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Abstract. The perfect-nesting instability towards antiferromagnetism of the Hubbard model is sup- 
pressed by next-nearest neighbor hopping t’. The asymptotic behavior of the critical coupling Uc(t’)  
at small t’ is calculated in dimensions d = 2,3,00 using Hartree theory; this yields the exact result 
at least in d > 2. The order of the transition is also determined. A region of stability of a metallic 
antiferromagnetic phase in d = 3 is identified. 
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1 Introduction 

Microscopic investigations of strongly correlated electron systems are usually based 
on lattice models, the simplest of which is the one-band Hubbard model. In this mod- 
el two particularly important features of real materials, the structure and the dimen- 
sion of the underlying lattice, enter only via the kinetic energy. In the past, most 
model calculations started from a given lattice (mostly hypercubic) and, for simplic- 
ity, assumed the hopping to be restricted to nearest neighbors (NN). In this case lat- 
tices are either bipartite or not. In dimensions d > 1 and at half filling bipartite lat- 
tices generically lead to an antiferromagnetic instability in the ground state for any 
U > 0 due to Fermi surface nesting. 

It has recently become clear, however, that pure NN-hopping with amplitude t can- 
not account for some important features of correlated systems and that next-nearest 
neighbor (NNN) hopping with amplitude t’ has to be included for both qualitative 
and quantitative reasons. Indeed, realistic band structures, photoemission data and 
neutron-scattering measurements of high-T, and related materials usually cannot be 
fit by an energy dispersion that originates solely from NN-hopping [ 1-41; estimates 
for It’/tl range from 0.15 to 0.5. A particularly clear-cut example is the antiferromag- 
netic insulator Sr2CuO2C12 where the inclusion of a t‘-term is essential to understand 
the ARPES data [4]. The hole motion in the t-J model is also greatly affected by 
NNN-hopping [5].  Furthermore, it became clear only most recently that the stability 
of metallic ferromagnetism in the one-band Hubbard model strongly depends on the 
presence of a t’-term in all dimensions d 2 I [6-111. 
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On bipartite lattices in d 2 2 the t’-term has profound consequences: the frustra- 
tion introduced by t’ suppresses the perfect-nesting instability towards antiferromag- 
netism at small U .  Up to now this effect was mainly studied in d = 2. Lin and 
Hirsch [ 121 calculated magnetic properties within Hartree theory and by exact diago- 
nalization of small systems. Tremblay et al. [ l ]  studied both magnetic and pairing 
conelations by quantum Monte-Carlo simulations and a two-particle self-consistent 
approach. Duffy and Moreo [ 131 investigated the renormalization of t’ by the interac- 
tion U ,  and presented results [14] suggesting the existence of an itinerant antiferro- 
magnetic ground state at half-filling. Metallic antiferromagnetic phases are known to 
exist, for example, in V2-x03 [15] and NiS-,Se, [16]. 

In this paper we wish to obtain analytic insight into the suppression of the antifer- 
romagnetic nesting instability at small U and half filling due to the frustration intro- 
duced by t’. To this end we solve the t-t’ Hubbard model 

7-l = - c t (c!,c,, + h.c.) + c t’ (c,t, c,, + I 2 . C . )  
< r , >  (11) 

1 1 
2 2 + u C(i2iT - - ) ( i z ; J  - -) - p C n;,. 

I iu 

within liartree theory at T = 0 and thereby calculate U,(t’), the critical value of U 
for the onset of antiferromagnetism. For small t’ the results for U, become asymptoti- 
cally exact [17], at least in dimensions d > 2. 

We will calculate Uc(t’) explicitly in d = 2,3,00, both numerically and analyti- 
cally and will also determine the order of the transition into the antiferromagnetic 
state. 

2 Hartree equations 

The Hubbard interaction is purely local and therefore does not include any direct ex- 
change. Consequently, there is no Fock term and Hartree-Fock theory reduces to Har- 
tree theory. Within that approach spontaneous symmetry breaking with an antifen-o- 
magnetic order parameter (NCel order) is introduced by the ansatz 
(i i i ,)  = 4 (1 + a(- 1)”’A) with a = f l ,  where A is the staggered magnetization. We 
can then decompose the electron number operator into its expectation value and a 
fluctuating part : izj0 : according to niU =: tii, : +(iz;,). Neglecting terms quadratic in 
the fluctuations, the Hartree Hamiltonian takes the form 

U N A ~  7-lH =- 4 
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where the summation is restricted to half of the Brillouin zone. Here we have intro- 
duced the number of sites N and the nesting vector Q = (n, . . . , n). The dispersion 
of the free electrons on the lattice is given by 

i= 1 i<j 

For t' # 0 the perfect nesting property E(k) = --E(k + Q) of the free dispersion no 
longer holds. In the following we shall use the notation k' = k + Q. After diagonali- 
zation of the above quadratic form the mean-field Hamiltonian can be written as 

with the single particle energies 

Since &k does not fulfill the perfect nesting condition, one has to adjust the chemical 
potential as a function of P, A, U and t' to ensure the correct filling n = 1. In addi- 
tion, the value of the order parameter A is determined self-consistently by the condi- 
tion that the free energy 

F[P, A, U ]  = In Tr exp( -PX) + p N ,  (6) 

be minimal with respect to A. This leads to two self-consistency equations: 

wheref(P,Ek - p)  is the Fermi function. The trivial solution A = 0 of the minimum 
condition has been excluded in (8). In the following, (8) and (7) will be analyzed for 
dimensions d = 2 , 3  and 00 at T = 0. 

3 Results and discussion 

3.1 d = 2  

We set t = 1. The presence of t' # 0 prevents an analytic evaluation of the integrals 
in (7) and (8). We therefore computed them numerically by k-summation on recipro- 
cal lattices of sizes up to 8000 x 8000. Introducing the notation 
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Fig. 1 Critical interaction U,. 
VS. next-nearest neighbor hop- 
ping matrix element t’ in 
d = 2.  Dashed line: asympto- 
tic behaviour ( 1  1) 

U A  y := - 
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(9) 

for the energy gap of the Hartree dispersion (3, we notice that both the integrals in 
(7) and (8) only depend on y. 

We find that for any t’ # 0, the integral in (8) has a finite limit for y --+ 0. This im- 
plies that below a critical value U, of the interaction a stable solution with A > 0 no 
longer exists. For d = 2 this fact was already noted by Lin and Hirsch [12]. The de- 
pendence of U, on t’ is shown in Fig. 1. For t’ + 0, Uc(t’) decreases very slowly. 
An analytic description of the behavior of Uc(t’) may be obtained by noting that the 
divergence of the integral in (8) for t’ = 0 is cut off just at the value of y where the 
indirect bandgap [18] in the Hartree dispersion ( 5 )  closes, namely at 

The asymptotic behaviour of Uc(t’) for small t’ may thus be found by setting t’ = 0 
in (8) and using y* as a cut-off. This leads to 

where K is the complete elliptic integral and CI = 1/(2n2). The approximation (11) 
is very good up to t’ M 1, as can be seen in Fig. 1 .  For small t’, (11) reduces to [17] 

where c2 M -0.15. The quadratic dependence of U, on In t’ is characteristic for 
d = 2, where the logarithmic divergence of the density of states (DOS) for t’ = 0 at 
the Fermi level introduces an additional factor In t’. 

The behaviour of the order parameter A at U M U, can be characterized as fol- 
lows: For t’ below a threshold value tb M 0.4 the order parameter A jumps to 0 dis- 
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Fig. 2 Hartree dispersion & in d = 2 
for 1’ = 0.4 and y = 1.0 with an indirect 
bandgap between (n/2,  n/2) and (0, n)  

continuously when the interaction is reduced below Uc(t’), indicating a first order 
phase transition. For U > U,, the order parameter takes exactly the same value as for 
t’ = 0. For t’ > tb and U +. U, the order parameter goes to zero continuously, but 
extremely fast. 

3.2 d = 3 

We evaluate the Hartree equations numerically at zero temperature, using lattice sizes 
up to 400 x 400 x 400. As before we notice that the divergence of the integral in (8) 
for y +. 0 is cut off for any finite t’. The resulting critical interaction Uc(t’) is shown 
in Fig. 3 .  The indirect bandgap again closes at y* = 2t’, but in this case the order pa- 
rameter goes to zero continuously as U +. U,, indicating a second-order phase transi- 
tion. The logarithmic divergence of the integral in (8) is cut off at y * ,  which leads to 
the asymptotic expression [ 171 

where c4 M 0.25 is a fit parameter and c3 = N ( 0 )  M 0.14, with N ( 0 )  as the DOS at 
the Fermi level in d = 3 for t’ = 0. Eq. (13) represents a good fit for t’ < 0.4. 

3.3 d = 00 

To analyze the model (1) on a hypercubic lattice in the limit of infinite dimensions, 
one has to ensure that the hopping remains finite; this is achieved by the scaling [19, 
201 
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for the NN- and NNN-terms, respectively. In the following we set t* = 1. As shown 
by Muller-Hartmann [20] the dispersion of the free electrons then reduces to 

t'* 2 

Jz E(k) --+&--(l - &  ). 

Here E is the kinetic energy without the t'*-term, which has a Gaussian distribution 
~ 9 1  

N ( E )  = -exp @. 6 
As a result, we can write the Hartree dispersion in the form 

as before, it only depends on t'* and y = UA/2.  We note that due to the exponential 
band-tails of the hypercubic DOS there is no true gap between the two H m e e  bands 
for any value of y. The Hartree equations can be written as one-dimensional integrals 
and are readily solved numerically. Again we find a critical interaction U, for the sta- 
bility of long-range antiferromagnetic order at T = 0. A plot of Uc(t'*) is shown in 
Fig. 4. Due to the absence of a band gap, the asymptotic behavior of U, for small r'* 
is qualitatively different from that in d = 2,3. In the present case, the cut-off for the 
integral in (8) is provided by a small filling in the upper one of the two Hartree 
bands (17) which vanishes exponentially for t' --+ 0 i.e. y* M exp(- 4). This 

( 1'' ) leads to an asymptotic behaviour [17] of the form 
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Fig. 4 Critical interaction 
P in d = 00. Dashed line: 
asymptotic behavior ( 1  8) 
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Fig. 5 Region of stability of a 
metallic antiferromagnetic phase 
( A M )  in d = 3 in the U-t‘ 
phase diagram. Full line: 
U, ( t ’ ) ,  dashed line: value of U 
where the band gap closes. Out- 
side the AFM region the system 
is either an antiferromagnetic 
insulator (AFM) or a paramag- 
netic metal (PM) 

where c M 6. Hence U, decreases much faster than in d = 2,3. As in d = 3 the 
order parameter A goes to zero continuously for U + U,. A second-order phase tran- 
sition is therefore seen to be generic for d > 2. We note that, in d = 3, the continu- 
ously vanishing order parameter implies a (small) range of U values where the band 
gap is zero but A is still finite. This implies the existence of a metallic antiferromag- 
netic phase for t’ # 0 as shown in Fig. 5. In d = co, on the other hand, there is 
never a true bandgap anyway, as described above. Therefore, for t’ # 0 and U > U,, 
we always find metallic antiferromagnetism. The existence of such a phase was al- 
ready discussed by Georges et al. [21]. Quite generally, in dimensions 2 5 d < 00 a 
next-neighbour hopping term t’ is found to be very effective in suppressing the per- 
fect nesting instability towards an antiferromagnetic ground state. 

We would like to thank P.G.J. van Dongen, A. Chubukov, K. Held, A. Karnpf, W. Metzner, M. 
Ulmke and, in particular, J. Schlipf for several useful discussions. 



                                                                  55 

Note added in proof: 
In d = 2, if the ?’-hopping occurs only along one of the diagonals of the squares, the dispersion 
reads &k = -2t (COSk, 4- COSky) + 2 t ’ C O S ( k ,  + k y ) .  The corresponding t - [’-Hubbard model may 
be viewed as a simple dimer model of the two-dimensional organic superconductor 
- (BEDT - TTF),X which was investigated by Kino and Fukuyama [J. Phys. SOC. Jpn. 65 

(1996) 21581 within Hartree-Fock theory. In contrast to the results of Sect. 3.1, one then obtains a 
region of stability of an AFh4 phase which is qualitatively similar to the result for the regular t - 1’- 
model in d = 3 shown in Fig. 5. The discontinuous transition from the paramagnetic metal into the 
antiferromagnetic insulator obtained by Kino and Fukuyama is found to occur for It’l > 0.6 when this 
AFM phase is unstable. 

We thank R. McKenzie for drawing our attention to this variant of the I - ?’-Hubbard model, and 
to H. Kino and H. Fukuyama for correspondence. 
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