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Abstract

We consider a class of stochastic reaction-diffusion equations with
additive noise. We show that in the limit of fast diffusion, one can
approximate solutions of the SPDE by the solution of a suitable ordi-
nary differential equation (ODE) only describing the reactions. Also,
we show large fluctuations lead in the limit to surprising new terms in
the ODE.

We focus on systems with polynomials nonlinearities and give appli-
cations to the predator-prey system and a cubic auto-catalytic reaction
between two chemicals.

1 Introduction

Reaction diffusion systems are mathematical models that describe how the
concentration of one or more substances distributed in space changes. The
main features are one one hand the influence of local chemical reactions, in
which the substances are converted into each other, and on the other hand
diffusion, which causes the substances to spread out in space. We consider
here the case of fast diffusion in interaction with large mass-conservative
noise.

Reaction—diffusion equations are not limited to the field of chemistry and
chemical engineering. They can describe the dynamics of non-chemical sys-
tems, and reaction—diffusion equations provide a general theoretical frame-
work for the study of phenomena in areas such as biology, ecology, physics,
and materials science.



S. Cerrai [2, 3, 4] and S. Cerrai and M. Freidlin [5] have studied the
validity of an averaging principle and the normal deviations of the slow
motion from the averaged motion of systems of stochastic reaction-diffusion
type perturbed by a noise of multiplicative type. While F. Flandoli [10]
has studied the global existence and uniqueness for a stochastic reaction-
diffusion equation with polynomial nonlinearity in a bounded domain.

In this article we consider the following system of stochastic reaction-
diffusion equations for n species with respect to no flux Neumann boundary
conditions on a bounded smooth domain G:

ou;  d; .
atz = ;;Au,- + Fi(ur, ug, ..., up) + 0:0,Wi(t), fori=1,2,..,n, (1)
where F;(ui,ug, .....,un) are polynomials of degree m; and W;(t) are finite

dimensional Wiener processes.

Our aim is to establish rigorously results for the fast-diffusion limit ¢ —
0 in the general class of stochastic reaction diffusion equations given by
(1). We study only cases where the noise is not changing the average (i.e.,
W, = 0) and is sufficiently large, i.e 0. = e~!. In this case, we will show
that on any fixed time interval [0,7p] solutions of Equation (1) are well
approximated by

wi(t,x) = bi(t) + Zi(t,x) + (’)(61_),

where Z;(t,z) is an e-dependent fast Ornstein-Uhlenbeck process corre-
sponding to noise in the limit ¢ — 0, which is defined later in (6) and b
represents the average concentration of the components of u. The error
term has a precise meaning given in Definition 8.

Our main result shows that b is given by the following system of ordinary
differential equations

Bybi(t) = Fi(b), fori=1,2,..,n, (2)

with an averaged non-linearity

Fi(b) = Fi(b+ z)du(z),
Ho
where p is the e-independent invariant measure of the fast Ornstein-Uhlenbeck
process Z. Results of these types without error estimates are well-known
in averaging theory. The main novelty of this paper is the explicit error
estimate in terms of high moments of the error, while usually only weak
convergence towards the approximation is treated.

Equation (2) is an ordinary differential equation and it describes the
reaction without diffusion. The equation is without noise, as we consider
degenerate noise that has no direct impact on the mean average b. It is
surprising that in case F; # F; large noise has the potential to generate new



effective reaction terms. Also, we investigate the effect of additive noise on
the stabilization of the solutions, which we discuss in two examples. This
work can be applied to many phenomena in different areas, for instance
chemistry and biology, as presented in Section 6.

The reminder of this paper is organized as follows. In Section 2 we state
the precise setting for equation (1) and the assumptions that we need. In
Section 3 we derive the fast-diffusion limit with error and present the main
theorem. In Section 4 we give the proof of the main result, while in Section
5 we give an averaging lemma with error bounds and derive an explicit
formula for F;. Finally, we give two examples from biology and chemistry
to illustrate the application and implication of our results.

2 Definition and Assumptions

This section states the precise setting for (1) and summarizes all assump-
tions necessary for our results. For the analysis we work in the separable
Hilbert space H = L£2(G), where G C R? is a bounded domain and 9G is its
sufficiently smooth boundary (e.g. Lipschitz), equipped with scalar product
(-,-) and norm || - ||.

Definition 1 Define, fori=1,2,.....,n and diffusion constants d; > 0
A = d; A (3)
with
where Oyu is the normal derivative of u on 0G.
It is well-known that A; has an orthonormal base of eigenfunctions
{er}re;. It is the same basis e for all i in H with corresponding eigen-
values {d; A\, }32, depending on i (cf. Courant and Hilbert [6]).

Suppose that A/ := ker A; = span{eg}, where ¢ is constant and \g = 0.
Define S = Nt the orthogonal complement of A in H, and P.u = ﬁ Jo udz

for the projection and define Psu := (Z — P.)u for the projection onto the
orthogonal complement, where Z is the identity operator on .

Definition 2 For o > % we define the fractional interpolation space H* as
oo o0 o0 2 [o.¢]
HY = e 212 < o0 b with norm H e H =24+ 22,
PR S ] =43

Note that A\; ~ k%/? for the eigenvalues of the Laplacian in G C R,
and thus our space H® corresponds to the usual Sobolev space H™(G).



Thus o > % implies that H* is embedded into L*°(G). Moreover, [[uv|lq <
Cllullallulla (cf. [13]).

The operator A; given by Definition 1 generates an analytic semigroup
{eti}50 (cf. Dan Henry [11] or Pazy [14]), on any space H® defined by

oo (e.)
et ( Z’mek> = Z e_di)"“t'ykek Vit>0.

k=1 k=1

It has the following property: There is an w > 0 such that for all ¢ > 0,
1=1,2,...n and all u € H*

HetAiPsuHa < e Y|P, , (4)

where w depends in general on d;.
For the noise we suppose:

Assumption 3 For i =1,2,.....,n, let W; be a finite dimensional Wiener
process on H. Suppose fort >0,

N
Wz(t) — Zazkﬁlk(t)ek ’ fOTi = 1a 2a - n, (5)
k=1

where the By, are R-valued standard Brownian motions and the o are real
numbers.

Definition 4 The fast Ornstein-Uhlenbeck process (OU-process, for short)
Z; is defined as

N N t
Zi(t) =) Zineir = Zg_laik:/ e DA By (r)er, (6)
k=1 k=1 0
with .
Zik(t) = aike_l/ e_e_z(t_T)di)\kdﬂik(T). (7)
0
For the polynomial F;(u), we assume

Assumption 5 The nonlinearity F; is for i = 1,2,..,n, a polynomial of
degree m;. Thus as o > % it 1s bounded by

IFi(w)llo < OO+ Jlullg”) for all u € H. (8)

Define m as m = max(my,.....,my). Suppose furthermore that there is a
polynomial F; of degree less than or equal m; such that for some k > 0

Filu+2;) = Fi(u)+O(e17™%) for all suitable stochastic processes u = O(e™").
(9)



To be more precise, there is a constant C > 0 such that for all stochastic

processes with (du)? = 0 and 7 = inf {t > 0: [Ju(t)||, > "}, we assume

E sup || Fi(u+ 2Z;) — Fi(u)|]”, < CeP7Pmir,
[0,7%]

Under Assumption 5 the nonlinearity is a locally Lipschitz-continuous
map from H* into H*. Thus it is standard (cf. Da Prato and Zabczyk
[7]) to verify that there is a unique local (H%)"-valued solution u that is
continuous and exists until one of its components blow up.

Assumption 6 Let b(t) in N as the solution of (2). Suppose there is T} <
Ty and C > 0, such that

sup ||b(t)]| < C. (10)
te[0,T1]

The above assumption is usually a lemma that follows directly from the
fact that F; is a polynomial. Note that 7} in general depends on the initial
condition b(0).

For our result we rely on a cut off argument. We consider only solutions
(a,1) that are not too large, as given by the next definition.

Definition 7 For the N' x S-valued stochastic process (a,) defined later

in (13) we define, for some Ty > 0 and k € (0, ﬁ), the stopping time T*
as

=Ty Ainf {t > 0: |lu(t)||, > "}. (11)
We give error estimates in terms of the following O-notation.

Definition 8 For a real-valued family of processes {X.(t)},~, we say that
X is of order f-, i.e. X. = O(f.), if for every p > 1 there exists a constant
C)p such that
E sup [X.(t)F < Cpf?. (12)
te[0,7%]

We use also the analogous notation for time-independent random variables.

Definition 9 (Multi-Index Notation) Let ¢ € N, i.e. £ = ({1,0a,...... n)
be a vector of nonnegative integers, u = (u,ug, ...u,). Then we define

| = b+l +... + 4,
0 = 0l L]
ut = uefu?. ulr
D' = 9foR..07



3 The approximation Theorem

Let us first discuss a formal derivation of the limiting equation corresponding
to Equation (1). We split the solution u into

wi(t,x) = a;(t) + i(t,x), fori=1,2,....n, (13)
with @ € N and ¢ € S. Plugging (13) into (1) and projecting everything
onto A and S in order to obtain for i = 1,2,....,n

dai = Fi(a+ 1), (14)
and 1 )
O = 6—2«4% + Fi(a+) + gatWi(t)v (15)

where F¢ = P.F and F® = P,F. Equations (14) and (15) are stated in the
integrated form as

t
() = ail0) + [ Fila+v)ir (16)
0
and as mild formulation as
t
i(t) = e M (0) + / e AT (0 )T + Zi(1),  (17)
0

for ¢ = 1,.., n, where the fast OU-process Z; was defined in Definition 4.
Formally, we see that in first approximation 1) equals the OU-process Z (cf.
Lemma 11 in next section for the rigorous approximation). Thus, we can
replace ¢ by Z in Eq. (16), in order to obtain

t
a;(t) = a;(0) -l—/ Fila+ Z)dr.
0
Using Assumption 5, yields the averaged equation with error term
t
a;(t) = a;(0) + / Fila)dr + O(e72m%),
0

Now the main result of this paper is:

Theorem 10 (Approzimation) Under Assumptions 3, 5 and 6, let u be a
solution of (1) with splitting w = a + ¢ defined in (13) with the initial
condition u(0) = a(0) 4+ ¥(0) with a(0) € N and ¢¥(0) € S where a(0) and
¥(0) are of order one, and b is a solution of (2) with b(0) = a(0). Then for
allp >0, Co >0 and Ty >T1 >0 and all k € (0, Wlﬂ), there exists C > 0
such that

IP’( sup
t€[0,11]

u(t) —b(t) — Q(t)

> gl—m—ﬂ) < CeP + P(sup |[blla > Co),
[07T1]

«

(18)



where

Q(t) = ¢ () + 2(1), (19)
with fast OU-process Z defined in (6).

We see that the first part of (19) depending on the initial condition
decays exponentially fast on the time-scale of order O(g?), while Z is a fast
OU-process that approximates noise.

4 Proof of the Main Result

In the first lemma of this section, we see that 1; is approximately equal to
the fast Ornstein-Uhlenbeck process Z; (cf. (6)).

Lemma 11 Under Assumption 5 there is a constant C' > 0 such that for
Kk > 0 from the definition of T* and p > 1

P < geomivn, (20)

«

E sup |[0i(t) — e MAy(0) — Zi(t)

te[0,7%]

fori=1,2,...,n, where m; is the degree of the polynomial F;.

Proof. Using triangle inequality for Equation (15) and Assumption 5,
to obtain for o > %

‘ wz(t) — Zl(t) — yz(t) N < H / “2A(T— ‘r)fs(a + 1/}>Cl7'
t
< c mprvﬂa+ww¢/e52“t”w
T€[0,7*] 0
< Ce? sup (1+ [la+y|T)
T€[0,7*]
S CEZ—min'

We need the following uniform bounds on the OU-process.

Lemma 12 Under Assumption 3, for every kg > 0 and p > 1 there is a
constant C, depending on p, ax, \i, ko and Ty, such that

E sup [[Zi(D)|lf, < Ce™™, (21)
te[0,To]
and
E sup |[|Zi(t)]2 < Ce™", (22)
te[0,To]

where Z;i(t) and Z;(t) are defined in (7) and (6), respectively.



Proof. See the proof of Lemma 4.2 in [1]. O

The following corollary states that v (¢) is with high probability much
smaller than ™% as assumed the Definition 7 for t < 7*. We show later
7* > T with high probability (cf. proof of Theorem 10).

Corollary 13 Under the assumptions of Lemmas 11 and 12, if ¥(0) =
O(1), then for p > 0 there exist a constant C > 0 such that

E sup [[¢i(t)[[5 < Ce™™ . (23)
te[0,7*]

Proof. By triangle inequality and Lemma 12, we obtain from (20) for
a fixed p > 1 that

E sup [[¢(t)||% < C 4 Ce®P™Pr 4 Cero0
te[0,7*]

which implies (23) for k < 2. O
Let us now state a result similar to averaging, in case we integrate over

the fast decaying contribution of the initial condition in ;. This leads to
terms of order O(g?).

Lemma 14 For q > 1 there exists a constant C > 0 such that

T
/ HeTE_QAS@Z)gHng < Cs2||¢0||g for all g € H™.
0

Proof. Using (4) we obtain

T ,Q‘A T a2 52
| e g <c [ e lar < Sl
0 0 qw

O
Lemma 15 Let Assumptions 5 and 8 hold. Then
a;(t) = a;(0) + /Ot Fi(a)dr + R(t), (24)
with
R = O(gt—2mr=ro), (25)

Proof. From the mild formulation in (17) and Lemma 11, we obtain

B(t) = Z() + ¢ AP(0) + O(>T) = Z(t) +y(t) + R(),  (26)

y(t) = e Ay(0) and R(t) = O(27™) .



Substituting from (26) into (16), yields
¢
ai(t) —a,;(O)—i-/ .Ff(a—FZ—i-y"i‘R)(T)dT. (27)
0
Applying Taylor’s expansion to the function F¢ : H — R, yields
¢
a;(t) = a;(0) + / Fila+ 2)(1)dT + Ri(t),
0
where R;(t) is given by
t DZJ:Z' + Z
m) =Y p [ BEUEE 4 pyar
0 1l
l¢]>1

and the sum is finite (using that F is a polynomial). Using Assumption 5
we obtain the averaged equation with error term

Mn:mmﬁéﬂ@m+MW

where

R(t) = Ry + O(-"m%).

To bound R we use Lemmas 14 and 12 and Assumption 5. U

Definition 16 Define the set Q* C Q such that all the following estimates
hold on 2*

fuﬂﬂw—-QHa<iC€}mm_“, (28)
0,7*
sup [[iflo < C72% (29)
[0,77]
sup HRHQ < Qgl=2mr—r (30)
[0,7%]
and
sup |16l < Co. (31)
[Ole}

The set 2* has probability close to 1.

Proposition 17 Under Assumptions 3, 5, and 6 the set Q* has probability

P(Q*) > 1— CeP —P(sup ||bl|o > Co) -
[Ole}



Proof. First

P(Q*) > 1 — P(sup |[¢ — Qlla > Ce3%) — P(sup [|¢)]|a > Ce™2%0)
[077—*] [O,T*]

—P(sup ||R|]a > Csl_zm”_”) — P(sup ||b]|la > Co).

[077—*] [07T1]
Using Chebychev inequality and Lemmas 11, 12 and 13, we obtain for & > kg
and sufficiently large ¢ > HEI;O) >0

P(Q*) > 1— C[e? + 29 4 c1vm0)] — P(sup [[b]la > Co)
[Ole]
> 1-Ce? —P(sup ||blla > C). (32)
[Ole}

O

Theorem 18 Assume that Assumptions 3, 5, and 6 hold. Suppose a(0) =
O(1) and (0) = O(1). Let b be a solution of (2) and a as defined in (24).
If the initial conditions satisfy a(0) = b(0), then for k < Wlﬂ we obtain

sup |la(t) —b(t)|, < Ce' ™2™ % on QF, (33)
t€[0,71]
and
sup |la(t)|, < C on Q. (34)
te[0,Th]

Proof. Subtracting (2) from (24) and defining

h(t) := a(T) — b(t), (35)
we obtain .
h(t) = / Fo(h +b) — Fe(b))dr + R(t), (36)
0
where the error R is defined as
R = 0O(g}72m") (37)
Define @) as 3
Q(t) == h(t) — R(t). (38)

From Equation (36) we obtain
Q= F(Q + R+b) — F(b)

Taking the scalar product (@, ) in H® on both sides, yields

SOQIE = (F@+ Rh)~ F0).Q),

10



Using Young and Cauchy-Schwartz inequalities, where F¢ is a polynomial
of degree m, we obtain

1 m— D||m— m— 5,
SONQI < € (1+1QIE" + IRIZ= + 16177 ) (IQUZ + I1RI2) -

As long as ||Q(t)|| < 1, using Equations (30) and (31), we obtain for k <
1

2m—+1
1 - m KR *
SO QI < eQM)IZ + 72+ on 0,

Integrating from 0 to ¢ and using Gronwall’s lemma, we obtain for ¢t <
ATy <Tp
1Q(#)]],, < Celm@mtlrg2elo,

and thus ||Q(t)]|, < 1 for t < 7* AT;. Taking supremum on [0, 7% A T1]

sup ||Q(t)||a§061_(2m+1)“ on OF.

te[0,7*ATY]
Hence
sup |la—bl, = sup [|Q—Rla< sup [|Qll,+ sup [Rla
[0,7*AT1] [0,7*ATh] [0,7*AT1] [0,7*AT1]
< CelmCmHUE o F, (39)

We finish the proof by using (35), (38) and

sup |lall, < sup la—=0l,+ sup b, <C.
[0,7’*/\T1] [O,T*/\Tl] [O,T*/\Tﬂ

This implies 77 < 7* on Q*. Thus, we have on *

sup [la — b, < Ce1-CmDx,
[Ole]

and
sup |[all, < C.
(0,71]
O
Now, we can use the results obtained above to prove the main result
from Theorem 10 for the system of SPDE (1).
Proof of Theorem 10. For the stopping time we note that (from the
previous proof)

Q5 {r >T}2{ swp fala<e™ sup [l <} D0
[0,7*AT1] [0,7*AT1]

11



Now let us turn to the approximation result. Using (13) and triangle
inequality, we obtain

sup |lu(t) = b(t) = Q(t)[la < sup [la—blla+ sup [|v — Qo

te[0,11] [0,74] [0,71]
< sup |la = blla + sup [[¢ — Qlla-
[Ole 07 ]

From (28) and (33), we obtain

sup [lu(t) = b(t) — Q(t)[|a < Ce'~CmHDE on QF,
te[0,T1]

Hence,

P sup [u(t)—b(t) — Q(t)]la > Ce'~Cm+br ) <1 _P(QF) .
te[0,T1]

Using (32), yields (18). O

5 Averaging

In the first lemma we state the averaging Lemma 5.1 from our paper [1]
over the fast OU-process Z (cf. (7)). Actually, this is a slightly generalized
version, which we state without proof.

Lemma 19 Let X be a real valued stochastic process such that for some
r >0 we have X(0) = O(e™"). Suppose Z = (Z1,....., Zy) with

t
Zi(t):&ie_l/ =293 gBy(s),
0

for some &i, A € R and independent Brownian motion B;, are fast OU-

process. Fix ko > 0. If dX = GdT with G = O(e™"), then for { € N}

/Xzfd i(;: O /XZ%Z 2dr + O )
i=1 7=1

In the next lemma we state the application of Lemma 19 needed in the
proof.

Lemma 20 Let X be as in Lemma 19. Then, for ¢ € Nj and |[¢| > 1, we
obtain
1- If one of the ¢; is odd, then

t
P, / XZr = O, (40)
0

12



2-1If all ¢; are even, then there is a constant Cy such that
t t
P, / XZ%r = C, / Xdr + O(ehrr0). (41)
0 0

Proof. We study three cases.
First case: Consider single mode forcing for some k& € N with

¢
Zi(t) = Zig,en, = Vit / e AN By (Tey,. (42)
0
Thus (recall that X is real valued)

t t n n
P, / X 2dr = / XP. <H ef;i) 2l dr.
0 0 i=1 /) i=1

n

If one of the ¢; is odd, then applying Lemma 19 with X P. [ eii_ instead of
i=1
X, yields

1=

t
P, / X Z%dr = O(el7mr),
0

If all ¢; are even, we obtain by Lemma 19

=1

t n ﬁl(& - 1)a2k_ t n n .
P / X Zldr = ”1/ XP, ( eéi) zh .Zfsz+O Sl-r—ro).
“Jo ; 22?:1 Lidig; Jo e T1 ks jl;Il ok Zi ks ( )

Proceeding inductively, we obtain the existence of the constant C}, once all
Z’s are eliminated.
Second case: Here we assume N = 2. Thus

Z; = Zijje1 + Zises.

Using binomial formula (z+%)¢ = ZTeNg (l;f):cryf_” for { € Nij, and =,y € R.

r<t
We obtain
! ¢ ! €\ vl le—r| ¢
r [ xztir= 3 [xn ()l 2 2t
0 reNg /0 "
r<t
where Z¢ 1 = (21,1, 0. , Zn,1). Thus using Lemma 19 we can proceed as in

the first case.
Third case: For N > 2, we can proceed similar to the second case by

expanding
N
J4
( Z Zij €j> .
j=1

13



O

Now, let us give an explicit formula for the polynomial JF;(b) which is

defined in (2) and Assumption 5. Usually, one would use integration with

respect to the invariant measure of the OU-process to determine F;. Here,
we give a simple proof for a particular example, which is needed later.

Corollary 21 Consider the case of single mode forcing as given in Equation
(42). Then

C
PO = RO+ D oD (43)
If|>1
with o .
D 4i(20; — 1)ag,, 0o,
Cop = ~—n——— 29 Cy_ay., "
2 ;221.:15]‘%)\1% <jH1 k]> 20—2f, (44)

where f; = (0,....,_ 1 ,...,0) is the standard basis in R"™ and Cy = 1.
~—

i—th
Proof. Applying Taylor’s expansion for the function F{ : H — R, yields

/t.ﬂc(b+Z)dT— / Df )zfd (45)
0 1€]>0

Applying Lemma 20 to Equation (45), yields
! Cf ¢ 1—
/ Fe(b+ Z)dr = / D'Fi(b)dr + O(1-"™%),  (46)
0 |Z|>0
where Cyp = 1 and Cy = 0 if one #; is odd. Thus
/ Fib+ Z)dr =Y —= Cor / D> Fy(b)dr + O(e' ).
(20)!
=

From the first case of the proof of Lemma 20, we obtain (44). O

Example 22 Let the noise be forcing only one mode, assume n = 2 and
d = 1, such that the eigenfunction are given by eg = 1 and e, = \/2 cos(mkx)
for k > 0. We consider several cases.

First case: If |{| = 1, then (¢1,02) = (1,0) or (0,1) hence

c P2 ) Clog) = —1h (47)
20 = 5q, )\k s ) C00) = 333,

and
a2
2’k2

C(O’Q) - 2d2)\k2 '

14



Second case: If || =2, then ({1,42) = (2,0), (1,1) or (0,2) hence

o _ 904% k2o _ 9a‘217,62
O™ 4dym2k2 730 7 g@Zrid
and

o B 1
227 2(dy A, + dadg,

_ a%,klag,kg P <62 62 )
Q(dl/\kl—i-dQAkQ) e\ "k1Tk2 )

JP:(ehed, ) lod i, Cooy + 08, Con)

where we used (47) and (48). Now, we have two different cases, first assume
k1 # ko. In this case Pc(eileé) =1, and

2 2
A7 1 X2 ks

Cloy oy = .
22 7 9(dy A, + dadny)

For the second case consider k1 = ko. In this case Pc(eileiQ) =

C _ 3a%,k1 a%,kg
22 7 A(dy A, + dadiy)

6 Applications

In this section we consider all examples with homogeneous Neumann bound-
ary condition on the interval [0, 1]. Suppose the eigenfunctions are

1 if k=0
k= V2cos(mkx) if k>0,

and

N = span{1}.
The eigenvalues of the operator —A; = —d;0? are A\, = 72k%. We apply our
results to some real-life applications from biology and chemistry as follows:
6.1 Biological Application

We consider a simple predator—prey system with diffusion which is a mod-
ified Lotka—Volterra system with logistic growth of the prey and with both
predator and prey dispersing by diffusion (cf. J. Murray [12]). Also, Dunbar
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[8, 9] discussed this model in detail. The model with additive noise takes
the form

dy 92

Byur :;%§%+Amu—%j—Bmw+64@WﬁL
dy 2

Oiug = ;;Wu; + Cuiug — Dug + 6_16tW2(t),

where wuq is the prey, uo is the predator, A, B, C, D and K, the prey

carrying capacity, are positive constants. We assume very fast diffusion %,

and in addition large fluctuation of order e~!. If we take
Wi (t) = a151(t) cos(mz) and Wa(t) = asfa(t) cos(mz),

then the noise is large, but it does not change the average population size.
Our main theorem states that

u(t) = b(t) + Z(t) + O(e17),

on finite time horizons, as long as the approximation b remains bounded.

Here
([ w [ b (2
u—<u2>,b—(b2>,and2—<22>

where by and by are the solutions of

by Aa?
= Abi(1— -%) — Bbiby — ——1_
Oib bi(l =) = Bhibs 2d 2K’

atbg = Cb1b2 - Db2=

and

t
Z, = 5104,-/ 67572(t75)d1“2d5i(t) cos(mz) fori=1,2.
0

2
The biological effect of the Qd’?% term can be understood by neglecting

by, i.e assuming no predators. In this case one gets

bl AO&%

= Aby(1— 1) — .
Oibr = Abi(1 = ) 2d1 72K

There appears a surprising effective extra drift term from the combination
of fast diffusion and large fluctuations, although both terms individually do
not change the average population size. If

of

b P S
LS 92K

(49)

then % < 0, i.e. it decreases. Since the effect of by is to further decrease

b1 then Equation (49) implies the annihilation of the system.
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6.2 Chemical Application

A simple archetype example for a reaction-diffusion system is a cubic auto-
catalytic reaction between two chemicals according to the rule A+ B — 2B
with rate r = puju3.

Denoting by u; and uo the concentration of A and B, respectively. The
two species satisfy the equations:

dy 0%u _

Oup = 5—;%21 —pulug + € 18,5W1(t),
dy 0?

Oua = ;; 8;22 —i—pulu% —i—zs_latWQ(t),

We consider again large diffusion and large noise which both might be in-
troduced by fast stirring. If we take

Wi(t) = a1f1(t)cos(mx)
Wa(t) = «ofa(t)cos(mx)

then our main theorem states that

u(t) = b(t) + Z(t) + O(e17),

[ w [ b v
u_<u2>,b—<b2>,and2—<22>

where by and by are the solutions of

with

2
b = —pbibd— P22
at 1 PO1 2 2d27'('2 1,
2
_ 2 Py
Oiby = pb162+2d27r2b1.

We note that high fluctuations in combination with fast diffusion lead to
effective new terms describing the transformation of b; to by. Although
both terms individually do not change the average [w;dx = b;, or there
nonlinear combination does.

Let us check the bound on b. We note that

=1

integrating from 0 to ¢



As b; > 0, we have

0 < bi(t) < zn:bi(t) < Cp.

Hence, we obtain for all times ¢ > 0

9 1/2
16(t)]] = <Z b?@)) < CoV2.
i=1

Thus the approximation is valid on any fixed finite time interval.
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