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INTRODUCTION

These notes provide technical details that are required to embed constraint relationships into the
c-semiring framework presented in terms of category theory. It contains all steps required to map a
dag to a partial order (Section 1), construct the free meet monoid from this partial order (Section 3) as
well as the free c-semiring (Section 4). A constraint solving algorithm based on branch-and-bound
search is presented in §34 for c-semirings and in §36 for meet monoids. A concrete instantiation
for constraint relationships along with an example soft constraint problem concludes the report in
Section 7.

1. PARTIAL ORDERS AND DIRECTED ACYCLIC GRAPHS

1. A partial order (X, <) is given by a set X and a binary relation < C X x X such that < is
reflexive, transitive, and anti-symmetric on X. For z,y € X we write x < y if x < y and x # y, and
x>yresp.x > yify < xresp.y < x.

A partial order homomorphism ¢ : P — (@ from a partial order P = (| P|, <p) to a partial order
Q = (|Q|,<g) is given by a map ¢ : |P| — |Q] such that p(p) <o ¢(p') if p <p p’ for all
p,p €1P).

The category PO of partial orders has the partial orders as objects and the partial order homomor-
phisms as morphisms.

2. Adirected acyclic graph, or dag, (X, —) is given by a set X and a binary relation — C X x X
such that —7 is irreflexive. If x — vy, then z is a predecessor of y, and y is a successor of .

A dag homomorphism ¢ : G — H fromadag G = (|G|, —»¢) toadag H = (|H|, —p) is given by a
map ¢ : |G| — |H| such that p(g) = ©(¢') if g =¢ ¢ forall g,¢" € |G]|.

The category DAG of dags has the dags as objects and the dag homomorphisms as morphisms.

3. Define the functor PO{—) : DAG — PO by
PO(G) = (IG], =¢) »
PO(p:G—=H)=1¢p.
Define the functor DAG : PO — DAG by
DAG(P) = (|P[,<p)
DAG(¢: P —Q)=¢p.
For each G € |DAG], define n¢:° : G — DAG(PO(G)) by nt°(g) = g. Then n™° = (ng°)cepac
is a natural transformation from 1psg to DAG o PO{—).
Let G € |DAG]|, P € |PO|, and ¢ : G — DAG(P). Define p*ro : PO(G) — P by
P (g9) = ¢(g) -
Then DAG(¢*7°)(nE°(g)) = ¢(g) and ©**© is unique with this property.

2. UPPER SEMI-LATTICES

4. A (bounded) upper semi-lattice (X, L, 1) is given by a set X, a binary operation LI : X x X — X,
and a constant | € X such that the following axioms are satisfied for all z,y, z € X:

(D) (zUy)Uz=2xU(yUz)

2)rxUy=yUx

B)zUxr==x



@HzUl=x

In words, L is associative, commutative, and idempotent, and has | as neutral element.

A (bounded) upper semi-lattice homomorphism ¢ : U — V from an upper semi-lattice U =
(|U|,Uy, Li) to an upper semi-lattice V' = (|V|,Uy, Ly ) is given by a map ¢ : |U| — |V/| such that
for all uy, uy € |UJ:

(1) p(ur Uy uz) = p(ur) Uy p(u2)

2) o(Lv) = Lv

The category uSL of upper semi-lattices has the upper semi-lattices as objects and the upper semi-
lattice homomorphisms as morphisms.

5. Let P be a partial order. Let Z, (P) denote the set of finite subsets of | P| which only contain
pairwise incomparable elements w.r.t <p. For a subset S C |P|, let Max="(S) denote the set of
maximal elements of S w.r.t. <p.

Define the binary operation Up : Zg, (P) X Zg,(P) — Zgu(P) by

IUpJ=Max=r(IUJ).
LEMMA. (Zg,(P),Up, D) is an upper semi-lattice.
Proof. Let I, J, K € Zy,(P). For the associativity of Up we have

IUp (JUp K) = Max=?(I UMax=(JUK)) = Max>* (I U JUK) =

Max=* (Max=F(IUJ)UK) = (I Up J)Up K ,

since Max=" (I U Max=? X) = Max=?(I U X) for all X € Pg, |P|. Up inherits commutativity
from U. For the idempotency of Up we have

TUpl=Max=P(JUI)=Max=P[=1,
since I € Zg,(P). Finally, we have I Up () = 1. O
Define the functor u.SL(—) : PO — uSL by

uSL(P) = (Zsn(P),Up, D),

uSL{p : P — Q) = Mp1,...,pn} € Tan(P) . Max=2{p(p1),...,0(pn)} .

6. Each upper semi-lattice U induces a partial ordering <; C |U| x |U| on |U]| given by
u <y Uy <= ui Uy ug = uy .

Indeed, <y is reflexive on |U| by the idempotency of Li;;, <; is transitive by the associativity of L,
and <y is anti-symmetric by the commutativity of Ll;;. Furthermore, 1 is the smallest element w.r.t.
<y, ie., Ly <y uforall u € |U|, by the neutrality of L.

Define the functor PO : uSL — PO by

POU) = (U], <v)

PO(p:U—=V)=yp,
which is well-defined on objects by the remarks above and also morphisms since if u; <y us, i.e.,
uy Uy ug = ug, then p(ur) Uy p(uz) = p(ur Uy uz) = p(uz), i-e., p(ur) Uy (uz).
For each P € |PO|, define n°" : P — PO(uSL(P)) by n""(p) = {p}. Then "5 = (&) pejpoy
is a natural transformation from 1pg to PO o uSL{—).
Let P € |PO|, U € [uSL|,and ¢ : P — PO(U). Define st : uSL(P) — U by

"t ({p1, ... pn}) = @(p1) Uy -+ - Uy @(pn)
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for all {py,...,pn} € Zan(P), where, if n = 0, the right hand side is to be understood as L ;; (phust
is indeed an upper semi-lattice homomorphism, since for each {p},...,p/,} € Ps, |P| we have
it (Max="{p},....pp}) = @(p)) Uy -+ U @(p),): if i <p 1l then o(p}) <pow) #(}). i-e..
@(p;) Uu »(p)) = »(p))-

Then PO (p*st)(nL(p)) = ¢(p) and @™t is unique with this property.

7. The partial ordering of PO(uSL(P)) on Zg,(P) for a partial order P is called the lower or Hoare
ordering on Zg, (P) which we denote by Cp; it is explicitly given by

ICpJ < Max=P(IUJ)=J

< Vpel.dgeJ.p<pq

for I,J € Zg,(P). Itis ) Cp I forall I € Zg,(P).
The dual of the Hoare ordering is the upper or Smyth ordering C* on Zg, (P) defined by I C¥ J if,
and only if, J Cp-1 I, where P! = (| P|,>p). Explicitly, the Smyth ordering is given by

ICPJ < Min=P(IUJ)=1

<— VgeJ.dpel.p<pq

where Min=" (9) is the set of minimal elements of S C |P|. In particular, the Smyth ordering also
induces a binary operation U? : Zg,, (P) X Zgn(P) — Zga(P) given by

ITU” J=Min=rF(IU.J),
which is also associative, commutative, and idempotent. Here, [ Uuf P =1,1ie.,0isan absorptive
element for U7, and I C* () for all I € Zg,(P), i.e., 0 is the greatest element of Zg, (P) w.r.t. C.
The convex or Plotkin ordering on Zg, (P) is defined by the intersection of C p and CP, which means

I(CpNCH)J <= (Wpel.JgeJ.p<pq)AN(NgeJ.Ipel.p<pq)
for I, J € Zg,(P).
Finally, Up is monotonic w.r.t. Cp, and U is monotonic w.r.t. C%, i.e., forall I, J, K € Zg,(P),

1 Cp Jimplies IUp K Cp JUp K,

I C” Jimplies I U" K " JUP K .

3. PARTIALLY ORDERED MONOIDS

8. A partially ordered monoid (X, -,¢,<) is given by a set X, a binary operation - : X x X — X,
a constant ¢ € X, and a partial order relation < C X x X such that the following axioms are satisfied
forz, o', y,y,z € X:

D) (z-y)-z=z-(y-2)

Q) r-y=y-x

B)zrz-e==x

@ ifer<z'andy <y, thenz-y <z -y

In words, (X -, ) is a commutative monoid with unity € and < is monotone w.r.t. -.

A partially ordered monoid homomorphism ¢ : M — N from a partially ordered monoid M =
(IM], - pmyenm, <um) to a partially ordered monoid N = (|N|, n,en, <y) is given by a map ¢ :
|M| — | N| such that for all m,n € |M]|:

(1) @(m -mn) = p(m) -n e(n)

(2) plem) =en

(3) if m <p; n, then p(m) <y ¢(n)



The category poMon of partially ordered monoids has the partially ordered monoids as objects and
the partially ordered monoids homomorphisms as morphisms.

9. A partially ordered monoid M is a join monoid if for all m,n € |M|

m<ym-pyn.
This requirement is equivalent to requiring that €, is the smallest element w.r.t. <,,. Indeed, if
m <pr m -y n holds for all m,n € |M|, then ey <ps epr -y n = n forall n € |M|. Conversely, if
ey <y nforalln € |M|,thenm = m -y ey <py m -y nforall m,n € | M| by the monotonicity
of S M-
Dually, a partially ordered monoid M is a meet monoid if for all m,n € | M|

m-pn <y m,

and this requirement is equivalent to requiring that €, is the greatest element w.r.t. <j;.

The full sub-categories of poMon having all join monoids respectively meet monoids as objects are
denoted by jMon and mMon, respectively.

There are functors

jMon : mMon — jMon mMon : jMon — mMon
]MOn(M) = (|M|7 "M EM, S]T;) mMOTL(M) = (|M|7 “MyEM, SX;)
jMon(p : M — N) = ¢ mMon(p: M — N) =¢

such that jMon o mMon = 1jen and mMon o jMon = 1y,mon. Note that meet monoids have also
been referred to as partial valuation structures [3] or ic-monoids [4].

10. For a set X let Mg, (X) be the set of finite multisets over X. We write {1, ..., 2, | with
x; € Xforl <i<morllaxy,...,l,z,[ withz; € X and [; € N for 1 < i < n for an element of
M (X), T Y U for the multiset union of the multisets 7" and U, and T' € U for the sub-multiset
relation, which is a partial ordering relation on Mg, (X).
For a partial order P, the lower or Hoare ordering on Mg, |P| is the binary relation Cp C
(M |P|) x (May |P|) given by the transitive closure of

T C UimpliesT Cp U ,
p <p qimplies T U p] Cp T U 1qS .

If T Cp U,thenT U ]r| Cp UMY r{forall r € X, since this holds for both defining clauses of the
ordering.

For an element 7 = [lyxy, ..., [hx,[ € Mgy (X) withly, ... 1, > 0,2, #x;foralll <i#j<mn,
andn > 01et S(T) = U<, {(j, ) | 1 <j <L}

LEMMA. T Cp U if, and only if, there is an injective mapping f : S(T') — S(U) with p <p q if
£, p) = (k.q) for all (j,p) € S(T).

Proof. Let first T Cp U hold. Then there are an n > 1 and T3,...,T, € Mg, (X) such that
T, =T,T, =U,andeither T; C T;,; or T; = T/ Y |pf and T;,; = T U ]¢f with p <p ¢ for all
1 <i < n. Foreach 1 < i < nthereisamap f; : S(17;) — S(T;4+1) as required in the claim as
follows: If T;,_y C T, then we choose f; = lgr,). If T; = T/ U (pf and T;,, = T U |qf with
p <p ¢, then we choose f; = 151y U{(j,p) = (k,q)} where j = [{l | (I,p) € S(T})}| + 1 and
k=H{l|(l,q) € S(T)} + 1. Then f,o...0 f; : S(T) — S(U) as required in the claim.

For the converse, we prove that if f : S(7) — S(U) is a mapping as required in the claim, then
T Cp U by induction on the cardinality of S(7"). Let f : S(T') — S(U) be given. If |S(7")| = 0, then
=T CU.Nowlet |S(T)| > 0andlet (j,p) € S(T) such that j is maximal. Then f(j,p) = (k, q)
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with p <p ¢. Define g : S(U) — S(U) \ {(k,q)} by g(l,r) = (I,r)if r # gorl < k, and
g(l,q) =1 —1,q)ifl > k. Let T, U’ € Mg,(X) be definedby T =T"J {pfand U = U’' U |¢f.
Then S(7") = S(T) \ {(j,p)} and f" : S(T") — S(U’) defined by f'(l,r) = g(f(l,r)) for all
(I,7) € S(T") is an injective mapping as required in the claim. By induction hypothesis 7" Cp U’
and thus, by the remark above, T =T'U |pf Cp U' Y |p| Cp U' U ]ql =U. O

We call such a map a witness forT’ Cp U.

11. The relation Cp is obviously transitive and reflexive on Mg, |P|. It is also antisymmetric:
Assume for a contradiction that there are 7" and U with T Cp U and U Cp T, but T' # U and choose
an T with minimal cardinality satisfying this property. Then 7" # (. Let f : S(T)) — S(U) and
g:S(U) — S(T) be witnessing maps for T Cp U and U Cp T. Choose an element (j,p) € S(T))
such that p is maximal w.r.t. <p in 7. Let f(j,p) = (k,q) € S(U). Then p <p q. If p # ¢, there
would be a (j’,p') € S(T') with p <p ¢ <p p' but p # p’ contradicting the maximality of p in T’;
thus f(j,p) = (k,p). Assume, without loss of generality, that j and k& are maximal. Remove the
occurrence of p from 7', obtaining 7", and from U, obtaining U’. Then T”" Cp U’ and U’ Cp T", since
f 8T — S(U') with f'(z) = f(x)ifz # (j,p) and ¢’ : S(U') — S(T") with ¢'(y) = g(y) if
y # (k, p) are witnessing maps, contradicting the minimality of 7.

Furthermore, U is associative and commutative; it is also monotonic w.r.t. Cp, i.e., forall T, U,V €

Miin | P,
T CpUimpliesTUV CpUUV
and || Cp T forall T € Mgy, |P|. Thus,
LEMMA. (Ms, |P|,9, 1§, Cp) is a join monoid. O
Define the functor jMon(—) : PO — jMon by
JMon(P) = (Mg |P|,9, 15, Cp),
JMon{p : P — Q) = Alp1,...,pn) € Mg |P|. lo(p1),...,0(pn) -

12. Dually, the upper or Smyth ordering on Mgy, |P| is the binary relation €” C (Mg, |P|) X
(Mgn | P|), defined by T C€* U if, and only if, U Cp-1 T'; more explicitly, the Smyth ordering on
Mg, | P| is given by the transitive closure of

T 2 UimpliesT C” U ,
p <p qimplies T U |pf C" T U qS,

ie, T C" U if, and only if, there is an injective mapping g : S(U) — S(T) with p <p q if
g(k,q) = (4, p) for all (k,q) € S(U); we call such a map a witness for T C” U. The relation C*" is
also a partial ordering on My, | P|, and, again, J is monotonic w.r.t. c? ie.,

T c” UimpliesTHVQPUQV;
and T C” |{ forall T € Mg, |P|. Thus,
LEMMA. (Mg, |P|, 9,1, C") is a meet monoid. O

This meet monoid over a partial order P does not show suprema of finite sets, in general: Consider
the partial order P = ({a, b, c}, {a < ¢,b < c¢}) (which does show suprema). In the meet monoid
(Mg [P|,9, 15, C"), we have

lef € 1af, b .
la,b§ " 1af, {b§



and no T' € My, |P| exists with ]a, b, lcf c¥ T ¥ {af, |b{ since, e.g., for {cf ¥ T, T can only
be 1§ by the first rule (with {a, b{, ]cf ¥ 1), or {af or [b{ by the second rule; but ]af and [b{ are
incomparable w.r.t. C

Define the functor mMon(—) : PO — mMon by

mMon(P) = (Mﬁn |P|a Y, U» (EP) 5
mMon{p : P — Q) = Alp1,...,pn) € Mg |P|. lo(p1), ..., 0(pn) -
In particular, jMon(P) = jMon(mMon(P~')) and mMon(P) = mMon(jMon(P~1)).

13. Finally, the convex or Plotkin ordering on Mg, | P| is the intersection of € and C*. Then
T (CpNCP) U if, and only if, there is a bijective mapping h : S(T) — S(U) with p <p ¢ if
h(j,p) = (k,q) for all (j,p) € S(T); we again call such a map a witness for T (Cp N C") U. The
relation Cp N CFisalsoa partial ordering on Mg, | P|, and again U is monotonic w.r.t. this ordering.

LEMMA. (Mg, |P|,Y, 15, Cp N C7) is a partially ordered monoid. O
Define the functor poMon(—) : PO — poMon by

poMon(P) = (Mg, |P|,9, 1], CpNCh),

poMon(p : P — Q) = Ap1,...,0n) € Man |P|.Te(p1), ..., ¢(n)S .

14. Define the functor PO : poMon — PO by

PO(M) = (M|, <u)

PO(p: M — N)=¢.
For each P € |PO| and each = € {po, j, m} define the partial order homomorphisms n&V°on : P —
PO(xzMon(P)) by ngM°(p) = {pJ. Then each n™°" = (nFM°") pepo) is a natural transformation
from 1pg to PO o xMon(—).
Letx € {po,j, m}, P € |PO|, M € |zMon|, and ¢ : P — PO(M). Define pFs¥on : xMon(P) —
M by

e (Ip1s oy paf) = @(p1) ar - ar 9 (pn)

for all {py1,...,pnJ € Mgy, | P|, where, if n = 0, the right hand side is to be understood as ¢ ;.
Then for all z € {po,j, m}, PO(phMon)(nEMon(p)) = p(p) and all @#Mon are unique with this

property.
15. Each upper semi-lattice can also be viewed as a join monoid. Indeed, define the functor
jMon : uSL — jMon by

.]MOn(U) - (’U|7 Uu, J—U; SU) s

jMon(p :U = V) =p.

In particular, by §5 and §7, for each partial order P, jMon(uSL(P)) = (Zsn(P),Up, D, Cp) is a join
monoid.

3.1. Constructing Meet Monoids from Dags

16. Let G be a dag. Consider the single-predecessor lifting ~27° C (Mg, |G|) x (Mg, |G]) of G
to the finite multisets My, |G| over the elements of GG, given by

T ~gP TYlgS,



g —¢ himplies T Y 1gf ~2P T YAl .

Then GSPP = (Mg, |G|, ~2FP) is a dag, where T ~~3FP U expresses that U is worse than T. We
write <P for >pggsepy = ((~¢ P)*) 7. Furthermore, <¢I'” is monotonic w.r.t. multiset union
and thus (Mg, |G|, U, 1§, <BFP) is a meet monoid. We have

LEMMA. For each dag G, mMon(PO(G)™') = (Mg, |G|, 9, 1T, <FFP). O

17. Let G be a dag. Consider the transitive-predecessors lifting ~~2'P C (Mg, |G|) X (Mg, |G])
of G to the finite multisets My, |G| over the elements of G, given by

T~ TS,
Gy Gn — & himplies TY g1, ..., g0 ~& 2 T YRS .
Then G™"P = (Mg, |G|, ~&P) is a dag; we write <EPP for > pogrepy = ((~&7)*) 7!, Further-

more, <5 is monotonic w.r.t. multiset union and thus (M, |G|, 4, ] §, <TFP) is a meet monoid.
We have

LEMMA. Let G be a dag, let Sy, S, € Pqn |G|, and let S1,S; € Mgy |G| be the finite multisets
corresponding to Sy and Ss, respectively. Then

Sy <TPD S, implies Max9(%(S,) Crow) Max??'@(3)).
Proof. Let S; <EFP S, hold. It suffices to prove the claim for the two defining clauses for ~ZFP.

For the case that there is a ¢ € S; such that S, = S \ {g}, we have
Max"?(@ () = Max"?' (51 \ {g}) Crpo(a) Max"D(S1)\ {g} Croe) Max"((s)) .

For the case that there is an h € Sy and ¢y,...,¢9, € Sy with ¢1,...,9, —¢ h such that S, =
(S1\{r})U{g1,-..,9n}, we have

Max” (Sy) = Max" (S, U {g1, ..., 9.1) \ {2} Crow
Max" (81) \ {h} Cpoe Max"? 9 (s,) ,
since h € 9. O
The converse is in general wrong: Let G = ({g,h},{(g,h)}), i.e., g —¢ h; then indeed we have
Max"%9 ({g,h}) Cpo Max"?({n}), but 1h] £LP 1g, hf. However, if Sy € Zgs, (PO(G)),

then the converse follows from the map f : Max” O<G>(S2) — Max” O<G>(Sl) witnessing So =
MaXPO<G>(52) Croa) MaXPO<G>(Sl).

3.2. Lexicographic Product of Meet Monoids

18. For a meet monoid M, define its set of collapsing elements by [3]
C(M)={m e |M||3Imi,my € |M|.my <py mo Amy -py m =mg-pym}.

EXAMPLE. Let P be a partial order.

(1) The set of collapsing elements of the meet monoid mMon(P) is empty: If T €” U, then
T pf =UUY]pl for some p € |P| would imply that 7" = U.

(2) The set of collapsing elements of the meet monoid mMon (jMon(uSL(P))) is Za,(P) \ {0}: If
04T €Tsn(P),then I Sp O, but QUp [ =T =1Up 1. O
7



Generalising the first example, if M is a strict meet monoid, i.e., m <jp; n implies m -p; 0 <pr n-p7 0
for all m,n,o € |M|, then C(M) = (). Generalising the second example, all idempotent elements of
a meet monoid M which are different from ¢, are collapsing: If m € | M| such that m # ), and
m-ym=m,thenm <p;eyybutm -y m=m=c¢cy -py M.

LEMMA. |M|\ C(M) is closed under - ;.

Proof. We show that m -y n € C(M) if, and only if, m € C(M)orn € C(M): If m € C(M)
orn € C(M), then obviously m -5y n € C(M). Conversely, if m -p; n € C(M), then there are
my,me € |M| with my <pr mo, and my -py m -y n = moy -3y m -5 n; but if m ¢ C(M), then
my -y m <p me -y m, and if alson ¢ C(M), then my -y m -pr m <pgp Mo -pr M -pp M. O
Note that in particular €); ¢ C(M) since my <p; mo implies my -pr a7 <pr Mo -ar €. Thus,
(|IM|\ C(M), nr,enm, <pr) forms a meet monoid.

19. A meet monoid M is bounded if | M| has a smallest element w.r.t. <;; we denote this element
by L,y if it exists.

In a bounded meet monoid M it holds that m -y, Ly, = Ly, forall m € |M], i.e., L), is an absorbing
element. Furthermore, 1, € C(M). We call a bounded meet monoid weakly strict if m <;; n
implies m -py 0 <py n-pyoforallm,n € [M|and Ly, # o € |M]|.

Each meet monoid M which is not bounded can be lifted into a bounded meet monoid M, =
(IMW{L}, ar, enmy,, <my)settingmep, L= 1,epy, =ep,and L <z mforallm e |[M|w{L}.

20. Let M be a meet monoid and let NV be a bounded meet monoid. Let
L= ((IM[\C(M))x [N[)u(C(M) x{Ln}).
Define the binary operation -, : L x L — L by

(mlanl) ‘L (m2,n2) = (ml ‘M M1, N1 N n2) .

This is well-defined: If (mq,ny) € (|M]\ C(M)) x |N| and (mg,n2) € C(M) x {Ly}, then
my -y me € C(M), but also ny = Ly and thus ny -y ne = ny -y Ly = Ly. -1 inherits associativity
and commutativity from M and N.

Further define the element €;, € L by

€L = (5M75N) )

which is also well-defined, since ey, ¢ C(M). Also (m,n) - ep = (m,n).
Finally, define the lexicographic ordering <; C L x L on L by

(ml,nl) <r (mg,ng) < (m1 7& me and my <uy mg) or (m1 = My and ny <y ng) .
LEMMA. (L, 1,ep, <) is a meet monoid.

Proof. Since (L, -1, ¢;) is a commutative monoid, it only remains to show the monotonicity of -,
w.rt. <. Let (mqy,n1) < (msg,ny) and an (m,n) € L be given.

Case mq <py mo: If not my -y m <pp mo -prm, 1.€., My -3y M = Moy -3y M, then m € C(M) and thus
n = 1 5. Hence

(m1,m1) - (m,n) = (my -y mymy -y n) = (my-ym, Ly) =
(ma -mm, Ly) = (ma -ar m,ng -y n) = (mg,nz) - (m,n) .
Case myp = Mo and nq SN No: Then my ppMm = M2 pp M and ny-NnN SN No N MN. |

Let us write M x N for (L, p,er, <r).



21. Let M and N be meet monoids such that NV is bounded. Then C(M x N) = (C(M) x { Ly})U
((JM|\ C(M)) x C(N)). Indeed, let (m,n) € C(M x N). Then there are (my,n1), (ma,ng) €
|M X N| with (ml,nl) <MxN (mg,n2), e, m; <py Mo or m; = mg and n; <y N9, and
(m1,n1) mwn (Mmyn) = (Mo, n2) yun (M,n), 1.6, my -y m=mg-yymandny -y n =ny -y n. If
my <ur Mo, then m € C(M) and therefore n = L y; if my = my, then n € C(N). Conversely, let
first (m,n) € C(M) x { Ly }; then there are mq, my € | M| withmy <,y mg and my-yym = mg-ym,
hence (ml, J_N) <MxN (mg, J_N) with (ml, J_N) ‘MxN (m,n) = (mg, J_N) ‘MxN (m, n) Now let
(m,n) € (|[M]|\ C(M)) x C(N); then there are ny,ny € |N| withn; <y ngandny -y n =ng -y n,
hence (m,n1) <y (M, n2) with (m,ny) -preny (m,n) = (m,n2) ypwn (M, n).

Abbreviate |M |\ C(M) by R(M). Then

IM x N|\C(M x N)=R(Mx N) =

((R(M) x [Ny U (C(M) x { Ly })) \ (R(M) x C(N)) U (C(M) x {Ln})) =
R(M) x R(N) = (IM[\ C(M)) x (IN]\C(N)) .

(R(M ) [OD U (C(M x N) x{Lo}) =

(R(M) x R(N) x [O) U (R(M) x C(N) x {Lo})U(C(M) x{(Ln, Lo)}) =
(R(M) x ((R(N) x [O]) U (C(N) x {Lo}))) U(C(M) x {Lnwo}) =

(R(M) x [N x O) U (C(M) x {Lnwxo}) =

|M x (N x O)],

from which it follows that x is associative.

4. C-SEMIRINGS

22. A c-semiring [1] (X, ®,®,0,1) is given by a set X, two binary operations ®, ® : X x X — X,
and two constants 0, 1 € X such that the following axioms are satisfied for all x,y, 2z € X:

D (zdy) Dz=2d®(yd=2)

Qrxdy=ydx

Bzrzel=1

4 z00=2x

B (zRY)R:2=28 (Y 2)

6)rRy=yeu

(7N rx®0=0

@) r®l=x

D zWd2)=(20y)®(z 2)

In words, @ is associative and commutative, has 1 as annihilator and O as neutral element; ® is
associative and commutative, has 0 as annihilator and 1 as neutral element; and &® distributes over .
A c-semiring homomorphism ¢ : A — B from a c-semiring A = (|A|,®4,®4,04,14) to a c-
semiring B = (|B|,®p, ®p5,0p, 15) is given by amap ¢ : |A| — |B| such that for all a1, as € |A|:

(1) p(ay ®a az) = p(ar) Dp p(az)
(2) pla1 ®4 az) = p(a1) @p p(as)
(3) ¢(04) =03
4) o(14) =13



The category cSRng of c-semirings has the c-semirings as objects and the c-semiring homomorphisms
as morphisms.
23. 1Inac-semiring (X, ®,®, 0, 1) the operation @ is idempotent:
r@r=1)e@1l)=r(141)=r1==x.
Thus, there is a functor uSL : cSRng — uSL, defined by
USL(A> = (‘Aya EBA70) >
uSL(p: A— B)= .

For a c-semiring A, the thereby induced ordering <usr(a)» explicitly given by a <,g1,4) b if, and only
if, a ®4 b = b, will be written as < 4.
With this definition, for all a, b, ¢ € |A] it holds that

(D 0=4a=41;
2) a 2aa®aband b <4 aDab;
(3)ifa <y, candb <, c,thena B, b =<, c.

Also & 4 is monotone w.r.t. <4 in both arguments, i.e.,
a=<aa andb <, b impliesa Dab <4a B4 b .
24. Inac-semiring (X, @, ®, 0, 1) the operation ® is monotone w.r.t. the induced ordering =, since
ifx <2, 1e.,z @2 =2/, then
(rRy)® (@ ey)=Cer)y=12y,
ie.,r®y =<z’ ®y, from which it follows that
r=2zandy <y impliesz @y <2 @1y .
Furthermore, for all x,y € X
ry3rzandrz®y 1y,
since
(rRyY)dr=zyY)o@Rl)=2xydl)=rx1=x.
Thus, there is a functor mMon : cSRng — mMon, given by
mMon(A) = (|A],®a,14,=4),
mMon(p: A— B)=¢.
Note that mMon(A) is a bounded meet monoid with L,,p705(4) = 0a4.
25. Consider the c-semiring of boolean values B = ({ L, T},V, A, L, T) where V and A have their
usual meaning.

LEMMA. B is initial in cSRng,. U

26. Consider the c-semiring T = ({*}, -, -, *, %) with % - % = x.

LEMMA. T is terminal in cSRng. O
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27. Let A= (|A|,®a,®4,04,14) and B = (|B|, ®p, ®p, 05, 15) be c-semirings. Define & 4« 5,
®axp  (|A] x |B]) x (|A] x |B|) — |A] x | B| by

(a1,01) ®axp (az,b2) = (a1 DA az, by Op by)

(a1,b1) ®axp (az,b2) = (a1 ®a az, b1 @p by)
Then A x B = (|A| X |B|, ®axB, ®axBs,(04,0p), (14,15)) is a c-semiring.
Define m; : A x B — Aby mi(a,b) =aand my : A X B — B by m(a,b) = b. Then 7; and 7y are
c-semiring homomorphisms. Furthermore, for any c-semiring C' = (|C|, ¢, ®¢, 0¢, 1¢) and two
c-semiring homomorphisms ¢; : C' — A and ¢, : C' — B, the c-semiring homomorphism (p1, @2) :
C' — A x B defined by (1, ¢2)(c) = (p1(c), p2(c)) is unique for the property 1 = (@1, @2) ; m
and 2 = (1, p2) ; T2

LEMMA. cSRng has finite products. U

28. The collapsing elements C(A) of a c-semiring A are the collapsing elements of mMon(A).
A c-semiring A is total if for all a, a;, ay € |Al:

a1 <4 Q2 0ra; = ag Orag <4 G .

Let A and B be c-semirings where A is total. Let L = ((|A| \C(A)) x |B|)U(C(A) x {0p}). Define
Daxp, ®axp : L x L — Lby

(al,bl) ifCLz <A a1
(a1,b1) ®axp (az,br) = < (az,by) ifa; <4 a2 ,
(CLl, b1 EBB bg) if a; = a9
(a1,b1) ®axp (az,b2) = (a1 ®a az,b1 @p by) .
Then (a,b) ®axp ((a1,01) Baxp (a2,02)) = ((a,b) @axp (a1,b1)) Daxp ((a,b) @axp (az,b2)) for
all (a,b), (a1, 1), (ag, by) € L, where the right hand side is (a ® 4 a1,b®pb1) Paxp (a @ az,bRpbs):
If a; = Qao, then (Cll, bl) DaxB (CLQ, bg) = (al, b1 DB bg) and aR®Ra01 = a®4 as, from which the claim
follows by the distributivity of ® g over &p. If as <4 a; (the case a; <4 ay is symmetric), then
(a1,b1) Ganp (a,by) = (a1,by). If additionally a ¢ C(A), then a ®4 as <4 a ®4 aq; if a € C(A),
then b = Op, and in both cases the claim follows.

Thus A X B = (L, ®axp, @axs, (04,05),(14,15)) is a c-semiring, the lexicographic product of A
and B.

29. Let M be meet monoid. We write Zg,, (M) for Zg,,(PO(M)). Define the operations ~y7, Uy :
Iﬁn(M) X Iﬁn(M) — Iﬁn<M) by

Iy J=Max**{m-yn|mel, neJ},
TUy J =Max=(IU.J).
LEMMA. (Zgn (M), Uar,“ar, 0, {err}) is a c-semiring.

Proof. Let I, J, K € Zg,(M).

The operation U, is associative and commutative and has ) as neutral element by §5. Furthermore,
I Up {enm} = {en}, since £y is the greatest element of | M| w.r.t. <j;.

For the associativity of ), we have

I~y (JTMK) =

Max={my -y myxc | my € I, myx € Max=¥{m; -py mg | my € J, mg € K}} =
1



Max=¥{my -y my - mx | my € I, my € J, mg € K}} =
Max="{my; -p mg | myy € Max™{m; -pymy |my €1, my € J}, my € K} =
(I*ynJ)'m K,
since
Max=M{m -yyn|m €I, n € Max="(X)} = Max="{m -y n|mel, nc X}

for all X € Pg, |M|. Assume n € X but n & Max="(X); then there exists some (maximal) n’ € X
such that n <,; n’; Since n < n’ implies m -y; n < m -j; n’ by the monotonicity of -y, m -y n’
Also ) inherits commutativity from -5 I =) ) = () by definition; and [ *y; {e)} = I, since gy is
neutral in M.

Finally, 5, distributes over Uy;:

I (J Oy K) =
MaXSM{mz vmyk | mr €1, myg € MaXSM(‘]U K)} =
Max="{mr -y myx | mr € I, myx € JUK} =
Max=¥ ({my -y my | mp € I, my € JyU{m; -y mg | my € I, mg € K}) =
MaXSM(MaXSM{mI cmmy |mpel, myeJhuU
Max="{m; -y mg | m; € I, mg € K}) =
(I J)Uy (I K),
since
Max=M (I U Max=™ (X)) = Max=* (] U X)
forall X € Py, |M]|. =

Let , we have

Masc = (ip(Max = (X)) = Max=" ((X))
Indeed, on the one hand, Max=" (p(Max="(X))) C Max=¥(p(X)), since Max=¥(X) C X.
For Max=" (p(X)) C Max=" (p(Max="(X))) it suffices to show that for each n € ¢(X) there
isann € go(MaxSM(X)) such that n <p; n’. Thus, let n € p(X), i.e., n = p(m) for some
m € X. Then there is an m/ € Max="(X) with m <j; m’, hence n = p(m) <y ¢(m’), and
p(m') € p(Max="(X)).
Define the functor cSRng(—) : mMon — c¢SRng by

CSRng<M> - (Iﬁﬂ{M)7 OMah:Ma Q)a {EM}) ’

cSRng{e : M — N) = XMmy,...,mp} € Zan (M) . Max=N{p(my),...,o(mz)} .
Indeed, cSRng(p : M — N) is a c-semiring homomorphism from ¢SRng(M) to c¢SRng(N):

cSRng(p)(0) =

CSRTL9<90>({€M}) = {o(em)} = {en},

cSRng{p) (I, Ups Io) = cSRng(p)(Max=M (I, U L)) =
Max =N (p(Max=" (I; U I))) = Max=" (o(I; U I1)) = Max=" (p(I,) U p(I)) =
cSRng{p)(I1) Unx cSRng{p)(1Ls) ,

cSRng(p) (I, “ar ) = cSRng{@)(Max={my -py my | my € I, my € I})) =

Max =N (o(Max="{my -y my | my € I, my € I1})) =
12



Max=¥{p(my -ar ma) | my € I, may € I} =
Max=¥ {p(ma) - p(mo) | my € I, my € I} =
Max=N{n; -y ny | n1 € @(I1), ns € (L)} =
cSRng(p)(11) “n cSRng(p)(Is) .

30. For each M € |mMon|, define 15, : M — mMon(cSRng(M)) by % "8(m) = {m}.
Then n°Stre = (nf\;Rng) Me|mMon| 18 a natural transformation from 1,,\ion to mMon o cSRng(—).
Let M € jmMon|, A € |cSRng|, and ¢ : M — mMon(A). Define skne : cSRng(M) — A by

prsms ({my, ... mp}) = o(my) @a - Bap(m,)

for all {mq,...,m,} € Zz,(M), where, if n = 0, the right hand side is to be understood as 04;
@fesrue is indeed a c-semiring homomorphism, since for each {m/,...,m!} € Pg, |M| we have
phestns (Max=¥ {mj, ..., m;,}) = @(m}) ®a - @a p(m),): if m; <ar m then o(m]) <paton(a)
p(mf), ie., p(m;) Za p(mf), and thus p(mj) @4 p(m}) = p(m).

Then mMon (ptsros) (15558 (m)) = (m) and @#sros is unique with this property.

5. SOFT CONSTRAINTS

31. We redefine essential notions introduced in [5]. A constraint domain (X, D) is given by a set
X of variables and a family D = (D,,),cx of variable domains where each D, is a set. A constraint
domain (X, D) is finite if X and |,y D, are finite.

A valuation for a constraint domain (X, D) is a dependent map v € Ilx € X . D, i.e., v(z) € D,;
we abbreviate [Ix € X . D, by [X — D|.

A constraint c over a constraint domain (X, D), or (X, D)-constraint, is given by amap ¢ : [X —
D] — B. We also write v |= ¢ for ¢(v) = tt.

32. Given a constraint domain (X, D) and a c-semiring G, a G-soft constraint y over (X, D), or
(X, D)-G-soft constraint, is given by amap v : [X — D] — |G|. In particular, a constraint over
(X, D) can be considered a B-soft constraint over (X, D).

Let I be a finite set of (X, D)-G-soft constraints. For av € [X — D] let the solution degree for I" of
v be

P() =Q@cir(v) [y €T}
Define a binary relation <r C [X — D] x [X — D] by
v<rw <= I'(v) ¢ T'(w),

meaning that valuation w is a better solution for I' than the valuation v.
The maximum solution degrees of I are given by

I* = Max=¢{T'(v) | v € [X — D]},
and the maximum solutions by

Max='[X — D] ={v € [X — D] |T(v) € I'"*}.
13



33. For a constraint domain (X, D) we fix an extended constraint domain (X, D) setting D* =
(D!)sex with D! = D, W {?}, where ? is fresh.

A valuation p € llz € X . D! = [X — D] is called a partial valuation for (X, D).

The domain of definition def (p) of a partial valuation p for (X, D) is the set {z € X | p(z) # ?}. For
p,q € [X — D?], we write p C ¢ if z € def(p) implies x € def(q) and q(z) = p(x) for each x € X;
by pt we denote the set {v € [X — D] | p C v} of (X, D)-valuations.

34. An (X, D?)-G-soft constraint w : [X — D’] — |G| is bounding if w(v) =g w(p) for all
p € [X — D' and v € pt. A bounding (X, D?)-G-soft constraint w is tight for a finite set of
(X, D)-G-soft constraints I if w(v) = I'(v) forall v € [X — D].

A pair (7, w) of (X, D")-G-soft constraints forms a bounding pair if w is bounding and for each
p{r — d} € [X — D] there is a v € pt with m(p{z — d}) =g w(v); a bounding pair (7, w) is
tight for a finite set of (X, D)-G-soft constraints I if w is tight for I".

For a bounding pair (7, w) of (X, D*)-G-soft constraints the following “branch & bound” algorithm
maxSolDegs, ) computes, given a partial valuation p € [X — D’] and a finite set of lower bounds
L C |G| (which we assume to contain only elements which are pairwise incomparable w.r.t. <¢),
the maximum degrees in L U {w(v) | v € pt} w.r.t. =g, i.e., in particular, if p = (Az € X .7?) and
L = (), the maximum degrees in {w(v) | v € [X — D]}:

Assume: — (X, D) finite constraint domain
— GG c-semiring
— (7, w) bounding pair of (X, D?)-G-soft constraints
In: —p € [X — D] partial valuation for (X, D)
— L C |G| finite and pairwise incomparable w.r.t. <g
Return: Max=¢(L U w(pt))

maxSolDegs ;. ., (p, L) =
if Ve € X .p(x) #7
then return Max=¢(L U {w(p)})
x < choose {z € X | p(x) =7}
L < Max=¢(L U {n(p{z +— d}) | d € D,})
forde D,
doif -Jl € L.w(p{x—d}) Z¢l
then L < maxSolDegs, ., (p{z + d}, L) fi od
return L

We prove the claim that
maxSolDegs,. ., (p, L) = Max=¢(L Uw(p?))

by a first induction on the cardinality n of {z € X | p(x) = 7}. If n = 0, i.e,, p € [X — D], then
maxSolDegs,. ) (p, L) = Max=¢(L U {w(p)}) and {w(p)} = w(pt). If n > 0, then let x € X with
p(z) = 7, and let dy, . .., d, be an enumeration of D,. Let P = {n(p{z — d;}) | 1 <i <r} and
define

Lo = Max=¢(L U P),
and inductively
B {Lk_l if3 € Ly .w(p{e — di}) <¢

maxSolDegs,, (p{x + di}, Ly_1) otherwise
14



for 1 < k < r. We prove the sub-claim that
Ly, = Max=¢(LU P U Ulgjgkw(p{x — d; 1))

for all 0 < k < r by a second induction on k: For k = 0, L, = Max=¢ (LU P) by definition. For k >
0, let there firstbe an [ € Ly with w(p{x — di}) <¢ l. Since w(v) =g w(p{z — di}) 2¢ [ for all
vep{r— di}tandl € Ly = Max=¢(LUPUJ, ;<,_, w(p{x + d;}1)) by the second induction
hypothesis, the sub-claim follows. Otherwise, if no such [ € L;_; exists, maxSolDegs, (p{z +
dp}, Ly_1) = Max=¢(L;_; Uw(p{z + di}1)) by the first induction hypothesis, which is applicable
since, by the second induction hypothesis, Ly_; = Max=¢(L U P U J,,<,_, w(p{z — d;}?1)), and
hence Lj_; is pairwise incomparable w.r.t. <; therefore,

Ly = maxSolDegs,, (p{z — di}, Li_1) =
Max=¢(Ly— Uw(p{z = di}1)) =
Max=¢((Max=¢(L U PUU, ¢;ep w(p{z = di}1))) Uw(p{z = di}1)) =
Max=¢(L U P U UlSiSkw(p{x = d;}1)),

which establishes the sub-claim. Thus, L, = Max=¢(LUPUJ,.,., w(p{x + d;}1)) = Max=¢ (LU
w(pt)) = maxSolDegs,(p, L), since di, . .., d, is an enumeration of D, and for each 1 < i < r
there is a v € pt with 7(p{z — d;}) <¢ w(v), which yields the claim.

In particular, if (T'>,I'?) is a tight bounding pair of (X, D?)-G-soft constraints for a finite set of
(X, D)-G-soft constraints I, then

maxSolDegs , rry(Az € X .7,0) = Max~¢ (D UT"((Az € X .?7)1)) =
Max=¢{T"(v) | v € [X — D]} = Max=°{I'(v) | v € [X — D]} =T".

35. Given a meet monoid M and a constraint domain (X, D), an M -soft constraint presentation

over (X, D), or (X, D)-M-soft constraint presentation, is given by amap p : [X — D] — |M|.

Each (X, D)-M-soft constraint presentation induces an (X, D)-cSRng(M)-soft constraint 75, "% o 11

(viz., (ny " 0 1) (v) = {u(v)}).
Let M be a finite set of (X, D)-M-soft constraint presentations. Then

Resragian s (1)) | 1€ M} = {TT {u(v) | 1€ M},

and thus

v < oy w = {TLAn(0) | 1€ MY} Zosmugn (Tuli(w) | pe My} <=
[T o) | € MY <ar Ty a(w) | e M}

We write ¢cSRng (M) for the set of (X, D)-cSRng(M)-soft constraints {15 "8 o yu | p € M}.
In analogy to the notions for soft constraints, we define the solution degree forav € [X — D] by

M(v) = [T {n() | p € M},

and the maximum solution degrees by

M* = Max={M(v) | v € [X — D]}.
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36. The algorithm maxSolDegs,, ,, for a bounding pair (7, w) of (X, D?)-G-soft constraints from
§34 in fact also works under the assumptions that (X, D) is a constraint domain, M is a meet monoid,
and o and ¢ are (X, D?)-M-soft constraint representations, such that (n5; "8 o o, %3 "8 0 () is a
bounding pair. We call («, () itself a bounding pair if ((v) <j; ((p) for all p € [X — D?] and

v € pt, and if for each p{x — d} € [X — D] there is a v € p? such that a(p{z — d}) < ((v).

Assume: — (X, D) finite constraint domain
— M meet monoid
— (a, ¢) bounding pair of (X, D?)-M-soft constraint presentations
In: —p € [X — D] partial valuation for (X, D)
— L C | M| finite and pairwise incomparable w.r.t. <,
Return: Max=™ (L U ((p?))

maxSolDegs ,, (p, L) =
if Ve € X .p(x) #7
then return Max=" (L U {¢(p)}) fi
x < choose {z € X | p(x) =7}
L <+ Max=" (LU {a(p{z + d}) | d € D,})
forde D,
doif 3l € L.{(p{x — d}) <um 1
then L < maxSolDegs, . (p{z — d}, L) fi od
return L

Note that maxSolDegs,, o) (p, L) = L ®csang(ary Max=" ((p1).

A bounding pair (o, ¢) of (X, D?)-M-soft constraint presentations is tight for a finite set of (X, D)-
M -soft constraint presentations M if ((v) = M(v) for all v € [X — D’]. For a tight bounding pair
(M-, M?) for a finite set of (X, D)-M-soft constraint presentations M we again obtain

6. CONSTRAINT HIERARCHIES

37. A constraint hierarchy [2] H = (Cy)1<k<n Over a constraint domain (X, D), or (X, D)-
constraint hierarchy, is given by a family of sets of (X, D)-constraints. The constraints in level
1 < k < n are considered as strictly more important than the constraints in level £ 4+ 1. An
(X, D)-constraint hierarchy is finite if | J, ..., C is finite.

Let H = (C)1<k<n be a finite (X, D)-constraint hierarchy, let W = (M;)1<k<n be a corresponding
family of meet monoids, and let for each 1 < k£ < n and each ¢ € Cy, pu(c) be an (X, D)-Mj-soft
constraint presentation. We call H = (My)1<x<, with M, = {u(c) | ¢ € Cy}forl < k < n
a (X, D)-W-soft constraint hierarchy presentation. For av € [X — D] the solution degree for
(Mg )1<k<n of v is defined to be (M (v))1<k<n. Define a binary relation <y C [X — D] x [X — D]
by

v<pw <= 1 <k<n.(V1<i<k—1.M(v)=M(w))AMg(v) <, Mg(w),

saying that the valuation w is strictly better than the valuation v, and denote its reflexive closure on
[X — D] by <y, which is the lexicographic order on the set {(My(v))1<x<n | v € [X — D]}. In
particular,

v<gw <= (Mg(v))1<k<n <anw.xnm, Me(w))i<k<n
16



if, on the one hand, every M}, is a bounded meet monoid for all 2 < k£ < n, and, on the other hand,
Mg (v), Mg (w) ¢ C(My) for all 1 < k < n, or, equivalently, if u(c)(v), u(c)(w) ¢ C(Mjy) for each
¢ € Cy, 1 < k < n. The first requirement, that each M}, is bounded, can be achieved by moving from
M, to its lifted variant (M) .

38. Consider a single level & of a finite (X, D)-constraint hierarchy H = (C})1<k<n, and let
C = CY%. The locally-predicate-better (LPB) comparator for C' corresponds to requiring
v<tPw = {ceClwltcyC{ceC|vltec}.

This can be expressed by choosing the meet monoid M = (Pg,(C), U, (), D) and the set of (X, D)-
M -soft constraint representations M = {yu(c) | ¢ € C'} with u(c)(v) = {c} if v £ cand p(c)(v) =0
otherwise, for each ¢ € C. However, all elements of M are idempotent, and thus the collapsing
elements of M are Py, (C) \ {0}. Hence, M is not suitable for a lexicographic product.

Choosing instead the meet monoid N = (Mg, (C),d, 1], D) which has no collapsing elements and
the set of (X, D)-N-soft constraint representations N = {v(c) | ¢ € C} with v(c)(v) = [l if v = ¢
and v(c)(v) = 1§ otherwise, for each ¢ € C, deviates this situation, since we have

M(v) <y M(w) <= N(v) <y N(w)
forall v,w € [X — D].

39. A weighting for a set C of (X, D)-constraints is given by a function g : C' x [X — D] — R
with g(c,v) = 0ifv = cforv € [X — D]andc € C.

We consider the following level weightings for a level k of a finite (X, D)-constraint hierarchy
H = (Ok)lgkzgna letting O = Okl

— Weighted sum: W (v) = > . g(c,v).

— Least squares: W (v) = /> .cc 9(c,v)2.

— Worst case: W (v) = max{g(c,v) | c € C}.

Each of these level weightings W induces a relation <}/ C [X — D] x [X — D] on valuations
defined by

v <P w = W(w) < W),

where < is the usual order over the real numbers.

Let R = (R>¢, ®,0,>) be a meet monoid (where < is the usual order over the real numbers) and let
g:C x[X — D] = R, be a weighting for C'. Consider Wr(v) = & . g(c,v). Then we have
the following correspondences:

— Weighted sum: r ® s = r + s.

— Least squares: 7 ® s = /12 + s2.
— Worst case: r ® s = max{r, s}.

Forany p > 0,r®s = (P + sP)'/P is strictly monotonic in both arguments and thus the corresponding
R has no collapsing elements, which covers the cases of weighted sum and least squares.

In the case of worst case, C(R) = Rs( \ {0}, since ® is idempotent. Assume that C' has three
different constraints c;, c2, and cs; that there are valuations v, violating only c;, vs violating only
9, v13 violating exactly ¢; and c3, and v93 violating exactly ¢, and c3; that g(c, v) = 0 if, and only
if, ¢ € {c1, co, c3} is satisfied by v € {vy, v9, V13, v23}; and that the weightings are independent of
the valuation, i.e., g(c1,v1) = g(c1,v13) and g(ca, v2) = g(co, v23) and g(cs, v13) = g(cs, Vo3). Also
assume that the level weightings for the valuations vy, v5, v13, and vy3 for the worst case are related by

Wg(v1) = g(e1,v1) > g(ca, v2) = Wg(va) ,

WR(U13) = maX{9(01>7113)>9(C3, 7)13)} = maX{g(CQ, 023)79(0371)23)} = WR(Uzzs) .
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Any set of (X, D)-M-soft constraint representations M = {u(c) | ¢ € C} reflecting the ordering
induced by W on valuations, i.e., M(v) <)y M(w) <= Wg(w) < Wg(v), would thus have x(c3)
as collapsing element in M.

7. CONSTRAINT RELATIONSHIPS

40. A constraint relationship over a constraint domain (X, D), or (X, D)-constraint relationship,
is given by a dag C, where |C| is a set of (X, D)-constraints. We think of a constraint ¢ € |C] as
more important than another constraint ¢ € |C| if ¢ —¢ ¢. An (X, D)-constraint relationship C' is
finite if |C'] is finite.

41. Let C be an (X, D)-constraint relationship and let M/ be a meet monoid with a partial order
homomorphism ¢ : PO(C) — PO(M). For each ¢ € |C|, define the (X, D)-M-soft constraint
representation ¢y, : [X — D] — |M| by

erro(v) = {gp(c) ifv £ c

ey otherwise
We write C,, for the set of (X, D)-M-soft constraint presentations {cy, | ¢ € |C|}.

EXAMPLE. Let C be a finite constraint relationship over (X, D).
(1) We first consider the single-predecessor lifiting introduced in §16.
Let Mc = mMon(jMon{PO{C))) = mMon(PO{(C)~ ') and define m¢c : PO{C) — PO (M) by
me(c) = 77?&%)—1(0) = {cf; in particular €, = {. Then for v,w € [X — D]
v ScSRng(C’MC,mC) w <~

[ase ereme(©) | € € [C1) <ate Tagg ferteume (w) | ¢ € [Cf} <=

lelvbee, ce|C)f OO lelwlte, ce O]

lelw e, ¢ €[01§ Tro lel v e ce|Cl].

Thus, w is considered a better solution if each constraint that is not satisfied by w can be paired off
with a constraint that is not satisfied by v and which is more important.

(2) We now consider the transitive-predecessors lifiting introduced in §17.
Let Uo = mMon(jMon(uSL(PO(C)))) and define uc : PO(C) — PO(Uc) by uc(c) = {c}; in
particular, £y, = (). Then for v, w € [X — D]

U SeSRng(Cugug) W
o Acveue () [ e € |C1} <ve [yAcvoue(w) [ € |Cl} =
Max=¢{c | v £ ¢, ¢ € |C|} Dpocy Max={c | w [ ¢, c € |C|} <=
Max=¢{c | w £ ¢, ¢ € [C|} Cpoey Max={c | v £ ¢, c€ [} <=
Vee {c, € |C]|w~cw}. .3 € {c, €|C] | v~ e} .c <poy ¢ -

Thus, w is considered a better solution if each constraint that is not satisfied by w can be covered by a
constraint that is not satisfied by v and which is more important. U

42. The scope of a constraint ¢ over a constraint domain (X, D) is given by the set of variables it
depends on, i.e.,

sc(c)={rx e X|Fve[X = D],d #dy 168 D, .c(v{z — di}) # c(v{x — da})} .



For a partial valuation p € [X — D?], we write p [~ cif sc(c) C def(p) and v [~ ¢ for some v € pt
(which is well-defined, since then ¢ only depends on variables that are in the domain of definition of

p)-
Let C be a finite constraint relationship over (X, D), let M be a meet monoid, and let ¢ : PO(C) —
PO(M). Define aysy, Carp 2 [X — D] — | M| by
anp(p) = [adwle) [ ¢ €1C], se(c) € def(p), p % c} -m [Tafp(e) | sclc) € def(p)},
Cure(p) = TTadw(c) | ¢ €]C], se(e) € def(p), p [~ ¢}

LEMMA. (a, Carp) is a tight bounding pair of (X, D*)-M-soft constraint presentations for C .

Proof. Forap € [X — D’|let V(p) = {c € |C| | sc(c) C def(p), p [~ ¢} and W(p) = {c € |C| |
() Z def(p)}. Then aar(p) = [Ty @(V(0) - oy (W (3)) and Curo(p) = [Ty 2V (p)) for
allp € [X — D).

Letp € [X — D' and v € p? be given. Then V (p) C V(v), and thus (s, (v) <ar Cure(p): For a
c € V(p),ie. sc(c) C def(p) and p }~ ¢, also ¢ € V(v), since v € p?T and thus v [~ c.

Now let p’ = p{x — d} € [X — D] and let v € p? be arbitrary. Then V (v) C V(p') UW(p'), and
thus apr,(p') <m Cup(v): Let c € V(v), ie., v = c. If se(c) C def(p’), then p’ = ¢, and hence
c € V(p'); otherwise ¢ € W(p').

Finally, (s ,(v) = Ca(v) and thus (aps,e, Car,yp) is tight for Cpy . O

EXAMPLE. Consider the constraint domain (X, D) given by
X ={x,y,z},
D, =D, =D, = {1,2,3}

as well as the constraint relationship C = ({c1, ¢, c3}, {(c2,c1), (c3,¢1)}), i.e., ca —¢ ¢ and
c3 —¢ C1, With

c:x+1=y,
Cr:z=Yy+2,
c3:x+y<3.
Let Mc = mMon{PO{C)~*) and mc = 353 .. Then
Angeme(P) = ¢ € |C [ se(c) © def(p), p [~ cf U e € |C] | se(c)  def(p)]
Cuteme (P) = e € C] | se(c) € def(p), p i~ cf
such that, for example,

Apeme{x—= Ly—1,2— 7}) = ey, caf Ceme({x—= Ly 1,2 7}) =1,
Apeme{x—= 1Ly = 2,2 7}) = Tcaf, Creme{x—Ly—22—7}) =1,
Areme({x =2,y = 3,2 7}) = {ca, c30 Crieme({x—= 2,y = 3,2 7}) = lcsl s

in particular

CMC,mC({X = 1ly—=1z— ?}) = ZC1S < Mg ZCQS = OéMC’mC({X —1l,y—2z— ?}) .
We abbreviate a me by a and (ureme by (. We follow an execution of maxSolDegs ,, - ({x —
7,y = 7,z 7},0), choosing the variables x, y, and z in this order and running through {1, 2, 3} in
the natural order; we select x and y first, since sc(c;) = {x,y} and c; is the top element in C.
The first step in evaluating maxSolDegs,, . (Ar € X.7?,() is to evaluate maxSolDegs, ;) ({x +
1,y = 7,2+ 7}, ]c1,co,c30), since

a((Ax € X. ) {x +— d}) = lc1,co,c30, .



forall d € {1,2,3} and (((Az.X){z — 1}) = ][; which leads to the following graph:
161,02703Sl

1,1,7 1,3,7
lei,caf lci,c2,c3f
leif lei,esf
1,2,1 1,2,2 1,2,3
leaf leaf le2f
leaf leaf le2f

The annotations on the solid edges represent the current values of the lower bound set L, where
we have omitted the set braces. Each node gives the respective partial valuation p for x, y, and z
at the top, a(p) in the middle, and ((p) at the bottom. Doubly outlined nodes represent calls to
maxSolDegs ,, (p, L); singly outlined nodes represent the successful test whether ((p) already is
dominated by a lower bound in L. Finally, the dashed edges show the flow of the lower bounds.
Thus, maxSolDegs ,, - ({x = 1,y = 7,z > 7},0) = {]c2}, and maxSolDegs, ;) ({x = 2,y
7,2+ 7} {lcal}) is executed:

lea)
2,77
zC17 C2, CSS\

> le2f L _

2,1,7 2,2,7 2,3,7 o
le1,caf lci,c2,c3f lea,c3f AN
leaf le1, csf lesf .
[23) (23)
~>leafb---7
2,3,1 2,3,2 2,3,3
lea,c3f lea,caf lea,caf
lez, c3f lea, c3f le2, c3f

Hence, maxSolDegs, - ({x + 2,y = 7,z = 7}, {{c2f}) = {{c2f} and maxSolDegs , - ({x
3,y 7,z 7} {lcal}) is executed:

leaf |
3,7,7
lei,c2,c3f

U
/71(32}_‘5_
3,1,7 3,2,7

3,3,7
lei,ca,c3f lei,co,c3f lei, ca,c3f
lei,caf lei,caf lei,csf

Therefore, maxSolDegs ,, - ({x — 3,y = 7,z = 7}, {{c2f}) = {lc2f}, and we have as the final
result that maxSolDegs,, o) ({x =7,y + 7,z 7}, 0) = {{c2f}- O
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