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Abstract. We consider mixed finite element discretizations of linear second-order elliptic bound-
ary value problems with respect to an adaptively generated hierarchy of possibly highly nonuniform
simplicial triangulations. By a well-known postprocessing technique the discrete problem is equiv-
alent to a modified nonconforming discretization which is solved by preconditioned CG iterations
using a multilevel preconditioner in the spirit of Bramble, Pasciak, and Xu designed for standard
nonconforming approximations. Local refinement of the triangulations is based on an a posteriori
error estimator which can be easily derived from superconvergence results. The performance of the
preconditioner and the error estimator is illustrated by several numerical examples.
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1. Introduction. In this work, we are concerned with adaptive multilevel tech-
niques for the efficient solution of mixed finite element discretizations of linear second-
order elliptic boundary value problems. In recent years, mixed finite element methods
have been increasingly used in applications, in particular, for such problems where
instead of the primal variable, its gradient is of major interest. As examples we
mention the flux in stationary flow problems or neutron diffusion and the current in
semiconductor device simulation (cf., e.g., [4], [14], [15], [23], [28], [39], [45], and [48]).
An excellent treatment of mixed methods and further references can be found in the
monography of Brezzi and Fortin [13].

Mixed discretization gives rise to linear systems associated with saddle point
problems whose characteristic feature is a symmetric but indefinite coefficient matrix.
Since the systems typically become large for discretized partial differential equations,
there is a need for fast iterative solvers. We note that preconditioned iterative methods
for saddle point problems have been considered by Bank, Welfert, and Yserentant
[8] based on a modification of Uzawa’s method leading to an outer/inner iterative
scheme and by Rusten and Winther [47] relying on the minimum residual method.
Moreover, there are several approaches using domain decomposition techniques and
related multilevel Schwarz iterations (cf., e.g., Cowsar [16], Ewing and Wang [24, 25,
26], Mathew [35, 36], and Vassilevski and Wang [50]). A further important aspect is
to increase efficiency by using adaptively generated triangulations. In contrast to the
existing concepts for standard conforming finite element discretizations as realized,
for example, in the finite element codes PLTMG [5] and KASKADE [20, 21], not
much work has been done concerning local refinement of the triangulations in mixed
discretizations. There is some work by Ewing, Lazarov, Russell, and Vassilevski
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[22] in the case of quadrilateral mixed elements, but the emphasis is more on the
appropriate treatment of the slave nodes than on efficient and reliable indicators for
local refinement. Recently Braess and Verfiirth [11] suggested an a posteriori residual-
based error estimator for Raviart—Thomas finite elements. It is the purpose of this
paper to develop a fully adaptive algorithm for mixed discretizations based on the
lowest-order Raviart—-Thomas elements featuring a multilevel iterative solver and an
a posteriori error estimator as indicators for local refinement. The paper is organized
as follows.

In section 2 we will present the mixed discretization and a postprocessing tech-
nique due to Fraeijs de Veubeke [27] and Arnold and Brezzi [1]. This technique is
based on the elimination of the continuity constraints for the normal components of
the flux on the interelement boundaries from the conforming Raviart-Thomas ansatz
space. Instead, the continuity constraints are taken care of by appropriate Lagrangian
multipliers resulting in an extended saddle point problem. Static condensation of
the flux leads to a linear system which is equivalent to a modified nonconforming
approach involving the lowest-order Crouzeix—Raviart elements augmented by cubic
bubble functions. Section 3 is devoted to the numerical solution of that noncon-
forming discretization by a multilevel preconditioned CG iteration using a BPX-type
preconditioner. This preconditioner has been designed by the authors [30, 29] for
standard nonconforming approaches and is closely related to that of Oswald [42]. By
an application of Nepomnyaschikh’s fictitious domain lemma [37, 38] it can be verified
that the spectral condition number of the preconditioned stiffness matrix behaves like
O(1). The error estimator investigated by Braess and Verfiirth [11] controls the error
of the primal variable in a weighted discrete L?-norm which tends to the H'-norm for
h — 0. In contrast to [11], we present in section 4 an a posteriori error estimator in
terms of the L?-norm which can be derived from a superconvergence result for mixed
discretizations due to Arnold and Brezzi [1]. It will be shown that the error estimator
is equivalent to a weighted sum of the squares of the jumps of the approximation of
the primal variable across the interelement boundaries. Finally, in section 5 some
numerical results are given illustrating both the performance of the preconditioner
and the error estimator.

2. Mixed discretization and postprocessing. We consider linear, second-
order elliptic boundary value problems of the form

—div(a-Vu)+b-u=f in

(2.1)
u=0 on I':=099Q,

where ) stands for a bounded, polygonal domain in the Euclidean space R? with
boundary I" and f is a given function in L?(2). We further assume that a = (aij)f,jzl
is a symmetric 2 X 2 matrix-valued function with a;; € L>°(§2) and b is a function in
L>(Q) satisfying
2
ap- €2 < Y0 ag(x) - && <an- €7, £eR? 0<ap<an,
(2.2) Q=1
O S ﬂO S b((E) é ﬂla
for almost all € 2. We note that only for simplicity have we chosen homogeneous

Dirichlet boundary conditions in (2.1). Other boundary conditions of Neumann type
or mixed boundary conditions can be treated as well. Introducing the Hilbert space

H(div; Q) = {g € (L2()?] div(g) € LQ(Q)}
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and the flux
Jj= —aVu

as an additional unknown, the standard mixed formulation of (2.1) is given as follows:
find (j,u) € H(div; Q) x L?() such that

a

b(

,q) +b(q,u) =0, qe H(div;Q),

) - d(u,v) = _(fav)(]a v e LQ(Q)7

—
|

(2.3)

<.
<

)

where the bilinear forms a : H(div; Q) x H(div; Q) — R, b: H(div; Q) x L?(Q) — R,
and d : L?(Q) x L?(Q) — R are given by

a(j,q) == [cj-qde, j,qe€ H(div;Q), c:=a",
Q
b(g,v) :=— [divg-vdz, qe H(div;Q), ve L*(Q),
Q

d(u,v) == [bu-vde, u,ve L*Q),
Q

and (-, )¢ stands for the usual L? inner product. Note that under the above assump-
tion on the data of the problem the existence and uniqueness of a solution to (2.3)
is well established (cf., e.g., [13]). For the mixed discretization of (2.3) we suppose
that a regular simplicial triangulation 7, of € is given. In particular, for an element
K € T;, we refer to e;, 1 < i < 3, as its edges and we denote by &, the set of edges
of 7, and by &) := &, NQ, & = &, NT the subsets of interior and boundary edges,
respectively. Further, for D C Q we refer to | D| as the measure of D and we denote by
Pi(D), k > 0, the linear space of polynomials of degree < k on D. Then, a conforming
approximation of the flux space H(div;) is given by V}, := RTy(Q,7},), where

RTy(Q.T,) = {q, € H(div;Q) g, |k € RTy(K),K €T, }
and RTy(K) stands for the lowest-order Raviart-Thomas element

RTy(K) = (Po(K))* + z - Po(K).

Note that any q, € RTy(K) is uniquely determined by its normal components 7 - 4, le,
on the edges e;, 1 < i < 3, of K € 7}, where n denotes the outer normal vector of
K. In particular, the conformity of the approximation is guaranteed by specifying the
basis in such a way that continuity of the normal components

(2.4) “q, =— n-q KNK =ecé&,

- eNK =h lenK’ ’

I3

is satisfied across interelement boundaries. Consequently, we have dimV}, = nj,, where
np = #&. Observing divVy, = W), := Wy(Q;71,), where

Wi(Q;75) = v, € L*(Q)| wnlx € Pu(K),K €Ty}, keN,

the standard mixed discretization of (2.3) is given by the following: find (ih’uh) €
Vi x Wj, such that

a(j,,q,) +b(g,,un) =0, g, €V,

(2.5) _
b(j,,,vn) — d(un,vn) = —(f,vn)o, vi € Wh.
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For D C Q we denote by (-,-)x,p, k > 0, the standard inner products and by || - ||z, p
the associated norms on the Sobolev spaces H*(D) and (H* (D))2, respectively. For
simplicity, the lower index D will be omitted if D = Q. Then, it is well known that

assuming u € H*(Q2) and j € (H1(Q))27 the following a priori error estimates hold
true:

lu —unllo < C-h-[lull2,
7= G, llo < C-h-lglh,

where h stands, as usual, for the maximum diameter of the elements of 7; and C' is
a positive constant independent of h, u, and j (cf., e.g., [1, Thm. 1.1]).

We further observe that the algebraic formulation of (2.5) gives rise to a linear
system with coefficient matrix

A BT
B -D

which is symmetric but indefinite. There exist several efficient iterative solvers for
such systems, for example, those proposed by Bank, Welfert, and Yserentant [§],
Cowsar [16], Ewing and Wang [24, 25, 26], Mathew [35], Rusten and Winther [47],
and Vassilevski and Wang [50]. However, we will follow an idea suggested by Fraeijs
de Veubeke [27] and further analyzed by Arnold and Brezzi in [1] (cf. also [13]).
Eliminating the continuity constraints (2.4) from V}, results in the nonconforming
Raviart-Thomas space Vj, := RTO_I(Q; T1), where

RTy MO Th) = {Qh € (LQ(Q))2‘ 4, |k € RTy(K),K € Th}

Since there are now two basic vector fields associated with each e € &), we have

np, = dith = ny + #52. Instead, the continuity constraints are taken care of by
Lagrangian multipliers living in M}, := My(&y), where

M(gh) = up € L2(5h)| Lp |e € Po(e),e € Sh}
and

Mo(gh) = MhGM(gh” Lh e 20,665};}.

Then, the nonconforming mixed discretization of (2.3) is to find (j, , un, An) € Vi x
Wy, x Mj, such that

&(ih7gh) + Z)(ghauh) + C(Ahvgh) = 07 Qh S ‘A/}“
(2.6) b(j,,»vn) — d(un,vn) = —=(f,vn)o,  vn € Wh,
C(M}Hl’h) = 07 Nh € Mh7

whered:VhxVhr—>R,l;:VhxW;,,r—>]R,andc:thVhHRaregivenby

aj,.q,) = > [ci,q,de. j,.q, € Vi
KeT, K

b(ghmh) =— 3 fdivgh “vp dz, g, € Vi, vn € Wi,
KeTh K

c(pnq,) = > [ pan-q, do, pn € My, g, € Vi
KeTn oK
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As shown in [1] the above multiplier technique has two significant advantages. The
first one is some sort of a superconvergence result concerning the approximation of
the solution v in (2.1) in the L?-norm while the second one is related to the specific
structure of (2.6) and has an important impact on the efficiency of the solution process.
To begin with the first one, we denote by II;, the L? projection onto Mj. Then, it is
easy to see that there exists a unique 4, € W1(€;75,) such that

Opin = A

(cf. [1, Lem. 2.1]). The function 4y represents a nonconforming interpolation of A,
which can be shown to provide a more accurate approximation of u in the L?-norm.
In particular, if v € H?(Q) and f € H (), then there exists a constant ¢ > 0
independent of A, u, and j such that

(2.7) lu—dnllo < e h?- (Jull2 + [ £1l)

(cf. [13, Chap. 5, Thm. 3.1]). The preceding result will be used for the construction
of a local a posteriori error estimator to be developed in section 4.

As far as the efficient solution of (2.6) is concerned we note that the algebraic
formulation leads to a linear system with a coefficient matrix of the form

A BT (T
B -D 0
cC 0 0

In particular, A stands for a block-diagonal matrix, each block being a 3 x 3 matrix
corresponding to an element K € 7,. Hence, Ais easily invertible which suggests
block elimination of the unknown flux (also known as static condensation) resulting in
a 2 x 2 block system with a symmetric, positive definite coefficient matrix. This linear
system is equivalent to a modified nonconforming approximation involving the lowest-
order Crouzeix—Raviart elements augmented by cubic bubble functions. Denoting by
m, the midpoint of an edge e € &, we introduce

CRy, = v, € L*(Q)| wp|lx € PI(K), KT,
vnli(me) = vnlr (me), e=KNK' €&,
vp(me) =0, eé€ 5};} ,
By = v, € LX(Q)] wilx € P3y(K), vnlox =0, KeTp},
and we set
Np, = CRy, & By,

Note that dimCRy, = #&° = dimM), and dimB;, = #7;,. Further, we denote by Py
and P. the L2 projections onto W}, and Vh, the latter with respect to the weighted L?
inner product (-,-)o,c = (¢, -)o. As shown in [1, Lem. 2.3 and Lem. 2.4], there exists
a unique ¥y, € Nj, such that

(28) Ph\I/h = Up, Hh\I/h = )\h-

Originally, Lemma 2.4 in [1] is only proved for b = 0, but the result can be easily
generalized for functions b > 0. Due to (2.6) and (2.8) we obtain

(2.9) j, = —Pe(aV¥y).



ADAPTIVE MIXED FEM 1663

Moreover, Wy, is the unique solution of the variational problem

(2.10) an, Y, mn) = (Puf,nn)o,  1n € Np,

where the bilinear form ay, : N, x N — R is given by

an, (Yh,1n) = Z Po(aV¥y,) - Vi + 0Py, - Py, dz, Wy, € Ny
Kej’hK

We will solve (2.10) numerically by preconditioned CG iterations using a multilevel
preconditioner of BPX-type. The construction of that preconditioner will be dealt
with in the following section.

3. Iterative solution by multilevel preconditioned CG iterations. We
assume a hierarchy (7})7,_, of possibly highly nonuniform triangulations of Q obtained
by the refinement process due to Bank, Sherman, and Weiser [6] based on regular
refinements (partitioned into four congruent subtriangles) and irregular refinements
(bisection). For a detailed description, including the refinement rules, we refer to [5]
and [18]. We remark that the refinement rules are such that each K € 7, 1 < k < j,
is geometrically similar either to an element of 7y or to an irregular refinement of a
triangle in 7y. Consequently, there exist constants 0 < kg < k1 depending only on
the local geometry of 7y such that for all K € 7y, 0 < k < j, and its edges e C 0K

(3.1) role? < |K| < kilel?.

Moreover, the refinement rules imply the property of local quasi uniformity; i.e., there
exists a constant ko > 0 depending only on the local geometry of 7 such that for all
KK eT,, KNK'#0,0<k <j,

hix < kohgr,

where hg := diamK.
We consider the modified nonconforming approximation (2.10) on the highest
level j

(3.2) an,(Yj,m;5) = (Pn; f,m5)0, 1 € Nj := Ny,

and we attempt to solve (3.2) by preconditioned CG iterations. The preconditioner
will be constructed by means of the natural splitting of N; into the standard noncon-
forming part CR; := CRj,; and the “bubble” part B; := By, and a further multilevel
preconditioning of BPX-type for the nonconforming part. For that purpose we intro-
duce the bilinear form acgr; : CR; x CR; — R

(3.3) acr; (uJCR,ijR) = Z a|K(uch,v]CR), uchm]CR € CR;,
KeT;
where a : H}(Q) x H} () — R is the standard bilinear form associated with the

primal variational formulation (2.1)

(3.4) a(u,v) = /(aVu Vv +bu-v)de, wu,ve Hi(Q).
Q
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In what follows we will refer to A : H}(Q) — H}(Q) as the operator associated with
the bilinear form a.
Further, we define the bilinear form ap, : B; x Bj — R by

aBj(wJB,sz) = Z/ apld(ijB)JsId(sz)erPh( By. P, (2 By dx

for all w B € B;. Denoting by Ap,, Dj € {N;,CRj, B;}, the operators associated
with ap, We Wlll prove the spectral equlvalence of An,; and Acgrg, + Ap;. To this end
we need the following technical lemmas.

LEMMA 3.1. For all ujCR € CR; and K € T; there holds

h?
(3-5) 1P 5 15, mc = M 13,1 — 51V

Proof. For the reference triangle K with vertices (0,0), (1,0), and (0, 1) it is easy
to establish

loll§ & < I1Ph; ol 4 + HWII v e Pi(K).

0,K’

Equation (3.5) can be deduced by the affine equivalence of the Crouzeix—Raviart
elements. O
LEMMA 3.2. For all wf € Bj and K € 7} there holds

1 K1

(36) 1Pl <55 2 Bkl Aa(Vu)lE i

Proof. Since ij|K = aMM A3, a € R, where \;, 1 <4 < 3, are the barycentric
coordinates of K, we have Py, wf|K = 6 and thus

a2

36OO|K"

Denoting by 7%, 1 < i < 3, the local basis of Vj, and by (Ald)K, K € 7, the matrix
representation of a|x in case ¢ = Id we find

(3.7) 1Ph; w13 s =

~ —1
(3.8) 1Pa(Vud)[§ x = bT(Ara)x b,

where b = (b1, bo, b3)7, b; = (ij T )0k, 1 < i < 3. Observing 7t = (2| K|) ™ t|es|(z—
a,), where a; stands for the vertex opposite to e;, by Green’s formula
e

(3.9) by = — (wf, divr 0K =50

|€,’|7 1SZ§3

If we consider the reference triangle K, where the vertices are given by (0,0), (1,0),
and (0, 1), we obtain

—_

1 .

~-Id < (A1) < $1d,

6 2
where “<” refers to the usual partial order on the set of symmetric, positive definite
matrices. Moreover, taking advantage of the affine equivalence of the Raviart—Thomas
elements it is easy to show that

1

1
=" k172K < (Arg)k < 10 2| K|1d.

(3.10)
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Using (3.1), (3.9), and (3.10) in (3.8) and observing (3.7) it follows that

2 2
~ o K Ko
PicllPa(VeP B 212 552 IKI=12 2 Pywfie. O

We assume a and b to be locally constant, i.e., a;j|x = const., 1 < 4,5 < 2,
bx = blg = const., K € 7;, and we denote by ag x and a1 i the lower and upper
bounds arising in (2.2) when restricting a to K. We further suppose that a and b are
such that

2
. 2 Ko

(3.11) II(HEI% dog k — hibr P ) > 0.
Note that for simplicity only we have chosen the strong inequality (3.11). All results
can be extended to the more general case that a constant ¢ > 0, independent of K,
exists such that for all K € 7; ag x — ch%(bK > 0 holds. Under assumption (3.11) the
following holds.

THEOREM 3.3. Under assumption (3.11) there exist constants 0 < ¢y < ¢1 de-
pending on the local bounds oy i, 1 € {0,1}, K € T;, such that for all ; € N; with
’l,ZJj = uJCR+ij} UJCR € CRJ', ij S Bj,

(3 12) an; (%’7 %) > ¢ (aCR]’ (ulchv u]CR) + aB; (w]Bv w]B) >

an; (wjij) sa (aCRj (u]CR’uJCR) + aB; (ij)w]B) :

Proof. For the proof of the preceding result we use the following lemma which
can easily be established.
LEMMA 3.4. For ally; € N; and K € 7T; there hold

a1 K

(PeaVehy, Vibj)ox <
(3.13a)

oo (CLV’LLJCR, VUJCR)QK + (aPId(VwJB), pld(vwf))()’]( ,

(3.13b) (P.aVip;, Vibi)ok > aox [VuS RIS x + | Pra(Vw?)|[3 «

Proof. Using the Cauchy—Schwarz inequality we obtain

A 2 A el 2
P.aV;, V; — P.aVi;, PuVi; oK

) s

IN

P.aVyj, P.aVi; - PV, PV, ok

S a1 K CPCCLV’(/JJ‘, I:’caij 0K

)

PV, PV, oK

s

Using I:’Id(VuJCR) = VUJCR as well as the orthogonality (Vu]CR,ijB)O’K =0, we
get (PaVy, PaVy)ox = IVu§EIR i + |Pra(Vw?)|[§ . Observing ¢ - a = Id we
obtain

P.aVipj, Vib; ok <arx PV, PuVi; ok

S al’i (aVuJCR, V’U/]CR)QK + (aﬁld(ijB),PId(wa))o,K

@,
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The following inequality deduces (3.13b):

N ~ 2 . 2 N N 2
PV, PlaVip; ok Vi, PLaV; oK cP.aVij, PLaVi; oK

s s )

IA

PIdej, Pldej 0K cﬁcaij, Cpcav¢j 0K

s )

<ogic PV, PuVy; o cPaViy, PaVy,

< 0‘0_,}( PIdV%», Pldej oK Pcaij7 Vib; . |

s s

On the other hand, in view of || Py, u Ho e < HuCRHO » Wwe have

(314&) (Phjbwj;¢j)0,K S 2 ((b’U/]CR,U/JCR)O K+ (bPh ’U) Ph w ) 0,K -

Combining (3. 13a) and (3.14a) gives the upper bound in (3.12) with ¢ =
max(max ez, ~ ao o=, 2). Further, by Young’s inequality, 0 < e <1, and (3.5), (3.6)

(P, )0,k
> br (1P, uS IS i + 1Py w15 i — 201 Py u§ Fllo, s - | PrywP [lo,x
> br (1= )P u§ 8 + (1= 2)|Pr,w?|I3
K hj 0,K h; %5 llo,K

(3.14D) > (1—€) ((0u§R,u§B)o i + (bPn;w?, Pryw?P)o i

2
~(1— S VuF R g — (2 - ¢) () B Aa(Ve) o

€ Ko

>(1—c¢) ((b CR,uJCR)OK + (bPn, w s Ppyw; BYo.x

2
(e B IRV

Consequently, using (3.13b), (3.14b), (3.11), and € = %

an; |K(¢j, wj) > %Z?Z (aVUJ'CRa VUJCR)O,K + (apld(ijB)a Pld(vwf))o,f(

+5 ((0u§E,u§T)o ik + (bPn,wB, PrwP)o

which yields the lower bound in (3.12) with ¢y = 3 mingez, ar i O

We note that the bilinear form a B, gives rise to a diagonal matrix which thus can
be easily used in the preconditioning process. On the other hand, the bilinear form
acr; corresponds to the standard nonconforming approximation of (2.1) by the lowest-
order Crouzeix—Raviart elements. Multilevel preconditioners for such nonconforming
finite element discretizations have been developed by Oswald [42, 43], Zhang [56],
and the authors [30, 29]. Here we will use a BPX-type preconditioner based on the
use of a pseudointerpolant which allows us to identify C'R; with a closed subspace
of the standard conforming ansatz space with respect to the next higher level. More
precisely, we denote by 7,11 the triangulation obtained from 7; by regular refinement
of all elements K € 7, and we refer to Sy, C H}(2), 0 < k < j + 1, as the standard
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conforming ansatz space generated by continuous, piecewise linear finite elements with
respect to the triangulation 7. Denoting by ./\/jo+1 the set of interior vertices of 7;11
and recalling that the midpoints m, of interior edges e € SJQ correspond to vertices
pE ./\f]OH, we define a mapping PJCR :CR; — Sj11 by

ujCR(p) if p = me,
(3.15) (PFRu; (p) = vp .
! vyt S u§E(me) if p £ me,
1=1

where m? , 1 < i < v, are the midpoints of those interior edges e € EJQ having
p E N’]O-Fl as a common vertex. We note that this pseudointerpolant has been orig-
inally proposed by Cowsar [16] in the framework of related domain decomposition
techniques. The following result will lay the basis for the construction of the multi-
level preconditioner.

LEMMA 3.5. Let P]-CR be the pseudointerpolant given by (3.15). Then, there exist
constants 0 < 8y < 61 depending only on the local geometry of 1y such that for all
u; € CR7

(3.16) 5OGCR]- (Uj, ’u]‘) S a(PjCRuj, PjCRUj) S 61aCRj (Uj, Uj).

Proof. The assertion follows by arguing literally in the same way as in [16, Thm. 2]
and taking advantage of the local quasi uniformity of the triangulations. a0

It follows from (3.16) that S, := PJ-CRCRJ- represents a closed subspace of
S;+1 being isomorphic to C'R;. Based on this observation we may now use the well-
known BPX preconditioner for conforming discretizations with respect to the hierar-
chy (Sk)?;é of finite element spaces (cf., e.g., [10], [12], [17], [44], [53], [55], and [56]).
We remark that for a nonvanishing Helmholtz term in (2.1) the initial triangulation
Ty should be chosen in such a way that the magnitude of the coefficients of the princi-
pal part of the elliptic operator is not dominated by the magnitude of the Helmholtz
coefficient times the square of the maximal diameter of the elements in 7y (cf., e.g.,
[44], [54)).

Denoting by TI'y := {(bgk), cey qﬁg?}, ny := dimSy, the set of nodal basis functions
of S, 0 <k < j+1, the BPX preconditioner is based on the following structuring of
the nodal bases of varying index k:

Py =Ty, Pi ::Fk\Fk,l, 1<k<j+1
We introduce the Hilbert space
j+1

(3.17) V=V x H H Ve, Vo:=80, V,:=span{¢},
k=1 by,

equipped with the inner product

j+1
(@, 0)v = (uo,v0)o + Z Z (ug,vg)o, W, EV,
k=1 ey
where @ = (ug, (Ug)ped, ;- - -, (Up)gca,,, ), and we consider the bilinear form b:V x
V +—— R given by
Jj+1

(3.18) b(@,T) := alug,vo) + Z Z a(ug,vy), W, UEV,
k=1 ¢y
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denoting by B : V —— V the operator associated with b. We further define a mapping
Ry :V +—— Sj41 by

j+1
(3.19) Ryu = uO-‘rZ Z ug, u€V,

k=1 pedy,

and refer to Rj, as its adjoint in the sense that (Ry@,v)o = (w,R{v)v, T € V,
v € Sj41. Then, the BPX-preconditioner is given by

(3.20) C = RyB™ 'R},
satisfying
(3.21) Yoa(u,u) < a(CAu,u) < nra(u,u), u€ Sji,

with constants 0 < 9 < 1 depending only on the local geometry of 73 and on the
bounds for the data a, b in (2.2).

The condition number estimates (3.21) have been established by various authors
(cf. [10], [17], [41]). They can be derived using the powerful Dryja-—Widlund theory
[19] of additive Schwarz iterations. Another approach due to Oswald [44] is based on
Nepomnyaschikh’s fictitious domain lemma.

LEMMA 3.6. Let S and V be two Hilbert spaces with inner products (-,-)s and
(-,)v and consider bilinear forms ag : S x S +— R and b:V xV — R generated
by symmetric, positive definite operators Ag : S — S and B : V — V. Assume
that there exists a linear operator R : V —— S, some (not necessarily linear) operator
T:5+—V, and constants 0 < ¢y < ¢y such that

(3.22a) R-Tu=wu, wu€S,
(3.22b) as(Rv, Rv) < ¢1b(v,v), v eV,
(3.22¢) cob(Tu, Tu) < as(u,u), u€S.

Then, there holds
COGS(uvu) < aS(RBgilR*Auau) < ClaS(uvu)a u €S,

where R* : S +—— V is the adjoint of R in the sense that (Rv,u)s = (v, R*u)y, v €V,
u€eSs.

Proof. See, e.g., [38]. O

In the framework of the BPX preconditioner S = S;; with ag being the bilin-
car form in (3.4) while V, b, and R = Ry are given by (3.17), (3.18), and (3.19),
respectively, the estimate (3.22b) is usually established by means of a strengthened
Cauchy—Schwarz inequality. Further, T' = Ty is an appropriately chosen decomposi-
tion operator such that the P. L. Lions-type estimate (3.22c) holds true (cf., e.g., [44,
Chap. 4]).

Now, returning to the nonconforming approximation we define I jﬂl : S —
CR; by (I]SHujH (me) = ujr1(me), ujt1 € Sj41. Note that in view of (3.15) the
operator I]S_s_leCR corresponds to the identity on CR;. Then, with C' as in (3.20) the
operator

(3.23) Cno =I5, C(I7 )"
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is an appropriate BPX preconditioner for the nonconforming discretization of (2.1).
In particular, we have the following.

THEOREM 3.7. Let Cn¢ be given by (3.23). Then, there exist positive constants
Mo, M depending only on the local geometry of Ty and on the bounds for the coefficients
a, bin (2.2) such that for all u € CR,

NoACR; (U, u) < ACR; (CNCACRJ'U’ u) < MacRr; (ua u)'

Proof. In view of the fictitious domain lemma we choose S = C'R;, acr, as in
(3.3) and V and b according to (3.17), (3.18). Furthermore, we specify R : V +—— CR;
by R = I]SHRV with Ry from (3.19) and T': CR; — V by T = TSPJCR with Tg as
the decomposition operator in the conforming setting. Obviously

s CR S pCR
(3.24a) RTu=1I7  RvTsP; "u= 17 Py "'u=u, u€CR;.
Moreover, using the obvious inequality
s s
acr; (I w1, 17 wi1) < ka(ujin, ujn),  ujr1 € Sjya,

and (3.22b), for all v € V' we have

CLCR]. (RU, R’U) = aCRj (IJSJrlR\/U, IJ‘S;HR‘/'U)
(3.24b)

< ka(Ryv, Ryv) < ky1b(v,v).
Finally, using again (3.16) and (3.22¢) for T' = TSPJCR, for all u € CR; we get

87 y0b(Tu, Tu) = 87 *4ob(Ts PEu, Tg PE )
(3.24¢)
< & tacr, (PP Pu, PORu) < acg, (u,u).

In terms of (3.24a—c) we have verified the hypotheses of the fictitious domain lemma
which gives the assertion. ]

4. A posteriori error estimation. Efficient and reliable error estimators for
the total error, providing indicators for local refinement of the triangulations, are an
indispensable tool for efficient adaptive algorithms. Concerning the finite element
solution of elliptic boundary value problems we mention the pioneering work done
by Babuska and Rheinboldt [2, 3] which has been extended by, among others, Bank
and Weiser [7], Johnson and Hansbo [34], and Deuflhard, Leinen, and Yserentant
[18] to derive element-oriented and edge-oriented local error estimators for standard
conforming approximations. We remark that these concepts have been adapted to
nonconforming discretizations by the authors in [29, 30, 31]. The basic idea is to
discretize the defect problem for the available approximation with respect to a finite
element space of higher accuracy. For a detailed representation of the different con-
cepts and further references we refer to the monographs of Johnson [33], Szabé and
Babuska [49], and Zienkiewicz and Taylor [57] (cf. also the recent survey articles by
Bornemann, Erdmann, and Kornhuber [9] and Verfirth [51, 52]).

Pioneering work concerning error estimation for mixed finite elements was re-
cently done by Braess and Verfirth [11]. They investigate discrete weighted norms
and suggest a residual-based error estimator. In contrast to this work we consider a
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pressure-based estimator for the natural norm. This section is devoted to the deriva-
tion of an error estimator for the L?-norm of the total error in the primal variable u
based on the superconvergence result (2.7). As we shall see that this estimator does
not require the solution of an additional defect problem and hence is much cheaper
than the estimators mentioned above. We note, however, that an error estimator for
the total error in the flux based on the solution of localized defect problems has been
developed by the authors in [32]. In the standard conforming case, error estimators
obtained by some postprocessing of the approximation are well known [58] and further
analyzed by Rodriguez [46]. They are based on the idea that the smoothed recovered
gradient gives a better approximation. In contrast to this approach, we start with
a better finite element solution and prove that it is equivalent to an average of the
original one.

We suppose that 1/~Jh € N, is an approximation of the solution v, € N of
(2.10) obtained, for example, by the multilevel iterative solution process described
in the preceding section. Then, in view of (2.8) and (2.9), we get an approximation
(]h,uh,)\h) € Vi x Wy, x M, of the unique solution (]h,uh,)\h) € Vi x Wy, x My, of
(2.6) by means of

(4.1) dp, = Pothn, A = yty,
and
ih = fpc(anNJh).

Note that, in general, ih is in contrast to j, not contained in H (div; ©2). Further, we

denote by uy, € CRy, the nonconforming extension of A
In light of the superconvergence result (2.7) we assume the existence of a constant
0 < 8 < 1 such that

(4.2) lu = dnllo < Bllu — unllo-

In other words, (4.2) states that the nonconforming extension 4y, of A, does provide
a better approximation of the primal variable u than the piecewise constant approxi-
mation up.

It is easy to see that (4.2) yields

lu—dnllo < (1= B)7Y |ldn — tnllo+ Bllun — anllo + lin — wnllo

(4.3)
lu—anllo > A+ 8)"" |lan —unllo = Bllun — anllo + llan — unllo

Observing (2.8) and (4.1), we have

(4.4) lun — @nllo = [|1Ph(¥n — ¥n)llo < [¥n — ¥nllo,

9\ 1/2
A — M )
1 €4
= >

3 } 5 1/2
K> Yn—vn (me,) )
KeT, =1

En — dll.

M

lan —anllo= 3 3|K]|
KeTy, 7

W=

(M

IN
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Using (4.4), (4.5) in (4.3) we get
= anllo < (1= B) Il — dnllo + /215 16 — Bnllo
lu—anllo > (1+ B)~ @ — anllo — /2llvn — Pallo-

We note that ||[{, — 9|0 represents the L2-norm of the iteration error whose actual
size can be controlled by the iterative solution process. Therefore, the term ||y, — i, llo
provides an efficient and reliable error estimator for the L2-norm of the total error
whose local contributions ||@;, — @sl|o.x, K € Tp, can be used as indicators for local
refinement of 7,. Moreover, the estimator can be cheaply computed, since it only
requires the evaluation of the available approximations u; € W) and S\h e My,

At the moment the error estimator depends on @ and . If the original system
(2.5) is solved, 1y, is not available without any additional computational amount.
Therefore, we are interested in the investigation of an error estimator which can be
evaluated by means of %;. The rest of this section will be devoted to showing that the
introduced estimator is equivalent to a weighted sum of the squares of the jumps of
Uy, across the edges e € &,. For that purpose we introduce the jump and the average
of piecewise continuous functions v along edges e € &,. In particular, for e € 2 we
denote by K, and K, the two adjacent triangles and by n, the unit normal outward
from Kj;,. On the other hand, for e € 5}: we refer to n, as the usual outward normal.
Then, we define the average [v]4 of v on e € &, and the jump [v]; of v on e € &,
according to

1 — K. 0

ey = | BOIE el (@), o= K Ko <
1 _ r
5K (), ree=0KNE,,

(U|Kin(x) _U|K0ut(x))’ r€e=KinNKout 6627
)5 () = ‘
v| g (), ree=0KNE,.

It is easy to see that for piecewise continuous functions u, v the following hold:

(4.6a) D / ulg vk do =Y / (ulies, - Vo + Ul - V]K,0e) do

KET}LaK ec&y e
3 / (ulics, - vl — licone - i) do = 3 / (u]a - [ols + [u] - [v]) dor
e€lp e€&n

(4.6b)

Further, we observe that for vector fields ¢ the quantity [n - ¢] s is independent of the
choice of K, and K,;.

In terms of the averages [n, - ¢,]a and the jumps [n, - ¢,]; we may decompose

€

the nonconforming Raviart—Thomas space Vj, into the sum
Vh = V;{L‘ + V}{,
where the subspaces V4 and V] are given by

Vf:{g}be‘}h ‘ [ﬂe'g}L]A|€:076€5f(L)}’

Vi ={a, €Vl Inoglile=0cc g},
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Obviously, we have V;/ =V, and VANV =Vl = {q, € Vi n, - q,]c =0, e € £}
As the main result of this section we will prove the following.

THEOREM 4.1. Let (] , Uk, Ap) € Vi, x Wy, x My, be the unique solution of (2.6)
and let i, € CRy, be the nonconformmg extension of Ap. Then, there exist constants
0 < 09 < g1 depending only on the shape reqularity of Tj, and the ellipticity constants
n (2.2) such that

1/2 1/2
47 00 €|2([Uh]J|e)2> <lup —anllo <o Y |€2([Uhh|e)2> :

ecép e€&y

The proof of the preceding result will be provided in several steps. First, due to the
shape regularity of 7;, we have the following.
LEMMA 4.2. Under the assumptions of Theorem 4.1 the following hold:

2 2 ~
30 22 lel* 2 ([unlale = Anle)” + 5 ([unlsle)” < llun — 3,
ecéy

2 2 N
31 Zg lel* 2 ([un]ale = Anle)” + 5 ([unlsle)” > llun — a3
ecéy

(4.8)

Proof. By straightforward computation

~ 2
lun —anllg = X llun—anlx =5 > |K| Z (unlic — dn(me,))
KeTy, KeT, i=1

= % > | Kin| (unlk,, — )‘h|e) + [ Kout] (un|r,.. — )‘h|e)2
ek
+3 3 K| (unlk)?
ecEf
which easily gives (4.8) by taking advantage of (3.1). d

As a direct consequence of Lemma 4.2 we obtain the lower bound in (4.7) with
o9 = /& However, the proof of the upper bound is more elaborate. In view of (4.8)
it is sufficient to show that

(4.9) > el ((lunla = M) [)? < e > lef* ([unlsle)?

e€ly e€ly

holds true with an appropriate positive constant c. As a first step in this direction
we will establish the following relationship between )\, and the averages and jumps
Of’uh.

LEMMA 4.3. Under the assumptions of Theorem 4.1 for all q, € Vi, there holds

(4.10) > le| = Anle) - [ne - g, lile + ([un]sle) - [ne - (g, = Peg,)lale =0,
ec&y

where P, denotes the projection onto Vj, with respect to the weighted L? inner product

(H')O@-

Proof. We denote by ¢j the unique element in B, satisfying

/¢hdx:/uhdx, K eT,.
K

K
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In view of (2.5) we thus have
Z /cih-ghdx—/divgh-¢hda: =0, ghEVh.
KeTy K K

By Green’s formula, observing ¢p|ax = 0,
/divgh - ¢pp, dxr = —/gh - Vo, dx
K K

and hence

/c J, TaVor -q, de=0, g, €V,
Q

which shows that

j, = —Pe(aVen).

1

Consequently, for q, € Vi

> fcih@hdx:— > chc(aV¢h)-ghdx

KeTn, K KeTh K
=— > [Vén- Pc(gh) dr=Y [¢n- divPC(gh) dx
KeT, K KeTh K
=Y [un -divPc(gh) dr= % [u,-n- Pc(gh) do.
KeT, K KeTh, 0K

It follows from (2.6) that

Z/ up-n- g, —Pelg,) —Mn-n-q, do=0, g, €V,
KGE@K

which by (4.6b) is clearly equivalent to the assertion. |
For a particular choice of q, € V3, in Lemma 4.3 we obtain an explicit represen-
tation of A\, on e € 5,?. We choose q, =T, where

(4.11) r.==(

Kin Kout
e 5 Te +7.

and 15""7 Iff’“‘ are the standard basis vector fields in Vh with support in K, and

Kout, respectively, given by
E'I§|e’ :56,6’7 6/ C (’9K,K€ {Kianout}'

COROLLARY 4.4. Let the assumptions of Lemma 4.2 be satisfied and let T, € Vi,
e € &Y, be given by (4.11). Then, there holds

e/
Ml = ldale = 3 bl Pz )lale
e'e€y
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Proof. Observing [n, - T,Jaler =0, € € &, and [n, - T ]jler = beer, € € &, the
assertion is a direct consequence of (4.10). d

Moreover, with regard to (4.9) we get the following.

COROLLARY 4.5. Under the assumptions of Lemma 4.2 the following hold:

1/2
> lel® (([un]a — /\h)|e)2>

eely
1/2
(4.12) )\ by ([na(gh—Pc(z,))lAle)Q)
< 3 el (funlslo) © sup - R
ecéy ghEVh,A > ([ﬂe‘Qh]JL)z)
€€,

LA
Proof. Since for each uj, € My (&) there exists a unique q, € Vi, satisfying
[ - q,]le = lelun, e € &, by means of (4.10) we get

> el ([un]a=An)l,pnle

1/2
> |€|2 (([un]a — )\h)|e)2> _ sup cEE)

/2
ccen unEMuEn) 5 \e|2<uh\e)2>
e€Ep
> lel(funla=An)le [ne-a,lsle
cE€Ep
= SuPA ; 172
4, €Vh egh([ﬂeghhle) )
2 el [unlsle [ne-(Pela,)~q, ) ale
= supA b AN
V n,_ - e
4, €Vh eeZgh(Le q,]7le) )
which gives (4.12) by the Schwarz inequality. |

The preceding result tells us that for the proof of (4.9) we have to verify

2 2 ~ A
(413) Z [ﬂe ' Pc(ﬂh) - Qh ]A|€ <c Z [ﬂe ' gh}J|e y gh eV .
ecéy e€ép

Since (4.13) obviously holds true for q, € Vh , it is sufficient to show the following.
LEMMA 4.6. Let the assumptions of Lemma 4.2 be satisfied. Then, there holds

2

Qap - C1 2 Aw A AT
Z ne-gq,lile o q,€Vi \Vi .
&0 " o e€&y

N |

(419) 3 [, Plg)ale <

el

Proof. We refer to A, A, and P, as the matrix representations of the operators A,
A, and P,. With respect to the standard basis of V}, and Vi, we may identify q, €Vah

and g, € Vi, with vectors qn = ((¢e)ees,) and @n = (65, g% ) cen, () ccer),
S A AT
respectively. We remark that ¢, € V, \ V, if and only if qlin = qffout e € €Y and
SA_ 4T
qX =0,e€&l. Tt follows that for 4, €V \ Vi

415) Y [Pyl = S (Pegn)? = (Pean)T - (Pean),

e€ly, ecép
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2
(4.16) > eglile =20 (@5 + (¢f)? =24 - an.
ec&y e€&y
Obviously
(4.17) (Pean)™ - (Pean) < p(Pe - PT)ap - an,

where p(P. - PT) stands for the spectral radius of P - PT. Denoting by S the natural
embedding of V}, into V; and by S its matrix representation, it is easy to see that

P. = A1STA,
whence
~ T /.
( . AsAlq, (ASAflqh
p(Pe-Pg) < sup
(418) an#0 ngh

(San) " A? (San)
= sup
an#0 qEAzqh

We further refer to Ak and Ak as the local stiffness matrices. Using (2.2) and (3.10),
we get

coar |K[1d < Dk < ¢1ap'|K|1d, Dg € {Ak, Ak},

1 2

with ¢g = 4% . /91_2 and ¢; = 7 - kg . Consequently, introducing the local vectors

(dnh) K = (Qeys Qess Qey)s €6 C 0K, 1 <4 <3, it follows that

qi A2qn = Y (an)gA%(qn)k > Gor? 3 |KP(qn)k (an)k

KeT, KeT,
(4.19)
= c%an > (‘Km|2 + |Kout|2 qg + > |K|2qg> )
ek e€El
(San)T A% (Sqn) = X (San)kA%(San)k
KeTy,
< ag? K|?>(Sqn)& (S

(420) — ClaO K%:Th| | ( qh)K( qh)K

clag? X (Kl + | Koul® @@+ X IKI2CJ§>-

ecEy ec&l
Using (4.19), (4.20) in (4.18) we find
p(Pe - PY) < (ag ' arc 'er)”

which gives (4.14) in view of (4.15), (4.16), and (4.17). O
Summarizing the preceding results it follows that the upper estimate in (4.7)

holds true with o1 = /%5 ((£52)2 + 3). Altogether the essential result of this section

is proved. The following theorem is a simple consequence of Theorem 4.1.
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THEOREM 4.7. Let uy, € Wy, be an approximation of the primal variable u obtained
by an iterative solution process for (2.5). Then, there exist constants 0 < 69 < &1 and
0 < Cy < C1 depending only on the shape regularity of Ty and the ellipticity constants
in (2.2) such that

1/2
lu—tnllo <01 3 |€|2([ﬂh]Je)2> + Culjun — tnllo,
ecéy

1/2
lu—dnllo =G0 3 lef? ([ﬂh]Je)2> = Collun — unllo,
e€&y

with 61 := 173, 60 := %%, C1:= 125,/ + 1 and Cp := {35 /> + 1.

Proof. Due to (4.3), Theorem 4.1, and the triangle inequality we obtain

1/2
lu—dnllo <25 2 |6|2([Uh]J|e)2> + [[un = tnllo,
e€ly,

1/2

~ 2 ~

lu—anllo> 135 > lel* ([unlsle) ) — [lun — @nllo.
e€ly,

It is easy to see that

e ([w]s]e)? < = lw
Ko

2
0T, UTs > Ti'NTy =e, we Wy,

and hence the assertion is proved. 0

5. Numerical results. In this section, we will present the numerical results
obtained by the application of the adaptive multilevel algorithm to some selected
second-order elliptic boundary problems. In particular, we will illustrate the refine-
ment process as well as the performance of both the multilevel preconditioner and
the a posteriori error estimator. The following model problems from [5] and [21] have
been chosen as test examples.

Problem 1. We take (2.1) with a = 1 and b = 100 on the unit square Q = (0,1)?
with the right-hand side f and the Dirichlet boundary conditions according to the
solution u(x,y) = (2cosh 10)~! (cosh(10z) + cosh(10y)) which has a boundary layer
along the lines = 1 and y = 1 (cf. Fig. 5.1).

Problem 2. We take (2.1) with the right-hand side f = 0 and a hexagon ) with
corners (+1,0), (i%, @), (i%, —?) The coefficients are chosen according to b =0
and a(x,y) being piecewise constant with the values 1 and 100 on alternate triangles
of the initial triangulation (cf. Fig. 5.2). The solution given by u(z,y) = a~1y(32% —y)
is continuous with a jump discontinuity of the first derivatives at the interfaces.

Starting from the initial coarse triangulations depicted in Figs. 5.1 and 5.2, on
each refinement level | the discretized problems are solved by preconditioned CG
iterations with a BPX-type preconditioner as described in section 3.

The iteration on level [ + 1 is stopped when the estimated iteration error €;4
is less then 512+1 < pel %, with the safety factor p = 1.E — 2, ¢ denotes the
estimated error on level [, and the number of nodes on level [ and [ + 1 are given
by N; and Ny, respectively. Denoting by (jl,ﬁl,j\l) the resulting approximation
and by @ the nonconforming extension of \ , for the local refinement of 7; the
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Level 0, N = 8 Level 6, N = 5197

F1G. 5.1. Initial triangulation Ty and final triangulation Tg (Problem 1).

Level 0, N = 12 Level 5, N = 3641

F1G. 5.2. Initial triangulation Ty and final triangulation Ts (Problem 2).

elementwise error contributions €%, = ||, — le||(2) x» I € T;, and the weighted mean
value € = [Q|7!' Y. % are computed. Then, an element K € 7; is marked for
refinement if |K| "€ > 0€® where o is a safety factor which is chosen as o = 0.95.
The interpolated values of the level [ approximation are used as start iterates on the
next refinement level. For the global refinement process we use €|Q] < atol [|w|[3
as stopping criteria, where « is a safety factor which is chosen as a = 0.95 and tol is
the required accuracy, tol = 2.E — 3.

Figures 5.1 and 5.2 represent the initial triangulations 7y and the final triangu-
lations 7g and 75 for Problems 1 and 2, respectively. For Problem 1 we observe a
pronounced refinement in the boundary layer (cf. Fig. 5.1). For Problem 2 there is a
significant refinement in the areas where the diffusion coefficient is small with a sharp
resolution of the interfaces between the areas of large and small diffusion coefficient
(cf. Fig. 5.2).

The behavior of the a posteriori L? error estimator is illustrated in Fig. 5.3, where
the ratio of the estimated error and the true error is shown as a function of the total
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1.8 1 B

4 Boundary layer ——
1.7 1 Discontinuous coefficients -—+—1
1.6 ({1 1

1.5 i
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sy
T

10 100 1000 10000
Number of nodes

F1c. 5.3. Error estimation for Problems 1 and 2.

oU L — e
2 45 T T Boundary layer —o—|
S 40 + + Discontinuous coefficients -+
)

S 35 7’+

5

‘H 30 1
g 25 1
W 20 r 1
o

Y 15 f 1
4

£ 10 1
=]

= 5 F 4

0 . . . . .
0 10000 20000 30000 40000 50000

Number of nodes

Fic. 5.4. Preconditioner for Problems 1 and 2.

number of nodes. The straight and the dashed lines refer to Problem 1 (bound-
ary layer) and Problem 2 (discontinuous coeflicients), respectively. In both cases
we observe a slight overestimation at the very beginning of the refinement process,
but the estimated error rapidly approaches the true error with increasing refinement
level.

Finally, the performance of the preconditioner is depicted in Fig. 5.4 displaying
the number of preconditioned CG iterations as a function of the total number of nodal
points. Note that for an adequate representation of the performance we use zero as
initial iterates on each refinement level and iterate until the relative iteration error
is less than ¢ = 1.E — 6. In both cases, we observe an increase in the number of
iterations at the beginning of the refinement process until we get into the asymptotic
regime where the numerical results confirm the theoretically predicted O(1) behavior.
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