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Two-magnon Raman scattering

in a spin density wave antiferromagnet
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Abstract. We present the results for a model calculation
of resonant two-magnon Raman scattering in a spin density
wave (SDW) antiferromagnet. The resonant enhancement of
the two-magnon intensity is obtained from a microscopic
analysis of the photon-magnon coupling vertex. By com-
bining magnon-magnon interactions with ‘triple resonance*
phenomena in the vertex function the resulting intensity
line shape is found to closely resemble the measured two-
magnon Raman signal in antiferromagnetic cuprates. Both,
resonant and non-resonant Raman scattering are discussed
for the SDW antiferromagnet and a comparison is made to
the conventional Loudon-Fleury theory of two-magnon light
scattering.

I. Introduction

Soon after the discovery of high-T, superconductivity [1]
Raman scattering experiments were performed on the anti-
ferromagnetic (AF) parent compounds La,CuQOy4 [2, 3] and
YBa,Cu3Og [4-6]. The analysis of the two-magnon Raman
intensity has proven since to be a valuable tool for probing
the collective magnetic excitations in these layered mate-
rials. Common to all antiferromagnetic cuprates is a well
defined two-magnon peak in the Raman intensity in B,
and a weaker but still significant signal in A;, scattering ge-
ometry at a transferred photon frequency near 3000 cm™'.
The frequency of the two-magnon peak has allowed an esti-
mate for the unrenormalized AF exchange coupling between
the copper spins in the CuO; planes of about 136 meV in
La,CuQy, consistent with results of neutron scattering ex-
periments for the spin wave velocity [7] and for the zone
boundary magnon energy [8, 9]. Most of the magnetic prop-
erties of AF cuprates are well described by modelling the
undoped CuO, layers by a spin ; Heisenberg model on
a square lattice. Yet, some anomalous features of the two
magnon intensity profile have remained a puzzle: both, the
asymmetric and broad lineshape in By, and the appearance

of a two-magnon signal also in A, and B,, geometry can-
not be obtained within the traditional Loudon-Fleury theory
for two-magnon Raman scattering [10—12].

Furthermore, two-magnon light scattering in AF cuprates
is a resonant phenomenon and the scattering intensity as
well as the line shape depend on the incoming photon fre-
quency. The Loudon-Fleury theory is in principle a theory
for non-resonant Raman scattering, assuming a phenomeno-
logical coupling of the incoming and scattered photons to
the localized spins of the antiferromagnet as described by
the coupling Hamiltonian

Hy_p= Z (Eine - i) (Ese - ui)(S; - Sj) (1)

<4,j>

where E;,. and E,. are the electric field vectors for the
incoming and scattered photons, and w;; is a unit vector
connecting spin sites 7 and j [10—12]. However, light scat-
tering experiments on AF cuprate compounds so far have
been performed with laser photon frequencies comparable
to the charge transfer energy gap of these insulating materi-
als [13, 14]. Therefore, photon induced transitions across the
insulating energy gap are the natural origin for the resonant
features of the two-magnon signal. A successful theory for
resonant two-magnon light scattering must for this reason
retain the charge degrees of freedom of the electrons.

Along similar lines as in the recent work of Chubukov
and Frenkel [15] we perform a model calculation for a spin
density wave AF which allows to explore the resonant en-
hancement of the two-magnon Raman intensity. We calcu-
late the scattering intensity using a microscopic description
for the photon-electron coupling and for the creation of a
magnon pair. Final state magnon interactions are included
within a diagrammatic formulation based on the half-filled
single band Hubbard model. We show that in this frame-
work the frequency dependence of the photon-magnon ver-
tices gives rise to an enhancement of the high energy part
of the two-magnon spectrum. Several experimental features
are explained as a consequence of the interplay between the
two-magnon peak and resonance phenomena of the photon-
magnon vertex function.

The paper is organized as follows: In Chap. II we start
with a brief review of the spin density wave formalism for
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the Hubbard model at half-filling. In Chap. III and IV a
detailed description of our diagrammatic approach is given
and the basic coupling vertices are calculated. The exten-
sion to including final state magnon-magnon interactions is
presented in Chap. V. In Chap. VI we evaluate results for
the non-resonant case and compare them to the conventional
Loudon-Fleury theory. In Chap. VII we explore the experi-
mentally relevant resonant case and calculate the scattering
intensity with resonant electron-magnon vertex functions. A
discussion of our results and the comparison to the experi-
mental data are presented in Chap. VIIL

I1. The spin density wave state

We start from the single band Hubbard model on a square
lattice which is assumed to describe the low energy physics
of the CuO, layers. The Hamiltonian for the Hubbard model
in standard notation is given by

U
H= de)cﬂacka N Z k1 Cq—k|Cq1] 7 - 2)
k,o k,l,q

Here cf:;) destroys (creates) an electron with momentum k
and spin o =T, |. N is the number of lattice sites and U is
the on-site Coulomb repulsion. The tight binding dispersion
of the square lattice with nearest neighbour hopping only is
given by (k) = —4t~y, where ¢ is the hopping amplitude
and 7 = [cos(ak,)+cos(ak,)]/2. Throughout the rest of the
paper t and the lattice constant a are set to unity.

At half-filling the nesting property (k) = —e(k+Q) with
Q = (m, ) leads to an instability of the Fermi sea of non-
interacting electrons towards a commensurate spin density
wave ground state with wave vector Q. Following the stan-
dard procedure as originally outlined by Schrieffer, Wen, and
Zhang [16] we introduce the staggered magnetization M in
the SDW ground state |¢) by:

1 +
M = ([S§1w) = (@l D TChiqotiol¥) 3)
k,o=T]

to linearize the interaction part of the Hamiltonian (2). The
resulting Hartree-Fock Hamiltonian is diagonalized by the
linear transformation

Mo ) — Cko _ [ ux ovk
(’Yfé;) Uk, o) ( Ck+Qa) ;. Uk, o) (vk _ Guk) 4)

which leads to
/
H=> " BEROs Y — Ta o) - ()
k,o

Here 7.9, 7Y™ destroy (create) quasi particles in the SDW

conduction and valence band, respectively. The primed sum-
mation is restricted to momenta in the magnetic Brillouin
zone (MBZ), i.e. to the momenta of the occupied Fermi sea
for the non interacting system (e(k) < 0), and the quasi
particle energy dispersion is given by

E(k) = /e2(k) + A? . (6)

The SDW energy gap A = UM between the valence and
conduction band is determined from the gap equation

1 r1 1

= 7
N zk: Ek) U ™
and the transformation amplitudes in (4) are given by uy =

\/é[l +¢e(k)/E(K)] and vy = \/é[l —e(k)/E(K)].

Due to magnetic umklapp scattering from the periodic
SDW potential the single particle propagator is no longer
momentum diagonal and it is conveniently expressed as a
2 x 2 matrix with respect to the momenta q € MBZ and
q+Q. In this notation the Hartree Fock c-particle propagator
in the SDW state is written as

om. ~_ [wtek) oA 1
GO(kM( oA w—s(k)> w? — E2(k)+1i6

Alternatively we will in subsequent chapters also use the
diagonal propagator matrix for the SDW conduction and va-
lence band quasi particles. The transformation between the
c and +y representation for the propagator matrices reads

(®)

Gf (k;w) = U'(k, 0)G" (k, w)U(K, 0) )
with
GS 0
Glkw) = o v
wor= ()
Lo 0
w+ E(k) — i6

The collective spin wave excitations in the SDW state are
determined by the poles of the frequency Fourier transform
of the transverse susceptibilities

@0 = ) ITS SO (an

where here o0 = £. The local spin raising and lowering op-
erators S7 = 57 + aiSjy are represented in terms of fermion
operators by

1 .
8= 5 2 CasTassi (12)
apf

where o* denotes the Pauli matrices with 4 = z,y. In the
following we denote by x(q) 2 x 2 matrices as in (8).

For the calculation of the dynamic transverse susceptibil-
ity matrix we account for the residual interactions between
the quasi particles beyond the mean field approximation by
summing the standard (RPA) ladder diagram series [16].
This leads to the matrix equation:

o,—0 o,—0 o.—0 —1
XGpa@w) =x0 (gw) [1 - Uxg “(q;w)] . (13)
with

2
o,—0 . _ 1§ :/ Mk k+q O—lkvk*quvkﬂl
X() (qaw) - N ol m l2
K k. k+q'"k,k+q k,k+q

1
% [w+E(k)+E(k+q)—z'(5

1
iw—E(k)—E(k+q)+@'5} (14)

and the coherence factors

lkk+q = UkUk+q TUKVK+q >, Mk k+q = UkVkeq T VkUk+q -(15)



In (14) the upper (lower) sign refers to the off-diagonal
(diagonal) matrix elements, respectively. The spin wave dis-
persion  wg,(q)  follows  from  the  condition
det[1—-Ux"(q;w)] = 0. In the strong coupling limit U/ > ¢
the RP A susceptibility matrix takes a very transparent form
displaying explicitly the propagating spin wave excitations.
An expansion of X754 up to the second order in ¢/U and
w/U leads to [17]

—-2J (1 — ’yq) ow
ow —2J (l +'yq)
1
Tt w2 @) +is

xs: (q;w) =

(16)

In this strong coupling limit the spin wave dispersion
Wsw(q) =2J \/ 1 — (74)? is identical to the linear spin wave
(LSW) theory result of the spin ; Heisenberg antiferromag-
net with exchange coupling J = 4t*/U [16-19].

In order to describe the coupling of the photons to
the electrons we consider the Hubbard Hamiltonian in the
presence of a weak transverse electromagnetic field. The
Coulomb interaction of the Hamiltonian remains unchanged
but the vector potential A(r, t) of the photon field introduces
a phase factor exp(i fl‘7 A(r,t) - dr) into the kinetic energy.
Expanding the kinetic energy part of the Hamiltonian up to
second order in A yields[20]:

— + € .
Hyin = %}e(k)ck,ockﬁ Y qum A=)
et 1

T one N Y Aa(=a)7ap(@; + 4 As(—a)(17)

q;,9,,0

Here, we have introduced the current density operator j(q)
with components

, 1 0e(k)
]a(q) = N Ok CE—%—q/Z,o—Cqu/Z,o— (18)
k,o @

and the effective density operator

1 Pe(k) .

N ok akg Ck+q/2,ack7q/27a (19)
k,o o

Tapg (q) =

In second quantization the components A, of the vector
potential are expressed in terms of photon annihilation (ag)
and creation (a;) operators by

— he? * +
An(q) = o) (eaa7q+eaaq) . (20)
q

e is the polarisation unit vector of the photon and wq = cq
is the photon frequency. Since the photon wavelength for
visible light frequencies is large compared to the crystal lat-
tice spacing and to all microscopic length scales of the elec-
tronic system we can safely neglect the photon momenta and
henceforth use the ¢ = 0 limit for the photon field. The po-
larisation vectors of the commonly used experimental scat-
tering geometries with linearly polarized light are collected
in Table 1, where e; and ey denote the polarisation unit vec-
tors of the incoming and scattered photon, respectively, with
regard to the bonds of the CuO, lattice.
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Table 1. Polarisation vectors for the incoming (e;) and scattered photon
(ey) in the common scattering geometries

Symmetry e; ey
Ay SHD KD
By, LD =D
By (1,0) (0, 1)

-9
Fig. 1. General diagram for the Raman amplitude of two-magnon scatter-
ing. The dashed lines represent the incoming and outgoing photons with
frequencies iwy,,iw, and the wiggly lines the magnon propagators. The
vertices V' and V"’ contain the microscopic coupling of the photons to the
magnon excitations and iw; is the transferred photon frequency

The Hamiltonian (17) describes how the photon field
couples to the current density operator and determines the
bare coupling vertices for the common scattering geome-
tries. The second order photon-electron coupling to the ef-
fective density will be neglected in the following, because
it contributes to the Raman scattering intensity only at high
frequencies due to direct interband transitions and does not
lead to any resonance phenomena.

III. Two-magnon Raman scattering

As an alternative to the Golden Rule analysis of the Raman
scattering intensity, we follow here a convenient diagram-
matic formulation [21]. This method has been applied previ-
ously for calculating the Raman intensity from two-phonon
scattering [22] or for two spin fluctuation scattering in the
paramagnetic phase of the Hubbard model [23]. Here we ex-
tend this technique to a 2 x2 matrix formulation for the SDW
state. The general diagram for the Raman amplitude in the
absence of magnon-magnon interactions is shown in Fig. 1.
The photons couple to the electronic system through a ver-
tex function V, creating two magnons with momenta q and
—(q. The left side of the diagram corresponds to the physical
process; the scattering intensity is then obtained from the
symmetrically completed diagram by taking diagram cuts
(see below) - a technique which yields results equivalent to
the Golden Rule analysis. The virtue of this diagrammatic
technique is that it allows to select those scattering processes
which dominantly contribute to the two-magnon Raman sig-
nal [22]. Here and in the following we use the finite temper-
ature Matsubara formalism and after analytic continuation to
the real frequency axis we evaluate our results in the zero
temperature limit.

The final state of interest contains two magnons with
opposite momenta. Therefore the two-magnon scattering in-
tensity can be deduced by taking a cut of the diagram for the
Raman amplitude across the two magnon lines only. After
analytic continuation of the photon Matsubara frequencies
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the cut translates into taking the discontinuity of Fj across
the real frequency axis with respect to the transferred photon
frequency iwy,

1(Aw) = 271m' [Fo(iwy — Aw +i6) — Fyiwy — Aw — )]
21)

and I(Aw) is directly proportional to the scattering intensity.
Explicitly, given the magnon propagators as represented by
the transverse dynamic spin susceptibilities, and the vertex
functions V' and V', which will be calculated in Chap. IV,
the Raman amplitude Fj has the following form:

Fy(iwy) = > V(g iwr, iwy, iwp)x”7(q,q; iwp)

1
N
A q,q9’,0,1wp

XX"7(—q, —q;iwe — iwp)Vo(q' iwy, iwy, twy)  (22)

where (3 is the inverse temperature. In order to single out
only the two-magnon contribution to Fp, the residues of the
vertex function must be disregarded when carrying out the
internal frequency sum. Similarly, the cut prescription (21)
with respect to iw; is restricted to the arguments of the sus-
ceptibilities. (For details of this technique see [22].) The
omitted high energy contributions correspond to final states
with particle-hole excitations only.

The frequency sum in (22) is conveniently performed
by introducing the spectral representation for the transverse
dynamic spin susceptibility

Imx”~7(q;w +140)
. dw
iwp — w

o,—0 . 1
i) =~ [ 23)
0
The analytic continuation of the Matsubara frequencies in the
vertex function is performed according to the rules [22, 23]

tw, — w; +10
w, — —w; +1i6
twy — wy —wyp=Aw . (24)

w; and wy are the frequencies of the incoming and outgoing
photon, respectively, and Aw = w; — wy is the photon fre-
quency shift. Taking the cut according to (21) then yields the
desired two-magnon contribution to the scattering intensity:

I(Aw)= > Wle / dwV,(q, Aw, w; + 16, —w)

q.q’,0
xImx5p3(q, q'; —w)mx 55 (—q, —q"; Aw + w)
xVoA(q', Aw, —w; + 16, —w) {n(w + Aw) — n(w)} . (25)

Here, the Bose distribution function n(w) is evaluated in the
T — 0 limit. Note that V,, and V are in fact the same
vertex functions but differ in the argument for the incom-
ing photon frequency due to the analytic continuation rules
(24). As a consequence the primed vertex function V/(q) is
equal to the complex conjugate of V,(q). In order to outline
the derivation of the scattering intensity (25) no final state
magnon-magnon interactions have been included so far. The
inclusion of magnon-magnon interactions will be discussed
in Chap. V.

a. = N
‘) K g - g
(3] . _ 4 v 4 B oA .
i —d ’('();; —q ) 4
- I(DH'
. i - g
+ C ~+ D N
o g
i(Du—‘ i(DH"
b.)
c
—0

Fig. 2. a Effective vertex function for the photon-magnon coupling. The
solid, dashed, and wiggly lines denote the SDW c-fermion, the photon, and
the magnon propagator, respectively. The spin labeling of the fermion lines
has been omitted, it is explicitly indicated in b. The solid circle represents
the bare photon-electron coupling j - A, the filled triangle represents the
electron-magnon coupling where the magnons are contained in the particle-
hole ladder series as shown in b

IV. The vertex function

Now we focus on the photon-magnon vertex function V,
which depends on the incoming light frequency and is thus
responsible for the resonant behavior of the scattering inten-
sity. The electron-photon coupling Hamiltonian (17) deter-
mines the bare coupling vertices of the photon’s vector po-
tential to the current density. Given the bare photon-electron
vertices the simplest and in the strong coupling limit most
relevant contributions to the vertex function V,,, which me-
diates the indirect coupling of the photon to the spin wave
excitations, are shown by the diagrams in Fig. 2.

The algebraic expressions corresponding to the individ-
ual diagrams that contribute to the photon-magnon vertex
function V,, as shown in Fig. 2 are explicitly listed in the
appendix. Since the total vertex function V, is independent
of o we henceforth drop the spin index o. In addition to
the diagrams shown in Fig. 2a the diagrams with reversed
direction of the fermion lines have to be included as well.
With (25) and the vertex function contributions as listed in
the appendix the derivation of the Raman intensity in the
absence of magnon-magnon interactions is complete.

V. Magnon-Magnon interaction

The remaining step is to include the effects of final state
magnon-magnon interactions. From the results obtained in
the framework of the Heisenberg model it is well known
that it is crucial to include final state interactions in order
to avoid a diverging Raman intensity at twice the maxi-
mum magnon frequency Aw = 2wi2* = 4.J resulting from
the square root divergence of the magnon density of states at
the MBZ boundary [10—12]. We therefore extend the Raman
amplitude Fj to allow for repeated magnon-magnon scatter-
ing. This is achieved by replacing a bare vertex V in the
Raman amplitude by a renormalized magnon-photon vertex
function I" which contains an infinite series of magnon pair
scattering processes. Diagrammatically this is represented in



Fig. 3. a General diagram for the Raman amplitude with final state magnon-
magnon interaction. b Diagram for the renormalized magnon-photon vertex
function I" which contains only magnon-number conserving scattering pro-
cesses. The solid squares in a and b represent the bare photon-magnon
coupling V' (see Fig. 2) and V'S in b represents the irreducible magnon-
magnon interaction

Fig. 3a and requires the solution of a Bethe-Salpeter like
equation for I" (see Fig. 3b). The diagrams for the Raman
amplitude F' and the vertex function I" translate into the
following equations:

F(iwg,iw,) = Z Z V(qi, iwy, iwt, iwp)
ZL’JP qlvql
XX}_I:-A((]lyquin)XRpA(*(Ih *qll; Twy — iwp)
xI(q{,iwy,, iw, iwp) (26)

F(ql’, iwy, iwt, iwp) = V(qy, iw,, iw, iwp)

ﬂ Z Z Ve (q]7q2,ZCL)p,ZU)t,ZCL)l)XRPA(q2,qz,'lwz)

iwy q27q2

XXppa(—Q2, —qs; iwe — iw)(qQ), iwy, iwe, iw) . (27)

For the irreducible magnon-magnon interaction V° we
include only magnon number conserving scattering pro-
cesses which - at least for the Loudon-Fleury theory of Ra-
man scattering from the Heisenberg antiferromagnet - have
been shown to be the most important [24]. For our present
SDW state based calculation the magnon-magnon interaction
vertex has to be expressed in terms of the residual Hubbard
interaction between the fermionic quasi particles. The sim-
plest diagrams which serve for this purpose are shown in
Fig. 4 and involve an internal loop with 4 fermion Green’s
functions. Fortunately, for our subsequent strong coupling
evaluation of the two-magnon Raman intensity in B, ge-
ometry we have indeed found that these two diagrams give
the dominant contribution to the magnon-magnon interac-
tion. As we will show below, evaluating V° in the static
zero frequency limit the result for the B, intensity can still
be obtained analytically for U > t in an intermediate fre-
quency range despite the mathematical complexity of the
Raman amplitude F' in (26).

29

S ) S 4,
Fig. 4. Vertices for magnon-magnon scattering. As before (see Fig. 2b) the
filled triangle corresponds to the electron-magnon coupling

VI. Non-resonant scattering

First we analyse the results in the non-resonant case, when
the incoming photon frequency w; is much smaller than the
SDW energy gap 2A. In the strong coupling limit all ex-
pressions take a transparent form and become analytically
tractable. In B, symmetry the rhomb-shaped vertex dia-
gram A in Fig. 2 gives the only contribution to the total
vertex function; the diagrams B, C, and D vanish identically
to leading order in ¢/U. Explicitly we find

@ = —fw)dvg (28)
with

1
7(‘11 =, [cos(qz) — cos(qy)] and

2
2 _4N2 7

This simple structure of the photon-magnon vertex function
leads immediately to a simple expression for the scattering
intensity (25) in B, geometry without final state magnon-
magnon interactions:

flwi) o 29
w

I, (A0 o MZ (”" 2 88 = 2000

(30)

As expected the neglect of magnon-magnon interactions re-
sults in a logarithmic divergence of the B}, intensity at twice
the maximum spin wave frequency 4.J.

In A, symmetry all 4 diagrams in Fig. 2 for the ver-
tex function give non-vanishing contributions, but due to
a perfect cancellation of the different terms the total ver-
tex function and therefore the scattering intensity vanish to
leading order in ¢/U. This cancellation has been previously
noted by Chubukov and Frenkel [15]. Also the intensity in
B,, symmetry is zero in the strong coupling limit. For weak
and intermediate values of U/t, however, the two-magnon
intensity is finite in all three symmetry channels.

The logarithmically diverging scattering intensity in B,
(30) and the vanishing intensities in A;4, and B, symme-
tries for U > ¢ are results one also obtains using the ef-
fective Loudon-Fleury spin-photon coupling Hamiltonian in
the framework of the spin ; Heisenberg model. In the non-
resonant region, where (2A — w;) > J, and in the strong
coupling limit the assumption of localized spins is valid and
the Loudon-Fleury approach is expected to yield the correct
description [15, 20]. Since we have demonstrated the equiv-
alence between the two approaches at least in the absence
of magnon-magnon interactions, the correct selection of the
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photon-magnon vertex diagrams in Fig. 2 is a posteriori ver-
ified.

In order to take magnon-magnon interactions into ac-
count, we evaluate the scattering vertex V' (see Fig. 4) in
the static limit for U > ¢. In B}, geometry the only relevant
contribution to V* is given by

VS (@)= 1207 g - (31)

We decompose vq,—q, aS

7‘11—(12 = 71117(12 + 731 7(?2 + 75117521 + 75127522 ) (32)
where
1. .
74 = ,lsin(g,) +sin(g,)] and
1_. .
VB2 = ) [sin(gz) — sin(gy)] - (33)

Due to the specific momentum dependence of the relevant
photon-magnon vertex, (28), only the second term in (32)
contributes, because in performing the momentum sum in
the vertex (27) all those parts of Vglg which are orthogonal

to ’y,‘li give a vanishing contribution (3, 7:11%1 =3 7&z ,ygl _

Zq 7&1752 = 0). Therefore, the effective remaining magnon-
magnon interaction V5 in By g geometry is given by

Vian, @) = —12J75 8 (34)

Introducing the function

. 1 1 _ .
L(iw) = 4 D 2 Yaxso(aa'siwy)
.9’

XXgo(—a, —q viwy — iwp)Vgs (35)

and solving (26) and (27) with V5 = V3(q1, q2) the By,
Raman amplitude takes the form

J2L(iwy)
— 12 L(iwy)

Finally, applying the cut prescription (21) yields the result
for the non-resonant scattering intensity in B, geometry

B fz(wi) L(Aw + Z6)
Iy, (Aw) = “m { 1= 12 L(Aw+ z‘é)}

A comment is in order regarding the calculation of L(iwy).
We note that the denominator of x> (q;w) in (16) contains
two poles at w = Fwg,y,(q) corresponding to forward and
backward propagating spin wave excitations. The vertices
in Fig. 4, however, account only for magnon number con-
serving scattering processes. For a consistent evaluation of
the Raman amplitude it is required to retain only the forward
propagating parts of the dynamic susceptibilities in (35) for
L(iwy) [25].

With this restriction for the evaluation of L(iw;) the re-
sulting B, scattering intensity is shown in Fig. 5 (solid
line).

As expected, the inclusion of magnon-magnon interac-
tions removes the divergency of the intensity for zone bound-
ary magnon pairs and leads to a single almost symmetric
two-magnon peak around Aw ¥ 2.6J. For comparison we
have also shown the result of the Loudon-Fleury theory in

Fp,,(iw) = f2(w;) | (36)

(37
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Fig. 5. Raman intensity in arbitrary units in the non-resonant case in the
strong coupling limit with (solid line) and without (long dashed line) final
state magnon-magnon interactions. The short dashed line shows the result
of the Loudon-Fleury theory with magnon-magnon interactions included.
The transferred photon frequency Aw is given in units of J = 42 /U

Fig. 5 obtained from a spin wave theory analysis to order
(1/S5)*. We note that an analogous but much more tedious
expansion in the framework of the half-filled Hubbard model
has been performed in [26] by extending the model to 2.5
equivalent orbitals on each site.

The line shape of the obtained spectra in Fig. 5 is appar-
ently distinctly different from the experimental data. As we
argue in this paper the reason for this discrepancy is due to
the neglect of resonance phenomena in the photon-magnon
vertex function V'; the non-resonant limit CA — w;) > J
for which the Loudon-Fleury theory is valid is not the rel-
evant situation for the experimental Raman data on cuprate
antiferromagnets.

VII. Resonant Raman scattering

In this chapter we consider the resonant case when the in-
coming photon frequency w; is comparable to the SDW en-
ergy gap to within a typical magnon energy, (w; —24) ~ J.
In this regime strong resonant enhancement of the ver-
tex function becomes important due to the combination of
photon induced interband transitions and the creation of a
magnon pair. Resonances appear in all four vertex diagrams
in Fig. 2 which contribute to the total vertex function V.
By inspection we find the strongest resonance to arise from
a scattering process that is contained in the rhomb-shaped
vertex diagram A (Fig. 2a). Alternatively to (A1) this contri-
bution to the vertex function is more conveniently expressed
in terms of SDW conduction and valence band quasi parti-
cle propagator matrices which allows more easily to identify
the physical process responsible for the strongest resonance.
Explicitly we rewrite the algebraic result for the diagram A
as

o 1 I '
Va(Q, i dwr, iwp) = ; N; Ma(k, q)



Fig. 6. Scattering process which leads to the strongest resonant enhancement
of the vertex function. The dashed lines denote the incoming and outgoing
photons, the wiggly lines denote the magnons. £ (k) and E¢(k) mark the
valence and conduction bands, respectively. /.) Excitation of a particle-hole
pair created by absorption of the incoming photon with frequency w;. 2.)
Creation of a magnon pair. 3.) Recombination of the particle-hole pair and
emission of the outgoing photon with frequency wy

XTr[G” (k; 182, )p(k, K)G7 (K, if2, + 1w, )p(k; k — q)
XG’Y(k —q; i'Qn + iwu - iwp)p(k —-q, k — q)
xGY(k — q; 02, +iwy — 1wp)p(k — q,K)] , (38)

where we have introduced the coherence factor matrix

p(k, k') = (”""" k! ) (39)

Mgk’ —Nkk’
with matrix elements

Nk k—q = UkVk—q — VkUk—q
MKk—q = UkVk—q + UkUk—q - (40)

The symmetry factor M a(k,q) depends on the scattering
geometry and is defined in (AS5) in the appendix. Carrying
out the required matrix multiplications in (38) leads to 16
combinations of conduction (G) and valence band propaga-
tors (GV). Among them we single out the term which leads
to the by far strongest resonant enhancement, i.e. the term
containing the product G*G°G°G”, and neglect in the fol-
lowing all other combinations with weaker resonances. The
physical process underlying the dominant resonance term is
shown in Fig. 6. The incoming photon creates a particle-
hole pair by exciting an electron from the valence into the
conduction band. This initial excitation then decays into a
particle-hole pair with lower energy by the creation of two
magnons with zero total momentum. Finally, the particle and
the hole recombine under emission of the outgoing photon.
After analytic continuation the vertex function contribution
of the resonant scattering process shown in Fig. 6 is given

by

R _] ! mg k
1% BAw) = Y Ma(k 41
A(Qywi, Adw) = 4 Al 7q)(wi72E(k)ﬂ_6) (41)

"k,k—q "Mk-qk "k—qk—q

X .
(wi— 4% —E&)— E(k—q)+i6 )(w; — Aw—2E(k—q)+i6)

Here we have already identified Aw = w; —wy = 2w, (q) as

enforced by the energy conserving é-functions contained in

the imaginary parts of the transverse dynamic susceptibilities

[see (16)]. The strong resonant enhancement of the vertex
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Fig. 7. Numerical solution of the triple resonance conditions. Each point
in the figure corresponds to a pair (w; — 2A, Aw) where momenta k and
q exist so that the resonance conditions are simultaneously fulfilled. The
solid line marks the position of the two-magnon peak in the non-resonant
case

part Vf results from the possible simultaneous vanishing of
its three energy denominators and has therefore been termed
a “triple resonance” in [15]. A triple resonance occurs if the
following conditions hold:

w; =2B(K) , wi—Aw=2BEk-—q) . (42)

The triple resonance conditions have been studied in de-
tail analytically in [15] by Chubukov and Frenkel. We have
confirmed their results by solving numerically the triple res-
onance equations for w; and Aw for a sequence of magnon
momenta ¢ in the MBZ. The numerical results are shown
in Fig. 7 together with the position of the two-magnon peak
in the non-resonant case. The boundary of the triple reso-
nance region, i.e. the region in the (w;, Aw) plane, where
the resonance conditions can be matched, is determined by
the high symmetry directions in the MBZ. Each point in the
figure corresponds to a magnon momentum q and marks the
frequencies Aw, w; for which the triple resonance equations
(42) can be solved for electronic momenta k in the MBZ.
The vertex function V¥ diverges for those values of w; and
Aw, which lie in the indicated region (Fig. 7) (as long as
quasi particle lifetime effects are neglected).

In our slightly different calculational scheme we have
so far reconfirmed the results of Chubukov and Frenkel for
the location of the divergency of the vertex function arising
from the vanishing of the denominators in (41). The obvious
important task is now to explore the change of the two-
magnon Raman intensity profile due to the triple resonance
vertex function.

In the non-resonant case we essentially exploited the 7{11
momentum dependence of the photon-magnon vertex func-
tion in the strong coupling limit for the calculation of the
scattering intensity in B, geometry. In this case the 7{11 mo-
mentum dependence arises simply from the B, symmetry
factor M 4(k, q) and from neglecting the momentum depen-
dence of the SDW quasi particle propagators to leading or-
der in ¢/U. In the present case the symmetry factor is left
unchanged but the structure of the resonant vertex function
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modifies the momentum dependence of V4(q). Nevertheless,
numerical calculations show that for intermediate photon fre-
quencies 3 < (w; — 2A)/J < 5 the q-dependence of V1 in
B, geometry still follows very closely the 'y{f form. In or-
der to solve the Bethe-Salpeter equation for the renormalized
vertex I even with a triple resonant photon-magnon vertex
function we project V4 on the v§-channel, i.e. we single out

the 73 symmetry component of V[ by introducing

Vi@ wi, Aw) = glws, A) g (43)

where

Y 1V AH(g, wi, Aw)
Sy (8

Using the projection Vf of the triple resonance vertex term

instead of V£ the calculation of the B, scattering intensity
proceeds completely analogous to Chap. VI and leads to

L(Aw +i6)
1 — 127 L(Aw + ié)}' 45)

The result for the resonant B;, Raman intensity thus factor-
izes into the absolute square of the ’y(‘li symmetry component
of the vertex function and the two-magnon part which re-
mains unchanged. The spectrum therefore consists of two
separate contributions of distinct origin: the two-magnon
peak at Aw = 2.6J and the triple resonance peak which ap-
pears well above the two-magnon peak close below 4.J for an
intermediate photon frequency range 3 < (w; — 24)/J < 5
(see Fig. 7).

Clearly, the magnitude of the triple resonance structure
in the two-magnon intensity profile depends on the strength
of the quasi particle damping resulting from self-energy
corrections due to residual interactions between the SDW
quasi particles [27]. Similarly, its precise location depends
on the renormalized band dispersion. Here, for the purpose of
demonstrating the consequence of the triple resonance vertex
on the two-magnon line shape, we model the effect of quasi
particle damping by adding a finite imaginary part to the en-
ergy denominators of the triple resonant vertex function. For
the choice of a typical quasi particle lifetime we are guided
by the results of a self-consistent non-crossing calculation
of the self-energy correction in the SDW state of the half-
filled Hubbard model [27]. The result for the two-magnon
intensity in B;, geometry with magnon-magnon interactions
and a broadened triple resonance vertex function is shown
in Fig. 8.

g(wi, Aw) = (44)

I3, (8= Notwr, 40P

VIII. Discussion

Figure 8 shows a comparison of our result for the two-
magnon Raman intensity in B, geometry to the experimen-
tal spectrum for La,CuQO, taken from [4]. In order to isolate
the two-magnon signal a background was substracted from
the experimental data as in [31]. The calculated lineshape
is dominated by the two-magnon peak but its high energy
shoulder results solely from the triple resonance enhance-
ment in the photon-magnon vertex function. The charge
transfer energy gap in La,CuQy is about 2 eV as deduced

a)
20 F
2
B
=]
L
g
=)
g0t
<
a4
1000 3000 5000 cm
Aw
b)
L 2_BJ‘+ Jy f/\\ YBaZ(:uso;_1 x'y' |
J“ 43 +4,
L /\\ x 0.1 i

2.41 eV (24+5.8J)/

A\ \

L ’ \ 3.05 eV (~0™) ]
2.73 eV (2a+8.7J) / |
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1.92 eV (2A+1.4J)
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Fig. 8. a Raman scattering intensity in arbitrary units in B, geometry as
calculated from (45) with (w; —2A) = 3.6.J for a lattice with 100x 100 sites.
For the two-magnon term an imaginary broadening of ¢6 = ¢0.09.J was used
in the frequency denominators, while the vertex part was evaluated with
6 =0.4J. The jagged line displays the experimental spectrum of La;CuO4
taken at room temperature with a laser frequency of w; =2.55 eV [4]. As
in [31] a background was substracted from the Raman data. For comparison
with the data the magnetic energy scale was set to J = 1200 cm~! and
the peak intensities were scaled to coincide. b Experimental spectra of
YBa;Cu30¢.; at T = 5 K for various laser energies as indicated in the
figure (reproduced from [29])

1000

from measurements of the optical conductivity [28]. So for
the laser photon frequency w; = 2.55 eV used in the Raman
experiment we have w; —2A ~ 550 meV. For the calcula-
tion of the Raman intensity we chose J = 1200 cm~! such
that the two-magnon peak frequency coincides with the ex-
perimental value and w; — 2A = 3.6J ~ 550 meV. For
intermediate photon frequencies (w; — 2A) ~ 4J we obtain
a lineshape that is in fair agreement with the experimental



spectra not only for La,CuO, but also for the AF double-
layer compound YBa;Cu3Og¢. near resonance as shown in
Fig. 8b for a series of photon frequencies [29].

Besides the high energy shoulder other experimental fea-
tures in the scattering intensity find a natural explanation as
well by the interplay between the two-magnon peak and the
triple resonance:

(a) Two separate resonance frequencies

Recent measurements of the Raman intensity by Blumberg
et al. [29] show an enhancement of the absolute Raman
intensity for two different, well separated photon frequencies
w;. In our analysis the Raman intensity as a function of
w; 1s expected to increase if the frequencies for the two-
magnon and the triple resonance peak merge. This does, in
fact, happen for two distinct frequencies (w; — 24) ~ 2.6J
and (w; — 2A) ~ 8J. These frequencies can be read off
from Fig. 7 from the intersections of the two-magnon peak
frequency (horizontal line) with the triple resonance region.

(b) wi®® >2A

The same arguments as in (a) apply also for understanding
the experimental observation that resonance occurs for in-
coming photon frequencies well above the insulating energy

gap 2A. This has already been pointed out previously in
[29].

(¢) Changing line shape

The experimental spectra in Fig. 8b show a decreasing asym-
metry with increasing photon frequency w;. The two spectra
for YBa,;Cu;0Og,; taken at the lowest frequencies contain two
well separated contributions, whereas the total line shape of
the spectrum of the largest laser frequency is nearly symmet-
ric and the two peaks are indistinguishable. (For a detailed
discussion of these spectra see [30].) Within our calcula-
tion, the almost symmetric intensity profile corresponds to
the near coincidence of the triple resonance and the two-
magnon peak frequencies.

Figure 8 a shows Raman data of La,CuQOj,4, which were
taken at room temperature [4]. The most noticable difference
to the calculated intensity is the larger peak width in the ex-
perimental spectrum. There are several possible explanations
for this discrepancy. First of all one might wonder about the
influence of finite temperatures, since our calculation was
performed at 7" = 0. However, a comparison between the
low and high temperature (1" ~ Ty¢1) spectra in Fig. 8a
and b for La,CuO4 and YBa;Cu30g 1, respectively, reveals
that the thermal effects are of minor importance since the
spectra have a comparable peak width. Clearly, lifetime ef-
fects due to magnon-phonon and also magnon-magnon in-
teractions in particular for the zone boundary magnons will
broaden the two-magnon Raman signal. The Raman spec-
trum in Fig. 8a was evaluated on a 100 x 100 lattice and a
small broadening of i6 =0.09.J in the energy denominator
of the dynamic spin susceptibility was introduced only for
calculational purposes. The effects of magnon-phonon and
magnon-magnon interactions were neglected in the present
work and the sharper peak of the calculated Raman intensity
in comparison to the data is expected on physical grounds.
The intention of our present analysis was, instead, to show
that the resonant frequency dependence of the vertex func-
tion for the photon-magnon coupling — similar to and in
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agreement with the recent work by Chubukov and Frenkel
[15] — leads to a qualitative change of the two-magnon
line shape and provides a natural explanation for the res-
onance phenomena observed in light scattering experiments
on cuprate antiferromagnets.

Furthermore we neglected the contribution from four-
magnon and higher order scattering processes. Canali and
Girvin have attempted to include the four-magnon contri-
bution in the framework of the Heisenberg model and the
Loudon-Fleury coupling Hamiltonian [24]. Although the first
three moments of the resulting scattering intensity are in
good agreement with experiment and also with the series
expansion results by Singh et al. [31], the experimental line
shape is not successfully explained. The integrated four-
magnon intensity is only 2.9% of the two-magnon intensity,
and if this estimate is correct, the four-magnon contribu-
tion will barely affect the overall Raman intensity profile.
Furthermore, the Canali and Girvin four-magnon peak fre-
quency is 2.5 times larger than the two-magnon peak fre-
quency and therefore one has to conclude that four-magnon
scattering cannot be responsible for the structure in the Ra-
man intensity near 4000 cm™'.

The effects of phonon-magnon interaction have been
studied previously in [32-34] for Raman scattering in the
Heisenberg antiferromagnet. As expected, the damping of
zone boundary magnons does indeed lead to a signifi-
cant broadening of the two-magnon signal. A qualitatively
smaller contribution to the damping arises also from magnon-
magnon interactions [35]. Nori et al. considered the effect of
a random Gaussian variation 6J;; of the exchange coupling
Jo assumed to originate from a distortion of the crystal lattice
due to low frequency lattice vibrations [34]. Using numerical
techniques Nori et al. showed that in this model a broad and
asymmetric two-magnon line shape with an enhancement of
spectral weight at higher energies emerges if the mean de-
viation < 6.J;; > is as large as Jy/2. Such an enormous
variation of the exchange coupling, however, appears phys-
ically unreasonable. It is far from being clear whether more
moderate values of < 6.J;; > are sufficient for this mech-
anism to explain the line shape of the two-magnon Raman
spectra. We emphasize that in all these works [32, 33, 34]
the resonant nature of the two-magnon scattering process
was not taken into account.

IX. Summary and conclusions

Based on the single-band Hubbard model at half filling we
have performed a microscopic analysis of two-magnon Ra-
man scattering in a SDW antiferromagnet. In a diagrammatic
formulation we have explicitly taken into account the struc-
ture of the photon-magnon coupling vertex. This allows to
explore both, the non-resonant (w; < 2A) and the reso-
nant case (w; — 2A ~ J) for the light scattering intensity,
where the latter is the relevant limit for Raman experiments
on undoped cuprate antiferromagnets. For the non-resonant
case in the strong coupling limit the results of the conven-
tional Loudon-Fleury theory for two-magnon Raman scat-
tering in the Heisenberg antiferromagnet are almost quan-
titatively reproduced verifying our selection of the relevant
vertex diagrams. In the resonant regime we identified the
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physical process which yields the strongest diverging part
of the photon-magnon vertex function and analyzed the con-
ditions and consequences of a triple resonance. For photon
frequencies well above the SDW energy gap triple resonance
occurs for transferred photon frequencies larger than the two-
magnon peak frequency leading to a high energy shoulder
of the two-magnon intensity profile. These results confirm
the conclusions of the triple resonance theory by Chubukov
and Frenkel [15] for resonant two-magnon Raman scatter-
ing. In this theory effective electron-magnon vertices were
constructed from the requirement that these vertices lead to
the strong coupling RPA form of the transverse dynamic
spin susceptibility. In contrast to the work of Chubukov and
Frenkel we have performed a more systematic microscopic
derivation for the two-magnon scattering intensity and we
have evaluated the intensity profile by explicitly taking into
account the resonant structure of the photon-magnon cou-
pling vertex.

By using unrenormalized SDW quasi particle propaga-
tors the triple resonance leads to a true divergence of the ver-
tex function. Self-energy corrections, however, will remove
the divergence leaving a finite enhancement in the Raman
intensity at the triple resonance frequency. These self-energy
corrections have been calculated in previous work [27]. We
have here for simplicity modelled quasi particle lifetimes
effects by adding a constant damping term to the propaga-
tors in the triple resonance vertex function. A more reliable
quantitative estimate for the strength of the triple resonant
enhancement will require a refined treatment with the inclu-
sion of self-energy corrections.

In conclusion, we found that the resonant frequency de-
pendence of the photon-magnon vertex function gives rise to
an enhancement of the high energy side of the two-magnon
Raman peak in B scattering geometry. The combination of
resonant transitions between the SDW quasi particle bands
and magnon pair excitations provides a microscopic basis for
understanding the resonant Raman scattering experiments on
cuprate antiferromagnets.
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bereich 341 supported by the Deutsche Forschungsgemeinschaft (DFG).
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Appendix

For the calculation of the vertex diagrams shown in Fig. 2
we use the bare SDW single particle propagator G§ (in c-
fermion representation) in 2 x 2 matrix notation. In the finite
temperature Matsubara formalism the vertex functions of the
four diagrams are given explicitly by

L 1 —
V(@ iy on, i) = > n 2 Mak@)
i2n k
xTr [G§(k; i£2,)0 . G§ (K; i82, +iw,,)
X Gy 7(k — q; 382, + 1w, — iwp)

x 0. Gy (K — q;if2, +iwy —iwp)] | (A1)

L 1 1 !
Vg(qalwu7zwtalwp) = Z Z MB(k)
ﬂm i02 N k1

xTr [Gy 7 (k; i92,)0 .Gy 7 (K; 082, +iw,,)
x .Gy 7 (k — q; 82, + iw)]
xU Tr [G§ (1; i£2,)GT (1; i82,, + i)

X Gy (1 — q; 12, +iwy — iwy)] (A2)

L 1 1 !
Vg(qalwu7lwtalwp) = ﬂ Z NZ MB(k)
02 k

xTr [Gg(k; 2,0, Gy(k; 82, +iw,)o .Gy (K; 182, +iwy)
x Gy 7(k — q; 82, + iwy — iwp)] (A3)

o 1 1 <
VDo-(qazwu77/wtalwp) = 6 Z NZ MB(k)
2, k

XTr [GE(k; 192,)07, G (K; 82, — iw,)0 .G (K; 2y, + i)
X Gy 7(k — q; 182, +iws — iwp)] . (A4)

The symmetry factors of the basic scattering vertices from
the coupling of the photon vector potential to the electron
current density have been combined into the functions

a&‘k 85k+q o B

2me?
M4k = : A
A( aq) \/wiwf 0 %; aka akg €; ef ; ( 5)

Mp(k) = Ma(k, 0) (A6)

Note that the factor Jex/Ok, changes sign when umklapp
scattering (k — k + Q) has taken place along the fermion
lines. In the 2 x 2 matrix formulation the alteration of the
sign is conveniently taken into account by inserting the Pauli
matrix o,. Including all diagrams with reversed direction
of the fermion lines yields a factor two in the total vertex
function.
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