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Abstract The numerical simulation of microstructured semiconductor devices,
transducers, and systems aiming at an optimal layout and design often has to take
into account that the operating behaviour is based on the interaction of various
physical phenomena. This requires on one hand the simulation to be based on a
consistent, tailored modeling of the underlying physical processes and on the other
hand the use of modern methods in the numerical solution of PDEs and systems
thereof such as efficient iterative solvers and adaptive grid refinement and coarsen-
ing. In this contribution, the development and implementation of such techniques
will be outlined for three industrially relevant case studies.

The first one is concerned with the minimization of parasitic effects in converter
modules used in high power electronics which amounts to the solution of a shape
and topology optimization problem. Here, we consider the efficient computation of
electromagnetic potentials related to Maxwell’s equations based on a discretization
in terms of curl-conforming edge elements.

The second problem deals with electrostatically driven micromembrane pumps that
are intended to be used in medical sciences to control metabolism or in the chem-
ical analysis of freshwater bodies. In particular, we will address the simulation of
the electromechanical coupling that characterizes the operating behaviour of the
electrostatic drive and the fluid-structure interaction between the fluid flow and
the deformation of the passive valves.

Finally, we consider the computation of the temperature and heat flow distribution
in micromachined deformable mirrors that can be used for the positioning of laser
beams in optical eye surgery. Emphasis will be laid on a combined time-step se-
lection and adaptivity in space for a primal mixed discretization of the underlying
heat equation.

1 Computation of Parasitic Inductivities in High
Power Electronic Devices

As an example for a high power electronic device we consider a converter
module used, e.g., as an electric drive for high power electric motors.
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magnetic vector potential (cf. (1.5) below).
In particular, introducing an electric potential ¢ and a magnetic vector po-
tential A according to

E = —gradyp — 8_A , B = culA ,
ot
Maxwell’s equations give rise to the coupled system
ZA
gaa—t{ + Bo o + curl curl A = —ggrad%—f —gradp , (2)
X € 0 ¢ . OA e 0 A
div (grad ¢ + ;grad —a—t) + le(W + p W) =0. (3

We decouple the potentials by the Coulomb-gauge div A = 0 and perform a
separation of time-scales observing that the dielectric time constant £ (ra-
tio of the electric permittivity and conductivity) is much smaller than the
switching time 7gyitch- In other words, there are no electromagnetic waves
and the corresponding terms in (1.2) and (1.3) can be neglected. We thus
end up with the reduced model equations

. _ . . _ —Iva(t) OnTva
div(cgradg) = 0 in 2 , on-gradp = { 0 clso. (4)
0A 1 13,, in 0

57 + EcurlcurlA—{ 0 in R?\ (5)

where (1.5) has to be completed by appropriate boundary conditions on I" =
02 and a Sommerfeld radiation condition in case of the exterior domain
problem.

For the numerical solution of the interior domain problem we discretize (1.5)
implicitly in time by means of the backward Euler scheme and use Nédélec’s
curl-conforming edge elements (cf., e.g., [10]) for discretization in space which
is based on the variational formulation of the semi-discretized problem:
Find A™ € Hy(curl; 2) := {Q € L?(2) | curlQ € L*(2)? , n AQ |r=
0} such that

a(A™,Q) = (F™,Q)o;e , Q€ Ho(curl;2) (6)
where
a(A™,Q) = (curl A" curl Q)o,0 + a(A™, Qo0 ,

(-, -)o.2 stands for the standard L2-inner product and

F™i=puJ, — (At) LA™ L

a:=(At)tuo , At:=t™ —t™"! meN.

In particular, given a simplicial triangulation 7j, of (2, the lowest order curl-
conforming finite element space is given by

Ndi(1;Tn) = {Q€ H(cur; 2) [ Q |7€ Ndi(T) , T € T}
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where Nd;(T) , T € T, are Nédélec’s edge elements
Nd\(T) := {Q =a+bAx |abePR(T)?} , TeT .

Note that any vector field Q € Nd;(T) is uniquely determined by six de-
grees of freedom given in terms of the zero order moments of the tangential
components with respect to the six edges F of the element

Q) = /tE-Qdo.

E

Setting Nd1,0(£2;T) := {Qn € Ndi(£2;Tn) | n A Qp |[r= 0}, the fully dis-
cretized problem amounts to the computation of a vector field in Nd; o(£2; Tp)
such that

a(An,Qn) = (F,Qn)oe , Qn€ Ndip(92;7h) (7)

where for notational convenience we have dropped the upper index m indi-
cating the respective time level.

For the efficient numerical solution of (1.7) we use an adaptive multilevel
iterative scheme whose characteristic feature is a multigrid algorithm with
respect to an adaptively generated hierarchy (7;)E_, of simplicial triangula-
tions. The multigrid method relies on a Helmholtz decomposition of Nédélec’s
trial spaces Nd; o(§2; T) on all levels 0 < k < L of the hierarchy

Ndyo(8;Tx) = Nd3o(2;Tx) & Ndjo(82;7Tx)
where Ndf ;(12; Ty) denotes the subspace of irrotational vector fields
Nd o(2;Tk) == {Qr € Ndi(2;Tx) | curl Qx =0}

and N d},o(();ﬁ) stands for the subspace of vector fields that are af(,-)-
orthogonal to the irrotational ones

Ndy o(2;Tk) = {Qx € N (2 T) | a(Q, Q}) = 0,Q} € Ndi 4(2;T¢)} -

Referring to S1,0(2; Ty) as the space of continuous, piecewise linear finite ele-
ments with respect to 7y vanishing on I', any vector field Q) € N d(l”o(Q; Tr)
can be uniquely represented as

Q% = graduy , ur€ S10(2;7Tk) .

Consequently, any vector field Q,lc EN d%’o(!); Ti) is weakly solenoidal in the
sense that

(Q,lc,gradvk)oyg =0 , UkESI,O(‘QSﬁ)‘
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function of the displacement u of the membrane

() = seocs oz 2
g 2 oin €indoz + 6om:(d - 'U') ’

(cf., e.g., [7,15]). Then, the displacement can be obtained by the solution of
a constrained minimization problem for the total energy of the membrane:
Find u € K such that

J(u) = inf J(v),

J() =4 [, Vv-Vude — X [, g(v)vdzx ®)
where the constraint set K is of upper obstacle type K := {v € H}(£2) | v <
d a.e.}. Note that we have formally set A := U? and
§(v) == Leo€in(€ox/ (€indos + €0z (d — v)).

The optimality conditions give rise to a nonlinear complementarity problem:
Find u € H(£2) N H?(§2) such that

—pAu —Af(u) <0, u—d<0 ae in 2

(—pdu = Af(u),u — d)o;0 =0 . )

It is well known that such problems are characterized by the occurrence of
multiple solutions. Apart from primary and secondary bifurcations, alone
the main solution branch may exhibit a variety of right- and left-turning fold
points (cf., e.g., [5,8]).

A standard approach for the computation of the solution branch relies on
path-following continuation strategies (cf., e.g., [11]). Here, following [8] we
use the potential energy o := a(-,-)'/? as the continuation parameter. In
particular, denoting by C := {z € 2 | u(z) = d} the contact set, we may
split the potential energy according to

a(u,u) = u/quP dr + p / |Vul|®> de = ac(u,u) + Xbo(u) ,
2\C

C
ac(u,u) == p [ |Vul®> de , bo(u):= f(u) udx
/ i

where we have taken into account that on 2\ C' we have equilibrium, i.e.,

—p Au = f(u). This leads to the augmented nonlinear complementarity
system

max (—pAu — A f(u),u — d)

o? — [ac(u,u) + Abc(u)] =

0 on 2, (10)

The path-following continuation strategy is realized by a nonlinear multi-
grid predictor-corrector technique based on a standard conforming P1 finite
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librium of the potential and the electrostatic energy and thus no contact
with the counter-electrode. After reaching the snap-point, the electrostatic
energy dominates and the membrane snaps through being in contact with the
counter-electrode. In the bifurcation diagram (cf. Fig. 2.2b), the snap-point
corresponds to the first left-turning fold point which indicates the transition
from the stable to the unstable part of the main solution branch.

The fluid-structure interaction between the motion of the fluid and the de-
flection of the valves can be modeled by a coupled system of initial-boundary-
value problems for the incompressible Navier-Stokes equation in the pumping
chamber and the elastic beam equation for the valves, respectively:

aaltl+( -V)u—vAu+Vp=0in 2 x(0,T), (12)

u(-,0) =u’ in 2, u=g on I'p x(0,7), (13)
6Un _ 8llt _

—p+l/8n P, a—n—OOHFNX(O,T). (14)

Here, u and p denote the velocity field and the pressure in the pumping cham-
ber 2 whose boundary I' is split into I’ = I'p UInx , I'p N I'y = (), where
I'y stands for the part occupied by the valves. u, and u; are the normal
and tangential components of the velocity on I'y. Finally, the vector-valued
functions u®, g, the scalar function P, and the constant v refer to the initial
velocity at time ¢ = 0, the prescribed velocity on I'p, the prescribed pressure
on I'y, and the kinematic viscosity, respectively.

The initial-boundary-value problem for the elastic beam describing the de-
flection of a valve of length L being clamped at its left end is as follows.

0ty .
pQW+ J8— = f in (0,L)x (0,7 , (15)
y(-,0) = 0 in [0,L] , (16)

y(0,t) = y"(0,¢) =0,

(17)
y'(L,t) =y"(L,t) =0, t€(0,T)

where p is the density, () the transversal force, F the elasticity module, J the
moment of inertia, and f the applied load.

For the numerical solution of the Navier-Stokes equations, the programme
package FEATFLOW [14] has been used relying on an automatic time-
stepping based on implicit discretizations in time and an adaptive noncon-
forming finite element discretization in space with respect to quadrilateral
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behavior of the temperature and the heat flow of the mirror which can be ob-
tained by a heat equation with discontinuous coefficients, since the functions
describing the density, the heat capacity, and the heat conductivity exhibit
jumps at the interfaces between the silicon and the aluminum. The heating
is modelled by time-periodic Neumann boundary data at the alu-contacts
whereas we have homogeneous Dirichlet resp. homogeneous Neumann bound-
ary conditions elsewhere.

pe28ED _ div(\ grad O(z,t)) = 0 ,

(1) € 2 x (0,T) (18)

where p stands for the density and ¢ and A refer to the heat capacity and
heat conductivity, respectively.

a) Homogeneous Dirichlet data at SuppSink1/2
O(,t) =0 on Is (19)

b) Time-periodic Neumann data at alu-contacts

k sin?(10°7t I
An-grad O(1) = {kf}f)’;gwf,zt;} on {Fg} (20)

c) Homogeneous Neumann data elsewhere

An-grad O(-,t) = 0 on

21
FNatZZF\(F5UFH1UFH2) ( )

For the efficient numerical simulation we have implemented a solution pro-
cess that allows for the simultaneous computation of the temperature and
the heat flow and whose main feature is a combined automatic time-step se-
lection and adaptivity in space. For that purpose, the spatial discretization
has been done using primal mixed finite elements with respect to hexahedral
triangulations of the computational domain. This approach is based on the
primal mixed variational formulation of the problem that can be obtained by
introducing the flux j as an additional unknown. We note that in contrast to
the dual mixed approach the relationship between the primal and the dual
variable is considered in the strong L?-sense whereas the semi-discretized
heat equation is treated in its weak sense.

The mixed discretization leads to an algebraic saddle point problem with a
2 x 2 block coeflicient matrix whose first diagonal entry is block-diagonal and
hence easily invertible. Static condensation of the discrete flux results in a
Schur complement system that is solved by preconditioned conjugate gradi-
ents.

An adaptive grid adaptation can be realized in various ways as, for example,
by a hierarchical type a posteriori error estimator where the equation satisfied
by the total error is discretized using higher order ansatz spaces combined
with their hierarchical two-level splitting in order to provide an appropriate
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Fig. 3.3b. Effective time-steps

The performance of the error estimator is displayed in Figs. 3.3a-b. In par-
ticular, Fig. 3.3a shows the temporal history of the relative estimated error
with respect to the prespecified tolerance which is shown as the dotted line.
Only those time-steps where the error was above that line had to be repeated
which — in this example — were 6 time-steps compared to a total of 157 time-
steps being thus less than 4 %.

Fig. 3.3b illustrates the temporal history of the effective time-steps together
with the scaled time-periodic Neumann boundary data at the alu-contacts.
We clearly observe the periodic behavior after a short start-up phase.
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