small enough (depending on § and 7), then
a simple computation, the assumption on the ¢, and Lemma A .4 yield

L COhy—hy 00, 1
Bl T < #( —) <
sup|E [, Jn, 20,7, ) | < 7 2] €25 méhl im[>=B|n|>=F/ —

C5h1—h25e1—£2 C5h1—h25el—52
T | [*2BEE T N Ry [t 2B 2 A

By summing in hi, ho, we obtain the estimate ¢cN~"|k|~3=#="_ The other two
terms can be estimated by similar arguments giving the same bound. Hence the
sequence is Cauchy in H 277 for every v > g The statement on moments follows
by hyper—contractivity as in Proposition 3.6.

6.1.3. The local mild solution. The additional regularity of B((,() and the inter-
pretation of B((, z) we have proved, finally allow to obtain a local solution of (6.1)
as h = u+ ( + z, where v is a mild solution of (6.3).

Proof of Theorem 2.10. We give a quick sketch of the estimate for the “self-mapping”
property, the details are the same as Theorems 2.1 and 2.9. The terms arising from
B(u,u) and B(u, z) in the mild formulation can be handled as B(v,v) and B(v, z),
as well as B(u, (), since ( is smoother than z. For B((, () we use Lemma 6.6 and
choose ¢ > 4 to get
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Likewise, by Lemma 6.7, if € € (0,1 — g) andg <y<1—g¢,
1

t T
| / S(t = 9)B(C2)ds|| < iTio i / IB(C, 2) -2 ds) ",

for ¢ large enough. g

Hl+e

APPENDIX A. BOUNDS ON THE NON-LINEAR OPERATOR

Lemma A.1. If o, 5,7 > 0 and o+ + v > 1 (with strict inequality if at least
one of the numbers is equal to 1), then B maps Hé*a X Hglfﬂ continuously into
Hp_Q_V. In particular, there exists ¢ = c(a, B,7) such that

|1B(ur, u2)|| -2+ < c|lur|| givellus|| grvs.

Proof. Let ¢ € H ;*7, then by integration by parts and the Holder inequality,
(0Bl = [ A6Vur- Vundr < |80l Ve[Vl

with % + % + % = 1. Sobolev’s embeddings yield Hé_z/ P'c LP, hence

(0, B(u, u2)) < c|| @l a-2solunll ra-2sa || uzll pra-2/--

Choose now p, ¢, r such that o > 1 — %, g>1-— % and vy > 1 — %. The case where
one number is 1 corresponds to the critical Sobolev embedding and needs a strict
inequality. U

Proposition A.2. Let s € (0,1), 51,82 € (s,1) and p, p1, pa > 1 such that pil—i-piz =

117. Then there is a constant ¢ > 0 such that

||u1u2||WSvP S C||u1||WS1,P1 ||u2||W52,p27
for all uy € WP and uy € W32P2.

Proof. By definition

|uy (2)uz(x) — uy(y)ua(y)|?
lurus|[fysr = / |ugus P dz + // o — g dx dy.

By Holder’s inequality,

/ lurta]? da < [y |, [z

The second term in the norm above is split in the two terms

s ) I’ |u ui (y)I”
//| t |P 2 |2+sp dz dy+ | 1 |2-1|—sp dxdy:@—f—@.
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Using again the Holder inequality,

|U1 [ug(z) — ua(y)|P2\ 72
E] // —(s2—8)p < ’l’ _ y’2+32p2 > dl’ dy S

U —u P\ & uy(z)¥ 2
< <| 2( ) Z(y)|2>p2< | 1( )|1 )m)m SCHUIHLPIHUQHWSZJQ

|z — y[ror |z — y[>- (s

s2—8)p—2

since |z — y|¢ is integrable. The term [b] can be estimated similarly. O

Corollary A.3. Let € € (0,1) and v > 0. For every a € (0,1) and ¢ > 2 such
that 1 — a + (21 < €Ny, there is a constant ¢ > 0 such that
1B (ur, ug) || g—2- < cflur|[weos ||l i+e,

a,q 1+e€
Jor every uy € W31 and ug € H™.

Proof. Assume v < e. By duality,

||B(U1,U2)HH—2—7 S C||VU1VU2HH—’Y = C”SIH1p <¢, VU1VUQ>.
&l v

Let p be the conjugate exponent of ¢, then by integration by parts, duality and
the previous proposition (with p; =2, sy =vand 1 —a < 55 <e— %),
(¢, VurVug) = —(ur, div(¢Vuz)) < cflur|[wos || 9Vuallwi-ar <
< cllur|[weal| @l g [ Vuzllwsare < cllurllwe||ugl[ e,

since H, C W22 by the choice of s; and ps.
If on the other hand € < v, apply the previous proposition with p, = 2, s9 =€,
and 1 —a < 59 <7y — %, and use the Sobolev embedding H] C W37, O

The following Lemma is stated in [5, Lemma 2.3].

Lemma A.4. For all o, v > 0 with o + v > d there ezists C' = C'(a,7y) < 00 so
that, for all k € Z%, with k # 0,

Z (I C(1+ |k|)77, if a #d and v # d,
2 TPl S\ CO k) Plog(L+ K),  fa=dory=d.
m##0,n#0

where = min{a, v, + v — d}.
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